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NUCLEAR WIESCE hh’l) IBN\I(;INI~I.:II~~: 8, 7()f)-il!) (l()(j()) 

Assembly of Fissionable Material in the Presence of a 

Weak Neutron Source* 

G. E. Fl.o-SEX 

tor kin&s qu:ttions. 

I. INTItoDUCTIOx 
The rarly growth of neut,ron population, n(t), 

within a supcrc*rit,ical syst,em of fissile material is of a 
st,atist&al nature and may depart signifi&tly from 
the average time dcpcndcnc~, C(L), of an ensemble 
of these systems. After the initial growth period, 
the time clepentlcnce of neutron population becomes 
governed by a kinet,ics equat,ion which, by virtue of 
the transitory esistence of the supercritical syst.em, 
is essentially nonlinear. Qualitatively, e(t) is or is 
not, an approsimate solution of the same kinetics 
equation depending on whether the supercrit,ical 
configuration is prepared in the presence of a 
“strong” or ‘(weak” neutron source. When operated 
in pulsed fashion, Godiva (1) furnishes one example 
of the weak source case: here, highly enriched 
uranium metal pieces are brought rapidly to a con- 
figuration a few cents above prompt critical with 
only the spontaneous fission source present. A burst 
of fissions results which is reproducible in number of 
fissions (-10’“) and in width (-100 psec at half 
maximum power) but not reproducible as to the 
time after assembly for the occurrence of peak fission 
rate. The average time to maximum power following 
t’he step increase in reactivity is ~3 set or ~3 x 10’ 
half-widths, and n(t), rather than describing the 
typical growth and decay of the neutron population 
during a fission pulse, gives primarily a mensure of 
the probability of a fission pulse maximum at time t. 

1, 
* Work performed under the auspices of the LT. S. Atomic 

In another “\veak” sourc’c example, such as the 
inacl~ertcnt. assembly of large. quantities of fission- 
able material, energy release as well as time delay 
will not he rcprotluciblc. In this cast, where we 
assume a ramp increase of reactivity,, the average 
number of fission:: produced will esceed t.hc value 
computed under t.he ncglec% of fluctuations in 
neutron population. 

I 

For the weak source case and the limited escess 
reactivity often associated 1vit.h critiralit,y accidents; 
simple approximate espressions for t.he probabi1it.y 
dist,ributions in time of burst occurrence and energy 
release will be obt.ained. Esseutially, the approsima- 
tion consists in ideutifying as the main source of 
fluctuations the distribution between neutron in- 
duced finite fission chains and neutron induced per- 
sistent (nonfinite) fission chains. One then neglects 
the additional fluctuations in the growth of neutron 

‘: ‘i /j 
:: 

populations associated with the latt,er class. The 
main sections of this report utilize this approsima- 
tion while the appendices indicate the range of 
validity. Section 2 derives an expression for the 
probability, W;, of a sdurce neutron sponsoring a 
persistent fission chain and defines a “weak” source. 
Section 3 develops espressions for the probability 
in time of occurrence of fission bursts following step 
and ramp increases of reactivity and, for the ramp 
increase, the probability distribution in energy re- 
lease associated with the Energy ?tlodel (2) of 
reactivity quenching. Appendices 1 and 2 treat 
briefly the neutron position and velocity dependence 
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of W  a n d  the dist r ibut ion of nonpers is tent  o r  f inite 
f ission cha in  lengths  wh i le  append i ces  3  a n d  4  treat 
t ,he f luctuat ions in  the g rowth  of pers istent  cha ins  
for spec ia l  cases  of ze ro  a n d  o n e  de layed  neu t ron  
g roups .  

II. T H E  P R O B A B ILITY, II:, O F  A  S O U R C E  K E U T R O S  
S P O N S O R ING A  P E R S IS T E K T  F ISS ION C H A I S  
A ,h;D T H E  DEFINIT IOX O F  A  W E A K  S O U R C E  S  

W e  cons ider  a  s imple  react ive syst .em in  wh ich  al l  
neu t rons  b e h a v e  identical ly,  e a c h  hav ing  the p rob -  
abil i ty p  of p roduc ing  a  f ission, a n d  e a c h  f ission 
hav ing  t ,he probabi l i ty  P(v )  of emit t . ing Y  neut , ro&.  
S ince  the probabi l i t ,y  (1  -  TV,)  of a  source  f ission 
not  sponso r ing  a  pers istent  f ission cha in  is equa l  to 
the probabi l i ty  that n o n e  of its emi t ted neu t rons  
sponso r  such  a  chain,  o n e  has  

(1  -  w,) =  “Z  I-‘(  v)[l -  plv,]’ 

T h e  dist , r ibut ion I-‘(v) is k n o w n  for the c o m m o n  
f iss ionable m a terials (3 )  a n d  permit ,s eva lua t ion  of 
E q , (1 )  for W  =  p W , in  t ,erms of the reactivity 
indes  p.’ For  a  sl ightly supercr i t ical  system w h e r e  
W  < <  1, o n e  m a y  approx imate  [l -  pl l’,]’ as  
l- vpw,  +  Y ( Y  - 1  )p?Yf’/2 a n d  ob ta in  

(I - rv,j =  1  - p w ,~  +  2  p 2 T ,v,2 v(” - 1 )  (2)  
T V  < <  1  

w h e r e  ii =  2  “-0  vP(  v) is lhc! a ve rage  va lue  of the 
n u m b e r  of ncut . rons cmit.t.cd pe r  f ission, et.c. T h e  
quanti f .y pg,  wh ich  is equa l  t.o the ave rage  n u m b e r  
of daugh te r  f issions p r o d u c e d  pe r  f ission is conven -  
t ional ly ca l led the reproduc t ion  n u m b e r  12.  -4dop t ing  
this nota t ion toget.hcr  wi th rz =  ; (Y - 1  ) /P’ (t .he 
nol .at ion of rcfercncc S  w h e r e  it, is s e e n  that rZ z 0 .8  
for t .he var ious  f iss ionable n&ides) ,  E q . (2 )  m a y  
b e  rc-csprcssed (4)  : 

plV,  =  W  =  3Ak/nr ,  

for 0  <  A L  =  1 2  -  1  < (  1  (3 )  

IV  =  0  for Al ;  <  0  

T o  s h o w  that E q . (8 )  has  a  m o r e  gene ra l  val idity 

I I’:qu:~t ion (I) :uA.u:1IIy g ives II’ :LS :i doul ) le-va luet l  fllrlc- 
l . ion of p, o n e  b ranch  M n g  It*,(p) =  0, the second  hv ing  

the hhw i0 r  W ,(p) <  0  for p  <  pc  imt l  w? (p )  >  0  for p  >  p,. 
l’hc  v 3 1 u e  pc  =  l /C I -~ V P ( V )  at, wh i ch  t .hcse two br :m:hcs 
cross is ok r ind  hy  p:rrt.i:rHy t l ifTorrli l. i:rt. ir~g bo th  s ides of I<;(,. 

