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The reader will find in the third edition the information already included in the 
second one improved and extended in several places. Only the differences will be 
mentioned here. 

Chapter 1 contains additionally important velocity sciles deffinition frequently 
used in defining flow pattern maps. Additional information is avilable for flow 
pattern in rod bundles. Chapter 2 is extended with a provision of constitutive 
relationships for the lift- and virtual mass forces. The drag force section is updated 
with recent information. Discussion is provided for the uncertainaty of the film-
gas forces. Chapter 3 contains additionally the Rehmes method for computation 
of:  pressure drop of flow in channels with arbitrary cross section; pressure drop in 
rod bundles axial and cross flow; pressure drop of spacers for rod bundles of 
nuclear reactors. Chapter 5 considering entrainment in annulat two-phase flow is 
updatae. Discussion is provided in entrainment increase in boiling channels, 
residual film thickness during dry out, entrainment increase due to obstacles. 
Estimation of the uncertainaty of the existing state of the art is performed base on 
dray out process in boiling channel. Chapter 6 considering deposition in annular 
flow is updated. Discussion is provided on the influence of the nucleate boiling 
inside the film and on the heat transfer due to the bouncing of the droplets onto the 
hot wall. Estimation of the uncertainaty of the existing state of the art is performed 
base on dray out process in boiling channel. Chapter 15 considering the bubble 
departure mechanism on heated wall is updated. The theory is extended to sub-
cooled liquid. Chapter 16 considering nucleate boiling is updated. Additional 
information coming from boiling of fluids with nano-particles confirm the sound 
physical basics of the authors method. Additional information id provided for 
nucleation site density at high pressure. Chapter 18 considering boiling of 
subcooled liquid is updated. Chapter 19 considering forced convection boiling is 
updated. The 2005 look-up-table by Groeneveld et al. is demonstrated to be a 
excelent scaling base for critical heat flux in bundles for variaty of geometries and 
conditions. Chapter 24 considering condensation at colled walls is updated. Test 
examples are provided for demonstration of the application of the theory. 

As in the preveous eddition, due to the large number of the collor pictures in 
Chapters 14 of volume 1 and Chapter 26 of this volume they are included as a 
PDF-files in the attached CD. Chapter 26 of this volume is completelly rewritten. 
First, Section 26.2 contains a quick look of the IVA computer code with several 
ineresting demonstration of the power of the technology described in this three 
Volumes work. A list of references is provided in Sections 26.3 and 26.4 
documenting the IVA-code development and validation. Review of the state of the 
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art of the instability analyses of boiling systems is provided and interesting 
comparison of the modern IVA-predictions with large scale AREVA- experiments 
is provided in Section 26.6.3. Powerful demonstration of the methods for 
analysing pressure wave propagations in single and two-phase systems is given by 
comparison with the Interatome experiments form 1983 performed on simple and 
complex pipe-networks, Section 26.8.3. Section 26.15 contains comparison with 
333 experiments for variety of bundles, flow regimes including dry out, steady 
state and transients. It clearly demonstrates the power of the method and ist well 
defined uncerntanty to simulate boiling processes in complex geometry. 

And finally, Section 26.21 contains the discussion regarding: Is it possible to 
design universal multiphase flow analyser? It contains my personal vision for 
future development of the multiphase fluid dynamics. 
 
Erlangen, September 2006                                                      Nikolay Ivanov Kolev 
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This monograph contains theory, methods and practical experience for describing 
complex transient multi-phase processes in arbitrary geometrical configurations. It 
is intended to help applied scientists and practicing engineers to understand better 
natural and industrial processes containing dynamic evolutions of complex multi-
phase flows. The book is also intended to be a useful source of information for 
students in the high semesters and in PhD programs. 

 
This monograph consists of three volumes:  

 
Vol. 1 Fundamentals (14 Chapters and 2 Appendixes), 750 pages + 322 paged 

+ movies on CD-ROM 
Vol. 2 Mechanical and thermal interactions (26 Chapters), 912 pages 
Vol. 3 Selected chapters: turbulence, gas absorption and release by liquid, die-

sel fuel properties, 300 pages 
In Volume 1 the concept of three-fluid modeling is presented in detail "from 

the origin to the applications". This includes derivation of local volume- and time-
averaged equations and their working forms, development of methods for their 
numerical integration and finally finding a variety of solutions for different prob-
lems of practical interest.   

Special attention is paid in Volume 1 to the link between the partial differential 
equations and the constitutive relations called closure laws without providing any 
information on the closure laws. Volume 2 is devoted to these important constitu-
tive relations for mathematical description of the mechanical and thermal interac-
tions. The structure of the volume is in fact a state-of-the-art review and selection 
of the best available approaches for describing interfacial transfer processes. In 
many cases the original contribution of the author is incorporated in the overall 
presentation. The most important aspects of the presentation are that it stems from 
the author’s long years of experience developing computer codes. The emphasis is 
on the practical use of these relationships: either as stand-alone estimation meth-
ods or within a framework of computer codes. 

In particular, Volume 2 contains information on how to describe the flow pat-
terns and the specific mechanical and thermal interactions between the velocity 
fields in flight. In Chapter 1 the flow regime transition criteria in transient multi-
phase flows are presented for the cases of pool flow, adiabatic flow, channel flow 
in vertical pipes, channel flow in inclined pipes, heated channels, porous media, 
particles in film boiling and rod bundles. The idea of flow pattern boundaries de-
pending on the transient evolution of the particle number and particle size is pre-

Summary 



X

sented. Chapter 2 collects information about modeling the drag forces on a single 
bubble, a family of particles in a continuum, droplets in a gas, solid particles in a 
gas in the presence of liquid, solid particles in a liquid in the presence of a gas, 
solid particles in a free particles regime, solid particles in bubbly flow, solid parti-
cles in a densely packed regime, annular flow, inverted annular flow, stratified 
flow in horizontal or inclined rectangular channels and stratified flow in horizontal 
or inclined pipes. Chapter 3 presents information about the friction pressure drop 
in single- and multi-phase flow. Historically algebraic correlations for describing 
the velocity difference preceded the development of interfacial interaction models. 
The large number of empirical correlations for the diffusion velocities for alge-
braic slip models for two- and three-phase flows is provided in Chapter 4. Chap-
ters 5 and 6 are devoted to the entrainment and deposition in annular two-phase 
flow, respectively. Chapter 7 gives an introduction to the fragmentation and coa-
lescence dynamics in multi-phase flows. Acceleration-induced droplet and bubble 
fragmentation is described in Chapter 8. Chapter 9 is devoted to the turbulence-
induced particle fragmentation and coalescence and Chapter 10 to the liquid and 
gas jet disintegration. Chapter 11 presents the state of the art on the fragmentation 
of melt in coolant in a variety of its aspects. Chapter 12 presents nucleation in liq-
uids. Chapter 13 presents different aspects of the bubble growth in superheated 
liquid and the connection to computational system models. Condensation of pure 
steam bubbles is considered in Chapter 14. New information with respect to the 
bubble departure diameter and nucleate boiling is presented in Chapters 15 and 16, 
respectively. An interesting result of the theory presented in these chapters is the 
prediction of a critical heat flux without empirical correlation for critical heat flux 
as a result of the mutual bubble interaction for increasing wall superheating. Ap-
plying the theory for the inverted problem of the flashing of superheated water in 
pipes as given in Chapter 17 surprisingly supported the validity of the new ap-
proach. The state of the art in boiling theory is presented in Chapters 18 to 21 
where boiling in subcooled liquid, natural convection film boiling, critical heat 
flux, forced convection film boiling, and film boiling on vertical plates and 
spheres is presented. The emphasis is on the elaboration of all coupling terms be-
tween the fluids, and between the wall and fluid required for closure of the overall 
description. Chapter 22 provides information on all heat and mass transfer proc-
esses across a droplet interface starting with the nucleation theory, and going 
through the droplet growth, self-condensation stop, heat transfer across a droplet 
interface without mass transfer, direct contact condensation of pure steam on a 
subcooled droplet, spontaneous flushing of a superheated droplet, evaporation of a 
saturated droplet in superheated gas, and droplet evaporation in a gas mixture. A 
similar approach is applied to the description of the interface processes at a film-
gas interface in Chapter 23 with a careful treatment of the influence of the turbu-
lent pulsation on the interfacial heat and mass transfer. A set of empirical methods 
for prediction of condensation on cooled walls with and without a non-
condensable is presented in Chapter 24. Chapter 25 provides information on the 
implementation of the discrete ordinate method for radiation transport in multi-
phase computer codes. In this chapter the dimensions of the problem, the 
differences between micro and macro interactions and the radiation transport 
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equation are discussed. Then the finite volume representation of the radiation 
transport is given and different aspects of the numerical integration are discussed. 
The computation of some material properties is discussed. Then three specific 
radiation transport cases of importance for the melt-water interaction are discussed 
in detail: a spherical cavity of gas inside a molten material; concentric spheres of 
water droplets, surrounded by vapor surrounded by molten material; clouds of 
spherical particles of radiating material surrounded by a layer of vapor surrounded 
by water. For the last case the useful Lanzenberger  solution is presented and its 
importance is demonstrated in two practical cases. 

The book ends with Chapter 26, which provides information on how to verify 
multi-phase flow models by comparing them with experimental data and analyti-
cal solutions. The complexity of the problems is gradually increased from very 
simple ones to problems with very complex melt-water interaction multi-fluid 
flows with dynamic fragmentation and coalescence and strong thermal and me-
chanical interactions. In particular the following cases are described and compared 
with the prediction using the basics presented in different chapters of this book: 
material relocation – gravitational waves (2D), U-tube benchmarks such us adia-
batic oscillations, single-phase natural convection in a uniformly heated vertical 
part of a U-tube, single-phase natural convection in a uniformly heated inclined 
part of a U-tube, single-phase natural convection in a U-tube with an inclined part 
heated by steam condensation, steady state single-phase nozzle flow, pressure 
waves in single phase flow, 2D gas explosion in a space filled previously with gas, 
2D gas explosion in space with internals previously filled with liquid, film en-
trainment in pipe flow, water flashing in nozzle flow, pipe blow-down with flash-
ing, single pipe transients, complex pipe network transients, boiling in pipes and 
rod bundles, critical heat flux, post critical heat flux heat transfer, film boiling, be-
havior of clouds of cold and very hot spheres in water, experiments with dynamic 
fragmentation and coalescence like the FARO L14, 20, 24, 28, 31 experiments, 
PREMIX 13, 15, 17, 18 experiment, RIT and IKE experiment. In addition an ap-
plication of a powerful method for investigation of the propagation of input and 
model uncertainties on the final results by using the Monte Carlo method and re-
gression analysis is demonstrated for the prediction of non-explosive melt-water 
interactions. Benchmarks for testing the 3D capabilities of computer codes are 
provided for the rigid body steady rotation problem, pure radial symmetric flow, 
radial-azimuthal symmetric flow. Examples of very complex 3D flows are also 
given such as small break loss of coolant, asymmetric steam-water interaction in a 
vessel, and melt relocation in a pressure vessel. 

Chapter 26 of this volume together with Chapter 14 of Volume 1 are presented 
on the compact disc (CD) attached to Volume 1. The reader can read these two 
documents with Acrobat Reader software, which is freely available on the inter-
net. In addition many animated sequences (movies) have been presented on the 
CD. The reader can execute them directly from the already-opened document with 
Acrobat Reader by simply double clicking on the figures numbers marked in blue. 
HTML documents are then executed using any Web browser available on the local 
computer of the reader. The reader can see also these movies with any other soft-
ware able to open animated GIF files, for instance with PaintShopPro software. 
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This Chapter presents a review of the existing methods for identification of flow patterns in 
two phase flow in pools, adiabatic and non-adiabatic channels, rod bundles and porous 
structures. An attempt is made to extend this information to be applicable in three-phase 
flow modeling. In addition the influence of the dynamic fragmentation and coalescence of 
the flow regimes is introduced. 
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Transient multi-phase flows with temporal and spatial variation of the volumetric 
fractions of the participating phases can be represented by sequences of geometrical 
flow patterns that have some characteristic length scale. Owing to the highly random 
behavior of the flow in detail, the number of flow patterns needed for this purpose is 
very large. Nevertheless, this approach has led to some successful applications in the 
field of multi-phase flow modeling. Frequently modern mathematical models of 
transient flows include, among others, the following features:  

 
1. Postulation of a limited number of idealized flow patterns, with transition 

limits as a function of local parameters for steady state flow (e.g., see Fig. 1.1); 
2. Identification of one of the postulated idealized steady state flow patterns for 

each time step; 
3. Computation of a characteristic steady state length scale of the flow patterns 

(e.g., bubble or droplet size) in order to address further constitutive relationships 
for interfacial heat, mass, and momentum transfer. 

 
Various transfer mechanisms between mixture and wall, as well as between the 
velocity fields, depend on the flow regimes. This leads to the use of regime de-
pendent correlations for modeling of the interfacial mass, momentum and energy 
transfer. The transfer mechanisms themselves influence strongly the flow pattern’s 
appearance. That is why the first step of the coupling between the system PDEs 
and the correlations governing the transfer mechanisms is the flow regime identi-
fication.  

We distinguish between flow patterns appearing in pool flow and in channel 
flow. In pool flow, 1vγ = , there is no influence of the walls on the flow pattern. In 
channel flows characterized by 1vγ < , however, this influence can be very strong 
resulting in patterns like film flow, slug flow etc. 
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Fig. 1.1 Multi-phase flow patterns 
 

Some flow patterns can be trivially identified by knowing only the values of the 
local volume fractions of the fields, lα , and the consistency of the fields i.e. liC , 
e.g. the single phase flows or flows consisting of three velocity fields with an 
initially postulated structure. For two interpenetrating velocity fields additional 
information is necessary to identify the flow pattern. There are analytical and 
experimental arguments for flow pattern identification which will be considered 
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here. The emphasis of this Chapter is on how dynamics influence the transitions 
from one flow pattern into the other. 
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In pool flows we distinguish two main flow patterns: continuous liquid and con-
tinuous gas, and one intermediate between them. Next we discuss the conditions 
for existence of the bubble flow. We will realize that the dynamic fragmentation 
and coalescence will have an influence on the transition criterion through the bub-
ble size. 

 
Bubbly flow: The existence of the bubbly flow in pools is discussed in this 
section.  

 
Non-oscillating particles: Consider equally sized spherical particles forming a 
rhomboid array. The average distance between the centers of two adjacent parti-
cles with diameter dD  and volumetric fraction dα  is then 

1/ 3
2

6d d
d

D π
α

⎛ ⎞
Δ = ⎜ ⎟⎜ ⎟

⎝ ⎠
.      (1.1) 

Here d stands for disperse. The non-oscillating particles will touch each other if 

d dDΔ = .       (1.2) 

This happens for a volume fraction of 

2 0.74
6d
πα = ≈ ,      (1.3) 

which is sometimes called in the literature the maximum packing density volume 
concentration. This consideration leads to the conclusion that bubble flow cannot 
exist for 

1 0.74α > ,       (1.4) 

and vice versa droplet flow cannot exist for 

1 0.26α < .       (1.5) 

Oscillating particles: Oscillating particles will touch each other occasionally at 
larger average distance. This means that in strongly turbulent flows the existence 
of bubble flow should be expected to be limited by smaller volume fractions. In 
fact turbulent bubble flows in nature and technical facilities are observed up to 

1 0.25 to 0.3α < ,      (1.6) 
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Taitel et al. (1980), Radovich and Moissis (1962), see in Mishima and Ishii (1984). 
If the mean free path length of the oscillating particles is t

d  the sphere of influ-

ence of this particle is ( )1t t
d d d d dD D D+ = + . In this case the particles may 

touch each other if 

( )
1/ 3

21
6

t
d d d d

d

D D D π
α

⎛ ⎞
+ = ⎜ ⎟⎜ ⎟

⎝ ⎠
,    (1.7) 

or 

( )2 / 1 / 0.74
6

t
d d dDπα = + Δ < ,    (1.8) 

and consequently 

0.44 to 0.35t
d dD > .      (1.9) 

The influence of the particle size on the flow regime transition: Brodkey (1967) 
shows that bubbles with radii smaller than  

2
1,solid like

21

20.63 0.89 RTD
g
σ λ
ρ

= ≈
Δ

,    (1.10) 

where RTλ  is the Raleigh-Taylor wavelength defined as follows 

2

21
RT g

σλ
ρ

=
Δ

,      (1.11) 

behave as a solid sphere and the coalescence is negligible. This argument was 
used by Taitel et al. (1980) to explain the existence of bubble flow in regions up to 

1 0.54α < ,       (1.12) 

if strong liquid turbulence destroys bubbles to dimensions 

( )1 2 1,solid like,...D Dε <       (1.13) 

where 2ε  is the dissipation rate of the turbulent kinetic energy of the liquid.  
 

Conclusions:  
 
a) In the concept of modeling dynamic fragmentation and coalescence, bubble 

flow is defined if we have at least one bubble in the volume of consideration, 
cellVol , i.e. 

1 1celln Vol > ,       (1.14) 
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otherwise both phases are continuous. This is the trivial condition. Here 1n  is the 
number of bubbles per unit mixture volume. 

b) For small bubble sizes, ( )1 2 1,  ,... solid likeD Dε < , the bubbles behave as solid 
spheres and the coalescence probability is dramatically reduced. In this case bubble 
flow exists up to  

1, 0.54B Chα − = .      (1.15) 

c) For larger bubble sizes, ( )1 2 1,solid like,...D Dε > ,  the transition between bubble 
and churn turbulent flow happens between 

1, 0.25 and 0.54B Chα − ≈ .     (1.16) 

The size at which the lower limit holds is not exactly known. Assuming that this 
size is governed by a critical Weber number equal to 12 and using the bubble rise 
velocity in the pool as computed by Kutateladze  

( )
1/ 42

1 2 2 1 22 /KuV gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ ,  

we obtain 6  times RTλ . A linear interpolation between these two sizes gives 

( )1, 10.54 0.0567 / 0.89B Ch RTDα λ− = − − .    (1.17) 

The dependence of this transition criterion on the bubble size is remarkable. Mod-
eling dynamic bubble size evolution gives different regime transition boundaries 
for different bubble sizes at the same gas volume fraction. 

 
d) Churn turbulent flow exists between 

10.54 0.74α< < .      (1.18) 

Note that the upper limit of the churn turbulent flow, 1, 0.74Ch Aα − = , seems to be a 
function of the local Mach number. The higher the local Mach number, the higher 
the upper limit due to the increasing turbulence. This consideration is supported 
by the position of the slip maximum as a function of the gas volume fraction in 
critical flow as measured by e.g. Deichel and Winter (1990). The investigation of 
Ginsberg et al. (1979) of flow behavior of volume-heated boiling pools shows that 
for fast transients the limit between bubble and churn turbulent flow and dispersed 
flow is higher. Thus one can assume that the upper limit is 

( )1, 0.74 0.92 0.74 0.74 0.18Ch A Ma Maα − = + − = + .  (1.19) 

In accordance with this consideration, very slow flows do not have churn turbulent 
regimes and bubble flow goes directly into disperse droplet flow with increasing 
gas volume fraction. 
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Boundary between flow-patterns are frequently expressed as a function of impor-
tant velocity scales. Such velocity scales are the so called velocity of a Taylor 
bubble and the Kutateladze velocity. Next we briefly describe haw they appear in 
the two-phase flow analysis. 

30503"Vyq"korqtvcpv"xgnqekv{"uecngu"

Velocity of Taylor bubble: For a free rising bubbles in liquid and free falling 
droplet in a gravitational field presented in Fig. 1.2 the drag force is equal to the 
buoyancy force  

( ) ( )2 2 31 / 4 / 6
2

d
cd c c d d d dcc w w D D gρ π π ρ∞ ∞ ∞− = Δ .     

8Dd

8wd

wc

8Dd

8wd

wc

drag force = gravitational force  
Fig. 1.2 Free falling droplet in a gravitational field and free rising bubbles in liquid 

For d
cdc const≈  we have 

, ,
1

3
dc dc RT dc RTd

cd

w w const w
c

Δ = Δ ≈ Δ ,   

The so defined characteristic velocity is called Taylor-velocity 

,
dc

dc RT d
c

w D g
ρ
ρ∞

Δ
Δ = .  

For slug in vertical pipes, see Fig. 1.3, where d hD D∞ ≈ the slug rise velocity is 
experimentally found by Dimitresku (1943) and by Davies and Taylor (1950) to be 
dependent really on the pipe diameter 

12 12,0.35 RTw wΔ = Δ .  
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,
dc

dc RT d
c

w D g
ρ
ρ∞

Δ
Δ =

 12 12,0.35 RTw wΔ = Δ

D h

Dimitresku (1943), Davies und Taylor (1950)

8

2

dD
1

 
Fig. 1.3 Free rising gas slug in pipe 

 
Kutateladze velocities: For large bubbles where the size is comparable to the 
Rayleigh-Taylor instability wavelength for the case where gas and liquid are inter-
penetrating due to gravity 

( ) 1/ 2

d RT d dcD gλ σ ρ∞ ⎡ ⎤≈ = Δ⎣ ⎦ .   

In this case the free rising bubble velocity in a pool or the free falling droplet ve-
locity in a gas, see Fig. 1.4, is 

( ) ( )
1/ 4 1/ 4

,2 2

1 2   1.7 2   1.7
3

d dc d dc
dc dc Kud

c ccd

g g
w to to w

c

σ ρ σ ρ
ρ ρ

⎛ ⎞ ⎛ ⎞Δ Δ
Δ = ≈ = Δ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. 

Here 
1/ 4

, 2
d dc

dc Ku
c

g
w

σ ρ
ρ

⎛ ⎞Δ
Δ = ⎜ ⎟

⎝ ⎠
  

is called Kutateladze velocity, see Kutateladze (1951). Note that 
1/ 2

,

,

dc Ku RT

dc RT d

w
w D

λ

∞

Δ ⎛ ⎞
= ⎜ ⎟

Δ ⎝ ⎠
.  

One will immediately recognize the importance of the above discussed velocity 
scale if the phenomenon of flooding has to be simply described. Flooding is a 
limit to counter-current flow where the gas phase is flowing upwards and the liq-
uid phase is stagnating. 
 
Flooding in vertical channels with large sizes: For large pipes the flow pattern is 
schematically presented in Fig. 1.5. Kutateladze (1951) found that the condition 
for gas stagnation after injection through horizontal perforated plate in water is 
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( ) 1/ 2

1 10 21,2 Kuw w constα⎡ ⎤Δ =⎣ ⎦ . The constant is reported by Pushkina and So-

rokin (1969) to be 1.79, 

( )1 1 21,lim
3.2 2 Kuw wα = Δ . 

 

bubble free rise

droplet free fall
w  = 0cw  = 0c

1/ 4

, 2
d dc

dc Ku
c

g
w

σ ρ
ρ

⎛ ⎞Δ
Δ = ⎜ ⎟

⎝ ⎠

 
,2dc dc Kuw wΔ = Δ

 
Fig. 1.4 Free rising bubbles and free falling droplets 

 

Pushkina-Sorokin (1963)

w  = 0, flooding large channels2

 ( )1 1 21,lim
3.2 2 Kuw wα = Δ

 
Fig. 1.5 Flooding in large pipes: the gas phase blocks the down flow of the liquid 

Tien et al. (1979) extended the validity of the Pushkina and Sorokin correlation to 
pipe diameter with different sizes as follows 

( ) ( ) ( )
1/ 2 1/ 2 1/ 4

1 10 21, 1 2 20 12, 2 3tanhKu Ku h RTw w c w w c c Dα α λ⎡ ⎤⎡ ⎤ ⎡ ⎤Δ + Δ =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ , 

where 1 0.65 to 0.8c = , 2 1.79 to 2.1c = , 3 0.8 to 0.9c = . 
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Flooding in vertical channels with small sizes: Wallis (1969) p. 338, proposed 
the following relation defining the so called counter current flow limitation 

( )

1/ 2 1/ 2

1 201 10

21 21

1 2

1

h h

ww
C

D g D g

αα
ρ ρ
ρ ρ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥+ =⎢ ⎥ ⎢ ⎥Δ Δ
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

, 

0.775C = . For sharp ended pipes, 0.88C =  *
20 0.3j < , 1C =  otherwise, Hewitt 

and Wallis (1963). There is variety of sophistications of this expression in the lit-
erature but its main structure remains as it is. In a cross section where the outflow 
liquid volume flow is equal to the inflow gas flow, ( )1 10 1 201w wα α= − , see Fig. 
1.6 left, we have  

( )
( )
( )

1/ 2

212
1 10 1 20 21/ 4 1/ 4

1 2

1 hD g
w w C

ρ
α α

ρ ρ

Δ
= − =

+
 

The relation between the flooding condition and the slug velocity is found by 
Whalley (1987) after setting 1 10 12,0.35 RTw wα = Δ . The result is 

( )1/ 4 1/ 4
1 20.35 1C ρ ρ= + . 

 1 10 12,0.35 RTw wα = Δ

Wallis (1969)

w  = 0, flooding small channels2

bottle emtying  
Fig. 1.6 Flooding in small channels 
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For vertical pipe flows the following regime boundaries are defined as follows: 
 

Bubble flow: As for the pool flow, in the concept of modeling dynamic fragmen-
tation and coalescence, bubble flow is defined if we have at least one bubble in the 
volume of consideration, cellVol , i.e. 
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1 1celln Vol > ,       (1.20) 

otherwise both phases are continuous.  
 

b)  Figure 1.7 indicates that the Rayleigh-Taylor instability wavelength RTλ is the 
appropriate scale for distinguishing whether the pipe diameter is small or large.  

 

 
Fig. 1.7 Criterion for distinguishing between small and large channels 

Bubble flow exists in the region 

1 1,   0 bubble to slugα α< <    and ,h h slugD D> .    (1.21) 

where  

21
,

2

19h slug RTD ρ λ
ρ
Δ

= , Taitel et al. (1980),   (1.22) 

1,   0.54bubble to slugα =  for ( )1 2 ,... 0.89 RTD ε λ< ,    (1.23) 

( )1,   10.54 0.0567 / 0.89bubble to slug RTDα λ= − −    for  ( )1 20.89 ,... 6RT RTDλ ε λ< < , 
  (1.24) 

1,   0.25bubble to slugα ≈    for   ( )1 2 ,... 6 RTD ε λ≥    (1.25) 

Slug flow: Slug flow is defined as a train of large bubbles followed by mixtures of 
small bubbles and liquid or liquid only. The slug regime is never stationary. Slug 
flow exists if 

,h h slugD D<           (1.26) 

or if 

,h h slugD D>  and  1,   1 1,   bubble to slug slug to churnα α α< < .   (1.27) 

This condition reflects the fact that slug flow can be transformed into churn turbu-
lent flow if the gas volume fraction averaged over the entire pipe length is larger 
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than those in the slug bubble section only. The gas volume fraction in the slug 
bubble section only is 

( )
0.75

0
1,   

1

1  0.35 
1 0.813

0.75 
TB

slug to churn
TB

C j V
j V b

α
⎧ ⎫− +⎪ ⎪= − ⎨ ⎬+⎪ ⎪⎩ ⎭

,   (1.28) 

Mishima and Ishii (1984). The drift flux distribution coefficient for slug flow is  

0 1.2C = ,        (1.29) 

the slug (Taylor bubble) raising velocity is  

2 1

2
TB hV gDρ ρ

ρ
−

= ,       (1.30) 

the mixture volumetric flux is  

( )1 1 1 21j V Vα α= + − ,       (1.31) 

and  
1/18

32 1
1 2

2 2/ hb gDρ ρ
η ρ

⎛ ⎞−
= ⎜ ⎟
⎝ ⎠

.      (1.32) 

The correlation contains the length of the Taylor bubble  

21 2 12 / 0.75 TB TBg j V bρ ρΔ = + .     (1.33) 

The error for computing TB  is 100%± . Thus, air-water flow in a pipe with di-
ameter 0.027hD m=  at atmospheric conditions and phase volumetric flow rates of 

1 1 0.2 to 2 V m/sα = , ( )1 21 0.2 /V m sα− = , is a slug flow with characteristic slug 
length of 0.1 to 0.5TB m≈ . 

 
Churn turbulent flow: In accordance with Mishima and Ishii (1984) churn turbu-
lent flow exists under the following conditions: 

1 1,slug to churnα α> and  ( ) ( )1 11 1 12and  or  and  h hc h hcD D V V D D V V⎡ ⎤< < ≥ <⎣ ⎦ . 
   (1.34) 

Here 

( )2 0.4
1 2/ 0.11hc RTD Nηλ α⎡ ⎤= −⎣ ⎦ ,     (1.35) 

and 

2 2 2 2/ RTNη η ρ σ λ=       (1.36) 
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is the viscous number. The first criterion is applied to flow reversal in the liquid 
film section along large bubbles, 

1 11 and h hcD D V V< > ,      (1.37) 

where 

( )11 11 0.11/ TBV Vα= − .      (1.38) 

In this case the flow reversal in the liquid film section along the large bubbles 
causes the transition.  

 
The second criterion is applied to destruction of liquid slugs or large waves by 

entrainment or deformation 

1 12 and h hcD D V V≥ > .      (1.39) 

where 

2
12 0.2

1 2

KuVV
Nηα

= ,       (1.40) 

and 

( )
1/ 42

2 2 2 1 1/KuV gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ ,     (1.41) 

is the Kutateladze terminal velocity for free falling droplets in gas. The correlation 
holds for low viscous flows 2 1/15Nη <  and relatively high liquid Reynolds num-
ber 23Re 1635> . In this case the churn flow bubble section following the slug dis-
integrates or the liquid waves and subsequent liquid bridges and slugs can be en-
trained as small droplets. This leads to the elimination of liquid slugs between 
large bubbles and to a continuous gas core. This is the criterion for transition from 
slug flow to annular-dispersed flow.  

 
Annular film flow: The annular film flow is defined if 

 

1 1,   slug to churnα α> and  ( ) ( )1 11 1 12and  or  and  h hc h hcD D V V D D V V⎡ ⎤< > ≥ >⎣ ⎦ .  
  (1.42) 

Annular film flow with entrainment: The annular film flow with entrainment is 
defined by Kataoka and Ishi (1982) as follows 

h hcD D>   and  1 1,   slug to churnα α>    and   1 13V V>    and  

2 2 2 2 2Re 4 / 160Vδ ρ δ η= > .     (1.43) 
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Here ( )2 2
1 1 1
2 hDδ α= − −  is the film thickness, 

2
13 8 1/ 2

1
2 1

2

V b σ

ρη α
ρ

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

,      (1.44) 

0.8
8 2b Nη= ,   for   23Re 1635> ,     (1.45) 

0.8 1/ 3
8 2 2311.78 / Reb Nη=  for   23Re 1635≤ ,    (1.46) 

( )23 1 2 23 2Re 1 /hV Dα ρ η= − ,     (1.47) 

( ) ( )23 2 2 3 3 1/ 1V V Vα α α= + − .     (1.48) 

30505"Ejcppgn"hnqy"⁄"kpenkpgf"rkrgu"

Compared with the vertical flow the flow in horizontal pipes possess two addi-
tional flow patterns - stratified flow and stratified wavy flow. For the computation 
of the relative velocities and pressure drop for these flow pattern the work by 
Mamaev et al.(1969) is recommended. Mamaev et al. considered stratified flow 

possible for critFr Fr< , where ( )2
h

h

w v
Fr

gD
ρ

= , ( )1 1 1 21hv X v X v= + − . The critical 

Froude number was obtained from experiments 

 ( ) ( )22cos0.2 1 exp 2.5crit
fr

Fr ϕ β β
λ

⎡ ⎤⎛ ⎞
= − − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

, 

where 1 1 / hX v vβ = , and ( )1 2

2

1
,fr fr

w D k
D

π α
λ λ

π θ ν
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
is the liquid site wall fric-

tion coefficient computed using the Nikuradze diagram. Weisman et al. (1979), 
Weisman and Kang (1981) and Grawford et al. (1985) published a set of correla-
tions for horizontal as well as vertical flows. Their correlations for horizontal 
flows are summarized at the end of this section. 

 
Transition criteria are systematically elaborated by Taitel and Dukler (1976), 

Rouhani and Sohal (1983). The Taitel line of criteria development is presented 
here. 

 
Stratified flow: Almost all results available in the literature provide a criterion for 
identification of the existence of the stratified flows based on the stability criterion 
Eq. (151b) from Chapter 2 in Volume 1 of this monograph 
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( ) ( )
1/ 2

1 1 2
1, 2 2 1

1 2 2

1cos 2stratified
F

dV V g
d

α α αϕ π ρ ρ
ρ ρ δ

⎡ ⎤⎛ ⎞−− = − − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

, (1.49) 

where 2Fδ  is the liquid thickness. ϕ  is the angle defined between the upwards 
oriented vertical and the pipe axis – see Fig. 1.7. For a larger velocity difference 
the flow is no longer stratified and disintegrates into an intermittent flow like 
elongated bubble or slug or churn flow. For flow between two parallel plates  

2

2

Fd H
d
δ
α

= ,       (1.50) 

where H is the distance between the two plates. For flows in a round tube, see Fig. 
1.8, the angle θ  with the origin the pipe axis is defined between the upwards ori-
ented vertical and the liquid-gas-wall triple point as a function of the liquid vol-
ume fraction given by the equation 

2
sin cos1 θ θ θα
π

−
− = .     (1.51) 

 

1

2

1Per

2Per

hD
θ

F2δ

    

1

2

3

( )23wρ
( )32wρ

 

ϕ

 
 

Fig. 1.8 Definition of the geometrical characteristics of the stratified flow 
 
 
Having in mind that 

( )2
1 1 cos
2F hDδ θ= +       (1.52) 

we obtain 

2 2 2

2

4 sinF

F h

d d d
d dd D

α θα δ
θ θδ π

= = .    (1.53) 
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This criterion is in fact consistent with the Kelvin-Helmholtz gravity long wave 
theory -see Milne-Thomson (1968), or Delhaye, p. 90 (1981), or Barnea and Taitel 
(1994).  
 

1,1p 1,1w 2,1p 2,1w

δΔ

2,2w1,2w

2,2bp1,2bp

F1δ

F2δ

 
Fig. 1.9 The definition of the variables for the Hohannsen stability criterion 

Wallis and Dobson (1973) compared the above equation with experimental data 
for channels with H ranging from 0.0254 to 0.305 m and corrected then by intro-
ducing a constant multiplier of  0.5. This result was in fact confirmed by Mishima 

and Ishii in 1980. These authors obtained for low pressure 1 1

1 2

1α α
ρ ρ

−
>>  the con-

stant 0.487. Hohannessen (1972) considered the situation depicted in Fig. 1.9 and 
defined the transition of the stratified flow as equality of the static pressures at the 
bottom of the pipe 2 ,1bp  and 2 ,2bp  taking into account the change of the gas pres-
sure due to cross section decrease by using the Bernouli equation. Taitel and Duk-
ler (1976), similarly to Hohannessen (1972), equalized the buoyancy pressure in-
crement required to create solution disturbance with finite amplitude to the 
increase of the gas dynamic pressure and obtained after linearization the following 

multiplier 21 F

H
δ⎛ ⎞−⎜ ⎟

⎝ ⎠
 again testing the result for low pressure. Defining the Taylor 

bubble velocity for inclined pipe with 

( )
1/ 2

* 2 1

2

cos 2TB hV D gρ ρ ϕ π
ρ

⎡ ⎤−
= −⎢ ⎥
⎣ ⎦

,    (1.54) 

the criterion for a pipe is then  
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( ) ( ) ( )
1/ 2

2 1 1 1
1, 2

1 2

cos 21 11 cos 4 sin2stratified

h

g
V V

D

ρ ρ ϕ π α αθ θ ρ ρ
π

⎡ ⎤
⎢ ⎥− − ⎛ ⎞−
⎢ ⎥− = − +⎜ ⎟
⎢ ⎥⎝ ⎠
⎢ ⎥⎣ ⎦

 

(1.55) 

or 

( )
1/ 2

1, 2 1 1
2*

1 2

1 11 cos
4 sin

stratified

TB

V V
V

π α αθ ρ
θ ρ ρ

⎡ ⎤− ⎛ ⎞−
= − +⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
.  (1.56) 

This criterion is valid for gravity driven liquid flow. Johnston (1985) compared 
the Taitel and Dukler result and found that the RHS of the above equation has to 
be multiplied with a factor ranging between 0.39 and 4 with 1 being a good 
choice. The accuracy of prediction varies from 2% for slow inclinations, 1/10, to 
75% for 1/400 inclinations. Anoda et al. (1989) confirmed the validity of the 
above equation for large diameter pipes (0.18m) and large pressures (3 to 7.3 
MPa). 

Bestion (1990) reported data for stratification of horizontal flow for pressure 
range of 2 to 10 MPa. The data shows that if the liquid velocity is smaller than the 
bubble free rising velocity, 2 1KuV V< , the flow is stratified.  

 
Stratified wavy flow: The surface of the liquid remains smooth if the gas velocity 
remains below some prescribed value. Mamaev et al. reported in 1969 that waves 
started within 2 1 20.01 3.33w w w≤ ≤  and are always there for 1 23.33w w> . Taitel 
and Dukler (1976) derived approximate expression for the gas velocity exciting 
waves 

( ) ( ) 1/ 2

2 2 1
1, 2

2 1 2

4 cos 2
0.01wavy

g
V V

V
η ρ ρ ϕ π

ρ ρ
⎡ ⎤− −

− = ⎢ ⎥
⎣ ⎦

,   (1.57) 

or after rearranging 
1/ 2 1/ 2

1, 2 2 2 2
*

1 2

20wavy h

TB

V V V D
V

ρ ρ
ρ η

−
− ⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.    (1.58) 

For larger gas velocity the surface of the liquid is wavy (stratified wavy flow).  
 

Annular flow – Fig.1.10: The first requirement for the flow to be annular is that 
the film volume fraction is 

2 0.24α < ,       (1.59) 

see in Taitel (1990), p. 245. More information on the existence of the annular flow 
is contained in the Weisman-Kang flow map given below. 
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Bubble flow: Taitel and Dukler (1976) investigated gravity driven flow. The 
authors found the transition to dispersed bubble flow to occur if the liquid side 
share force due to turbulence equals the buoyancy force acting on the liquid. This 
results in the following criterion 

( ) ( ) 1/ 2

1 2 1
2, 2

2 2

cos 24
bubble

w

gFV V
b c

α ρ ρ ϕ π
ρ

⎡ ⎤− −
− = ⎢ ⎥

⎣ ⎦
   (1.60) 

1

2

3

( )23wρ

( )32wρ
hD

 
Fig. 1.10 Annular flow 

where 

2 1/5

2 2 2

2

0.046
w

h

c
V Dρ
η

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

,      (1.61) 

24 / 44
sin sin
h

h
h

F D D
b D

π π
θ θ

= = .     (1.62) 

F is the pipe cross section and b is the gas-liquid interface median if stratification 
is assumed. After rearrangement for pipe flow we obtain 

( ) ( ) 1/ 2 1/10
1 2 1 2 2 2

2, 2
2 2

cos 2
8.26

sin
h h

bubble

D g V DV V
α ρ ρ ϕ π ρ

θρ η
⎡ ⎤− − ⎛ ⎞

− = ⎢ ⎥ ⎜ ⎟
⎝ ⎠⎣ ⎦

, (1.63) 

or 
1/101/ 2

2, 2 1 2 2 2
*

2

8.26
sin

bubble h

TB

V V V D
V

α ρ
θ η

− ⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

.   (1.64) 

For smaller gas velocities the bubble flow exists. For larger gas velocity the flow 
is intermittent regime. 
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The Weisman and Kang (1981) empirical flow map 
 

Stratified-intermittent transition: Weisman et al. (1979) defined the existence of 
the stratified flow if the liquid velocity is smaller than the prescribed value given 
below 

1.1

1 1 1 1

2 2,

0.25
TB stratified

V V
V V
α α

α
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

,     (1.65) 

or 

( ) ( )
0.9090.1

1 12,
0.25 TBstratified

V V Vα α⎡ ⎤= ⎣ ⎦ .     (1.66) 

Stratified wavy flow: Weisman et al. (1979) proposed the following correlation 
0.4 0.45 0.16

1 1 1 1 1

1 1 2

8
1

RT h

h

V D V
D V
λ α ρ α

η α
⎛ ⎞ ⎛ ⎞ ⎛ ⎞

=⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠⎝ ⎠
   (1.67)  

i.e.  

( )
( )

1.55
0.889

1
0.35561,

1 RT1 2

1101.6
1-

h
wavy

h

DV
D V

ηα
ρ λα

⎧ ⎫⎛ ⎞⎪ ⎪= ⎨ ⎬⎜ ⎟
⎡ ⎤ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

.   (1.68) 

For larger gas velocity the surface of the liquid is wavy (stratified wavy flow).  
 
Transition to annular flow: The transition from stratified wavy to annular flow 
happens in convection regimes. This is the reason why the transition criterion is 
valid for horizontal as well for vertical flows. The transition conditions is defined 
by the Weisman et al. (1979) correlation 

0.21/8 0.36
1, 1 1, 1 1,1

1 2 2

1.9
1

annular annular annular

Ku TB

V V V
V V V

α αα
α

⎛ ⎞⎛ ⎞ ⎛ ⎞
= ⎜ ⎟⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠⎝ ⎠

  (1.69) 

i.e. if  

( )

0.46 0.83
2

1 1, 0.287

1 2

4.37 
1

Ku TB
annular

V VV
V

α
α

>
⎡ ⎤−⎣ ⎦

,     (1.70) 

where 

( )
1/ 42

2 2 2 1 1/KuV gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ ,     (1.71) 

the annular flow exists. 
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Transition to bubble flow: Weisman et al. (1979) defined the existence of the 
dispersed bubble regime by comparing the pressure drop with a value obtained by 
data comparison as follows 

( )
( )

20

2 1

2.89 RT

h

dp dz
g D

λ
ρ ρ

=
−

,     (1.72) 

where  

( ) 1/ 2

12 21RT gλ σ ρ⎡ ⎤= Δ⎣ ⎦ ,     (1.73) 

( )
2

20
220

2

1
2

R

h

Gdp dz
D
λρ

ρ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,     (1.74) 

is the pressure drop due to friction computed for liquid flow having mass flow rate 
equal to the mixture mass flow rate 

3

1
l l l

l

G wα ρ
=

= ∑ .      (1.75) 

If  

( ) ( )2 120
2.89 RT

h

dp dz g
D
λ ρ ρ> −      (1.76) 

bubble flow exists. Otherwise we have intermittent flow. Using the Blasius for-
mula for the friction coefficient 

20 1/ 4

2

0.316
R

hGD
λ

η

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

,      (1.77) 

the above criterion can be rewritten as follows 

( )
4 / 72

2
2 12

2 2

5.26h h
RT

GD Dg ρλ ρ ρ
η η

⎡ ⎤
> −⎢ ⎥

⎣ ⎦
.    (1.78) 

Weisman and Kang (1981) reported a criterion for existence of dispersed bubble 
flow for vertical and inclined flows defined as follows 

( )
0.78

1 1, 0.45 1 0.65cos 2bubble

TB TB

V j
V V

α
ϕ π

⎛ ⎞
⎡ ⎤= − −⎜ ⎟ ⎣ ⎦

⎝ ⎠
,   (1.79) 

where ( )2ϕ π−  is the inclination angle. Solving with respect to 1 1Vα  requires 
some iterations starting with initial value  
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( )
( )1 1, 2 2 0.22

11 / 1
0.45 1 0.65cos 2bubble

TB

V V
V

α α
ϕ π

⎧ ⎫⎪ ⎪= − −⎨ ⎬
⎡ ⎤− −⎪ ⎪⎣ ⎦⎩ ⎭

.  (1.80) 

For smaller gas velocities the bubble flow exists. For larger gas velocity the flow 
is in intermittent regime. 

 
Summary of the transition conditions: The decision procedure for flow pattern 
recognition is defined as follows 

 
1) Compute from Eq.(1.78) dispersedG . If dispersedG G>  we have bubbly flow. 

2) Compute ( )1,annular
Vα  from Eq. (1.70). If ( ) ( )1 1,annular

V Vα α>  we have annu-
lar flow. 

3) Compute ( )2,stratified
Vα  from Eq. (1.66). If ( ) ( )2 2,stratified

V Vα α<  we have 

stratified flow. 
4) Compute ( )1,wavy

Vα  from Eq. (1.68). If ( ) ( )1 1,wavy
V Vα α>  we have wavy 

flow. 
5) Compute ( )1,bubble

Vα  from Eq. (1.80). If ( ) ( )1 1,bubble
V Vα α<  we have bubble 

flow. 
6) In all other cases slug or plug flow is defined. 
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For heated channels the flow pattern maps for unheated flows have to be corrected 
after checking the heat transfer regime on the wall. If the heat flux on the wall ex-
ceeds the critical heat flux the inverted annular non-adiabatic flow occurs. There 
are investigations, which provide specific flow pattern transition criteria for non-
adiabatic flow. Such an example is the study performed by Doroschuk et al. 
(1982), whose results are summarized in Table 1.1.  

Table 1.1 The Doroschuk et al. (1982) flow pattern boundaries for heated flow in a vertical 
pipe. Dh=0.0088m 

The identification criteria are verified for the following conditions: 
6 710 10p Pa≤ ≤ , ( )2500 2500 /G kg m s≤ ≤ , 1,0.2 0.6eqX− ≤ ≤ , 

6 20 0.5 10 /wq W m′′≤ ≤ × , 1,
l l

eq

X h h
X

h h
′−

=
′′ ′−

∑ , 1X  is the mass flow concentration 

of the vapor velocity field 1. 
 

One phase-to-subcooled nucleate boiling transition: 
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( )

1.1 0.2
0.2 2

1, 20
1

140 Rew
eq

qX
G h h

ρ
ρ

⎡ ⎤ ⎛ ⎞′′
= − ⎢ ⎥ ⎜ ⎟′′ ′−⎢ ⎥ ⎝ ⎠⎣ ⎦

 , 20 2Re /hGD η= ,     

Tarasova (1976), see in Doroschuk et al. (1982). 
Bubble-to-slug flow transition: 1, 0eqX =  

Slug-to-churn flow transition 

( )

0.250.05 0.5
0.25 22 2

1, 1 20
1 1

0.76 10 w
eq

qX c Fr
G h h

ρ ρ
ρ ρ

−

− ⎡ ⎤⎛ ⎞ ⎛ ⎞′′
= − × ⎢ ⎥⎜ ⎟ ⎜ ⎟′′ ′−⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

, 20 2
2h

GFr
gD ρ

= . 

Churn-to-annular, dispersed flow transition: 
0.5

0.5 2
1, 2 20

1

ReeqX c ρ
ρ

−

− ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

Strong disturbance on the film-to-small ripples transition: 
0.35

0.25 2
1, 3 20

1
eqX c We ρ

ρ

−

− ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
, 

2

20
2 2

hG DWe
ρ σ

=  

 
Rippled film-to-micro film transition: 

( )
0.25 0.25

0.5 2
1, 4 20 20

1

Re
0.008

h
eq

DX c We ρ
ρ

−
− ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
 

1c  2c  3c  4c  
tubes  0.05  130  3.5  0.11 
annuli 0.08  120  3.0  0.07 
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Tung and Dhir (1990) analyzed non-boiling gas-liquid flow in porous media con-
sisting of solid particles with uniform diameter 3D  assumed to form rhomboid ar-
rays. The authors distinguish bubbly, annular and slug flow structure. Describing 
three-phase flow with solid particles requires also flow pattern transition criteria 
for the structure between the solid particles. That is why this information is of 
considerable interest for multi-phase flow modeling. The flow pattern criteria are 
functions of the gas volume fraction of the gas-liquid mixture only. For three ve-
locity fields in which the third field consists of spheres the required gas-liquid 
void fraction is 
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1
1

1 2

αα
α α

=
+

.       (1.81) 

Table 1.2. Flow regime limits as recommended by Tung and Dhir (1990) 

The bubble flow regime is divided into two sub regimes 1 10α α≤   and 

10 1 11α α α≤ ≤ , where 10α  and 20α  are given by 

( ) ( )1 3
10 1 1 1

1 3

1 1 6 5 1
3

D D D
D

π αα
α

⎡ ⎤− Δ
= − − +⎢ ⎥

⎣ ⎦
    as long as   10 0α ≥  

and 

 ( )2
11 10.6 1 Dα = −    as long as 10 0.3α ≥ , 

where 

3
1 3

3

1 1min 2.7 ,
2 RTD Dαλ

α
⎛ ⎞−

= ⎜ ⎟
⎝ ⎠

 

is the bubble diameter 

1 1 3D D D= , 
1/ 3

3

3 3

2
6D
π

α
⎛ ⎞Δ

= ⎜ ⎟⎜ ⎟
⎝ ⎠

, 

and 3Δ  is the average distance between two adjacent solid particles if they are 
assumed to be rhomboid arrays. 

 
Pure slug flow occurs in the range of 12 1 13α α α≤ ≤ , where  

12 6 0.52α π= ≈  and  

13 2 6 0.74α π= ≈ . 

Pure annular flow is assumed to occur in the range of 1 13α α> . 

308"Rctvkengu"kp"hkno"dqknkpi"

The particles in film boiling are surrounded by a film with dimensionless thick-
ness  
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* 1
1

3

F
F D

δδ = ,       (1.82) 

where *
1Fδ > 0. The ratio of the volume of the sphere consisting of one particle and 

the surrounding film to the volume of the particle itself is  

( ) ( ) ( )33 3 *
3 1 3 3 1 3 1/ 2 / 1 2F F FD Dα α α δ δ+ = + = + .   (1.83)  

Therefore the vapor film volume fraction of the mixture is  

( )3*
1 3 11 2 1F Fα α δ⎡ ⎤= + −⎢ ⎥⎣ ⎦

.     (1.84)  

Thus the condition that the films are not touching each other is 

( )3*
3 1 3 11 2 0.25 to 0.52F Fα α α δ+ = + <     (1.85) 

depending of the diameter of the film-particle system. The application of the criteria 
already derived for gas-liquid flows in porous structures is also used by using as a 
controlling void fraction the local gas volume fraction in the space outside the 
film-particles volumes, 

1 1
1

1 1 2

F

F

α αα
α α α

−
=

− +
.       (1.86) 

The condition to have three-phase flow with continuous liquid and particles being 
in film boiling is then 

1 0.74α < .       (1.87) 

This is a very important result. It simply demonstrates that particles in film boiling 
can be surrounded by much less continuous liquid mass than required in case of no 
film boiling. 
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Bubble flow: Venkateswararao et al. (1982) investigated two-phase flow in a ver-
tical rod bundle and found that bubbles are seldom observed in the smallest gap 
between two rods. They migrate to the open area which exists between the rods. 
From this observation the authors recommend the upper limit of the bubble flow 

1,bubble to slugα  to be valid only for the part of the cross section inside the inscribed 
circle between the neighboring rods. The local void fraction in this circle 

1, 1RB fα α=        (1.88) 

is f times grater then the averaged void fraction, where 
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2

2

4 1

2 1

FR

FR

FR

FR

D
f

D

π
⎛ ⎞

−⎜ ⎟
⎝ ⎠=

⎛ ⎞
−⎜ ⎟

⎝ ⎠

      (1.89) 

for a quadratic array, and 

 

2

2

3 1
2

32 1
3

FR

FR

FR

FR

D
f

D

π
⎛ ⎞

−⎜ ⎟
⎝ ⎠=

⎛ ⎞
−⎜ ⎟⎜ ⎟

⎝ ⎠

      (1.90) 

for a triangular array. Here FR  and FRD  are the pitch and the rod diameter, 
respectively. Thus, the comparison of 1,RBα  with the limit, 1,bubble to slugα , dictates 
whether bubble flow exists or not. 

 
Slug flow: For slug flow in a vertical rod bundle there are no confining walls 
around the Taylor bubbles. The transition criteria in this case are quite different 
compared to the pipe flow. Venkateswararao et al. (1982) observed Taylor-like 
bubbles occupying almost the entire free space in the cell. At the same time the 
number of cells occupied by Taylor bubbles increases and eventually the concen-
tration of the occupied cells is great enough to cause coalescence 1,slug coalescenceα . 
For the quadratic rod array the authors recommend 

1,slug coalescence 6cos 2
FR FR

FR FR

D
D

πα
θ

+
=

−
,    (1.91) 

where 

arcsin FR FR

FR FR

D
D

θ −
=

+
.      (1.92) 

Similar is the expression for the triangular rod array. 
 

Mizutani, et al. performed in 2006 air-water experiments at atmospheric pres-
sure in 4x4-rod-bundle with 12mm transparent rods. Illustration of the results is 
given in Fig. 1.11.  

The authors found that: (1) the region of slug flow in the ( )1 1 2 2,  w wα α -flow 
pattern diagram is so narrow that it can be considered as a boundary between bub-
bly and churn flows; (2) the boundary between bubbly and churn flows is close to 
the boundary between bubbly and slug flows of the Mishima and Ishii (1984) flow 
pattern transition model, and (3) the boundary between churn and annular flows is 
well predicted by the Mishima and Ishii (1984) model. 
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Fig. 1.11 a) Flow pattern observed by Mizutani et al. 2006 in rod bundle. Regime parame-
ter: air-water, atmospheric conditions. Photographs of the flow pattern at 

2 2 0.9 /w m sα = ; b) bubbly flow 1 1 0.06 /w m sα = ; c) churn flow 1 1 0.42 /w m sα = ; d) 
churn to annular transition 1 1 8.85 /w m sα =  

Pqogpencvwtg"

Latin 
 

liC  mass concentration of species i inside the field l, dimensionless 

0C  drift flux distribution coefficient, dimensionless 

dD  particle diameter (bubble, droplet, particle), m 

1,  solid likeD  bubbles with size less then this behave as a solid sphere, m 

hD  hydraulic diameter, m/s  

FRD   rod diameter, m 

Fr  ( )2
h

h

w v
gD

ρ
= , Froude number, dimensionless 
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20Fr  2
2h

G
gD ρ

= , Froude number, dimensionless 

G  
3

1
l l l

l

wα ρ
=

= ∑ , mass flow rate, kg/(m²s) 

g gravitational acceleration, m/s² 
H  distance between two parallel plates, m 

lh  specific enthalpy of the velocity field l, J/kg 
h′′  saturated vapor specific enthalpy, J/kg 
h′  saturated liquid specific enthalpy, J/kg 
j  ( )1 1 1 21V Vα α= + −  , mixture volumetric flux, m/s 

FR   pitch diameter, m 
t
d  mean free path length of oscillating particles,  m 

TB  length of the Taylor bubble, m 
Ma local Mach number, dimensionless 

2Nη  2 2 2/ RTη ρ σ λ=  

1n   number of bubbles per unit mixture volume,1/m³ 
p pressure, Pa 

wq′′  heat flux from the wall into the flow, W/m² 

20Re  2/hGD η= , Reynolds number, dimensionless 

cellVol  cell volume, m3 

1KuV  ( )
1/ 42

2 2 1 22 /gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ , Kutateladze bubble rise velocity in a pool, 
m/s 

TBV  2 1

2
hgDρ ρ

ρ
−

=  slug (Taylor bubble) raising velocity, m/s 

1V  gas velocity, m/s  

2V  liquid velocity, m/s 

1,stratifiedV  gas velocity dividing the non-stratified from the stratified flow, m/s 

2,stratifiedV  liquid velocity dividing the non-stratified from the stratified flow, m/s 

1,annularV  gas velocity dividing the non-annular from the annular flow, m/s 

1,wavyV  velocity: for gas velocity larger than this velocity the surface of the liquid 
is wavy (stratified wavy flow), m/s 

2,bubbleV  critical liquid velocity for transition into bubble flow, m/s 

20We  
2

2 2

hG D
ρ σ

= , Weber number, dimensionless 
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1,eqX  l lX h h
h h

′−
=

′′ ′−
∑ , equilibrium mass flow concentration of the vapor veloc-

ity field, dimensionless 
1X   mass flow concentration of the vapor velocity field 1, dimensionless 

z axial coordinate, m 
 
Greek 
 

lα  local volume fractions of the fields l, dimensionless 

dα  local volume fractions of the dispersed field d, dimensionless 

1,B Chα −  gas volume fraction that divides bubble and churn turbulent flow, dimen-
sionless 

1,   bubble to slugα  gas volume fraction that divides bubble and slug flow, dimensionless 

1,   slug to churnα  gas volume fraction that divides slug and churn turbulent flow, dimen-
sionless 

β  1 1 / hX v v= , homogeneous gas mass fraction, dimensionless 

vγ  volume porosity – volume occupied by the flow divided by the total cell 
volume, dimensionless 

dΔ   averaged distance between the centers of two adjacent particles, m 

3Δ   average distance between two adjacent particles if they are assumed to be 
rhomboid arrays, m  

2Fδ  liquid thickness, m 

frλ  friction coefficient, dimensionless 

RTλ  Rayleigh-Taylor wavelength, m 

1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/m³ 
wρ  mixture mass flow rate, kg/(m²s) 

2σ  viscous tension, N/m 

2ε   dissipation rate of the turbulent kinetic energy of the liquid, W/m3 

1η  dynamic gas viscosity, kg/(ms) 

2η  dynamic liquid viscosity, kg/(ms) 

hv  ( )1 1 1 21X v X v= + − , homogeneous specific volume, m³/kg 
θ  angle with origin the pipe axis defined between the upwards oriented ver-

tical and the liquid-gas-wall triple point, rad 
ϕ   angle between the upwards oriented vertical and the pipe axis, rad 
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The pressure distribution around a particle moving in a continuum is non-uniform. 
Integrating the pressure distribution over the surface one obtains a resulting force 
that is different from zero. As shown in Vol. I, Chapter 6.2, the different spatial 
components of the integral correspond to different forces: drag-, lift and virtual 
mass forces. The averaging procedure over a family of particles gives some aver-
aged forces which can be used in the computational analysis based on coarse 
meshes in the space. The purpose of this section is to summarize the empirical in-
formation for computation of the drag-, lift and virtual mass forces in multi-phase 
flow analysis. 
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Consider the discrete velocity field d surrounded by a continuum denoted by c. 
The force acting on a single particle multiplied by the number of particles per unit 
volume is 

2

3
1 1 3 .

/ 6 2 4 4
d d dd d

d cd cd cd cd d cd cd cd cd
d d

Df c V V c V V
D D
α πρ α ρ

π
= − Δ Δ = − Δ Δ  (2.1) 

Next we describe some experimentally observed effects influencing the drag coef-
ficient d

cdc .  
It is well known from experimental observations that the drag coefficient de-

pends on the radius, on the particle Reynolds number based on the absolute value 
of the relative velocity, and on whether the particle is solid, bubble, drop of pure 
liquid or drop of liquid with impurities of microscopic solid particles. Due to the 
internal circulation in the liquid or gas particle, its drag coefficient can be 1/3 of 
the corresponding drag coefficient of the solid particle with the same radius and 
Reynolds number. Small impurities hinder the internal circulation and lead to drag 
coefficients characteristic for solid particles.  

Drag coefficients on deformed particles are 2 to 3 times larger than rigid sphere 
drag coefficients. 

During the relative motion each particle deforms the continuum. Increasing the 
concentration leads to increased resistance to the deformation in a restricted

. This means that the mechanical cohesion of the family of particles with 
the surrounding continuum is stronger than the cohesion of the single particle 
geometry
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moving with the same relative velocity. In other words, the drag coefficient of a 
single particle with a given radius and Reynolds number is less than the drag coef-
ficient of a particular particle with the same radius and Reynolds number, belong-
ing to a family of particles collectively moved through the continuum. 

The velocity Vwake at any location δ  behind a solid particle with diameter Dd, 
caused by its wake, e.g.  

( )2/ 0.2 0.24 / 0.04 /wake cd d dV V D Dδ δ⎡ ⎤≈ Δ + +⎣ ⎦ ,   (2.2) 

Stuhmiller et al. (1989), can influence the interaction of the following particle with 
the continuum. For one and the same concentration and form of the particles, the 
less the compressibility of the particle, the grater the drag coefficient. 
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The drag coefficients in bubbly flow are governed by three dimensionless num-
bers: The Reynolds number for a single bubble, 

1 2 12 2/Re D Vρ η= Δ ,      (2.3) 

the Eötvös number, 
2

1( / )RTEo D λ= ,      (2.4) 

where  

[ ]1/ 2
21/( )RT gλ σ ρ= Δ       (2.5) 

is the Rayleigh-Taylor instability wavelength and the Morton number 
22

21 2

2

gMo ρ η
σ ρ σ

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
 .      (2.6) 

Geary and Rice observed that the aspect ratio of a bubble defined as the high

( ){ }3

10

1   for 1

0.81 0.206 tanh 2 0.8 log    for 1 39.8

0.24 1.6   for 39.8

Ta

h Ta Ta
b

Ta

<⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪= + − ≤ ≤⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪
⎪ ⎪
⎪ ⎪× >⎩ ⎭

 

depending of the following dimensionless number 

(minor axis) divided by the breadth (major axis) varies 

12 1

RTRT

V DTa
g λλ
Δ

= .  

The data base for this correlation was within 1 50Ta≤ ≤ . 
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Next we will consider four regimes of mechanical flow-bubble interaction. 
Hadamard (1911) and Rybczynski (1911) analyzing flow of a viscous fluid 2 

around a sphere 1 having other viscosity for 1Re <<  succeeded in finding analyti-
cal stream functions inside and outside the sphere and computed a drag coefficient 

21
3 * 2 8

* 1
dc

Re
η
η

+
=

+
, 

Depending on the viscosity ratio 1 2*η η η= . For infinite viscosity of the internal 
fluid which is equivalent to solid sphere the solution reduces to the famous Stokes 
solution 21 24 /dc Re= . For inviscid bubble 21 16 /dc Re= . As already mentioned, 
bubbles in liquids with impurities behave as a solid spheres. 

1) For low relative velocities 

Re≤ 16,       (2.7) 

the force on a single particle depends linearly on the velocity difference, Stokes 
(1880). This regime is called the Stokes regime. The drag coefficient for this re-
gime is computed as follows 

21 24 /dc Re= .       (2.8) 

2) We have a viscous regime (the force depends non-linearly on the velocity 
difference) if the following condition is satisfied  

Re  > 16.       (2.9) 

The drag coefficient for this regime is computed as follows 

( )0.75
21

24 1 0.1 dc Re
Re

= + .     (2.10) 

This is the Ishii and Zuber (1978) modification of the Oseen equation (1910) 

21
24 31  

16
dc Re

Re
⎛ ⎞= +⎜ ⎟
⎝ ⎠

      (2.11) 

modified later by  Schiller and Naumann (1935) to  

( )0.687
21

24 1 0.15 dc Re
Re

= +      (2.12) 

and valid for Re < 500. Lahey et al. (1980) proposed the dependence 

21 26.34Red mc =  

with  

( )20.889 0.0034Re 0.0014 ln Rem = − + + . 