(1)  wi th  rcsI)cct 1 .0  IV :rntl wtt ing II’ =  0.  For  a.  sul,(!rit, icul 
sysl.cm (i.e., p  <  P C )  o u e  must  rejfxt. l he  H ’,(p) <  0  hrlcl l  

knusc  of 1.k prolx~t~i l i l .~ iIrtc!rl)rc,t.:rlioII of II’, w h e r e u s  
for :i su~wrc:r i t i r :~l  syi tcm (ix., p  >  p.) o n e  must  rejcc(. the 

II’,(p) =  0  i)r:uic!h, sinet* l.fiis IBr :utch tlcnics tl lc? esisf.cllc:f? 

of ~wrsisl fwt.  chains.  

than  sugges ted  by  the restr ict ive p remises  g i ven  in  
the first pa rag raph ,  A p p e n d i x  I deve lops  the a l la-  
l ogue  of this equa t ion  for the probabi l i ty  W(r ,  v, A .];) 
of a  neut ron,  wi th space-veloci t fy  coord ina tes  r, V , 
sponso r ing  a  pers istent  f ission chain.  

W ith a  neu t ron  source  of s t rength S  neu t rons  pe r  
second,  the expec ted  n u m b e r  of pers istent  cha in  
ini t iat ions pe r  second  is ev ident ly  Ji7is a n d  the 
ave rage  tim e  interval  be tween  success ive ini t iat ions 
l/W S . T h e  expec ted  g rowth  in  neu t ron  popu la t ion  
ni(t) assoc ia ted wi th the ith pers istent  cha in  is of 
the fo rm ApeJA( l - l i )‘r w h e r e  7  is the m e a n  neu t ron  
l i fet ime (e  fo ld ing tim e  mul t ip l ied by  Ak).  T h e  ex-  
pec ted  va lue  of 7 ~ ;+~( t )  is then  ~ ? - ‘~ ‘~ ~ ‘ni(t), and ,  
if A S /W &  > >  1, the total popu la t ion  at tim e  t is 
essent ia l ly  compr i sed  of neu t rons  associat ,ed wi th 
the first persist lent f ission chain.  Us ing  E q . (3 )  t,o 
e l iminate  TV,  this inequal i t :y  b e c o m e s  ~ & /P I?, < <  1  
a n d  leads  to the def in i t ion 

W e a k  source  : 2ST/ i r?  < <  1  i-j) 
O n e  m a y  no te  that for a  s t rong source,  S T  > >  1, the 
neut , ron  popu la t ion  at a  tim e  after assembly  t > >  r /Ak 
is pr imar i ly  de r i ved  f rom source  neu t rons  occur r ing  
in  t .he first e  fo ld ing tim e  tI =  r /Ah. Dur ing  the 
interval  II , the espectcd  n u m b e r  of persistent,  f ission 
;chains sponso red  is N  =  IY &  =  ~ S T /B I’?  , a n d  t ,he 
probabi1 i t .y  dist r ibut ion in  N  is Po isson,  so  that 
(F -  ff’)/X* =  l/X ; the f luctuat ion in  neu t ron  
popula t ion ,  n (  1 ) )  is accord ing ly  [G( t )  -  c’( t)]/~ ‘( t) 
-  i jrt/2Sr,* o r  the f luctuat ion in  tim e  at wh ich  t .he 
popu la t ion  reaches  s o m e  modera te l y  la rge  p resc r ibed  
va lue  is g i ven  by  (Ak)‘( l? -  1?) /7’ - ~ 1 ’2/2Sr.  In 
t .he wcnk  source  case,  to wh ich  ou r  at tent ion wil l  b e  
conf ined,  f luctuat ions in  tim e  to a  p resc r ibed  powe l  
arc  e v e n  la rger  t .han sugges ted  by  the a b o v e  l/S  
proport , ional i ty.  

III. P R O B A B ILITY l~ ISTRIBUTION IN T I M E  O F  
O C C U R R E N C E  O F  F ISS ION B U R S T  F O L L O W IS G  
S T E P  A N D  R A M P  I N C R E A S E S  O F  R E A C T I V I T Y  

Reckon ing  the ze ro  of tim e  as  the instant the 
syst c m  b e c o m e s  critical, o n e  m a y  cons ider  the t,im e , 
I, of the occur rence  of the f ission burst  as  c o m p o s e d  
of t .wo parts: t =  1, +  1, , w h e r e  t1 represents  the 
tim e  at wh ich  the first pers istent  f ission cha in  is 
sponsored ;  a n d  &  , the tim e  for the neu t ron  popu la -  

2  I-Icrr! wc h a v e  I icglcc:t,cd the f luclrmtions in  neut . ror i  

popri l t l t . ion Inl i lclrrp associ:tt,fd witli u  s ing le  J)ersistent 

f ission cl iain. If 01lc  d w i g m d e s  lhc asymptot ic  fo rm of this 
popi t l :~ t , ion as  ;I ,,@ , l .hc f r :~ot . ionnl  m e :m-squ: t ie  dcv i :&on 
in  totcrl ~~o~~u l : i t i o r i  is m o r e  l ~ ro lw r l~  

- 
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t.ioii associat~cd with this chain t.0 grow to a masiiuinu 
or other fiducial value. The svcragc and mean 
s~luurc deviation of t then bccon~~ formally espresscd 
3s 

I= 1; + 82 (5) 
(F - t’) = <p - I;) + (j$ - g) C(j) 