For larger Reynolds number 5< Re ≤ 1000 Michaelides (2003) reported a correlation 
obtained by direct numerical simulation: 
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,0 ,2
2 4

2 6
d d dd c d c
cd cd cd

d c

c c cη η η η
η η

−
= +

+
 for 0 2d cη η≤ ≤ , 

,2 ,
24

2 2
d d dd c
cd cd cd

d c d c

c c cη η
η η η η ∞

−
= +

+ +
 for 2 d cη η< < ∞ , 

where 

,0
48 2.21 2.141
Re ReRe

d
cdc ⎛ ⎞

= + −⎜ ⎟
⎝ ⎠

, 

2 / 3
,2 17 Red

cdc −= , 

2 / 3
,

24 11 Re
Re 6

d
cdc ∞

⎛ ⎞= +⎜ ⎟
⎝ ⎠

, 

with subscripts c used for continuum and d for disperse. The correlation is useful 
also for droplets in gas. 

These two regimes are known in the literature as "undisturbed particles" be-
cause the distortions of the particles are negligible. The correlations for the undis-
turbed particles given above are valid for a slightly contaminated system, Tomi-
yama et al. (1990, 1995). For pure liquids the drag coefficient is given by 
Tomiyama as 2/3 of that for slightly contaminated liquids. The "distorted parti-
cles" regime is characterized by a vortex system developing behind the particle, 
where the vortex departure creates a large wake region which distorts the particle 
itself and the following particles. 

3) We have a distorted bubble regime (the single particle drag coefficient de-
pends only on the particle radius and fluid properties, but not on the velocity or 
viscosity) if the following condition is satisfied  

( )0.75
1

24 2 81 0.1 /
3 3RTRe D

Re
λ+ ≤ < .    (2.13) 

The drag coefficient for this regime is computed as follows  

21 1
2 ( / )
3

d
RTc D λ= .      (2.14) 

4) We have the regime of strongly deformed, cap bubbles if 

1 / 4RTD λ ≥ .       (2.15) 

Tomiyama et al. (1995) proposed an empirical correlation for the drag coefficient 
and generalized the distorted and the cup bubble regimes as follows: 

21
8
3 4

d Eoc
Eo

=
+

.      (2.16) 
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The data base for this correlation was reported to be for Re number up to 105 and 
for Eo number between 10-2 and 103, see Fig. 3 in Tomiyama et al. (1995). 

In a later work Tomiyama (1998) proposed a general correlation set for bubble 
drag coefficient: 
For pure liquid 

( )0.687
21

16 48 8max min 1 0.15 ,  ,   
3 4

d Eoc Re
Re Re Eo

⎧ ⎫⎡ ⎤= +⎨ ⎬⎢ ⎥ +⎣ ⎦⎩ ⎭
.  (2.17) 

For slightly contaminated liquid 

( )0.687
21

24 72 8max min 1 0.15 ,  ,   
3 4

d Eoc Re
Re Re Eo

⎧ ⎫⎡ ⎤= +⎨ ⎬⎢ ⎥ +⎣ ⎦⎩ ⎭
.  (2.18) 

For contaminated systems 

( )0.687
21

24 8max 1 0.15 ,   
3 4

d Eoc Re
Re Eo
⎡ ⎤= +⎢ ⎥+⎣ ⎦

.   (2.19) 

As noted by Tomiyama the system air-tap water may correspond to contaminated 
or slightly contaminated water. Water carefully distilled two or more times be-
longs to the pure liquid system. This correlations represents experimental data 
very well for 2 310 10Eo− < <  and 3 610 10Re− < < , and 14 710 10Mo− < < . 
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In order to calculate the drag coefficient for a family of particles in continuum, 
Ishii and Chawla (1979), among others, use the same relationship as for a single 
particle, changing properly only the effective continuum viscosity mη  (similarity 
assumption) 

*2.5(1 ) dmm d

c dm

ηαη α
η α

−= −  * 0.4d c

d c

η ηη
η η
+

=
+

    (2.20) 

as a function of the volume concentration of the disperse phase and the maximum 
packing dmα  - see Table 2.1. 

Table 2.1 Effective viscosity model  

 Bubble in  
liquid 

Drop in  
liquid 

Drop in Gas Solid Part. 
 System 

dmα  1≈  1≈  0.26 to 1 0.62≈  
*η  0.4 0.7≈  1 1 

m

c

η
η

 (1- dα )-1 (1- dα )-1.75 ≈ (1- dα )-2.5 

Brinkman  (1951)  
Roscoe (1952) 

(1-
0.62

dα )-1.55 
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The experiments with liquid - liquid used for verification of the drag coefficient 
are summarized below: 

• Water dispersed in mercury column with diameter 0.1 m. The water was in-
troduced through a perforated plate with diameters of the nozzles 0.1 m. The 
volume fraction of water was varied between 0 and 0.5.  

• Isobutanol water, isobutyl kentone water, loluen water column with diameter 
0.0476 m. The dispersed liquid was introduced into the column with orifices 
having diameter 0.0016 to 0.0032 m.  

 
• Kerosene water column with diameter 0.015 m and nozzle diameter 0.0015 m 

for introduction of the dispersed phase. The volumetric fraction of the dis-
persed phase varied between 0.05 and 0.4.  

• Kerosene neptane column with diameter 0.032 m. The volumetric fraction of 
the dispersed phase varied between 0.05 and 0.7. 

Next we discuss how to compute the drag coefficient for a gas-liquid system in a 
pool (Dhy >> D1) according to the recommendation of Ishii and Chawla, and ex-
tend their analysis to three-dimensional flow. In the three-phase case the forces 
have to be additionally corrected in order to take into account the influence of the 
third component. If we assume that the particles are completely surrounded by the 
continuum the correction for the influence of the third component can be easily in-
troduced considering the bubbles and the continuous liquid as one mixture flowing 
through the fictitious channel volume fraction 1 2α α+ . The bubble concentration 
in this fictitious channel is 

1

1 2
d

αα
α α

=
+

.       (2.21) 

The assumption that the bubbles are completely surrounded by the continuum 
holds only if the size of the solid particles D3 is considerably smaller than the size 
of the bubbles D1. For other cases additional experimental information is neces-
sary to describe completely this phenomenon. 

1) We have the Stokes regime (the force on a single particle depends linearly on 
the velocity difference Stokes (1880)) if the following condition is satisfied 

Re  < 16,        (2.22) 

and 

0.6
1

2 24/ (1 )
3 RT dD

Re
λ α< − ,     (2.23) 

where 

1 2 12 / mRe D Vρ η= Δ .      (2.24) 
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The drag coefficient is computed as follows  

21 24 /dc Re= .        (2.25) 

The drag force is therefore 
2

21 1 2 1(18 / )( )d
d m Dα η= − −f V V .     (2.26) 

2) We have a viscous regime (the force depends non-linearly on the velocity 
difference) if the following condition is satisfied  

Re  > 16,       (2.27) 

and 

0.6 0.75
1

2 24/ (1 ) (1 0.1 )
3 RT dD Re

Re
λ α< − + .    (2.28) 

The drag coefficient is computed as follows 

0.75
21

24 (1 0.1 )dc Re
Re

= + ,     (2.29) 

which is as already mentioned the Ishii and Zuber (1978) modification of Schiler 
and Nauman (1935) valid for Re < 500. The drag force is therefore 

2 0.75
21 1 2 1(18 / )(1 0.1 Re )( )d

d m Dα η= − + −f V V .   (2.30) 

These two regimes are designated by Ishii and Chawla as "undisturbed particles" 
because the distortions of the particles are negligible. The "distorted particles" re-
gime is characterized by a vortex system developing behind the particle, where the 
vortex departure creates a large wake region distorting the particle itself and the 
following particles. 

3) We have a distorted bubble regime (the single particle drag coefficient de-
pends only on the particle radius and fluid properties, but not on the velocity or 
viscosity) if the following condition is satisfied 

0.6 0.75 0.87
1

24 2 8(1 ) (1 0.1 ) / (1 )
3 3d RT dRe D

Re
α λ α− + ≤ < − .  (2.31) 

The three components of the drag coefficient computed as follows 
26 / 7

21 1
2 1 17.67( / )
3 18.67

d
RT

fc D
f

λ
⎛ ⎞+

= ⎜ ⎟
⎝ ⎠

; 1.5(1 )df α= − .  (2.32) 

4) We have the regime of strongly deformed, cap bubbles if 

0.87
1

2 8/ (1 )
3 3RT dD λ α≥ − .     (2.33)  

The drag coefficient for this regime is 
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2
21

8 (1 )
3

d
dc α= − .      (2.34) 

The drag force is therefore 

2
21 2 1 2 1 2 12 (1 ) / ( )d

d d Dα α ρ⎡ ⎤= − − − −⎣ ⎦f V V V V .   (2.35) 

For a flow in a pool this regime also exists for 0.3dα > . 
The above described methods for computation of the bubble drag coefficient 

were verified as follows Ishii and Zuber (1978).  

1. Air-water in column of 0.06 m diameter and bubble diameter of 0.00276 m in 
the region 2 2Vα  = 0.44 to 1.03 m/s, 1 1Vα = 0.073 to 0.292 m/s, α 1 = 0.05 to 0.3. 
The error for the velocity measurements was reported of to be ±  5 %. 

2. Nitrogen - kerosene-neptane column with diameter 0.032 m where 1α was 
varied between 0 and 0.8. Air water bubble in column of 0.051 m bubble diameter 
varying between 0.002 to 0.004 m. The air volumetric fraction was varied between 
0 and 0.35.  

3. Air-water bubble flow with bubbles produced by nozzles having diameters of 
0.00004 to 0.000078 m. The air volumetric fraction was varied between 0 and 
0.34. Air-water bubble in column of 0.051 m bubble diameter varying between 
0.002 to 0.004 m. The air volumetric fraction was varied between 0 and 0.18, for 
stagnant water and α 2V2 = - 0.0541 m/s. 

Beside the above mentioned regimes in pool flow, for flow in confined geometry 
there are additionally three kinds of interaction between gas and continuous liquid 
namely churn turbulent, slug and film flows. The identification of these regimes is 
discussed in Chapter 1. 

1) For the churn turbulent flow the drag coefficient is calculated as for the pre-
viously discussed cap bubble regime. 

2) For the computation of the drag coefficient for the axial direction in the slug 
flow in a pipe Ishii and Chawla propose 

3
21 19.8(1 )dc α= − ,      (2.36) 

where 

1 0.9TB hwD D D= = .      (2.37) 

The drag force is therefore 
3

21 2 1 2 1 2 17.35 (1 ) / ( )d
d d Dα α ρ⎡ ⎤= − − − −⎣ ⎦f V V V V .  (2.38) 

This correlation was verified by experiments performed with: 

1. Air low concentration solution of sodium sulfite Na2SO3 in water. The col-
umn diameter was 0.07 to 0.6 m and the nozzle inlet diameter was 0.00225 to 0.04 
m. The air void fraction was varied between 0.02 and 0.03. 
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2. Air-water column with diameter 0.06 m, 1 1Vα = 0.2198 to 0.367 m/s, 2 2Vα = 
0.44 to 1.03 m/s and α 1 = 0.1 to 0.35. 

Note that slug flow does not exist in the pool flow. 
 
Flow in rod bundles: Flow in cannels with complex geometry possess spatial ve-
locity and concentration distributions. The cross section averaged velocities and 
void fractions are then depending on the geometry. Using a effective drag coeffi-
cient for single bubble or family of bubbles in free flow as a function of the cross 
section averaged velocities and void fractions is not recommended. Some authors 
started to modify existing correlations for such cases by applying computer codes 
with discretization not fine enough to resolve the profiles. Rousseau and Houdayer 

churn-turbulent flow to use a modification of 

( ) ( )3 2
21 1 1 1

2 ( / )2.23 1 1 0.75
3

d
RTc D λ α α= − − . 

Such approach may not necessarily lead to universal correlations but to such ap-
plicable for the particular geometry only. 
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Next we compute the drag coefficient for a droplets-gas system in a pool (Dh >> 
D3) according to the recommendation of Ishii and Chawla, and extending their 
analysis for three-dimensional flow. The effective viscosity for this case is 

2.5

1
(1 )m

d
η α
η

−= − ,       (2.39) 

Roscoe and Brit (1952), Brinkman (1952), where  

3

1 3
d

αα
α α

=
+

.       (2.40) 

1) The drag coefficient for the Stokes regime 

Re < 1,       (2.41) 

is computed as follows 

13 3 1 13
24 ; /d

mc Re D V
Re

ρ η= = Δ .     (2.42) 

The drag force is therefore 
2

13 3 1 3(18 / )( )d
d m Dα η= − −f V V .     (2.43) 

The drag coefficient for the viscous regime 

(1983) proposed for instance for 
Eq. (2.32) which is preparedly derived for cup bubbles in the form 
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1 ≤  Re < 1000      (2.44) 

is computed as follows 

0.75
13

24 (1+0.1 )dc Re
Re

= .     (2.45) 

Therefore the drag force is 
2 0.75

13 3 1 3(18 / )(1 0.1 )( )d
d m D Reα η= − + −f V V .   (2.46) 

3) The drag coefficient for Newton's regime (for single particle - Newton) 

1000Re ≥        (2.47) 

is computed as follows 
26 / 7

13 3
2 1 17.67( / ) ;
3 18.67

d
RT

fc D
f

λ
⎛ ⎞+

= ⎜ ⎟⎜ ⎟
⎝ ⎠

 3(1 )df α= −   (2.48) 

The drag force is therefore 
26 / 7

13 3 1 1 3 1 3
1 1 1 17.67 ( )
2 18.67

d

RT

f
f

α ρ
λ

⎛ ⎞+
= − − −⎜ ⎟

⎝ ⎠
f V V V V .  (2.49) 

Again if solid particles participate in the flow we consider the gas-droplet flow as 
flowing in a fictitious channel with volume fraction of the all control volume and 
the volume fraction 1 3α α+  of the droplets in this channel is 

3

1 3
d

αα
α α

=
+

.       (2.50) 

This assumption holds if the size of the solid particles, D3, is much smaller then 
the size of the droplets, D2. Otherwise one needs additional experimental informa-
tion to perform the correction. As already mentioned, small impurities  Cn3 > 0, 
hinder the internal circulation of the droplets and lead to drag coefficients charac-
teristic for the solid particles in a gas.  
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Depending on the volumetric concentration of the macroscopic solid particles (the 
third velocity field) we distinguish the following cases: 

1) The solid particles are touching each other in the control volume 

3 dmα α= .       (2.51) 
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2) The solid particles are free in the flow 

3 dmα α< .       (2.52) 

In the second case we distinguish two sub cases: 

2a) The volume fraction of the space among the particles if they were closely 
packed, 

*
2 3

1 dm

dm

αα α
α
−

= ,      (2.53) 

is smaller then the liquid volume fraction 

*
2 2 3 2       

1
dm

dm

αα α α α
α

⎛ ⎞
< ≤⎜ ⎟−⎝ ⎠

.     (2.54) 

2b) The volume fraction of the space among the particles if they were closely 
packed is larger then the liquid volume fraction 

3 2α α> .       (2.55) 

2.1.5.1 Solid particles: free particles regime 

There is good experimental support for the two-phase regime: solid particle-gas, 
(2.31), or solid particles-liquid (2.32). We use further the notation d for discrete 
and c for continuous where d = 3. c can take values 1 or 2. 

Following Ishii and Chawla in case of  

1c dα α+ =        (2.56) 

we have: 

a) The Stokes regime is defined by 

1Re ≤ .        (2.57) 

The drag coefficient for this regime is 

24 /d
cdc Re= ,       (2.58) 

where 

/d c cd mRe D Vρ η= Δ ,      (2.59) 

1.55(1 )d
m c

dm

αη η
α

−= − ,      (2.60) 

0.62dmα = .       (2.61) 
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The drag force is therefore 
2(18 / )( )d

cd d m d c dDα η= − −f V V .     (2.62) 

Ishii and Zuber (1978) compared the prediction of this equation with experimental 
data for glass particles with diameter D3 = 0.036 cm in a tube with Dh = 10 cm 
filled with a glycerin - water column. In the region of Re∞ ≈  0.001 to 0.06 and 

3α  = 0 to 0.45 the authors reported excellent agreement. 

b) Viscous regime is defined by 

1 1000Re≤ < .       (2.63) 

The drag coefficient for this regime is 

0.7524 (1 0.1 )
Re

d
cdc Re= + .     (2.64) 

Therefore the drag force is 
2 0.75(18 / )(1 0.1 )( )d

cd d m d c dD Reα η= − + −f V V .   (2.65) 

Note that for symmetric flow around a spheroid form with aspect ratio defined as  
 
A = semi-axes along the flow/semi-axes normal to the flow,  (2.66) 
 

Militzer et al. (1998) obtained 

0.687
1.16

4 24 0.42(1 0.15 )
5 1 42500

d
cd

Ac Re
Re Re−

+ ⎡ ⎤= + +⎢ ⎥+⎣ ⎦
 

( )21 0.00094 / 0.000754  0.0924 / 0.00276 Re A A Re Re A+ − + + . (2.67) 

c) Newton's regime is defined by 

1000Re ≥ .       (2.68) 

The drag coefficient for this regime is  
26 / 71 17.670.45 ;   1

18.67
d c
cd d

m

fc f
f

ηα
η

⎛ ⎞+
= = −⎜ ⎟

⎝ ⎠
.   (2.69) 

The drag force is therefore 
26 / 71 17.67(0.3375 / ) ( ).

18.67
d
cd d c d c d c d

fD
f

α ρ
⎛ ⎞+

= − −⎜ ⎟
⎝ ⎠

f V V V V  (2.70) 

Comparison with Richardson and Zaki's data for Dh = 0.062 m, Ds= 0.635 cm for 
3α = 0 to 0.4 shows a good agreement.  
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2.1.5.2 Solid particles in bubbly flow 

If a heated solid sphere is falling in a liquid the boiling around the sphere changes 
the pressure field and consequently the drag coefficient. The investigations for es-
timation of the drag coefficients under boiling conditions for arbitrary velocity dif-
ferences are not complete and future investigations are necessary. Zvirin et al. 
(1990) published the following empirical method for computation of the drag co-
efficients in the limited region of Reynolds numbers and superheating:  

( ){ }25
23 23, 31.020 3.87 10d d

nbc c T T p− ′= + × −⎡ ⎤⎣ ⎦ ,    (2.71) 

where 
2

23, 32 32log  4.3390 1.589 log 0.154(log )d
nbc Re Re= − + − ,  (2.72) 

is the drag coefficient measured for non-boiling conditions and 

32 3 2 32 2/Re D Vρ η= Δ       (2.73) 

is the Reynolds number. The Zvirin et al. observations are valid in the following 
region 4 5

3210 3.38 10Re< < × , 373 < T3 < 973 K. 
For illustration if the temperature of the solid sphere is 973 K the drag coeffi-

cient is 8.8% lower than the value for the non-boiling case under atmospheric 
conditions and free falling. More complicated is the case if the free particles are 
part of a solid/liquid/gas mixture. 

Consider first the bubble three-phase flow. As a first approximation we can as-
sume that if the bubbles in the space among the particles are touching each other  

1

1 2

0.52α
α α

>
+

      (2.74) 

the bubble three - phase flow cannot exist and vice versa if 

1

1 2

0.52α
α α

≤
+

      (2.75) 

the bubble three-phase flow is defined. For the time being no experimental infor-
mation is available to confirm the value 0.52. In any case if three-phase bubble 
flow is identified we distinguish two sub cases. If the volume fraction of the space 
among the particles if they were closely packed is smaller than the liquid fraction 

*
2 2α α<        (2.76) 

the theoretical possibility exists that the particles are carried only by a liquid. This 
hypotheses is supported if one considers the ratio of the free setting velocity in gas 
and liquid 
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31 3 1 2

32 3 2 1

1w
w

ρ ρ ρ
ρ ρ ρ

∞

∞

−
= >>

−
.     (2.77) 

We see that, due to the considerable differences between gas and liquid densities, 
the particles sink much faster in gas than in a liquid. Thus, most probably the solid 
particles are carried by the liquid. In this case the mixture can be considered as 
consisting of gas and liquid/solid continuum. The drag force between gas and 
solid is zero and the drag force between solid and liquid is computed for 

3 2 3/( )dα α α α= +       (2.78) 

and 

3 2dlΔ = −V V V       (2.79) 

If the volume fraction of the space among the closely packed particles is larger 
then the liquid volume fraction 

*
2 2α α>        (2.80) 

only 

*
3 2 3 2 2 31(1 / )

1
dm

dm

αα α α α α α
α

− = − =
−

    (2.81) 

are surrounded by gas. So we can compute the drag and the virtual mass force be-
tween one single solid particle and gas as for a mixture 

31

1 31
d

αα
α α

=
+

       (2.82) 

namely 

13 ( , ,...)d d
o cd d dcc c α= ΔV       (2.83) 

13 ( , ,...)vm vm
o cd d dcc c α= ΔV       (2.84) 

and multiply this force by the number of particles which are surrounded by gas 
having volumetric fraction 31α . The result is 

13 31 13
d d

oc cα= ,       (2.85) 

13 31 13
vm vm

oc cα= .       (2.86) 

The same has to be done for the calculation of the force between one single solid 
particle and liquid for the mixture 2 32 ,α α+  

32

2 32

,d
αα

α α
=

+
      (2.87) 
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3 2dcΔ = −V V V ,      (2.88) 

namely 

23 ( , ,...)d d
o cd d dcc c Vα= Δ ,      (2.89) 

23 ( , ,...)vm vm
o cd d dcc c Vα= Δ ,      (2.90) 

where 
*

32 3 31 3 2 2/α α α α α α= − =      (2.91) 

and multiply this force by the number of the particles which are surrounded by 
liquid 32α  

23 32 23
d d

oc cα= ,       (2.92) 

23 32 23
vm vm

oc cα= .       (2.93) 

In case that the bubbles in the space between the particles are touching each other 

1

1 2

0.52α
α α

>
+

      (2.94) 

the more likely flow pattern is three-phase disperse flow. In this case the gas - liq-
uid flow relative to the solid particles resembles two-phase gas liquid flow in a 
channel. Therefore the drag forces exerted by the solid particles should be larger 
than the drag forces exerted by the solid phase in the case of missing liquid. A 
possible correction of the drag force coefficients is  

13 13(1 )d d
oc cφ= − ,      (2.95) 

13 13(1 )vm vm
oc cφ= − ,      (2.96) 

23 23 d d
oc cφ= ,       (2.97) 

23 23 vm vm
oc cφ= ,       (2.98) 

where 

2 1 2/( )φ α α α= + .      (2.99) 

2.1.5.3 Solid particles: dense packed regime 

If over a period of time the volume fraction of the solid particles is 

3a dmα α= ,       (2.100) 
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we have the constraint in the mass conservation equation 

( )3 3 0∂ α ρ
∂τ

≤ .      (2.101) 

 
This means that the mass conservation equation for the solid particles has the form 

( )3 3 3 3 3 3
v∂γα ρ γ μ α ρ

∂τ
∇ = −V      (2.102) 

for 

aτ τ τ= + Δ , 3 ( )a a dmα τ α=  if ( )3 3 0∂ α ρ
∂τ

≥    (2.103)  

and 

( )3 3 3 3 3 3( )v
∂ α ρ γ α ρ γ μ
∂τ

+ ∇ =V      (2.104) 

for 

aτ τ τ= + Δ , 3 ( )a a dmα τ α=  if ( )3 3 0∂ α ρ
∂τ

< .   (2.105) 

In other words if the maximum packed density in a particular computational cell is 
reached no further mass accumulation in the cell is possible. In this case the forces 
between continuum and particles can be computed using the results of Ergun 
(1952). Ergun generalized experimental results for pressure drop through packed 
beds (V3=0) for 

1 3 13 4

3 1

11 4 10
Dρ

α η
Δ

< ≤ ×
V

     (2.106) 

and correlated them with the following equation 
2

1 13 31
1 12

3 3 3 3

150 1.75
1 1

p V V
z D D

ρα α∂ η
∂ α α

⎛ ⎞
= − −⎜ ⎟− −⎝ ⎠

V
   (2.107) 

where l = 1 or 2, V3 = 0, 

3
3 3

6VolD
F α

= ,       (2.108) 

F3 is the total geometric surface of the solid particles in the volume Vol of the 
mixture consisting of phase l and phase 3. 
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Achenbach (1993) reported a slightly modified Ergun’s equation 

( )
2

3
32

3 3

160
1

l
l

p V V
z D

α η∂
∂ α

⎛ ⎞
= − −⎜ ⎟−⎝ ⎠

 

( )
0.1

33 3
3

3 3 3 3 3

10.6
1

l l l
l

l l

V V
D D

ρα α η
α α ρ

⎛ ⎞Δ −
− − ⎜ ⎟⎜ ⎟− Δ⎝ ⎠

V
V

  (2.109) 

verified for 53 3 3

3

10
1

l l

l

D Vα ρ
α η

Δ
≤

−
, see in Achenbach or in VDI-Wärmeatlas 

(1991). 
 
The sum of the linear and the quadratic dependences of the forces on the veloc-

ity difference was first proposed by Osborne Reynolds (1900). The first term rep-
resents the viscous friction corresponding to Poiseuille flow (Darcy's law) and the 
second - the turbulent dissipation. 

Rewriting Ergun's equation in terms of forces acting on phase l per unit mixture 
volume for V3 0≠  we obtain 

2
1 133 31

1 1 1 3 1 1 3 132
3 3 3 3

150 ( ) 1.75 ( )
1 1

dp V V V V f
z D D

ρα α∂ ηα α α
∂ α α

Δ⎛ ⎞
= − − − − =⎜ ⎟− −⎝ ⎠

V
. 

   (2.110) 

Comparing the above equation with the definition equation of the drag coefficient 
we obtain 

13
3 131

1
3 1

200 7
3

dc
Dα ρ

α η

= +
ΔV

.     (2.111) 

Note that this expression was derived for pure solid - continuum flow, which 
means 

3 1 1α α+ = .       (2.112) 

Expressions for drag coefficient in dense packed particles are obtained also by 
Koch and Hill – see in Michaelides (2003)

( ) 5 1 3 13
13 13,0 3 3

1

0.0673 0.212 0.0232 1d d D
c c

ρ
α α

η
− Δ⎡ ⎤= + + + −⎣ ⎦

V
, 

where 

( )1/ 2
3 3 3 3

13,0 2 3
3 3 3

1 3 / 2 2.11 ln 16.14
1 0.681 8.48 8.16

dc
α α α α

α α α
+ + +

=
+ − +

. 

using the lattice Boltzmann method by 
p. 233, 
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This correlation is reported to reproduce also the Ergun’s data. Note the contradic-
tion for the influence of the Reynolds number comparing it with Eq. (2.111). 

If the gas and the liquid are flowing around the densely packed particles the re-
sistance forces between each of the phases l and the particles are considerably 
higher (see Wyckoff  (1936)). Part of the liquid, *

2α , is bound between the particles 
by capillary force 

( )

0.264
2*

*3 2 232
23 2

3 3 23

cos / 22
1 1

rD g
α σ φα α

α ρα

⎡ ⎤
= ≡⎢ ⎥

− −⎢ ⎥⎣ ⎦
,   (2.113) 

Brown et al. (1950), and remains for given pressure drop across the distance of 
consideration. It can normally be removed by evaporation rather then drainage. 
Here 2σ  is the surface tension and is 23θ  the wetting contact angle between the 
liquid and particles (typically 0.8 for water/steel and 1 for UO2/water or sodium. 
Usually the drag forces are corrected by means of the so called viscous and turbu-
lent permeability coefficients, 1

1 1,  tk k  respectively. Lepinski (1984) uses the fol-
lowing form of the modified Ergun equation 

( )
( )

2
1 31 1

1 1 33 2 1
3 13

150
1

p g w w
z D k

α α∂ ηρ
∂ α

+ + −
−

 

( )
( )

2
1 3 1

1 3 1 33
3 13

1.75 0
1 t w w w w

D k
α α ρ

α
+ − − =

−
.   (2.114) 

Again rewriting this equation in term of forces acting on phase l per unit mixture 
volume we obtain  

( )
( )

2 2
1 31 1

1 1 1 1 33 2 1
3 13

150
1

p g w w
z D k

α α∂ ηα α ρ
∂ α

+ + −
−

 

( )
( )

3
1 3 1

1 3 1 33
3 13

1.75 0
1 t w w w w

D k
α α ρ

α
+ − − =

−
.   (2.115) 

Comparing with the definition equation for the drag force we find an expression 
defining the drag coefficients 

3
1

13
3 13 13 1 1

1 1
3 1

200 7
1 3

d
tc

D kk

α
α α ρ

α η

⎛ ⎞
= +⎜ ⎟ Δ−⎝ ⎠ V

.    (2.116) 

For 1 31α α= −  and 1
1 1,   1tk k ≡  this is exactly the expression resulting from the 

original Ergun equation. 
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The relative permeabilities are function of the effective saturation, *
2effα  

( )31 *
1 21 effk α= − ,    1 *3

2 2effk α= ,     (2.117) 

Brooks and Corey (1966), 

( )5* *5
1 2 2 21 ,t t

eff effk kα α= − = ,     (2.118) 

Reed (1982) where 

* *
* 2 2
2 *

21
r

eff
r

α αα
α
−

=
−

 for * *
2 2rα α> .     (2.119) 

The true saturation is defined as 

* 2
2

31
αα
α

=
−

.       (2.120) 

In this case the virtual mass coefficient for the particles is 
*

23 2 3/vm
rc α α≈ .      (2.121) 

Tung and Dhir (1990) described the steady-state incompressible two-phase flow 
through porous media ("saturated" - all of the liquid is moving) modifying the Er-
gun equation  

( )
2

1 31 1
1 1 1 1 33 2 1

3 3 1
150

(1 )
p g w w
z D k

α α∂ ηα α ρ
∂ α

+ + −
−

 

( )
2
1 3 1

1 3 1 3 214
3 3 1

1.75 0
(1 )

d
t w w w w f

D k
α α ρ
α

+ − − ± =
−

,  (2.122) 

where l = 1, 2. Comparing with the definition equation for the drag force we find 
expression defining the drag coefficients 

3
1

13 1
3 133 1 1 1 3 1 1

1
3 1

200 1 7 1 .
1 3 (1 )

d
tc

D k k
α
α α α α αρ

α η

⎡ ⎤
⎢ ⎥⎛ ⎞ ⎢ ⎥= +⎜ ⎟ Δ⎢ ⎥− −⎝ ⎠
⎢ ⎥
⎣ ⎦

V
  (2.123) 

Tung and Dhir distinguish bubbly, annular and slug flow structure of the gas-
liquid mixture. The different relative permeability multipliers are summarized in 
Table 2.2. In case of bubble flow the bubble diameter and flow regime limits are 
computed as shown in Chapter 1. 
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Table 2.2 Relative permeability multipliers as recommended by Tung and Dhir (1990) 

For all flow regimes, the liquid relative permeability multipliers are given by 
1 3
2 2 1(1 )tk k α= = −  

Gas relative permeability multipliers 
 

a) Bubble flow, slug flow ( 1 13α α≤ ): 

4 / 3 2 / 3
1 3 33 3

1 1 1 1
1 1

  
1 1

tk and kα αα α
α α

⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

. 

b) Annular flow ( 14 1 1α α≤ ≤ ): 

4 / 3 2 / 3
1 2 23 3

1 1 1 1
1 1

  
1 1

tk and kα αα α
α α

⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

. 
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Film-wall force: The resisting force between wall and film per unit flow volume 
for fully developed annular flow is  

2 2
4

w w
h

f
D

τ= ,       (2.124) 

where 

22
2 2 2 2 2

( ) 1
2w w

r R

dw r c w
dr

τ η ρ
=

⎡ ⎤= =⎢ ⎥⎣ ⎦
.    (2.125) 

For laminar flow, 

2 2 2 2 2/ 400Re wρ δ η= ≤ .     (2.126) 

the assumption for a parabolic velocity profile leads to Fanning 

2 24 /wc Re= ,       (2.127) 

For turbulent flow, 

2 400Re > ,       (2.128) 

the assumption for a 1/7 profile leads to 
1/ 4

2 20.057 /wc Re= .      (2.129) 
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1

2

3

( )23wρ

( )32wρ
hD

 
Fig. 2.1 Annular flow 

Of course 1/7 profile velocity profile is a first approximation. In fact for thin tur-
bulent films the universal velocity profile is found by direct measurements of the 
turbulent structure by Vassallo (1999). Vassallo observed for larger film thickness 
bubble inclusions inside the film with a smooth transition from zero to one void 
fraction starting from the wall and crossing the wavy surface layer. The presence 
of the bubbles shifts the logarithmic part of the dimensionless velocity 

2.5ln 5.5w y+ += +  to lower values e.g. 2.5ln 1.2w y+ +≈ +  indicating increasing 
of the wall share stress 2

wστ . Here *
2 2 2ww w w+ =  and *

2 2wy yw ν+ =  and 
*

2 2 2
w

ww στ ρ= . 
 
Film-gas force: The gas resisting force per unit flow volume between film and 
gas is  

1 12 21 12 21 1 2 1 2 1
1 ( )
2

d df a a c w w w wτ ρ= − = − − −  

2 21 1 2 1 2 1
2 1 ( )d

i
h

c w w w w
D

α ρ= − − − − ,    (2.130) 

where a12 is the interfacial area density 

12 2
4 1

h
a

D
α= − .      (2.131) 

Nikuradze (1933) proposed the following formula for computation of the friction 
coefficient in pipes 

0.005 1 300 ,s
w

h

k
c

D
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

     (2.132) 

over the range, 0.0001 ≤  ks/Dh ≤  0.03 where ks is the sand roughness grain size. 
Wallis (1969) proposed to use as a roughness the film thickness which results the 
following equation 

( )2
21 20.005 1 300 0.005 1 75d

h
c

D
δ

α
⎛ ⎞

= + ≈ +⎜ ⎟
⎝ ⎠

,   (2.133a) 
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where the ratio is approximately 

1 2

4
F

hD
δ α

≈ .       (2.134) 

After 31 years this equation was compared with a modern data base including 200 
points by Fore et al. (2000) and revised in order to increase the accuracy at low 
gas velocities. The final result is 

2
21

1 1 1

175000.005 1 300 1 0.0015d

h h
c

w D D
δ

α ν

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪= + + −⎢ ⎥⎨ ⎬⎜ ⎟
⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

.  (2.133b) 

The equation is verified within 2

1 1 1

175000.001 1 0.1
h hw D D

δ
α ν

⎛ ⎞
< + <⎜ ⎟
⎝ ⎠

 giving values 

of  3
214.25 10 0.153dc−× < <  with an uncertainty of ± 25%. 

 
Hewitt and Govan used instead of the coefficient 0.005 the modified Blasius 

formula  

( )21 21/ 4
13

0.079 1 75dc
Re

α= +        (2.135) 

where  

( )13 1 1 1 3 3 3 1/hRe w w Dα ρ α ρ η= + .    (2.136) 

Actually the roughness is a function of the liquid Reynolds number 

2 2 2 2 2Re F wρ δ η=  and the Kapiza number ( )3 3 3
2 2 2 2Ka gσ ρ ν= . Alekseenko et al. 

(1996) reported the following fitting of experimental data from several authors: 

( ) ( )1 ,max 1 ,max 1/11 1/11
2 2 2 2

1
1 exp 0.0012Re exp 0.4ReF F

F F
F

Ka Ka
δ δ

δ
−

= + − − − . 

In accordance with this relation first if 1/11
2 2Re 10F Ka >  we have 

1 ,max 1 ,max 12F F Fδ δ δ− =  with other words, the wave amplitude equal to the film 
thickness and the above relations make physical sense. For lower films the rough-
ness is smaller. 

( )1.42
21 20.005 1 545 2d

hc D⎡ ⎤= +⎣ ⎦ . 

( )1.3
21 20.008 1 210 2d

hc D⎡ ⎤= +⎣ ⎦ . 

δ

δ

Moeck and Stachiewicz (1972) based on air-water experiments at atmospheric 
pressure reported  

Nigmatulin et al. (1978), Subbotin et al. (1978) based on steam-water experiments 
at high pressure reported  
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An alternative empirical correlation of the interfacial friction factor was proposed 
by Bharathan et al. (1979) 

*
21 0.005d Bc Aδ= + ,      (2.138) 

where the constants A and B are given by 

10log 0.56 9.07 / *A D= − + ,     (2.139) 

1.63 4.74 / *B D= + .      (2.140) 

The dimensionless film thickness *δ  and diameter D* are defined by 

*
2 / RTδ δ λ= ,       (2.141) 

* /h RTD D λ= .      (2.142) 

Govan et al. (1991) provided experimental data for effectively churn and annular 
flow for 1α  > 0.8 and show that the Bharathan correlation gives much better 
agreement with the data whereas the Wallis correlation under predicts the data for 

1α  < 0.92. The values of the measured quantities 2df wΔ  vary between 40 
kg/m4 for 1α ≈ 0.8 and ≈ 2.5 kg/m4 for 1α ≈ 0.95 for 2 2 2wα ρ =  31.8 to 47.7 
kg/(m2s). 

Stephan and Mayinger (1990) improved the Barathan et al. correlation based 
on high pressure experiments (p = 6.7 105 to 13. 105 Pa, Dh = 0.0309 m, j2 = 0.017 
to 0.0035 m/s, j1  = 5 to 18 m/s) as follows 

( )*
21 1/ 4

1

0.079 1 115 ,d Bc
Re

δ= +      (2.143) 

where 

1 1 1 1/hRe w Dρ η= ,      (2.144) 

*3.91/(1.8 3 / )B D= +  .     (2.145) 

An alternative correlation is proposed by Ambrosini et al. (1991) 

2 0.2 0.6 *
21 1 1 1 2 1 1 1 21/ 5

1

0.046 1 13.8( / ) Re ( / 200 / ) ,d
h Fc V D V

Re
ρ σ δ ν ρ ρ−⎡ ⎤= + −⎣ ⎦  

    (2.146) 

*
1 12 1 1 21

1/
2

dV V cτ ρ= = ,     (2.147) 

2.03
21 20.005 14.14 dc α= + .     (2.137) 

Bharathan et al. proposed the following equation (1978) which was effectively 
for churn flow 
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which describes data in the region 1/ 5
21 1/(0.046 / Re )dc ≈ 1 to 10 within ± 30% er-

ror band. 
Nigmatulin (1982) obtained good agreement between the above expressions for 

cw2 and experimental data for Dh = 0.0081 to 0.0318 m and Re2 = 5 to 1.5x105 for 
upstream air water and steam water flow. The experiments of Nigmatulin shows 
that between the film surface velocity and averaged film velocity the following re-
lationship exists 

w2i = 2w2 for 2Re 400< ,     (2.149) 

w2i = 1.1w2 for 2Re 400≥ .     (2.150) 

In the same work the gas resisting force between film and gas is estimated to be 

1 12 21 12 21 1 2 1 2 1
1 ( )
2

d d
i if a a c w w w wτ ρ= − = − − −  

2 21 1 2 1 2 1
2 1 ( )d

i i
h

c w w w w
D

α ρ= − − − − ,    (2.151) 

and 

( )1/ 2 3 2
21 2 20.005 1 16 2 / 1.5 10 (2 / )d

h hc D Dδ δ⎡ ⎤= + + ×⎢ ⎥⎣ ⎦
.  (2.152) 

Here 2δ  is the film thickness 

2 2(1 1 ) / 2hDδ α= − − .     (2.153) 

The 21
df  is computed in this way with an square mean error of 20%. The verifica-

tion was performed by Nigmatulin with data for air-water and p = 2.7x105 Pa, Dh 
= 0.0318 m and for steam - water and p = (10 to 100)x105 Pa and Dh = 0.0081 and 
0.0131 m.  

Ueda (1981) proposed the following correlation for the computation of the drag 
coefficient in annular flow 

0.7
2.20 4 212 1

21 1 2
1 1 2

1 (2.85 2.10 )
4 ( )

d hgDc const
w w

ρ ρα
ρ

⎡ ⎤−
= − ⎢ ⎥

−⎣ ⎦
 

0.1 0.2
1 2 1 2 211

2 2 1

hw w w w D
w

η
η ν

−
⎡ − ⎤ ⎡ − ⎤

× ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

    (2.154) 

where the  

const ≈  2        (2.155) 

2
12 21 1 1

1
2

dc Vτ ρ= ,      (2.148) 
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Some authors successfully correlated experimental data for interfacial friction co-
efficient using instead the relative velocity between film and gas, only the film velocity

*
21 12 2 21 2 2

1
2

d df a c w wρ= − .     (2.157) 

Hugmark (1973) correlated experimental data for film thickness of vertical up-
ward flow as a function of film Reynolds number and summarized data for the re-
lationships between drag coefficients and film thickness. Thus using this data base 
the relationship between liquid Reynolds number and drag coefficients is estab-
lished. Later Ishii and Gromles correlated this relationship with the following cor-
relation 

*
1 2/ 4  d m

u Fc k Re=       (2.158) 

where 

2 2 2 2 24 /F FRe wρ δ η=       (2.159) 

and k and m are given by 

k = 3.73,   m = −  0.47   2 < 2FRe  < 100,    (2.160) 

k = 1.962,   m = −  1/3   100 < 2FRe < 1000,   (2.161) 

k = 0.735,   m = −  0.19   1000 < 2FRe .    (2.162) 

The data base for the derivation of the correlation cover the range of 

0.003 < 2 /( / 2)F hDδ  < 0.1.     (2.163) 

Careful evaluation of the interface friction factor taking into account the momen-
tum pre-distribution due to entrainment and deposition done by Lopes and Dukler 
(1986) shows that there is no unique relationships between 21

dc  and 2FRe . The ex-
perimental data obtained by the Lopes and Dukler can be represented very well by 
the modified Altstul formula 

( ) 2
21 1

1 3.331 log Re 33.582
4

dc −= − ,    (2.164)  

for 44 10×  < Re1 ≤ 48.5 10× , and 

12 0.014dc = ,       (2.165) 

for 48.5 10× < Re1≤ 412 10× , where  

1 1 1 2 1( ) /i hcRe V V Dρ η= − ,     (2.166) 

for horizontal flow and  

21 21h hD D α= − .      (2.156) 
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21hc hD D α= − .      (2.167) 

Variation within 310 < Re23 =  < 3100, where 

23 2 2 2 3 3 2( ) /hRe V V Dρ α α η= + ,     (2.168) 

does not influence the results. 
Hanratty and Dykho (1997) proposed the following correction of the drag coef-

ficient computed for gas flow without film: 

( )2 2 2
12 1 0.9

1 11

Re
1 1400

Re
Fd d

w

f
c c

ν ρ
ν ρ

⎡ ⎤
= +⎢ ⎥

⎢ ⎥⎣ ⎦
,    (2.169) 

where 

( ) ( ) ( )
0.42.5 2.50.6 0.9

2 2 2Re 0.34Re 0.0379 ReF F Ff ⎡ ⎤= +⎢ ⎥⎣ ⎦
   (2.170) 

2 2 2 2 2Re 4F Fwα δ ν= , 1 1 1 1Re hw Dα ν= .                               (2.171, 2.172) 

For stand along use the authors reported ( )*
2 2 2 2ReF FV fδ ν = , *

2 2, 2effV τ ρ= , 

1
2, 2 2

2 1
3 3eff w

στ τ τ= + . 

 
Fig. 2.2 Gas-film friction coefficient as a function of the gas Reynolds number 

Comparison between the predictions of different correlations as a function of the gas 
Reynolds number is given in Fig. 2.2. The correlations by Wallis, Govan et al. and 
Nigmatulin do not differ from each other much. The prediction of the correlation by 
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the Stephan and Mayinger converges to the prediction of the above mentioned corre-
lations for higher Reynolds number, but differs much for low Reynolds numbers. If 
one uses the formula of Alekseenko and take 1/3th of the film amplitude as effective 
roughness the Nikuradze formula predict results close to those predicted by Stephan 
and Mayinger. For comparison the prediction by the Blasius correlation for Reynolds 
number larger then 1187 and by the Hagen and Poiseuille correlation for lower 
Reynolds numbers is given also in Fig. 2.2. It is obvious that final state of the 
knowledge in this field is not achieved. 

Hulburt et al. (2006) proposed for the first time a time-averaging of the 
friction forces considering the base waviness of the film (ripples) and the traveling 
waves (roll waves) depending on the local parameters. They estimated film thick-
ness and the film averaged velocity using the following correlations:  

0.6
2 20.34ReF Fδ + = , ( )2 / 3*

2 12 21.5 Fw w δ +=     (2.173) 

for laminar flow, Asali et al. (1985) and 

0.9
2 20.0379ReF Fδ + = , ( )1/10*

2 12 29.5 Fw w δ +=     (2.174) 

for turbulent flow, Henstock and Hanratty (1976), where 2 2 2 2Re 4F Fw δ ν= , 
* 2
12 1 2w στ ρ=  and *

2 2 12 2F F wδ δ ν+ = . Using the Andreussi’s et al. (1985) observa-
tion that at about 2 ,Re F cr ≈  370 corresponding to crδ + ≈ 8 there is the onset of dis-
turbances waves the authors correlated the standard deviation from the averaged 
film thickness data with 

0δσ
+ =  for 2 2 ,F F critδ δ+ +≤ ,      (2.175) 

( )0.9

2 2 ,F F critδσ δ δ+ + += −  for 2 2 ,F F critδ δ+ +> .    (2.176) 

The base waves average peak thickness is approximated by 

2 , ,max 2 2 , ,max
1
2F base F F travδ δ δ= + Δ  and the average base wave roughness is approxi-

mated by 2 , ,max 0.6F base δδ σ +Δ = .  The traveling waves average peak thickness is ap-

proximated by 2 , ,max 2 2 , ,max
1
2F trav F F travδ δ δ= + Δ  and the average traveling wave rough-

ness is approximated by 2 , ,max 2.1F trav δδ σ +Δ = . Then Hulburt et al. introduced the 
intermittency intf  defining in what portion of time at a local point the traveling 
wave is observed. Data for nitrogen-water at atmospheric pressure are correlated 
by  

int 0f =  for 2 8Fδ + ≤ ,      (2.177) 
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2 , 2 ,2
int

2 2

24 20.41 1 exp exp
4 4

F cr F crF

F F

f
δ δδ
δ δ

+ ++

+ +

⎧ ⎫⎡ ⎤⎛ ⎞−⎛ ⎞−⎪ ⎪= − + − − −⎢ ⎥⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
 for 2 8Fδ + > . 

        (2.178) 

The time averaged interfacial share stress is then ( )2 2 2
1 int 1, int 1,1trav basef fσ σ στ τ τ= + − . 

White (2006) proposed the following approximation of the velocity profile with an 
offset depending on the type of the roughness 

( ) 1 *ln
*

w y yw B B
w κ ν

⎛ ⎞= + − Δ⎜ ⎟
⎝ ⎠

,     (2.179) 

where ( )1 ln 1 BB c k
κ

+Δ = + , *k kw ν+ = , B = 5, 0.41κ = , 0.3Bc ≈  for sand 

roughness, 0.8Bc ≈  for stationary wavy wall data. The advantage of this approach 
is that it can be also used for description of the drag coefficient between liquid and 
gas wavy interface. Comparing with data Hulburt et al. (2006) proposed to use for 
gas interaction with the base waves ,2 , 0.8B F basec ≈  and for gas interaction with the 

traveling waves ,2 , 4.7B F travc ≈  for which 1 *ln B
kwB c

κ ν
⎛ ⎞Δ ≈ ⎜ ⎟
⎝ ⎠

. The final approxi-

mate expression for prediction of the interfacial share stress 

( )22 2
1 12 1 1 1

1
2

dc w wσ στ ρ= −  components was then 

( )

( )

2

12

2

0.58,
ln 11ln 1.05

2 11

B rel
rel rel

B
relrel

c c k
k kc

kk

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥+
− − + +⎢ ⎥−−⎢ ⎥⎣ ⎦

  (2.180) 

where ( )2 ,max 22rel F h Fk Dδ δ≈ Δ − . The friction velocity for the gas core is then 
* 2
1 1 1w στ ρ= . 
Actually the idea to use the logarithmic velocity profile, Eq. 2.179, for the gas 

core interacting with the base waves come from Antal et al. in 1998. The authors 
used with  B = 5.5, 0.41κ = , 1.05Bc ≈  and for the dimensionless roughness  

( ) ( ) ( )2

2 2 1 2 10.035 F atm
k δ ρ ρ ρ ρ+ += ,     (2.181) 

and computed 

12,
1

12,

8 1 1 3ln Re
2 8 2

d
base

d
base

c
B B

c κ κ

⎛ ⎞
⎜ ⎟= + + − Δ
⎜ ⎟
⎝ ⎠

.   (2.182) 
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The authors reported that the solution of this equation is well approximated by the 
expression obtained by Lopez de Bertodano et al. (1997) 

2.5

1
12, 10

2.51Re
1.02 log

8 2.51
d

basec
k

−

+

⎡ ⎤⎛ ⎞
= ⎢ ⎥⎜ ⎟

+⎝ ⎠⎣ ⎦
.    (2.183) 

The relation of the base wave interfacial friction factor to those of the traveling 
waves was reported by Antal et al. (1998) to be  

12, 12, 0.2
1

12, 12,

1 1 10Re
d d

trav base
d d

smooth smooth

c c
c c

−⎛ ⎞ ⎛ ⎞
− − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.    (2.184) 

But the idea to timely average the contribution of both mechanisms is introduced 
first by Hulburt et al. as already mentioned before. The idea to consider the film as 
a consisting of base thickness and wavy layer is clearly derived by Dobran in 
1983, who used  ( ) 0.53 2 1.35

2 , 2 2 1 2 1140 ReF crit h hD gDδ ρ ρ ρ η −⎡ ⎤= −⎣ ⎦  and introduced a 

eddy viscosity within this mixing layer ( )1.83
2 2 2 ,1 1.6 10t

F crityν ν δ− + +⎡ ⎤= + × −⎢ ⎥⎣ ⎦
 for 

2 , 2F crit Fyδ δ+ + +< ≤ . This method does not distinguish between the basic waves and 

traveling waves. Dobran assumed for 2 ,F crity δ+ +<  the validity of the universal 
thee layer velocity profile. 
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During some processes (e.g. reflooding phase of loss-of-coolant accidents in water 
cooled nuclear reactors) the temperature of the heated surface may exceed the 
maximum film boiling temperature. Thus the situation may occur where the su-
perheated vapor flows up around the heated surface and a subcooled or saturated 
liquid jet. Since the positions of liquid and vapor phases are exactly opposite to 
the ones in normal annular flow, this flow pattern is called inverted annular flow. 
The drag force acting on a liquid in a fully developed inverted annular flow can be 
calculated in accordance to Aritomi et al. (1990) as follows 

( )2 12 1 2 1 2 1 2
1
2

d d
w w wf a c w w w wρ= − − −     (2.185) 

where 

12 2
4

w
hw

a a
D

= ,      (2.186) 

1/ 4
2 120.3164 /d

wc Re= ,      (2.187) 

12 1 2 2 1( ) /hwRe w w D α ν= − .     (2.188) 
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Geometrical characteristics: Stratified flow may exists in regions with such rela-
tive velocities between the liquid and the gas which does not cause instabilities 
leading to slugging. Some important geometrical characteristics are specified here 
- see Fig. 2.3. 
 

2αF2δ

a

H

1

2

 
Fig. 2.3 Definition of the geometrical characteristics of the stratified flow 

The perimeter of the pipe is then 

( )2wPer a H= + ,      (2.189) 

and the wetted perimeters for the gas and the liquid parts are 

( )1 2 12 2w FPer a H a Hδ α= + − = + ,    (2.190) 

2 1 22 2w FPer a a Hδ α= + = + .     (2.191) 

The gas-liquid interface median is then a, and the liquid level 

 2 2F Hδ α= .       (2.192) 

The hydraulic diameters for the gas and the liquid for computation of the pressure 
drop due to friction with the wall are therefore 

1
1 1 1

1

44 /
2h w
aHD F Per

a H
αα

α
= =

+
,    (2.193) 

2
2 2 2

2

44 /
2h w

aHD F Per
a H
αα

α
= =

+
,    (2.194) 

and the corresponding Reynolds numbers 

1 1 1 1
1

1 1

4
2

w aHRe
a H

α ρ α
η α

=
+

,     (2.195) 
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2 2 2 2
2

2 2

4
2

w aHRe
a H

α ρ α
η α

=
+

.     (2.196) 

Here F is the channel cross section and Per1w and Per2w are the perimeters wet by 
gas and film, respectively. 

If one considers the core of the flow the hydraulic diameter for computation of 
the gas-liquid friction pressure loss component is then 

( ) 1
12 1 1

1

24 /h w
aHD F Per a

a H
αα

α
= + =

+
    (2.197) 

and the corresponding Reynolds number 

1 1 1 2 1
1

1 1

2w w aHRe
a H

α ρ α
η α

−
=

+
.     (2.198) 

The gas-wall, liquid-wall and gas-liquid interfacial area densities are 

1 1
1

2w
w

Per a Ha
F aH

α+
= = ,     (2.199) 

2 2
2

2w
w

Per a Ha
F aH

α+
= = ,     (2.200) 

12
1aa

F H
= = .       (2.201) 

For the estimation of flow pattern transition criterion the following expression is 
sometimes required 

2

2

1

F

d
d H
α
δ

= .       (2.202) 

Using the geometric characteristics and the Reynolds numbers the interfacial inter-
action coefficients can be computing by means of empirical correlations. The 
wall-gas and the wall-liquid interaction can be modeled as 

, 1
1 1 1 1 1 1 1 1 1 1 1 1

1 2 1
2 2

w d d d
w w w w w

a Hf a a c w w c w w
aH

σ ατ ρ ρ+
= − = = , (2.203) 

, 2
2 2 2 2 2 2 2 2 2 2 2 2

1 2 1
2 2

w d d d
w w w w w

a Hf a a c w w c w w
aH

σ ατ ρ ρ+
= − = = . (2.204) 

The gas resisting force between film and gas is  

2 ,
1 12 21 12 21 1 2 1 2 1

1 ( )
2

d df a a c w w w wσ τ ρ= − = − − −  

21 1 2 1 2 1
1 1 ( )

2
dc w w w w

H
ρ= − − − .    (2.205) 
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For single-phase pipe flow the friction force per unit flow volume is equivalent to 
the pressure drop per unit length. The friction force can be then expressed either in 
terms of the drag coefficient or in terms of the friction coefficient 

, 1 2 1
2 2

w d d d
lw wl lw wl l l l wl l l ll

a Hf a a c w w c w w
aH

σ τ ρ ρ+
= − = =  

,
,

1 1 2
2 2 4

fr wl
l l l l l l fr wl

h

a Hw w w w
D aH

λ
ρ ρ λ+

= = .   (2.206) 

Obviously the relation between the drag coefficient d
wlc  and the friction coeffi-

cient ,fr wlλ  usually used in European literature is 

,
1
4

d
wl fr wlc λ= .       (2.207) 

The friction coefficient in a pipe with a technical roughness can then be used to 
compute 

( ), , / ,    /fr wl fr wl l l l h l hRe w D k Dλ λ ρ η= = ,   (2.208) 

from the Nukuradze diagram given in Idelchik's text book (1975). k is the rough-
m. In particular we will have 

( ), 1 , 1 1 1,    /fr w fr w hRe k Dλ λ= ,     (2.209) 

( ), 2 , 2 2 2,    /fr w fr w hRe k Dλ λ= ,     (2.210) 

and 

( ),12 ,12 12 12,    /fr fr wave hRe k Dλ λ= .    (2.211) 

In the later case wavek  is the wave amplitude at the liquid interface. Houze and 
Dukler (1965) observed on experiments with mechanically designed oscillating 

s is influences by the frequency 

ns experiences swimming in the see. At 
high frequencies and low wave length the drag increases due to changes in the tur-
bulence structure inside the gas boundary layer. This specific behavior was the 
reason why the authors warned from uncritical use of the equivalent roughness 
method for computing the interfacial drag coefficient. 

Lee and Bankoff (1983) measured interfacial shear stresses in a nearly horizon-
tal stratified steam - saturated water flow. According to their results, the interfacial 
friction factor during the buildup of the roll waves can be expressed as follows 

( )
1.534*

4 * **2
21 1 10.012 2.694 10 /1000

1000
d Rec Re Re− ⎛ ⎞
= + × −⎜ ⎟⎜ ⎟

⎝ ⎠
,  (2.212) 

ness roughness of the pipe wall in 

interface that the turbulence structure inside the ga
of  the oscillations. At low frequency a drag reduction is observed. This is probably 
the reason for the low resistance that dolphi
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where  
** 5 0.184
1 21.837 10 /Re Re= ×      (2.213) 

represents the critical gas Reynolds number at which the transition to the roll wave 
regime take place. Here 

* 1 1 1
1 1

1
Re /w F Perα ρ

η
= ,      (2.214) 

* 2 2 2
2 2

2
Re /w F Perα ρ

η
= .     (2.215) 

F is the channel cross section and Per1 and Per2 are the wet perimeters of gas and 
film, respectively. Note the particular definition of the Reynolds numbers in the 
above correlation, instead of the hydraulic diameter the length scale is the cross 
section divided by the wet perimeter of the gas and film, respectively (the film 
Reynolds number was defined by Lee and Bankoff as mass flow rate per unit width 
of the film divided by the dynamic viscosity). The data base for Eq. (2.212) lies in 
the region 2000 ≤  Re2 ≤  12000, 23000 ≤  Re1 < 51000. 
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Geometrical characteristics: The geometric characteristics for round pipes are non 
linearly dependent on the liquid level, which makes the computation somewhat 
more complicated. Some important geometrical characteristics are specified here - 
see Fig. 2.4. The angle with the origin the pipe axis defined between the upwards 
oriented vertical and the liquid-gas-wall triple point is defined as a function of the 
liquid volume fraction by the equation 

( ) ( )21 sin cos 0f θ α π θ θ θ= − − + − = .    (2.216) 

The derivative 

2
1 2sin

d
d
θ π
α θ

=       (2.217) 

will be used later. Having in mind that 

22sindf
d

θ
θ
=        (2.218) 

the solution with respect to the angle can be obtained by using the Newton itera-
tion method as follows 

( )2 0 0 00
0 0 2

0

1 sin cos
2sin

f
df d

α π θ θ θ
θ θ θ

θ θ
− − +

= − = +   (2.219) 
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where subscript 0 stands for the previous guess. We start with an initial value of 
/ 2π Biberg proposed in 1999 accurate direct approximation 

( )
1/ 3

1/ 31/ 3
2 2 2 2

3 1 2 1
2
ππ θ πα α α α⎛ ⎞ ⎡ ⎤− = + − + − −⎜ ⎟ ⎣ ⎦⎝ ⎠

  (2.219b) 

with an error less then 0.002rad±  or 

( )
1/ 3

1/ 31/ 3
2 2 2 2

3 1 2 1
2
ππ θ πα α α α⎛ ⎞ ⎡ ⎤− = + − + − −⎜ ⎟ ⎣ ⎦⎝ ⎠

 

( ) ( ) ( ){ }22
2 2 2 2 2

1 1 1 2 1 4 1
200

α α α α α⎡ ⎤− − − + + −⎣ ⎦ ,  (2.219c) 

with an error less then 0.00005rad± . 
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Fig. 2.4 Definition of the geometrical characteristics of the stratified flow 

The perimeter of the pipe is then 

1w hPer Dπ= ,       (2.220) 

and the wetted perimeters for the gas and the liquid parts are 

1w hPer Dθ= ,       (2.221a) 

( )2w hPer Dπ θ= − .      (2.221b) 

The gas-liquid interface median is then 

( )sin sinh hb D Dπ θ θ= − = ,     (2.222) 

and the liquid level 

 ( )2
1 1 cos
2F hDδ θ= + .     (2.223) 

 (Kolev 1977). 



2.1 Drag forces      65 

The hydraulic diameters for the gas and the liquid for computation of the pressure 
drop due to friction with the wall are therefore 

1 1 1 14 /h w hD F Per Dπα α
θ

= = ,     (2.224) 

2 2 2 24 /h w hD F Per Dπα α
π θ

= =
−

,    (2.225) 

and the corresponding Reynolds numbers 

1 1 1
1

1
Re hw Dα ρ π

η θ
= ,      (2.226) 

2 2 2
2

2
Re hw Dα ρ π

η π θ
=

−
.     (2.227) 

Here F is the channel cross section and Per1 and Per2 are the wet perimeters of gas 
and film, respectively. 

If one considers the core of the flow the hydraulic diameter for computation of 
the gas-liquid friction pressure loss component is then 

( )12 1 1 14 /
sinh w hD F Per b Dπα α

θ θ
= + =

+
,   (2.228) 

and the corresponding Reynolds number 

1 1 1 2
12

1 sin
hw w D

Re
α ρ π

η θ θ
−

=
+

.    (2.229) 

The gas-wall, liquid-wall and gas-liquid interfacial area density are 

1 1
1

1

4 4w
w

h h

Pera
F D D

α θ
π

= = = ,     (2.230) 

2 2
2

2

4 4w
w

h h

Pera
F D D

α π θ
π
−

= = = ,    (2.231) 

12
sin 4

h

ba
F D

θ
π

= = .      (2.232) 

 
Ratel and Bestion (2000) approximated this relation for smooth interface with  

( )12 2 2
8 1

h
a

D
α α

π
≅ − .     (2.233) 

For the estimation of the flow pattern transition criterion the following expression 
is sometimes required 
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2

2

4 sin

F h

d
d D
α θ
δ π

= .      (2.234) 

The wall-gas and the wall-liquid forces per unit mixture volume can then be com-
puted as follows 

,
1 1 1 1 1 1 1 1 1 1 1 1

1 4 1
2 2

w d d d
w w w w w

h
f a a c w w c w w

D
σ θτ ρ ρ

π
= − = = , (2.235) 

,
2 2 2 2 2 2 2 2 2 2 2 2

1 4 1
2 2

w d d d
w w w w w

h
f a a c w w c w w

D
σ π θτ ρ ρ

π
−

= − = = . 

    (2.236) 

The gas resisting force between film and gas is  

2 ,
1 12 21 12 21 1 2 1 2 1

1 ( )
2

d df a a c w w w wσ τ ρ= − = − − −  

21 1 2 1 2 1
sin 4 1 ( )

2
d

i
h

c w w w w
D

θ ρ
π

= − − − .    (2.237) 

One choice for computation of the drag coefficient is the correlation by Lee and 
Bankoff (1983). 