;I. Step Iwrcase f>j” ReactieilU.-The probability, 
P(t,)dt, of the first, persistent fission chain being 
sponsored at l1 in the interval dtt is (again letting S 
dclrote neutron source strength) composed of the 
probability c-as’1 of no persistent chains sponsored 
up to tl and the probability FVSdt, of a persistent 
chain sponsored in dtl 

P(t,)dt‘ = e-RY”lVSdt, (‘7) 
and leads to 

r, = l/SW md t;? - &’ = (l/SW)’ (8) 
When delayed neutrons are not involved in the 
propngat,ion of persistent chains, the mean square 
deviation Q - Tz’ is small compared to that of 
Q- i,’ thereby implyin g that the probability dis- 
tribut,ion in time of burst occurrence is essentially 
identical to I’( tl)tlti , save for a simple time transla- 
tion of & . -4ppendis II develops an esprcssion for 
the probability (P( n, t) of a neutron population n at 
time t with the boundary condition (P(1, 0) = ‘1, 
and shows that 

(C - rJ2) ‘v l.G+/Ak)’ 

The inequality 
h t2-- 5; << p - f, 

has as a solution for the ramp reactivit.y iwreaac 
Ak = at 

C(t) = esp (al’l’L?r) s 
’ dt’S esp (-at’?/%) (10) 

-30 

N S@GJi esp (at’/%) 

for 1 >> m 
(11) 

As may bc shown from I3q. ( lo), source fissions 
occurring prior to 1’ = 0 are responsible for one-half 
of the average asympt.otic neutron population given 
by Eq. (11). This indicates that persistent fission 
chains sponsored prior to the system reaching critical 
play an important role in determining n(t). For a 
time-dependent reproduction number, the qt1antit.y 
plV, appearing in the right-hand sides of Eqs. (1) 
and (2) must, be gencmlixcrl slightly t,o 

1” 
-1 

Ii Iv,(t’)e-(f-“)” dt’/T (1”) 
v t 

which merely indicates that a neutron cmitt.cd by 
the source fission at time ‘t is absorbed at the later 
time 1’ with probability ~-‘~‘--()“&‘/7. Quation (2) 
then becomes, again neglecting terms higher than 
WY 

or, for Ak(t --+ i ) > 0 

(l’) 

is thus equivalent to ( 7/Ak)2 << (l/TVS)’ or For the ramp, Ak = at, Eq. (1-l) reduces to 
(Sr)’ << 1 and is automatically satisfied for the weak 
source case. As indicated in Appendices III and IV, Fvv(tj = &ar/&I’,” exp (-at2/2r) 

1 - @(ml) 
(15) 

t2 z to + 0.5’7’7 r/Ak where to is defined by the 
fiducia1 population value no I APe’ktoir. d, is A/W 
where AeAktir * IS the espected neutron population at a where E?(z) = -&(-2) is the error integral (5). 

time t after insertion of one source neutron. Then The probability of the first persistent fission chain 

one has for the average time from step insertion to being sponsored at tl in the interval dh is 

burst peak (or other fiducial) 

f = %2/2SAk + to + 0.577 r/Ak 

‘v Wz/2SAk + to 
(54 

and for the dispersion (16) 

-li t-- p,u [3?2/2SAk]2 + 1:6-l (7/Ak)” 

ck [ar,/2SAk]2 
(Ga) 

. exp (- atI*/%) dtl 
ii. Ramp Increase of Reactivitll.-Seglectillg de- 

laYcd neutrons the kinetics equation Figure 1 graphs P(tl) vs tl for several values of the 
source strength parameter 2S~/iiI’~ . It is seen that, 

ds/dt = (Ak/r)fi + S (9) for the weak source case, I’(& < 0) is very small, 
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thus intliwt.ing that, pcrsist~ent fission chuius span- 
sorcd prior t,o t hc system rcwhiug critical pluy 311 
uuimportunt~ role iu dcl.rrmiiling TI :ii~tl t hcn~c the 
uvcr:igt~ t imc T  = 7, +  h  [cf., IQ. (5)] for (he 

nculron populstioii to rc3ch n prcscribcd 1~1ue. In 
many types of cotwciwble critiwlily nwidrnts (C;, 
7), the scvcrity is govcrircd by how mwh c~ccss 
rcnctix4ty, Al,:,,,;,x , is inscr1 cad txfore wile o\*crridilg 
quclwhing meoh,znism :g:kin rcduws the rcproduc- 
t.ion i~umlxr below unlit-y. For t,licsc types of acci- 
dents, Lk,,,:,, is dircct;ly dcpcndcnt, on the d&q 
t.imc ii1 f&ion-power buildup, so t.h:Lt. time moments 
suc+h 3s T  or r-’ are of ccnt.r:Ll impor1niw. An nppro- 
printe :Ipprosimation of I&l. (I(i) for estimation of 
these time monient,s in the w~:tk sours wsc is” 

I’(r*) s csp ( -a8tl”/~rt)2nS/,/F~2 for 1, 2  0 

-0 N for 11 < 0  (li) 

awl gives 

The Energy model (2, 7) of reactivity quenching 
post~ulntcs n negative cont.ributiou to t.hc total rcpro- 
duction number proportiomd to the energy relenscd 
by fissions, so that wit,11 this model and ramp inwr- 
tion of reactiirity, the kinctks equation is 

rln. 
(It c  1  

t 
-= at - b  71(t’) c1tf/7 -co 1 ; + s (!)a) 

whcrc 6 is :L connt:mt,. Rccausc IQ. (!)a) is nonlinwr, 
the qunntity ?A cannot, be idcntifiod 3s the espwted 
Iwutxoii population ?i (1) ; srwl~ an idcirtifiwt ion rc- 
srtltq for the we:lk sourw wse, in the pwdktion of 
an citrrgy relcwe, s:iy Ek , less t linn f hc wrrcct 
avcragc, say B. To prove! this, n-c revirw lwirfly 311 
:Ipprosini:itc~ solut iou of 1%1. (!):I 1  : oiw ~uppows t lixt. 