Ratel and Bestion proposed in 2000 the following empirical correlation 

0.44
8 1.75 0.97 * 1.3 2

21 10 10 0.5
1

6 10 1 0.035dc Re Re Fr α
α

− −⎛ ⎞
= × +⎜ ⎟⎜ ⎟

⎝ ⎠
,  (2.238) 

where 

1 1
10

1

hw DRe ρ
η

= ,      (2.239) 

*
2
1

hgDFr
w

= ,       (2.240) 

valid for the range 5 5
103.5 10 7 10Re× < < × . Unfortunately the authors retrieved 

the correlation with a computer code using in the momentum equations the erro-
neous term  

( ) 1
1 2 2 1 hgD

z
∂αα α ρ ρ
∂

− , 

instead of the correct term 

( ) 1
1 2 2 1

Fg
b z
∂αα α ρ ρ
∂

− , 

where F is the channel cross section and b is the gas-liquid interface median. 
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For single-phase pipe flow the friction force per unit flow volume is equivalent 
to the pressure drop per unit length. The friction force can be then expressed either 
in terms of the drag coefficient d

wlc  or in terms of the friction coefficient ,fr wlλ  

,, 1 4 1 1
2 2 2

fr wlw d d d
lw wl lw wl l l l wl l l l l l ll

h h
f a a c w w c w w w w

D D
σ λ

τ ρ ρ ρ= − = = = . 

   (2.241)  
Again as for rectangular channel we have 

,
1
4

d
wl fr wlc λ=        (2.242) 

and the procedure for computation of the forces applied to the rectangular chan-
nels can be used also for pipes. 

Of course the approximation used by 
fluence of the interfacial shear stress on the wall shear stress. Data comparison re-
ported by Biberg (1999) demonstrated a systematic under prediction of the liquid 
volume fraction in averaged with -5.5% if using this approach. By careful elabora-
tion of an approximation for the turbulent velocity profile in both fields Biberg 
(1999) come to the very important result  

( )

1.11

* *

1 2,
,12

1

6.91.8 log
Re 3.71

1 2 log 1

l hl

fr wl
lw fr

k
D

w wb Per
w

λ λ

⎡ ⎤⎛ ⎞
⎢ ⎥− + ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦=

−
+ +

.   (2.243) 

Here for free surface flow the equivalent hydraulic diameter is defined as   

* 8 3 rectangular channel
4  pipe

l
hl

l lw

D
F Per

δ
α

⎧
≈ ⎨
⎩

,     (2.244) 

and for closed duct flow as 

( )
* 4 3 rectangular channel

4  pipe
l

hl
l lw

D
F Per b

δ
α

⎧
≈ ⎨ +⎩

.     (2.245) 

The Reynolds number * *Rel l l hl lw Dρ η=  is computed with the corresponding 
equivalent hydraulic diameter. 

iberg (1999) considers not the in-B
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The force component acting on a dispersed particle perpendicular to the relative 
velocity direction is called lateral- or lift force. The lift force is zero for symmetric 
bodies exposed to symmetrical flow  

0L
l =f .       (2.246) 
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Vm

( ) ( )f V V Vml
L

l m ml
L

l m mc= − − × ∇ ×α ρ

fml
d fml

vmVl

 
Fig. 2.5 Drag, virtual mass, and lift forces acting simultaneously on the field l 

A symmetric body exposed to asymmetrical flow experiences a lateral force - see 
Fig. 2.5. The lift force is similar in nature to the aerodynamic lift of an airfoil, but 
differs in that it is a result of gradient in the continuum velocity field over a sym-
metric body rather then a uniform flow over an asymmetric airfoil. The general 
form of the lateral lift force for inviscid flows is given by Drew and Lahey (1987) 

( ) ( )L L
cd d c cd d c ccα ρ= − − × ∇×f V V V .    (2.247) 

The scalar components for Cartesian and cylindrical coordinates are 

( ) ( ) ( ),
1 1L L c c c

cd r d c cd d c c d c
u u wf c v v r v w w

r r r z r
κ

κ κ

∂ ∂ ∂∂α ρ
∂ ∂θ ∂ ∂

⎧ ⎫⎡ ⎤ ⎛ ⎞= − − − − − −⎨ ⎬⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎩ ⎭
, 

   (2.248) 

( ) ( ) ( ),
1 1 1L L c c c

cd d c cd d c d c c
w v uf c w w u u r v

r z r r r
κ

θ κ κ κ

∂ ∂ ∂∂α ρ
∂θ ∂ ∂ ∂θ

⎧ ⎫⎡ ⎤ ⎛ ⎞= − − − − − −⎨ ⎬⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎩ ⎭
 

   (2.249) 

( ) ( ),
1L L c c c c

cd z d c cd d c d c
u w w vf c u u v v
z r r zκ

∂ ∂ ∂ ∂α ρ
∂ ∂ ∂θ ∂

⎧ ⎫⎡ ⎤ ⎛ ⎞= − − − − − −⎨ ⎬⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎩ ⎭
.  

   (2.250) 

For axis-symmetric vertical developed flow in cylindrical pipe we have simply 

( ),
L L c

cd r d c cd d c
w

f c w w
r

∂
α ρ

∂
= − − .    (2.251) 

Staffman (1965, 1968) derived for negligible particle rotation, negligible particle
cle Reynolds number and small gradients of the continuum velocity the analytical 
expression for the shear lift force 

1/ 2
1/ 2 2

21 2 13.084L dwc D
dr

ν
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

.     (2.252) 

Inside the boundary layer of bubbly flow having 1 2w w>  and 2 0w r∂ ∂ <  the lift 
force is ascertaining force for the bubbles toward the wall. Note that the spatial 
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resolution in discrete analyses has to be fine enough in order to accurately com-
pute the rotation of the continuous velocity field. Bad resolution like those used in 
the so called sub-channel analyses produces only useless noise that makes the use 
of this force meaningless. 
 

Mei (1992) proposed an expression that can be used for larger particle Reynolds 
numbers 

1/ 2
1/ 2 2

21 2 1 3.084L dwc Mei D
dr

ν
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

,    (2.253) 

where 

( ) ( )1/ 2 1/ 2
121 0.3314 exp 0.1Re 0.3314Mei β β= − − + ,   12Re 40≤ , (2.254) 

( )1/ 2
120.0524 ReMei β= ,   12Re 40> ,    (2.255) 

and  

12 12 1 2Re w D ν= Δ ,       (2.256) 

1 2

2 1

2D dw
w w dr

β =
−

.       (2.257) 

In a later work Klausner et al. (1993) found that the lift force on a bubble attached 
to a wall can be computed using 

( )1/ 43/ 2 2 2
21 12

16 3.877 0.014 Re
3

−= +Lc β β ,    (2.258) 

which is valid for larger Reynolds numbers then previous relation. In a later work 
Mei and Klausner (1995) proposed to use interpolation between the Stafman’s re-
sults for small Reynolds numbers and Auton’s results (1987), for large Reynolds 
numbers: 

1/ 22

12
21 1/ 2 1/ 2

12

1.72 2 Re3 16
98 Re

L J
c

β
β

β

⎧ ⎫⎡ ⎤⎪ ⎪= + ⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

,   (2.259) 

( ){ }10 120.6765 1 tanh 2.5 log 2 Re 0.191J β⎡ ⎤= + +⎣ ⎦  

( ){ }10 120.667 tanh 6 log 2 Re 0.32β⎡ ⎤× + −⎣ ⎦ .   (2.260) 
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They are other expression for the lift force on a single bubble. Tomiyama et al. 
(2002) measured trajectories of single bubbles in simple share flows of glycerol-
water solution. They obtained the following empirical correlation: 

( ) ( )21 12 1min 0.288 tanh 0.121Re ,  L
mc f Eö= ⎡ ⎤⎣ ⎦    for   1 4mEö < , (2.261) 

( ) 3 2
21 1 1 1 10.00105 0.0159 0.0204 0.474L

m m m mc f Eö Eö Eö Eö= = − − +  (2.262a) 

for   14 10.7mEö≤ ≤ ,   

21 0.29Lc = −  for 110.7 mEö< ,     (2.262b) 

based of experiments within the region of parameters defined by 
11.39 5.74mEö≤ ≤ , 10 125.5 log 2.8Mo− ≤ ≤ − , and 1

20 8.3s−< ∇× ≤V . The lift 
coefficient varied in this region between about 0.3 and -0.3. Here a modified Eöt-
vös and Morton numbers are used build with the horizontal bubble size 

( ) 2
1 2 1 1,max 12mEö g Dρ ρ σ= − ,     (2.263) 

( ) ( )4 2
12 2 1 2 2 12Mo g ρ ρ η ρ σ= − .     (2.264) 

The aspect ratio of the bubble is computed by using the Wellek et al. (1966) 
correlation 

0.757
1,max 1,min 11 0.163 mD D Eö= + .     (2.265)  

The lift coefficient for a bubble with diameter 3mm in an air-water system in
Tomiyama et al. correlation equal to 0.288. Zun (1980) per-

formed a measurements and estimated a value for small bubbles of about 0.3. 
Naciri (1992) experimentally measured the lift coefficient of a bubble in a vortex 
to be 0.25.  

It should be emphasized that the above reviewed considerations are for single 
object in the share flow. The presence of multiple objects in the share flow is 
found to influence this force too. 

The importance of the findings by Tomiyama et al. (2002) is in the observa-
tion that for large bubbles the lift force changes the sign. Krepper et al. (2005) 
observed experimentally that in vertical bubbly flow the void profile is depend-
ing on the bubble size spectrum. For spectrum with predominant small size bub-

accordance with 

Moranga, Bonetto and Lahey (1999) proposed  

12 2 12 2
21 4 7

Re Re Re Re
0.12 0.2exp exp

36 10 3 10
L rot rotc

⎡ ⎤⎛ ⎞ ⎛ ⎞= − −⎢ ⎥⎜ ⎟ ⎜ ⎟× ×⎝ ⎠ ⎝ ⎠⎣ ⎦
 

where ( ) 2
2 2 1Re rot rot D= V  and 2rotV  is the local vorticity  e.g. 2dw dr  in 

axially symmetric flow, see also Lahey and Drew (2001). This equation possesses 
a sign inversion at large Reynolds numbers. For bubbly flow of atmospheric con-
ditions the order of magnitude of the lift coefficient is around 0.1. 

2ν
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bles a wall void peaking is observed. The level of the wall peaking depends of 
the turbulence in the liquid and on the stagnation pressure force. For spectrums 
having predominant large bubbles the central void packing is observed. This ef-
fect was reproduced by Krepper and Egorov (2005) by using lift force applied on 
multiple groups with 21 0.05Lc =  for 1 0.006D m<  and 21 0.05Lc = −  for 

1 0.006D m≥ . The improvement was considerable going from 1 to 2 groups. 
None substantial change was reported if more then 8 size groups are used. 
 

Using a combination of the radial liquid and gas momentum equations 

( ) ( ) ( )
( ) ( )2 2

1 22
1 2

1
1 *

*

r

R

u v
p r p R u dr

r

α ρ
α ρ

′ ′− −
′= − − − ∫  .  (2.266) 

and the measured fluctuation velocities in the radial and in the azimuthally direc-
tion Wang et al. (1987) explained why for upwards flows the bubble peaking is 
observed close to the wall. Later it was found that this is valid for bubbles with 
small sizes. Close to the wall the authors observed that a) the velocity gradient has 
a maximal, b) the velocity fluctuations have maximum and c) the static pressure 
has a minimum. Using the radial momentum equations for gas and liquids  

( )1 1 1, 1 1, 21
1 1 0L

rr
p d r f
r r dr r θθα α τ α τ∂

− + − + =
∂

,   (2.267) 

( ) ( ) ( )1 1 2, 1 2, 21
1 11 1 1 0L

rr
p d r f
r r dr r θθα α τ α τ∂

⎡ ⎤− − + − − − − =⎣ ⎦∂
, (2.268) 

it is possible to estimate the radial pressure distribution and the lift force, know-
ing from measurements the void and the velocity profiles with their fluctuations 

1, 0rrτ ≈ 1, 0θθτ ≈ , 2
2, 2 2rr uτ ρ ′= − , 2

2, 2 2vθθτ ρ ′= − . This is the approach used by 
Wang et al. to gain expression for the lift force in bubbly flow based on groups 
of variables that are coming from the theory for the lift force on a single object. 
Wang et al. introduced the influence of the local volume fraction into the lift  
coefficient 

( ) 1
21

0.49 log 9.31680.01 cot
0.1963

Lc ξξ
π

− +
= + ,   (2.269) 

as a function of  

( )
2 2

1 1
1

12 12

1exp 2
Rehyd

D w
D w

ξ α β
∞

⎛ ⎞ ⎛ ⎞
= − ⎜ ⎟ ⎜ ⎟⎜ ⎟ Δ⎝ ⎠⎝ ⎠

,     (2.270) 

where  

( )1/ 4
12 21.18w gσ ρ∞Δ = .     (2.271) 
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This coefficient varies within 0.01 and 0.1 in accordance to the Wang’s et al. data. 
The disadvantage of this approach is that due to the dependence ( )hydDξ ξ=  the 
correlation is depending on one global geometry characteristic and can not be ap-
plied locally. 

For a down flow of buoyant bubbles the lift-force is directed toward the center 
of the pipe. As a result no wall peaking of the void fraction is experimentally ob-
served in turbulent bubbly flow. The level of the wall peaking depends of the tur-
bulence in the liquid and on the stagnation pressure force. 
 
Conclusions: (a) The spatial resolution in finite volume analyses has to be fine 
enough in order to accurately compute the rotation of the continuous velocity 
field. Bad resolution like those used in the so called sub-channel analyses pro-
duces only useless noise that makes the use of this force meaningless. (b) There is 
no method known to me that is based on local conditions and that allows taking 
into account the effect of multiple objects on the lift force. (c) The other problem 
is that small bubbles will probably rotate and the application of lift force derived 
for non-rotating objects in share flows is questionable. (d) Heavy solid particles 
carried by gas are rather subject of lift force because they hardly will take the rota-
tion of the surrounding continuum.  

405"Xktvwcn"ocuu"hqteg"

Consider the integral defined by Eq. (2.161) taken over the first term of Eq. (2.160) 

( )vm vm
d d c d cd d cdc ∂α ρ

∂τ
⎡ ⎤= − Δ + ⋅∇ Δ⎢ ⎥⎣ ⎦

f V V V ,   (2.272) 

where the subscripts c and d mean continuous and disperse, respectively. The 
force vm

lf  is the virtual mass force per unit mixture volume. Here the virtual mass 
coefficient is 1 2vm

mlc = . The general form of the virtual mass force with the accu-
racy of an empirical coefficient was proposed first by Prandtl (1952), Lamb  
(1945) and Milne-Thomson (1968) in the same form. The scalar force components 
in Cartesian and in cylindrical coordinates are 

( ) ( )

( ) ( )
,

1

c d d c d

vm vm
d r d c d

d c d d c d

u u u u u
r

f c

v u u w u u
r zκ

∂ ∂
∂τ ∂

α ρ
∂ ∂
∂θ ∂

⎧ ⎫− + −⎪ ⎪
⎪ ⎪

= − ⎨ ⎬
⎪ ⎪
⎪ ⎪+ − + −
⎩ ⎭

,  (2.273) 
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( ) ( )

( ) ( )
,

1

c d d c d

vm vm
d d c d

d c d d c d

v v u v v
r

f c

v v v w v v
r z

θ

κ

∂ ∂
∂τ ∂

α ρ
∂ ∂
∂θ ∂

⎧ ⎫− + −⎪ ⎪
⎪ ⎪

= − ⎨ ⎬
⎪ ⎪
⎪ ⎪+ − + −
⎩ ⎭

,  (2.274) 

( ) ( )

( ) ( )
,

1

c d d c d

vm vm
d z d c d

d c d d c d

w w u w w
r

f c

v w w w w w
r zκ

∂ ∂
∂τ ∂

α ρ
∂ ∂
∂θ ∂

⎧ ⎫− + −⎪ ⎪
⎪ ⎪

= − ⎨ ⎬
⎪ ⎪
⎪ ⎪+ − + −
⎩ ⎭

. (2.275) 

The virtual mass force is experienced by the body as if it had an additional mass 
during its translation relative to the continuum. This explains the other name used 
for this force, added mass force. For larger particle concentrations, vm

dc  is a func-
tion of lα .  

Lamb (1945) computed the virtual mass coefficient for a partials in potential 
flow with ellipsoidal shape defined by  

2 2 2

1
x y z

x y z
R R R

+ + = ,      (2.276) 

where the lengths of the principle axis are xR , yR  and zR , and the relative veloc-
ity is parallel to the x-axis as follows 

0

02
vm
cd

a
c

a
=

−
,       (2.277) 

( ) ( )( )( )0
2 2 2 2

0
x y z

x x y z

da R R R
R R R R

λ

λ λ λ λ

∞

=
+ + + +

∫ .  (2.278) 

Bournaski (1992) evaluated some values as given in Table 2.1. 
 
For single ellipsoid bubble with axis aspect ratio χ  

( )
( )

1/ 22 1 1

21 1/ 21 1 2 2

1 cos

cos 1
vmc

χ χ

χ χ χ

− −

− −

− −
=

− −
,   van Wijngaarden (1998). (2.279) 
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Table 2.3. Virtual mass coefficients for an ellipsoid 

Translation parallel to axis 
x y z 

Shape of particles 

,
vm
cd xc  ,

vm
cd yc  ,

vm
cd zc  

x y zR R R= = , sphere 1/2 1/2 1/2 

2x y zR R R= = , rotary ellipsoid 0.704 0.704 0.210 

3x y zR R R= = , rotary ellipsoid 0.803 0.803 0.122 

4x y zR R R= = , rotary ellipsoid 0.859 0.859 0.081 

( )2 3 2x y zR R R= = , unrotary ellipsoid 0.936 0.439 0.268 

2 4x y zR R R= = , unrotary ellipsoid 1.516 0.398 0.126 

 
Lance and Bataille (1991) reported experiments showing that for 5mm deforming 
bubble the virtual mass coefficient is in the region: 211.2 3.4vmc< < . For family of 
spherical bubbles:  

( )21 1
1 1 2.78
2

vmc α= + ,      (2.280) 

dilute bubble dispersion, interaction between two equally sized bubbles, van 
Wijngaarden (1976);  

1
21

1

1 21
2 1

vmc
α
α

+
=

−
,       (2.281) 

no interaction with the neighboring bubbles, Zuber (1964);  

( )21 1
1 1 3
2

vmc α= + , 0α → ,      (2.282) 

Zuber (1964);  

( )21 1
1 1 3.32
2

vmc α= + ,       (2.283) 

analogy to thermal conductivity in composite material, Jeffrey (1973);  

( )21 1
1 1 1.98ln 0.62
2 2

vmc α⎡ ⎤= − −⎢ ⎥⎣ ⎦
,    (2.284) 

approximation for 1 0.35α ≤ , Biesheuvel and Spoelstra (1989). Kendoush (2006) 
considered the separation of the velocity profile around a single sphere and ob-
tained a virtual mass coefficient depending on the separation angle. 
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Latin 
 

1wa  gas-wall interfacial area densities, 1/m 

2wa  liquid-wall interfacial area densities, 1/m 

12a   gas-liquid interfacial area densities, 1/m 
b bubble breadth (major axis), m  

L
cdc  lateral or lift force coefficient for the force acting on the dispersed field d 

which is submerged into the continuous field c, dimensionless 
vm
dc  virtual mass force coefficient for the force acting on the dispersed field d 

which is submerged into the continuous field c, dimensionless 
d
cdc  dispersed phase drag coefficient due to continuum action, dimensionless 

21
dc  bubble drag coefficient due to liquid action, dimensionless 

13
dc  particle drag coefficient due to gas action, dimensionless 

23,
d

nbc   particle drag coefficient due to liquid action measured for non-boiling 
condition, dimensionless 

13
vm

oc  single particle virtual mass coefficient due to gas action, dimensionless 

23
vm

oc  single particle virtual mass coefficient due to liquid action, dimensionless 

13
d

oc  single particle drag coefficient due to gas action, dimensionless 

23
d

oc  single particle drag coefficient due to liquid action, dimensionless 

13
vmc  13(1 ) vm

ocφ= − , particles virtual mass coefficient due to gas action, dimen-
sionless 

23
vmc  23

vm
ocφ= , particles virtual mass coefficient due to liquid action, dimen-

sionless 

13
dc  13(1 ) d

ocφ= − , particles drag coefficient due to gas action, dimensionless 

23
dc  23

d
ocφ= , particles drag coefficient due to liquid action, dimensionless 

1
d
wc  gas drag coefficient due to wall-gas interaction, dimensionless 

2
d
wc  liquid drag coefficient due to wall-gas interaction, dimensionless 

dD  dispersed particle diameter, m 

1D  bubble diameter, m 

3D  particle diameter, m 

1hD  hydraulic diameters for the gas, m 

2hD  hydraulic diameters for the liquid, m 
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12hD  hydraulic diameter for computation of the gas friction pressure loss com-
ponent in a gas-liquid stratified flow, m 

Eo 2
1( / )RTD λ= , Eötvös number, dimensionless 

1mEö  ( ) 2
2 1 1,max 12: g Dρ ρ σ= − ,  Eötvös number build with the horizontal bub-

ble size, dimensionless 
F channel cross section, m² 

L
lf  lateral or lift force acting on field l, N/m³ 
L

cdf  ( ) ( ): L
d c cd d c ccα ρ= − − × ∇×V V V , lateral or lift force acting on the dis-

persed field d which is submerged into the continuous field c, N/m³ 
vm
df  ( ): vm

d c d cd d cdc ∂α ρ
∂τ
⎡ ⎤= − Δ + ⋅∇ Δ⎢ ⎥⎣ ⎦

V V V , lateral or virtual mass force act-

ing on field d, N/m³ 
1wf  gas resisting force between wall and gas per unit flow volume, N/m³ 

2
d
wf  film resisting force between wall and film per unit flow volume, N/m³ 

21
df  bubble force per unit flow volume due to liquid-gas interaction, N/m³ 

13
df  particle force per unit flow volume due to liquid-gas interaction, N/m³ 

h bubble high (minor axis), m 

Mo 
22

21 2

2

g ρ η
σ ρ σ

⎛ ⎞Δ
= ⎜ ⎟⎜ ⎟

⎝ ⎠
, Morton number, dimensionless 

12Mo  ( ) ( )4 2
2 1 2 2 12: g ρ ρ η ρ σ= − , Morton number build with the horizontal 

bubble size, dimensionless 
wPer  perimeter of the rectangular channel, m 

1wPer  wetted perimeters for the gas, m 

2wPer  wetted perimeters for the liquid, m 
p pressure, Pa 

xR , yR , zR  lengths of the principle axis of an ellipsoid bubble, m 

12Re  1 2 12 2: /D wρ η= Δ , Reynolds number for a single bubble based on bubble-
liquid relative velocity, dimensionless 

Re 1 2 12 2/D Vρ η= Δ , Reynolds number for a single bubble, dimensionless 

13Re  ( )1 1 1 3 3 3 1/hw w Dα ρ α ρ η= + , core Reynolds number, dimensionless 

1Re  1 1 1/hw Dρ η= , gas Reynolds number, dimensionless 

2Re  2 2 2/hw Dρ η= , liquid Reynolds number, dimensionless 

Ta 12 1

RTRT

V D
g λλ
Δ

= , dimensionless 

Vwake  velocity behind a solid particle, m/s 
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V velocity vector with components u, v, w in x, y, z (or r,  θ , z) directions, 
respectively, m/s 

1V  gas velocity, m/s 

2V  liquid velocity, m/s 

3V  droplet velocity, m/s 

31w ∞  particle sink velocity in gas, m/s  

32w ∞  particle sink velocity in liquid, m/s 

1w  axial gas velocity, m/s 

2w  axial liquid velocity, m/s 
w2i axial liquid film interface velocity, m/s 
z axial coordinate, m 
 
Greek 
 

dα  particle volume fraction, dimensionless 

dmα  volume concentration of the disperse phase and the maximum packing, 
dimensionless 

3α  particle volume fraction, dimensionless 
*
2effα  effective saturation, dimensionless 

β  1 2

2 1

2
:

D dw
w w dr

=
−

, parameter in the lift force correlations, dimensionless 

γ  surface permeability - flow cross section divided by the overall cross sec-
tion, dimensionless 

∇  gradient 
cdV∇  velocity difference continuous minus disperse, m/s 

13V∇  velocity difference gas minus particle, m/s 
τΔ  time interval, s 

∂  partial differential 
δ  location, m 

1Fδ  film thickness, m 
φ  2 1 2/( )α α α= + , liquid volume fraction inside the gas liquid mixture 

within the three fluid mixture, dimensionless  

RTλ  [ ]1/ 2
21/( )gσ ρ= Δ , Rayleigh-Taylor instability wavelength, m 

mη  effective continuum viscosity, kg/(ms) 
*η  viscosity coefficient, dimensionless 

dη  dispersed phase dynamic viscosity, Pa s 

cη  continuum dynamic viscosity, Pa s 
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k k t
1
1

1,   viscous and turbulent permeability coefficients, respectively, dimen-
sionless 

,fr wlλ  friction coefficient, dimensionless 

3μ  field 3 mass generation per unit mixture volume, kg/(sm³) 

1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/m³ 

3ρ  particle density, kg/m³ 

2σ   liquid-gas surface tension, N/m 
τ  time, s 

,l xyτ  share stress, force acting in y-direction per unit surface perpendicular to 
x-direction, N/m² 

aτ  time at the old time level, s 

2wτ  liquid share stress caused by the wall friction, N/m² 

1wτ  gas share stress caused by the wall friction, N/m² 

12τ  2
21 1 1

1
2

dc Vρ= , gas side interfacial share stress at the liquid interface, N/m² 

23θ   wetting contact angle between the liquid and particles, rad 
 
Subscripts 
 
c  continuous 
d  dispersed 
r  in r-direction 
θ   in θ -direction 
z  in z-direction 
min  minimum 
max  maximum 
hyd  hydraulic 
 
Superscript 
 
´  fluctuation component 
vm  virtual mass force 
d  drag 
L  lift 
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Achenbach E (1993) Heat and flow characteristics of packed beds, Experimental Heat 
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The drag force acting on the velocity field that is in contact with the wall can be 
calculated in different ways. One of them is to model the two-dimensional flow 
with fine resolution of the boundary layer, then to differentiate the velocity profile 
of the field being in a contact with the wall, and finally to compute the tangential 
stress at the wall. Due to the complexity of the flow pattern this is difficult to do 
for all of them. That is why empirical methods are commonly used for practical 
applications.  
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The friction pressure loss computation for multi-phase flows uses the knowledge 
from the single-phase flow as a prerequisite. The pressure drop per unit length in a 
straight pipe with hydraulic diameter Dh, roughness k and length zΔ  is 

1
2

R

hR

dp V V
dz D z

λ ξρ
⎛ ⎞⎛ ⎞ = +⎜ ⎟⎜ ⎟ Δ⎝ ⎠ ⎝ ⎠

,     (3.1) 

where 

(Re / , / )R R h hVD k Dλ λ ρ η= =      (3.2) 

is the friction pressure loss coefficient.  
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For technical roughness the Nikuradze diagram, Fig. 3.1, given in Idelchik's text 
book (1975), is recommend.  
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Fig. 3.1 Nikuradze diagram for uniform grain roughness, Idelchik's (1975): Friction co-
efficient for internal pipe flow as a function of the flow Reynolds number. Parameter: 
roughness 

The analytical approximations of this diagram are given below. First the minimum 
of Rλ  is defined for k = 0 as follows: 

(a) For laminar flow i.e. Re < 2300 the Hagen and Poiseuille law is valid 

64 /R Reλ = .       (3.3) 

(b) For the intermediate region, 2300 < Re < 2818, an interpolation between the 
Hagen and Poiseuille and the Altshul formula  

2.6670.028( / 2300)R Reλ = ,     (3.4) 

is necessary. 
(c) For the turbulent region the Altshul formula  

( ) 21.8log 1.64R Reλ −
= − ,     (3.5) 

is recommend. For the case of k > 0 four Reynolds numbers are computed in order 
to define different regions of the Nikuradze diagram 

0.0065/( / )
0 754 hk DRe e= ,      (3.6) 

0.11

1 1160 hDRe
k

⎛ ⎞= ⎜ ⎟
⎝ ⎠

,      (3.7) 
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0.0635

2 2090 hDRe
k

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 ,     (3.8) 

3 560 /hRe D k= .      (3.9) 

The following approximations are recommended for the four regions of the Niku-
radze diagram: 

 

(a) For Re < Re0 or Re0 > Re1, use the Hagen and Poiseuille formula; 
(b) For Re0 < Re < Re1, use the Samoilenko formula 

( )0.00275 /0.5954.4 / Re hD k
R eλ = .     (3.10) 

(c) For Re1 < Re < Re2, interpolation between 2Rλ  and 3Rλ   is used 

( ) 2
20.0017 Re Re

3 2 3( ) /R R R R eλ λ λ λ ⎡ ⎤−⎣ ⎦= + − ,    (3.11) 

where for k/Dh < 0.007 

1 0.032,Rλ =        (3.12) 

0.643
2 27.244 / ,R Reλ =       (3.13) 

3 1,R Rλ λ=        (3.14) 

and for k/Dh 0.007≥  

1Rλ  = 0.0775 - 0.019/(k/ Dh)0.286,    (3.15) 

0.244
2 0.145( / ) ,R hk Dλ =      (3.16) 

3 1 0.0017.R Rλ λ= −       (3.17) 

(d) For Re2 < Re < Re3 the Colebrook and Witte formula is recommended 

( )1 1 18.71.74 2 log 2 / h
R R

k D
Reλ λ

⎡ ⎤
= − +⎢ ⎥

⎢ ⎥⎣ ⎦
.   (3.18) 

One can avoid the solution of the above equation with respect to Rλ  by using the 
following approximation 

2 2( / ) ,n
R R Re Reλ λ=       (3.19) 

where 

( ) [ ]3 2 3 2log / / log( / )R Rn Re Reλ λ⎡ ⎤= ⎣ ⎦ ,    (3.20) 

and 



86      

0.643
2 27.244 /R Reλ =    for   / 0.007hk D < ,   (3.21) 

( )0.244
2 0.145 /R hk Dλ = .     (3.22) 

Haland (1983) proposed a very accurate explicit replacement of the Colebrook 
and Witte formula 

1.11
1 6.91.8log

3.7 hR

k
Re Dλ

⎡ ⎤⎛ ⎞
⎢ ⎥= − + ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.    (3.18b) 

which agrees with it to within 1.5%±  for 84000 Re 10≤ ≤  and / 0.05hk D ≤ . 

(e) For Re > Re3 the Prandtl - Nikuradze formula is recommended, 

[ ]21/  1.74 2 log(0.5 / )R kD kλ = + .    (3.23) 

Note that turbulent pipe flows with strong density variation across the boundary 
layer may change the pressure drop due to friction. For supercritical fluids in 
heated channels the density in the boundary layer is smaller then the density in the 
bulk resulting in reduction of the pressure drop,  

( ) ( ) 0.4

,R R isotherm wall wall bulk bulkT Tλ λ ρ ρ⎡ ⎤= ⎣ ⎦ , 

Kirilov et al. (1990). This correlation is valid for 1.016 1.22crp p = ÷ , 
4 6Re 8 10 1.5 10= × ÷ × . 
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For turbulent single phase flow in annular channels the information for circular 
pipes can be used by modifying the effective velocity as proposed by Hartnett et 
al. in 1962, 

( )

2
2

2

1 11
ln1

eff
rw w r
rr

⎛ ⎞−
= + +⎜ ⎟

− ⎝ ⎠
.    (3.24) 

Here in outr D D=  is the ration of the inner and outer diameters. 
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Rehme’s equivalent annular zone: If a rod is in a bundle of infinite number of par-
allel equidistant rods, a factious zone can be extracted building a channel at which 
outer boundary the share stress is zero.  In this case again the ration of the inner 
and outer diameters in outr D D=  gives information about the non-homogeneity 

3 Friction pressure drop 
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velocity profile. For laminar flow Rehme found analytical solution of the Poison 
equation in 1971 

Refr Rmλ = ,       (3.25) 

where the Rehme’s number is 

( )32

4 2 2

64 1

3 4 4 ln 1

r
Rm

r r r r

−
=

− − +
,     (3.26) 

Eq. (26) in 1973. For the same case and turbulent flow Rehme obtained 

*8 2.5ln Re 5.5
8

fr

fr

G
λ

λ

⎛ ⎞
⎜ ⎟= + −
⎜ ⎟
⎝ ⎠

,    (3.27) 

where 

( )* 3.966 1.25 2.5ln 2 1
1

rG r
r

+
= + +⎡ ⎤⎣ ⎦+

,    (3.28) 

Eq. (31) in 1973. For infinite number of rods with diameter rodD  with axis to axis 
distance (pitch) triangp  in a bundle the ratio r for triangular arrangement is 

2 3triang

rod

p
r

D π
= ,      (3.29) 

and for square arrangement 

2trans

ror

p
r

D π
= .      (3.30) 

The dependence on P/D can be farther simplified for specific cases, e.g. for trian-
gular rod bundles of infinite extension 

( ),/ 1.045 0.071 / 1fr fr pipe triang rodp Dλ λ = + −    for   4Re 10= , (3.31) 

( ),/ 1.036 0.054 / 1fr fr pipe triang rodp Dλ λ = + −    for   5Re 10= . (3.32) 
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3.2.4.1 Integral approach 

Rod bundles are used as design geometry for generating heat in nuclear reactors. 
Voj and Scholven (1974) demonstrated that the hydraulic diameter is not the only geometry 
parameter influencing the pressure drop. The particular arrangement is of great importance. 
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Square and triangle arrangements are most popular. An example haw the pressure 
drop for triangular bundles deviates from the Hagen and Poiseuille and Blasius  
lows is given below triangle rod arrangement in a bundle with the following char-
acteristics: rod diameter 6mm, distance between the rod axes 7.9mm, distance be-
tween the rod axes and the wall 7.6mm, distance between the internal parallel 
walls of the shroud 105mm, flow cross section 4745mm², wetted perimeter 
3547mm and hydraulic diameter 5.351mm. 

140 Refrλ =    ( 64 Refrλ = , Hagen and Poiseuille) for Re 2300≤ , (3.33) 

0.3030.590 Refrλ =    ( 0.250.316 Refrλ = , Blasius) for Re 2300> . (3.34) 

This represents the cross section averaged pressure drop. The particular axial 
pressure drop in subchannels is different depending on their lateral position even 
at the same hydraulic diameters of the subchannels. This is an indication for the 
limitation of any subchannel analyses. Rehme (1968) found for the same bundle but 
with a distance between the rod axes and the wall 7.71mm that in the turbulent re-
gion the data are close to the Blasius correlation. 

Laser Doppler anemometer measurements in triangle rod arrangement in a bun-
dle with the following characteristics: 127-rods with diameter 9.1mm and length 
2.44m, distance between the rod axes 12.2mm, distance between the rod axes and 
the wall 6.65mm, distance between the internal parallel walls of the shroud 
140mm, flow cross section 8714mm², wetted perimeter 4116mm, hydraulic

s with 10mm high are reported by 
 and Gang in (33). The overall pressure loss friction coefficient in the 

Cheng and Todreas (1986) reported subchannel friction factors for hex-
agonal rod bundles given in the following table. 
 

( ) ( )2

1 2 3/ 1 / 1fr triang rod triang rodc c p D c p Dλ = + − + −  

Pitsch/ 
Diameter 

Flow  
regime 

Subchan-
nel type 

1c  2c  3c  

1 / 1.1triang rodp D≤ ≤  laminar interior 26 888.2 –3334 

  edge 26.18 554.5 –1480 
 turbulent interior 0.09378 1.398 –8.664 
  edge 0.09377 0.8732 –3.341 
1.1 / 1.5triang rodp D≤ ≤  laminar interior 62.97 216.9 190.2 

  edge 44.4 256.7 –267.6 
 turbulent interior 0.1458 0.03632 –0.03333 
  edge 0.1413 0.04199 – 0.04428 

diameter 8.469mm and 11 honeycomb spacer
Lestinen
turbulent region was between 21 and 16. 

3 Friction pressure drop 
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The boundary between laminar and transition flow and between transition and 
turbulent are given by the authors 

( ) ( )10log Re 300 1.7 / 1lam triang rodp D= − ,    (3.35) 

( ) ( )10log Re 10000 0.7 / 1turb triang rodp D= − .   (3.36) 

Inside the transition region the friction coefficient is 

( )1/ 3 1/ 3
, ,1fr fr lam fr turbλ λ λ= −Ψ + Ψ ,    (3.37) 

where 

10 10

10 10

log Re log Re
log Re log Re

lam

turb lam

−
Ψ =

−
.     (3.38) 

3.2.4.2 Subchannel approach by Klaus Rehme 

Since 1960 flows in bundles are analyzed as consisting of several parallel flows in 
the so called parallel subchannels which if collected together represent the flow 
space inside the bundle. An approximation for computing a single phase pressure 
drop in a bundle for flow with constant density can be derived by recognizing that 
the pressure drop over length zΔ  is common for all parallel channels 

22

,
,

1 1
2 2

i
fr fr i

h i h i

mm z zp
F D F D

λ λ
ρ ρ

⎛ ⎞Δ Δ⎛ ⎞Δ = = ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

.   (3.39) 

Here the mass flow trough a single channel 

,

,

fr h ii

i fr i h

Dm m
F F D

λ
λ

= ,      (3.40) 

is a function of the cross sections iF , hydraulic diameter ,h iD and friction factor 

,fr iλ of the channel. Recognizing that the total mass flow is the sum of the sub-
channel mass flows 

max

1

i

i
i

m m
=

= ∑ ,       (3.41) 

the relation for the effective friction coefficient 

max
,

1 ,

1 1i
h ii

i hfr fr i

DF
F Dλ λ=

= ∑ ,     (3.42) 
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is easily obtained by Rehme (1973) and used by many authors later (see for in-
stance Wilkie (1980)). For laminar flow using the Stokes relation  

,
,

64
fr i

h ii

i

Dm
F

λ

η

= ,      (3.43) 

and after some rearrangement Rehme obtained 

Refr Rmλ = ,       (3.44) 

where the Rehme’s factor  

max
2

,

1

64
i

h i i

i h

Rm
D F
D F=

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

∑
,      (3.45) 

Eq. (25) in 1973, is only dependent on the geometry. For turbulent flow Rehme 
uses the Maubach’s correlation for friction coefficient (1970) in the form 

,8 2.5ln 5.5
2 8
h i i i

i
i

D w
G

λ
λ ν

⎛ ⎞
= + −⎜ ⎟⎜ ⎟

⎝ ⎠
,    (3.46) 

which is based on the validity of the Nikuradse’s velocity profile at the wall [44]. 

Here ,max

,

i i
i

w i

w w
G

τ ρ

−
=  characterizes the heterogeneity of the velocity profile de-

pending on the channel geometry ( 3.966iG =  for Re  < 106). In terms of the bun-
dle Reynolds number the equation reads 

3/ 2
,

,

8 12.5ln Re 5.5
8 2

fr h i
i

fr i h

D
G

D
λ

λ

⎡ ⎤⎛ ⎞
⎢ ⎥= + −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.   (3.47) 

After replacing in the definition equation for the effective friction factor Rehme 
obtained the very interesting expression 

*8 2.5ln Re 5.5
8

fr

fr

A G
λ

λ

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟= + +

⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
,    (3.48) 

in which 

max
,

1

i
h ii

i h

DF
A

F D=

⎛ ⎞
= ⎜ ⎟⎜ ⎟
⎝ ⎠
∑ ,      (3.49) 

3 Friction pressure drop 
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max
3 / 2

, ,*

1

12.5ln
2

i
h i h ii

i
i h h

D DF
G G

F D D=

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥= −⎨ ⎬⎜ ⎟
⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

∑ ,   (3.50) 

are geometric factors only. Rehme demonstrated then that ( )A f Rm=  and 

( )*G Rm  only. This approach is verified by comparison with very large data base 
for variety of channel forms. 

50407"Etquu"hnqy"kp"tqf"dwpfngu"

Two types of arrangement are usually considered in the technology (a) in-line ar-
rangement and staggered arrangement with the narrowest cross section perpen-
dicular to the flow direction and (b) staggered arrangement with the narrowest 
cross section along the diagonal, defined by the following geometrical scales: 

/trans roda p D= , relative transverse (lateral) spacing (square arrangement), 
/long rodb p D= , relative longitudinal spacing (square arrangement) and 

( )2 2/ 2triang rodc p D a b= = + , relative diagonal spacing (triangle arrangement). 

The velocity varies across the bundle. Therefore two characteristic velocities are 
usually selected for description of the pressure drop: the undisturbed velocity 

undisturbedw  (as flow occupies the channel without rods) and the maximum velocity 
is the velocity at the minimum cross section 

( )max 2 1 undisturbed
aw w

c
=

−
.      (3.51) 

The hydraulic diameter is 

4 4 1
 sh rod

Vol abD D
wetted urface π

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

,    (3.52) 

For equidistant triangular arrangements 3 2long transp p=  and 

2 22 3 triang rod
h

rod

p D
D

D
π

π
−

= .     (3.53) 

Over the distance xΔ ,  

longN x p= Δ         (3.54) 

rods are placed. Gunter and Shaw  proposed in 1945 to use a correlation for com-
putation of the pressure drop per single row and then to multiply the result by the 
number of transversal rows 
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2
max

1
2

p w Nζ ρΔ = .      (3.55) 

The single row pressure drop coefficient is found to be 
0.4

,

Re
h w

m
rodx

Db
D

ζ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,      (3.56) 

where 

max /x hRe D wρ η= ,      (3.57) 

b = 180, m = 1 for laminar flow, b = 2.26, m = 0.145 for turbulent flow. 
Dwyer et al. (1956) p. 1845 performed measurements for single phase flow in 

triangular array up to maxRe rodw Dρ η=  < 610  and found  

( )
0.151.08

1.23 0.11 / 1 Retriang rodp Dζ ⎡ ⎤= + −⎢ ⎥⎣ ⎦
.   (3.58) 

Böttenbach (1975) p. 233 modified the Dwyer’s friction coefficient by using data 
of several authors to  

( )
0.178381.0788

1.35156 0.49244 / 1 Retriang rodp Dζ ⎡ ⎤= + −⎢ ⎥⎣ ⎦
.   (3.59) 

The correlation is reported to reproduce the available data for staggered arrange-
ment with maximum deviation of 29± %. Subbotin et al. (1975) reported data for 
cross flows over triangular rod arrangement. They correlated their data with 

( )50 Re 1triang rodp Dζ ⎡ ⎤= −⎣ ⎦    for laminar flow, ( )Re 1 40triang rodp D − ≤ , 

        (3.60) 

( ) 0.25
3 Re 1triang rodp Dζ ⎡ ⎤= −⎣ ⎦    for turbulent flow, ( )Re 1 40triang rodp D − > . 

        (3.61) 

Gaddis and Gnielinski (1985) reproduced a data base consisting of about 2500 
points for 5N ≥  within an error band of 35% with the correlations stet given be-
low. For laminar flow, Re 10≤ , the pressure loss coefficient is 

,

Re
lam w lam

lam

c c
ζ = 25± %,     (3.62) 

where for type a) arrangement 

( )
( )

20.5

1.6

280 0.6 0.75

4lam

b
c

ab a

π

π

⎡ ⎤− +⎢ ⎥⎣ ⎦=
−

,    (3.63) 

3 Friction pressure drop 
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and for type b) arrangement 

( )
( )

20.5

1.6

280 0.6 0.75

4lam

b
c

ab c

π

π

⎡ ⎤− +⎢ ⎥⎣ ⎦=
−

.    (3.64) 

For turbulent flow, Re 10000> , the authors obtained for type a) 

( )
( )

( ) ( )( )
0.6

0.47 / 1.5,
0.1 / 1.3

1 0.94
0.22 1.2 10 0.03 1 1

Re 0.85
b aw turb

turb b a

c b
a b

a
ζ −

⎧ ⎫⎡ ⎤−⎪ ⎪= + + − −⎢ ⎥⎨ ⎬
−⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

, 

        (3.65) 
and for type b)  

( ) ( ) ( )1.06 3 3,
0.25 2.5 1.2 0.85 0.4 1 0.01 1

Re
w turb

turb

c
a b a a bζ ⎡ ⎤= + − + − − −⎣ ⎦ . 

(3.66) 

A general form of the final correlation is then proposed within 51 Re 3 10< < ×  for 
type a)  

Re 10001 exp
2000lam turbζ ζ ζ ⎡ + ⎤⎛ ⎞= + − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

,    (3.67) 

and for type b)  

Re 2001 exp
1000lam turbζ ζ ζ ⎡ + ⎤⎛ ⎞= + − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

.    (3.68) 

The corrector for the change of the viscosity at the wall for the laminar and turbu-
lent flow is 

( ) 0.25
0.57

4 / 1 Re

,

abw
w lamc

πη
η

−⎡ ⎤⎣ ⎦⎛ ⎞
= ⎜ ⎟
⎝ ⎠

  for more the 10 rows,   (3.69) 

0.14

,
w

w turbc
η
η

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

,      (3.70) 

respectively. Here max /x rodRe D wρ η= . 

50408"Rtguuwtg"ftqr"cv"urcegt"hqt"dwpfngu"qh"pwengct"tgcevqtu"

Spacers for rod bundles in nuclear reactors are intended to keep the rods on their 
specified positions. They are very specific in their geometry reflecting the contra-
dictory requirement (a) to reduce the pressure drop and (b) to increase the margin 
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tion. In general each spacer blocks part of the cross section the reason why as a 
first approximation the pressure loss coefficient in 2

0 / 2spacerp wζ ρΔ ≈  can be com-
puted as 

0.75 2 0.375

0 0 0 0
,

1 2 1 2 ,

0.5 1 1 1 1 sp
spacer fr sp

h sp

LF F F F
F F F F D

ζ τ λ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − + − + − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

, 

(3.71) 

where ( ) ( )2.4 10 ll φ
τ

−
= − × , 

,

sp

h sp

L
l

D
≈ , ( )

8

8
0.25 0.535

0.5
ll

l
ϕ = +

+
 (Idelchik 1996) .

acer, 2 after the spacer and 0 spacer. L and D are 
the length and the hydraulic diameter of the spacer, respectively. The F’s are the 
flow cross sections. The above equation demonstrates that the pressure loss coef-
ficient is depending on flow plugging due to the spacer, ( ),1

n

spacer z spacerfζ γ= − . 

Rehme (1972a, 1977) found in 1973–1977,  that  

( )( )2

,6 7 1spacer z spacerζ γ= ÷ −  for 4Re 5 10> × ,    (3.72) 

where , 0 1 0 2z spacer F F F Fγ = = . For smaller Reynolds number there is a depend-
ence on the Reynolds number computed using the hydraulic diameter of the 
spacer region, ( ) ( )2

,1 Respacer z spacer fζ γ− =  given graphically for variety of 

spacer grid types in Rehme (1972a). The function takes values between 7 and 15.  
Note that each producer is measuring the hydraulic characteristic of his own 

spacer. Some examples are given below. 
Voj and Scholven (1974) measured pressure drop on spacers for triangle rod ar-

rangement in a bundle with the characteristics: rod diameter 6mm, distance be-
tween the rod axes 7.9mm, distance between the rod axes and the wall 7.6mm, 
distance between the internal parallel walls of the shroud 105mm, flow cross sec-
tion 4745mm², wetted perimeter 3547mm and hydraulic diameter 5.351mm. With 
a spacer made by connected 10mm short pipes to each other the authors found that 
the blockage ratio influences the pressure drop  

2

2

1
2spacer

Gp ζ
ρ

Δ = , where ( )Re,spacer blockagefζ γ= .   (3.73) 

Here the liquid Reynolds number is 2Re hG D η= . The blockage ratio 

,1bockage z spacerγ γ= −  is defined as the flow cross section of the spacer divided by 
the flow cross section of the undisturbed flow. 

The authors found that in the turbulent region the dependence on the blockage 
rate is like  

The indices indicate: 1 before the sp

3 Friction pressure drop 

to dry out or to departure from nuclide boiling regime by increasing the tubuliza-
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 spacerζ  

lockageγ  Re 6000≤  Re 6000>  

0.737 0.45273.6 Re  5 1.053.3 0.2 10 Re+ ×  
0.640 0.473.9 Re  5 1.21.4 0.3 10 Re+ ×  
0.500 0.314.8 Re  5 1.50.85 1.1 10 Re+ ×  
 
For 4Re 5 10≥ ×  ( ) 3.50.291 0.293  spacer blockageζ γ≈ ÷  . The increase of the vertical size 
of the spacer from 10mm to 15mm resulted in increased pressure drop 

3.50.337spacer blockageζ γ≈ . Honeycomb spacers cause smaller resistance retaining this 
dependence. Changing vertical size of the spacer from 8mm to 15mm resulted in 
increased pressure drop 3.50.236spacer blockageζ γ≈  to 3.50.322spacer blockageζ γ≈ .  

 Leung and Hotte (1997) proposed  
b

2tan
2spacer blockagea πζ γ⎡ ⎤⎛ ⎞= ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

,      (3.75) 

where a varies between 7.59 and 11.86, and b between 0.92 and 1.47.  Obviously 
the Hotte proposal does not take into account the Reynolds number dependence. 

Caraghiaur et al. (2004) analyzed experimentally the single phase pressure loss 
of the SVEA-64 spacer on bundle with 88 rods (9.62mm rod diameter, 1.32 pitch 
to diameter ratio, 1.305 and 1.264 wall to diameter ratio, 9mm corner radius, 
1.894m rod length, 2400mm² flow cross section and 9.96mm hydraulic diameter). 
The liquid Reynolds number was varied from 9.6× 10³ to 48.8× 10³.  The result is  

0.143.6 Respacerζ = .       (3.76) 

Unal et al. (1994) reported data for a spacer for 3x3 bundle in two phase dis-
persed droplet flow being between 2 and 1.5 for Reynolds numbers varying be-
tween 2000 and 10000. He used  

0.30.1 Respacerζ = .       (3.77) 

505"Vyq/rjcug"hnqy"

Circular pipes: The modeling of the two-phase friction pressure drop in a pipe 
started with the work by Lockhart and Martinelli  (1949). The authors defined the 
following auxiliary variables: The pressure gradient of the liquid flowing alone in 
the same tube 

( ) 3.5Re  m
spacer blockageC Bζ γ≈ + .      (3.74) 
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2
2 2 2 2

22

1 ( )
2

R

hR

dp V
dz D

α ρ λ
ρ

⎛ ⎞ =⎜ ⎟
⎝ ⎠

,     (3.78) 

where 

2 2 2 2 2 2 2(Re / ,  / )R R h hV D k Dλ λ α ρ η= = ;    (3.79) 

The pressure gradient of the gas flowing alone in the same tube 
2

1 1 1 1

11

1 ( )
2

R

hR

dp V
dz D

α ρ λ
ρ

⎛ ⎞ =⎜ ⎟
⎝ ⎠

     (3.80) 

where 

1 1 1 1 1 1 1( / ,  / )R R h hRe V D k Dλ λ α ρ η= = ;    (3.81) 

The pressure drop for two phase flow is related either to  

2
1

1R R

dp dp
dz dz

⎛ ⎞ ⎛ ⎞= Φ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

      (3.82) 

or to 

2
2

2R R

dp dp
dz dz

⎛ ⎞ ⎛ ⎞= Φ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.      (3.83) 

The ratio 

2 2
1 2

2 1

/LM
R R

dp dpX
dz dz

⎛ ⎞ ⎛ ⎞= Φ Φ = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

    (3.84) 

is called the Lockhardt and Martinelli factor in honor of the authors. In case of the 
validity of the Blasius formula XLM  reduces to 

1/ 2 0.1 0.9

1 2 1

2 1 1

1
LM tt

XX X
X

ρ η
ρ η

⎛ ⎞ ⎛ ⎞ ⎛ ⎞−
= = ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
,    (3.85) 

see Hetstroni (1982). Comparing with experimental data for air-water horizontal
flow near to atmospheric pressure the authors found 

2 2
1 1 ,LM LMCX XΦ = + +       (3.86) 

2
2 2

11 ,
LM LM

C
X X

Φ = + +       (3.87) 

3 Friction pressure drop 
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where C has the following values 

C = 20 for turbulent liquid and turbulent gas, 
C = 12 for laminar liquid and turbulent gas, 
C = 10 for turbulent liquid and laminar gas, and 
C = 5 for laminar liquid and laminar gas. 

Other simple approximations can be found in the literature in the form 
2
2 11/(1 )mαΦ = − , m = 1.75 to 2.     (3.88) 

Ransom et al. (1988) recommended for C the following continuous approximation 

( ) ( )2*

4

log 2.5
max 2, 28 0.3 / exp 2

2.4 10

Y
C G

G−

⎧ ⎫⎡ ⎤+⎪ ⎪⎢ ⎥= − −⎨ ⎬⎢ ⎥−⎪ ⎪⎣ ⎦⎩ ⎭

,  (3.89) 

0.2
* 1 2

2 1

Y ρ η
ρ η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.      (3.90) 

Thus if the gas is the continuous phase 

1 1 1 ,w
R

dp c V V
dz

⎛ ⎞ =⎜ ⎟
⎝ ⎠

      (3.91) 

where 
* 2

1 1 1w wc c= Φ ,       (3.92) 

2 0,wc =        (3.93) 

( )2
1 1* 1

1
1

1
2

R
w

h

c
D z

α ρ λ ξ
ρ

⎛ ⎞
= +⎜ ⎟Δ⎝ ⎠

     (3.94) 

and if the liquid is the continuous phase we have  

2 2 2 ,w
R

dp c V V
dz

⎛ ⎞ =⎜ ⎟
⎝ ⎠

      (3.95) 

where 
* 2

2 2 2w wc c= Φ ,       (3.96) 

1 0wc = ,       (3.97) 

( )2
2 2* 2

2
2

1
2

R
w

h

c
D z

α ρ λ ξ
ρ

⎛ ⎞
= +⎜ ⎟Δ⎝ ⎠

.     (3.98) 
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Later Martinelli and Nelson (1948) introduced the following additional variables 
used successfully for description of friction pressure loss in two-phase steam-
water flows at arbitrary parameter: The frictional pressure drop of the liquid fol-
lowing alone in the tube with flow rate equal to the total flow rate of the two 
phase flow 

2
20

220

1
2

R

hR

dp G
dz D z

λ ξ
ρ

⎛ ⎞⎛ ⎞ = +⎜ ⎟⎜ ⎟ Δ⎝ ⎠ ⎝ ⎠
,     (3.99) 

where 

( )20 20 20 2/ , /R R h hRe D G k Dλ λ η= = ,    (3.100) 

and the ratio 

2
20

20

/ ,
R R

dp dp
dz dz

⎛ ⎞ ⎛ ⎞Φ = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

     (3.101) 

called later the Martinelli-Nelson multiplier. The relationship between 2
20Φ  and 

2
2Φ  for the Blasius regime was analytically found 

2 1.75 2
20 1 2(1 )XΦ = − Φ .      (3.102) 

Later the Martinelli-Nelson method was provided with a more accurate database 
and approximation of 2

20Φ  as a function of the local flow parameter. Hewitt makes 
the following proposal for the most accurate approximation of the available ex-
perimental data - see Hetstroni (1982): 

(a) In case of 2 1/η η  < 1000, the Friedel (1979b) correlation should be used: 

( )2 0.0454 0.035
20 3.21E FH Fr WeΦ = + ,    (3.103a) 

where 

2 2 2 10
1 1

1 20

(1 )E X X ρ λ
ρ λ

= − + ,     (3.104) 

10 10
1

,h

h

wD k
D

ρλ λ
η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,     (3.105) 

20 20
2

,h

h

wD k
D

ρλ λ
η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,     (3.106) 

[in case of validity of the Blasius relation ( )1/ 4
10 20 1 2λ λ η η≈ ], 

3 Friction pressure drop 
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0.78 0.224
1 1(1 )F X X= − ,      (3.107a) 

0.91 0.19 0.7

2 1 1

1 2 2

1H ρ η η
ρ η η

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

,    (3.108a) 

( )2/

h

G
Fr

gD
ρ

= ,      (3.109) 

2 /( )hWe G D ρσ= .      (3.110) 

This correlation approximates 25 000 experimental points for vertical upwards co-
current flow and for horizontal flow with 30 to 40% standard deviation for one- 
and two-component flow. For vertical downwards flow the correlation obtain the 
following modifications 

2 0.03 0.12
20 48.6  E FH Fr WeΦ = + ,    (3.103b) 

0.8 0.29
1 1(1 )F X X= − ,      (3.107b) 

0.9 0.73 7.4

2 1 1

1 2 2

1H
ρ η η
ρ η η

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

.    (3.108b) 

Details regarding this work can be found in Friedel (1979a, 1980). 

(b) In case of 2 1/ 1000η η ≥  and G > 100, the Baroczy correlation from 1965 
modified by Chisholm (1983) should be used 

[ ]{ }0.8752 2 1.75
20 1 1 11 ( 1) (1 )Y B X X XΦ = + − − + .              (3.111) 

Here B is computed as function of the dimensionless number 

0.25

2 1

1 2

Y ρ η
ρ η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                 (3.112) 

as follows 
9.5 ≥  Y  9.5 < Y < 28  Y ≥  28 
G ≤  500 B = 4.8 G ≤ 600 

B = 520
Y G

 B =
2

15000
Y G

 

500 < G  < 
1900 

B = 2400/G G  > 600 B = 21/Y  

1900 ≤  G B = 55/ G     
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(c) In the case of  2 1/ 1000η η ≥  and G ≤  100 , the Martinelli correlation is rec-
ommended. 
 
Annular channels: Yano and Aritomi (2004) found for air-water flow in annular 
channels that the constant C in Eq. (3.32) should be 22.5. Their experiments are in 
the region of 2j  = 0.08 to 0.12m/s, 1j  = 30 to 50m/s, in a annular channel with 
12.1mm inner diameter and 19.8mm, outer diameter, and 2.7m length. The inlet 
pressure was 0.27MPa and the outlet pressure 0.1013MPa. 
 
Bubbly flow: Avdeev (1982, 1983a) proposed to consider bubbly boundary layer 
as a surface with equivalent roughness being part of the local bubble size 

10.257k D=  for use in the modified Colebrook (1939) relation 

1
0.91 0.91

1 49 491.74 2log 1.74 2log 0.514
Re Reh hfr

Dk
R Dλ

⎛ ⎞ ⎛ ⎞
= − + = − +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. 

( ) ( ) ( )0.05 2 / 72 2
1 1 1,

10.97 2 exp 0.8 4
2spacer h gap h gap h ttp D D w Dδ δ ρ δ

−
Δ = − Φ , 

        (3.113) 

where 
2 2
1, 1 22.5tt LM LMX XΦ = + + ,       (3.114) 

spacerδ  is the thickness of the spacer and gapδ  is the gap clearance between the 
spacer and the wall surface. 
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The above algorithm is valid strictly for an adiabatic flow. For a boiling flow in a 
heated channel, the application of the above correlations is justified, if there is no 
sub cooled boiling with a net steam volume fraction different from zero. In the last 
case the friction pressure drop increases several times compared to the adiabatic 
case with the same mass flow rate. This cannot be taken into account by the above 
mentioned methods. For the estimation of the pressure loss in case of sub cooled 

3 Friction pressure drop 

Pressure drop at spacer for bundles of nuclear reactors: Yano and Aritomi 
(2004) performed experiments in the region of 2j  = 0.08 to 0.12m/s, 1j  = 30 to 
50m/s, in a annular channel with 12.1mm inner diameter and 19.8mm, outer  
diameter, and 2.7m length resulting in pressure loss between 1500 and  4500Pa. 
The inlet pressure was 0.27MPa and the outlet pressure 0.1013MPa. The blockage  
ratio of the spacer was varied between 0.15 and 0.212. The empirical correlation 
representing their data within ± 10% error band is  
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boiling it is worth to paying attention to Nigmatulin's works (1982), relying on the 
several successful comparisons with experimental data. For the computation of the 
friction pressure gradient 

4

hR

dp
dz D

τ⎛ ⎞ =⎜ ⎟
⎝ ⎠

      (3.115) 

in the direction z, Avdeev proposes the method described in 1983b, 1986. Staengl 
and Mayinger [17] (1989) recommend for the sub cooled boiling the use of 
Friedel's correlation together with their correlation for prediction of the drift flux 
parameter given in Chapter 4. For the pressure loss they reported a standard devia-
tion of ± 25%. 

Zheng et al. (1991) proposed a new empirical correlation for prediction of the 
frictional pressure drop per unit length for heated channels in the form  

1 ,
2

R

hR

dp V V
dz D

λ ρ⎛ ⎞ =⎜ ⎟
⎝ ⎠

       (3.116) 

where the friction coefficient is computed as follows 

( / , / )R R h eff hRe D G k Dλ λ η= = ,    (3.117) 

where the effective viscosity is 
2.48

3.67 2.43 61
2 1 1

2

/ (1 ) 3.2727 10eff
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pX X
p

ηη η
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⎛ ⎞
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⎝ ⎠
 

9.07
0.97 0.001 0.4

1 11 (1 )
cr

p We X X
p

−⎛ ⎞
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    (3.118) 

Here the Weber number 
2

1/( )We G La ρ σ=        (3.119) 

is computed using the Laplace constant  

2 RTLa λ= ,        (3.120) 

and modified in the case of rough pipes 

1,

2,

rough
rough

smooth

We We
λ
λ

= .      (3.121) 

This correlation was compared with 7172 data in the region Dh = 0.003 to 0.1m, p 
= 1 to 200 bar, G = 290 to 10 000 kg/(m2s). The comparison shows that 70 to 90 
% of the data are within the ± 30 % error band and presents some improvement of 
with respect to the Friedel's correlation for mass flow rates below 4560 kg/(m2s). 
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This correlation is valid for heat transfer regimes without boiling crisis. In the 
case that the local heat transfer is associated with dry heated surface the authors 
recommend to use the following two-phase multiplier for Eq. (3.46) 

0.2 0.8 1.8

2 1 1 2
20 1

2 2 1

1 ( 1)X
η ρ ρ
η ρ ρ
⎛ ⎞ ⎛ ⎞ ⎡ ⎤

Φ = + −⎜ ⎟ ⎜ ⎟ ⎢ ⎥
⎝ ⎠ ⎝ ⎠ ⎣ ⎦

    (3.122) 

For heated pipes with internal structure promoting swirls and droplet deposition at 
the wall in all heat transfer regimes the authors proposed to use the Martinelli - 
Nelson method with the following two-phase friction multiplier 

2 2.637 0.5652 1 2
20 1 1 1

1 2 1

1 1 2.351 (1 )X X X
ρ λ ρ
ρ λ ρ

⎛ ⎞
Φ = + − + −⎜ ⎟

⎝ ⎠
.  (3.123) 

The correlation was compared with 1018 data for Dh = 0.01325 and 0.02181 m, 
rib height of 0.000775 and 0.0011 m, incline 56.9 and 48.7o, vertical pipes, p = 20 
to 210 bar, G = 300 to 1500 kg/(m2s). 85% of the data are in the 30% error band. 

Knowing the frictional pressure loss we can compute the dissipation rate of the 
kinetic energy of turbulence the field l per unit volume of the mixture by multiply-
ing the friction pressure gradients by the corresponding velocities in each direc-
tion, add the thus-obtained products, and obtain 

1
l l l

R R R l

dp dp dpu v w
dr r d dzκα ρ ε

θ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

   (3.124) 

This is an important characteristic for a flow in a confined geometry. It contains 
information about the characteristic size and frequency of the turbulent eddies, 
which are of interest for the flow structure identification as well as for the heat 
and mass transfer modeling. 
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There are only a few investigations on frictional pressure drop in the three-phase 
flows. For liquid - solid two phase pressure drop due to friction Sakagushi et al. 
(1989) correlated their own experimental data for vertical flow within an error 
band of ± 2% as follows 

2 22
2 2

1
2

R

R h

dp w
dz D

λ
ρ⎛ ⎞ = Φ⎜ ⎟

⎝ ⎠
     (3.125) 

where 

2 2
2 2

2

, h
R R

h

k w D
D

ρλ λ
η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,     (3.124) 

3 Friction pressure drop 
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2.8

2 3 3 2
3

23

1 min 120,  5.28 10 0.08
h

D w
D w

α
−

∞

⎡ ⎤⎛ ⎞⎛ ⎞
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,   (3.125) 

for 3 0.08
h

D
D

≤  and  

2 1Φ =         (3.126) 

for 3 0.08
h

D
D

> . 

For liquid - solid - gas flow Tomyama et al. (1990) approximate with the fol-
lowing correlation the experimental data obtained in the Sakagushi’s laboratory 
for gas phase in a form of a bubbles 1α  < 0.3 with standard deviation of 10%±  

2 3.82 1
2 2 2 1 3

2 2

1 ( ) 1 350 / 0.98(1 )(1 )
2 Re

R

hR

dp w
dz D Fr

λ αρ α α α
⎛ ⎞⎛ ⎞ ⎡ ⎤= + − −⎜ ⎟⎜ ⎟ ⎣ ⎦⎜ ⎟⎝ ⎠ ⎝ ⎠

, 

     (3.127) 

where the Blasius formula for computation of the liquid only friction coefficient 
1/ 4

2 20.3164 / ,R Reλ =        (3.128) 

with 

2 2 2 2 2/ ,hRe w Dα ρ η=       (3.129) 

was used and 

( )2
2 2

2
h

w
Fr

gD
α

= .      (3.130) 

The data belong to the following region 1 10 0.121wα≤ ≤ , 2 20,488 1.02wα≤ ≤ , 
0 3 3wα≤ ≤ 0.0375, 510p ≈ , 3 2400 2640ρ = ÷ , 0.0209 hD≤ ≤  0.0504, 0.00115 

3D≤ ≤  0.00416. 
For higher void fraction 1α  > 0.3 Minagawa (1990) observed a flow pattern 

similar to the slug flow in the two-phase flow. It is remarkable that for both re-
gimes, bubble and slug flow, the particles are completely surrounded by liquid. 
For the liquid - solid - gas slug flow Minagawa proposed the following correla-
tion. 

2

32R

dp dp
dz dz

⎛ ⎞ ⎛ ⎞= Φ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

      (3.131) 
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where 

2
2

11 const
X X

Φ = + + ,      (3.131) 

( )
( )

2 32

10

/
/

dp dz
X

dp dz
= ,      (3.132) 

2
32

32 2

dp dp
dz dz

⎛ ⎞ ⎛ ⎞= Φ⎜ ⎟ ⎜ ⎟
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,       (3.133) 
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/ 0.038h
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α
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1 1 1
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k w D
D

α ρλ λ
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1
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h
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Dh D3 const %Δ  
0.0209 0.00114 57.7 18.3 
 0.00257 40.1 18.1 
 0.00417 49.8 20.1 
 0.00296 (AL) 52.4 23.0 
0.0307 0.00114 49.1 11.7 
 0.00257 55.9 21.3 
 0.00417 47.9 11.8 
 0.00296 (AL) 50.9 28.8 
0.0507 0.00114 113 20.5 
 0.00257 105 30.0 

3 Friction pressure drop 
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Latin 
 

C constant 
wc  modified friction coefficient, kg/m³ 

DBE  outer rod diameter, m 
Dh  hydraulic diameter, m  

R

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

 pressure drop per unit length, Pa/m 

1R

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

pressure gradient of the gas flowing alone in the same tube, Pa/m 

2R

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

pressure gradient of the liquid flowing alone in the same tube, Pa/m 

Fr  
( )2/

h

G
gD
ρ

= , total flow Froude number, dimensionless 

G mass flow rate, kg/(m2s) 
k  roughness, m 
La  2 RTλ= , Laplace constant, m 
p pressure, N/m² 

crp  critical pressure, N/m² 
Re  Reynolds number, dimensionless 
SBE  averaged distance between the rods in triangular array arrangement, m 
V  velocity, m/s 
We  2

1/( )G La ρ σ= , modified Weber number for smooth pipe, dimensionless 

roughWe 1,

2,

rough

smooth

We
λ
λ

= , modified Weber number for rough pipe, dimensionless 

We  ( )2 /hG D ρσ= , total flow Weber number, dimensionless 
XLM Lockhardt and Martinelli factor, dimensionless 

lX  l field mass fraction, dimensionless 
z axial coordinate, m 
 
Greek 
 

lα  l field volume fraction, dimensionless 
zΔ  pipe length, m 
rΔ  distance, m 
spacerδ   thickness of a spacer for nuclear reactor rod bundle 
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gapδ   gap clearance between the spacer for nuclear reactor rod bundle and the 
wall surface 

lε  dissipation rate of the kinetic energy of turbulence the field l per unit vol-
ume of the mixture, W/m³ 

2
1φ  gas only two phase friction multiplier, dimensionless  
2
2φ  liquid only friction multiplier, dimensionless 

effη  effective dynamic viscosity, kg/(ms)  

10Rλ  friction coefficient for the total mass flow rate considered as gas, dimen-
sionless 

20Rλ  friction coefficient for the total mass flow rate considered as liquid, di-
mensionless 

Rλ  friction pressure loss coefficient, dimensionless 
ξ  local pressure loss coefficient, dimensionless 
τ  share stress, N/m² 

lρ  l field density, kg/m³ 
ρ  density, kg/m³ 

 
Subscripts 
 
1 gas 
2 liquid 
3 field 3 
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Historically stationary bubble flows or particle flows in pipes are investigated by 
measuring the volumetric flows of gas and liquid among the other flow character-
istics. This measurements are easily recomputed in term of relative cross section 
averaged volume fluxes or relative velocities. The obtained results for the relative 
velocities are frequently compared with the bubble free rise velocity or particle 
free fall velocity. We consider next bubbles and solid particles in a continuum as 
particles and their free rising and free settling velocities in stationary continuum 
will be called simple free particle velocities. It was found that the free particle ve-
locity is a function of the particle size. The next interesting finding was that the 
cross section averaged relative velocity differs from the free particle velocity 
which can be explained by the non-uniformity of the velocity and volume concen-
tration profiles depending on the particle-continuum density ratio, orientation of 
the pipe flow and local parameters. Much later careful measurements provided a 
data base for the velocity and concentration profiles in pipes. The obtained ex-
perimental information is usually generalized by empirical correlations. Some of 
them are purely empirical while others are based on sound mathematical princi-
ples of averaging. The correlations are very useful inside the measurement data 
banks for steady state flow. In the past usually mixture momentum equations are 
used for computation of the mixture momentum and the redistribution of the mo-
mentum was simulated by using this empirical information. Later this approach 
was extended to transient pipe flows and then to 3D flows. This approach is very 
useful if the simulated processes are slowly changing. For fast processes the in-
stant momentum redistribution of the mixture momentum leads to non-adequate 
process description especially in cases of very strong interfacial heat and mass 
transfer. For this case the complete set of momentum equations has to be inte-
grated and the drag coefficients have to be provided. Usually the drag coefficients 
measured for steady flows are used in the latter approach. If one has a method to 
compute the drag coefficients from the correlation for steady state relative veloci-
ties the collected correlation data bank is then a reliable data base also for the drag 
coefficients. In this chapter we will provide first an approximation for computa-
tion of steady state drag coefficients from relative velocity measurements for sin-
gle particles and for flows. Then we will present a collection of correlation for dif-
ferent cases. The correlation can be used as already mentioned 
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a) for steady state flows in addition to the mixture momentum equation complet-
ing the description of the mechanical interaction, 

b) for slow transient flows in addition to the mixture momentum equation com-
pleting the description of the mechanical interaction, 

c) for strong transient flows in form of drag coefficients used in the separated 
momentum equations. 

 
In pool flows with low particle concentration the drag coefficients for single 
particles are the proper choice. For a cloud of particles the drag forces have to be 
modified taking into account the increased adhesion to the continuum. One should 
never forget that the drag forces for single particles are only the first choice for 
pipe flows. The better choice is the effective drag force based on drift flux models. 

604"Ftci"cu"c"hwpevkqp"qh"vjg"tgncvkxg"xgnqekv{"

60403"Ycnn"hqteg"pqv"vcmgp"kpvq"ceeqwpv"

We start with the simplified momentum equations for the continuous and the dis-
perse phase, denoted with c and d, respectively, neglecting compressibility, inter-
facial mass transfer, the spatial acceleration and the viscous terms 

0d vmc
c c c c c d d

w p g f f∂α ρ α α ρ
∂τ

+ ∇ + − − = ,   (4.1) 

0d vmd
d d d d d d d

w p g f f∂α ρ α α ρ
∂τ

+ ∇ + + + = ,   (4.2) 

where the drag force per unit mixture volume 

3 ( )
4

d
d d

d d c cd c d
d

cf w w w
D

α ρ= − Δ − ,    (4.3) 

and the virtual mass force per unit mixture volume 

( )vm vm
d d c d c df c w wα ρ

τ
∂

= − −
∂

     (4.4) 

are functions of the relative velocities. All parameters in the above equations are 
cross section averaged. We multiply Eq. (4.1) by d dα ρ , Eq. (4.2) by c cα ρ  and 
subtract the thus obtained equations. The result is 

( ) ( ) ( )( ) 0d vm
c c d d c d c d d d c c c c d d d dw w p f f∂α ρ α ρ α α ρ α α ρ α ρ α ρ

∂τ
− + − ∇ − + + = . 

(4.5) 
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Dividing the thus obtained equation by c c d dα ρ α ρ  and replacing the forces de-
fined by Eqs. (4.3) and (4.4) we obtain 

1 1 3(1 ) ( ) 0
4

d
vm d
d cd cd cd

c d d

cbc w p b w w
D

∂
∂τ ρ ρ

+ Δ + − ∇ + Δ Δ = , (4.6) 

or 

,cd cd cdw a w a w τ
∂
∂τ →∞Δ + Δ = Δ ,     (4.7) 

where 

3 /(1 )
4

d
vmd

cd d
d

ca b w bc
D

= Δ + ,     (4.8) 

c c d d

c d

b α ρ α ρ
α ρ
+

= ,      (4.9) 

,
1 1 3( ) /( )

4

d
d

cd cd
c d d

cw p b w
Dτ ρ ρ→∞Δ = − − ∇ Δ .   (4.10) 

We see from the Eq. (4.6) that the effect of the virtual mass force is to increase the 
effective particle inertia. For initial condition 

τ  = 0,       (4.11) 

,cd cd ow wΔ = Δ ,      (4.12) 

the analytical solution of the above equation for constant pressure gradient and for 
τ τ= Δ  is 

, , ,( ) a
cd cd cd o cdw w w w e τ

τ τ
− Δ

→∞ →∞Δ = Δ + Δ − Δ .   (4.13) 

We see that for 

τΔ → ∞ ,       (4.14) 

,cd cdw w τ→∞Δ → Δ       (4.15) 

the velocity difference approaches the steady state velocity difference.  

Equation (4.13) is valid for all direction. For the steady state case and vertical 
flow Eq. (4.1) reduces to 

/d
c d cp g fρ α∇ = − + .      (4.16) 

Substituting Eq. (4.16) into Eq. (4.10) we obtain 

2
,

3 ( )
4

d
c d d

c cd d c
c d

c w g
D τ

α α ρ ρ ρ
α →∞
+

Δ = − ,     (4.17) 
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and 

( )d c d
d d c

c d

f gα α ρ ρ
α α

= − −
+

.     (4.18) 

The latter equation is the well-known forces balance equation for a free falling 
sphere for 1,  0c dα α→ → .  

Note that Eq. (4.17) is valid also if we take into account the wall friction force.  
 For the vertical flow the drag coefficient can be computed from Eq. (4.17) re-

sulting in 

24 /
3

d cd c
d d cd

c c d

c D g w
ρ ρ α
ρ α α ∞

−
= Δ

+
.    (4.19) 

As already mentioned in the introduction, the steady state drag coefficient can be 
used also in the transient solution – Eq.(4.13). The coefficient a then takes the 
form 

( )
/ (1 )

( )
c c d d d c vm

cd d
c d c d

a g w bc
α ρ α ρ ρ ρ

ρ ρ α α ∞

+ −
⎡ ⎤= Δ +⎣ ⎦+

.   (4.20) 

Remember that in this case cdw ∞Δ  is the steady state free settling velocity for the 
family of solid spheres or the free rising velocity for a family of bubbles. 

The usual method for deriving the terminal speed of a spherical particle falling 
(or rising) under gravity is to consider the balance between buoyancy and drag 
forces, see Fig. 4.1.  

8Dd

8wd

wc

8Dd

8wd

wc

drag force = gravitational force  
Fig. 4.1 Free falling droplet in a gravitational field and free rising bubbles in liquid 

Employing the drag coefficient for a particle in an infinite medium ,
d
d singlec , we 

have 

3 2 24 1
3 2

d
d d,single d c cd ,singlecd

r g c r wπ ρ π ρ ∞Δ = Δ     (4.21) 

or 

24
3

d cd
d,single d cd ,single

c

c D g w
ρ
ρ ∞

Δ
= Δ .    (4.22) 
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ρΔ  is the density difference. For the case of a drag coefficient not depending on 
the bubble form the above equation reduces to 

cd
cd ,single d

c

w const D g
ρ
ρ∞

Δ
Δ = .     (4.23) 

It is fundamental velocity scaling parameter in bubbly and slug flow. For slug 
flow, see Fig. 4.2, the slug bubble diameter is comparable with the hydraulic di-
ameter and therefore 

cd
cd ,single h

c

w const D g
ρ
ρ∞

Δ
Δ = ,     (4.24) 

see Dimitresku (1943), const = 0.35.  
 

,
dc

dc RT d
c

w D g
ρ
ρ∞

Δ
Δ =

 12 12,0.35 RTw wΔ = Δ

D h

Dimitresku (1943), Davies und Taylor (1950)

8

2

dD
1

 
Fig. 4.2 Free rising gas slug in pipe 

For large bubbles as presented in Fig. 4.3, which the sizes are comparable with 
the Rayleigh-Taylor instability length 

bubble free rise

droplet free fall
w  = 0cw  = 0c

1/ 4

, 2
d dc

dc Ku
c

g
w

σ ρ
ρ

⎛ ⎞Δ
Δ = ⎜ ⎟

⎝ ⎠

 
,2dc dc Kuw wΔ = Δ

 
Fig. 4.3 Free rising bubbles and free falling droplets 
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( )
2

2 1
RT g

σλ
ρ ρ

=
−

,      (4.25) 

Kutateladze [39] (1951) obtained     

( )
2

2 1

cd
cd ,single

c

w const g
g

ρσ
ρ ρ ρ∞

Δ
Δ =

−

1/ 4

2
cd

c

gconst σ ρ
ρ

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
. (4.26) 

More information about the constants will be given later on in this Chapter. Equa-
tion (4.22) is in fact Eq. (4.19) for disappearing concentration of the dispersed 
phase. Equation (4.19) is more general. Eliminating the group 

24
3

dcd
d d,single cd ,single

c

D g c w
ρ
ρ ∞

Δ
= Δ      (4.27) 

from Eqs. (4.19) and (4.22) results in 
2

d d c cd
d d,single

c d cd ,single

wc c
w

α
α α

∞

∞

⎛ ⎞Δ
= ⎜ ⎟⎜ ⎟+ Δ⎝ ⎠

.    (4.28) 

This result demonstrates that the single particle drug coefficient has to be modified 
in order to obtain an effective drag coefficient for clouds of mono-disperse parti-
cles. Richardson and Zaki proposed in 1954 to correlate experimental data with 
the function 

ncd
c

cd ,single

w
w

α∞

∞

Δ
=

Δ
.      (4.29) 

where n is depending on the particle-continuum system and local parameters. Us-
ing Eq. (4.29) Eq. (4.28) takes the form 

( ) 2 1

d
d,singled

d n
c d c

c
c

α α α −=
+

.      (4.30) 

Note that the drag coefficient may also depend on the relative velocity. This 
makes iteration necessary to compute the drag coefficient. To avoid this, the Wal-
lis collection of correlations given in the Section 4.3 is recommended. 

60404"Ycnn"hqtegu"vcmgp"kpvq"ceeqwpv"

We consider a steady state, one-dimensional, fully developed flow, consisting of 
two velocity fields designated with c and d without any mass sources. The con-
tinuous field wets the pipe wall. After inserting the pressure gradient from the 
mixture momentum equation 
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0wc
dp g f
dz

ρ+ + =       (4.31) 

into the momentum equation for the continuous velocity field 

3 ( ) 0
4

d
d

c c wc d c cd c d
d

cdp g f w w w
dz D

α ρ α ρ⎛ ⎞+ + + Δ − =⎜ ⎟
⎝ ⎠

  (4.32) 

and solving with respect to d
dc  we obtain 

4
3 ( )

d c cd wc
d d

c cd d c

g fc D
w w w

α ρ
ρ

Δ +
=

Δ −
.     (4.33) 

Thus, using correlations for the wall friction force fwc and a drift flux correlation 
(or other type of correlations) for computing of the relative velocity dcwΔ , we can 
easily compute from the above equation the drag coefficient d

dc .  

605"Vyq"xgnqekv{"hkgnfu"
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Wallis (1974) approximated the experimental observations of a number of authors 
for the terminal speed of bubble by the algorithm presented in Table 4.1. The di-
mensionless terminal velocity 

1/ 32
*

,
c

dc
c

V w
g
ρ

η ρ∞

⎛ ⎞
= Δ ⎜ ⎟Δ⎝ ⎠

     (4.34) 

is approximated as a function of the dimensionless bubble size  
1/ 3

*
22

d c

c

D gr ρ ρ
η

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
,      (4.35) 

and the Arhimedes number 

3 2

4
c

c

Ar
g

σ ρ
η ρ

=
Δ

.      (4.36) 

In a later work Wallis et al. (1976) provided for this regions also the correspond-
ing drag coefficients which are also summarized in Table 4.1. They are function of 
the Reynolds and Weber numbers defined as follows  

/d d c dc cRe D wρ η= Δ ,      (4.37) 

2 /d d c dcWe D wρ σ= Δ .      (4.38) 
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Table 4.1. The terminal speed of bubble *V  Wallis (1974), and the corresponding drag 
coefficients 1

dc Wallis et al. (1976) 

Re-
gion 

Range V* 
1
dc  Range 

1 * 1.5r <  *2 / 3r  16

dRe
 2.25dRe <  

2A *1.5 r≤ *
2 3min(13.4,  )Ar →<  *1.50.408r  

0.8

13.6

dRe
 

2.25 2068dRe≤ <  
4dWe <  

2D * *
2 313.4 Dr r →≤ <  *21

9
r  73

dRe
 2068dRe ≥  

4dWe <  
3 * * *

2 3 3 4D Dr r r→ →≤ <  1/ 3 *22 /Ar r
 

4dWe =
 

 

4 * * *
3 4 4 5Dr r r→ →≤ <  1/ 62Ar  

3
dWe  8dWe <  

5 * *
4 5Dr r→ ≤  *r  8

3
 

 
 

 
 

The boundary of the ranges are defined as follows 

* 1/ 6 1/ 6
2 3

2 1.862
0.408Ar Ar Ar→ = = ,    (4.39) 

( )2 / 5* 2 /15 2 /15
2 3 9 2 2.77Dr Ar Ar→ = = ,    (4.40) 

* 1/ 3
3 4Dr Ar→ = ,       (4.41) 

* 1/ 3
4 5 2r Ar→ = .       (4.42) 

The first range is for sufficiently small bubbles (D1 less than 0.0005m), where the 
viscous forces dominate inertia forces and the rise velocity can be predicted from 
the theory of the "creeping flow" as long as the interface remains spherical. 

In the second region the bubbles behave approximately as solid particles. 
In Region 3 the shape of the bubbles departs significantly from sphericity, they 

move in a helical or zigzag path, and the velocity decreases as the "effective ra-
dius", r1, increases. The effective radius is the radius of a sphere which would 
have the same volume as the dispersed globule. 

In the Region 4 (bubble diameter approximately 0.001 to 0.02m) the terminal 
bubble velocity 

,  dc Kuw Ku V∞Δ =       (4.43) 

is independent on size and is proportional to the Kutateladze terminal velocity 
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1/ 21/ 2 1/ 4

2
cd cd

Ku
c cd c

gV g
g

ρ σ ρσ
ρ ρ ρ

⎡ ⎤⎛ ⎞ ⎛ ⎞Δ Δ
⎢ ⎥= =⎜ ⎟ ⎜ ⎟Δ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

   (4.44) 

The coefficient is 

2Ku = .       (4.45) 

The inclination of the pipe can be taken into account by taking into account only 
the component of the gravity acceleration being parallel to the pipe axis 

1/ 4
*

2

cos cd
Ku

c

gV σ ϕ ρ
ρ

⎛ ⎞Δ
= ⎜ ⎟
⎝ ⎠

.     (4.46) 

where ϕ  is the angle between the positive flow direction and the upwards directed 
vertical. The Kutateladze terminal velocity is frequently used as a scaling factor 
for correlating the so called weighted mean drift velocity in the drift flux theory 
for bubbly flow. 

The collective motion of bubbles in this region for 1α  < 0.25 to 0.30 is called 
by Ishii and Chawla motion of distorted particles. The collective motion of bub-
bles in this region for 1α  > 0.25 to 0.30 is named churn-turbulent flow. 

In the Region 5 the bubbles are very large assuming spherical cap shape and a 
flat base. In many publications such a bubble is named Taylor bubble. Both vis-
cous and surface tension forces can be neglected and the rise velocity is given by a 
balance between form-drag and buoyancy. The analytical result derived by Davis 
and Taylor for this regime is equivalent to 

, /dc TB h cd cw V D g ρ ρ∞Δ ≡ = Δ .     (4.47) 

The inclination of the pipe can be taken into account by taking into account only 
the component of the gravity acceleration being parallel to the pipe axis 

*
, cos /dc TB h cd cw V D g ϕ ρ ρ∞Δ ≡ = Δ .    (4.48) 

where ϕ  is the angle between the positive flow direction and the upwards directed 
vertical. The Taylor terminal velocity is frequently used as a scaling factor for cor-
relating the so called weighted mean drift velocity in the drift flux theory for slug 
flows. Note that the ratio 

1/ 4*

* 2 cos
Ku RT

TB h cd h

V
V D g D

σ λ
ϕ ρ

⎛ ⎞
= =⎜ ⎟Δ⎝ ⎠

.    (4.49) 

The collective motion of bubbles in this regime in channels is named slug flow. 
For vessels with diameters much larger than 40 RTλ  the slug bubbles can not be 
sustained due to the interfacial instability and they disintegrate to cap bubbles, 
Kataoka and Ishii (1987). 
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The rise velocity of a group of bubbles is less then the terminal rise velocity of 
one single bubble due to of the mutual interference of the bubbles. Zuber and 
Findlay propose the following relationship 

1
,

n
dc dc single cw w α −
∞ ∞Δ = Δ .      (4.50) 

where n = 3 for Regions 1 and 2, n = 5/2  for churn-turbulent flow. For the churn-
turbulent flow Ishii (1977) and Ishi and Mishima (1980) proposes n = 2.75. For 
the same region Clark and Flemmer (1985) measured in a vertical 0.1 m - diame-
ter pipe n = 1.702. The differences between the different authors can be explained 
by the differences of the pipe diameters for which the data are obtained, which in-
fluence the distribution profile of the void fraction. Wallis, p.178, (1969) proposes 
the following relationship 

0.687

0.687

1 0.154.7
1 0.253

d

d

Ren
Re

∞

∞

+
=

+
,     (4.51) 

where 

, /d c d dc cRe D wρ η∞ ∞= Δ .     (4.52) 

Thus the relationship (4.30) is slightly modified 

,
2 3( )

d
cdd

cd n
d c c

c
c

α α α
∞

−=
+

.      (4.53) 

If for the computational simulation of pool bubbly flow the used discretization 
mesh size is in the order of magnitude of a few bubble diameters one can use the 
above method. 

60504"Ukping"rctvkeng"vgtokpcn"xgnqekv{"

Consider a family of solid particles with a representative volume median diameter 
Dd, which are further denoted as discrete field d moving in a continuum liquid, 
denoted further as a continuum c. The mixture flows in a channel with a hydraulic 
diameter Dh. In this case the maximal volumetric fraction which can be occupied 
by solid spheres is 

maxd dα α≤  ( )max / 6 0.52dα π= ≅ .    (4.54) 

To describe the relative velocity of the solid particles we use a similar approach to 
that in Section 3.1 - first estimation of the terminal speed of a single particle in an 
infinite continuum, and thereafter using it for the estimation of the terminal speed 
of a group of particles. Again the result is used to compute the terminal speed. The 
data are approximated by the following set of correlations – see Wallis (1974): 
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* *22
9

V r=   r* < 1.5 (entirely viscous flow)  (4.55) 

V* = 0.307 r*1.21  1.5≤  r* <10 (inertia forces become important) 
 (4.56) 

V* = 0.693 r*0.858  10≤  r* <36 (reflects the effect of vortex shading) 
  (4.57) 

V* = 2.5 *r   *36 r≤  (fully-developed turbulent wake). (4.58) 

The falling velocity of a group of particles is less then the terminal falling velocity 
of one single particle due to the mutual interference of the particles. For this case 
Richardson and Zaki, p. 47 proposed in 1954 to use in Eqs. (4.29, 4.30) the fol-
lowing exponents 

n = 4.65+19.5 Dd/Dh,   Red < 0.2,  (4.59) 

n = (4.35 + 17.5 Dd/Dh) 0.03
dRe− ,  0.2 1dRe≤ < ,  (4.60) 

n = (4.45 + 18.0 Dd/Dh) 0.1
dRe− ,  1 200dRe≤ < ,  (4.61) 

n = 4.45 0.1
dRe− ,   200 500dRe≤ < , (4.62) 

n = 2.39,    500 < Red.  (4.63) 

Rowe (1987) found a convenient empirical equation for the estimation of the 
Richardson-Zaki exponent 

3/ 4

3/ 4

2 0.1752.35
1 0.175

d

d

Ren
Re

∞

∞

+
=

+
     (4.64) 

representing the data with standard deviation of ± 0.02. 
Zwirin et al. (1989) experimentally observe that the free settling velocity of par-

ticles in liquid, having averaged temperature greater than the liquid saturation 
temperature, is higher than the free settling velocity of particles with temperature 
lower than the saturated temperature 

V/VT<T' = 1.02 + 3.87 10-5 (T - T')     (4.65) 

for 373 < T < 973.14 K. 

4.3.3.1 Basics 

Computing the weighted mean velocity defined by 

4.3.3 Cross section averaged bubble rise velocity in pipes – drift  
flux models 
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, ,

,

1

1

d local d local
A

d

d local
A

w dA
A

w
dA

A

α

α
=

∫

∫
,     (4.66) 

which appears in the cross section averaged conservation equations results in the 
expression 

*
0d djw C j V= + .      (4.67) 

j is the volumetric flux of the mixture which is equivalent to the center of volume 
velocity of the mixture. Here the distribution parameter  

,

0

,

1

1 1

d local local
A

local d local
A A

j dA
A

C
j dA dA

A A

α

α
=
⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫

∫ ∫
,    (4.68) 

and the weighted mean drift velocity  

, ,
*

,

1

1

d local dj local
A

dj

d local
A

V dA
A

V
dA

A

α

α
=

⎛ ⎞
⎜ ⎟
⎝ ⎠

∫

∫
,     (4.69) 

are averages over the cross section of the channel. The local drift velocity of the 
dispersed phase is defined with respect to the total volume flux 

, ,dj local d localV w j= − .      (4.70) 

This expression has been known in the literature as the Zuber and Findlay model 
since 1965– see Zuber and Findlay (1965). A large number of publication exists 
on correlating experimental data with the so called distribution parameter 0C  and 
the weighted mean drift velocity *

djV . We will give a summary reviewing this lit-
erature in this chapter for gas liquid flows.  

4.3.3.2 Some useful relationships 

Solving the equation system consisting of the definition equations for the dis-
persed phase velocity ( ) *

0 1d d d d c djw C w w Vα α= + − +⎡ ⎤⎣ ⎦  and the mass flow rate 

( )1d d d d c cw w wρ α ρ α ρ= + −  with respect to the cross section averaged velocities 
results in 
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( )
( ) ( )

*1
1 1

d o d d dj
c

d c d o d d o

w C V
w

C C
ρ α α ρ
α ρ α α ρ

− −
=

− − +⎡ ⎤⎣ ⎦
,    (4.71) 

( )1 d c c
d

d d

w w
w

ρ α ρ
α ρ

− −
= .     (4.72) 

The relative velocity is therefore 

( )* 1
1

dj o c
dc

d o

V C w
w

Cα
− −

Δ =
−

.     (4.73) 

Defining the averaged volumetric flow concentration 

d
d

j
j

α = ,       (4.74) 

the drift flux equation takes the form 
*

0
djd

d

V
C

j
α
α

= + ,      (4.75) 

or 

*

0

d
d

djV
C

j

αα =
+

.      (4.76) 

The velocity ratio takes the form 

*
0

1
1

/

d d

c
d

dj

w
w

C V j

α

α

−
=

−
+

.      (4.77) 

The above relations are very useful for comparison of information from different 
publications on this issue. 

Zuber and Findlay (1965) clearly demonstrated that the reason for success of 
correlating data is in using flow regime dependent correlations. As we will show 
in the following literature review there are also the so called general drift flux cor-
relations, some of them containing smooth change over the flow pattern boundaries

Having the drift flux parameter we compute easily from Eqs. (4.71) through 
(4.74) the field velocities and the relative velocity, respectively. If separated mo-
mentum equations are used the cloud drag coefficient can be easily computed by 
using Eqs. (4.19) and (4.33). 
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4.3.3.3 Bubble or churn-turbulent flow 

Zuber and Findlay (1965) demonstrated that for adiabatic flows the data of several 
authors can be generalized with the following expressions  

0 1.53 d Kuw C j V= + .      (4.78) 

For bubble flow or churn-turbulent flow the distribution parameter is  

0 1.2C = .       (4.79) 

The distribution parameter may take values less then 1 for wall void picking pro-
files and values up to 1.5 for strong center line picking of the void fraction. For 
slug flow observed for values of  

1 0.26α ≈        (4.80) 

the recommended expression is  

0 0.35 d TBw C j V= + .      (4.81) 

The correlations are valid for co-current up flow. It seems that for small diameters  
1/ 2

19.1
cosh

cd

D
g

σ
ϕ ρ

⎛ ⎞
< ⎜ ⎟Δ⎝ ⎠

,     (4.82) 

or 

/ 19.5h RTD λ <       (4.83) 

the slug flow is always the expected regime. Note that Kataoka and Ishii (1987) 
used instead of 19.5 the value of 40. 

Coddington and Macian compared in the year 2000 a set of empirical correla-
tion for 0.1 15p MPa≤ ≤ , ( )21 2000 /G kg m s≤ ≤ , channel length between 1.7 
and 3.7 m, for pipes and rod bundles with rod diameters 9.5, 10.7, 12.2, 12.3 mm, 
and hydraulic diameters between 4 and 13 mm, with uniform and variable axial 
heat distribution, subcooling between 118 and 0 K, and heat fluxes between 5 and 
3377 2/kW m . The results for the mean absolute error and the standard deviation 
of the absolute error are given in Table 4.2. 

This very informative study confirms once again the sound physical basics of 
the Zuber and Findlay correlation.  

 
Lellouche (1974) correlated the void cross section distribution parameter with 

0 11/ (1 ) oB
o oC A A α⎡ ⎤= + −⎣ ⎦ ,     (4.84) 
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Table 4.2. Wide range void fraction correlation 

Correlation   Year Data Source Aver. err. Stand. dev. in % 
 

Zuber-Findlay  1965 Tube  − 0.025  11.4 
Ishii   1977 Tube  0.048  12.6 
Gardner   1980 Tube  0.056  11.1 
Liao, Parlos and Grifith 1985 Tube  0.028  9.4 
Takeochi  1992 Tube  0.040  8.3 
Sun   1980 RB+Tube − 0.041  11.4 
Jowitt   1981 RB  0.057  11.6 
Sonnenburg  1989 RB+Tube 0.049  9.7 
Toshiba   1989 RB  0.019  10.3 
Dix   1971 RB  − 0.010  9.2 
Bestion   1985 RB+Tube 0.018  8.8 
Chexal-Lellouche 1992 RB+Tube − 0.017  7.8 
Inoue   1993 RB  0.003  8.3 
Maier and Coddington 1996 RB  − 0.002  7.1 

 
RB: Rod Bundle 
 
where 

k1 = 0.833, 
Ao = k1 + (1 - k1) p/22115000, 

( )1 2
0

1 1 1.57 /
1oB

A
ρ ρ= +

−
, 

and the weighted mean drift velocity with 
*

1 1.41 j KuV V= .      (4.85) 

The correlation is valid for co-current up flow. 
Clark and Flemmer (1985) reported a correlation for bubble flow in vertical 

tube with hydraulic diameter Dh = 0.1m. The void cross section distribution pa-
rameter is correlated taking into account the void fraction dependence which was 
already discussed by Zuber but not established for practical applications: For up 
flows 

( )0 10.934 1+1.42C α= ,     (4.86) 
and for down flow with 

( )0 11.521 1-3.67C α= ,      (4.87) 

The weighted mean drift velocity is correlated again as proposed by Zuber 
1 1.53 j KuV V= , for both cases. 

Ishii (1977) reported a correlation for bubble flow (w2 > 0.5) in a vertical tube. 
For a round tube the void cross section distribution parameter is correlated with  
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0 1 21.2 0.2 /C ρ ρ= − ,      (4.88) 

for a rectangular channel with 

0 1 21.35 0.35 /C ρ ρ= − ,     (4.89) 

and the weighted mean drift velocity is correlated with 

( )1.75*
1 12 1  j KuV Vα= − ,     (4.90) 

for both cases. For churn-turbulent bubbly flow Ishii uses the Zuber-Findlay ex-
pression with constant, 2 , *

1 2  j KuV V= . For slug flow Ishii uses the Zuber-

Findlay expression *
1 0.35 j TBV V= . Imura et al. (2006) used 2 for the exponent in-

stead 1.75. 
In a later work Kataoka and Ishii (1987) investigated pool flows. They used the 

same void cross section distribution parameter for a round tube and a rectangular 
channel as before but introduced viscosity dependence in the weighted mean drift 
velocity as follows. For the low viscous case characterized by  

3
2 2.25 10Nη −≤ × ,       (4.91) 

2 2 2 2/ RTNη η ρ σ λ=   (Viscous number),   (4.92) 

and small diameters 
* 30hD ≤ ,       (4.93) 

where 
* /h h RTD D λ= ,       (4.94) 

the weighted mean drift velocity is correlated with 

( ) 0.157* *0.809 0.562
1 1 2 20.0019 /  j h KuV D N Vρ ρ η− −= .   (4.95) 

For large diameters 
* 30hD > ,       (4.96) 

the weighted mean drift velocity is correlated with 

( ) 0.157* 0.562
1 1 2 20.03 /  j KuV N Vρ ρ η− −= .    (4.97) 

For the high viscous case characterized by  
3

2 2.25 10Nη −> × ,       (4.98) 

the weighted mean drift velocity is reported for large diameters 
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* 30hD > ,       (4.99) 

and is 

( ) 0.157*
1 1 20.92 /j KuV Vρ ρ −= .     (4.100) 

The accuracy of the void fraction prediction reported by the authors is 20%±  for 
1 1 0.1  2.5w toα = , 0.01  0.6hD to= , p = (1 to 25)105 Pa for air-water, p = (1 to 

182)105 Pa for steam-water. 

4.3.3.4 Bubble flow in an annular channel 

Staengel and Mayinger (1989) reported for this case the following correlation the 
void cross section distribution parameter with  

0.1240.694 0.8640.164
0.01 2 1 1

0 1
2 1

11 1.409 1 1
cr

h h X pC Fr
h h X p

ρα
ρ

−
⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞′ − −⎛ ⎞⎢ ⎥= + − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟′′ ′−⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

, 

  (4.101) 

where 

1
1 1

1 2

1
11 X

X

α ρ
ρ

=
−

+
,       (4.102) 

2

2
2h

GFr
gD ρ

= ,       (4.103) 

1 1 1
1

wX
G

α ρ
= ,       (4.104) 

and the weighted mean drift velocity with 
*

1 1.18 j KuV V= .      (4.105) 

The correlation is obtained for subcooled boiling of  CCl2F2  in a channel with Dh 
= 0.014, for the parameter region 10 ≤  T' - T2 ≤  50 K, 12 105 ≤  p ≤ 40 105 Pa, 
500 ≤  G ≤  3000 kg/(m2s). 

4.3.3.5 Slug flow in a tube 

As already mentioned the free rising Taylor bubble velocity is used as a velocity 
scale for the weighted mean drift velocity for slug flow in a tube. 

Dimitresku (1943) correlated the void cross section distribution parameter with  

0 1.2C = ,       (4.106) 
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and the weighted mean drift velocity with 
* *

1 0.351 j TBV V= .      (4.107) 

The correlation was validated for  

2

2

hjDρ
η

 > 8000 ,      (4.108) 

and volume of Taylor bubble > (0.4 Dh)3. Zuber and Findlay (1965) confirmed the 
data for Dh ≤  0.05. For larger diameters, Dh>0.05, Delhaye et al. (1981) proposed 
to use  

* *
1 0.56 j TBV V= .      (4.109) 

Wallis (1969) observed the dependence on the bubble to pipe radius as follows 
*

1 j TBV V=        (4.110) 

for 

1 / 8hD D< ,       (4.111) 

and 

1 /*
1 1.13 hD D

j TBV V e−=       (4.112) 

for 

1/ 8 0.6hD D< < .      (4.113) 

Kuroda - see in Sakagushi et al. (1987) correlated the weighted mean drift velocity 
with 

( )
* *

1 2.67
0.250.35

1.9 / 2.12 1
j TBV V

Bo

⎧ ⎫
⎪ ⎪= −⎨ ⎬

⎡ ⎤⎪ ⎪− +⎣ ⎦⎩ ⎭

   (4.114) 

where 
2

2 /hBo gDρ σ= .      (4.115) 

Bendiksen (1985) investigated vertical flow within 0 < 4/Eo < 0.6 and corre-
lated the weighted mean drift velocity with 

( )
0.0165

* *
1 3/ 20.0165

1 0.96 20 6.80.344 1 1  
1 0.52

Eo

j TBEo
V V

Eo Eoe

−

−

− ⎛ ⎞= + −⎜ ⎟
⎝ ⎠−

  (4.116) 
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where 
2

21 hg DEo ρ
σ

Δ
=       (4.117) 

is the pipe Eötvös number. Bendiksen observed that the void cross section distribu-
tion parameter is different for laminar  

( )0.0125
0

202.29 1 1 EoC e
Eo

−⎡ ⎤= − −⎢ ⎥⎣ ⎦
,    (4.118) 

and turbulent flow 

( )0.025log 0.309 21 3 log
log 0.743

EoRe e Re
Re Eo

−+ ⎡ ⎤− −⎢ ⎥− ⎣ ⎦
,   (4.119) 

where 

2 2/hRe jDρ η= .      (4.120) 

Bendiksen observed that for large Froude numbers Fr > 3.5 where / TBFr j V=  
there is no strong influence of the inclination on the distribution parameter Co ≈  
1.19 to 1.2., but for Fr < 3.5 the distribution parameter may vary within 20% Co ≈  
1 to 1.2. 

4.3.3.6 Annular flow 

Ishii (1977) correlated the void cross section distribution parameter for annular 
flow with  

( )
1

0 1/ 2

1 1
1

21

11
1 75 1

C α

α ρα
ρα

−
= +

⎡ ⎤+ −
+ ⎢ ⎥
⎢ ⎥⎣ ⎦

,    (4.121) 

and the weighted mean drift velocity with 

( )* 1/ 2
1 28.16 1j o TBV C Vα= − .     (4.122) 

Imura et al. (2006) used a simplified form for the distribution coefficient 

( ) ( )1/ 2
0 1 1 1 21 1 4C α α ρ ρ⎡ ⎤= + − +⎣ ⎦ . 

For  

1
0

1 0.1TBj V
C

⎛ ⎞
< −⎜ ⎟

⎝ ⎠
      (4.123) 

Ishii reported the existence of churn turbulent flow. 
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Delhaye et al. (1981) correlated the void cross section distribution parameter 
with  

0 1C = ,       (4.124) 

and the weighted mean drift velocity with 

* 2 2 2 2 1
1

1 2

23j
h

wV
D

η α ρ ρ
ρ ρ

−
= .     (4.125) 

4.3.3.7 Annular dispersed flow 

Imura et al. (2006) used the Ishi’s correlation  the void cross section distribution 
parameter for annular dispersed flow in the form 

( )1/ 2
0 2 1 1 21 4C α α ρ ρ⎡ ⎤= + +⎣ ⎦  

and the weighted mean drift velocity in the form 

( )
1/ 4

* 1/ 2 3 31
1 2 2

1 3 1

cos
8.16 1 2j o TB

g
V C V

α σ ϕ ρ
α

α α ρ
⎛ ⎞Δ

= − + ⎜ ⎟+ ⎝ ⎠
.  

4.3.3.8 Mist flow 

In accordance with Imura et al. (2006) the void cross section distribution parame-
ter for annular dispersed flow is 0 0C =  and weighted mean drift velocity 

1/ 4
* 31

1 3 2
1

cos
2j

g
V

σ ϕ ρ
α

ρ
⎛ ⎞Δ

= ⎜ ⎟
⎝ ⎠

. 

4.3.3.9 Full-range drift-flux correlation 

There are successful attempts to generalize data for all flow regimes in a pipe flow 
by the so called full-range drift flux correlations. Three of the best examples will 
be given below. 

 
The Holmes correlation from 1981: Holmes (1981) correlated the void cross sec-
tion distribution parameter with  

0 11/ (1 ) oB
o oC A A α⎡ ⎤= + −⎣ ⎦ .     (4.126) 

Here 
3 21 0.328 (1 1.5228 10 )oA p F−= − − , 
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[ ]1 2 2/ 1 ( 1)oB B B F B= + − , 
4 6 2

1 2.94 7.763 10 9.702 10B p p− −= + + , 

2 2 1/B ρ ρ= , 
1/ 2

1 251.7 232.7 18.39G p p= + + , 
1/ 2

2 1 24.8 6650 / 7.62 14.20G p pρ ρ= − + + + , 
2 2

1 2 1 11/ / (1 ) /HSG x G x G= + − , 
20683.91/ HSF e G G= . 

The weighted mean drift velocity was correlated with 

* 1 1
1

1 2 1 1

(1 ) ( )
/ 1

o o
j Ku

o o

C C KV V
C C

α α
ρ ρ α α

−
=

+ −
.    (4.127) 

The transition limits are given as follows: *
1α for bubble-to-film flow and *

2α for 
slug-to-annular flow. The limits are set as follows * *

1 20.18,  0.45α α= = . 
 

The Chexal et al. correlation from 1989: Chexal et al. (1989) correlated the void
cross section distribution parameter with  

0.05 2
1 1(1 ) 1 (1 )o ov ohC FrC Fr C α α⎡ ⎤= + − + −⎣ ⎦ .   (4.128) 

Here 
*

1 10   α α≤ ≤  1( ) 1.53 oK Cα =  
* *
1 1 2   α α α≤ ≤  ( ) ( )

( ) ( )

2 2* *
2 1 1 1

1 2 2* *
2 1 1 1

1.53

( ) o

Ku
CK

α α α α
α

α α α α

− + −
=

− + −
 

*
2 1 1 α α≤ ≤  1( )K Kuα =  

 
1 / KuKu w V=  (Kutateladze number) ( )K Ku

≤ 2 0 
4 1 
10 2.1 
14 2.5 
20 2.8 
28 3.0 
≥ 50 3.2 
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The Froude number is computed as follows 

Re1 > 0 
*( 2 ) /Fr π ϕ π= −  for ( )*0 / 2ϕ π≤ ≤ . 

Re1 < 0 

Fr = 1 if * 8
9 2
πϕ < , 

* 1( / 2 ) /( )
9 2

Fr ππ ϕ= −  for *8( )
9 2 2
π πϕ< ≤ . 

*ϕ = pipe orientation angle measured from vertical ( 0 / 2ϕ π≤ ≤ ). *ϕ =0 for ver-
tical pipe, * / 2ϕ π=  for horizontal pipe. Here Cov is valid for vertical flow. Coh 
for horizontal co current flow and is defined as for vertical flow but using absolute 
values of the volume fluxes  j1 and j2. 

Re1 > 0 
ov ovC C+=  

where 

1/ (1 ) oB
ov o oC L A A α+ ⎡ ⎤= + −⎣ ⎦  

Re1 < 0 
0.2

1 1

1 2

(1 )
max ,

o
j

ov ov

V
C C

j j
α+⎡ ⎤−

= ⎢ ⎥
+⎢ ⎥⎣ ⎦

 

where 

1 2 1(1 1.57 / ) /(1 )oB kρ ρ= + − , 

[ ] [ ]1 1 11 exp( ) / 1 exp( )L C Cα= − − − − , 

[ ]2
1 4 / ( )kr krC p p p p= − , 

1/ 4
1 1 1 2(1 )( / )oA k k ρ ρ= + − , 

1 1min(0.8,  )k A= , 

[ ]1 1/ 1 exp( Re/ 60000)A = + − , 
Re = Re1  if  Re1 > Re2  or  Re1 < 0, 
Re = Re2  if  Re1 ≤  Re2. 

The local gas superficial Reynolds number is defined as follows 

1 1 1 1 1/hRe w Dα ρ η= . 

The local liquid superficial Reynolds number is defined as follows 

2 2 2 2 2/hRe w Dα ρ η= . 
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The weighted mean drift velocity was correlated by Chexal et al. as follows. 
*

1 1 1(1 )j jv jhV FrV Fr V= + −      (4.129) 

for co-current up flow. 
*

1 1 1( 1)j jv jhV FrV Fr V= + −  

for co current down flow. V1jh considers only co-current horizontal flow (j1 > 0, j2 
> 0) and is evaluated using the same equation as for the vertical flow using posi-
tive values of j1 and j2. 

1 1 9
o

jv jvV V C= ,  

1 2 3 41.41  o
jv KuV C C C V= . 

Computation of the 2C  factor: 

2 1/ 18ρ ρ > , 

5 1 2150 /C ρ ρ= , 6 5 5/(1 )C C C= − , 

5 1C ≥ ,  C2 = 1, 
C5 < 1, [ ]2 61/ 1 exp( )C C= − − , 

2 1/ 18ρ ρ ≤ , 

( ) 0.7
2 2 10.4757 ln /C ρ ρ= ⎡ ⎤⎣ ⎦ . 

Computation of the 4C  factor: 

D2 = 0.09144 (normalizing diameter), 
0.6

7 2( / )hC D D= , 8 7 7/(1 )C C C= − , 

7 1C ≥ ,  4 1C = , 

7 1C < , [ ]4 81/ 1 exp( )C C= − − . 

Computation of the 3C  and 9C  factors: 

Co-current up flow ( Re1 > 0, Re2 > 0) 
1

9 1(1 )kC α= − , 
( )2 / 60000

3 max 0.5,    2 ReC e −⎡ ⎤= ⎣ ⎦ , 

Co-current down flow (Re1 < 0, Re2 < 0) 
0.65

9 1min 0.7, (1 )C α⎡ ⎤= −⎣ ⎦ , 
2

3 102( / 2)BC C= , 
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where 
0.4

2
10 2exp

350000
Re

C
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

2
0.03 21

21.75 exp
50000h

ReDRe
D

⎡ ⎤⎛ ⎞
⎢ ⎥− −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

0.25
0.0011

1
h

D Re
D

⎛ ⎞
+ ⎜ ⎟
⎝ ⎠

, 

and D1 = 0.0381 (normalizing diameter), 
0.4

2
2 1/ 1 0.05

350000
Re

B
⎡ ⎤⎛ ⎞

= +⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

. 

Counter-current flow (Re1 > 0, Re2 < 0) : Two solution for the void fraction, 
11 12, .α α , The desired void fraction, 1α  known a priori, is used to select the appro-

priate C3 as follows: for  

1 11 12max( , )α α α=   
2

3 102( / 2)BC C= ,  

for  

1 11 12min( , )α α α= , 
2

10
3 min 2

2

BCC
⎧⎪ ⎛ ⎞= ⎨ ⎜ ⎟

⎝ ⎠⎪⎩
, 

2
210 2 2

* *
2 2

2 1 1
2 60000

B ReC j j
j j

⎫⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎪⎛ ⎞ + + −⎢ ⎥⎬⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎪⎣ ⎦⎭

. 

*
2j  is 2j on the counter-current flow limiting (CCFL) line corresponding to j1 and 

is calculated using  

{ }2
3 10min 2( / 2)BC C= , 

1
9 1(1 )kC α= − . 

On CCFL line 1 1/ 0dj dα = . 
Kawanishi et al. (1990) compared the prediction of 1α  with 1353 data points 

for p < 180 105, 0.61hD ≤ . The error band was 30.7%±  . 
 

The Kawanishi et al. correlation from 1990: Kawanishi et al. (1990) correlated 
the void cross section distribution parameter with 

3.5j ≤ −  0 1 21.2 0.2 /C ρ ρ= − , Ishii (1977) for round tube, 
      (4.130) 

− 3.5 < j ≤ − 2.5  0C = 0.9 + 0.1 1 2/ρ ρ 1 20.3(1 / )(2.5 )jρ ρ− − +  (4.131) 

− 2.5 < j < 0 0C = 0.9 + 0.1 1 2/ρ ρ     (4.132) 
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0 j≤   0C = 1.2 −  0.2 1 2/ρ ρ , Ishii (1977) for round tube, 
      (4.133) 

The weighted mean drift velocity was correlated with 

0j ≤   *
1 2j KuV V= ,  Zuber and Findlay (1965)  (4.134) 

0 < j < 0.24  Interpolate between 1 jV  for 0j ≤  and 1 jV  for  j = 0.24. 
  (4.135) 

0.24j ≥   
515 10p ≤  

0.05hD ≤   *
1 0.35j TBV V= , Zuber and Findlay (1965) (4.136) 

0.05 0.46hD< ≤  *
1 0.52j TBV V= ,    (4.137) 

0.46 hD<   *
1 , 0.460.52

hj TB DV V == ,   (4.138) 
5 515 10 180 10p× < ≤ ×  

0.02hD ≤ m     *
1 0.35j TBV V= , Zuber and Findlay (1965) (4.139) 

0.02 0.24hD< ≤  Interpolate between  
*

1 jV  for 0.02hD =  and *
1 jV  for 0.24hD = . (4.140) 

0.24 0.46hD< ≤   * 2
1

1

0.048j TBV Vρ
ρ

=    (4.141) 

0.46 hD<    * 2
1

1

0.048j TBV Vρ
ρ

=  for  Dh = 0.46.  (4.142) 

Kawanishi et al. (1990) compared the prediction of 1α  with 1353 data points for p 
< 180× 105, 0.61hD ≤ . The error band was ± 16.8% which makes the correlation 
more accurate than that of Chexal et al. (1989) for this region.  

 
Liao, et al. (1985) correlation: The Liao, et al. (1985) correlation taken from
Coddington and Macian (2000) consists of two regions: For bubbly flow

1/ 4

21
2 2

2

2.34 1.07 gj σ ρ
ρ

⎛ ⎞Δ
> − ⎜ ⎟

⎝ ⎠
,     (4.143) 

0 1C = ,       (4.144) 
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( )2*
1 11.53 1j KuV Vα= − .      (4.145) 

For churn turbulent flow 

( )1
0 1

2

1.2 0.2 1 exp 18C ρ α
ρ

⎧ ⎫⎪ ⎪= − − −⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭

,     (4.146) 

which is the Ishii (1977)  correlation for  around tube modified by Liao et al. 
(1985) with the multiplier  ( )11 exp 18α− − . For the weighted mean drift velocity 
the gas density was used in the denominator in the Kutateledze number (scaling 
with the free falling droplet velocity)  

1/ 4
* 21

1 2
1

0.33j
gV σ ρ
ρ

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
.      (4.147) 

For annular flow 1
0

1 0.1TBj V
C

⎛ ⎞
> −⎜ ⎟

⎝ ⎠
, the authors used the Ishii (1977) results as 

follows: For the distribution parameter 

( )
1

0 1/ 2

1 1
1

21

11
1 75 1

C α

α ρα
ρα

−
= +

⎡ ⎤+ −
+ ⎢ ⎥
⎢ ⎥⎣ ⎦

,    (4.148) 

and for the weighted mean drift velocity 

( ) ( )1/ 2*
1 18.16 1 1j o TBV C Vα= − − .     (4.149) 

Gardner [10] correlation (1980): 
2/ 3

21 1 21
1 2 3

21

11.2
1 ku

j gw
V

α ρρ
σα

⎛ ⎞Δ
= ⎜ ⎟⎜ ⎟− ⎝ ⎠

.    (4.150) 

Maier and Coddington  correlation (1986): The best fit of the data is given by 
the Maier and Coddington (1986) correlation 

9
0 1.0062 2.57 10C p−= + × ,     (4.151) 

* 7 15 2
1 0.8 1.23 10 5.63 10jV p p− −= − × + ×  

( )3 11 19 21.05 10 8.81 10 6.73 10G p p− − −+ × − × + × .   (4.152) 

4.3.3.10 Horizontal stratified flow  

Fraß and Wiesenberger (1976) obtained a correlation for stratified horizontal flow 
valid for high pressures 40 to 160 bar: 
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( )
0.76

3/ 2 1 2
2

1 1

0.38 1.2
1

XS Fr
X

ρ
ρ

− ⎛ ⎞
= + ⎜ ⎟−⎝ ⎠

,    (4.153) 

where 

( )2
2

2
h

w v
Fr

gD
ρ

= .      (4.154) 

4.3.3.11 Ococgx et al. method for inclined pipes 

Stratified flow: For the computation of the relative velocities and pressure drop 
for this flow pattern the work by Mamaev et al. (1969) is recommended.  

0.4
1 1 Aα = −    for   0 0.18A≤ ≤ ,    (4.155) 

( )1 0.615 1 Aα = −    for 0.18 1A< ≤ ,    (4.156) 

where 

( ) ( )21 / 2cosfr critA Frλ β ϕ= − − .     (4.157) 

Note that Mamaev et al. considered stratified flow possible for h critFr Fr< , where 

( )2 2
h

h
h

w v
Fr

gD
ρ

= , ( )1 1 1 21hv X v X v= + − . The critical Froude number was obtained 

from experiments 

 ( ) ( )2
1 1

2cos0.2 1 exp 2.5crit
fr

Fr ϕ α α
λ

⎡ ⎤⎛ ⎞
= − − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

,   (4.158) 

where 1 1 1 / hX v vα = , and ( )1 2

2

1
,fr fr

h

w D k
D

π α
λ λ

π θ ν
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
is the liquid site wall 

friction coefficient computed using the Nikuradze diagram. 
 

Slug flow, churn-turbulent flow, or bubbly flow: For the computation of the 
relative velocities and pressure drop for this flow pattern the work by Mamaev  
et al. (1969) is again recommended. The volume fraction is then 

( )1/ 2
1 10.81 1 exp 2.2 critFrα α ⎡ ⎤= − −⎣ ⎦ ,     (4.159) 

where the required variables are computed as in the previous section. This correla-
tion goes together with the friction pressure drop correlation obtained by the
authors 
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( )2 2
1 1 1 1 2 2 2

1 1
2fr o

fr

dp w w
dz D

λ α ρ α ρ⎛ ⎞ ⎡ ⎤= + − Φ⎜ ⎟ ⎣ ⎦⎝ ⎠
,   (4.160) 

where 

( )
( )

1 1 1 2 2

1 1 1 2 2

1
,

/ 1 /
h

fr fr
h

X w X w w D k
X X D

λ λ
ρ ρ ν

⎡ ⎤+ −
= ⎢ ⎥+ −⎣ ⎦

,   (4.161) 

( ) ( ){ } ( )1/ 2
2 1 1 2 1 11 0.78 1 exp 2.2 0.22 1 exp 15 / 1o critFrα α ρ ρ α⎡ ⎤Φ = + − − − − − −⎡ ⎤⎣ ⎦⎣ ⎦ . 

        (4.162) 
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In this case we calculate the drift flux parameter using the appropriate correlation 
from Table 4.3. 

Table 4.3.  Drift flux parameters for a mixture of liquid and solid particles ( max / 6dα π< ) 

Concentration (distribution) parameter Co Weighted mean drift velocity 
 

*
dj TV constV= − , where  

d c
T h

c

V gD ρ ρ
ρ
−

=  

 
const = ... 

 
Covier and Azis (1972)  

 
1.2 1.77 (Newton regime, Cd = 0.44 ) 

 
Oedjoe and Buchman (1966) for flow of water slurries of coal,  
Dd = 0.062 to 0.0318 and gravel, Dd = 0.0047 to 0.0138 

 
1.2 0.88 

 
Wallis (1969)  

 
1.2 * 2.39 *

, 0(1 )
ddj d djV V αα == −  

 
Sakaguchi et al. (1990),  
0.8 ≤  Co ≤  1.4 
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, 0

1.2

1.39 2.48 0.488
[1 ]

1
0.01

dc w d

cd hcd

d

j D
j D

α

=− + +
+

⎛ ⎞ +⎜ ⎟
⎝ ⎠

 

 
[ ]1.213 0.294( ) /c d cdw w w ∞− − Δ  
 

 
 

*
, 0ddj o c wV C j == −  

where  

, 0d

m
c

c w cd n
d

j w α
α= ∞= Δ , 

 

 

0.7
1.20.457 1.31 /d
d

h

Dm
D

α
⎡ ⎤⎛ ⎞
⎢ ⎥= − +⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

, 

 

 

0.797 0.732d

h

Dn
D

= − + , 

 

 

4
3

d d c
cd d

cd c

Dw g
c

ρ ρ
ρ
−

Δ = , 

 

 

( )0.68724 1 0.15Re
Re

d
dc dc

dc

c = +  

 

1.16

0.42
1 42500Redc

−+
+

. 

 

 
 
For dα  < 0.005 one should use Co = 1 and , 0dc w c cdj wα= ∞= Δ .The experimental 

data base includes diameters 0.00114, 0.00257 and 0.00417 m for aluminum ce-
ramic particles with density 2270, 2380 and 2400, respectively, and diameter 
0.00296 for aluminum particles with density 2640. The pipe diameters are 0.0209, 
0.0306, 0.0508. The solid volumetric fraction was 0.005 < 3α  < 0.1, the superfi-
cial liquid velocity 0.193 < jc < 1.51, and the superficial solid particle velocity 
0.000450 < jd < 0.0407. 

We see from Table 4.3 that Covier and Azis and Oedjoe and Buchman used as a 
weighted mean drift velocity the free-setting velocity of single solid particles. 
Wallis introduced the correction for the influence of neighbor particles in a con-
fined flow. 
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Sakaguchi et al. (1986, 1987) rewrite the original Zuber drift flux correlation 
(4.67) in terms of the velocities 

*(1 )
1 1

djo d c
d

d o d o

VC ww
C C

α
α α
−

= +
− −

,     (4.163) 

calculate the liquid flux for which the solid particle velocity, wd, is equal to zero 
*

, 0 , 0(1 )
d d

dj
d w d c w

o

V
j w

C
α= == − = −      (4.164) 

called suspension volumetric flux of the liquid phase, and rewrite the Zuber drift 
flux correlation in terms of the suspension volumetric flux of the liquid 

, 0( )
dd o d ww C j j == − .      (4.165) 

The analog to Eq. (4.165) in terms of the suspension volumetric flux of the liquid 
phase is 

, 0[(1 ) ] /(1 )dd wcd c
o o d o

cd cd cd

jw wC C C
w w w

α=

∞ ∞ ∞

Δ
= − + −

Δ Δ Δ
   (4.166) 

Sakaguchi et al. proposed instead of the use the free settling velocity as a main pa-
rameter in the drift flux description, to use the suspension volumetric flux of the 
liquid phase. The relationship between this velocity and the weighted mean drift 
velocity is given with Eq. (4.164). The experimental data of Sakagushi are corre-
lated by means of the correlations given in Table 4.3. They are obtained by using 
the fast closing valves method to measure the volumetric fraction of each phase. 
The experimental data for the particles volumetric fraction are approximated with 
an index of deviation of +10.6 and − 8.61%. Comparing with the data of other au-
thors, Sakagushi shows that they are correlated with an index of deviation +57.3 
and − 311%. Using Sakaguchi’s correlation from Table 4.3 we can rewrite Eq. 
(4.166) in the following form 

[(1 ) ] /(1 )
m

cd c c
o o d on

cd cd d

w wC C C
w w

α α
α∞ ∞

Δ
= − + −

Δ Δ
   (4.167) 
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The critical two phase is co-current flow. Some authors used in this case success-
fully slip correlation describing the gas-to-liquid velocity ratio S as a function of 
the local parameters. In what follows we give some of them. 

Kolev (1982) propose the following form of empirical correlation 
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1

1 2 1 1 2 1
( 1)/ 1 (1 ) ( / ) 1

n
n m

n

nS w w X X
n

ρ ρ
++ ⎡ ⎤= = + − −⎣ ⎦ .  (4.168) 

Here m determines the magnitude of the maximum of S and n the position at the 
X1 coordinate where this maximum occurs 

( )
1

1

1

1 1
2 1

1 1

11 / 1
1

m

m

X
X m

m m

X XS
X X

ρ ρ

−

⎛ ⎞− ⎡ ⎤= + −⎜ ⎟ ⎣ ⎦−⎝ ⎠
   (4.169) 

where 

max 2 1( / )mS S ρ ρ= =       (4.170) 

for 

X1 = X1m.       (4.171) 

This relationship gives the maximum possible slip ratios for gas mass flow con-
centration greater than 0.5, and divides the regions of experimentally observed and 
not observed slip ratios for X1 less than 0.5. The measurements for critical air - 
water made by Deichsel and Winter (1990) for T = 293 K and p = (1.65, 2.65, 
3.37, 4.15) 105 are represented successful using the above equation and X1m ≈  0.1, 
m ≈  (0.18, 0.17, 0.16, 0.14), respectively.  