:! 
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~----.” . .._...I. -.-..-..-_--..I ..-.. _.L_ .-r----_r,,.... I_l.. *A.-.-.*..-- ‘-. 
. . -..A--(, . . . . . .._ , . ,, 

(lllritlg lksio;i-p0w~r hitilclllp that wwtivity ~~iw~irli- 
iiig lcrrm is twgligil)l(~ :urtl liwcc that, n(t) is givw by 
I+[. ( IO). This Form of )I( 1) is prc~sun-lccl to pwsist to 
liit: t,inw Ik wli~n the: tw:ic*kct,cti term of I’:([. (!)a) 
val~ishos, nflcr which11 ff,( 1) rapidly tlrops to zero. 
k:sprossillg ~nwgy ill rulits of neutron ahsorptiolw, 
f ht: ~wrgy wlrasetl I)y time tk is” 

cllc!lgy ~&WC :ictc~omp:itiyiIig ramp inwrtion of 
rcywtivity, out itlmtifcs :LS t,ht: sourw ot’ this tlistri- 
l)rltioli the prohal~i1it.y tlistxibutioii in owurrcnw 
of the I-irat, pwsistcnt, fission &in. Thus, wit 11 
l)rol)al)ility /‘(tl)tltl , out has the first, prrsistcnt 
(*ll:iill starttrtl at, I, , tho corrct~l)ol”litig neutron 
population, 

u(1) = esp [tr(l’ - t19)/27]/rrq/,) 

;u~l t hc cwrgy r~4r:wo 

/:‘(I,) ‘v [I/ll~‘(t‘)rcl] rsp [rr(l’ - 11’):127] 

21 al/6 
(3) 

or 

Mqt,) ‘v da?, + “f~r111[“~~~1V(t,)![) (‘)0:1) 

Comparing Eqs. ( l!)a) :tlltl (30:1), Ow2 finds 

E(tJ >  Ek when 

csp (-aatl?/27) <  (2Sr/Dl+2)~%rat~2/r 

From Eq. (li) one then obtains t,he espected con- 
clusion that the weaker the source strengt,h the more 
probable the inequality E(c) > EL . To illustrate 
the extent to which the average energy release can 
esceed the value preclicted by Eq. (Isa), we con- 
sider the ramp insertion of reactivity into Godiva 
wit.h only the spontaneous fission source present. 
[This system is especially favorable by virtue of (i) 
a low effective source strength of about 90 neutrons 
per second; (ii) a short prompt neutron lifetime of 
al,out 0.6 x lo-’ eec (8) ; and (iii) a known quench- 
ing constant b = 0.3 X lo-‘” per neut.ron absorption 

’ 111 Eqs. (19) nnd (193) we hsve mntle IIS~ of the in- 
ewmlit,y a/k*/% >> 1, which merely implies t,he energy re- 
lwd by the source fissions is iiegligihle. -1s is shown in 
r~!fwenc:c 9, an atitlit.iorml energy release of Ek occurs during 
11~ (:oll:q)se of power following I+ . kxming the ramp in- 
*(‘rt.ion of reactivity is terminated immedistely after this 
I”)‘w .*rlrge, the total energy release is 2Ek. 

(!I).] IIrrv, from I<(Is. (2O:I) :m(l (IS) 

whkh may ho rcwrit,t,o!i wit,h the use of Et{. ( 1%) as 

The nlagllitJudct of l?/K, is primarily dctcrminecl by 
the f:wt.or TD r,,/8S~ and is ilwusitivc to the values 
of t.ho ramp paranwtcr, (6, :u~d clench parameter, /I. 
I’oy the (:o(liv:~ w:~mplo, II:q. (2l:Lj gi\-w 2% s 
$/]{, 6 2.32 for I()-’ s u 5 LO-’ see:-‘. The require- 
niclit, a 2 lo-’ WC:-’ insures sufficient pcnrtration 
into th(: super-prompt (britical rrgion that dclnyed 
Ilclltr(jll &c(*ts nl:ty safely lx ignorrtl. For faster 
iiisortion rates, the cnwgy modrl is not strictly 
:lpplic*:lblc to (‘Miva-like systems (bc~c~:t~~~c t,he 
thrrnxll esp:u&n which proclrwes ronctivity clncnch- 
illg (6, 10) hgs the cnwgy gencration~, nntl Eq. 
(2 la) ~u~clcrctstim;Lt.t!s E/K, . Perhaps the muin con- 
clu*ion to be drawn from this iirumcric~:il cs:unplc is 
that, criti(!ality :u:eitlcnt,s (::LI~ occur, princ*ip;tlly with 
ullnlt)&at(;d enrkhotl wulium, with (orgy re- 
l~~:~s(:s cswcding by a cor~plo orders of m :tgnitutlc the 
r:llu(:s pr&c+~tl from a rcnctor kiiictiw ccluation. 

TllcorcI~l: ‘I..\ n(:ut,ron, iiljcctcd wit.11 velocity V at 
l>osit,&n r iu a silightly supercritical system, 11:~ the 
probability of sponsorin, (r a persistent fission chain 
jC’(r, v) r 3A&+(r, v)/BI’~ where 4+(r, v) is the 
neutron adjoint or efiectivcness function for the 
system normalizecl by 

j dv dr&, v)ik,(r, 0) [ / x(v’)++(r, v’) dv’]’ 

Z-Z 1 dv dr&, v)eu,.(r, o) X [ 1 x(v’)4’(r, v’) du’] 

Here, 4(r, v) is the normal mode neutron flus func- 
tion, gj the fission cross section, x(v’) the fission 
neutron spectrum.” 