One year later Petry (1983) reported a similar relationship correlating data for 
two-phase flow of R12 in capillary tubes 

log S = 1/[A (log X1)2 + B log X1 + C],    (4.172) 

where A = 6.3014, B = 25.5632, C = 23.3784. This correlation gives Sm = 5.5 at 
X1m = 0.013. Similar to those authors a correlation was proposed by Michaelidies 
and Parikh (1982) 

( ) ( )1
1 1 1 2 1

1

1 exp / / 1m
m m

m

XS X X X
X

ρ ρ⎡ ⎤⎡ ⎤= + − −⎣ ⎦ ⎣ ⎦   (4.173) 

where  

m = 1/2,        (4.174) 

X1m = 1/C = 0.1.      (4.175) 

C was experimentally observed in the region 7 to 15. A probably more general 
form is  

( ) ( )1
1 1 1 2 1

1

1 exp / / 1m
m m

m

XS X X X
X

κ

κ ρ ρ
⎛ ⎞ ⎡ ⎤⎡ ⎤= + − −⎜ ⎟ ⎣ ⎦ ⎣ ⎦⎝ ⎠

   (4.176) 

where  

κ > 1.        (4.177) 
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The fact that there is a maximum of the S(X1) function is confirmed by Grieb 
(1989) showing the change of the flow pattern from continuous liquid to continu-
ous gas with liquid entrainment. Hug and Loth (1992) proposed a new semi-
empirical correlation for S2 

( ) ( ) ( ) ( )
1/ 2

2
2 2 1 1 1 1 1 1 1

1

/ 2 1 / 2 1 1 4 1 1 1S X X X X X X ρρ ρ
ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪= − − + + − − −⎨ ⎬⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

. 

   (4.178) 
This simple correlation gives a comparable result to the very complicated and ex-
tensively tested EPRI correlation (1989) and approximate reasonably air - water 
data for mass flow rates G = 50 to 1330 kg/(m2s) at atmospheric pressure. 

Deichsel and Winter (1990) found indirect experimental evidence that in the 
critical cross section the local critical flow at every point of the cross section is 
nearly homogeneous. They found that there is a profile of the gas volumetric frac-
tion which can be described as follows 

1 1, 0 1, 0 1,( ) ( )( / )
h

n
r r r R hr r Rα α α α= = == − − ,    (4.179) 

where 
3.1

1, 0 11 (1 )rα α= = − − ,      (4.180) 

1 / 3
1, 11 (1 )

hr R
αα α= = − − ,      (4.181) 

n = 1.015/(1.015 - 1α ).      (4.182) 

The authors assumed that at each point of the critical cross section the flow veloc-
ity is equal to the sound velocity and computed the slip as the ratio of the cross 
section averaged gas velocity to the cross section averaged liquid velocity 

[ ]1
1 1 1 1

1

1 ( , ) ( ) / ( , ) 1 ( )h h
A A

S a p r dA a p r dAα α α α α
α

⎡ ⎤ ⎧ ⎫− ⎪ ⎪= −⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦ ⎩ ⎭

∫ ∫ . (4.183) 
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Consider the mixture of gas, film and droplets. The relative droplets velocity with 
respect to the gas in accordance with Kataoka and Ishii (1982) 

( ) ( ){ } ( )
1/ 32 1.5

13 1 3 3 3 1 1 1( / 4) / 1 dw w w D g ρ ρ η ρ αΔ = − = − −⎡ ⎤⎣ ⎦ , (4.184) 

depends on the volume averaged droplet size. Here 

( )3 2/ 1dα α α= −       (4.185) 
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is the volume concentration of droplets in the gas-droplets mixture. In annular-
dispersed flow, most droplets are in a wake regime due to their relatively small 
size. That is why one can consider approximately the flow consisting of a core 
having a volume fraction and a density of 

3 1coreα α α= + ,      (4.186) 

3 1(1 )core d dρ α ρ α ρ= + − ,     (4.187) 

respectively, and a film. This allows us to compute the drift flux parameter for an 
annular flow using Ishii's correlation (1977) 

( ) ( )2 2 21 / 1 75 /ocore core core coreC α α α ρ α ρ⎡ ⎤= + + +⎢ ⎥⎣ ⎦
,  (4.188) 

( ) ( ) ( )2 2 21 / 0.015corej ocore core hyV C D gρ ρ α ρ= − − ,  (4.189) 

and thereafter to compute the film velocity 

[ ]2
2

(1 )
(1 ) (1 )

core ocore core core corej

core core ocore core core ocore

w C V
w

C C
ρ α α ρ

α ρ α α ρ
− −

=
− − +

.  (4.190) 

Having the relative velocity 13wΔ , we compute the gas velocity from the defini-
tion of the c.m. velocity, namely 

( ) ( )1 2 2 2 3 3 13 1 1 3 3/w w w wρ α ρ α ρ α ρ α ρ= − + Δ + .   (4.191) 

Having the actual field velocities and the c.m. velocity, the diffusion velocities are 
easily obtained from the definition equations. 

 
In case of dispersed flow (gas and particles only) the gas velocity is 

( ) ( )1 3 3 13 1 1 3 3/w w wρ α ρ α ρ α ρ= + Δ +     (4.192) 

Similarly we can model the flow if the gas phase or if the second field carry out 
solid particles. In both cases the particle diameter is an input parameter. 
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Depending on the volumetric concentration of the macroscopic solid particles (the 
third velocity field) we distinguish the following cases: 

 

1. The solid particles are touching each other in the control volume 

3 dmα α= .        (4.193) 
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In this case we suppose that the friction between wall and particles and among the 
particles itself obstructs their movement 

V3 = 0.       (4.194) 

In this case it is not possible to have simultaneously a droplet field. In the free 
space between the particles, a mixture of liquid and gas can flow. It is convenient 
in such cases to simply correct the volumetric porosities, the permeabilities, and 
the hydraulic diameters, and to describe the flow of gas-liquid mixture through the 
free space. 

 

2. The solid particles are free in the flow and the volume fraction of the space be-
tween them if they were closely packed,  

*
2 3

1 dm

dm

αα α
α
−

= ,       (4.195) 

is smaller than the liquid volume fraction 
*
2 2α α< .       (4.196) 

In this case the question arises how the particles are distributed in the mixture. The 
ratio of the free settling velocities in gas and liquid 

3 1 2

3 2 1

ρ ρ ρ
ρ ρ ρ

−
−

  

gives an idea how to answer this question. We see that, due to considerable differ-
ences between gas and liquid densities, the particles sink much faster in gas than 
in the liquid. Thus most probably the solid particles are carried out by the liquid, 
which corresponds to the experimental observations. In this case one can consider 
the flow consisting of gas, droplets, and a fictitious liquid velocity field consisting 
of the liquid field and the macroscopic solid particles field, having a density of 

( )2 2 2 3 3 2/ρ α ρ α ρ α′ ′= +      (4.197) 

volume concentration in the mixture of 

2 2 3α α α′ = + .       (4.198) 

mixture mass flow rate and velocity of the fictitious mixture of the velocity fields 
2 and 3, V'2. Further our task reduces to the estimation of the momentum redistri-
bution between the components 2 and 3, which means calculation the velocities V2 
and V3. For this purpose we use either 

3 3
2 2 23

2 2 3 3

V V Vα ρ
α ρ α ρ

′= − Δ
+

,     (4.199) 

3 2 23V V V= − Δ        (4.200) 
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estimating 23VΔ  empirically, or a proper correlation from Table 4.3, and the pro-

authors assume that the particles behave as they are moving in a fictitious channel 
with hydraulic diameter 

1 31hcd hD D α α= − −       (4.201) 

filled with liquid, a local volumetric particles concentration of 

2

2 3
c

αα
α α

=
+

 ,      (4.202) 

and a density of the continuous and discrete phase 

2cρ ρ= ,       (4.203) 

3dρ ρ= .       (4.204) 

3. The solid particles are free in the flow 

3 21
dm

dm

αα α
α

>
−

      (4.205) 

and the volume fraction of the space between them if they were closely packed is 
larger then the liquid volume fraction 

*
2 2α α> .       (4.206) 

This means that part of the particles, 31α  

*
3 2 3 2 2(1 / )

1
dm

dm

αα α α α α
α

− = −
−

     (4.207) 

are surrounded by gas. Probably in this case the particles surrounded by gas will 
settle down and will be carried out mechanically by the other particles carried out 
by the liquid. The question arises how to compute their velocity. As a first ap-
proximation one can correct the density of the particles surrounded by the liquid, 
with the weight of the rest of the particles 

* *
3 3 3 2 3 2/ /

1
dm

dm

αρ ρ α α ρ α α
α

⎛ ⎞
= =⎜ ⎟−⎝ ⎠

    (4.208) 

and proceed as in the previous case. But this question has to be clarified experi-
mentally, which has not been done as far as the author knows. 

posal made by Giot see in Hetstroni (1982) and Sakagushi et al. (1986). Both 
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Latin 
 

Ar  
3 2

4
c

c g
σ ρ
η ρ

=
Δ

 Archimedes number, dimensionless 

Bo  2
2 /hgDρ σ= , Bond number, dimensionless 

0C  distribution parameter 
d
lc  drag coefficient acting on the field l, dimensionless 

,
d
d singlec  drag coefficient for a particle in an infinite medium, dimensionless 

Eo  
2

21 hg Dρ
σ

Δ
= ( )2/h RTD λ= , pipe Eötvös number, dimensionless 

Fr  
2

2
2h

G
gD ρ

= , square of Froude number based on the liquid density, dimen-

sionless 

hFr  ( )2 2
h

h

w v
gD

ρ
= , square of Froude number based on the mixture density, di-

mensionless 
d

lf  drag force acting on the field l per unit mixture volume, N/m³ 
vm

lf  virtual mass force acting on the field l per unit mixture volume, N/m³ 
g gravity acceleration, m/s² 
h specific enthalpy, J/kg  
j  volumetric flux of the mixture - equivalent to the center of volume veloc-

ity of the mixture, m/s 

2Nη   2 2 2/ RTη ρ σ λ= , liquid viscous number, dimensionless 
p pressure, Pa 

dRe  /d c dc cD wρ η= Δ , Reynolds number for dispersed particle surrounded by 
continuum, dimensionless 

S 1 2/w w= , slip  (velocity ratio), dimensionless 

*r  
1/3

22
d c

c

D gρ ρ
η

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
, bubble size, dimensionless 

T temperature, K 

*V  
1/ 32

,
c

dc
c

w
g
ρ

η ρ∞

⎛ ⎞
= Δ ⎜ ⎟Δ⎝ ⎠

, terminal velocity, dimensionless  
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KuV  
1/ 4

2
cd

c

gσ ρ
ρ

⎛ ⎞Δ
= ⎜ ⎟
⎝ ⎠

, Kutateladze terminal velocity of dispersed particle in 

continuum, m/s 
*

TBV  cos /h cd cD g ϕ ρ ρ= Δ , Taylor terminal velocity, m/s 
*

djV  weighted mean drift velocity, m/s 

dWe  2 /d c dcD wρ σ= Δ , Weber number for dispersed particle surrounded by con-
tinuum, dimensionless 

hv  ( )1 1 1 21X v X v= + − , homogeneous mixture specific volume, m³/kg 

lw  cross section averaged axial velocity of field l, m/s 

dw  weighted mean velocity, m/s 

1X  1 1 1w
G

α ρ
= , gas mass flow concentration, dimensionless 

 
Greek 
 

lα  volume fraction of field l, dimensionless 

dα  dj
j

= , averaged volumetric flow concentration of the field d, dimen-

sionless 

1α  
1 1

1 2

1
11 X

X
ρ
ρ

=
−

+
, averaged volumetric flow concentration of the gas, di-

mensionless 
coreα  3 1α α= + , core volume fraction: droplet + gas, dimensionless 

dmα  particle volume fraction at which the solid particles are touching each 
other in the control volume, dimensionless 

cdwΔ  velocity difference: continuum minus disperse, m/s 

cdw ∞Δ   steady state free settling velocity for the family of solid spheres or the 
free rising velocity for a family of bubbles, m/s 

,cd owΔ  velocity difference at zero time, m/s 

,cdw τ→∞Δ  steady state velocity difference, m/s 

cdρΔ  density difference: continuum minus disperse, kg/m³ 

2oΦ  two phase friction multiplier, dimensionless 
ϕ   angle between the positive flow direction and the upwards directed verti-

cal, rad 

RTλ  
( )

2

2 1g
σ
ρ ρ

=
−

, Rayleigh-Taylor instability length, m 
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lρ  density of field l, kg/m³ 

coreρ  3 1(1 )d dα ρ α ρ= + − , core density: droplet + gas, kg/m³ 
wρ  mixture mass flow rate, kg/(m²s)  

σ  gas-liquid surface tension, N/m 
η  dynamic viscosity, kg/(ms)  
 
Subscripts 
 
1 field 1 
2 field 2 
3 field 3 
c continuum 
d disperse 
cr critical 
core droplets + gas in annular flow 
 
Superscripts 
 
 ′  saturated liquid 
 ′′  saturated vapor 
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Entrainment is a process defined as mechanical mass transfer from the continuous 
liquid velocity field into the droplet field. Therefore entrainment is only possible 
if there is a wall in the flow, i.e. in channel flow or from the surfaces in pool 
flows. The surface instability on the film caused by the film-gas relative velocity 
is the reason for droplets formation and their entrainment. 

 

1

2

3

( )23wρ

( )32wρ
hD

 
Fig. 5.1 Annular flow 

The entrainment is quantitatively described by models for the following charac-
teristics: 

 
(1) Identification of the conditions when the entrainment starts; 
(2) The mass leaving the film per unit time and unit interfacial area, 23( )wρ , or 

the mass leaving the film and entering the droplet field per unit time and unit mix-
ture volume, 23μ  

23 12 23( )a wμ ρ=       (5.1) 

where a12 is the interfacial area density, i.e. the surface area between gas and film 
per unit mixture volume; 

(3) Size of the entrained droplets.  
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Note that there is no general correlation for entrainment and deposition up to now. 
In what follows we summarize some results presented in the literature for quanti-
tative modeling of these processes. 

704"Uqog"dcukeu"

Taylor, see Batchelor (1958) or Taylor (1963) obtained the remarkable result for 
the interface averaged entrainment velocity  

( )1/ 2 * *
23 1 2 12 / m mu const V fρ ρ λ= Δ     (5.2)  

where *
mλ , defined by  

* 2
1 122 /m m Vπλ λ ρ σ= Δ  ,       (5.3) 

and *
mf , defined by  

( )1/ 2* 3
1 2 1 122 / / /m mf f Vρ ρ ρ σ⎡ ⎤= Δ⎣ ⎦ ,      (5.4) 

are the dimensionless wavelength and the frequency of the fastest growing of the 
unstable surface perturbation waves which are complicated functions of the Tay-
lor number based on relative velocity, 

12Ta  = ( ) ( ) 2

2 1 2 12/ Vρ ρ σ η⎡ ⎤Δ⎣ ⎦ ,     (5.5) 

where * 3 / 9mf ≤  and * *0.04 3 / 6m mfλ≤ ≤  for 5 4
1210 10Ta− ≤ ≤  and 

* * 3 / 6m mfλ =  for 4
12 10Ta > . Comparison with experimental data for engine 

spray where 12VΔ  = 2V , indicates that ( )* *1 /  
2 m mconst fλ  is of order of 7, see 

Bracco (1985). This means 

( )1/ 2
23 1 2 1214 /u Vρ ρ≈ Δ .     (5.6)  

Following Schneider et al. (1992) and assuming that (a) the surface entrainment 
velocity is equal to the liquid side surface friction velocity,  

( )1/ 2*1 1
23 2 2 2/u u σ στ ρ= = ,     (5.7)  

and (b) the liquid side surface shear stress is equal to the vapor side shear stress 
due to the gas flow  

1 2
2 12 1 12

1
2

dc Vστ ρ= Δ ,      (5.8)  
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we obtain a result 

( )
1/ 2

1/ 212
23 1 2 12/

2

dcu Vρ ρ
⎛ ⎞

= Δ⎜ ⎟
⎝ ⎠

,     (5.9) 

which is close to Taylor’s solution.  
The internal turbulent pulsation can also cause surface entrainment not influ-

enced by the gas environment directly. Mathematically it can be expressed as  
1/ 2

*1 2
23 2 2 12 1 12 2 2

1 /
2

du u u c V cVσ ρ ρ⎛ ⎞′= + = Δ +⎜ ⎟
⎝ ⎠

.   (5.10)  

Here the interface averaged fluctuation velocity 2 2u cV′ =  is proportional to the jet 
velocity. The proportionality factor can be of the order of 0.1, see Faeth (1995). 
With the Braco’s constant this expression results in 

1/ 2
*1 1

23 2 2 12 2
2

14 0.1 u u u V Vσ ρ
ρ

⎛ ⎞
′= + = Δ +⎜ ⎟

⎝ ⎠
.               (5.11) 

 
For film flows it was early recognized that the film have to be wavy to pump en-
ergy into the crests of the waves, 2 2 2 2 2/ 203Re wδ ρ δ η= > , Miles (1960), and the 

gas velocity have to exceed some value ( )( )1/ 2 4
1 1 2 1 2 2.46 10wη σ ρ ρ −> ×  Wallis 

(1969), in order to remove the unstable droplets from the film. 
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This Section contains a set of empirical correlation used in the literature for mod-
eling the entrainment mass flow rate. 

 
The Nigmatulin correlation: Nigmatulin (1982) and Nigmatulin et al. (1995) 
analyzed experimental data for entrainment for non-heated flow in the region 3 < 
We12 < 10, 3× 103 < 2 2 2 2 2( / )Re wδ ρ δ η=  41.5 10< × and 10< 2 1/ 100ρ ρ <  and for 
heated flow with G = 500 to 2000 kg/(m2s), w1 = 3 to 40 m/s and 2wq′′ = 0.1 to 3.6 
MW/m2 and obtained the following  

( ) 1/ 2

23 2 2

2 2 2 2 1

29 Zeichik F

h

w We
w Re D

ρ ρ δ
α ρ ρ

⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
,               (5.12) 

where the shear stress 1
2
στ  in the Weber number is computed as given in Chapter 

2. The data are reproduced by the Nigmatulin correlation with an error of ± 20%. 
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Nigmatulin reported also information about the equilibrium entrained mass frac-
tion of the total liquid mass, E∞ , defined as follows 

0.21 3.1E Y −
∞− =    for    8000Y ≤     (5.13) 

0.91 1700E Y −
∞− =    for    8000Y >     (5.14) 

where 
0.3

1 2 2 2 1 1( / )( / )coreY c c Fr Eoρ ρ η η= ,    (5.15) 

2
1 1 /( ),hFr V gD=       (5.16) 

2( / )h RTEo D λ= ,      (5.17) 

1/ 2
21( / )RT gλ σ ρ= Δ ,      (5.18) 

1 21 1/c ρ ρ= Δ  for 21 1/ 10ρ ρΔ ≤ ,     (5.19) 

c1 = 1 for 21 1/ 10ρ ρΔ > ,      (5.20) 

c2 = 0.15 for Eo1/2 ≥  20,      (5.21) 

c2 = 1 for Eo1/2 < 20.       (5.22) 

The data base for this correlation is: (a) air-water, p = 0.18 to 0.3 MPa, G = 90 to 
2140 kg/(m2s), X1 = 0.08 to 0.8, V1 = 16 to 80 m/s; (b) steam - water, p = 2 to 16 
MPa, G = 253 to 4000 kg/(m2s), X1 = 0.08 to 0.9. This correlation gives the best 
agreement compared to other correlations existing up to 1995. 
The Zaichik inception model: Zaichik et al. provided in 1998 the following crite-
rion for the inception of the entrainment 

( )

1 4
52 2

0.6
2 2 2 2 2

1 6 102.5 10
4 160

Zeichik

F F

We
Re w Re

στ η
σ ρ

−
− ×

= = × +
−

  (5.23) 

which represents excellent data in the region 2160 2000FRe< < .  Here the inter-
facial share stress 1

2
στ  is computed using the Nigmatulin’s model given in Ch. 2. 

 
The Kataoka and Ishii model: Kataoka and Ishii (1982) found that entrainment 
starts if the following condition is fulfilled 

2 2F FcRe Re> .       (5.24) 

Then the authors distinguish two entrainment regimes depending on whether the 
droplet field is under-entrained or over-entrained with respect to the equilibrium 
condition. The entrained mass fraction of the total liquid mass flow that defines 
the boundary between these two regimes is defined by the following correlation 

5 Entrainment in annular two-phase flow 
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( )7 1.25 1/ 4
23tanh 7.25 10 IshiiE We Re−

∞ = × .    (5.25) 

The above correlation for E∞ was verified with data in the region 2x104 
1.25 1/ 4

23IshiiWe Re< <  8x106, 1< p < 4 bar, 0.0095 < Dh < 0.032 m, 320 < Re2 < 6400, 

1 1Vα < 100 m/s. In this region of parameters the maximum value of the dimen-
sionless entrainment ( ) 223

/hw Dρ η  was 20≈ . The under-entrained regime (en-
trance section and smooth injection of liquid as a film causing excess liquid in the 
film compared to the equilibrium condition) is defined by 

Re2 > Re 2∞ .       (5.26) 

In this regime the entrainment mass flow rate is described by the following corre-
lation which was published in Kataoka and Ishii in 1983 

( )
( )

( ) ( )

2
0.259 1.75

23

2
23 0.26

0.925 0.1857 1
23

2

0.72 10 1 1

6.6 10 1

Ishii

h

Ishii

ERe We E
E

w
D

Re We E

η
ρ

η
η

−
∞

∞

−

⎡ ⎤⎛ ⎞
⎢ ⎥× − −⎜ ⎟
⎢ ⎥⎝ ⎠= ⎢ ⎥

⎛ ⎞⎢ ⎥
+ × − ⎜ ⎟⎢ ⎥
⎢ ⎥⎝ ⎠⎣ ⎦

. (5.27) 

For the over-entrained regime (entrainment is caused by shearing-off of roll wave 
crests by gas core flow) defined by  

2 2Re Re ∞≤         (5.28) 

the entrainment mass flow rate is correlated by Kataoka and Ishii (1983) as fol-
lows: 

( ) ( ) ( )
0.26

0.925 0.18572 1
2323

2

6.6 10 1Ishii
h

w Re We E
D
η ηρ

η
− ⎛ ⎞

= × − ⎜ ⎟
⎝ ⎠

.  (5.29) 

Lopez de Bertodano et al. (1998) recommended in 1998 to replace the correla-
tion by Kataoka and Ishii with the following correlation 

( ) ( ){ }
0.26

0.925
72 1

2 223
2

4.47 10  F Fc Lopez
h

w Re Re We
D
η ηρ

η
− ⎛ ⎞
⎡ ⎤= × − ⎜ ⎟⎣ ⎦

⎝ ⎠
. (5.30) 

This correlation gives the same results as the Kataoka and Ishii correlation for low 
pressure and relative low mass flow rates but better agreement with the data for 
high pressure and large gas mass flow rates. 

The diffusion droplet deposition rate has been investigated by several authors 
and reliable data are available. The most frequently used in the literature is Paleev 
and Filipovich’s correlation (1966), which  is used by Kataoka and Ishii slightly 
modified 
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( ) ( ) ( )0.26 0.74
3 1 3 23 232

/ 0.022 / ( )hw D Re Reρ η η η= −   (5.31) 

for existing droplets, i.e. for 3α  > 0.0001. The Kataoka - Ishii model was based 
on data in the following region 277 < Re23 < 5041, 1414 < WeIshii < 9602, 0.0095 
< Dh < 0.032. 

 
The Whalley et al. model: Whalley et al. (1974) propose for the entrainment and 
deposition mass flow rates 

( ) 332 cw fρ ρ= ,      (5.32) 

( ) 3 ,23 c eqw fρ ρ= ,      (5.33) 

respectively, where 3
3 3

1 3
c

α
ρ ρ

α α
=

+
 is the homogeneous droplet concentration in 

kg/m3 in the vapor core. The deposition coefficient f is found to be function of 
particle size, which itself depends on the surface tension and other local parame-
ters. In order to avoid the computation of the particle size Whalley et al. plotted f 
versus the surface tension and found a dependence that was later correlated by 
Katto's  (1984) as given in Table 6.1 in the next Section. Since the amount of 
deposition is equal to that of entrainment at the equilibrium state, the same "f" is 
used in Eqs. (5.32) and (5.33). The data collected by Hutchinson and Whalley 
(1973) for the equilibrium droplet concentration 3 ,c eqρ  are found to be function of 
the interfacial share stress 

*
12 2 /τ τ δ σ= .        (5.34) 

Here, 2δ  is the film thickness, σ  the surface tension and 12τ  the interfacial stress. 
with analytical expressions.  Tomiyama et al. (1988) approximated them with  

*2 *
3 , 186.349 0.185919 0.0171915c eqρ τ τ= + −    * 0.047τ ≤  (5.34) 

*2 *
3 , 96.6903 10.55840 0.3097050c eqρ τ τ= + −    *0.047 0.100τ< ≤  (5.35) 

*2 *
3 , 51.6429 27.13020 1.6586300c eqρ τ τ= + −    *0.100 0.300τ< ≤  (5.36) 

*2.13707
3 , 145.8329c eqρ τ=  *0.300 τ<    (5.37) 

Note that Saito et al. (1978) proposed earlier 
4 *5 3 *4 2 *3

3 , 2.141 10 8.135 10 8.84 10c eqρ τ τ τ= × − × + ×  
*2 * 41.925 10 0.171 2.65 10τ τ −+ × − − ×  * 0.1τ ≤  

*5 2 *4 *3
3 , 4.681 10 1.01 10 6.351 10c eqρ τ τ τ= × − × + ×  

*2 *9.901 10 8.97 0.376τ τ− × + −   *0.1 τ<  

5 Entrainment in annular two-phase flow 
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The interfacial stress is given by the following equations 

212
12 8

R
core corejλτ ρ=      Wallis (1970)    (5.39) 

where 

1 1 3 3corej w wα α= +       (5.40) 

is the core (gas + droplet) superficial velocity, 

( )1 1 1 3 3 3 /core corew w jρ α ρ α ρ= +       (5.41) 

is the core density, 

12 1 2(1 360 / )R R hDλ λ δ= +      (5.42) 

is the gas-film friction coefficient, 

1 1/ 4

64 / Re          Re 2000

0.3164 / Re    Re 2000
core core

R
core core

λ
⎧ ≤⎪= ⎨

>⎪⎩
    (5.43) 

is the friction coefficient computed using the core Reynolds number defined as 
follows 

( )1 1 1 3 3 3 1/core hRe w w Dα ρ α ρ η= + .    (5.44) 

Saito et al. (1978) used for air 310 instead 360 in the equation for the friction co-
efficient. The film thickness 2δ  is evaluated with the triangular relationship 

2

2

4

h Tph

dp dp
dz D dz

δ⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

       (5.45) 

in accordance with Turner and Wallis (1965), where 

124 / h
Tph

dp D
dz

τ⎛ ⎞ ≈⎜ ⎟
⎝ ⎠

      (5.46) 

is the two-phase friction pressure drop per unit length in the core, 

2
2 2 2

2

1 /
2 R h

dp w D
dz

ρ λ⎛ ⎞ =⎜ ⎟
⎝ ⎠

     (5.47) 

is the friction pressure drop per unit length in the film. Here the film friction coef-
ficient 

( )2 2 2 , /R R hRe k Dλ λ=       (5.48) 
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is estimated using Hewitt's analysis (1961). If three fluid models are used the film 
thickness is a natural results of the integration of the mass conservation equations 
for the particular wetted geometry. 

 

The Sugawara model: For the range of application p = 2.7× 105 to 90× 105 Pa 
and Reynolds number Re1 = 3× 104 to 7× 105 Sugawara (1990) proposes the fol-
lowing entrainment correlation: 

( )
0.4

12 2 1 2 2
23

1

1.07 eq Vw
τ δ η ρρ
σ σ ρ

⎛ ⎞⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

,    (5.49) 

where  

2 2eq kδ =    for    Re1 > 105,      (5.50) 

( )2 2 10 12.136 log 9.68eq k Reδ = −    for    Re1 ≤  105,   (5.51) 

is the wavelength and 
3 2 6 3 9 4

2 2 2 2 20.57 21.73 10 38.8 10 55.68 10k δ δ δ δ= + × − × + ×   (5.52) 

is hydrodynamic equivalent wave roughness as obtained by Wurtz
The entrainment correlation was verified in conjunction with the deposition 

correlation given in Table 6.1 in the next Section. The applicability of this equa-
tion is limited in the region pressure: p = 1× 105 to 70× 105 Pa, 

4 61
1

1

10   10hV DRe to
ν

= =  and 3 3

1 3 1

α ρ
α α ρ+

 from 0.04 to 10. 

 

The Ueda model: Ueda (1981) proposed a simple model for the entrainment 
based on his experiments with air-water and air - alcohol 

( ) 3 0.57
23

3.54 10w Uρ −=    for   120 5000U< <    (5.53) 

where 
0.6

12 2 2

2 2

wU τ α
σ σ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.       (5.54) 

For U < 120 linear interpolation to ( )23
0wρ =  at 0U =  can be used. 

 

The Hewit and Gowan model: A model was proposed by Hewitt and Govan 
(1989). For entrainment the authors recommend the Govan et al. correlation 
(1988) 

( )23
0wρ = ,   for   2 2Re Re ∞<      (5.55) 

( ) ( )
0.3162

25 2 2
1 1 1 2 2 223

1

5.75 10
h

w w Re Re
D
η ρρ α ρ
σ ρ

−
∞

⎡ ⎤
= × −⎢ ⎥

⎣ ⎦
,  (5.56) 

 (1978). 

5 Entrainment in annular two-phase flow 
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for 

2 2Re Re ∞≥ ,       (5.57) 

and 

( )
2

2 72 2
2 2 2

1

1 10
h

Re Re
D
η ρ
σ ρ∞< − < ,    (5.58) 

where 

1 2
2

2 1

exp 5.8504 0.4249Re
η ρ
η ρ∞

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠
, Owen and Hewitt (1987), (5.59) 

is the local equilibrium film Reynolds number. For example for 2 459Re ∞ ≈  
air/water flow at atmospheric pressure ( ) 1 1 123

/( )w wρ α ρ takes values ≈ 5.75x105 
to 9.37x10-3. As shown later by Schadel et al. (1990) there is some dependence of 

2Re ∞  on the gas velocity and tube diameter not taken into account in Eq. (5.56). 
For deposition the authors used the correlation given in Table 6.1 in the next Sec-
tion. 

 
The Schadel et al. data: Recently additional data for the local equilibrium film 
Reynolds number as a function of the gas velocity for three - different pipe diame-
ters have been provided by Schadel et al. (1990) - see Table 5.1 

Table 5.1. Local equilibrium film Reynolds number as a function of the gas velocity. Pa-
rameter pipe diameter. Schadel et al. (1990). 

4
230.0254, 1.2425 10hD c −= =  ms/kg 

 
w1  32 55 68 80 89 99 115 

2Re ∞   259 242 212 212 212 212 126 
4

230.0420, 1.09 10hD c −= =  ms/kg 
 
w1  19.5 36.5 53.0 72.0 

2Re ∞   306 314 235 243 
 

4
230.05715, 1.0825 10hD c −= =  ms/kg 

 
w1  12.5 33 41 49 

2Re ∞   451 451 276 276 
 

4
23 1.175 10c −=  ms/kg  (averaged for all data) 
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Schadel et al. summarized their data for entrainment by the following correla-
tion 

( ) ( ) ( )1/ 2
23 1 1 2 2 2 223

w c w Re Reρ ρ ρ η ∞= −     (5.60) 

or  

( ) ( )
1/ 2

2 2
23 1 1 2 223

1
h

h

w c w D Re Re
D
η ρρ ρ

ρ ∞

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
,   (5.61) 

where the coefficient c23 is given in the Table 5.1. Not that this coefficient is not 
dimensionless. For the deposition the authors recommend the correlation given in 
Table 6.1. Schadel at al. correlations for entrainment and deposition are based on 
data for air/water vertical flow in the following region: 0.0254 0.0572hD≤ ≤ , 

120 120 /w m s< < , 2
2 2 212 100 /( )w kg m sα ρ< < . 

Tomiyama and Yokomiyo (1988) found experimentally that behind spacer grids 
in nuclear reactor cores, the value of  f  increases with the increase of the pulsation 
components of the gas velocity. 

Note that all of the entrainment models are proposed with a counterpart deposi-
tion model. 

At the end a word of conscious: Kawara et al. (1998) compared 9 correlations 
for entrainment obtained by different authors or teams. They found differences of 
six orders of magnitude at low entrainment rations and three orders of magnitude 
at high entrainment ratios.  

 

 
Fig. 5.2 Film thickness as a function of the distance from the entrance. Boiling water in 
vertical circular pipe, Bennett et al. (1967): Vertical pipe, 0.01262m inner diameter, 
5.5626m length, uniformly heated with 199kW, inlet water flow from the bottom: 68.93bar 
and 538.90K 
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The practical implication of this fact is demonstrated by computing the parame-
ters in boiling pipe with boundary conditions reported by Bennet et al. (1967) for 
test nr. 5253. We make 6 computations using one of the entrainment models dis-
cussed here. The results regarding the film thickness are presented on Fig. 5.2. 
Diminishing film thickness causes overheating of the pipe. Such overheating has 
to be avoided in technical facilities. In the real experiment the dry out of the film 
occurred at 8/10 of the total pipe length which is the beginning of the x-axis of 
Fig. 5.2. The largest entrainment, and therefore the closest to the observed result, 
is predicted by the Kataoka and Ishii’s correlation. 

 
Therefore a final state of this research field is still not reached. 
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There are two important characteristics of the annular flow in boiling channels. 
The possibility at specific operating conditions for diminishing of the film my 
cause increase the wall temperature which for imposed constant heat flux may re-
sult to melting of the surface and its failure. This phenomenon, known as burn out 
or dry out is important for the safety of boiling system. 

Boiling films manifest few additional phenomena controlling the film dynamics 
that are not present in adiabatic films. The steam mass flow generated at the wall 
surface contributes substantially to the fragmentation of the liquid by two mecha-
nisms: At low film velocity if the bubble departures diameter is larger than the 
film thickness the bubble burst cause additional entrainment. At high film veloci-
ties the bubble departure diameter is small but there is a vapor net flow perpen-
dicular to the wall crossing the film. This may cause additional entrainment. In 
addition the vapor blows into the gas core and dumps the penetration of the gas 
pulsation into the boundary layer. 

Milashenko et al. collected in 1989 data for boiling flow in a 0.0131m inside
diameter pipe of 0.15 and 1m heated lengths. Setting the deposition rate 32μ  
equal to zero the authors correlated their data for an effective entrainment by the 
following correlation 

1.3
6

23 _ _ 23_ 32 2 2 2 2
1.75 10boiling film adiabat w

h

w q
D

ρμ μ μ α ρ
π ρ

− ′′⎛ ⎞′′+ − = ⎜ ⎟′⎝ ⎠
, (5.63) 

indicating a strong dependence on the wall heat flux. Note that the asymptotic 
value for zero heat flux will produce zero effective entrainment which can not be 
true. Nevertheless this is the ultimate prove that boiling process influence the ef-
fective entrainment. Probably better scaling velocity of the additional to the adia-

batic entrainment is 21
1_

1 4
heat

blow
D

w
μ
ρ

= , which will be linearly dependent on 
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( )1_ 2 1blow ww q hρ′′= Δ  for saturated film. This explains why Milashenko et al. 
(1989) are forced to introduce the constant 10-6 being of order of 1 hΔ . Therefore  

21
23 _ _ 2

1 4
heat

boiling film
D

f
μ

μ ρ
ρ

=  

with function f < 1 that remains to be found is probably the better physical basis 
for data correlation. My own comparison with the Bennett’s data for dry out in a 
pipe indicated that f is of the order of 0.02. Kodama and Kataoka reported in 2002 
a dimensional correlation for the net entrainment rate due to the bubble break up 
with accuracy up to a constant that have to be derived from experiments 

( ) ( ) ( )23_ _ 23_ 32boiling film adiabatw w wρ ρ ρ+ −  

( )
2 2 22

2.66
2

exp
158.7 30

wwq
const

h w

δ τ ρ
ρ η η

⎡ ⎤′′
= −⎢ ⎥

′′Δ ′′ ′⎢ ⎥⎣ ⎦
.   (5.62)  

We see here that the group ( )1_ 2 1blow ww q hρ′′= Δ  is used correctly but again for 
adiabatic flow the asymptotic is not correct. 
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Using correlation for entrainment and deposition gained from adiabatic experi-
ments results obviously to over prediction of the deposition and under prediction 
of the entrainment. The results of such computations are always predicting some 
film thickness at places where the wall has to be dry. This lead some authors to in-
troduce some critical film thickness depending on the local parameter as already 
mentioned in the introduction. Regarding the experimental evidence: At the dry 
out Milashenko et al. experimentally observed in 1989 a residual film mass flow 
rate of 0.02kg/s. Adamsson and Anglart (2004) used in their computational analy-
ses the number 7

2, 9 10critδ −= × m for one rod bundle type and 5
2, 7 10critδ −= ×  

( )72.86 10 360G−+ × −  for others. Regarding the dry out film thickness Groene-
veld [32] 2001 reported that in all of his dry out experiments (more then 30 years 
experimental research) a complete drying of the film was observed which contra-
dicts to Milashenko et al. 1989.  
 
Conclusion: The influence of the boiling film on enhancing of the entrainment 
and suppression of the deposition has to be taken in any case into account. Then 
the film nucleate boiling has to be exanimate for departure from nucleate boiling 
(DNB). If there are no local conditions for DNB then the DO requires dry film. 
This logic allows finite film thickness and boiling crisis simultaneously in cases of 
DNB. 

5 Entrainment in annular two-phase flow 
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Regarding the influence of the flow obstacles attached to a surfaces on the 
entrainment Guguchkin et al. reported in 1985 “…for smooth surface-
buckling the intensity of the entrainment depends on the radius of the buck-
ling, for sharp obstacles - from the blockage ratio. Even small sharp block-
ages may increase the entrainment several times compared to the same 
situation for smooth surface…”. Systematic experiments are not available. 
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Kataoka et al. (1983) correlated the droplet size after the entrainment with a large 
experimental data base for air-water at low pressure p ≈ 1.2 bar: 10 < 2Re < 9700, 
2.5 < 1Re < 417 10× ,  3 < 31We < 20. Note that the dimensionless numbers used 
below 

1 1 1 1 1/hRe V Dα ρ η= ,      (5.66)  

2 2 2 2 2/hRe V Dα ρ η= ,      (5.67)  

and  

( )2
31 1 1 1 3 /EWe V Dρ α σ= ,     (5.68)  

are based on superficial velocities. The final correlation for the median particle 
size in an always observed log-normal distribution is  

1/ 3 2 / 3
2 / 3 1 1

31 1
2 2

0.01We Re ρ η
ρ μ

−
⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,    (5.69)  

with the ratio of the maximum to median size 3,max 3/ ED D =3.13. We31  takes val-
ues between 3 and 20 in the considered region and is accurate within ± 40%. In 
contrast to pool flow, the walls influence the processes in the channel. For this 
reason the averaged stable droplet diameter in channel flow depends on the hy-
draulic diameter of the channel, hD . Note the difference between the Kataoka et 
al. correlation and the proposed ones by other authors, e.g. the correlation pro-
posed by Azzopardi et al. (1980)  

( )
2 / 30.6 2

1 1 10.1 1
31 1

2

1.9 hV D
We Re

ρ αρ
ρ σ

⎛ ⎞⎛ ⎞
⎜ ⎟= ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

,   (5.70)  

or those proposed by Ueda (1981)  
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( )
0.42 2

0.1 1/ 41 1 3 1 1 1 1

1

0.68E h h
h

V D V D V DDρ ρ ρσ
σ η σ

− ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,   (5.71)  

(not dimensionless) verified in the region 3000 < 1 1 1/hV Dρ η < 50000.  
Recently Ambrosini et al. (1991) proposed a new correlation for the droplet 

size in pipes in the presence of film at the wall  

( )
0.5 0.83

23 1
3 3 1 12

2 1 12 1 2 2

22 exp 0.6 / 99 / /h hd

D D D V D
c V
σ ρ α ρ σ

δ ρ δ ρ
∞

∞

⎛ ⎞ ⎛ ⎞ ⎡ ⎤= +⎜ ⎟ ⎜ ⎟ ⎣ ⎦⎝ ⎠ ⎝ ⎠
, 

        (5.72)  

where 2δ is the film thickness, 12
dc  the gas-film drag coefficient. Here 1 stands for 

gas, 2 for film and 3 for droplets. The data correlated are in the region 
2 2 2 3 3 3V Vα ρ α ρ+ ≈  40 to 140 2/( )kg m s , 2V ≈ 22 to 67 m/s, and the results are in 

the region of 2D ≈ 0.025 to 0.2 mm.  Note that Eq. (5.72) attempts to correlate in-
tegral results of simultaneously happening fragmentation and coalescence, which - 
as shown in Section 7.6 - is not correct.  
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Latin  
 

12a  interfacial area density, i.e. the surface area between gas and film per unit 
mixture volume, m²/m³ 

12
dc   vapor side shear stress coefficient at the liquid surface due to the gas 

flow, dimensionless 
1c  21 1/ρ ρ= Δ  

const  constant, dimensionless 
hD  hydraulic diameter, m 

2

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

 friction pressure drop per unit length in the film, Pa/m 

Tph

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

two phase friction pressure drop per unit length in the core, Pa/m 

E  3 3 3

2 2 2 3 3 3

w
w w
α ρ

α ρ α ρ
=

+
, mass fraction of the entrained liquid, entrainment, 

dimensionless 
E∞  equilibrium mass fraction of the entrained liquid, entrainment, equilib-

rium entrainment, dimensionless 

5 Entrainment in annular two-phase flow 
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Eo  2( / )h RTD λ= , Eötvös number, dimensionless 

1Fr  2
1 /( )hV gD= , gas Froude number, dimensionless  

f deposition coefficient, dimensionless 
*

mf   frequency of the fastest growing of the unstable surface perturbation 
waves, dimensionless 

G mass flow rate, kg/(m2s) 
corej  1 1 3 3w wα α= +  core (gas + droplet) superficial velocity, m/s 

2k   film wavelength, m 
p pressure, Pa 

1Re  1 1 1 1/hw Dα ρ η= , local gas film Reynolds number based on the hydraulic 
diameter, dimensionless 

1,stratRe  1 1 1 2

1 sin
hw w Dα ρ π

η θ θ
−

=
+

, local gas film Reynolds number based on 

the gas hydraulic diameter for stratified flow, dimensionless 
2Re  2 2 2 2/hw Dα ρ η= , local film Reynolds number based on the hydraulic 

diameter, dimensionless 
2Re δ  2 2 2 2/wρ δ η= , local film Reynolds number based on the liquid film thick-

ness, dimensionless 
2Re ∞  23 (1 )Re E∞= − , local equilibrium film Reynolds number based on the 

hydraulic diameter, dimensionless 
23Re  2 1 23 2(1 ) /hw Dρ α η= − , total liquid Reynolds number, dimensionless 

2FRe  2 2 2 24 /Fwρ δ η= , local film Reynolds number, dimensionless 

2FcRe  160= , critical local film Reynolds number, dimensionless 

coreRe  ( )1 1 1 3 3 3 1/hw w Dα ρ α ρ η= + , core Reynolds number, dimensionless 

12Ta  = ( ) ( ) 2

2 1 2 12/ Vρ ρ σ η⎡ ⎤Δ⎣ ⎦ , Taylor number based on relative velocity,  

dimensionless 
2wq′′  heat flux,  MW/m2 

U  
0.6

12 2 2

2 2

wτ α
σ σ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
, group used in the Ueda correlation 

*1
2u σ  ( )1/ 21

2 2/στ ρ= , liquid side surface friction velocity, m/s 

2u′   2cV= interface averaged fluctuation velocity, m/s 

23u  interface averaged entrainment velocity, m/s 

1V  gas velocity, m/s 

2V   jet velocity, continuum liquid velocity, m/s 
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1,waveV  for gas velocity larger then 1,waveV  the horizontal pipe flow is no longer 
stratified with smooth surface, m/s 

1,stratifiedV  for gas velocity larger then 1,stratifiedV  horizontal pipe flow is no longer 
stratified, m/s  

IshiiWe  
1/ 32

1 1 1 2 1

2 1

( ) hw Dρ α ρ ρ
σ ρ

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
, Weber number for the Ishii entrainment 

correlation, dimensionless 

LopezWe  
1/ 22

1 1 2 1

2 1

hw Dρ ρ ρ
σ ρ

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
, Weber number for the Lopez et al. correlation, 

dimensionless 

ZeichikWe  
1
2 2

2

F
στ δ
σ

= , Weber number for the Zeichik et al. correlation, dimensionless 

12We  
2

1 12

2

hD Vρ
σ
Δ

= , Weber number, dimensionless 

31We  ( )2
1 1 1 3 /EV Dρ α σ= , Weber number, dimensionless 

23w  2 2 3 3

11
w wα α

α
+

=
−

, center of volume velocity of film and droplet together, 

m/s 
1w  axial cross section averaged gas velocity, m/s 

2w  axial cross section averaged film velocity, m/s 

3w  axial cross section averaged droplets velocity, m/s 
X1  gas mass flow divided by the total mass flow, dimensionless 
Y  0.3

1 2 2 2 1 1( / )( / )corec c Fr Eoρ ρ η η=  
 
Greek 
 

1α  gas volume fraction, dimensionless 

2α  film volume fraction, dimensionless 

3α  droplets volume fraction, dimensionless 

12VΔ  relative velocity, m/s 

12wΔ  1 2w w= − , relative velocity, m/s 

2Fδ  2(1 1 ) / 2hD α= − − , film thickness in annular flow, m 

2eqδ    equilibrium thickness, m 

1η  gas dynamic viscosity, kg/(ms) 

2η  liquid dynamic viscosity, kg/(ms) 

12Rλ  gas-film friction coefficient, dimensionless 

5 Entrainment in annular two-phase flow 
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1Rλ  friction coefficient, dimensionless 

2Rλ  ( )2 2Re , /R hk Dλ= , film friction coefficient, dimensionless 
*
mλ   wavelength of the fastest growing of the unstable surface perturbation 

waves, dimensionless 
RTλ  1/ 2

21( / )gσ ρ= Δ , Rayleigh-Taylor wavelength, m 

23μ  mass leaving the film and entering the droplet field per unit time and unit 
mixture volume, kg/(m³s) 

1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/m³ 

coreρ  ( )1 1 1 3 3 3 / corew w jα ρ α ρ= + , core density, kg/m³ 

3cρ  3
3

1 3

α
ρ

α α
=

+
, mass of droplets per unit volume of the gas-droplet mixture 

assuming equal velocities, kg/m³ 
23( )wρ  entrainment mass flow rate, mass leaving the film per unit time and unit 

interfacial area, kg/(m²s) 
( )32

wρ  deposition mass flow rate, mass leaving the droplet field per unit time 
and unit interfacial area and deposed into the film, kg/(m²s) 

σ   surface tension, N/m  
1
2
στ   liquid side surface shear stress 

12τ   interfacial stress, N/m² 
*τ  12 2 /τ δ σ= , interfacial stress, dimensionless 

θ  angle with origin of the pipe axis defined between the upwards oriented 
vertical and the liquid-gas-wall triple point, rad 
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Historically they are several empirical attempts in the literature to model this pro-
cess. Most of the reported methods rely on the analogy between heat and mass 
transfer. The droplet mass flow rate is defined as a droplet diffusion process 

( ) ( )32 3 32 332
0c cw K Kρ ρ ρ= − = .    (6.1) 

 Annular flow

Droplets in the gas core may follow the turbulent gas pulsation depending on their 
size,  Fig. 6.1. Therefore some kind of turbulent diffusion from regions of high 
droplet concentrations into the region with smaller concentration is possible if the 
droplets are small enough. The deposition of droplets on the walls is defined as a 
process of transfer of droplets from the gas bulk flow to the wall leading to increase 
of the film wall thickness. If the gas core is turbulent there is in any case droplet 
deposition on the wall. 
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Here 32( )wρ  is the deposition mass flow rate in kg/(m2s). K32 is commonly re-
ported in the literature as a droplet mass transfer coefficient.  

3
3 3

1 3
c

α
ρ ρ

α α
=

+
  

is the mass concentration of droplets in the droplet-gas mixture per unit core vol-
ume (droplets + gas), i.e. in kg/m3. This quantity is called sometimes in the litera-
ture the droplet mass density. The starting point is the well-known Colburn corre-
lation for heat transfer in a pipe 

0.8
1/ 30.023 Prh hhD VDNu

ν ν
⎛ ⎞= = ⎜ ⎟
⎝ ⎠

.    (6.2) 

The analogy between heat and mass transfer gives 
1/ 3

0.832 1
1

3 3

0.023Re
t

h
t t

K D
D D

ν⎛ ⎞
= ⎜ ⎟

⎝ ⎠
     (6.3) 

Here  

1 1 1 1Re hV Dρ η=        (6.4) 

is the gas Reynolds umber, tν  is cinematic turbulent viscosity of gas and tD3  is 
turbulent diffusion constant of the droplets through the gas. Solving with respect 
to the droplet mass transfer coefficient and dividing by the gas velocity results in  

2 / 3

1/ 532 1 1
1

1 13

0.023Re
t t

t

K
V D

ν ν
ν

−

− ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.    (6.5) 

Assuming 3 1K K≈ , 1 1
tν ν≈ , 3 1

t tD D≈  and 1 3 1Prt tDν ≈  (questionable) and substi-
tuting in Eq. (6.1) we obtain 

( ) 1/ 5 2 / 3
1 1 1 3 32 332

0.023 Re Pr c cw V Kρ ρ ρ− −= = ,   (6.6) 

The analogy eliminated the need to estimate the turbulent diffusion constant of the 
droplets through the gas 

3 3 3
1
3

tD u′= ,       (6.7) 

which is associated with the estimation of the mean free path 3  in which the 
droplet changes its direction by colliding with a turbulent eddy and of the droplet 
pulsation velocity 3u′ . The analogy is also applicable only for very small particles, 
which follow immediately the gas pulsations. Table 6.1 gives different empirical 
correlations and the region of validation of each correlation. 
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6.3.1 Basics 

Next we consider the fluctuation mechanism in the boundary layer more carefully. 
Many authors reported that for gas flow with particle loads the particle concentra-
tion profiles are flat e.g. Hay et al. (1996). Therefore the concentration in the 
boundary layer is frequently assumed as equal to the volume averaged local concen-
tration in the pipe. Having in mind that ( )3 1 3α α α+  is the volumetric concentra-
tion of the particles per unit core volume (gas + droplet), and 3u  is the boundary 
layer particle velocity in radial direction, the droplet mass deposited into the film 
per unit surface and unit time is then  
 

( ) ( )3 3 3 1 3 3 332 cw u uρ ρ α α α ρ= + = .     (6.8) 

 
The mass entering the film per unit time and unit mixture volume is 

32 12 32( )a wμ ρ=  .      (6.9) 

For channels with defined hydraulic diameter, Dh, the interfacial area density is 

12 2
4 1

h

a
D

α= −  .      (6.10) 

The relation between the boundary layer particle velocity in radial direction and 
the local fluctuation particle velocity depends on the distribution of the fluctuation 
of the particle velocities and on the probability of the rebound from the wall. 
Zaichik et al. (1998) assumed Gaussian distribution and obtained after averaging  
 

3 3
1 2
1

u uχ
χ π

− ′=
+

.      (6.11) 

 
The authors tacked into account also the probability of the particle rebound from 
the wall χ  called also reflection coefficient. Here 0χ =  means no rebound, 

1χ =  complete reflection. It is experimentally observed that droplets heating dry 
walls or thin films remains in the film but if they impact a thick film they rebound. 
Guguchkin et al. (1985) reported that the droplet velocity has to be larger 
than 4,7m/s to cause rebound. Alipchenko et al. (2003) made the reflection coef-
ficient ( )21 exp 3 FWeχ = − −  a function of the film Weber number build with the 
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sum of the interface share stresses ( )2 2 12 2 21F w FWe τ τ δ σ= + , satisfying the con-
dition 0χ → , 2 0FWe →  and 1χ → , 2 1FWe → . 

The result  obtained by Hanratty  and  Dykho  (1997) 3 3 2u u π′=  ,  corresponds 
to 1/ 3χ = . The result used by Matsuura et al. (1995) 3 3 4u u′=  corresponds 
to 0.52χ ≈ . Therefore in general 

( ) 32 332 cw Kρ ρ= .      (6.12) 

Thus we see the physical meaning of the deposition mass transfer coefficient 

( )32 32 3K K u′= .      (6.13) 

Matsuura et al. (1995) assumed that the droplet fluctuation velocity is proportional

3 31 1
tu C u′ ′≈ .       (6.14) 

The missing information in the considerations by Matsuura et al. (1995) is the fact 
that the capability of the droplets to follow the gas turbulent pulsations depends on 
their size. Usually the capability of the droplets to follow the gas turbulent pulsa-
tions is expressed by the particle relaxation time 

( )
2

3 3
13

1 1318 Re
Dρ

τ
ηψ

Δ = .      (6.15) 

For the Stokes regime ( )13Re 1.ψ =  For larger velocity differences 

( ) 0.687
13 13Re 1 0.15Reψ = +  for 3

13Re 10≤ ,   (6.16) 

( )13 13Re 0.11Re 6ψ =  for 3
13Re 10> ,     (6.17) 

Zaichik et al. (1998). Integrating over the time interval τΔ the simplified particle 
momentum equation written for the interaction between the continuum eddy and 
the particle results in  

13
31 3 1: 1tC u u e τ τ−Δ Δ′ ′= = − .       (6.18) 

For 13τ τΔ << Δ ,  ( ) 1
31 131tC τ τ −
≈ + Δ Δ . The ratio 31

tC , called response coefficient, 
characterizes the ability of the particles to response on a pulsation of the contin-
uum. The very small particles quickly response to the gas pulsations. Large parti-
cles, if stable, remain unaffected by the gas turbulence. 
Combining the information collected so far we obtain the general expression 

 

( ) ( )13
1 332

1 2 1
1 cw e uτ τχρ ρ

χ π
−Δ Δ− ′= −

+
.    (6.19) 

to the gas fluctuation velocity in the gas boundary layer 

6 Deposition in annular two-phase flow 
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The time interval τΔ is the minimum of the life time of the large eddy inside the 
gas flow 

1 1 10.37e kτ εΔ =       (6.20) 

and the time between two particle collisions 33,colτΔ . Therefore two regimes of 
deposition are expected: regime (a) at low particle concentration in which the col-
lisions do not play any role and regime (b) at high particle concentration in which 
the motion is interrupted by collisions. The droplet-droplet collision time can be 
approximated by  

( )33, 3 33 3col D Vτ αΔ ≈ Δ , 

indicating that increasing concentration decrease the collision time and therefore 
decrease the response coefficient. The product of the response coefficient and the 
droplet density in the gas-droplet mixture varies little in this region giving deposi-
tion mass flow rate almost not depending on the concentration as observed ex-
perimentally by Schadel et al. (1990) and Owen and Hewitt (1987). We own this 
theoretical explanation to Hanratty and Dykho (1997). 

Thus, if the gas fluctuation velocity is known, the deposition mass flow rate can 
be computed.  

The data obtained for gas fluctuation velocity normal to the wall in pipes can be 
also used for flow parallel to a rod bundles due to the systematical experimental 
observations reported by Rehme (1992) p. 572: “…The experimental eddy viscosi-
ties normal to the wall are nearly independent on the relative gap width and are 
comparable to the data of circular tubes by Reichardt close to the walls…” 

To compute the gas fluctuation velocity two approaches can be used: a) The 
turbulence of the continuum is modeled by e.g. k ε−  formalism or similar ap-
proaches; b) The steady state velocity distribution for single gas flow is used to 
compute characteristic fluctuation components in the wall boundary layer. The 
second approach is widely used in the engineering practice with the disadvantage 
that transient development of the turbulence characteristics is ignored. Further 
more the local geometry singularities generating additionally turbulence and its 
decay in the flow can not be correctly taken into account. 

6.3.2 Deposition to boiling films 

Flow boiling in channels, rod bundles etc. is important in the technology. In film 
flow boiling vapor is generated at the film-wall interface. The vapor creates two 
phase unstable structure that eventually break up and release the vapor into the gas 
core flow. Therefore there is an impact on the gas boundary layer close to the in-
terface resembling blowing of gas from the film/gas interface. This phenomenon 
hinders deposition. Assuming that all generated vapor enters the bulk flow per-
pendicular to the wall we have for the effective gas velocity 
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21
1_

14
heat

blow
D

u
μ
ρ

= . 

If 1_ 1blowu u′>  the deposition is effectively non existing. If 1_ 1blowu u′<  the effec-
tive gas fluctuation velocity is reduced to 1 1_ blowu u′ − . Note that for isotropic turbu-
lence the fluctuating velocity components 'u  is random deviates of a Gaussian 
probability distribution  

( )
2

2
'

1 '
2

'

1'
2

u

v

u
f u e σ

σ π

−

=   

with zero mean and variance  
2

' ' 2 3u u kσ = = . 

In this case the statistical average of the difference 1 1_ blowu u′ − , 

( ) ( )
1_

1_ ''
blow

blow u
u

u u f u du σ ψ
∞

′ ′− =∫ , 

where 

2
1_ 1_ 1_

' ' '

1 1 1exp
2 22 2

blow blow blow

u u u

u u u
erfcψ

σ σπ σ

⎡ ⎤ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥= − − ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

, 

Pei (1981), is of practical importance for describing boiling critical heat flux in 
bubbly and in dispersed film flows. Doroschuk and Levitan (1971), Guguchkin et al.
(1985) reported data that prove that the vapor blow from the film into the gas 
bulk reduce deposition. Doroschuk and Levitan (1971) derived a condition at 
which the droplets are not reaching the wall by equalizing the lift force in the 
boundary layer to the resistance force. Milashenko et al. (1989) recommended ig-
noring the deposition in boiling flows.  

6.3.3 Steady state boundary layer treatment 

Order of magnitude estimate: The scale of the averaged velocity fluctuation in a 
pipe can be evaluated by the cross section averaged kinetic energy of gas turbu-
lence. In analogy to pipe flow we my use the Chandesris et al. (2005) results for 
the equilibrium kinetic energy in the gas 2 1/ 6

1, 1Rekk c w −
∞ ≈ , where kc  is 0.0306, 

0.0367, 0.0368 for channels, pipes and rod bundles respectively. Using 
( )1 1,3 2V k ∞′≈  we obtain for the non boiling film  

( ) ( )1 13 1/12
1 1 332, ,

1 Ree
cadiabat

w const e wτ τρ ρ−Δ Δ −
∞
≈ − , 
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where 1 3 0.19
1 kconst cχ

χ π
−

≈ <
+

. In addition, the constant has to reflect also the 

difference between the averaged gas turbulence and those close to the film inter-
face. Note the ignorable dependence of 1Re . 

Vames and Hanratty (1988) reviewed turbulent measurements in a pipe inclu-
Laufer’s (1952, 1953) and reported that 

close to the wall r R→  the fluctuation velocity is 0.9 *u u′ ≈  the characteristic 
time scale of turbulent pulsation 0.046 *e hD uτΔ =  and the eddy diffusivity is 

0.037 *t
hu Dν =  (note that 2 0.0414 *t

e hu u Dν τ′= Δ = ). Based on this, Matsuura 
et al. (1995) used in their deposition model the fact that the gas fluctuation velocity 
in lateral direction is 90% of the gas friction velocity 

*
1 10.9V V′= .       (6.21) 

The interfacial shear stress ( ) 2
12 ,12 1 18fr Vτ λ ρ=  and the gas friction velocity at the 

interface ( )*
1 12 1 1 ,12 8frV Vτ ρ λ= = ,  for turbulent gas boundary layer can 

be estimated by using the Blasius formula 1/ 4
,12 10.3164 Refrλ = . Consequently 

( ) ( )1 13 1/ 8
3 1 132

1 Ree
cw const e Vτ τρ ρ−Δ Δ −= −    (6.22) 

1 0.143 0.143
1

const χ
χ

−
≈ <

+
. Using the Blasius formula in case of film flow gives 

smaller friction coefficient then experimentally observed. From the other site, it is 
not known haw the flexible water interface influences the local fluctuations. 

 et al. arrived to the following relation 

( ) -1/8
3 1 132

0.038  Recw Vρ ρ= ,     (6.23) 

which does not show the dependence on the particle size. 
The ratio *

32 1K V  is found to be a function of the dimensionless relaxation time 
*2

13 13 1 1 13 12 1Vτ τ ν τ τ η+Δ = Δ = Δ  if 13 30τ +Δ <  decreasing to a Brownian diffusion 
coefficient with decreasing relaxation time, Liu and Agarwal (1974). For 

13 30τ +Δ >  the ratio is found to be approximately  

*
32 1 0.15K V = , Liu and Agarwal (1974).   (6.24) 

For inclined pipes, the gravitational component contributes also to the sedimenta-
tion velocity. 

ding well known measurements of 

Matsuura
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Zaichik et al. (1998) succeeded for the first time to derive expression based on the 
turbulence fluctuation theory in dispersed flows 

( ) *
3 132 cw V fρ ρ= .      (6.25) 

Here  

( )
1/ 2*

*1/ 3 13
13 *1/ 3

13

0.247

1 0.54 1 1.44
1 0.54

f
τ

τ
τ

=
⎡ ⎤⎛ ⎞Δ
⎢ ⎥+ Δ + ⎜ ⎟+ Δ⎢ ⎥⎝ ⎠⎣ ⎦

,  (6.26) 

* 3
13 13 / *

2
D Vτ τΔ = Δ .      (6.27) 

Substituting the Blasius expression for the gas friction velocity into the Zaichik 
formula results in 

( ) 1/ 8
3 1 132

0.2 Recw V fρ ρ −= .     (6.28) 
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Comparing with the correlation in Table 6.1 we see that Nigmatulin properly cor-
relate in 1982 the data by using ( ) 1/ 8

3 3 1 132
Rew Vρ α ρ −∝ . The Paleev and Filip-

povich correlation contains the dependence ( ) ( )3/ 4
3 3 332

w wρ α ρ∝  which is close 
to the theoretical one but does not have the slight dependence on the Reynolds 
number and on the particle size explicitly. The Lopes and Dukler correlation from 
1986 possesses the proper dependence ( ) *

132
w Vρ ∝  by taking into account the 

dependence on the particle size. 

Table 6.1

Paleev and Filipovich (1966): 

( )
0.74

1/ 4 3 3
1 1 132

1 1

0.022 Rew V α ρ
ρ ρ

α ρ
− ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 

validated for air - water mixture at 510 ,p Pa≈   3 30.1 1.3α ρ< <   4
13 10 Re× <  

48.5 10< × . Sometimes Zaichik et al. (1998) this correlation is used in slightly 
modified form 

. Deposition correlations 

6 Deposition in annular two-phase flow 
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( )
1/ 4 3 / 4

3 3 3 31
32

3 3

0.022 h

h

w Dw
D
η α ρη

ρ
η η
⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

The authors proposed in the same work a correlation for the splitting of the liquid: 

2
4 1 1 1 3 3 3 2 1

10
2 1 1 1

0.985 0.44log 10
w w w

E
w

α ρ α ρ η
ρ α ρ σ∞

⎡ ⎤+ ⎛ ⎞= − ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

, 

valid in 
2

4 1 1 1 3 3 3 2 1

2 1 1 1

1 10 1000
w w w

w
α ρ α ρ η

ρ α ρ σ
+ ⎛ ⎞≤ ≤⎜ ⎟

⎝ ⎠
. 

 
Sugawara (1990): 

( )
0.5

2 / 3 1/ 5 3
1 1 1 332

1

0.009Pr Re c
cw V

ρ
ρ ρ

ρ

−

− − ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

validated for steam - water flows in the region 1× 105 < p < 70× 105 

Pa, 0.04 < 3

1

10cρ
ρ

< , 104 < 1Re  < 106. 

Nigmatulin (1982): 

( ) 0.16

0.1232 1
1

1 33 3 3

0.008 
w

Re f
V

ρ α
α αα ρ

−

− ⎛ ⎞
= ⎜ ⎟

+⎝ ⎠
 

where 
*f σ=   for * 1σ > , 

*1/ 2f σ=   for * 1σ ≤ , 
1/ 4

* 1

21 1 2

0.16
V

ρσσ
ρηη

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. 

 
Validated for p = (10 to 100)x105 Pa, Dh = 0.013 m, *0.2 10,σ≤ ≤  

1 20.01 / 0.1ρ ρ≤ ≤ , 4 5
110 10Re< < . Error for ( ) 3 3 332

/ :w Vρ α ρ +35%,– 40% 

Katto (1984): 

( ) 0.915
332

0.405 cwρ σ ρ=  for 0.0383σ <  

( ) 4 4.7
332

9.480 10 cw xρ σ ρ=  for 0.0383σ ≥  

Owen and Hewitt (1987): 
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( ) 332
1

0.18
c

h

w
D

ρ ρ
ρ
σ

= , for 3

1

0.3cρ
ρ

<  

( )
0.65

3
332

11

0.083 c
c

h

w
D

ρ
ρ ρ

ρρ
σ

−
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 for 3 0.3cρ ≥  

validated for air-genklane, fluorheptane, air-water, steam-water, and p < 110x105 
Pa. 
Lopes and Ducler (1986): 

( ) *
3 3 132 cw K Vρ ρ=  

where 
*

1 12 1/V τ ρ=  

is the friction velocity, 

212
12 1 1 2

1 ( )
2 4

d

i
c V Vτ ρ= −  

is the interfacial shear stress 
2

12 1(3.331 ln Re 33.582)dc −= −  for 4x104 < Re1 < 8.5x104 

and 

12 0.056dc =  for 8.5x104 < 1Re  < 12x104,  

is the approximation of the data of  Lopes and Dukler for the friction coefficient, 

1 1 1 2 1Re ( ) /i hcV V Dρ η= −  

is the gas Reynolds number and 

21hc hD D α= −  

is the gas core diameter. The experimental data for the modified mass transfer co-
efficient 3K  are a unique function of the dimensionless particle relaxation time 

2*
3 1 1 3

1 1

1
18

V Dρ ρτ
ρ η

+ ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

in the range 10-2 < τ +  < 106 the data are represented by  
5

3 2 10K −= ×  for τ + < 0.2 (Brownian diffusion), 
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4 1.99
3 4.93 10 ( )K τ− += ×  for 0.2 < τ + < 25, 

3 0.3K =  for 25<τ + . 
Schadel et al. (1990) 

( ) 3 3 3
0.632

1 1

0.034

h

Vw
VD

α ρ
ρ

α
=    for   3 3 3

0.6
1 1

0.078

h

V
V D

α ρ
α

<  

( ) 0.632

0.021

h

w
D

ρ =    for   3 3 3
0.6

1 1

0.078

h

V
V D

α ρ
α

≥  

0.0254 < Dh < 0.05715 m, 19.5 < V1 < 115 m/s, vertical air / water flow. 
 
At the end a word of conscious: Kawara et al. (1998) compared 11 depositions 
coefficients obtained by different authors or teams. They found differences up to 
two orders of magnitude depending on the local droplet concentration. Therefore a 
final state of this research field is still not reached.  

Fig. 6.2 ce from the entrance. Boiling water in verti-
cal circular pipe, Bennett et al. (1967): Vertical pipe, 0.01262m inner diameter, 5.5626m 
length, uniformly heated with 199kW, inlet water flow from the bottom: 68.93bar and 
538.90K 

The practical implication of this fact is demonstrated by computing the parame-
ters in boiling pipe with boundary conditions reported by Bennet et al. (1967) for 
test nr. 5253. We make 7 computations using one of the deposition models dis-
cussed here. The results regarding the film thickness are presented on Fig. 6.2. Di-
minishing film thickness causes overheating of the pipe. Such overheating has to 
be avoided in technical facilities. In the real experiment the dry out of the film

e closest to the observed result, is 
Kato’s correlation. Note that we do not take into account the 

 Film thickness as a function of the distan

Fig. 6.2. The smallest deposition, and therefore th
predicted by the 
deposition suppression due to boiling of the film as discussed in Ch. 6.3.2 which is 

occurred at 8/10 of the total pipe length which is the beginning of the x-axis of 
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Hoyer and Stepniewski reported already in 1999 that 

808"Ngkfgphtquv"jgcv"vtcpuhgt"vq"ftqrngv"dqwpekpi"jqv"ycnn"

In many technological facilities the droplets cared by the steam can influence the 
cooling of the very hot surfaces. Conceptually it happens in the situation where the 
conditions for the entrainment are better then the conditions for deposition. In this 
case there is no net film thickness but there is effective contact of the droplet with 
the wall over the time ( )3

3 3 3 316w Dτ π ρ σΔ = , Bolle and Moureau (1986). The 
same authors reported that the base diameter change over this period following 
( ) ( )2 2

3 3 6.97wD D τ τ= − . Assuming that the pressure difference in the film 
thickness is controlled by the momentum of the impinging droplet and the heat 
conduction trough the vapor film is the limiting heat transferred mechanism Guo 
and Mishima (2002) derived an expression for the averaged heat flux over single 
droplet impact: 

( )
( )

( )

1/ 4

1 3 1 12
wall to single droplet 1 3 3 3

1 1 3 3

32
4 9

p
w w w

w w

h c T T
q T T D u

T T D

ρ ρπ λ τ
η λ τ

⎡ ⎤′⎡ ⎤Δ + −⎣ ⎦′ ⎢ ⎥= − Δ
′− Δ⎢ ⎥⎣ ⎦

. 

The averaged heat flux due to droplet-wall contact is therefore 

( )32
3 wall to single droplet3

3 3 6w

w
q q

D
ρ

ρ π
′′ = . 

The impinging velocity can be approximated by ( ) ( )3 3 332wu wρ α ρ≈ .  The cool-
ing of the hot wall in this case is done by the direct heat transfer from the wall to 
the gas and by the wall-droplet heat transfer 3wq′′ . The later is very important espe-
cially for low mass flows and low pressures, Guo and Mishima (2002). At high
wall temperatures the radiation heat transfer has also to be taken into account. 

Pqogpencvwtg"

Latin  
 

12a  interfacial area density, i.e. the surface area between gas and film per unit 
mixture volume, m²/m³ 

obviously important. Repeating the computation with virtually no deposition gives 
the best results. Note that 
deposition suppression due to boiling is important for dry out prediction at high 
void fractions boiling flows. 

6 Deposition in annular two-phase flow 
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12
dc   vapor side shear stress coefficient at the liquid surface due to the gas 

flow, dimensionless 
1c  21 1/ρ ρ= Δ  

const constant, dimensionless 
hD  hydraulic diameter, m 

2

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

 friction pressure drop per unit length in the film, Pa/m 

Tph

dp
dz

⎛ ⎞
⎜ ⎟
⎝ ⎠

two-phase friction pressure drop per unit length in the core, Pa/m 

E 3 3 3

2 2 2 3 3 3

w
w w
α ρ

α ρ α ρ
=

+
, mass fraction of the entrained liquid, entrainment, 

dimensionless 
E∞  equilibrium mass fraction of the entrained liquid, entrainment, equilib-

rium entrainment, dimensionless 
Eo  2( / )h RTD λ= , Eötvös number, dimensionless 

1Fr  2
1 /( )hV gD= , gas Froude number, dimensionless  

f deposition coefficient, dimensionless 
*

mf   frequency of the fastest growing of the unstable surface perturbation 
waves, dimensionless 

G mass flow rate, kg/(m2s) 
corej  1 1 3 3w wα α= +  core (gas + droplet) superficial velocity, m/s 

2k   film wavelength, m 
p pressure, Pa 

1Re  1 1 1 1/hw Dα ρ η= , local gas film Reynolds number based on the hydraulic 
diameter, dimensionless 

1,stratRe  1 1 1 2

1 sin
hw w Dα ρ π

η θ θ
−

=
+

, local gas film Reynolds number based on the 

gas hydraulic diameter for stratified flow, dimensionless 
2Re  2 2 2 2/hw Dα ρ η= , local film Reynolds number based on the hydraulic 

diameter, dimensionless 
2Re δ  2 2 2 2/wρ δ η= ,  local film Reynolds number based on the liquid film 

thickness, dimensionless 
2Re ∞  23 (1 )Re E∞= − , local equilibrium film Reynolds number based on the hy-

draulic diameter, dimensionless 
23Re  2 1 23 2(1 ) /hw Dρ α η= − , total liquid Reynolds number, dimensionless 

2FRe  2 2 2 24 /Fwρ δ η= , local film Reynolds number, dimensionless 

2FcRe  = 160, critical local film Reynolds number, dimensionless 
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coreRe  ( )1 1 1 3 3 3 1/hw w Dα ρ α ρ η= + , core Reynolds number, dimensionless 

12Ta  = ( ) ( ) 2

2 1 2 12/ Vρ ρ σ η⎡ ⎤Δ⎣ ⎦ , Taylor number based on relative velocity,  

dimensionless 
2wq′′  heat flux,  MW/m2 

U 
0.6

12 2 2

2 2

wτ α
σ σ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
, group used in the Ueda correlation 

*1
2u σ  ( )1/ 21

2 2/στ ρ= , liquid side surface friction velocity, m/s 

 2u′   2cV= interface averaged fluctuation velocity, m/s 

23u  interface averaged entrainment velocity, m/s 

1V  gas velocity, m/s 

2V   jet velocity, continuum liquid velocity, m/s 

1,waveV  for gas velocity larger then 1,waveV  the horizontal pipe flow is no longer 
stratified with smooth surface, m/s 

1,stratifiedV  for gas velocity larger then 1,waveV  horizontal pipe flow is no longer strati-
fied, m/s  

IshiiWe  
1/ 32

1 1 1 2 1

2 1

( ) hw Dρ α ρ ρ
σ ρ

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
, Weber number for the Ishii entrainment cor-

relation, dimensionless 

LopezWe   
1/ 22

1 1 2 1

2 1

hw Dρ ρ ρ
σ ρ

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
, Weber number for the Lopez et al. correlation, 

dimensionless 

ZeichikWe
1
2 2

2

F
στ δ
σ

= , Weber number for the Zeichik et al. correlation, dimensionless 

12We  
2

1 12

2

hD Vρ
σ
Δ

= , Weber number, dimensionless 

23w  2 2 3 3

11
w wα α

α
+

=
−

, center of volume velocity of film and droplet together, 

m/s 
1w  axial cross section averaged gas velocity, m/s 

2w  axial cross section averaged film velocity, m/s 

3w  axial cross section averaged droplets velocity, m/s 
X1  gas mass flow derived by the total mass flow, dimensionless 
Y  0.3

1 2 2 2 1 1( / )( / )corec c Fr Eoρ ρ η η=  

6 Deposition in annular two-phase flow 
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Greek 
 

1α  gas volume fraction, dimensionless 

2α  film volume fraction, dimensionless 

3α  droplets volume fraction, dimensionless 

12VΔ  relative velocity, m/s 

12wΔ  1 2w w= − , relative velocity, m/s 

2Fδ  2(1 1 ) / 2hD α= − − , film thickness in annular flow, m 

2eqδ    equilibrium thickness, m 

1η  gas dynamic viscosity, ( )/kg ms  

2η  liquid dynamic viscosity, ( )/kg ms  

12Rλ  gas-film friction coefficient, dimensionless 

1Rλ  friction coefficient, dimensionless 

2Rλ  ( )2 2Re , /R hk Dλ= , film friction coefficient, dimensionless 
*
mλ   wavelength of the fastest growing of the unstable surface perturbation 

waves, dimensionless 
RTλ  1/ 2

21( / )gσ ρ= Δ , Rayleigh-Taylor wavelength, m 

23μ  mass leaving the film and entering the droplet field per unit time and unit 
mixture volume, kg/(m³s) 

1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/m³ 

coreρ   ( )1 1 1 3 3 3 / corew w jα ρ α ρ= + , core density, kg/m³ 

3cρ  3
3

1 3

α
ρ

α α
=

+
, mass of droplets per unit volume of the gas-droplet mixture 

assuming equal velocities, kg/m³ 
23( )wρ  entrainment mass flow rate, mass leaving the film per unit time and unit 

interfacial area, kg/(m²s) 
( )32

wρ  deposition mass flow rate, mass leaving the droplet field per unit time and 
unit interfacial area and deposited into the film, kg/(m²s) 

σ   surface tension, N/m  
1
2
στ   liquid side surface shear stress 

12τ   interfacial stress, N/m² 
*τ  12 2 /τ δ σ= , interfacial stress, dimensionless 

θ   angle with origin of the pipe axis defined between the upwards oriented 
vertical and the liquid-gas-wall triple point, rad 
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As already mentioned in Section 1.1, transient multiphase flows with temporal 
and spatial variation of the volumetric fractions of the participating phases can be 
represented by sequences of geometrical flow patterns that have some characteris-
tic length scale. Owing to the highly random behavior of the flow in detail, the 
number of flow patterns needed for this purpose is very large. Nevertheless, this 
approach has led to many successful applications in the field of multiphase flow 
modeling. Frequently modern mathematical models of transient flows include, 
among others, the following features:  

1. Postulation of a limited number of idealized flow patterns, with transition 
limits as a function of local parameters for steady state flow (e.g., see Fig. 1.1); 

2. Identification of one of the postulated idealized steady state flow patterns for 
each time; 

3. Computation of a characteristic steady state length scale of the flow patterns 
(e.g., bubble or droplet size) in order to address further constitutive relationships 
for interfacial heat, mass, and momentum transfer. 

A steady state length scale should not be used for highly transient processes. 
Mechanical disintegration of fluid occurs in the flow over a finite time. In many 
transient processes, the characteristic time constant may be comparable with the 
time scale of the macroscopic process under consideration. There is a class of 
multi-phase flows for which the prediction of the transient flow pattern length 
scale is crucial. An example is the mathematical description of the interaction be-
tween molten metal and water or between a cold liquid and a hot liquid that is at a 
temperature much higher than the saturation temperature of the cold liquid. The 
mathematical description of violent explosions that occur during such interactions 
is possible only if the dynamic fragmentation and coalescence modeling corre-
sponds to the real physics. Thus there is a need to model the continuous fragmen-
tation and coalescence dynamics for multi-phase flows. Moreover, an adequate 
theory to predict the length scale of the flow structure should automatically pro-
vide information for the flow pattern identification. As already mentioned the op-
posite is the widespread practice today. 

A possible formalism to model dynamic fragmentation and coalescence is the 
following. Describe multi-phase flows by means of three mutually interacting 
velocity fields, three abstract fluids having their own temperature and velocity. 
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(1) the first fluid, l = 1, as a gas; (2) the second fluid, l = 2, as a liquid; and (3) the 
third fluid, l = 3, as another liquid. Write the local volume and time average mass 
conservation equation for each velocity field – compare with Eq. (1.62) in Vol.1, 

 ( ) ( )l l l l l l
∂ α ρ α ρ μ
∂τ

+∇⋅ =V .     (7.1)  

Here lα  is the averaged volumetric fraction, lρ  is the density, lV  is the velocity 
vector and lμ  is the mass source density. Define the particle number density ln  
as a volume-averaged number of discrete particles of the fluid l (e.g., bubbles or 
droplets) per unit flow volume, and write the local volume and time-averaged 
conservation equation for this quantity neglecting diffusion effects – compare 
with Eq. (1.109) in Vol.1,  

( ) ( )l v l ln n∂ γ
∂τ

+∇⋅ V ( ), , ,v l kin l coal l spn n nγ= − +  

( ), , , , , , , , _
1 1

2
s no no o o

v l l kin l sp d col d col d coal d col d coal l spectrum cut
l

n n f f f P f P f
n

γ
⎧ ⎫⎡ ⎤≡ + − + + −⎨ ⎬⎣ ⎦⎩ ⎭

 

for  0lα ≥ .       (7.2) 

Here ,l spn  is the particle production term, that is the increase in the number of par-
ticles per unit time and unit mixture volume due to mechanical fragmentation such 
as splitting (subscript sp), and ,l coaln  is the particle sink term, that is, the decrease, 
in the number of particles due to mechanical coalescence (subscript coal). ,l kinn  is 
the number of particles generated or lost per unit time and unit mixture volume 
due to evaporation and/or condensation.  

The next important step in the modeling is the estimation of the length scale of 
the particles needed for computation of mass, momentum and energy transport be-
tween the velocity fields, given the number of particles per unit mixture volume, 

dn , and their volume fraction dα  in the flow mixture. It is possible to proceed in 
different ways, but one of them seems to be easy and practicable: We assume that 
the dispersed phase is locally mono-disperse, that is, that all particles in a control 
volume have the same size. In this case the product of the particle number density, 

dn , and the volume of single particles, 3 / 6dDπ , assuming spherical shapes with 
constant diameter dD , gives the volume fraction dα , and therefore  

 
1/ 3

6 d
d

d

D
n
α

π
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

.      (7.3)  

 As already shown in Kolev (1999) and the references given there, this 
method can be used to describe the dynamic evolution of the length scale of a 

Define the correspondence between the abstract fluids and the real physical world: 
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multi-phase structure. The success of the application depends on whether ap-
propriate experimental information is available and, if it is available, on 
whether this information can be generalized to provide the source terms in  
Eq. (7.2). 

A further sophistication of the theory needs the multi-group approach already 
successfully exercised in neutron physics in the last 50 years with a detailed de-
scription of the dynamic interaction among groups of particles. This very ambi-
tious task is outside the scope of this work. A compromise between complexity 
and a practicable approach is shown in Chen et al. (1995), where a two-group ap-
proach for macro- and microscopic liquid metal particles in water-gas flows was 
used. Other promising examples for bubbly flow are reported in Tomiyama 
(1998), Antal et al. (2000), and Lo (2000). 

In Chapters 7 to 9 we concentrate our attention on the available knowledge for 
computation of the particle production term ,l spn , and the particle sink term ,l coaln . 
The number of particles born per unit time and unit mixture volume, ,l kinn , due to 
evaporation and condensation is subject to the nucleation theory and will be dis-
cussed later. 

The experimental observations useful for development of the fragmentation or 
coalescence model are classified here as follows: 

1. Identification of the kind of process leading to fragmentation or coalescence; 
2. Measurements of the size of the final products of the fragmentation or 

coalescence; 
3. Definition of the final state of the fragmentation or coalescence process and 

measurement of the duration of the process. 

The quantitatively estimated characteristics are functions of the local flow pa-
rameters and initial conditions. These characteristics are used to model the pro-
duction and sink rates. These models are then used in the range of parameters for 
which they are valid in macroscopic fluid models.  

The following discussion will be restricted to mono-disperse particles in a sin-
gle computational cell. We will also discuss the implication of this assumption. 
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There are different but partially overlapping processes leading to disintegration of 
the continuum and the formation of dispersed particles or leading to the disinte-
gration of unstable droplet and the formation of finer particles as shown in Fig. 
1.4 in Chapter 1:  

The main characteristics of each fragmentation process are  

1. the stable particle diameter after the fragmentation is finished, dD ∞ , and  
2. the duration of fragmentation, brτΔ . 
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It is very important to note that dD ∞  is defined here for situations without particle 
coalescence.  

After the fragmentation process we assume that  

1. the total mass of the particles is the same as before the fragmentation,  
2. all newly formed particles are at the same temperature.  

Knowing dD ∞  we compute the particle number density after the fragmentation 
process using assumption 1, 

( )3/ / 6d d dn Dα π∞ ∞=       (7.4)  

and finally the time-averaged production rate  
3

, 1d d d d
d sp

br br d

n n n Dn
Dτ τ

∞

∞

⎡ ⎤⎛ ⎞− ⎢ ⎥≈ = −⎜ ⎟Δ Δ ⎢ ⎥⎝ ⎠⎣ ⎦
.    (7.5)  

The production rate ,d spn  can be written in the form  

, ,d sp d d spn n f= ,       (7.6)  

where  

3

, 1d
d sp br

d

Df
D

τ
∞

⎡ ⎤⎛ ⎞
⎢ ⎥= − Δ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

,     (7.7)  

is the fragmentation frequency of a single particle. If d dD D ∞= , the fragmentation 
frequency is zero and therefore the production rate ,d spn  is zero.  

If the process is considered over a time interval τΔ  (e.g., computational time 
step) that is larger than the fragmentation period brτΔ , the brτΔ  in Eq. (7.5) 
should be replaced by τΔ , which in fact means that during the time interval τΔ  
the particle fragmentation is completed and stable conditions are reached. Only if 

brτ τΔ >> Δ , is it justified to use the steady state flow pattern length scale instead 
of the transient one.  

For volumes with zero convective net flux and no coalescence, the steady-state 
value of dn  approaches dn ∞ , that is, dD  approaches dD ∞ . The situation changes 
if coalescence effects are included.  

Obviously, we need dD ∞  and brτΔ  to compute the average mono-disperse 
particle production rate ,d spn . The quantitative description of the above dis-
cussed 16 modes of fragmentation concentrates on providing information for 

dD ∞  and brτΔ  for the particular conditions and geometry.  

7 Introduction to fragmentation and coalescence 
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Fragmentation is one of the processes controlling the particle size. Not less impor-
tant is the collision and coalescence of particles in a continuum. The collision is 
caused by existence of spatial velocity differences among the particles themselves. 
This spatial relative velocity is caused by different factors, e.g. non-linear trajec-
tory of the particles, turbulent fluctuations etc. Not each collision leads necessarily 
to coalescence. Thus modeling particle agglomeration means modeling of colli-
sion and coalescence mechanisms. In the following we discuss a simple formal-
ism for the mathematical description of particle collision and coalescence and the 
available formalized empirical information needed for practical application of the 
theory.  

90503"Eqpxgtikpi"fkurgtug"hkgnf"

Because of various geometrical obstacles, boundary conditions or variety of inter-
actions inside the flow the particles may change their velocity in magnitude and 
direction. Consider a cloud of particles moving from a center radially outwards. 
None of the particles will touch the other. In this case there is no collision. The 
condition for collision in a flow of dispersed particles without oscillation over the 
mean velocity values is that they are coming together. Mathematically it can be 
expressed as follows: It is only if the relative velocity  

( ) ( )max 0,  +rel
dV ⎡ ⎤= Δ −⎣ ⎦V r r V r  ,    (7.8) 

is negative, collisions and therefore agglomerations may take place. Here r  is the 
position vector of the point having particle velocity vector dV . In this case  

0d∇ <V .       (7.9) 

Usually, for a practical computation, no rel
ddV VΔ =  should be averaged across the 

computational cell so that we have  
1/ 222 2

no
dd

u v wV x y z
x y z

∂ ∂ ∂
∂ ∂ ∂

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞⎢ ⎥Δ ≈ Δ + Δ + Δ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

.   (7.10)  

As in the molecular kinetic theory, the average distance between collisions, or the 
mean free path col , is given by the ratio of the distance of collisions relV τΔ  and 
the collision frequency along this distance  

2

1
col

d d

const
n Dπ

≈ .      (7.11)  
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It is recommended to resolve this distance by the computation because along this 
distance the interaction happens and the velocity of the particles changes as fol-
lows 

no
dd col dVΔ ≈ ∇V .       (7.12)  
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Usually the agglomerated particles per unit time and unit volume are defined as  

, , / 2d
d coal d coal d

dn n f n
dτ

= = − ,      (7.13)  

where ,d coalf  is the coalescence frequency of single particles with the dimension 
1s− . ,d coaln  is the instant coalescence rate. The number of particles remaining after 

a time interval τΔ  per unit volume is easily obtained by integration of Eq. (7.13) 

,

,
1ln
2

d

d

n

d d coal
n

d n f d
τ τ τ τ

τ

τ
+Δ +Δ

= −∫ ∫ ,     (7.14)  

or  
, / 2

,
d coalf

d dn n e τ
τ τ

− Δ
+Δ = .      (7.15)  

The time-averaged coalescence rate is therefore  

( ), / 2,
, 1 /d coalfd d

d coal d

n n
n n e ττ τ τ

τ
− Δ+Δ−

= = − Δ
Δ

.   (7.16)  

The coalescence frequency is defined as the product of the collision frequency and 
the coalescence probability, ,

p
d coalf ,  

, , ,
p

d coal d col d coalf f f= ,      (7.17)  

which expresses the fact that not each collision leads necessarily to coalescence. 
To model the coalescence means to find adequate physical models for ,d colf and 

,
p

d coalf , which is the purpose of this Section.  
We start with the analogy to molecular kinetic theory and discuss the differ-

ences resulting from the different nature of the droplet agglomeration compared 
with the random molecular collision.  

Postulate a hypothetical particle-continuum mixture in which the particles are 
colliding at random with the following properties (see Rohsenow and Choi (1961), 
p.487):  

7 Introduction to fragmentation and coalescence 
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1. The particles are hard spheres, resembling billiard balls, having diameter dD  
and mass  m.  

2. The particles exert no forces on each other except when they collide.  
3. The collisions are perfectly elastic and obey the classical conservation laws of 

momentum and energy.  
4. The particles are uniformly distributed through the gas. They are in a state of 

continuous motion and are separated by distances that are large compared with 
their diameter dD .  

5. All directions of particle velocity fluctuations are equally probable. The speed  
(magnitude of the velocity) of particles can have any value between zero and in-
finity.  

One usually singles out a particle as it travels in a straight path from one collision 
to the next: its speed and direction of motion changes with each collision. Imagine 
that at a given instant all particles but the one in question are frozen in position 
and this particle moves with an averaged speed relV . At the instant of collision, 
the center-to-center distance of the two particles is dD . The collision cross section 

of the target area of the particle is 21
4 dDπ . In time τΔ  the moving particle sweeps 

out a cylindrical volume of the length relV τΔ  and the cross section 21
4 dDπ . Any 

particle whose center is in this cylinder will be struck by the moving particle. The 
number of collisions in the time τΔ  is  

21
4

rel
d dn D Vπ τΔ ,       (7.18) 

where dn  is the number of particles present per unit volume, assumed to be uni-
formly distributed in space. The collision frequency of a single particle is defined 
as the number of collisions per unit time  

2
,

1 3
4 2

rel reld
d col d d

d

f n D V V
D
απ= = .    (7.19)  

By multiplying the collision frequency of a single particle, ,d colf , with the number 
of particles per unit mixture volume we obtain the total collision frequency, i.e. 
the number of collisions per unit mixture volume and per unit time  

2 2
, , 4

rel
d col d col d d dn f n n D Vπ

= = .     (7.20)  

Assuming all particles move at averaged space velocities relV  (Clausius) the re-
sult is  
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2
,

1 1 3
0.75 4 0.75 2

rel reld
d col d d

d

f n D V V
D

π α
= = .     (7.21)  

 If the particles are assumed to possess a Maxwellian relative speed distribution 
the result is  

2
,

1 1 3
4 22 2

rel reld
d col d d

d

f n D V V
D

π α
= = .      (7.22)  

The assumptions 1 and 3 do not hold for real liquid droplet collision because 
droplets are deformable, elastic and may agglomerate after random collisions. The 
collision frequency is not an independent function of the coalescence probability. 
The functional relationship is not known. That is why some authors correct the 
collision frequency with a constant less than one estimated by comparison with 
experiments, e.g. Rosenzweig et al. (1980) give for relatively low relV  and non-
oscillatory coalescence const = 0.0001. Howarth (1967) obtained a modified form 
of Eq. (7.22), which includes additionally the multiplier 8 / 3 dα , namely  

,

241 6 8 / 3
2

drel reld
d col d

d d

f V V
D D

αα α= = .   (7.23) 

The dependence of the collision frequency on m
dα≈  in the above equation is con-

firmed by experiments as follows. For droplets - Howarth (1967) 0.6
dα≈ , for liq-

uid - liquid droplets Coulaloglu and Tavlarides (1976), Madden (1962), Koma-
sawa et al. (1968) 0.45

dα≈ , and for bubbles Sztatecsny et al. (1977) 0.6
dα≈ . 

Similar considerations can be repeated for dispersed particles having diameters 
1dD , 2dD  and particle densities 1dn , 2dn . The result is  

2
1 2

, 1 2 4 2
reld d

d col d d
D Dn n n Vπ +⎛ ⎞= ⎜ ⎟

⎝ ⎠
,      (7.24)  

see the pioneer work of Smoluchowski in 1918.  
Hibiki and Ishii used in 1999 the Loeb notation from 1927 of  Eq. (7.19) modi-

fying it as follows  

( ), 4 1
relcol

d col
d

Ff V
α

=
−

 ,      (7.25) 

where  
24col d dF n Dπ≈       (7.26) 

is the interface available for collision per unit mixture volume. 1 dα−  takes into 
account the reduction of the volume available for collisions. Hibiki and Ishii 
(1999) modified the above relation to 

7 Introduction to fragmentation and coalescence 
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( ),
,max,max

6
4

rel relcol d
d col

d d dd d

Ff V V
D

α
α αα α

= =
−−

   (7.27) 

by introducing the maximum allowable void fraction ,max 0.52dα =  for existence 
of bubbly flow. This modification ensures that the collision frequency increases to 
infinite if the bubble volume concentration reaches the maximum packing  
concentration. 

Two spherical particles with initial size 0dD  possess surface energy of 
2

0 02 dE Dσ π σ= . After coalescence the new spherical particle has a size 
1/ 3

02d dD D= , and therefore less surface energy, 2
dE Dσ π σ= . The difference is 

( )2 1/ 3
0 02 1 1/ 2dE E E Dσ σ σ πΔ = − = − . The kinetic energy forcing the large bubble 

to split in this case is there virtual mass kinetic energy, 

( )
32 01 12

2 2 6
rel d

k c
DE V πρ⎡ ⎤Δ = ⎢ ⎥⎣ ⎦

. For droplets this is simply the kinetic energy of 

the droplets before collision ( )
32 012

2 6
rel d

k d
DE V πρ⎡ ⎤Δ = ⎢ ⎥⎣ ⎦

. 

The theoretical minimum for relV  required to produce bubble coalescence is 
computed by equalizing the change of surface energy of the both particle to the 
kinetic energy lost during the coalescence of particles kE EσΔ = Δ ,  and  
therefore 

( ) ( )
2

0 1/ 324 1 1/ 2 4.95
rel

c dD Vρ

σ
= − =     (7.28) 

or  
1/ 2

0

4.95rel

c d

V
D
σ

ρ
⎛ ⎞

> ⎜ ⎟
⎝ ⎠

.       (7.29) 

For droplets we have, 

( ) ( )
2

0 1/ 36 1 1/ 2 2.476
rel

d dD Vρ

σ
= − =     (7.30) 

or  
1/ 2

0

2.476rel

d d

V
D
σ

ρ
⎛ ⎞

> ⎜ ⎟
⎝ ⎠

.       (7.31) 

Comparing Eqs. (7.29) with (7.31) we realize that at the same relative velocities 
bubbles will coalesce less frequently then droplets having the same size. 
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The nature of relV  depends  

(a) on the turbulent fluctuation of the particles,  
(b) on the difference of the relative velocities caused by the differences of the 

particle size , and 
(c) on the non-uniform velocity field.  

Even using an average particle size, the second and the third components may dif-
fer from zero.  We call the coalescence caused by reasons (a), (b), and (c), oscilla-
tory, spectral, and non-oscillatory coalescence, respectively. While for the oscilla-
tory coalescence the driving force moving the particles is exerted from the 
oscillating turbulent eddies and therefore pushing out the continuum between two 
particles and moving the particles apart (under some circumstances before they 
coalesce), for the spectral and the non-oscillatory coalescence the forces leading 
to collisions inevitably act toward coalescence – for contracting particle free path 
length. Therefore we have for the probability of the oscillatory coalescence  

, 1o
d coalP ≤ ,  d = bubbles, droplets,    (7.32)  

and for non-oscillatory and spectral coalescence in the case of contracting particle 
free path length 

, , 1no s
d coal d coalP P= = ,   d = bubbles,    (7.33)  

, , 1no s
d coal d coalP P−∞ < = ≤ ,   d = droplets.    (7.34)  

The last condition reflects the fact that for high droplet - droplet relative velocities 
the splitting of the resulting unstable droplet is possible. 
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Let us rewrite the final expression for the  coalescence frequency for the average 
particle diameter dD  

, , , , , , ,
s s no no o o

d coal d col d coal d col d coal d col d coalf f P f P f P= + +   

( ), , ,4.9 d s s no no o
dd d coal dd d coal d d coal

d

V P V P V P
D
α

′= Δ + Δ +  

( ) , ,4.9 d s no no o
dd dd d coal d d coal

d

V V P V P
D
α ⎡ ⎤′= Δ + Δ +⎣ ⎦    (7.35)  

7 Introduction to fragmentation and coalescence 
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, 0no
d coalP = , 

1/ 2
12s no

dd dd
d d

V V
D
σ

ρ
⎛ ⎞

Δ + Δ < ⎜ ⎟
⎝ ⎠

,    (7.36)  

( ), 1 2/no s no
d coal dd dd d dP f V V m m= Δ + Δ ≈ Δ ,     (7.37)  

, 0o
d coalP ≈ ,   for   / 1col coalτ τΔ Δ < ,    (7.38)  

( )1/ 3
, 0.032 /o

d coal col coalP τ τ≈ Δ Δ ,   for   / 1col coalτ τΔ Δ ≥ ,  (7.39)  

1/ 2

/ 1.56 /
3 2

d d
col coal d

d c

D Vστ τ
ρ ρ

⎛ ⎞
′Δ Δ = ⎜ ⎟+⎝ ⎠
.    (7.40)  

The first term in Eq. (7.35) takes into account the coagulation caused by differ-
ences in the particle size leading to a relative movement between the particles, the 
second takes into account the spatial change of the particle velocities, also respon-
sible for dramatic coagulation in stagnation points, and the third term takes into 
account the turbulence induced coagulation. This method is very easy to imple-
ment in computer codes. 
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The method already described for particles is also valid for bubble agglomeration. 
The frequency of coalescence of a single bubble is  

 , , , , , , ,
s s no no o o

d coal d col d coal d col d coal d col d coalf f P f P f P= + +   

( ) , ,4.9 d s no no o
dd dd d coal d d coal

d

V V P V P
D
α ⎡ ⎤′= Δ + Δ +⎣ ⎦ ,   (7.41) 

where  

, 0no
d coalP = ,   

1/ 2
24s no

dd dd
c d

V V
D
σ

ρ
⎛ ⎞

Δ + Δ < ⎜ ⎟
⎝ ⎠

,    (7.42)  

, 1no
d coalP = ,   

1/ 2
24s no

dd dd
c d

V V
D
σ

ρ
⎛ ⎞

Δ + Δ ≥ ⎜ ⎟
⎝ ⎠

,    (7.43) 

, 0o
d coalP ≈ ,   for   / 1col coalτ τΔ Δ < ,    (7.44)  

( )1/ 3
, 0.032 /o

d coal col coalP τ τ≈ Δ Δ ,    for   1 / 3.149col coalτ τ≤ Δ Δ ≤ , (7.45)  

where  
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( )

2
13

3/ 3.35 10 c
col coal

c c d dD V
στ τ

η ρ
−Δ Δ = ×

′
.   (7.46) 

The first term in Eq. (41) takes into account the coagulation caused by differences 
in the bubble size leading to relative bubble movement, the second takes into ac-
count the spatial change of the bubble velocities also responsible for dramatic co-
agulation in stagnation points, and the third term takes into account the turbulence 
induced coagulation.  
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Droplets can be formed from a continuous liquid in channels due to different rea-
sons: 

• Transition from churn turbulent flow in which the liquid is the continuous 
phase into a disperse regime in which the liquid is disintegrated;  

• Distortion of a jet in inverted annular flow due to hydrodynamic instability;  
• Disintegration of hydrodynamic unstable drops into smaller droplets due to 

acceleration induced fragmentation as will be discussed in Chapter 8;  
• Droplet entrainment from a film attached at the wall.  

Let us now examine more precisely the basic physics of the particle size formation 
in pipes with film on the wall where entrainment and deposition of droplets takes 
place, see Kolev

As discussed in Chapter 5 the entrainment is quantitatively described by mod-
els for the following characteristics: 

(1)  Identification of the conditions when the entrainment starts; 
(2)  The mass leaving the film per unit time and unit interfacial area, 23( )wρ ,

the droplet field per unit time and
23 μ 

23 12 23( )a wμ ρ=       (7.47) 

where 12a  is the interfacial area density, i.e. the surface area between gas and film 
per unit mixture volume; 

(3) Size of the entrained droplets. 

For channels with defined hydraulic diameter the interfacial area density is 

12 2
4 1

h

a
D

α= − .      (7.48) 

The particle production rate in case of entrainment is  

 (1993).  

or the mass leaving the film and entering 
unit mixture volume, 

7 Introduction to fragmentation and coalescence 
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( ) ( )3 3
23 23 2 3 2 2 323

6 4/ 1 /
6 E E

h

n D w D
D

πμ ρ α ρ ρ
π

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

.  (7.49)  

While the entrainment transports droplets from the film into the gas bulk flow, the 
deposition reverses this process and transports droplets from the bulk region into 
the film. Entrainment takes place only if certain conditions are fulfilled. In con-
trast the deposition is controlled by turbulent fluctuations (a kind of macroscopic 
turbulent diffusion) and lift forces due to velocity gradients and takes place under 
all conditions. While entrainment is quantitatively described by the above-
mentioned three models, the deposition is described only by a model for the mass 
flow rate entering the film, ( )32

wρ  - see Chapter 6. The mass entering the film 
per unit time and unit mixture volume is 

( )32 12 32
a wμ ρ= ,      (7.50)  

and the particle sink term for velocity field l = 3 is  

( ) ( )3 3
32 32 3 3 2 3 332

6 4/ 1 /
6 h

n D w D
D

πμ ρ α ρ ρ
π

⎛ ⎞= = −⎜ ⎟
⎝ ⎠

.  (7.51)  

Thus, the net particle production rate due to entrainment and deposition is 

( ) ( ) ( ) ( )3 3
23 32 2 2 3 3 323 32

6 4 1 / /E
h

n n w D w D
D

α ρ ρ ρ ρ
π

⎡ ⎤− = − −⎣ ⎦ , (7.52)  

where 3ED  is the volume-averaged size of the droplets leaving the film. Obvi-
ously a proper description of the particle production rate needs proper prediction 
of the entrainment and deposition mass flow rate and the entrainment diameter of 
the droplets.  

Finally, we write the conservation equation of the droplets, Eq. (1.109), in case 
of three-fluid gas-film-droplet flow neglecting the turbulent diffusion 

3
3 3 3, 3, 23 32sp coal

n V n n n n n∂
∂τ

+ ∇ = − + − .    (7.53) 

Replacing the source terms by their equals, we obtain finally  

3

3 3
3 3 3 3,

3

1 / 2br coal
n DV n n f

D
∂ τ
∂τ ∞

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥+ ∇ = − Δ −⎨ ⎬⎜ ⎟
⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

 

( ) ( ) ( ) ( )3 3
2 2 3 3 323 32

6 4 1 / /E
h

w D w D
D

α ρ ρ ρ ρ
π

⎡ ⎤+ − −⎣ ⎦ .  (7.54)  

Obviously, for large hydraulic diameters hD →∞ , i.e. for pool flow, entrainment 
and deposition do not influence the particle number density.  
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For flow with constant droplet velocity 3V const≈ , the droplet mass conserva-
tion equation simplifies to  

( ) ( )3
3 3 3 23 32 2 23 32

4 1
h

V w w
D

∂αρ α μ μ α ρ ρ
∂τ

⎛ ⎞ ⎡ ⎤+ ∇ = − = − −⎜ ⎟ ⎣ ⎦⎝ ⎠
. (7.55)  

Having in mind the relationship between particle number density, volume fraction 
of droplets and the droplet diameter   

3
3 3 3/

6
D nπ α= ,      (7.56)  

we can write  

33 3 3 3
3 3 3 3 3 3 3 33 6

D D nV D V D V n∂ ∂α π ∂α α
∂τ ∂τ ∂τ

⎡ ⎤⎛ ⎞ ⎛ ⎞+ ∇ = + ∇ − + ∇⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
. (7.57)  

Substituting into the above equation the right hand side (RHS) from Eqs. (7.54) 
and (7.55) one obtains the differential equation governing the particle size in the 
steady state flow  

( )
3

3 3
2 3323

2 3

3 3
3 3 3

3

3
3 3,

3

4 1 1 /

3

1 / 2

h E

br coal

Dw
D D

D DV D

D f
D

ρα ρ ρ
ρ

∂α
∂τ

α τ
∞

⎡ ⎤
⎛ ⎞⎢ ⎥− −⎜ ⎟⎢ ⎥
⎝ ⎠⎢ ⎥⎛ ⎞ ⎢ ⎥+ ∇ =⎜ ⎟ ⎢ ⎥⎝ ⎠

⎧ ⎫⎡ ⎤⎢ ⎥⎛ ⎞⎪ ⎪⎢ ⎥− − Δ −⎢ ⎥⎨ ⎬⎜ ⎟
⎢ ⎥⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭⎣ ⎦

. (7.58)  

Some plausible conclusions are immediately drawn from the above equation: 

7 Introduction to fragmentation and coalescence 

1. Deposition does not influence the particle size because the deposition 
terms cancel.  

2. Entrainment, particle disintegration in gas, and coalescence are the three 
mechanisms influencing the particle size.  

3. If the entrained droplets have a size equal to the droplet size of the core, i.e. 
3 3ED D≈ , the entrainment does not influence the particle size because of  

3
3 3

3
2 3

3 3

lim 1 0
E

E

D
D

D D

ρ
ρ

⎛ ⎞
− →⎜ ⎟

⎝ ⎠
→

.      (7.59) 

4. There is an exact relationship between the local droplet number density, i.e. 
local droplet diameter, for known volume fraction 3α  and the three partici-
pating mechanical phenomena, (a) droplet fragmentation, (b) coalescence of 
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droplets, and  (c) entrainment, which is not independent of the initial and 
boundary conditions.   

 
Consequently, for steady state flow it cannot be expected to obtain an exact 
correlation for the local droplet diameter, which depends only on the local 
conditions but not on the initial conditions.  

 
Therefore correlations modeling droplet diameter in steady state pipe flows as a 
function of the local parameters only but not of the steady state boundary condi-
tions should be used very carefully.  

Obviously the need to increase the accuracy of the dynamic models for predic-
tion of droplet sizes in pipes leads necessarily to the need of increasing accuracy 
of the models of the above-mentioned four mechanical phenomena.  

For the case of the fully developed steady state flow Eq. (7.58) reduces to  

( ) ( )

( ) ( ) ( )

1/ 3

2 3 3 3,23

3
3 3

2 2 3 3 323

4 1 / 1/ / 2

4 1 / /

br coal
h

E br
h

w f
DD

w D D
D

α ρ ρ α τ

α ρ ρ α τ ∞

⎡ ⎤− + Δ +⎢ ⎥
⎢ ⎥=
⎢ ⎥− + Δ
⎢ ⎥⎣ ⎦

,   (7.60)  

and for the case of the fully developed steady state flow without entrainment we 
obtain  

( )1/ 3

3 3 3, 31 / 2br coalD D f Dτ∞ ∞= + Δ > .    (7.61)  

One should not be surprised that the final effective droplet size is larger than the 
stable size under the local flow conditions because the coalescence acts towards 
increasing it. 

Note that the identification of the velocity fields as disperse require initializa-
tion of the particle length scale equal to some typical geometrical length scale of 
the confined channel, for example, the local hydraulic diameter.  

Pqogpencvwtg"

Latin 
 

12a   interfacial area density, i.e. the surface area between gas and film per unit 
mixture volume, 1/m 

hD  hydraulic diameters, m 

dD  
1/ 3

6 d

dn
α

π
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

, particle diameter assuming spherical shapes, m 



202      

dD ∞  stable particle diameter after the fragmentation is finished, m 

3ED  equivalent diameter of the entrained droplet, m 

colF  24d dn Dπ≈ , interface available for collision per unit mixture volume, m² 

,d spf  fragmentation frequency of a single particle, 1s−  

,d coalf  , ,
p

d col d coalf f= , coalescence frequency of single particles, 1s−  

,d colf  collision frequency, 1s−  

,
p

d coalf  coalescence probability, 1s−  

col  average distance between collisions, or the mean free path, m  

ln  particle number density: volume-averaged number of discrete particles of 
the fluid l (e.g., bubbles or droplets) per unit flow volume, 3m−  

dn ∞  ( )3/ / 6d dDα π ∞= , particle number density after the fragmentation is fin-

ished, 3m−  
1dn , 2dn  particle densities of the two groups of particle with diameters 1dD  and 

2dD , respectively, 3m−  

,l spn   particle production term – increase in the number of particles per unit 
time and unit mixture volume due to mechanical fragmentation such as 
splitting (subscript sp), 3 1m s− −  

,l coaln  particle sink term – the decrease in the number of particles due to me-

chanical coalescence (subscript coal), instant coalescence rate, 3 1m s− −  
,l kinn   number of particles generated or lost per unit time and unit mixture vol-

ume due to evaporation and/or condensation, 3 1m s− −  
23n  particle production rate in case of entrainment, 3 1m s− −  

32n  particle sink term in case of deposition, 3 1m s− −  

,
o

d coalP  1≤ , probability of the oscillatory coalescence, dimensionless 

,
no

d coalP  probability of the non oscillatory coalescence, dimensionless 

,
s

d coalP  probability of the spectral coalescence, dimensionless 
r   position vector 

lV   velocity vector, m/s 

dV  particle velocity vector 
relV  ( ) ( )max 0,  +d d⎡ ⎤= Δ −⎣ ⎦V r r V r , particle velocity difference at two dif-

ferent points at the same time, m/s 
 
Greek 
 

lα   averaged volumetric fraction, dimensionless 

7 Introduction to fragmentation and coalescence 
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,maxdα  =0.52, maximum allowable void fraction  for existence of bubbly flow, 
dimensionless 

1dmΔ  mass change of the target droplet d1 after colliding with the projectile 
droplet d2 having mass 2dm , see Chapter 8 Section 6, kg 

2dm  mass of the single particle belonging to the second group of particles, kg 
s

ddVΔ  artificial particle-particle relative velocity resulting from the assembly 
averaging of the relative velocities, m/s 

no
ddVΔ  relV= , particle-particle velocity difference averaged over the computa-

tional cell volume, m/s 
V ′  fluctuation particle velocity component, m/s 

brτΔ  duration of fragmentation, s 

colτΔ  duration of the contact of the particles due to collision, s 

coalτΔ  time interval necessary to push out the medium between two colliding 
particles, sometimes called coalescence time, s 

τΔ  time interval, s  
lρ   density, kg/m³ 

23( )wρ  entrainment mass flow rate, mass leaving the film per unit time and unit 
interfacial area, kg/(m²s) 

( )32
wρ  deposition mass flow rate entering the film, kg/(m²s) 

lμ   mass source density, kg/(m³s) 

23μ  ( )12 23
a wρ= mass entering the film per unit time and unit mixture vol-

ume, kg/(m³s) 
32μ  ( )12 32

a wρ= mass entering the film per unit time and unit mixture vol-
ume, kg/(m³s) 

σ  liquid-gas surface tension, N/m 
 
Subscripts 
 
l  = 1 first fluid – gas 

= 2 second fluid – liquid 
= 3 third fluid – another liquid 

d disperse 
c continuous 
23 from 2 to 3 
32 from 3 to 2 
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Consider pool flow, that is, flow without any wall influence. Fluid particles in 
multiphase mixtures experience forces acting to destroy them and forces acting to 
retain their initial form. The hydrodynamic stability limit is usually described by 
the ratio of the forces acting to destroy the particles, the shear forces 2

dDπt , where 
t is the tangential force per unit surface, and the forces acting to retain the particle 
form, for example, surface tension forces d dDσ π  (see Figs. 8.1 and 8.2),  

Wed = Shear force/Surface tension force  ( )2 / /d d d d dD D Dσ σ= =t t . (8.1)  
 

            
Fig. 8.1 (a) Particle size. (b) Average distance between adjacent particles if they form a 
rhomboid array 

This ratio is called the Weber number in honor of Heinrich Weber (1842-1913), 
who used it first. At the end of fragmentation, the Weber number is  

/d d dWe D σ∞ ∞= t       (8.2)  

There are two considerations leading to a theoretical upper and lower limit of 
Wed∞ : 

 

(a) Triebnigg (1929) was the first who equated the surface tension force to the 
shear force acting on the particles  

( )2 21 / 4
2

d
d d cd c c d dD c V V Dσ π ρ π∞ ∞ ∞≈ −     (8.3)  
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Fig. 8.2  Hydrodynamic stability affecting forces 

and obtained for the upper limit of the Weber number  

( )2

8 /
/

c c d d
d cd

d d

V V
We c

D
ρ
σ

∞
∞

∞

−
≡ ≈ .     (8.4)  

The drag coefficient for a solid sphere in the turbulent regime, d
cdc , is ≈ 0.4, and 

therefore the upper limit is  

20dWe ∞ ≈ .       (8.5)  

Note that Eq. (8.5) does not reflect the experimentally observed dependence of 
dWe ∞  on d

cdc   i.e. dWe ∞  on 0 /d c d cd cRe D Vρ η= Δ , where cd c dV V VΔ = − , - see  
Lane (1951), Hanson (1963). Hinze (1949a) shows that during the fragmentation 
process the particle changes shape and experiences a considerably higher drag; 
therefore, in nature dWe ∞  is less than 20. 
 
b) The Kelvin - Helmholtz (KH) stability analysis provides the information 
necessary for the estimation of the lower limit of the Weber number. The Kelvin - 
Helmholtz instability is caused by the relative motion of two continuous phases - 
see in Chandrasekhar (1981). The most unstable wavelength is (for gas as a 
continuous phase)  

( ) ( )2
, 3 1 /d KH c d d c cdVδ π ρ ρ σ ρ ∞≈ + Δ .     (8.6)  

-see Fig. 8.3  
 

 
Fig. 8.3. The most unstable wavelength during relative motion of two continuous phases 
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If the entrained particle in this process has a size approximately equal to the most 
unstable wavelength  

,d d KHD δ∞ ≈ ,       (8.7)  

the critical Weber number should be  

( ) ( )
2

3 1 /
/

c c d
d c d

d d

V V
We

D
ρ

π ρ ρ
σ

∞
∞

∞

−
≡ ≈ +     (8.8)  

which e.g. for water droplets in gas means  

9.52dWe ∞ ≥ .       (8.9)  

At very high relative velocities Pilch et al. (1981) indicated that inside the droplet 
the liquid boundary layer with thickness  

1/ 23Re2
2

d
bk dDλ π

π

−
⎛ ⎞= ⎜ ⎟
⎝ ⎠

      (8.10) 

forms and has stabilizing effect acting against the Kelvin - Helmholtz instabilities. 
This was the reason for the recommendation made recently by Dinh et al. (1997) 
to limit the prediction of Eq. (8.8) by the water boundary layer thickness. 

Haas (1964) provided experimental data for mercury droplets in air in the 
region  

2000 < Re /d c d cd cD Vρ η= Δ < 17600    (8.11)  

and found that below 5.2cdWe ≈  there is no breakup, and above 6cdWe ≈ , there 
is. Haas found 

5.6dWe ∞ ≈        (8.12)  

valid for experiments with initial Weber numbers ranging from 3.36 to 37.5, a 
region characterized by bag breakup. This seems to be the lower limit for the 
critical Weber number.  

In fact, the experimental observations of several authors for low viscosity 
liquids provide a value of dWe ∞  of about  

5 < dWe ∞ < 20       (8.13)  

with the most commonly used value being  

12dWe ∞ ≈ ,       (8.14)  

as shown in Fig. 8.5  
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Fig. 8.4  Variation of the critical Weber number dWe∞  for suddenly applied relative 
velocities with Reynolds number dRe  
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Fig. 8.5  Variation of the critical Weber number dWe∞   for gradually applied relative 
velocities with Reynolds number dRe . 1-Water, Lane 1951; 2-Water, Laws 1941; 3-7 
Hinze 1948:  Water; 4-Dirty water, 5-Carbon tetrachloride, 6-Methyl salicylate, 7-
Glycerin+20 % water 

Within the margin 5 < dWe ∞ < 20  there is a dependence on the Reynolds 
number not considered into the above mentioned approaches. Sarjeant (1979) 

8 Acceleration induced droplet and bubble fragmentation 
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summarized the data of Hinze (1949b), Lane  (1951), Hanson et al. (1963), see 
Figs. 8.4 and 8.5, and found that for suddenly applied relative velocities within 
Red = 300 and 510  where  

/d c d cd cRe D Vρ η= Δ ,       (8.15)  

the critical Weber number varies as given in Fig. 8.4. The data given in Fig. 8.4 
indicate proportionality with the transient drag. Comparing with the 
approximation of the lowest boundary of the transient drag for accelerating 
spheres as computed by Brauer (1992) we obtain  

0.615 2 / 3

24 20.1807 1655d
d d d

We
Re Re Re∞

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
   for   200 < dRe < 2000, (8.16)  

and  

5.48dWe ∞ ≈    for   2000 < dRe .    (8.17) 

The value of 200dRe ≈  is chosen to take into account the observation of 
Schröder and Kitner (1965) reporting that a droplet oscillates only in the presence 
of a vortex tail behind the droplet, which requires a Reynolds number of 200 at 
least. This is the explanation why an upper limit of the critical Weber number is 
observed experimentally. The computer simulation reported by Brauer (1992) 
also supports this observation for flow around an accelerated sphere. 

For gradually applied relative velocities Taylor (1949) provides a theoretical 
analysis leading to the critical Weber number that is about 2  times greater than 
the critical Weber number for suddenly applied relative velocities which is not 
definitely confirmed from experiments. For a free falling droplet in a gravitational 
field that can be considered as gradual application of relative velocity, the drag 
force in Eq. (8.3) is equal to the buoyancy force  

( ) ( )2 2 31 / 4 / 6
2

d
cd c c d d d dcc V V D D gρ π π ρ∞ ∞ ∞− = Δ .      (8.18) 

Therefore   
2 / 6d dc dD g ρ σ∞ Δ =       (8.19) 

or having in mind that the terminal velocity of a large drop is about  

( )
1/ 4

22   1.7 d dc
cd

c

gV to σ ρ
ρ

⎛ ⎞Δ
Δ ≈ ⎜ ⎟

⎝ ⎠
,    (8.20)  

dWe ∞ ≈ 4.8 to 7.1.       (8.21) 

Magarvey and Taylor (1956) observed that free falling water droplets with 
artificially produced initial diameter of 12 to 20 mm disintegrate before reaching 
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the "terminal velocity" corresponding to the initial drop size which should reduce 
the value estimated by means of Eq. (8.19). Equation (8.19) can be written in 
somewhat different form 

( )2/ 6d RTD λ∞ = ,      (8.22)  

where  

( ) 1/ 2

RT d dcgλ σ ρ⎡ ⎤= Δ⎣ ⎦      (8.23)  

is the scale of the Rayleigh - Taylor instability wavelength for the case where gas 
and liquid are interpenetrating due to gravity. The above described approach 
considers the stability limit of the free falling liquid globules.  

There is another point of view to approach this limit, namely, to consider 
into dispersed flow – see left 

For churn turbulent two - phase flow, the relative velocity between gas and liquid 
is nearly independent of the dispersed particle size, and is given by Ishii (1977) 

( )1/ 42
13 3 13 12V gσ ρ ρΔ ≈ Δ .     (8.24)  

  
Fig. 8.6  a) Transition from churn-turbulent to dispersed wake. b) Droplet fragmentation in 
channels 

Here 1 stands for gas and 3 stands for liquid. For the wake flow regime of droplets 
in a gas, the relative velocity is  

the transition from churn turbulent bubble flow 
Fig. 8.6a.  

8 Acceleration induced droplet and bubble fragmentation 
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( ) 1/ 32
13 13 1 1 3 / 4V g Dρ η ρ⎡ ⎤Δ ≈ Δ⎣ ⎦ ,    (8.25)  

see in De Jarlais et al. (1986). Obviously at the transition between both regimes 
the relative velocity should be the same. De Jarlais et al. use this argument and 
after solving both equations for 3D  they obtain the expression 

( ) ( )
1/ 31/ 21/ 2 1/ 3

3 4 2 4 2d d dc c d d dc c RT dD D g g Nησ ρ ρ σ σ ρ η λ
−

∞
⎧ ⎫⎡ ⎤⎡ ⎤= = Δ Δ =⎨ ⎬⎣ ⎦ ⎣ ⎦⎩ ⎭

, 

  (8.26)  

where d ≡ 3, c ≡ 1 and RTλ  is the Rayleigh - Taylor wavelength as defined with 
Eq. (8.23).  

( )1/ 2 1/ 2
d c c d RTN Arη η ρ σ λ −= =      (8.27)  

is the viscosity number. The experimental observation of the authors confirms that 
this expression approximates the maximum droplet size. Relative velocities larger 
than those predicted by Eq. (8.25) leads to further fragmentation governed by the 
fragmentation mechanism for pool flow as discussed before.  

Comparing with experimental data, Ruft (1977) found that the constant 4 2  in 
Eq. (8.26) should be replaced by 20. The complete algorithm proposed by Ruft for 
free falling droplets representing the data in Fig. 8.7 is  

(i) 
2

4 710dc
d

c

Nη
ρ
ρ

⎛ ⎞Δ
<⎜ ⎟

⎝ ⎠
,       1/ 320d d RTD Nη λ∞ = , ( )2 / 340d dWe Nη∞ ≈ ; (8.28)  

(ii) 
2

7 4 910 10dc
d

c

Nη
ρ
ρ

⎛ ⎞Δ
≤ <⎜ ⎟
⎝ ⎠

,   3d RTD λ∞ ≈ , ( )6dWe ∞ ≈ ;  (8.29)  

(iii) 
2

9 4 910 3 10dc
d

c

Nη
ρ
ρ

⎛ ⎞Δ
≤ < ×⎜ ⎟
⎝ ⎠

 interpolation between (ii) and (iv);  (8.30)  

(iv) 
2

9 43 10 dc
d

c

Nη
ρ
ρ

⎛ ⎞Δ
× ≤ ⎜ ⎟

⎝ ⎠
,  3.9d RTD λ∞ ≈ , ( )7.75dWe ∞ ≈ .  (8.31)  

The 28 experimental data are in the region  
2

4 1890 10dc
d

c

Nη
ρ
ρ

⎛ ⎞Δ
≤ <⎜ ⎟
⎝ ⎠

.      (8.32)  

In this region the uncertainty is  

3 / 10d RTD λ∞≤ < .        (8.33)  
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Fig. 8.7  Dimensionless maximum droplet diameter ( )2

,max /d RTD λ  as a function of a 
modified liquid number  ( )2 4

dc c dNηρ ρΔ  

Using Eq. (8.20) the Ruft approximation can be expressed in terms of Weber’s 
number as given in the brackets. Thus Ruft's recommendations should be 
considered in any case as an upper bound of the particle size for gradually applied 
relative velocity.  

Brodkey (1967) and Gelfand et al. (1973) approximated the dependence of the 
critical Weber number on the viscosity, see Fig. 8.8, experimentally observed by 
Haas (1964), Hanson et al. (1963), Hinze (1955), Hassler (1971) by multiplying 
the critical Weber number for water by 

( ) (1.6  1.64)1 1.077  1.5  to
dto On+      (8.34)  

where the Ohnesorge number is defined as follows  
1/ 2 /d d d d d d dOn D We Reη ρ σ= = .    (8.35)  

Summary: Thus, if  

d dWe We ∞>    and   200dRe > .  

a drop exposed on relative velocity is unstable. For suddenly applied relative 
velocity the recommended critical Weber number is 

1.64
0.615 2 / 3

24 20.1807 1655 1 1.077d d
d d d

We On
Re Re Re∞

⎛ ⎞
⎡ ⎤= + − +⎜ ⎟ ⎣ ⎦

⎝ ⎠
,   (8.36) 
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Fig. 8.8. Critical Weber number as a function of the Ohnesorge number (viscosity). Data for 
gas - liquid by Hanson et al. (1963), Haas (1964), Hassler (1971), Hinze (1955). Data for 
liquid-liquid by Li and Folger, (1978). Approximation by Brodkey (1967) 

for 200 2000dRe< <   and  

1.645.48 1 1.077d dWe On∞ ⎡ ⎤= +⎣ ⎦ ,     (8.37) 

for 2000 dRe≤ . As the experiments performed by Hsiang and Faeth (1992) show, 
there is no fragmentation if 

dOn  > 4,       (8.38)  

see Fig. 8.8 
 

For gradually applied relative velocity the critical Weber number is expected to 
be larger than the critical Weber number for suddenly applied relative velocity.  

The decision which of both regimes should be taken, depends on the ratio of 
the velocity relaxation time, VτΔΔ , to the breakup time brτΔ . If VτΔΔ  >> brτΔ  
the condition for suddenly applied relative velocity should be used. If VτΔΔ  << 

brτΔ  the condition for gradually applied relative velocity is more appropriate. The 
estimation of VτΔΔ  and brτΔ  will be discussed later. Experimental data are 
needed in order to establish the behavior of the unstable droplet between the 
above discussed two extreme cases.  