-4 proof of this t.heorem may be obt.ained by a 
procedure parallelin, e that of the first paragraphs of 
Section II; that is, obtaining an equation for TT’( r, V) 

by enumerating the contributions, A& - F(r, v)], 
to [I - TV(r, v)]. These contributions are 

(1) The probability of the neutron escaping the 
system without. a collision : 

A,[1 - JW, 41 
= 1 - lmesp(-[crls’)gdd (l-l) 



where the int.egratiou is along the line d+(r, VI. We thus iiitroduce the normal mode flus 

r’ = r + sv/v = r + sQ equation 

(2 j the probability of the ueutron being elastically 
or iuelastically scatkered at r’ multiplied by t,hc 

lC2.V + &(r,v) = /dv’[&, v’ -)v) 
/ 

probability t.hat t,he scat,tered neutron does not 
(I-i) 

sponsor a persistent fission chain + 7” g,(r, 7+)x(v) LT 1 4(r, v’) 

A,/1 - ll’(r,v)l = lrn esp (-l’q da’) (1-“) 

.U(V --t v’; r’)[l - ll’(r’, v’)] dv’ tic 

(3) the probability of the neutron producing a 
fission at, r’ mult,iplied by t.he probability that none 
of the emitted fission neutrons sponsor a persistent, 
fission chain 

A.:{[1 - Ii-@, v)] 

= ~csp(-6’uds~) OJ(P, r’) C P(V) (l-3) 

.{J x(v’> dv’[l - V(r’, v’)] 
1 

” cl.7 

(4) the probabi1it.y of the neutron twing radi- 
atiwly wpt,urcd at r’: 

and, after the conventional procedure of mult.iplying 
4 equation by If, the II,’ equation by 4, forming the 
difference and integrating over ckdv, one ohtaius 

(l-i)/ dv &(r, v)i+,(r, v) J dv’x(v’, r)TT’(r, v’) 

= I dv dr+(r. v)ik,(r, 21) * 
*[I‘ dv’x(v’, r) W(r, v’) 1 

2 or (1-S) 
$ 
d 

Since, in the limit, 1; -+ 1, Eq. (l-7) becomes ndjoint 
to Eq. ( I-G), we have W(r, v) + C+‘( r, v) where 
the constant C depends on the normalizat,ion of 
$I+. .4fter letting 

s dv’x(v’, r)++(v’, r) = +0+(r), 

A.,[1 - ll’(r, v)] substitutiug t.his asympt0t.k form of ll’(r, v) in 

Aft.cr ap~irosimat~iiig 

11 - II’]’ s 1 - vll’ + [v( Y - 1)/2]7P, 

(,’ = 1 - f 
( > 

I rlv c/r&r, v)w,(r, z’)&+(r) 

; 
I tlv &(r, v)eu,(r, v>&(r)sr,/S 

J 
summiiiy I hcse coi~t,ril)iit,iol~s gives 

01 

TV(r,v) = 6mcsp(-~uds~)lu(r’,v-v’) ll’(r, v) S [?(I - k)/Sr,] ++(r, v) (1-9) 

+ ik,(r’, v)x(v’>]li7(r’, v’) rlv’ t/s 

(1-S) for the ~iormalization 

x(v’> tlv’TT’(r’, v’) 3” u,(r’, 19) f/s I dv dr+(r, v)k,(r, ~~>$,,+(r) 

= 
or, the cquivnlcllt diffcrctlt-i:LI-intc~r:ll equation s 

dv tlrq+(r, v) *Pa,+, t*>&(r). 

I-sY2.T + u]W(r, v) The nl)oVe equation for C ilitliczktcs the proper 
weighting of iir2 nhcn this quantity is elrergy or 

= 
I‘ 

dv’[u(r, v ----t v’) + su,(r, rl)x(v’)]ll-(r, v’) (] -(;) sp:wc depcttdriit. We note that a iwutroli wirw with 

rx 
iIr I? 

:I spwt ral :md spatial distributiotl 
-- 

2 
dv’tx(v’)ll’(r, v’) a,(r, 13) +(r, vIi;u,Jr, llj4,lf (f) 

l~kcc~pt for the small tcnn (~u:ulralk ii1 II’, IG1. ( l-(i) 
has the prol)ability, per i~ciil roii of spoIlsot.iig :I 

i:: wwgliizctl as the tini il~tlrpci&i~t 1~011zm:~1111 prrsistcilt fission ctiaiil 

wlli:itioli for lhc Iwut 1’011 flus atljoirlt fruwtioll, II’ s L’Il,i’PI’, 
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for iwutroii Iiumlwr tlint,ributiolw l’(Sj-( , mj) I’kpccially for an ulrrc:flccbcd system, this spati’:ll 
distribution is centrally pcakcd more strougly than 
uuiform or normal motlo sourws, which in turu 
would t,hen be churactcrixcd by average or etrective 
++ < 1. In this report, TV is always used in associa- 
tiou with a source strength, S, and, rather than 
I&boring t.he issue of df, we lump 5 and 4’ into 
au cffcctive source strength, A‘$~, still labeled S. 

\vhose functioual form is iutl(~pcwlcut of LVj-1 ; eg., 
the delta tlist.ribrttioll I’(v) = 6,,; which gives 
I’( Njlt j ??ljj = 6S,Vj-~.tn Y ai~tl the l’oisson distribu- 
tiou I’(v) = i;“t~-‘/ V! which gives I’(.k*j-l , mj) = 
[~~Vj-,]~nie-sS~-~~,,~j!. ITor t,hcsc two hypothctt icxl 
distributions (the delIa distributiolr is of course 
narrower thau the obscrvcd distribution of ucutron 
number pw fission whereas the l’oissou diatributiou 
\vhi(:h ll:ts r2 = 1 is somwvhat broadrr) one haa AL’L’EYDIY 3: . . AN ALTERXATIVE DERIVATION OF 

II: THROUGH ESUhIERATIOX OF FIXITE CHAIN 
PROBhBfLITIES 

A specific chain of N fissious (escluding the source 
fissiou may be described as follows: the neutrons 
from a source fission produce N1 fissious, the ueutrous 
from these Xl fissions produce Nz fissious, etc., the 
total number of fissions being xi Ni = N. The 
probability of a source fission sponsoring a specific 
chuiu of N fissions is readily expressed as the product, 
of probabilities of the indiviclual st.eps Ni - Ni+l . 
With our premises of identical ncutrous and identical 
fissions, the probability that t,he neutrons from t.he 
source fission will produce N, fissions is 

(“-1) 

The probability of the neut.rous from these N1 
fissions producing Nz fissions is 

where P(NI , m) denotes t:he probability of N1 
fissions emitting m neutrons and is given by 

P(Nt , m) = S’Q PCvi) 

N, (2-3) 

the summnt.ion S’ being over the partitions (VI , vtr , 
. . . vN1) of m. The probability IV/(NI , Nz , . . . N,) 
of a specific chain (N1 , Nz , . . . N,) of N fissions 
is thus 

W,(NI,Nx, a.. N,) = n c 
j-1 mj=Nj 

mj!pNi( 1 - p)“j-Arj (34) 
.P( Nj-1 , mj) lVj!(??Zj - h-j)! 

where No = 1 represents the source fission and 
li,,, = 0. The probability Wf(N) of an N fission 
chain is then obtained by summing over the possible 
TV/W,, NS , . . - N,) subject to CM Ni = N. The 
summation appears to be most readily accomplished 

IT-,.( A-, dcl ta) 

= (L - &[i;p(l - p)“-‘j”[n(X + l)]!/ 

(N + l)![n(:V + 1) - .\-I!B” (5-S) . 

TT’,( .\-, Poisson) 

=e -pG[~pC-‘i]S[iV + l]“/(,V + 1 j! (2-G) 

The probability, TI’, , of a sourw fission sponsoring a 
persistent fission is nom obtained by subtracting 
from unity the sum c:Z” W,(N). This summa- 
tion is readily accomplished if one notes that the 
right hand sides of both Eqs. (Z-5) and (2%) are of 
the form u( p j.Y”( p)rl (N) where ;r( p) (either 
FP(l _ p) G-I 01’ ppc-+) is such that to each p 2 I/S 
there is a p* s l/ii for which :r(p*) = x(p). But., for 
a fission probability p* < l/z, there are no per- 
sistent chains and 

~o?,(P*)rN(P*).4w) = 1 

or 

~o~%*)&V = ~/LAP*) 

For a fission probability p > l/i;, then, 

YO~~~~~(P)~~W) = Y(P)/Y(P*) 

where p* < l/~ is defined by z(p*) = z(p). Thus, 

W,(delta) = 1 - (1 - p)‘/(l - p*)” (2-T) 

with pp*( 1 _ p*)‘-’ E TP(l - p)‘-l 

and p*ij s 1 

TJTf(Poisson) = 1 - e-i(p-p*) (3-S) 

with Bp*e-P’c E PpC-py 

and p*P 5 1 

Xkhough Eys. (3-i) and (2-8) are readily derived 
from Eq. (1), the explicit introduction of p* permits 
the det.erminat.ion of all moments of finite chain 
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lengths by repented partial difcrentintions of Tl’, : - The spprosimation of (2-13) follows from (3-13) 
t,he )bt,h moment,, N”, of the finite chain lengths is because 1 Ak, 1 << 1. As only prompt, neutron link~~,l 

fission chains are included, the prompt. reproducticjll 
number I\, has been sukituted for I, in Eq. (3-l 1). 

= c Y”/J(p)sSA (N)/C y.l?--1 (N) AL’PESDIS 3: THE I’ROBABILITT B(n, 1) 
OF n SELiTROSS AT TIME 1 

= [.ra/a.c)“C y(p).c”A(:V)]/~ 2/.r”.4(N) 
= [l - Ii’,]-‘(.@&.r) ,‘[l - TT’j]. 

More simply 

F(delta) = (1 - p*)” 

. P*(l 
[ 

- p*> a _ 
1 - iJp* ap* 1 fi (1 - p*)-’ 

(2-O) 

.[ 
p* a ” ++ (Z-10) 

vap* e 1 
The nt h momcnt.s 1.11~~ dcpel~d only on p* and one 
has t.he fiuite chaiu length distributions of a supcr- 
critical system tluplicai cd in a subcritiwl system 
u-it h the same p* value. 

l;or rc~protluc:t~iou uumlwrs 1)” c~losc t.0 uiiily, 
IGls. (3!)) ai~tl (2-10) may 1x2 approsimulcvl as 

If t,he probability for a neutron to be absorbed, 
including leakage, in the infinitesimal time interva] 
dt is &/T, then ~(n, t)[l - T&/T] represents the 
probability of )I. neutrons at t.ime t and no absorp- 
tions in the ensuing time interval dt, and thus con- 
tributes to the value of @(n, t + df). If 6he prob- 
ability for a neutron absorption t,o cause fission is p, 
then @(n + 1, t)[(l - p)(n + 1)&/r represents the 
probability of 72 + 1 ncut row at t.ime t and one 
nonfission producing absorption in the ensuing time 
interval ~3; i.e., a second possibility for having 12 
neutrons at t + dt. If fission produces v neukons 
with probability I’( v), the remaining cont.ribution 
to @(n, t + (11) is 

- v, 1)[(11 + 1 - v)P( v)pdt/71 

I‘., ““-’ .\‘“L1: _-I 0 
“--l (2rr. - 3) ! 1 uyn, 1 + dt) = [I - Mzqr]d’(M, t) 

:! 01 - ( > 
(“-1 l ) 

l)! [a/;/ - + 1(7L + 1) (1 - p)df:‘dO’(n + 1, 0 
whrrr r2 = (F - 1 )/F ai1t1 ullil y for tlic tlclta and 
I’cjissoil tlistril)ul ioiis, rcslwc:t.ivcIy. 

01’ iiltcrcst- for the discussion of .-\ppciltlis -I, are 
t,ll(. ~11~oni(fi1ls iii of the iIumlwr, n7, of dclu.ycd 
11cut roil prwursors produwd by 1 ho prompt fissioil 
&ail1 multil~lic~:~l~ioi~ of a sours nwtrou ii1 :I system 
U+OSC~ reactivity lies lwtwccll delayed aud prompt, 
carit ical. Sot ing that ill the present, mauuer of rwkon- 
ilg fission chain length, the probability lI’(.\- + 1 ) 
of a source nrutroii sponsoring .V + 1 fisuious is 
pl I’,( N), and assuming that, the probability of ob- 
taining w. prcrursors from (.V + 1 ) fissious is tdw 
]‘oiss(~ii value [/3i;(:V + 1 )]“‘c+‘ts+‘)/m! OllP has 

+ g” l(fZ + 1 - v)I’(v)~~~lt/7]~~(~~~ + 1 - V) 1) 

or t ho ccluivalciit 

T ;it U’(71, 1) = - ntP(w, t) 

+(1 - p>(n + I)S(n + 1,f) (3-I ) 

+ p $” I’(v)(u + 1 - “hP(?L + 1 - v, 1) 

The bt,h moment. of the llcut ran number distribuf ioil 

2 = c a’cP(7b, t), 

[&!I = pg,, ,go i+mwNv 4- 01” is obtained l)y niultiplyiilg I’:(!. (3-l j 1)y )I’ :lll(I 

summing over 17, 

01’ \vhic:li lW~‘OlllC%, ilfl(‘l’ SC*1 titlg 

111’ 2 - 
(J 

‘-’ (21 - L”)! 
i(Gfi)’ ; ~.-. .._.. 