For free falling drops the method proposed by Ruft is recommended. 
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Important remarks about the size initialization by flow pattern transition:  
 

The acceleration induced droplet fragmentation in channel flow, Fig. 8.6b, is 
preceded usually by the transition from the structure with continuous liquid to the 
structure with continuous gas - see Fig. 8.6a. This situation is easily identified if 
one keeps a record of the flow pattern during the computational analysis. Thus, if 
during the integration time step the liquid was continuous at the old time level and 
is getting dispersed at the new time level, the initial median size of the new born 
family of unstable drops is dD ∞  computed as follows: 

• In case of transition from churn turbulent to annular-disperse two-phase flow, 
the mean size of the new born unstable droplets is well prescribed by Eq. 
(8.26) or Eq.  (8.28).  

• The transition from inverted annular flow into dispersed flow is visualized by 
jet disintegration in a pipe. For estimation of the initial size of the drops born 
the formalism proposed by De Jarlais et al. given Chapter 9 is recommended. 

• If the relative velocity between gas and the new born droplets is larger than 
the critical one, the unstable droplets follow the dynamic fragmentation 
mechanism already described for pool flow. 

• The splitting of the liquid between droplets and film at the transition to 
dispersed flow is not jet investigated. Milashenko et al. (1989) observed 
experimentally that such splitting exists. 

:04"Htciogpvcvkqp"oqfgu"

The sequences of pattern of deforming and fragmenting particles can be classified 
in groups called fragmentation modes. The qualitative description may vary 
depending on the different author's views but some important common features 
are confirmed by many authors. We use further the following verbal description 
of the different modes:  
1.  In the vibration breakup the droplet is excited by the gas vortex tail behind 

the drop to oscillate with its natural oscillation frequency and eventually to 
decompose into two or more large fragments.  

2.  Bag breakup is analogous to the bursting of soap bubbles blown from a soap 
film attached to a ring. A thin hollow bag is blown downstream while it is still 
attached to a more massive toroidal rim. The bag eventually burst, forming a 
large number of small fragments; the rim disintegrates in a short time later, 
producing a small number of large fragments.  

3.  In the bag and stamen breakup a thin bag is blown downstream while being 
anchored to a massive toroidal rim. A column of liquid - stamen - is formed 
along the drop axis parallel to the approaching flow. The bag bursts first, rim 
and stamen follow.  

8 Acceleration induced droplet and bubble fragmentation 
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4.  In the sheet stripping a thin sheet disintegrates a short distance downstream 
from the drop. A coherent residual drop exists during the entire breakup 
process.  

5.  In the wave crests stripping small waves are formed on the windward surface 
of the drop. The wave crests are continuously eroded by the action of the flow 
field over the surface of the drop.  

6.  In the catastrophic breakup large amplitude, long wavelength waves 
ultimately penetrate the drop creating several large fragments before wave 
crest striping can significantly reduce the drop mass.  

The mode of the particle disintegration depends on the initial conditions before 
the fragmentation. The initial condition is characterized by the Weber number. 
Depending on the initial Weber number  

( )2

/
c c d

d
d d

V V
We

D
ρ
σ

−
=       (8.39)  

the experimentally observed modes of fragmentation differ from each other.  
Anderson and Wolfe (1965) divided the fragmentation mechanisms into two 

extreme modes: bag breakup and stripping breakup for following reason. The total 
drag force exerted on the drop consists of two components: (i) the pressure drag 
due to the pressure distribution over the surface of the drop and (ii) the friction 
drag due to viscous shear at the interface. The pressure drag at low relative 
velocities produces bag breakup, while the friction drag at high velocities 
produces stripping breakup. There are some other characteristic modes in between 
the above mentioned two extreme modes. Pilch et al. (1981) showed that the 
critical Rayleigh-Taylor (RT) instability wavelength  

( ) ( )
1/ 2

1/ 2

0
32 1 / / / 2 2 1 / / 2
4

d
d c d d d c d cd cda D c Weλ π ρ ρ ρ σ π π ρ ρ π

−
− ⎡ ⎤⎡ ⎤≈ − = −⎢ ⎥⎣ ⎦ ⎣ ⎦

, 

  (8.40)  

where   
23

4
d c cd
cd

d d

V
a c

D
ρ
ρ

Δ
=       (8.41)  

is the drop acceleration, and d
cdc ≈ 1.7, determines the range of the bag, bag and 

stamen breakup and sheet stripping: The Weber number ≈ 14.4 was predicted in 
order to have one unstable RT wave to fit on the deformed windward drop surface 
( 02.3d dDλ ≈ ) which is approximately the lower limit below which bag breakup is 
not observed. The Weber number of 57.8 is prescribed in order to have two 
unstable RT waves to fit on the deformed windward drop surface ( 02 2.3d dDλ ≈ ), 
which is approximately the lower limit below which bag and stamen breakup was 
not observed. The Weber number of ≈ 130 is predicted in order to have three 
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unstable RT waves to fit on the deformed windward surface ( 03 2.3d dDλ ≈ ) which 
is approximately the limit above which bag and stamen breakup was not observed. 
The Weber number of 350 is the limit below which only primary breakup of the 
newly born fragments was experimentally observed.   

Sarjeant (1979), reviewing data of 10 literature sources, estimated the 
boundaries of the different regimes as follows:   
1. Bag mode  

25d cdWe We∞ < < ,      (8.42) 

confirmed also by Krzeczkowski (1980), 10 20cdWe< <  and by Magarvey  and 
Taylor (1956) for free falling droplet , Haas  (1980) , 5.6 37.5cdWe< < . 
Arcoumanis et al. (1994) supported recently the upper limit of 25.  
2.  Umbrella mode  

 25 50cdWe≤ < ,      (8.43)  

confirmed also by Krzeczkowski  (1980), 20 65cdWe≤ < . Arcoumanis et al. 
(1994) supported recently the upper limit of 65.  
3.  Stripping of the ligaments from the periphery of the deformed drop  

50 100cdWe≤ < ;      (8.44)  

4.  Stripping of the ligaments from the periphery of the deformed drop and 
droplets  from the crest of waves 

100 1000cdWe≤ < ;      (8.45)  

5.  Stripping of droplets from the crests of waves on the windward face  

 51000 10cdWe≤ < ;        (8.46)  

6.  Initial stripping of droplets from the crests of waves on the windward face 
followed by perforation due to Taylor waves  

5 610 10cdWe≤ < ;      (8.47)  

 Perforation due to Taylor waves  
610 cdWe≤ .       (8.48)  

Gelfand et al. (1974), Pilch et al. (1981) classified the experimentally observed 
modes of fragmentation as follows:  

1.  Vibration breakup 

12cWe < ;       (8.49)  
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12 50cWe≤ <        (8.50) 

(experimentally confirmed by Simpkins and Bales (1972), 7 50cWe≤ < ;  
3.  Bag - and - stamen breakup 

50 100cWe≤ < ;      (8.51)  

4.  Sheet stripping 

100 350cWe≤ < ;      (8.52)  

5.  Wave crest stripping followed by catastrophic breakup   

350 cWe≤ .       (8.53)  

Obviously there are not clear boundaries between the different regimes which 
explains the differences due to the subjective judgment of the authors. Gelfand 
and Pilch’s proposal is formally supported by experimental data which change the 
character of break time as a function of Weber number at the above mentioned 
boundaries. That is why, for low viscous liquids, we recommend the method 
proposed by Gelfand et al. (1974) and Pilch et al. (1981).  

 In the region of  
710 1/ 5dLa− ≤ <       (8.54)  

Krzeckowski provided experimental evidence that the limits of the regimes are 
functions of 1/ dLa , where the relationship between the Laplace number and the 
already introduced Ohnesorge number is  

21/ d dLa On= .       (8.55)  

For 31/ 10dLa −>  the influence of the liquid viscosity is  negligible. For 
31/ 10dLa −>  the boundaries of the regimes increase with 1/ dLa . For such cases 

the classification by Krzeckowski is useful. 

:05"Tgncvkxg"xgnqekv{"chvgt"htciogpvcvkqp"

The stability criterion, Eqs. (8.36) and (8.37), dWe const∞ =  refers to the final 
stable diameter, dD ∞ , and the final fragment velocity, dV ∞ , reached by the 
fragments after the fragmentation. Therefore, to predict dD ∞  knowing dD , dV , 

cV  one needs a method to predict dV ∞ . 
Using the momentum equations of the continuum and of the dispersed phase, 

neglecting the inertial terms, dividing by the corresponding densities and 

2.  Bag breakup  
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summing up the resulting equations, one obtains the following equation governing 
the relative velocity, cdVΔ ,  

( ) 1 1 31 0
4

d
vm cd
cd cd cd cd

c d d

cbc V p b V V
D

∂
∂τ ρ ρ

⎛ ⎞
+ Δ + − ∇ + Δ Δ =⎜ ⎟

⎝ ⎠
. (8.56)  

Here  

( )c c d d c cb α ρ α ρ α ρ= + ,     (8.57)  

vm
cdc  is the virtual mass coefficient which for droplets in gas is negligible but for 

liquid-liquid or bubble-liquid systems is very important. 
For drag forces considerably larger than the pressure gradient forces the 

acceleration of a single droplet is computed using a simplified form of Eq. (8.56),   

/cd cd VV V∂ τ
∂τ ΔΔ = −Δ Δ ,       (8.58) 

where  

14
3

vm
cd d

V cdd
d

bc D V
b c

τΔ
∞

+
Δ = Δ      (8.59) 

is used to estimate the linearized velocity relaxation time constant. The analytical 
solution of the above simplified equation is 

1

1

cd

cd

V

V
V τ

τ

∞

Δ

Δ
=

ΔΔ +
Δ

.      (8.60) 

Eq. (8.56) is an equation of the Riccati type with respect to cdVΔ  and possesses a 
hyperbolic solution. Substituting  

( )1
3 1
4

d
vmcd
cd

d

ca b bc
D ∞

⎛ ⎞
= +⎜ ⎟
⎝ ⎠

,     (8.61)  

( )2
1 1 1 vm

cd
c d

a p bc
ρ ρ

⎛ ⎞
= − ∇ +⎜ ⎟
⎝ ⎠

     (8.62)  

and using the initial condition ( ) ,0cd cdV VτΔ = Δ  we obtain the velocity difference 

cdVΔ  after the time interval τΔ .  

( ) ( )
( ) ( )

1/ 2 1/ 2
,0 1 2 1 1 2

1/ 2 1/ 2
1 2 1 ,0 1 2

tanh

tanh

cd

cd

cd

V a a a a a
V

a a a V a a

τ

τ

⎡ ⎤Δ + Δ⎣ ⎦Δ =
⎡ ⎤+ Δ Δ⎣ ⎦

,   (8.63)  
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see Kamke (1959). If the time interval is equal to the time needed to complete the 
fragmentation, brτ τΔ = Δ , Eq. (8.63) provides the velocity difference between the 
cloud of fragments and its surroundings at the end of the fragmentation. Note that 
the drag coefficient of the deforming particles divided by the changing diameter 
of the fragmented particles during the breakup period brτΔ  is a complicated 
function of time 

( )/ *d
cd dc D f τ=      for    * brτ τ τ τ< < + Δ    (8.64)  

so that the averaged quotient is in any case greater than the final one 

/ /d d
cd d cd dc D c D> .      (8.65)  

Krzeczkowski (1980) provided very important measurements on the kinematics 
of the fragmentation. A common feature of all types of fragmentation is that they 
start with a basic shape the so called "liquid disk". Data for 0/ v

d dD D  as a 
function of time are plotted for 13.5 < cdWe < 101. 

The Baines and Buttery (1978) experimental data for deformation preceding 
the breakup for liquid-gas ( 3 51.3 10 7.1 10cdWe× ≤ ≤ × ) as well for liquid-liquid 
( 2 32.5 10 3.9 10cdWe× ≤ ≤ × ) are correlated by Pilch et al. (1981) with  

2
0/ 1 1.4 * 0.3 *v

d dD D τ τ− ≈ Δ − Δ ,   0 * 2τ≤ Δ ≤     (8.66)  

2
0/ 1 0.12 1.28 * 0.27 *v

d dD D τ τ− ≈ + Δ − Δ ,   2 * 5.5τ≤ Δ ≤   (8.67) 

where ( )1/ 2
0* v

cd c d dV Dτ τ ρ ρΔ = Δ .  
Simpkins and Bales (1972) found experimentally that the drag coefficient for 

distorted drops is similar to the rigid sphere value for 3Re 10d < . When 
compressibility effects become significant, a mean value of d

cdc = 2.5 is observed 
for 3 510 Re 10d< < . The later result is comparable to measurements taken from 
rigid disks in similar flow conditions. Pilch et al. (1981) reviewing experimental 
data from several authors found that drag coefficients for fragmenting drops are 2 
to 3 times larger than the rigid sphere drag coefficient ( ≈ 2.5 for compressible 
flow, ≈ 1.54 for fragmenting drops in incompressible flow). That is the reason 
leading some authors to look for an empirical description of the final fragment 
velocity by modifying solutions of the momentum equations using experimental 
data.  

The fragmentation cloud velocity that is reached after completion of the 
breakup process for regimes (a) through (e) was correlated by Pilch et al., p.22, by 
a modified solution of the simple force balance equation ( 0τ = , 0dV = ; 

brτ τ= Δ , d dV V ∞= , cV const= ) 
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( )1/ 2 23/ 3
4

d
d c c d cd br brV V c bρ ρ τ τ∞

⎛ ⎞= Δ + Δ⎜ ⎟
⎝ ⎠

   (8.68)  

or  

( ) ( )
2

2 1/ 22 231 / 3
4

d
c d c c d cd br brV V V c bρ ρ τ τ∞

⎡ ⎤⎛ ⎞− = − Δ + Δ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
.  (8.69)  

The experimental data are reproduced using the tuning constants d
cdc = 0.5, b = 

0.0758 for incompressible (Ma < 0.1), and d
cdc = 1 , b = 0.116 for compressible 

flow (Ma > 0.1). The different form during the different deformation modes 
explains the differences in d

cdc . 
 For the liquid - liquid system Pilch et al. (1981), p.16, used 

( ) ( )1/ 2 1/ 23 3/ 1 /
4 4

d d
d c c d cd br cd br c dV V c cρ ρ τ τ ρ ρ∞

⎛ ⎞ ⎡ ⎤= Δ + Δ⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
 (8.70)  

or  

( ) ( ) ( )
2

2 1/ 2 1/ 22 3 31 / 1 /
4 4

d d
c d c c d cd br cd br c dV V V c cρ ρ τ τ ρ ρ∞

⎧ ⎫⎛ ⎞ ⎡ ⎤− = − Δ + Δ⎨ ⎬⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎩ ⎭
.  

 (8.71)  

Thus, for computation of the final velocity difference after the fragmentation, 
either the stepwise analytical solution (8.63) together with the deformation 
approximation (8.66, 8.67) for computing /d

cd dc D  or the empirical correlation 
(8.68, 8.69) provided by Pilch et al. (1981), which is simpler, should be used. 

:06"Dtgcmwr"vkog"

Next we concentrate our attention on the modeling of the time scale of the 
fragmentation process brτΔ , see Fig. 8.9  

 
Fig. 8.9  Definition of the parameters characterizing the break-up process 
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Fig. 8.10 Kojo and Ueno (2006): Water bubble vibration in 20 kHz 
ultrasonic field at atmospheric conditions. Scale bar in the left frame corresponds to 1.0 
mm 

The vibration breakup mechanism, see Fig. 8.10a, is probably the best analyzed 
fragmentation mechanism up to now. According to Lamb (1932), see in Lamb 
(1945), the natural frequency of the n-th order mode of a spherical drop or 
bubble (d) performing oscillations in continuum (c) is given by 

( ) ( ) ( ) ( )
( )

2
3

1 1 282
1

d
n

d d c

n n n n
f b

D n n
σπ

ρ ρ
+ − +

=
+ +

,   b ≈ 1,   (8.72) 

where n = 2, 3, ..., n. Kojo and Ueno (2006) confirmed the validity of this 
equation for bubbles in liquid (b = 1). An example of their observation is given in 
Fig. 8.10b. Riso and Fabre [58] reported in 1998 that bubbles in turbulent field 
manifest the strongest oscillation at the first mode (n = 2). For droplets the first 
mode of oscillation (n = 2) is the only one observed experimentally. The factor b 
should approach unity for small amplitude oscillations. Schröder and Kitner 
(1965) describe 132 data points for 19 disperse - continuum systems with the 
correlation  

0.225,max ,min1 0.805
2

d d v
dv

d

D D
b D

D
−

= − ≈     (8.73)  

with an average error of  9.01 % - see Fig. 8.11. Here v
dD  is the volume-averaged 

diameter. The data cover the region 0.01 < ( )3v
dD  < 3 and take values within 

0.005 < 
( )2

2 3 2d c

b
f

σ
ρ ρ+

< 0.5. They observed oscillations only in the presence of 

a vortex tail which requires a Reynolds number of at least 200. Hsiang and Faeth, 
see in Faeth (1995) p. C0-7, summarized a relatively large data base on maximum 
drop deformation for steady disturbances, considering both drop-gas and drop-
immiscible environments for  

20dWe ≤ , ( )31/ 2
,max ,min/ 1 0.07d d dD D We= + ,    (8.74) 

 a) Particle vibration; b) 
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Fig. 8.11 ( ) ( )2 / 3 2d n d cb fσ ρ ρ+  vs. drop size 3
dD . Values of b 

from Eq. (8.79). Schröder and Kitner (1965) 

and  

( )32
,max ,min

v
d d dD D D= .      (8.75) 

The time needed for breakup of an unstable, vibrating particle should therefore be 
of the order  

21/br fτΔ ≈        (8.76)  

- see Fig. 8.11. This was first proposed by Laftaye (1943) as a rough estimate of 
the time of splitting-up for the vibration breakup. This, however is correct if the 
relative velocity is just equal to the critical speed 

1/ 2
* d

cd d
d c

V We
D
σ
ρ∞

⎛ ⎞
Δ = ⎜ ⎟

⎝ ⎠
.     (8.77)  

If the relative velocity exceeds the critical speed, *
cdVΔ , the splitting time is 

shorter than the time determined by the natural vibration period. The Kelvin-
Helmholtz instability analysis, see Hinze (1949b) (1981) provides the period for 
the droplet fragmentation  

( )
( )*

1/ 2

3 1 2.28
2

br
br c d

dKH cd c dV
ττ ρ ρ

πδ ρ ρ

Δ
Δ = ≈ + ≈

⎡ ⎤Δ⎣ ⎦
,   (8.78)  

 Amplitude corrected data 
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that is the lowest limit of the experimentally observed fragmentation times. The 
expression ( )1/ 2

dKH cd c dVδ ρ ρ⎡ ⎤Δ⎣ ⎦  has the dimension of a time and is usually 

used as a time scale for modeling of droplet fragmentation in the form 

( )1/ 2
d cd c dD V ρ ρ⎡ ⎤Δ⎣ ⎦ . In this sense the time needed for the first mode of 

oscillation in accordance with Eq. (8.78) is  

( )

1/ 2

1/ 2

1 21
4 3

br c
cd

dd cd c d

We
bD V

τ ρπ
ρρ ρ

⎡ ⎤⎛ ⎞Δ
≈ +⎢ ⎥⎜ ⎟⎡ ⎤Δ ⎝ ⎠⎣ ⎦⎣ ⎦

.   (8.79)  

Having in mind that the vibration mode is observed for ≈ 12 < cdWe < 18, the 
dimensionless breakup time should be expected to be of the order of  

 *
brτΔ = 6.6 to 8.2        (8.80)  

for b ≈ 1/2, which is in fact the upper limit for the fragmentation time observed in 
all sources known to the author. 

Pilch et al. (1981) correlated experimental data for the total breakup period for 
droplets in gas from 8 sources, see Fig. 8.12, for the non- vibration modes (b) 
through (e) in the form  

( )* m
br cd dc We Weτ ∞Δ = − ,   for  * **

cd cd cdWe We We< <   (8.81)  

where the dimensionless time *
brτΔ  was defined as  

( )
*

1/ 2
br

br

d c c dD V
ττ
ρ ρ

Δ
Δ =

⎡ ⎤
⎣ ⎦

,     (8.82)  

the critical Weber number,  

cdWe = 12,        (8.83) 

and the constants are 
 
c m *

cdWe  **
cdWe   

7 0 1 12 Vibration mode 
6 − 1/4 12 18 Bag breakup 
2.45 +1/4 18 45 Bag - and - stamen breakup 
14.1 − 1/4 45 351 Sheet stripping 
0.766 +1/4 351 2670 Wave crest stripping followed 

by catastrophic breakup 
5.5 0 2670 ∞   
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The data base of Sarjeant, see Fig. 4 in Sarjeant (1979), confirms also Eq. (8.81) 
with some differences for the boundaries of the regimes. For Weber number > 500 
c is estimated by Hsiang (see in Faeth (1995) p. C0-7, fig. 8) to be 5. 

 The accuracy of the data representation is of order of   

( )1/ 2
d c c dD V ρ ρ⎡ ⎤± ⎣ ⎦ .      (8.84)  

Experimental data for the bag breakup are provided by Haas (1964). Using 
mercury drop in air Haas observed bag breakup in the region of 5.6 < cdWe < 37.5 
and 200 < Red < 17600. Haas provided measurements for the duration of the 
three stages of breakup (a) time for disk formation, (b) time for the bag formation 
and (c) time for the global breakup. The constant c in Eq. (8.81) derived from his 
data is ≈ 2.3 in 

* 1/ 42.3br cdWeτΔ ≈ .      (8.85)  

The order of magnitude of the constant was confirmed later by the measurements 
of Krzeczkowski (1980)  

*
brτΔ ≈ (1.9 to 2.7) 1/ 4

cdWe .     (8.86)  

Note that the relationship for the fourth regime is based on the experimental 
observations made by Simpkins and Bales (1972) and other authors. The original 
relationship for the onset of Taylor instability of water droplets in gas, i.e. the 
least squares fit of the minimum value for the breakup time, is  
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Fig. 8.12 Total break-up time ( )1/ 2

br c c d dV Dτ ρ ρ⎡ ⎤Δ ⎣ ⎦   as a function of Weber number 
cdWe  for gas-liquid systems. The summary was prepared by Pilch et al. in 1981 
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( )
1/ 4 1/ 4

1/ 2

1 22 13.3
2

br
d cd

d cd c d

Bo We
D V

τ

ρ ρ
− −Δ

= ≈
⎡ ⎤Δ⎣ ⎦

,    (8.87) 

where   

( )2 3/ 2 /
16

dd
d d d d cd cd

dVBo D c We
d

ρ σ
τ

⎡ ⎤= =⎢ ⎥⎣ ⎦
   (8.88) 

and 

 ( )d
cd cdc f Re= ,   for rigid sphere, 310cdRe < ,     (8.89)  

2.5d
cdc = ,   for 3 510 10cdRe≤ < .    (8.90)  

The experimental data show that the breakup time is in any case less than the time 
prescribed by the equation  

( )
1/ 4 1/ 4

1/ 2

1 65 39.9
2

br
d cd

d cd c d

Bo We
D V

τ

ρ ρ
− −Δ

≈ ≈
⎡ ⎤Δ⎣ ⎦

.  (8.91)  

The experimental data of Krzeczkowski (1980) support the order of magnitude 
of the constant  

 *
brτΔ ≈ (12 to 22) 1/ 4

cdWe− .     (8.92)  

The reader should be careful when comparing such correlations because, as 
already mentioned,  the definition of the end of the breakup process may differ 
depending on the author's subjective view. Next an example will be given. 

For liquid-liquid systems, Patel and Theofanous (1981) modified the 
correlation by Simpkins and Bales (1972), Eq. (8.93), as follows 

( )
1/ 4

1/ 2
br

cd

d cd c d

cWe
D V

τ

ρ ρ
−Δ

=
⎡ ⎤Δ⎣ ⎦

,    (8.93)  

where c takes values between 0.9 and 3.6, which means that the dimensionless 
breakup time is an order of magnitude shorter than for the case of water - gas 
systems for the same Weber number. More recent experiments with a mercury-
water system reported by Yuen et al. motivated a revision the equation (8.91) to 

( )
1/ 4 1/ 4

1/ 2
14.8 17.8br

d cd

d cd c d

Bo We
D V

τ

ρ ρ
− −Δ

≈ ≈
⎡ ⎤Δ⎣ ⎦

,   (8.94)  

which is essentially the same as Krzeczkowski's (1980) finding for gas-liquid 
systems. Recently Chen et al. [8] (1995)  reported data for 2 3 410 ,10 ,10dBo =  
giving dimensionless fragmentation times 2.8, 1.6, and 0.9, respectively, which 
means  
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* 1/ 4 1/ 49 10.8br d cdBo Weτ − −Δ ≈ ≈ .      (8.95) 

Obviously the spreading of the experimental data and the subjective judgment of 
the end of the fragmentation process explains the variation of the controlling 
constant. 

Gelfand et al. (1973) proposed to take into account the viscosity of the droplets 
in the following manner  

 ( )* 1.644.5 1 1.2br dOnτΔ = + ,   for   228dWe ≤       (8.96)  

where dOn  is  the Ohnesorge number. Pilch et al. (1981) envisage the 
possibility of taking the viscosity of the droplet into account by multiplying their 
correlation by 1 + 1.2 dOn , where dD  is the instantaneous, deformed drop 
diameter measured normal to the approaching free stream. In a later work Pilch 
and Erdman (1987) used 1 + 2.2 dOn .  Hsiang and Faeth (1992) approximated 
provisionally their few data for dOn < 3.7 and 310dWe <  with the correction 

d /7) instead . 
Let us summarize the results presented in this section: The final particle size for 

acceleration induced fragmentation is assumed to be the stable particle size 
governed by the stability criterion. The stability criterion is defined by the ratio of 
the shear force acting to destroy the particle and the surface tension force acting to 
retain the particle form. This ratio is found to be constant. The stability criterion 
contains the difference between the velocities of the continuum and of the particle 
adjusted after the fragmentation. This velocity difference is predicted either by 
analytical or by modified analytical solution of simplified momentum equations. 
The velocity difference computed by means of the stability criterion with the 
initial particle size is called critical velocity. The higher the relative velocity 
compared with the critical velocity the shorter the time interval in which the 
fragmentation occurs. There are 5 types of disintegration of particles exposed in 
continuum. The duration of the vibration type of fragmentation is estimated 
analytically. The duration of the other kinds of fragmentation is described 
empirically.  

Knowing (i) the breakup time *
brτΔ , (ii) the final velocity difference between 

the stable particles and their environment, c dV V ∞− , and, (iii) using the 
hydrodynamic stability criterion Eqs. (8.36) and (8.37), we can compute the final 
maximum of the diameter of the fragments 

( )2
d d d c c dD We V Vσ ρ∞ ∞ ∞

⎡ ⎤≈ −⎣ ⎦     (8.97)  

which is the first step of the modeling of the fragmentation process.  
This method known as "maximum stable diameter concept" was introduced by 

Pilch et al. The maximum stable diameter concept is useful for estimating the 
largest stable fragment sizes resulting from droplet breakup, provided that the 

possib-

1/(1 - On
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initial Weber number exceeds about 350. The authors found that in this region the 
ratio of the maximum to the mass median fragment size is  

,max / 2.04d dD D∞ ∞ =       (8.98)  

independent of the Weber number.  
Thus, we recommend the Pilch et al. method for prediction of the mass median 

fragment size for Weber numbers exceeding 350. The successful comparison

5350 10cdWe≈ < < . 
If the computed mass median fragment size for 5.28cdWe >  after the 

fragmentation is larger than the initial drop size only vibration breakup can be 
expected. 

:07"Rctvkeng"rtqfwevkqp"tcvg"eqttgncvkqpu"

Knowing the characteristics of the different fragmentation modes from 
experiments we can estimate approximately the particle production rate. Next we 
give the expressions for the production rates incorporating our knowledge of the 
different regimes of fragmentation.  

:0703"Xkdtcvkqp"dtgcmwr"

Each vibration breakup leads to particle splitting. Therefore the particle 
production rate is  

,
2 1d d

sp d d d sp
br br

n nn n n f
τ τ
−

≈ = =
Δ Δ

    (8.99)  

and the fragmentation frequency is simply the reciprocal value of the 
fragmentation period  

, 1d sp brf τ= Δ ,       (8.100)  

where brτΔ  is computed using Eqs. (8.79) and (8.73).  

":0704"Dci"dtgcmwr"

As shown by Magarvey and Taylor (1956) for free falling 15 mm water drops 
each bag breakup produces a spectrum of particle sizes that can be roughly 
divided into two groups:   

of this method given in Brauer (1992, 1981), p.111 Fig. 3.2, is valid for 
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Gelfand et al. (1976). For the following analysis we assume drN ≈ 6. 
Assuming 75% the resulting particle size is  

1/ 3
0.75

dr d
dr

D D
N

⎛ ⎞
≈ ⎜ ⎟
⎝ ⎠

.      (8.101) 

2.  Microscopic particles produced by bag fragmentation dbN ≈  30 to 100 as 
shown by Fournier et al. (1955), and Magarvey and Taylor (1956), having a 
size governed by the capillary surface waves amplitude. For the following 
analysis we assume dbN ≈ 65. Assuming that the microscopic droplets have 
25% of the initial mass we have for their size  

1/ 3
0.25

db d
db

D D
N

⎛ ⎞
≈ ⎜ ⎟
⎝ ⎠

.       (8.102) 

Therefore the particle production rate is  

( )
,

1d dr db d dr db
sp d d d sp

br br

n N N n N Nn n n f
τ τ
+ − + −

≈ = =
Δ Δ

,    (8.103)  

and the fragmentation frequency is  

( ),
1 1 70 /dr db

d sp dr db br
br br

N Nf N N τ
τ τ

+ −
= ≈ + ≈ Δ

Δ Δ
,   (8.104)  

where brτΔ  is computed using Eq. (8.81).  
The above information is sufficient to compute the resulting mass mean 

diameter 

( )1/ 3/ / 4.12d d dr db dD D N N D∞ = + ≈ ,    (8.105) 

the Souter mean diameter 
1/ 22 / 3 2 / 3

1/ 22 2

0.75 0.25
dr db

dr dbsm dr dr db db
d d

dr db dr db

N N
N NN D N DD D

N N N N∞

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥+⎜ ⎟ ⎜ ⎟⎛ ⎞+ ⎢ ⎥⎝ ⎠ ⎝ ⎠= =⎜ ⎟ ⎢ ⎥+ +⎝ ⎠ ⎢ ⎥
⎢ ⎥⎣ ⎦

, 

        (8.106) 

and finally the ratio 

8 Acceleration induced droplet and bubble fragmentation 

1.  Macroscopic particles produced by the rim breakup drN (e.g. drN ≈  2 to 8) 
having 70 to 75% of the drop mass - see Komabayasi et al., (1964) and 
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( ) ( )

2 / 3 2 / 3 2 / 3 2 / 3

2

1/ 3 1/ 3

0.75 0.25 0.75 0.25
dr db dr dbsm

dr db dr dbd

d dr db dr db

N N N N
N N N ND

D N N N N
∞

∞

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
+ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠= =⎜ ⎟
+ +⎝ ⎠

 

( )

2 / 3 2/ 3

1/ 3

0.75 0.255 65
5 65 0.73

5 65

⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠= =

+
    (8.107) 

which is important for computation of heat and mass transfer at the surface. Note 
that Hsiang and Faeth (1992) found experimentally 0.83² = 0.79 which is very 
close to the above estimate for this case. 

Sophisticated application of this theory needs at least two velocity fields for the 
droplets description: microscopic and macroscopic, and more reliable 
experimental information about dbN . 

:0705"Dci"cpf"uvcogp"dtgcmwr"

A similar approach to that used for the bag breakup is useful also for bag and 
stamen breakup. For this case drN should be interpreted as the number of 
fragments produced by the rim and stamen breakup.  

:0706"Ujggv"uvtkrrkpi"cpf"ycxg"etguv"uvtkrrkpi"hqnnqykpi"d{"
ecvcuvtqrjke"dtgcmwr"

The maximum of the fragment size for the sheet stripping and wave crest striping 
followed by catastrophic breakup is well described by Eqs. (8.48) and (8.49). The 
ratio of the maximum to mass median fragment size has a constant value of 2.04 
regardless of the initial Weber number for dWe > 300. 

8.5.4.1 Model without taking into account the primary breakup 

Both mechanisms are associated with a very short breakup period, which is the 
reason for assuming that the production rate as a time function during brτΔ is 
equal to the averaged production rate, namely  

3 3
11d d d d

d d br d
br d d br

n n D Dn n n
D D

τ
τ τ

∞

∞ ∞

⎡ ⎤⎛ ⎞ ⎛ ⎞−
⎢ ⎥≈ = − Δ ≈⎜ ⎟ ⎜ ⎟Δ Δ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

.  (8.108)  

Next it will be shown that this expression is essentially equivalent to the one 
obtained by the assumption of linear reduction of the mass of the donor droplet 
with respect to the time.  
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It is convenient experimentally to measure the size or the mass of the remaining 
droplet and therefore 

( )
0

d

d

M f
M

τ= .       (8.109) 

If the entrained fragment size is dD ∞ , the fragmentation source term can be 
computed as follows 

3

3
0

6

d d d d
d d

d d d
d

n dM D Mdn n
D d D d Mπ τ τρ ∞ ∞

⎛ ⎞
= − = − ⎜ ⎟

⎝ ⎠
.   (8.110) 

For linear mass reduction we have 

0/ 1d d brM M τ τ= − Δ ,      (8.111) 

3
1d

d d
d br

Dn n
D τ∞

⎛ ⎞
= ⎜ ⎟ Δ⎝ ⎠

.      (8.112) 

If the entrained droplets have just the stable size at the local relative velocity dV ∞  
which is close to the dV  we obtain 

2

d d c d d

d d c d d

D We V V We
D We V V We

∞

∞ ∞ ∞

⎛ ⎞−
= ≈⎜ ⎟−⎝ ⎠

    (8.113)  

and therefore  
3

, 1d
d sp d br

d

Wen n
We

τ
∞

⎡ ⎤⎛ ⎞
⎢ ⎥≈ − Δ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.     (8.114)  

This approach is used by the author of this work in the computer code IVA3 
(Kolev 1991a, 1991b, 1991c) and is recommended for cWe > 350.  

For very high Weber numbers we have 
3

,
d d

d sp
br d

n Wen
Weτ ∞

⎛ ⎞
≈ ⎜ ⎟Δ ⎝ ⎠

      (8.115) 

Note the difference between Eq. (8.115) and the intuitive proposal made by 
Kalinin (1970)  

( ), exp 1/d
d sp d

br

nn We
τ

≈ −⎡ ⎤⎣ ⎦Δ
,     (8.116) 
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which is similar to Eq. (8.115) in the qualitative dependence on dWe but neglects 
the influence of the velocity ratio. 

Hsiang and Faeth (1992) succeeded to correlate measurements for the final 
mass median diameter for all regimes of fragmentation which is dependent on the 
initial droplet size and Reynolds number 

( )1/ 4 1/ 27.44 /d
d c d

d

We Re
We

ρ ρ∞ =      (8.117) 

for the region of the ( )1/ 4 1/ 2/d c d dWe Reρ ρ ≈ 0.3 to 10, 0.5 to 1000dWe = , 
 0.0006 to 4dOh = , 580 to 12 000d cρ ρ = , and 300 to 16 000dRe = . The data 

shows that the Weber number of the drop after the end of the breakup was 
generally greater than the critical Weber characteristic for the final particle 
diameter and the new adjusted velocity ( dWe ∞ > 13). The Souter mean diameter 
was found to be 0.83 of the mass median diameter. Using this expression we 
obtain for the linearized fragmentation rate 

( )3/ 4 3/ 2
, 0.00243 /d d

d sp d c d d br
br

n nn n Reρ ρ τ
τ

∞ −≈ = Δ
Δ

.  (8.118) 

From Fig. (8.12) we see that 

( )1/ 25.5br d cd c dD Vτ ρ ρ⎡ ⎤Δ ≈ Δ⎣ ⎦ .    (8.119) 

Substituting into the above equation we finally obtain 

( )5/ 4 3/ 2
, 0.00044 / cd

d sp d c d d
d

Vn n Re
D

ρ ρ Δ
≈ .   (8.120) 

8.5.4.2 Models taking into account the primary breakup 

Sheet stripping and wave crest stripping followed by catastrophic breakup are 
associated with a primary breakup leading to dN ′ = 3 to 5 fragments after brτ ′Δ  for 
initial Weber number < 350 defined by 

( )1/ 2
br

d cd c dD V
τ

ρ ρ

′Δ
≈

⎡ ⎤Δ⎣ ⎦

1 to 1.5   for drop in gas   (8.121)  

and  

( )1/ 2
br

d cd c dD V
τ

ρ ρ

′Δ
≈

⎡ ⎤Δ⎣ ⎦

 2   for drop in liquid.   (8.122)  
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Therefore for 0 brτ τ ′< Δ ≤ Δ  we have 

1 3d d d d d d
d d d

br br br br

n n N n n Nn n n
τ τ τ τ

∞ ′ ′− − −
≈ ≈ = ≈

′ ′ ′ ′Δ Δ Δ Δ
 ,  (8.123) 

or 

( )1/ 22 cd
d d c d

d

Vn n
D

ρ ρΔ
≈       (8.124) 

for drop in gas and 

( )1/ 23
2

cd
d d c d

d

Vn n
D

ρ ρΔ
≈        (8.125) 

for liquid in liquid. The size of the newly produced unstable fragments is  
1/ 3/d d dD D N′ ′= .      (8.126) 

During this time brτ τ ′Δ > Δ  fragments with diameter KHλ  are produced due to 
sheet stripping. Thus the maximum number of particles produced from the 
striping of a single donor droplet is 

3 3

3
d d

KH

D D
λ

∞′ ′− .       (8.127) 

Here we denote with dD ∞  the size of the donor particle remaining stable after the 
sheet stripping. The correlation of Hsiang and Faeth (1992) can be used also in 
this case. 

Thus the rate of particle production during the time interval br brτ τ ′Δ − Δ  is 

3 33 3

3
1d dd d

d d d d
KH KHKH

d d d
br br br br

D DD DN n N n
n N n

λ λλ
τ τ τ τ

∞∞
′ ′⎛ ⎞ ⎛ ⎞′ ′− − −′ ′− ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠′≈ =
′ ′Δ − Δ Δ − Δ

 

3 3
1 1d d

d KH KH
d d

br br

D D
N

N n
λ λ

τ τ

∞′⎛ ⎞ ⎛ ⎞
− −⎜ ⎟ ⎜ ⎟′ ⎝ ⎠ ⎝ ⎠′=

′Δ − Δ
    (8.128) 

The time-averaged production rate is therefore 
3 3

1d d d
d d

br KH KH

n D Dn N
τ λ λ

∞
⎡ ⎤′⎛ ⎞ ⎛ ⎞

′⎢ ⎥≈ − −⎜ ⎟ ⎜ ⎟Δ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
 

( )
3 3

1/ 2 1 4
5.5

cd d d
d c d

d KH KH

V D Dn
D

ρ ρ
λ λ

∞
⎡ ⎤′⎛ ⎞ ⎛ ⎞Δ
⎢ ⎥≈ −⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

.   (8.129) 
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The total number of droplets after the fragmentation of a single droplet is 

 
3 3

3
d d

d d
KH

D DN N
λ

∞′ ′−′ ′+        (8.130) 

and the resulting mass median diameter is 

1/ 33 3

3/ d d
d d d d

KH

D DD D N N
λ

∞
∞

⎛ ⎞′ ′−′ ′= +⎜ ⎟
⎝ ⎠

1/ 333

1/ 3
1/ 1d d d

KH d dd

D D D
N DN λ

∞
⎧ ⎫⎡ ⎤′⎛ ⎞⎛ ⎞⎪ ⎪⎢ ⎥= + −⎨ ⎬⎜ ⎟⎜ ⎟ ′′ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

. 

  (8.131) 

8.5.4.3 Other models 

Reineke and Waldman 1( 970, 1975) recommended the following empirical
empirical equation to describe the change of the single drop mass  

0
1/ 1 cos
2d d

br

M M τπ
τ

⎡ ⎤⎛ ⎞
= −⎢ ⎥⎜ ⎟Δ⎝ ⎠⎣ ⎦

,   0 brτ τ< ≤ Δ     (8.132)  

due to sheet stripping. Here the dimensionless breakup time is assumed to 
be * 4brτΔ ≈  and primary breakup was not taken into account. For high pressure 
shock waves (200, 340 and 476 bar amplitudes) Yuen et al. (1994) provided 
experimental data for mercury-water systems which are described by the linear 
law  

1/ 4
0

1/ 1 1d d br cdM M We
c

τ τ τ= − = − ,   *0 brτ τ< ≤ Δ ,  (8.133)  

see Yuen et al. (1992), Fig. 1, where brτΔ = Eq. (8.95). In addition the authors 
demonstrated that the Reineke and Waldman correlation does not represent the 
Yuen et al. data, see Fig. 3  in Yuen et al. (1992), and demonstrated that linear 
dependence, Eq. (8.133) is the better one, compare with Fig. 1 in Yuen et al. 
(1992).  

For the region of sheet stripping and wave crest stripping with catastrophic 
breakup, Chu and Corrardini  (1984) proposed two models. The first model,  

( )32
0 1/ exp 3 cc

d d cdM M c Weτ≈ −      (8.134) 

where 1c = 0.1708 - 0.149 ( )1/ 2/d cρ ρ , 2c = 0.772, and 3c = 0.246, describes the 

droplet diameters dD  as a function of the time since the beginning of the 
fragmentation, τ . The second model (Chu and Corrardini 1986),  

( )32
3

2 1 0 21/ 1 cc
d d cdM M c Weτ≈ − Δ      (8.135)  
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where 0c = 0.1093 - 0.078 ( )1/ 2/d cρ ρ , gives the relationship between two 
average particle masses 2dM  and 1dM  for two different times 2τ  and 1τ  during 
the fragmentation process. The database for the second model consists of the 
Baines and Buttery experimental data for cdWe ≈ 200 - 3860 (Baines and Buttery 
1978).  

Using Eq. (8.132), and assuming that the produced small particles have the size 
dD ∞ , the particle number production rate is  

( )
3

1/ 2
, ,3 / sin

8
6

d d cd d
d sp d c d d d sp

d d d br
d

n dM V Dn n n f
D d D D

π τρ ρ π
π τ τρ ∞ ∞

⎛ ⎞ ⎛ ⎞Δ
= − = =⎜ ⎟ ⎜ ⎟Δ⎝ ⎠ ⎝ ⎠

. 

  (8.136)  

Note that the time used in this correlation is the time elapsed from the beginning 
of the fragmentation process which has to be kept in storage during computational 
analysis. This is very inconvenient. Using Eq. (8.133)  we obtain 

( )
3

1/ 2
, ,*

1/cd d
d sp d c d d d sp

d d

V Dn n n f
D D

ρ ρ
τ∞

⎛ ⎞Δ
= =⎜ ⎟ Δ⎝ ⎠

,    (8.137) 

which is time independent and very convenient for use in computer codes.  
Keeping in mind that the droplet surface per unit volume of the mixture, 

( )/dF Vol , is about 2
d dn Dπ  the term  

( )

*

, 1/ 2* *3

1 sin
2 /

cd
d sp

s sd d c

Vn
D

τπ
τ τρ ρ

⎛ ⎞Δ Δ′′ = ⎜ ⎟Δ Δ⎝ ⎠
    (8.138)  

or  

( ), 1/ 2* 3

1
/
cd

d sp
br d d c

Vn
Dπ τ ρ ρ

Δ′′ =
Δ

     (8.138)  

for the high pressure liquid-liquid case, can be interpreted as the number of the 
entrained micro-droplets per unit surface of the macroscopic droplet (particle flow 
rate). So the idea naturally arises to model the surface particle flow rate not only 
at droplet surfaces but also at surfaces with arbitrary form, namely 

( ), ,/d sp d d spn F Vol n′′= .      (8.140)  

As already mentioned, some authors prefer to use interfacial area concentration as 
the convected variable instead of the particle number density. For such an 
approach the generated interfacial area per unit time and unit mixture volume is 
easily computed multiplying the above equation with 2

dDπ ∞ . The result is 
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or  
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for high pressure liquid-liquid case. A similar expression,  

( )
( )

3/ 4 1/ 4
1/ 2/ 0.089

/
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F F Vol c We

D ρ ρ

Δ
=    (8.143)  

was proposed by Pilch and Young and used by Young (1989) in the computer code 
IFCI, where d

cdc  is the drag coefficient between continuum and droplet. This idea 
was used in terms of diameter change by Young (1989), 

( )
( )

1/ 3

1/ 2

1

/

donor
d cddonor

d
br d c

N V
D

τ ρ ρ

−⎡ ⎤′− Δ⎣ ⎦= −
′Δ

.    (8.144) 

Two points should be considered in the application of the detailed sheet stripping 
models in system computer codes:  
1.  The detailed description of the sheet stripping needs additional computer 

storage to store the time when the sheet stripping process starts and the 
particle size at this moment  in each computational cell (see the comments by 
Fletcher and Anderson  (1990)), because the time in Eq. (8.116) is counted 
from the beginning of the sheet striping in a Lagrangian manner. 

2.  At least two velocity fields for representation of macro- and microscopic 
droplets are formally needed in order to distinguish between the donor drop 
and the produced fragments. Within the donor drop field the primary breakup 
can be easily modeled if the time from the beginning of the sheet stripping 
reaches the time for primary breakup. Within the next actual time step τΔ  the 
particle production rate in the donor drop field is 

, /donor donor
d sp d dn N n τ′= Δ .      (8.145) 

The further sheet stripping is allowed until the donor cell reduces its size to the 
size of the produced stable fragments. Another modeling approach is the use of 
the averaged production rate during the period brτ ′Δ  

( ), 1/ 2*

1 1
/

donor donor donor
donor donor donord d d d d cd
d sp d d donor

br br br d d c

n N n N N Vn n n
Dτ τ τ ρ ρ

′ ′ ′− − − Δ
= = =

′ ′Δ Δ Δ
. 

  (8.146)  

This idea was used in terms of diameter change by Young (1989)  
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Δ
.    (8.147)  

Acceleration induced fragmentation seems to be the most frequently investigated 
fragmentation phenomenon and reliable data are available for practical 
approximate modeling of dynamic fragmentation.  

The questions that are not resolved by this approach are the following: 
Acceleration induced fragmentation strongly depends on the relative velocities 
between neighboring velocity fields. The relative velocities are governed by the 
modeling of drag, lift, and virtual mass forces. Drag, lift, and virtual mass 
coefficients are usually measured and correlated for simple steady state flows. 
Little is known about the drag coefficients for transient conditions, for molten 
drops in water with strong evaporation, drag coefficients in mutual inter- 
penetration of three fluids. This inevitably affects the accuracy of the prediction of 
the relative velocity and therefore the accuracy of the prediction of the dynamic 
fragmentation. Obviously improvement of the knowledge in these fields is 
necessary in order to increase the accuracy of the theoretical predictions.  

:08"Ftqrngvu"rtqfwevkqp"fwg"vq"jkijn{"gpgtigvke"eqnnkukqpu"

Consider collision of two droplets with relative velocity of rel no
ddV V= Δ  being 

very high. The collision will inevitably lead to a strong instability of the resulting 
droplet and eventually to fragmentation of the resulting droplet. If after the 
collision of two droplets two new droplets are produced the coalescence 
frequency of a single droplet is equal to zero  

( ) 0
nop

coalf = ,       (8.148) 

and there is no effective droplet production due to collision. If more than two 
droplets are produced the coalescence frequency of a single droplet due to 
collision is zero and there is a production of particles due to collision which may 
be expressed with negative coalescence frequency of a single droplet 

0p
coalf < .        (8.150) 

The interactions observed for colliding water droplets by Ashgriz and Givi (1987) 
may involve:  
1) a bouncing collision;  
2) a grazing collision, in which the droplets just touch each other slightly 

without coalescence; 
3) a permanent coalescence;  
4) temporally coalescence followed by separation in which satellite droplets are 

generated;  
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5) a shattering collision, occurring at high energy collisions, in which numerous 
tiny droplets are expelled radially from the periphery of the interacting drops.  

 
An empirical description of the dynamics of such collisions for gas droplet 
suspensions was made by Podovisotsky and Schreiber (1984). According to the 
authors, a target droplet d1 colliding with the projectile d2 (smaller than the target 
droplet) undergoes a main change in mass, given as 

( ) 0.2780.407 0.096
1 2 12 1 1 2 12/ 1 0.246 /d d d d d d dm m Re Lp D D −−Δ = − −Φ   (8.151)  

(for 1230 6000dRe< < ; 5
15 3 10dLp< < × ; 1 21.9 / 12d dD D< ≤ ), where m is the 

droplet mass; 12dRe  is the Reynolds number for a small droplet penetrating into 
the larger droplet,  

12 2 2 1 /d d d d d dRe D V V ρ η= − ,     (8.152)  

where 2dD  is the droplet diameter, dV  is the droplet velocity, dρ  is its density 
and dη  is the liquid particle viscosity; 1dLp  is the Laplace number, indicating a 
ratio between surface tension forces and viscous drag,  

2
1 1 /d d d dLp D ρ σ η= ,      (8.153)  

where σ  is the surface tension between droplet and gas; 12dΦ  is a correction term 
accounting for the gas flow, given as  

12dΦ = 0.00446 A    for   A ≤ 40.6,    (8.154)  

( )4.64
12 11.85 0.01d AΦ =    for   40.6 120A≤ ≤ ,   (8.155) 

( )0.40.285 0.2 0.442
12 1 1 2 1/d d d d cdA Re Lp D D We= ,    (8.156)  

and 1cdWe  is the Weber number, indicating a ratio between the inertia force and 
the surface tension force,  

( )2
1 1 1 /cd c c d dWe V V Dρ σ= − ,     (8.157)  

where cV  is the local gas velocity. When  

1 2/ 1d dm mΔ = ,       (8.158) 

the droplets coalesce. When  

1 20 / 1d dm m< Δ < ,       (8.159) 

some of the projectile droplets are fragmented. For   

1 2 1 2/ / 0d d d dm m m m−Δ < Δ <       (8.160) 
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the projectile droplet is fully fragmented while the target droplet is fragmented 
partially or fully. Note that the condition  

1 2 1 2/ /d d d dm m m m−Δ < Δ       (8.161) 

is imposed by conservation of mass. We see that this interpretation of 1 2/d dm mΔ  
resembles the coalescence probability  

( ) 1 2/
nop

dcoal d df m m≈ Δ .      (8.162) 
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Bubbles can disintegrate due to different kinds of instabilities, e.g. acceleration or 
turbulence induced fragmentation. To model the dynamic fragmentation means to 
compute the bubble number production rate in Eq. (7.2), i. e. the estimation of the 
bubble diameter at the end of the fragmentation process, dD ∞ , and the estimation 
of the duration of the fragmentation, brτΔ . The production rate due to bubble 
splitting is computed by means of Eq. (7.11). The hydrodynamic stability criterion 
already introduced for droplets 

( )2 /d c c d dWe V V D constρ σ∞ ∞ ∞= − ≈     (8.163)  

for acceleration induced fragmentation is also valid for bubble fragmentation. The 
most frequently used value for the hydrodynamic stability criterion in the two-
phase literature is  

( )2 / 12d c c d dWe V V Dρ σ∞ ∞ ∞= − ≈     (8.164)  

Next we discuss first the upper and then the lower values of dD ∞ . 
There is a bubble flow regime (bubble diameter approximately 0.001 to 0.02 

m) in which the terminal velocity  

cd KV KuV∞Δ = ,      (8.165)  

see Wallis (1969), is independent of the size and is proportional to the so called 
Kutateladze terminal velocity  

( ) 1/ 42/K c d cV gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ ,   2Ku = .    (8.166)  

Substituting Eq. (8.165) into Eq. (8.164) and solving for dD ∞  we obtain the upper 
limit of the bubble size in the flow  

,max
1
2d d RTD We λ∞ ∞≈ .      (8.167)  

Brodkey (1967) found that bubbles having a diameter less than  
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,min
12.53
2d RTD λ∞ ≈       (8.168)  

behave as solid spheres and are not subject to further splitting. Berenson observed 
experimentally that during film boiling on horizontal surfaces the bubbles 
departing the film have a size  

,min 4.7d RTD λ∞ ≈ .       (8.169) 

Thus, the stable bubble size after the fragmentation should be  

( )2d d

c c d

D We
V V
σ

ρ
∞ ∞

∞

≈
−

,     (8.170)  

within the bounds  

,min ,maxd d dD D D∞ ∞ ∞< < .       (8.171) 

Some authors have correlated the observed bubble diameters for steady state 
flows as a function of the local conditions. Note that these correlations contain 
integral results of simultaneously happening fragmentation and coalescence. Two 
examples are given below.  

Ahmad (1970) correlated data modifying the maximum possible bubble 
diameter observed in the flow by using instead of 12dWe ∞ = , the following 
correlation  

( )
*

1/ 3

1.8
1 1.34

d d

c c

We We
wα

∞ ∞= =
+

   for   0.1dα <    (8.172)  

1/ 3

* 9
1

d
d d

d

We We α
α∞ ∞

⎛ ⎞
= ⎜ ⎟−⎝ ⎠

 for   0.1 0.99dα< < .      (8.173)  

Serizawa and Kataoka (1987) correlated their data for the interfacial area 
concentration for vertical bubble flow in a pipe with 0.3 m diameter in the region 

c cwα =1 to 5 m/s by the following correlation  

Kelly and Kazimi (1982) modified this correlation to 

( )
0
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1 1.34

d
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D
wλ α
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+

   for   0.1dα <     (8.172b)  

1/ 3
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1
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d d
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D D
α
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⎛ ⎞
= ⎜ ⎟

−⎝ ⎠
 for   0.1 0.99dα< < .      (8.173b)  



242     

region behind it. Similarly, bubbles displace liquid due to their relative motion 
with respect to the continuum. Bubble flows in which the bubble velocity differs 
from the liquid velocity possess natural fluctuations. We estimate the period of 
these fluctuations by dividing the average distance between two adjacent bubbles 
by the time needed for one bubble to sweep out this distance. The average 
distance between two adjacent bubbles, dΔ , in a flow with bubble volume 
fraction dα  is  

1/3
1/32 0.9047 /

6d d d d
d

D Dπ α
α

⎛ ⎞
Δ ≈ ≈⎜ ⎟⎜ ⎟

⎝ ⎠
.    (8.176) 

The time needed for one bubble to sweep out this distance is  

1/3
0.9047

/nat d
d d cd

cd d

D
V

V
τ

α
Δ ≈ Δ Δ ≈

Δ
.    (8.177)  

In fact the real picture is more complicated. The fluctuations are dumped due to 
the bubble compressibility, and the bubbles are interacting with each other and 
with the eddies behind the bubbles. 

Thus the natural fluctuation period in the bubble flow is of the order of   

1/ 3 nat d
d

cd d

D
const

V
τ

α
Δ ≈

Δ
.      (8.178)  

If the bubble is unstable,  

d dWe We ∞> ,        (8.179) 

the fragmentation is likely to happen within nat
dτΔ  i.e.  

1/3 d
br

cd d

D
const

V
τ

α
Δ ≈

Δ
.     (8.180)  
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( )0.20.876 1030d
d c c

d

w
D
α

α α
∞

=    or     (8.174) 

( )0.20.130.00582 /d d c cD wα α∞ = .     (8.175)  

Both correlations already contain the effect of the bubble splitting with increasing 
liquid velocity and of the coalescence with increasing gas volume fraction.  

In what follows we estimate the period of the bubble splitting. By relative 
displacement of a body in an infinite continuum, compared with the size of the 
body, the continuum is deformed in front of, and around the body, and fills the 
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( )
*

1/ 2
1

/ /
br

br
dKH cd d cV

τ
τ

δ ρ ρ

Δ
Δ = ≈

⎡ ⎤Δ⎢ ⎥⎣ ⎦

    (8.181)  

for bubble fragmentation behind the front of the pressure wave.  
There are some unresolved problems in this approach:  
 

- Why should the swarm of bubbles with an unstable average diameter dD  
after the fragmentation take just the stable averaged diameter dD ∞ ?  

- How large is the constant in Eq. (8.180), or is it a constant at all?  
 

Further experiments are needed to resolve this particular problem. 

Pqogpencvwtg"

Latin 
 

Ar Archimedes number, dimensionless 

dBo  ( )2 3/ 2 /
16

dd
d d d cd cd

dV
D c We

d
ρ σ

τ
⎡ ⎤= =⎢ ⎥⎣ ⎦

, Bond number, dimensionless 

d
cdc  drag coefficient, dimensionless 
vm
cdc   virtual mass coefficient, dimensionless 

D particle diameter, m 
v
dD  volume equivalent diameter for non-spherical particle, m 

,maxdD  maximum diameter during the oscillation, m 

,mindD  minimum diameter during the oscillation, m 

drD  particle diameter produced by the rim breakup, m 

dbD  particle diameter produced by the bag breakup, m 
sm
dD ∞  Souter mean diameter, m 
donor
dD  change of the donor particle diameter per unit time, m/s 

Thus, bubbles having relative velocity with respect to the surrounding liquid 
are unstable if d dWe We ∞> , where dWe ∞  is found to be equal 12 within the time 

interval brτΔ  defined by Eq. (8.178). The final diameter after the fragmentation 
can be assumed equal to that defined by Eq. (8.170), within the limits given with 
the inequality (8.171).  

Gelfand et al. (1974) found experimentally that bubbles behind the front of the 
waves are stable for 5dWe ∞ < . Gelfand et al. [19] (1975) have successfully used 
the time scale 
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,d spf  1/ brτ= Δ , fragmentation frequency, 1/s 

g gravitational acceleration, m/s² 

dLa  21/ dOn= , Laplace number, dimensionless 

1dLp   2
1 /d d dD ρ σ η= , Laplace number, ratio between surface tension forces and 

viscous drag, dimensionless 
dM  mass of a single droplet, kg 

0dM  initial mass of a single droplet before fragmentation, kg 
Ma Mach number, dimensionless 

dNη  viscosity number, dimensionless 

drN  macroscopic particles produced by the rim breakup, - 

dbN  microscopic particles produced by bag fragmentation, - 

dN ′  microscopic particles produced by primary breakup, - 

spn  particle production rate, 1/(m³s) 

,d spn′′  number of the entrained micro-droplets per unit surface of the 

macroscopic droplet (particle flow rate), 1/(m²s) 

,
donor
d spn  particle production rate in the donor drop field, 1/(m³s) 

dOn  1/ 2 /d d d d d dD We Reη ρ σ= = , Ohnesorge number, dimensionless 
Re Reynolds number, dimensionless  

12dRe   2 2 1 /d d d d dD V V ρ η= − , Reynolds number for a small droplet 
penetrating into the larger droplet, dimensionless 

t  tangential force per unit surface, N/m² 
V velocity, m/s  

dV ∞  final fragment velocity, m/s 
We Weber number, dimensionless 

 
Greek 
 

1dmΔ  mass change of the target droplet d1 after colliding with the projectile 
droplet d2 having mass 2dm , kg 

2dm  mass of the projectile droplet, kg 

8 Acceleration induced droplet and bubble fragmentation 

dD ∞  stable particle diameter after the fragmentation is finished, m 

1dD  target droplet diameter, m 

2dD  projectile droplet diameter (smaller than the target droplet diameter), m 
d differential 

dF  generated interfacial area per unit time and unit mixture volume, m²/(sm³) 

nf  natural frequency of the n-th order mode of a spherical drop or bubble 
performing oscillations in continuum, where n = 2, 3, ..., n, 1/s 
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,d KHδ  most unstable wavelength, Kelvin-Helmholtz wavelength, m 

12dΦ   correction term accounting for the gas flow, dimensionless 
σ  surface tension, N/m 
τ  time, s 

bkλ  liquid boundary layer thickness inside the droplet, m 

RTλ  ( ) 1/ 2
d dcgσ ρ⎡ ⎤= Δ⎣ ⎦ , scale of the Rayleigh-Taylor instability wavelength, 

m 
ρ  density, kg/m³ 
η  dynamic viscosity, kg/(ms)  

 
Subscripts 
 
0 initial, before fragmentation 
1 gas 
2 liquid 
3 droplet, particles 
c continuous 
d disperse 
∞  at the end of the fragmentation 
d1 target droplet  
d2 projectile droplet  (smaller than the target droplet) 
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Particles in continuum react differently on the fluctuation of the mean continuum 
velocity. While bubbles follow quickly the continuum, heavy droplet may 
considerably delay following the continuum fluctuation. This makes the main 
difference in the criteria for fragmentation of bubbles and particles. In this Chapter 
we will give a brief characterization of the homogeneous isotropic turbulence, and 
then we will analyze the reaction capability of a particle to follow the changes in 
velocity of the surrounding continuum. We will derive expressions for the 
maximum relative velocity, which creates distortion and possible fragmentation. 
Finally we will look for quantitative information describing, as in the previous 
section, (a) the final diameter after the fragmentation, dD ∞ , and (b) the time 
interval in which the fragmentation occurs, brτΔ . The different components of the 
turbulent energy dissipation are analyzed. For channel flows expression are given 
for approximate estimation of the dissipation rate of the turbulent kinetic energy as 
a function of the frictional pressure drop. The dissipation rate of the turbulent 
kinetic energy due to relative phase motion is also analyzed. The probability of the 
bubble and droplet coalescence is then estimated. 

;03"Jqoqigpgqwu"vwtdwngpeg"ejctcevgtkuvkeu"

Large scale motion: Observing turbulent motion of continuum one realizes that 
random eddies overlay the mean flow. The eddies have different size  at this 
length scale. The largest scale of the eddies is limited by the geometrical boundary 
of the systems. In a pipe flow the natural limit is the pipe diameter 

hD≤ .       (9.1) 

Large scale eddies contain the main part of the turbulent kinetic energy. Viscous 
forces have no effect on the large scale motion. There is no energy dissipation. 
The large scale motion is characterized by the velocity difference over the scale of 
the eddies , V ′ . Usually the turbulence Reynolds number 

Ret V
ν
′

=        (9.2) 
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is used for characterizing the turbulence.  
Small scale motion: Small scale eddies with a size  

e <         (9.3) 

contains only a small part of the kinetic energy of turbulent motion. There are 
characterized by  

e

t eVRe
ν
′

= .       (9.4) 

Viscous limit: The size of a eddy characterized by 

0

00 1t V
Re

ν
′

= ≈       (9.5) 

or 

0
0V

ν
≈

′
       (9.6) 

is called inner scale or micro scale of turbulence. Eddies with  

0<        (9.7) 

dissipate mechanical energy by viscous friction in internal energy (heat). 
Fluctuations with such sizes are gradually damped.  The very nature of the 
turbulent motion is the continuous transfer of mechanical energy from larger to 
smaller eddies. 