] 

( > 

?/--I 

(I- I)! IAk,I 
1%131 (I - p)( - I )” + pg /‘( v)( v - 1 )” = lb, 

“==I, 



', 0 

/ 

3-l) 

bon 

where 

b, =  po  - 1  =  1; - 1  

and 

bz = pg - 2pD + 1 = BIT& + 1 - I;. 

For a slightly supcrcrit.ical system, b1 << 1, and at 
times b,t,/r >> t, t,hc monwut,s have the simple ex- 
pression 

,2= [I - ~]6f,,,+11[,~~-‘e”k”’ (:3-4) 
\&re 61,u = 0, for 1  # 0, = 1 for 1  = 0. 

The distribution functiou (P(U, I) associated with 
&[. (:{--I) is thus, noting the identity 

s 

m  
nl e-““rln = l![l/cY]‘+’ 

0 

(3-S) 
*C -Akr’resp [ - ( 2Alc:n./ef’2)e-Ak”Tj 

Equation (3-d) is then of the form 

@(n, t) = [l - W ]6,,,” + Wr!P,(n, t) (3-G) 

Iv-here JI/’ is the probability of the source neutron 
sponsoring a persistent fission chain and @ ,(n, t) is 
the probability of n  neutrons at time t under the 
condition of a  persistent chain sponsored at t = 0. 

To show the effect of neglecting the fluctuations in 
neutron population growths among different per- 
sistent fission chains sponsored at t = 0, we note 
that when @*(a, t) is summed over a small popula- 
tion range An about no, the result, 6,(no, t)An, is 
interpretable either as the probability that the 
neutron population is in the range An about ~0 at 
time t or the probabihty that t,he neutron population 
reaches the value nu in the time interval At = 
Tqn,,( ,k - 1) about t. Letting no define the time 
/,I t,hrough 

no = [PJ?&( I,: - l)]e’“-“fo” 

we have: If a  source neutron sponsors a persistent 

fissioii c+haiil at t = 0, then the probabilit~y per unit 
tinw that. the Iwrltron populut~ion reaches no is 

Ah -MC!-to)/, e,,ifrt,, tih,tx: - ij/~ = -r F  
(3-i) 

I’igrirc 2  graphs tP,Cn,, , t)rh, versus Ak( t - t,))/r. 
The most, probable time for the neutron populat.ion 
to rrwh nII is la , the average time is i = to + 
0.5 77 r,:( I,: - 1) , and the mean square deviation is 

3 - i’ = l.G4[r/(li - l)]’ 

Thcw same values apply for a  source fission (as 
contrastctl to a source ueutron) sponsoring a per- 
sistelit c:liaiu at, t = 0, as the probability of more 
than one of the neutrous emit ted from the source 
fissioll $vilig rise to an infiuitc number of progeny 
is snl:tll (-IV). As wns seen ill Scctiou 3, the condi- 
tion 

l.(i4[r/Akj << ( l/IF8)’ 

for ignorability of fluctuations iu buildup times of 
persistent chains is :~llt.om:~t,ic.:~Ily satisfied for the 
weak source case. From 15~1. (3-3) one finds the 
fra&onal mean scluarc dcviat ion in the neutron 

A Kit-t,) /T 

FIG. 2. The protxtbility per lmit time, @,(n~ , I)ndk/+, 
of the neutron popdat ion reaching rc.0 =  [31’z/2akleu’f~‘r at 
a  t ime t after u  persistent fission chain is sponsorecl. Here 
t ime is expressed in units’of r/i\k; cf., Eel. (3-i). 



population attaining at large times the value 

(i-3 - ii”)/li’c% Fr*/(k - 1) = 2/w. 

T;or time-dependent reproduction number, the 
moments in and 2 are readily obtained from Eq. 
(3-2) and give 

. (e*(i--l)f/rd - 1) - prd 
m - l)? 

* (rii(m - l)? + 2Sr,jci2} (e’“-l)“‘d - l} (4-J) 

. exp [ - l” (k - l)atqr 

Under the restrictions, ?T - 1 << 1 and SrdTi << 
Cm - l)*, which, as will be seen, are equivalent to 
Ak << p and @STY << 1, respectively, t.he asymptotic 
(in time) expressions for the’ moments become 

which, as is is seen from Eq. (15) of Section 3, is 
equal to 2/W(O). The analogues of Eqs. (3-4) 
through (3-‘7) are obtained by replacing 2Ak/?p2 by 
TV(O) and Akt/r by $:Akdt’/r. 

.4I’PESI )1X -1: FLUCTUATIOXS IN PRECURSOR 
I’()I’ULATIOR’, C, FOR THE CASE 0 < ali << ,T, +,, << 
finr << l/S (WHERE 70 IS THE NEUTRON LIFETIME, 
T,, THE PRECURSOR LIFETIME, ,9 THE DELAYED 
SEUTRON FRACTION FROM FISSION, .4SD S THE 
IVEUTR.ON SOURCE) 

The rcactivit,y region 0 < Al; << /3, like the region 
Al,: >> p, is one where the coupling bctwccn precursor 
atld ncut,ron populations is rclnt.ively innocuous. In 
the region bctwccn dclaycd and prompt critical 
(0 < Ak < /3), the death of a precursor results, 
with probability 1’(m) , in m new precursors t.hrough 
the agency of the prompt, neutron linked finite 
fission chain sponsored by the associated dclaycd 
tteutron. If the neutron lifct,ime is suflicicntly short,, 
t.hese m new precursors may bc considcrcd as 
i~~st,ant.nncously produced and the analysis for the 
l~robubiiit,y s(C, t) of C precursors at t,imc 1 becomes 
ccluivalcnt to the devclopmcnt for @(N, t) given in 
Appendix 3. Specifically, 1vit.h the ncut.ron source S, 

- [C + s7,,1sic, 0 

+ Srd C @CC - m, t)l’(m) 

+ c oqc - m + 1, t)P(m)[C - m + I] 

01 

c’T= & [gy--1;-J-’ (1 - l)!e”“-l”“d(4-3) 

I#0 

and yield the asymptotic probabilit#y distribution 

S(C, 1) = I- JJ’S dt’e~‘vs”o’p(C, t - t’) (4-6) 
0 

where 

IV = 2(m - l)/(m - 1)2 

T.4BLE I 
TME FOR Go~w.4 POWER TO BUILD cw TO 2.7 X 10” 
AMONS/SEC FOLLOWSG A LARGE STEP INCREASE 
OF REACTIVITY TO k - 1 = 0.004ib (Ak/@ = 0.70)a*b 

Run number Time (see) 

1 
2 
3 
4 
5 
G 
7 
8 
9 

10 
I1 
12 
13 
14 
15 
IG 

33.1 
30.5 
30.1 
32.4 
34.2 
31.9 
31.4 
37.8 
31.2 
33.8 
26.3 
25.8 
34.3 
35.8 
43.9 
28.6 

rdi c = 6 [(ciz=G(y,~- J)4 + stdp=@] 
17 25.4 
18 39.3 

t/t (4-2) 19 2G.7 
I! 20 31.5 

q!(l - (I)! 21 27.0 

\Vith tlw conditions F(O) = 0, and t imr-indc- 
22 27.8 

pcndcntj source and reactivity, t.hc csprcssions for ” The neutron source is S Y 90 ncutroux/sec aud the 

the first. two m0mcnt.s are st.:tl~lc positive pcriotl is l/a N 1.7Ci sec. (correslxn~ding to 
2&/X’:! = 2sAk/Crvxs 0.75 < 1). 

STJ ?il c=.--...- [eiG-l)f/r,t _ I~ (4-3) 
b Avc!r:r~c t.ime: i = 31.8 WC. ~IO:LII squmx? devi:diou: 

(6 - 1) -. 
12 - p = 21 S(!G. 
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(m - 1)’ = iw&1 A/c, IS s Bl-2,/p 

Thus W  assumes the familiar value L?A/i/PI‘, autl 
6,,(C, t - t’) is idcntic~nl to the distribution 
@ (N, t - 1’) of t\ppcndis 2 save for the rcplaccmcnt~ 
of neutron lifctimc rU by t.he effective lifet.imc or 
ceyole time PT,~ . Hare again, fluctwtions in the 
I~uiltlup of porsistcnt chains is iguorable in the weak 
.so II rce mse 

C.~nfortrlll:~tcly the restriction 

A - 1 ‘v Ali//3 << 1 

is much more limiting than the inequality Ak << 1 
\vhioh applies iu the absence of delayed neutrons. An 
indication that fluctuut,ious in t.he buildup of per- 
sistcut chains may not bc ignorablc for A/G - /3 
(i.e., near prompt -erit.icul) in the weak source catic 
is given by Eqs. (4-3) and (4-4). These equations 
give for the asymptotic value of the fractional n~enn 
scluare dcvintion in precursor population 

Here, the parenthesized quantity represeuts the 
fractional mean-square deviation in persistent 
populations (see footnote 2) and is seen to deviate 
markedly from unity as prompt critical is ap- 
proached. (The singularity at Ak, = 0 is, of course, 
incorrect and is associated with the assumption 
employed in Eq. (4-l) that the precursors formed 
by prompt neutron linked fission chains are in- 
stantaneously produced.) Similarly, from the 
precursor Ci and neutron n population moments 
equations given by Courant and Wallace (11)) one 
finds for the condition Ah, >> (,~T~/T~)“~, 
cP(n, t = oj = 6,b,x 
7; 
~%+$[l+(l+-?$] 

+9 

For fast systems, with neutron lifetimes of the order 
of IO-* set, both Eqs. (4-7) and (4-8) indicate con- 
siderable fluctuation in population growth near 
Prompt critical. Experimental data on fission rate 

fissioti~scww prw.c!i~t,) for A/;,‘&  ‘v 1 .O.i ( 1 ) incliwk 

th:1t, (Q - ,?,I’: is conlp:trdh to ( 1,:11’S). A&[i- 
~iod dat:L o11 the fissioll rate I)riilcl~tp at Ak,‘$ = 0.7 
arc xumn~arizcd ill Tahlt: I. The :kvrr:lgc! tinw and 
nic:ill wluarc dcviatiou in time :ift.rr t ho waotivity 
skp inwxisc for the p(~wcr to build up (0 2.; X  10” 
fissions/see: arc prcdictcY1 by E:(l. (51) and IG1. (Fa) 
to bc I N- 32.5 set :1nd ii - I-‘) ‘v IO.!) wc’l [the 
:whitx:rry fitlud of 2. ‘7 X 10” fissions,~w altars 
ouly ill the cornputntion of f,l : this power lewl 
corresponds, iu Godiva, to the neutron population 
no = 4.2 x tQ’; the value of ri is determined from a 
solution .of the Kinetics equntion; e.g., d czZ 
a~,,,/ ( A/l@  - AA’]) e 2.4 x lo-’ d yields Lip ‘V 
3.1 x lo-‘. , thcwc hi e 23.1 sw]. Thus again Eq. 
((;a), applied in the vicinity of prompt. critical, 
account,s for abollt one-half of t.hc observed time 
fluctuntioli (I’? - ?) iudicnting fhat here the 
growth of 3 persistcat ch:iin is cousi&xul)l~~ nlore 

erratic thl :ulticip:~tecl for either A/C << fl or A,/; >> 8. 

I wish to :tc:laio\vlctl~c :L gcncr:kl intlcl~tctlncss to the 
nuthors of v:wious Iinp~~l)lishctl Los AI:m~ox reports trenting 
fission eh:tin st:rtistics. In ntfdition I wish to osprcss my 
npprcci:ltion for the support of T. F. Wimctt nncl .J. A. 
Grumlt in nxrkirtg poasilk: the! fission-power builtlup mea.+ 
uremcnt~s in Godiv:r :rt A/i /@ = 0.7. 
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