Dimensional analysis for small scale motion: We already stated that the 
turbulent motion of scale larger then the viscous limit does not depend on 
viscosity and is characterized by V ′ , e , ρ .  Starting with this observation 
Kolmogoroff (1941, 1949) found that the only combination of these flow 
parameters having dimension of energy dissipated per unit time and per unit 
volume is 3 /

el eVρ ′ , or per unit time and unit mass 

3
el

e

V
ε

′
≈ .       (9.8) 

The mechanical energy of turbulent dissipation per unit time and unit mass of the 
continuum ε  is called turbulence dissipation rate in the following. Thus the 
velocity change over the distance e  

( )1/ 3

el eV ε′ =        (9.9) 

increases with increasing energy dissipation. The characteristic time period of the 
fluctuation with given size e  is then 
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1/ 32

e

e

e e
l

lV
τ

ε
⎛ ⎞

′ = = ⎜ ⎟′ ⎝ ⎠
.      (9.10) 

The acceleration of the fluctuation with given size e  is then 

2 / 3

1/ 3
e e

e

l l

l e

dV V
d

ε
τ τ
′ ′
≈ =

′
.      (9.11) 

Substituting the fluctuation velocity defined by Eq. (9.9) into the definition 
equations for the turbulent Reynolds number results in 

4 / 3
1/ 3

e

t e eVRe ε
ν ν
′

= = .     (9.12) 

Viscous limit as a function of the dissipation of the specific kinetic energy of 
turbulence: Setting the turbulent Reynolds number equal to one defines the 
viscosity limit as follows 

1/ 43

0
ν
ε

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

,       (9.13) 

( )1/ 4
0

0

V ν εν′ ≈ = .      (9.14) 

The characteristic time period of the fluctuation with given size 0  is then 

0

1/ 2
0

0
l

lV
ντ
ε

⎛ ⎞′ = = ⎜ ⎟′ ⎝ ⎠
.      (9.15) 

The acceleration of the fluctuation with given size 0  is then 

3/ 4

1/ 4
e e

e

l l

l

dV V
d

ε
τ τ ν
′ ′
≈ =

′
.      (9.16) 

Yaglom found in 1949 the exact expression 
3/ 4

1/ 43el
dV
d

ε
τ ν
′
= .      (9.17) 

Turbulent viscosity: In analogy to the laminar flow 
2

t lVε ν
′⎛ ⎞≈ ⎜ ⎟

⎝ ⎠
,       (9.18) 

a effective dynamic viscosity of turbulence  
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t
lVη ρ ′=        (9.19) 

can be defined. The effective kinematic viscosity of turbulence is then 
t

lVν ′= .       (9.20) 

The analogy to the molecular kinetics is obvious: lV ′  corresponds to the molecule 
velocity and  to the main free path. The ratio  

1
t t

lV Re
ν ν
ν

= =
′

      (9.21) 

contains the information that the larger the turbulent Reynolds number the more 
negligible is the molecular viscosity compared to the turbulent viscosity. 

There is also a deterministic way to Eq. (9.15). If we assume isotropic 
turbulence the definition of the turbulence dissipation rate, Eq. (5.156) in Chapter 
5 of Volume 1 results in 

215
2

V
r

ε ν
′∂⎛ ⎞= ⎜ ⎟∂⎝ ⎠

.      (9.22) 

Taking lV V′ ′∂ ≈  and r∂ ≈  and rearranging we obtain 

1/ 22
15

lV ε
ν

′ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

,      (9.23) 

which is very similar to Eq. (9.15). This equation is frequently used in the 
literature for estimation the order of magnitude of the velocity fluctuation in the 
viscous turbulence regime 

1/ 22
15

V ε
ν

⎛ ⎞′ = ⎜ ⎟
⎝ ⎠

   for   0< ,     (9.24) 

e.g. Smoluchowski (1918). This result is used in the literature for instance for 
modeling of rain droplet agglomeration.  If we take as a characteristic distance the 
size of a particle inside a continuum then we have for   0dD <  

1/ 2
2

15d

c
D d

c

V D ε
ν

⎛ ⎞
′ = ⎜ ⎟

⎝ ⎠
,      (9.25) 

1/ 2
15
2

d

d c

D c

D
V

ντ
ε

⎛ ⎞
′ = = ⎜ ⎟′ ⎝ ⎠

,      (9.26) 

2
15

d dD D c
d

c

dV V
D

d
ε

τ τ ν
′ ′
≈ =

′
.     (9.27) 
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We start with the simplified momentum equations for the continuous and the 
disperse phase, denoted with c and d, respectively, neglecting compressibility, 
interfacial mass transfer, the spatial acceleration and the viscous terms 

0d vmc
c c c c c d d

w p g f f∂α ρ α α ρ
∂τ

+ ∇ + − − = ,   (9.28) 

0d vmd
d d d d d d d

w p g f f∂α ρ α α ρ
∂τ

+ ∇ + + + = ,   (9.29) 

where the drag force per unit mixture volume 

3 ( )
4

d
d d

d d c cd c d
d

cf w w w
D

α ρ= − Δ − ,    (9.30) 

and the virtual mass force per unit mixture volume 

( )vm vm
d d c d c df c w wα ρ

τ
∂

= − −
∂

     (9.31) 

are functions of the relative velocities. Dividing by the corresponding volume 
fraction and subtracting the equations we eliminate the pressure gradient 

( ) 1 1 0d vmc d
c d c d d d

c d c d

w w g f f∂ ∂ρ ρ ρ ρ
∂τ ∂τ α α α α

− + − − − = . (9.32) 

After some rearrangements we have  

( ) ( ) ( )vmc cd
c c d c d c d c c d

w wc g∂α ρ ρ α ρ ρ α ρ ρ
∂τ τ

∂Δ
− + + + −

∂
 

3 0
4

d
d

c cd cd
d

c w w
D

ρ+ Δ Δ = .     (9.33) 

For a single particle in infinite continuum 1cα →  we have 

( ) ( ) ( ) 3 0
4

d
vmc cd d

c d d c d c d c cd cd
d

w w cc g w w
D

∂ρ ρ ρ ρ ρ ρ ρ
∂τ τ

∂Δ
− + + + − + Δ Δ =

∂
. 

    (9.34) 

If the acceleration of the continuum cw∂ ∂τ  is known the reaction of the particle 
is governed by the above equation. In a turbulent field the local acceleration of the 
continuum depends on the local turbulent characteristics and the size of the vortex. 
Neglecting the gravity and the virtual mass force Eq. (9.34) reduces to Eq. (32.2) 
by Levich (1962). 
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Equation (9.34) contains surprising information. Consider the case of no 
gravity and no friction 

cd d c c
vm

d c d

w w
c

ρ ρ ∂
τ ρ ρ ∂τ

∂Δ −
=

∂ +
.     (9.35) 

For positive acceleration the velocity-difference my increase if the dispersed phase 
has larger density or decrease if the denser phase has lower density then the 
continuum density. This means that a bubble in water will rush into the direction 
of the acceleration of the water. 

;05"Tgcevkqp"qh"rctvkeng"gpvtckpgf"kpukfg"vjg"vwtdwngpv"
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The relative velocity within the turbulent eddy: Assuming that the particles are 
large enough that the quadratic drag law holds we replace in Eq. (9.34)  

2 /3

1/ 3
c c

ec

w∂ ε
∂τ

=        (9.36) 

2
cd cd cd

cd ec

w w w
τ τ

∂Δ Δ Δ
= =

′∂
      (9.37) 

ec
cd

cdw
τ ′ ≈

Δ
       (9.38) 

as proposed by Levich (1962)and obtain 

( ) ( ) ( )
2/ 3 2

1/ 3

3 0
4

d
vmc cd d

c d d c d c d c cd cd
ec ec d

w cc g w w
D

ερ ρ ρ ρ ρ ρ ρΔ
− + + + − + Δ Δ =  

        (9.39)  

or solved with respect to the relative velocity 

( )
2 /3 2 /3

2

3
4

c ec ec
cd d c d

vm d
d c d c ec

d

gw
cc
D

ερ ρ
ρ ρ ρ

+
Δ = −

+ +
.   (9.40) 

The velocity difference is obviously a function of the size of the eddy. The 
maximum of the relative velocity is reached if 

2

0cd

ec

d w
d
Δ

= ,       (9.41) 

that is if 
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1/ 3
,max ,max2 /3

2 0
3ec ec

c

g a a
ε

− − = ,     (9.42) 

Where 

4 vmd
d dd

d c

a D c
c

ρ
ρ

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
.      (9.43) 

The maximum relative velocity is then 

( )
2 / 3 2 / 3

,max ,max2
,max

,max
3
4

c ec ec
cd d c d

vm d
d c d c ec

d

g
w

cc
D

ε
ρ ρ

ρ ρ ρ

+
Δ = −

+ +
.  (9.44) 

Neglecting the virtual mass force and the gravitation influence we obtain the 
Levich equation (33.9) in 1962. Note also by comparing with the Levich 
expression in 1962 that he uses turbulence energy dissipation per unit volume 
and we use turbulence energy dissipation per unit mass. In our notation the Levich 
expression reads 

( )
2/ 3 2 / 33

2 /32
,max

1 2 1
3 3

d c d d c d
cd c d c dd

d d c d c

w D D
c

ρ ρ ρ ρ ρ ρε ε
ρ ρ ρ ρ

⎛ ⎞ ⎛ ⎞− −
Δ = ≈⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. 

     (9.45) 

Note that for particles in gas the neglecting of the virtual mass force is a good 
approximation but the neglecting of the gravitational influence is not always a 
good one. 

Now consider again Eq. (9.9) for a velocity difference inside the continuum 
between two points having dD  distance between each other 

( )2 / 32
ecl c dV Dε′ =       (9.46) 

It is obvious that for d cρ ρ>>  Eq. (9.44) gives much higher velocities than Eq. 
(9.46), see the discussion by Kocamustafaogullari and Ishii (1995) on p. 436. 
Therefore droplets in gas will still obey the mechanical stability criterion for 
inertial droplet fragmentation as discussed before but with velocity computed by 
Eq. (9.44). For the case of bubbles in continuum the stability criterion will be 
modified and additional information is required as discussed below. 

;06"Uvcdknkv{"etkvgtkqp"hqt"dwddngu"kp"eqpvkpwwo"

Bubbles in a turbulent velocity field having sizes, dD , larger than some 
characteristic size of the turbulent eddies, ec , are unstable and disintegrate. The 
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resulting bubble size distribution is likely to be similar to the distribution of the 
sizes of the turbulent eddies. The characteristic time period in which the 
disintegration occurs is likely to be equal to the characteristic time scale of the 
turbulent fluctuations. These are the main ideas leading to a successful 
quantitative description of turbulence induced bubble fragmentation. In what 
follows we look for quantitative information describing, as in the previous section, 
(a) the final diameter after the fragmentation, dD ∞ , and (b) the time interval in 
which the fragmentation occurs, brτΔ . 

The introduction of the hydrodynamic stability criterion in this case, as for the 
acceleration induced fragmentation, is very useful. However, the nature of the 
force causing the bubble distortion is different. If the continuous velocity field, c, 
is highly turbulent, the force acting toward the bubble distortion is the turbulent 
shear force instead of the drag force - see Fig. 9.1. So the critical Weber number is 
defined as  

 

  
Fig. 9.1 Characteristics of turbulence induced particle fragmentation 

dWe ∞′ =turbulent shear force / surface tension force  

2 /( )d d dD D constπ σ π∞ ∞= ≈t ,     (9.47)  

where  
2

c cVρ ′=t         (9.48) 

is the turbulent shear stress. It is customary to assume that the turbulence is locally 
isotropic and that the particle size lies in the inertial sub range. Using the 
Kolmogoroff (1941, 1949) hypothesis for an isotropic turbulent structure to 
compute cV ′ for the lower end of the equilibrium range where the energy transfer 
through the spectrum is independent of the viscosity 
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( ) ( )2 /3 2/ 32
11c ec cV c ε′ = ,      (9.49)  

where  

( )2 /3
11 c = 2   or   1c = 0.3536,      (9.50) 

and assuming that the maximum particle diameter, dD ∞ , is equal to the 
characteristic size of the turbulent eddies, ec , the Weber number can be expressed 
by  

( )2 /35/ 3
1/ /d d c c dWe D cε ρ σ∞ ∞′ = .      (9.51)  

Hinze (1955) used Clay's data (1940) for a liquid-liquid system and found   

1.17dWe ∞′ = .        (9.52)  

Thomas (1981) reviewed several literature sources and after comparing with 
experimental data confirms the value 1.17. 

Another argument supplying the order of magnitude of this constant comes 
from Sevik and Park (1973). They analyzed theoretically the splitting of dispersed 
particles in continuum using the following argument. According to Lamb, see in 
(1945), the natural frequency of the n-th order mode of a spherical drop or bubble 
(d) performing small amplitude oscillations in continuum (c) is given by Eq. 
(8.72). Due to the small amount of damping the amplitude of the response of a 
bubble to a steady-state sinusoidal external pressure increases enormously if one 
of the natural frequencies is reached. The characteristic frequency of the turbulent 
flow is given by 

2
ecf V ′= .       (9.53)  

To obtain the Weber number at which particle breakup will occur, Sevik and Park 
set f equal to the natural frequency at the lowest fixed volume oscillation of the 
particle and ec  equal to the particle diameter. The resulting critical Weber 
number for liquid-liquid systems with density ratio equal to one is 1.04, which is 
very close to the Hinze’s result, and for bubbles in water is 

2.48dWe ∞′ ≅ .         (9.54) 

This value describes very well the breakup of a gas jet in a turbulent liquid stream 
observed experimentally by Sevik and Park. 

Thus the values for the critical Weber number  

1.17dWe ∞′ =         (9.55) 

for droplets in turbulent liquid and  

2.48dWe ∞′ ≅        (9.56) 
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for bubbles in turbulent liquid can be considered reliable. Modification of Eq. (9.55) 
taking into account the viscosity of the dispersed system 

1.641.17 1 1.077d dWe On∞ ⎡ ⎤′ = +⎣ ⎦      (9.56) 

is also recommended. 
For a particle concentration not affecting the main turbulent characteristics of 

the continuum i.e. 0dα → , Eq. (9.51) solved for dD ∞  

( ) ( )2 /5 3/5
1 / /d c d d cD c Weε σ ρ∞ ∞′≈     (9.57)  

is all what we need to compute the particle size after the fragmentation as a 
function of the turbulence dissipation rate. Obviously increasing the turbulence 
dissipation rate leads to a decrease of the particle size which is the intuitively 
expected relationship.  

The influence of the volumetric particle concentration and of the viscosity 
(Taylor 1935; Hinza 1955) of both fluids on the turbulent characteristics and 
therefore on the stable particle size is taken into account by Calderbank (1967) by 
introducing the correction factor, ( )0.25n

c d cα η η , for liquid-liquid and bubble-
liquid systems  

( ) ( ) ( )2 /5 3/5 0.25
1 / / n

d c d d c c d cD c Weε σ ρ α η η∞ ∞′≈ ,   (9.58)  

where n ≈ 0.45 to 0.65. A similar correction factor ( ) ( )
0.15 0.25100 c d cα η η  was 

introduced by Meusel (1989a) to take into account the interference of the particles 
in the flow. Note that Eq. (9.58) generalizes integral results of simultaneously 
happening fragmentation and coalescence. 

The characteristic time constant for the fragmentation should be comparable 
with the period of oscillation of a single turbulent eddy  

( )1/ 32 2 2/ / /t
br ec c d c d cV D V Dτ τ ε∞ ∞′ ′Δ ≈ Δ ≈ ≈ ≈ .   (9.59) 

We see that the key parameter for an estimation of the local particle size by 
turbulence induced fragmentation is the rate of the local dissipation of turbulent 
kinetic energy, cε , of the continuous velocity field.  

To decide whether acceleration or turbulence induced fragmentation is the 
governing mechanism we compare the stable particle size computed using the 
critical Weber number for acceleration induced fragmentation dWe ∞  as discussed 
in the previous Section with Eq. (9.58). If  

( )
( ) ( ) ( )2/5 3/5 0.25

12 / / nd d
c d d c c d c

c c d

We c We
V V

σ ε σ ρ α η η
ρ

∞
∞′>

−
  (9.60)  

turbulence induced droplet fragmentation is probably the predominant fragmentation 
mechanism, otherwise the acceleration induced droplet fragmentation is probably 
predominant. Eq. (9.60) needs experimental confirmation. 
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Paranjape et al. developed in 2003 a correlation for bubble breakup by impact 
of turbulent eddies in the form 

( ),
1 1 6 / exp 6 /
3

d
d sp TI c

d

nn C V We We
D

= − −  

based on data for upwards and downwards air water flow in vertical pipes with 
25.5 and 50.8mm ID for cj = 0.62 to 5m/s and dj =0.004 to 1.977m/s at 6.9bar, 
where 2 6c c dWe w Dρ σ= > , CTI = 0.085 for upward flow and 0.034 for downward 
flow. Morel et al. (2003) developed in the same time the following correlation for 
the above discussed case 

( ) ( )
( )

1/ 3

, 11/ 3

exp /1
1.6

1 0.42 1 /
d dc d d

d sp
d d d d

We We
n

D We We
ε α α

α
∞

∞

′ ′−−
=

′ ′+ −
, 

where 1.24dWe ∞′ = , ,maxdα =0.52, 5/ 3 2 /32 /d d c c dWe D ε ρ σ′ = . 
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Now let us consider the turbulence induced droplet fragmentation in channels. As 
for the turbulence induced droplet fragmentation in pool flow the stable droplet 
diameter can be computed by means of Eq. (9.57) or one of its modified forms. 
The key parameter here is the estimation of the rate of dissipation of the turbulent 
kinetic energy. For channel flow, the knowledge of the frictional pressure drop 
allows one to compute the dissipation rate of the turbulent kinetic energy and 
therefore to estimate the dynamic fragmentation source. For 3D flows in structures 
resembling a porous body, the frictional pressure drop is strongly related to the 
dissipation rate of the turbulent kinetic energy of the continuum, namely  

c c c u v wuR vR wRα ρ ε = + + ,     (9.61)  

where u, v and w are the mixture velocity components in r, θ  and z directions and 

uR , vR  and wR  are the pressure drops in each particular direction per unit length. 
In accordance with Lockhart and Martinelli  

( ) ( )2 2
0

1 1 / /
2u c u Ru hu u

c

R u D rρ λ ξ
ρ

= Φ + Δ ,   (9.62)  

( ) ( )2 2
0

1 1 / /
2v c v Rv hv v

c

R v D rκρ λ ξ θ
ρ

⎡ ⎤= Φ + Δ⎣ ⎦ ,   (9.63)  

( ) ( )2 2
0

1 1 / /
2w c w Rw hw w

c

R w D zρ λ ξ
ρ

= Φ + Δ ,   (9.64)  
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ρ  is the mixture density and 2
0cΦ  are the two-phase multipliers for each 

particular direction and the friction factors Ruλ , Rvλ , Rwλ  are computed assuming 
that the total mass flow rate Vρ has the properties of the continuum, 

( )/ , /R R h c k hVD Dλ λ ρ η δ= .     (9.65) 

A simplified version of this approach for a pipe flow was used by Rosenzweig et 
al. (1980). These authors computed the dissipation rate caused by wall friction as 

follows: 31
2

R
c c

h

w
D
λε = , where 1/ 40.3164 /R cReλ ≈ , Re /c h c cD w ν= . 

Bello (1968) computed successfully the stable bubble diameter in one-
dimensional pipe flow using Eqs. (9.57) and (9.61) and  

0.437dWe ∞′ ≈ .       (9.66) 

A slightly modified approach for pipes was used later by Kocamustafaogullari et 
al in 1994. The particle size thus obtained is some averaged size for the cross 
section of the channel. In fact in channel flow the turbulence is generated mainly 
by the wall and the length scale of turbulence outside the laminar sublayer  

1/ 433 *
c c

ec
h d

r Vconst
D D

ν⎛ ⎞
≈ ⎜ ⎟⎜ ⎟

⎝ ⎠
, Kolmogoroff (1949),  (9.67)  

depends on the distance from the tube axis, r. Here *
cV  is the friction velocity. 

Therefore in tubes one should expect a spectrum of the particle sizes depending on 
the distance from the wall.  

Modeling of turbulence induced fragmentation (and coalescence) needs 
modeling of turbulence in multi-phase flows. For channel flow the knowledge of 
the frictional pressure drop allows to compute the dissipation rate of the turbulent 
kinetic energy and therefore to estimate the dynamic fragmentation sources. For 
pool flows or 3D flows in complicated geometries multi-phase turbulence 
modeling needs much more attention because a reliable model of turbulence does 
not yet exist. That is why the theoretical estimation of the dynamic fragmentation 
(and coalescence) characteristics is not possible today. Exceptions are some 
simple geometries or flows with small concentrations of the dispersed phase 
where the turbulence modeling consists mainly of one phase turbulence models or 
cases where the input of the mechanical dissipation energy per unit time from 
external sources is known (e.g. some chemical equipment). 
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The wall friction is one cause for turbulence generation and dissipation. Another 
cause is the relative motion between particles and continuum. The dissipation rate 
of the turbulent kinetic energy in the wakes behind particles, d, can be estimated 
as the cβ  part 

( )3 3 3
, , ,

3 1
4

d d d
c c c c d c cd r c d cd c d cd z c d

d

c u u c v v c w w
D θα ρ ε β α ρ= − + − + −  

        (9.68)  

of the specific power needed to move the particles with relative velocity 

( )1/ 22 2 2
cd cd cd cdV u v wΔ = Δ + Δ + Δ .     (9.69)  

Here uΔ , vΔ , and wΔ  are the components of the vector ΔV  in each particulate 
coordinate r, θ  and z.   

For low Reynolds number (laminar flow), *0 cd cdRe Re< < , there is no energy 
dissipation due to particle produced turbulence  

0cβ ≈ .       (9.70) 

In the transition regime * **
cd cd cdRe Re Re< <  of the periodic particle deformation  

( ) ( )* ** */c cd cd cd cdRe Re Re Reβ ≈ − −     (9.71)  

only a part of the kinetic energy is dissipated. For high Reynolds numbers 
**

cd cdRe Re> , the particles are stochastically deformed and the flow is turbulent 
wake flow in which the kinetic energy need to move the particles with respect to 
the continuum is totally dispersed 

1cβ ≈ .       (9.72) 

Equation (9.68) contains in its RHS the density of the continuum as a multiplier. 
For gas as a continuum phase the resulting RHS is much smaller than for liquid as 
a continuum phase, i.e. the bubbles themselves produce considerable turbulence in 
a liquid.  

Reichardt (1942) derived theoretical equations for both limiting Reynolds 
numbers  

0.209 0.2093
* 2

43.73 3.73c c cd
cd

c c

Re Ar
g
ρ σ ρ
η ρ

⎛ ⎞ ⎛ ⎞Δ
= =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
   (9.73)  
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and 
0.25 0.253

** 2
43.1 3.1c c cd

cd
c c

Re Ar
g
ρ σ ρ
η ρ

⎛ ⎞ ⎛ ⎞Δ
= =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.   (9.74) 

There is an alternative approach to compute the dissipation rate of the turbulent 
kinetic energy of turbulence in the liquid. Bhavaraju et al. (1978) developed an 
expression for the power input to gas sparked vessels, based on the expansion of 
bubbles as they ascend up a column from pressure 2p  to 1p . The resulting 
expression can be generally written as 

2 1

1 2 2

lnc c c d d
p pw g

p p p
α ρ ε α=

−
.     (9.75)  

Let us summarize the results of this section. In a pool flow the turbulence is 
produced mainly due to (1) velocity gradients in space and (2) wakes behind the 
bubbles. For the estimation of the first component models are needed to describe 
the turbulence evolution of bubble flow in time and space. Such models are at the 
beginning of their development and no reliable method is known up to now to the 
author. For the estimation of the second component, Eq. (9.68) is recommended. 
With an approximate estimation of the dissipation rate of the turbulent kinetic 
energy, the stable diameter after the fragmentation can be estimated using Eq. 
(9.57) or (9.58), and for the breakup time Eq. (9.59) can be used.  

For channel flow or flow in porous structures with significant wall friction the 
dissipation rate of the turbulent kinetic energy of the liquid is 

c c cα ρ ε = RHS of Eq. (9.61) + RHS of Eq. (9.68).     (9.76)  

Here RHS stands for right hand side. After estimating cε  the procedure to 
compute the production rate using Eq. (9.5) is the same as for pool flow. 

;09"Dwddng"eqcnguegpeg"rtqdcdknkv{"

The probability of coalescence, sometimes called efficiency of coalescence of 
bubbles, is defined as a function of the ratio of the time interval within which the 
eddies are touching each other, called collision time interval colτΔ  and the time 
interval required to push out the surrounding liquid and to overcome the strength 
of the capillary micro-layer between the two bubbles, called coalescence time 
interval coalτΔ  

 ( ) ( ), /
op

d coal col coalf f τ τ≈ Δ Δ .     (9.77) 

An example of such functional relationship given by Coulaloglu and Tavlarides
(1977) 
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( ) ( ), exp /
op

d coal coal colf τ τ≈ −Δ Δ ,     (9.78) 

will be used here. Note that there are also other proposals for the functional 
dependence in the literature. Obviously coalescence is possible if there is enough 
contact time for completing the coalescence 

col coalτ τΔ > Δ .       (9.79) 

If the bubbles are jumping apart before the liquid is pushed out completely 
between them and before the micro skin between them is broken there is 
effectively no coalescence. Usually the change of the velocity along the distance 
equal to the bubble size dD  is estimated by the Kolmogoroff velocity scale, Eq. 
(9.9), 

( )1/ 3rel
d cV D ε≈ .       (9.80) 

Assuming that the bubble is following completely the turbulent fluctuation the 
collision time interval is then  

2/ 3

1/ 3/ d
col d d

c

DD Vτ
ε

′Δ ≈ = .      (9.81) 

Thus the collision is completely controlled by the turbulence of the continuum.  
What remains to be estimated is the coalescence time. The time needed to push 

out the liquid between the bubbles is approximated by Thomas (1981) by the time 
required to push out the liquid between two discs each of them of radius r (a 
classical lubrication problem) 

4

2

3
2

c
coal

r
F
πητ
δ

Δ = ,      (9.82)  

r is the radius of common surface of the both bubbles at the moment of 
coalescence,  

710 mδ −≈         (9.83) 

is the radial film thickness between them and  
24 / dF r Dπ σ=        (9.84)  

is the force acting from inside of the bubble on the common surface that is equal 
to the pulsation pressure force 

2 2 2
d c d dF D V Dρ ′≈ =t .       (9.85)  

Solving the last two equations for dD   and substituting into Eq. (9.80) we obtain 

2
2 23

32
d

coal c c d d
DV Dτ η ρ

π σδ
⎛ ⎞′Δ = ⎜ ⎟
⎝ ⎠

.     (9.86)  
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Having in mind Eq. (9.81) we have for the time ratio  

( )
( )

( )2 2

3 4

32 32
3 3

col

coal c c d cc c d d
DV D

σδ σδτ π π
τ η ρ εη ρ

Δ
= =

Δ ′
   (9.87)  

or for the coalescence probability 

( ) ( )
4

, 2 2

3exp / exp
32

op c c d c
d coal coal col

Df η ρ ετ τ
πδ σ

⎛ ⎞
≈ −Δ Δ = −⎜ ⎟

⎝ ⎠
  (9.88) 

for   / 1col coalτ τΔ Δ ≥ .       

( ), 0
op

d coalf ≈ ,       (9.89)  

for   / 1col coalτ τΔ Δ < . We see from this expression that the coalescence 
probability decreases with in-creasing the bubble diameter and with increasing the 
fluctuation velocity. There should be a limiting diameter called coalescence 
escape limit dividing the regimes of coalescence and no coalescence. It is 
computed from the condition  

/ 1col coalτ τΔ Δ = ,       (9.90) 

namely  

( )
1/ 32

,lim
32 /

3d d
c c

D V
σδπ
η ρ

⎡ ⎤
′= ⎢ ⎥

⎢ ⎥⎣ ⎦
,      (9.91)  

or replacing by using Eq. (9.80)  and solving with respect to the diameter 

( ) ( )
1/ 4

1/ 2 1/ 4
,lim

32 /
4d c c cD π σδ η ρ ε⎛ ⎞≈ ⎜ ⎟

⎝ ⎠
.     (9.92)  

Thus for  

,mind dD D>         (9.93) 

no coalescence is expected. This regime is called coalescence escaping regime. It 
is important to note that if the bubble diameters are larger than the coalescence 
escaping diameter, but lower than the critical bubble diameter  

,mind d dD D D ∞< <        (9.94) 

there is neither fragmentation nor coalescence. Obviously, for small relative 
velocities causing bubble coalescence, ,limdD  can increase and take values larger 
than the stable bubble diameter dD ∞ . In this case coalescence and fragmentation 
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simultaneously take place. The values of the limiting relative bubble velocity, 
lim
relV , is easily obtained by equating ,limdD  and dD ∞  

( )
( )

1/ 32

,lim 2

32 /
3

d
d

c c c c d

WeV
V V

σδπ σ
η ρ ρ

∞

∞

⎡ ⎤
′ =⎢ ⎥

−⎢ ⎥⎣ ⎦
,     (9.95) 

or  

( ) ( )
1/ 32 2

,lim
32

3
c c d

d
d c c

V V
V

We
ρ σδπ

σ η ρ
∞

∞

⎡ ⎤−
′ = ⎢ ⎥

⎢ ⎥⎣ ⎦
.    (9.96) 

This theory is already applied by Thomas (1981) for turbulence induced 
coalescence.  

In reality two regimes of bubble formation with stable diameters are observed 
for turbulent two-phase flow. They depend on the amount of dissipated 
mechanical energy of turbulence. For low values, the controlling mechanism is the 
escaping from coalescence, and for greater values - the destroying of unstable 
bubbles. 

Recently Hibiki and Ishii (1999) recommended to use the Oolman and Blanch  
(1968a, 1986b) results for thinning of the liquid film between bubbles of equal 
size 

1/ 2 1/ 23 31 ln 0.814
8 2

c d init c d
coal

crit

D Dρ δ ρτ
σ δ σ

⎛ ⎞ ⎛ ⎞
Δ = =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
,   (9.97)  

where the initial film thickness is 
410init mδ −= ,        (9.98) 

Kirkpartick and Lockett (1974), and the final thickness is 
810crit mδ −= ,        (9.99) 

Kim and Lee (1987). Using Eqs. (9.81) and (9.80) Hibiki and Ishii (1999) 
corrected the constant in the ratio 

1/ 2 1/ 63 5 2

30.814 0.814relcoal c d c d c

col

D DVτ ρ ρ ε
τ σ σ

⎛ ⎞ ⎛ ⎞Δ
= =⎜ ⎟ ⎜ ⎟Δ ⎝ ⎠ ⎝ ⎠

  (9.100) 

to 1.29 by comparing with experiments and used finally the Coulaloglu and 
Tavlarides (1977) expression for the coalescence probability 

( )
1/ 63 5 2

, 3exp / exp 1.29p c d c
d coal coal col

Df ρ ετ τ
σ

⎡ ⎤⎛ ⎞
⎢ ⎥≈ −Δ Δ = − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.  (9.101) 
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which differs considerably from the Thomas (1981) expression 

( ) ( )
4

, 2 2

3exp / exp
32

op c c d c
d coal coal col

Df η ρ ετ τ
πδ σ

⎛ ⎞
≈ −Δ Δ = −⎜ ⎟

⎝ ⎠
. (9.102) 

Using Eq. (7.33) the Hibiki and Ishii final expression for the coalescence 
frequency due to turbulence in bubbly flow is given as 

( )
1/ 63 5 2

, , 3

6 exp 1.29
0.52

op p reld c d c
d col d coal

d d

Df f const V
D

α ρ ε
α σ

⎡ ⎤⎛ ⎞
⎢ ⎥= − ⎜ ⎟− ⎢ ⎥⎝ ⎠⎣ ⎦

  

for   / 1col coalτ τΔ Δ ≥ ,      (9.103) 
 

in which the empirical constant is introduced by comparison with experimental 
data. 

Paranjape et al. developed in 2003 a correlation in the form 

( )
( )

( )

1/ 3 1/ 3
,max

1/ 3 1/ 31/ 3 1/ 3 1/ 3
,max,max ,max2 / 3

4 / 3 2 / 3
, ,

0.00141 exp 1 0.3

1 6
3

0.002

d d cc

d dd d d
op p

d col d coal d d
drag
d d c

V

f f n
c V V

α α
α αα α α

α
π

⎡ ⎤⎛ ⎞
−⎢ ⎥⎜ ⎟⎜ ⎟−−⎢ ⎥⎝ ⎠

⎢ ⎥⎛ ⎞= ⎢ ⎥⎜ ⎟
⎝ ⎠ ⎢ ⎥+ −⎢ ⎥

⎢ ⎥
⎢ ⎥⎣ ⎦

based on data for upwards and downwards air water flow in vertical pipes with 
25.5 and 50.8mm ID for cj = 0.62 to 5m/s and dj =0.004 to 1.977m/s at 6.9bar, 
where ,maxdα =0.75. The second term in the brackets takes into account the bubble 
coalescence due to wake entrainment. Morel et al. (2003) developed in the same 
time the following correlation for the above discussed case 

( ) ( )1/ 3 2

, , 1/ 3 1/ 311/ 3
,max

1/ 3
,max

exp 1.017 /
2.86

1.992 /

o d dp p c d
d col d coal

d dd
d d d

d

We We
f f

D
We We

ε α
α α

α
α

∞

∞

′ ′−
=

−
′ ′+

, 

where 1.24dWe ∞′ = , ,maxdα =0.52, 5/ 3 2 / 32 /d d c c dWe D ε ρ σ′ = . 
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Consider liquid droplets that follow the turbulent motion exactly. In this case the 
turbulent pulsation causes particle collisions and under some circumstances 
coalescence. As already discussed before, large particles delay in following the 
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pulsation in the gas continuum. Larger than a given size they do no react any more 
to the gas pulsations. 

Again as for the bubbles coalescence, the assumption of small particles results 
in the use of Eqs. (9.80) and (9.81) for computation of the pulsation velocity and 
collision time. Meusel (1980, 1989b) proposed the following functional 
relationship for the coalescence probability 

( ) ( )1/ 3
, /

op
d coal col coalf const τ τ≈ Δ Δ ,   for   / 1col coalτ τΔ Δ ≥ ,  (9.97)  

where  
rel

col dD VτΔ ≈        (9.104) 

is the time available for a possible collision, and coalτΔ  is the time needed to 
complete the coalescence. Meusel found by comparison with experiments with 
bubble flows for the constant the following value  

const = 0.032.        (9.105) 

Next we estimate the coalescence time. The coalescence time for droplets should 
be comparable with the period of oscillation, Eqs. (8.72) and (8.73). We assume 
that after two droplets are touching each other the maximum unstable diameter is 

,max 2d dD D≈ - see the photographs of droplet collisions presented in Figs. 3a,b 
given by Schelle and Leng in (1971). The lowest limit for the diameter of the 
newly produced oscillating droplet is assumed to be ,mind dD D≈ . For n = 2 Eq. 
(8.72) results in  

( )
1/ 23 3 2

0.64 d d c
coal

d

D ρ ρ
τ

σ
⎡ ⎤+

Δ ≈ ⎢ ⎥
⎢ ⎥⎣ ⎦

.    (9.106)  

Therefore we have 

( )

1/ 2

3/ 1.56
3 2

reld
col coal

d d c

V
D

στ τ
ρ ρ

⎡ ⎤
Δ Δ ≈ ⎢ ⎥+⎢ ⎥⎣ ⎦

.   (9.107)  

For comparison we give here the coalescence time for water droplets as correlated 
by Jeffreys and Hawksley (1965)  

1/ 2
2 1/ 21.96coalτ η τΔ = Δ    ( )1/ 21.01 τ≈ Δ ,    (9.108)  

where  

( )
1/ 2 0.910.551.2 0.71/ 2 2

5 0.021
1/ 2 2 1/5

273.154.53 10
25

d
d d c d

d
d

T D
ηη ρ ρ στ

σ η

−⎡ ⎤− ⎛ ⎞−⎛ ⎞⎢ ⎥Δ = × ⎜ ⎟⎜ ⎟
⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

 

    (9.109)  
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is the half time period ( )1/ 2 10sτΔ →  (see Pfeifer and Schmidt 1978, p. 29). 
Obviously the experiment confirms the trend of the dependence of coalτΔ  on dD , 

dρ and dσ . 
Again the key parameter controlling agglomeration is the dissipation rate of the 

turbulent kinetic energy, cε , of the continuous field. 

Pqogpencvwtg"

Latin 
 

d
cdc  drag coefficient, dimensionless 
vm
cdc   virtual mass coefficient, dimensionless 

hD  pipe diameter, m 

dD ∞  final diameter after the fragmentation, m 

dD  size of a particle inside a continuum, m    

,limdD  coalescence escape limit diameter dividing the regimes of coalescence 
and no coalescence, m 

F force acting from inside of the bubble on the common surface 
f  2

ecV ′= , characteristic frequency of the turbulent flow, 1/s 

( ),

op
d coalf  probability of coalescence, efficiency of coalescence, dimensionless 

 eddies size, m 
e  small scale eddies (contains only a small part of the kinetic energy of 

turbulent motion), m 
0  inner scale or micro scale of turbulence, m 

p pressure, Pa 
r  radius of the common surface of two bubbles at the moment of 

coalescence, m 
tRe  V

ν
′

= , turbulence Reynolds number, dimensionless 

e

tRe  eV
ν
′

= , turbulent Reynolds number, dimensionless 

uR , vR , wR   pressure drops in each particular direction per unit length, Pa/m 

t  2
c cVρ ′=  , turbulent shear stress, N/m² 

u, v, w  mixture velocity components in r, θ  and z directions, m/s 

el
V ′  velocity change over the distance e , m/s 

cV ′  spatial velocity fluctuation at the lower end of the equilibrium range, m/s 
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V ′  velocity difference over the scale of the eddies  for large scale motion, 
m/s 

V  velocity, m/s 
dWe ∞′  =turbulent shear force / surface tension force, critical Weber number, 

dimensionless 
 
Greek 
 

dα  particle volume fraction, dimensionless 

colτΔ  collision time, s 

coalτΔ  coalescence time interval, s 

brτΔ  time interval in which the fragmentation occurs, s 

,maxcdwΔ  maximum relative velocity, m/s 
δ  radial film thickness between two colliding bubbles, m 

initδ  initial film thickness, m  

critδ  final thickness, m 
ε  turbulence dissipation rate, mechanical energy of turbulence dissipated 

per unit time and unit mass of the continuum, W/kg 
2

0cΦ   two-phase multipliers for each particular direction, dimensionless 
ρ  density, kg/m³ 

Vρ  total mass flow rate, kg/(m²s) 

Ruλ , Rvλ , Rwλ friction factors for each particular direction, dimensionless 
η  dynamic viscosity, kg/(sm) 

tη  lVρ ′= , effective dynamic viscosity of turbulence, kg/(sm) 
tν  lV ′= , effective kinematic viscosity of turbulence, m²/s 

el
τ ′  

e

e

lV
=

′
, characteristic time period of the fluctuation with given size e , s 

 
Subscripts 
 
l  = 1 first fluid – gas 

= 2 second fluid – liquid 
= 3 third fluid - another liquid 

d disperse 
c continuous 
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The mathematical description of jet breakup has attracted the attention of 
outstanding scientists in the past. Lord Rayleigh analyzed for the first time in 1878 
the instability of jets. Nils Bohr extended Rayleigh’s analysis to include viscous 
effects, in a prize winning paper on the evaluation of the surface tension in 1909. 
Constantin Weber went on to obtain the breakup length for a viscous jet in 1936. 
Wolfgang von Ohnesorge classified in 1936 his experimental observation with a 
high speed camera (200 to 12 000 frames per second) of four different regimes of jet 
breakup, introduced a dimensionless number quantifying the properties of the jet and 
described successfully two jet transition boundaries. Weber in 1936 and later Taylor 
in Batchelor (1958) introduced in addition to the previous analyses the influence of 
the environment on the jet breakup. These are the fundamental works in jet 
fragmentation theory used in almost all later works on this topic. In recent time the 
nozzle geometry is found to influence strongly the jet dynamics. Geometries not 
allowing the establishment of a turbulent boundary layer produce more stable jets than 
those which promote turbulent boundary layers at the jet interface - see Iciek (1982).  

  
Fig. 10.1 Characteristics of jet disintegration in a pool 

A jet disintegrates due to internally or externally excited and unboundedly 
growing instabilities, due to surface entrainment or due to all mechanisms working 
together with different strength. The products of the fragmentations are primary 
ligaments which may continue to fragment to secondary droplets. 
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We use the Ohnesorge classification of the jet fragmentation mechanism (see 
Fig. 10.1).  

 

0) Slow dropping from the nozzle under the gravity influence without jet 
formation (depends on the density ratio);  

I) Cylindrical jet disintegration due to symmetric interface oscillations as discussed 
by Rayleigh (later called varicose regime). In this regime the relative velocity 
has no influence and increasing jet velocity causes increasing penetration length.  

II) Jet disintegration due to asymmetric waves which deform the core to the snake-
like shape as discussed by Weber and Haenlein (called sinuous jet breakup);  

III) Jet atomization due to internal turbulization and surface entrainment. 
 

The dimensionless numbers required to describe jet dynamics are given below. 
 

/j jL DΔ  relative jet penetration length  

jWe  = 2 /j j jV Dρ σ ,  jet Weber number  

cjWe  = 2 /j cj jV Dρ σΔ , continuum Weber number based on the relative velocity  

cjFr  = ( )2 /cj jV gDΔ , Froude number based on the relative velocity, appropri-
ate for jets causing boiling at the interface so that the environment veloc-
ity is governed by buoyancy driven convection 

jFr  = ( )2 /j jV gD , Froude number based on the jet velocity, appropriate for  
gravitationally driven jets  

cjTa  = ( ) ( ) 2
/j c j cjVρ ρ σ η⎡ ⎤Δ⎣ ⎦ , Taylor number based on relative velocity 

cTa  = ( ) ( ) 2
/j c j cVρ ρ σ η⎡ ⎤

⎣ ⎦ , Taylor number based on the continuum velocity 

jLp  = 2/j j j jDρ σ η , Laplace number  
Re j  = /j j j jV Dρ η , liquid jet Reynolds number  

jOn  = 1/ 2 / Rej jWe = 1/ 21/ jLp = ( )1/ 2
/j j j jDη σ ρ , jet Ohnesorge number (Ruft 

1972) 

jOn λ  = ( )1/ 2
/j RT j jη λ σ ρ , jet viscosity number based on Rayleigh-Taylor insta-

bility wavelength  
*
jOn  = ( ) ( )1/ 2

3 /j c j j jDη η σ ρ+ , modified Ohnesorge number  

cOn  = ( )1/ 2
/c j j cDη σ ρ , ambient Ohnesorge number  

 

Here we denote with j  the first continuum and with c  the second continuum. The 
jet penetration length, jLΔ , is defined as the length for complete disintegration 
measured from the nozzle outlet. Note that the jet velocity, jV , is not necessarily 
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equal to the relative velocity between the jet and the environment, cjVΔ . Both 
velocities are equal for relatively slow jet penetration in a stagnant continuum.  
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Fig. 10.2 Jet penetration length /j jL DΔ  as a function of jet velocity in three different 
presentations. Liquid-liquid jet fragmentation experiment by Meister and Scheele. Heptane 
in water: 0.0016jD m= , 0.000393  j Pa sη = , 3683 /j kg mρ = , 0.0362 /j N mσ =  

Figure 10.2 digitized from Meister and Scheele (1969) gives possible regimes of 
jet breakup. The penetration length /j jL DΔ  is presented as a function of the 
nozzle velocity (alternatively as a function jFr , or cjWe = jWe  for liquid jet 
penetration from the bottom of a reservoir filled with stagnant liquid.  

To model jet fragmentation for engineering applications we need to know 
 

(a) the boundaries of the different fragmentation mechanisms,  
(b) the size of the generated particles, and  
(c) the dependence of the jet penetration length on the jet velocity and other local 

parameters.  
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a) The regime (0) is seldom interesting for practical application.  
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b) The transition from regime (I) to regime (II) can be deduced from the 
Ohnesorge diagram (1936) 

4 /546 /j jRe On= .      (10.1)  

c) In the same work Ohnesorge found for the transition between regime (II) and 
regime (III)  

4 /5270 /j jRe On= .      (10.2)  

This transition criterion was modified in 1947 by Merrington and Richardson, 
4 /5300 /j jRe On= , in 1954 by Tanzawa and Toyoda, 0.318370 /j jRe On= , and later by 

Grant and Middleman (1966) based on their own experiments, 0.28325 /j jRe On= . 
The transition boundary from sinuous to turbulent jets was demonstrated to happen for 

jRe ≈ (2 to 5) 410× , for water which corresponds to the Ohnesorge experiment per-
formed in 1931 and the result obtained by Lienhard and Day compare with Fig.5 in 
[19] where jRe ≈ (4 to 6) 410× . For liquid-liquid systems additional dependence of 
the ambient condition was reported by Takahashi and Kitamura (1971, 1972), 

( )0.11 0.3098 / /j c jRe On On= .     (10.3)  

Grant and Middleman (1966) indicated that it may depend on the system geometry 
which can promote or dampen turbulence in the jet surface. Iciek (1982) reported a 
data set for nozzles with different geometries that strongly supports this conclu-
sion. Faeth [1995, p. C0-11, fig.15] demonstrated experimentally that the liquid 
jet Reynolds number, and the nozzle length to diameter ratio, govern the internal 
structure of the jet turbulence. For 

/nozzle jL D  < 5,       (10.4)  

the jet remain laminar. The higher the nozzle length the better the turbulence 
develops.  

In regime (II) the influence of the ambient conditions starts to play an important 
role. It is known that water jets with coaxial gas injection producing gas velocity 
equal to the jet velocity are more stable than jets with the same velocity in stagnant 
gas. The transition to regime (III) can be accelerated if the ambient relative velocity 
increases. It is associated by some authors with some critical Weber number. Fenn 
and Middleman found experimentally that for ambient Weber number  

cjWe < 5.3,       (10.5)  

there is no influence of the ambient aerodynamic pressure forces on the fragmen-
tation. For larger cjWe  the surrounding continuum conditions begin to reduce the 
core breakup length.  

Smith and Moss [see Fig. 8] found in 1917 experimenting with mercury in 
aqueous solutions that for  

10 Liquid and gas jet disintegration 
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cjWe > 100       (10.6)  

atomization starts. In the atomization regime increasing relative velocity decreases 
the penetration length. The atomization is associated with dramatic surface droplet 
entrainment. De Jarlais et al. (1986) found that at 

0.8 1/ 2 1j cjOn Taλ ≤    for   jOn λ < 1/15,    (10.7)  

and  
1/ 20.1146 1cjTa ≤    for  1/15jOn λ ≥ ,          (10.8)  

roll wave entrainment starts. Higher relative velocities cause droplet entrainment 
which thin the jet. Breakup may occur in such cases before the core exhibits any 
sinuous jet behavior.  

Conclusions:   

1. Use Eq.(10.1) to recognize the transition varicose/sinuous.  
2. Use Eq.(10.2) or its recent modifications to recognize the transition sinu-

ous/atomization.  
3. Check by Eq.(10.5) whether the ambient conditions are important.  
4. Check by Eqs.(10.7) and (10.8) whether surface entrainment starts.  
5. Decide in favor of the regime that is most stable at the given local conditions.  
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The size of the dropping liquid is observed by Ohnesorge (1936) to be in order of  

jLp ≈ 0.01 to 1.      (10.9)  

The size of the ligaments resulting from primary breakup for inviscid fluid is es-
timated by Rayleigh   

/d jD D∞ = 9.02.      (10.10)  

Thimotika found in 1935 theoretically that the jet properties influence the size of 
the ligaments for the varicose and sinuous breakup as follows  

1/ 2/ 13d j jD D On∞ = .      (10.11)  

Recently the size of the gross ligaments resulting from the primary varicose or 
sinuous breakup has been correlated by Teng et al. (1995) by considering the 
influence of the ambient continuum properties in addition to the jet properties as 
follows  

( )( )1/ 6* */ 1.88 1.1303 0.0236ln 1d j j jD D On On∞ = + + .  (10.12)  
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This correlation was compared with data for seventeen Newtonian and power - 
law/Newtonian liquid-in-liquid systems. The averaged deviation was 8.1 and 5.1%, 
respectively. For water jets in air, the averaged deviation was 1.6%. The secondary 
breakup stability criterion corresponds to that already discussed assuming the new 
born primary drop has 0.9 from the jet velocity as experimentally measured by 
Faeth in (1995).  

Turbulence inside the jet can produce surface instabilities and therefore surface 
entrainment. This fact is widely used in different technologies to fragment jets in 
smaller particles. Simple approach to the size of the particles jumping apart the 

surface, dD ∞ , is to equate the pulsation pressure at the interface, 2 21 / 4
2 j j dV Dρ π ∞′ ,  

to the surface tension force, dDπ σ∞ , which results in the Weber number stability 
criterion based on the pulsation velocity equal to 8. In fact, as already discussed in 
Section 9.4, this is of the order of 1.17 to 2.48, and therefore, 2 /j j dV Dρ σ∞′ ≈ (1.17 
to 2.48). Having in mind that the pulsation velocity is only a part of the jet veloc-
ity, 0.07j jV V′ ≈ , see Faeth (1995), we obtain simply  

/d jD D∞ ≈ (240 to 500) / jWe ,     (10.13)  

which is not a function of the jet diameter. This simple estimation is in quite good 
agreement with the experimental observation reported by Faeth (1995) 

0.74/ 133 /d j jD D We∞ ≈ ,       (10.14)  

which shows some dependence of the jet diameter.   
Thus, I recommend to take as a final size after the primary and secondary 

fragmentation the minimum of all relevant mechanisms. The justification is: If the 
inertia fragmentation produces the smaller particles they will be stable in the 
environment. If the relative velocity method predicts the smaller particle size the 
primary entrained droplet will further fragment to reach a stable state following 
relative velocity fragmentation.  
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Lord Rayleigh found in 1878 by perturbation analysis for the varicose mode of 
water jet breakup  

1 / 2/  j j jL D const WeΔ = ,     (10.15)  

where const = 8.46 for 1 / 2
jLp >> 1. The experiments performed by Smith and 

Moss [p 388] in 1917 shows that the constant is 

10 Liquid and gas jet disintegration 
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const = 13.       (10.16)  

Weber (1936) analyzed in 1931 the stability in the varicose mode of vibrations. 
His remarkable result for the fragmentation time is  

( ) ( ) ( )1 / 2

0ln / 2 / 1 3j j j j j j jD D D Onτ λ ρ σ⎡ ⎤Δ = +⎣ ⎦   (10.17) 

or having in mind that /j j jL VτΔ = Δ  

( ) ( )1/ 2
0/ ln / 2 3 / Rej j j j j jL D D We Weλ⎡ ⎤Δ = +⎣ ⎦  

( ) ( ) 1/ 2
0ln / 2 1 3j j jD On Weλ⎡ ⎤= +⎣ ⎦ ,    (10.18)  

where the symbol λ 0  denotes the initial deviation from the non-disturbed jet 

radius and ( )0ln / 2jD λ⎡ ⎤⎣ ⎦  is assumed to be equal 12. This result compares well 

with data for 4 2 4110 / 10
9 jOn− ≤ < . Remarkably, the result reduces to the Rayleigh 

equation (10.15) with a constant very similar to those previously estimated by 
Smith and Moss (1917). Grant and Middleman (1966) found experimentally that 
the excitation of interface instability is also a function of the jet properties and 
fitted their data with the correlation 

( )0ln / 2 7.68 2.66 lnj jD Onλ⎡ ⎤ = −⎣ ⎦ .    (10.19) 

The authors correlated their own experimental data in the region of 2 < 
1/ 2 3 / Rej j jWe We+ < 200 with the slightly modified form of the Weber result, 

namely  

( ) 0.851 / 2/ 19.5 1 3j j j jL D On We⎡ ⎤Δ = +⎣ ⎦    (10.20)  

for 0.28325 /j jRe On< ,  and  

( )0.641 / 2/ 8.51j j jL D WeΔ =      (10.21)  

for larger jet Reynolds numbers - turbulent jets. For the last regime Iciek (1982) 
obtained a slightly modified form  

( )0.621 / 2/ 11.5j j jL D WeΔ =      (10.22)  

on the base of an additional 56 data points.  
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Taylor, see in Batchelor (1958), starts with the continuity equation for a steady 
state jet  

( )2* */ 4j j j jd V D dz D u σ= −    or   * / 2 /j j jdD dz u Vσ= −   (10.23) 

Here *
jD  is a function of z, jV  is the jet velocity, assumed to be constant, and ju σ  

is the interface averaged entrainment velocity. The continuity equation, integrated 
for z = 0, *

j jD D=  and z = jLΔ , *
jD = 0 and constant jV  and ju σ , gives  

1/ /
2j j j jL D V u σΔ = .      (10.24)  

The interface averaged entrainment velocity is computed as  

( )1/ 2 * * /j c j cj m mu const V fσ ρ ρ λ= Δ     (10.25)  

where *
mλ , defined by  

* 22 /m m c cjVπλ λ ρ σ= Δ ,        (10.26) 

and *
mf , defined by  

( )1/ 2* 32 / / /m m c c c cjf f Vρ ρ ρ σ⎡ ⎤= Δ⎣ ⎦ ,     (10.27) 

are the dimensionless wavelength and the frequency of the fastest growth of the 
unstable surface perturbation waves which are complicated functions of cjTa , being 

* 3 / 9mf ≤  and * *0.04 3 / 6m mfλ≤ ≤  for 5 410 10cjTa− ≤ ≤  and * * 3 / 6m mfλ =  for 
410cjTa > . Substituting Eq. (10.25) in Eq. (10.24) results in  

( )1/ 2* *1/ /  /
2j j j m m c j cjL D V const f Vλ ρ ρ⎡ ⎤Δ = Δ⎢ ⎥⎣ ⎦

,   (10.28)  

which is a remarkable result. Comparison with experimental data for engine spray 

where cjVΔ  = jV , indicates that ( )* *1 /  
2 m mconst fλ  is of order of 7, see Bracco 

(1985). Rewritten in terms of Weber’s numbers the Taylor equation takes the form  
1/ 2 1/ 2/ 7 /j j j cjL D We WeΔ = .     (10.29)  

Epstein and Fauske (1985) investigated theoretically the stability of a liquid jet in a 
continuum, making the following assumptions: The wavelength of the surface 
disturbance is small compared with the diameter of the jet. Considering linear Kelvin 
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- Helmholtz stability of three parallel inviscid streams of jet, steam film and liquid, 
the authors obtained the following expression for the jet penetration distance: 

( ) ( )1/ 23/ 1 / / /
2j j c j c jL D ρ ρ ρ ρΔ = + .    (10.30)  

which for cρ << jρ  reduces to the Taylor result for  cjVΔ  = jV  giving the lowest 

possible estimate for the constant 3 / 2 . Nigmatulin et al. (1993) reported similar 
analysis for cylinder geometry coming to an expression very similar to the above 
mentioned Rayleigh result. The authors showed that the Epstein and Fauske 
analysis holds for jet diameters larger the 1 cm, see [1985, p 94] and pointed out 
the importance of the accurate estimation of the surrounding continuous medium 
in case of film boiling.  De Jarlais et al. (1986) investigated jet disintegration in 
confined pipe geometry. The authors find that the confinement influences the 
disintegration process and corrected the existing correlation for jet fragmentation 
by introducing the factor ( )1 jα− , which reduces to unity for jets in an infinite 

environment. The obtained correlations are: For ( )2
/ 1cj jWe α− < 5.3, the modified 

Weber result was recommended  

( ) 1/ 2/ 12 1 3j j j jL D On WeλΔ = + ,     (10.31) 

and for ( )2
/ 1 5.3cj jWe α− ≥  the Grant and Middleman (1966) result was 

recommended  

( ) ( )
0.64521/ 2/ 35 1 3 / / 1j j j j cj jL D On We Weλ α⎡ ⎤Δ = + −⎢ ⎥⎣ ⎦

.  (10.32)  

The last correlation contains elements from Weber’s and from Taylor’s theory.  
There are similar correlations to Taylor’s, giving decreasing /j jL DΔ  with 

increasing cjWe  and taking into account the viscosity, e.g. 

( )1/ 20.192 0.83/ 50.3 /j j j c j cdL D On Weρ ρ⎡ ⎤Δ = ⎢ ⎥⎣ ⎦
.   (10.33) 

Conclusion: For the time being the following approach seems to be meaningful.  
 

(1) Compute the ambient Weber number defining the transition into atomization as 
follows  

( ) ( ) 2* 49 / 7.68 2.66 ln 1 3cj j jWe On On⎡ ⎤= − +⎣ ⎦ .   (10.34)  

This is a very interesting result. It simply says that for non-viscous jets the transi-
tion’s ambient Weber number is of the order of *

cj j cWe ρ ρ≈ , which means that 
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jets in gas environment experience transitions into the atomization regime for 
much higher relative velocities than jets in liquids.  
(2) For *

cj cjWe We≤  use the Weber solution with the Smith and Moss coefficient 
for non- atomization regimes, 

( ) ( )* 1/ 27.68 2.66 ln 1 3cj j j jWe On On We= − + .   (10.35)  

(3) For *
cj cjWe We>  use the Taylor solution with the Braco constant, that is  

Eq. (10.29) to estimate the coherent jet length during atomization.  
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Now we consider a situation which differs from the above discussed. Consider a 
jet of molten metal, e.g. iron penetrating water and causing considerable 
evaporation. In this case the jet surrounding continuum is vapor. Following 
Schneider et al. (1992) and assuming that (a) the surface entrainment velocity is 
equal to the jet side surface friction velocity,  

( )1/ 2* /j j ju uσ σ στ ρ= = ,     (10.36)  

and (b) the jet side surface shear stress is equal to the vapor side shear stress due 
to buoyancy driven upwards gas flow  

( ) ( )2 *
1 1 1 2 1

1 / 4
2

d
j d j jc V D gστ ρ ρ ρ= Δ ≈ − ,    (10.37)  

the jet mass conservation equation reduces to  

( ) ( )
1/ 2* *

2 1/ 2 / 2 / 4 / /j j j j j jdD dz u V D g Vσ ρ ρ ρ⎡ ⎤= − = − −⎣ ⎦ ,  (10.38) 

or after integrating for z = 0, *
j jD D=  and z = jLΔ , *

jD = 0 and constant jV  

( ) 1/ 2

2 1/ 2 / /j j j jL D Fr ρ ρ ρ⎡ ⎤Δ = −⎣ ⎦ .    (10.39) 

Low pressure experiments performed by Saito et al. (1988) show that the 
penetration length of the very hot jet into coolant with strong evaporation tends 
to increase with the jet velocity. These authors correlated their data with the 
expression 

 ( )1/ 21 / 2
2/ 2.1 / /j j j jL D Fr ρ ρΔ =     (10.40)  

for 35 10jFr < × , which is surprisingly close to the analytical solution. For appli-
cation we recommend not to neglect the vapor density because it will restrict the 
validity of Saito’s finding only to low pressure. The correlation with film boiling 
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(10.40) predicts larger penetration lengths than experimentally observed for adia-
batic liquid-liquid penetration - see Sun 1998  

( )1 / 21 / 2
2/ 1.45 / /j j j jL D Fr ρ ρΔ =   

valid for 390 2 10jFr< < × . Schneider et al. (1992) provided a theoretical expla-
nation of the observations made by Saito et al. Interface jet entrainment  caused by 
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Fig. 10.3 (a) Film boiling jet penetration length  ( )( )1/ 2
/ /j j c jL D ρ ρΔ as a function of the 

Froude number jFr .  (b) Film boiling jet penetration length /j jL DΔ  as a function of the 
Froude number jFr . Comparison between the prediction of the Saito correlation with 
the experimental data of Saito and Schneider 

the surrounding vapor phase was made responsible for this process as 
discussed above. In a similar way as the above the authors obtained the analytical 
equation  
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( )
8 / 5

1/ 21/ 2 1 / 2
2

1 2/ 1 1 / / 1
2 5j j j j jL D Fr Fr ρ ρ

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞Δ = + −⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭
 (10.41)  

which can successfully be approximated by Saito’s empirical equation. Equ-
ation (10.41) is experimentally verified to 1400jFr <  or 67jWe <  - see Fig. 10.3. 
In accordance with Saito and Schneider’s experiments for 2 jρ ρ< , the denser the 
jet surrounding continuum, 2, the smaller the jet penetration distance jLΔ . 

Note: Saito’s type of correlations has to be used only for jets causing film boiling. 
Do not use them in other cases. 
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The success of the simple Taylor-Scheider approach is very promising also for non 
boiling environment. The internal turbulent pulsation can cause also surface en-
trainment not influenced by the environment directly. That is why I recommend to 
use in the mass conservation equation the interface averaged entrainment velocity 

1/ 2
* 21 /

2
d

j j cd c cj j ju u u c V cVσ σ ρ ρ⎛ ⎞′= + = Δ +⎜ ⎟
⎝ ⎠

.   (10.42)  

Here the interface averaged pulsation velocity j ju cV′ =  is proportional to jet ve-
locity. The proportionality factor can be of the order of 0.1, see Faeth (1995). The 
approximate solution of the mass conservation equations looks like  

( ) ( ){ }1/ 2 1/ 2*1 1/ / / / 2
2 2

d
j j j j cd c j cj jL D V u V c V cVσ ρ ρΔ = = Δ + . (10.43)  

Equation (10.43) can be expressed in terms of Weber numbers  

( )1/ 21/ 2 1/ 2 1/ 21/ / / 2
2

d
j j j cd cj jL D We c We cWe⎡ ⎤Δ = +⎢ ⎥⎣ ⎦

.   (10.44)  

The above simple equations have some surprising properties. Neglecting the 
influence of the internal jet turbulence, c = 0, we obtain an equation very similar to 
the Taylor result, compare also with Eq. (2) published by Buerger et al. (1993), for 
parallel flow surface instability. The friction drag coefficient depends on the interface 
waviness, which itself depends on the ambient relative velocity, and is expected to be 
less than 0.33. The constant 7, experimentally obtained by Braco in the Taylor 
equation, corresponds to the friction coefficient d

cdc ≈ 0.01. For jets in stagnant 
environment, cj jV VΔ ≈ , the above equation resembles the Epstein and Fauske (1985) 

equation. For strong turbulized jets, ( ) ( )1/ 2 1/ 2
/ 2d

cd c j cj jc V cVρ ρ Δ << , and where 

10 Liquid and gas jet disintegration 



10.5 Jet erosion by high velocity gas environment      285 

c is order of unity, ( )/ 1/ 2j jL D cΔ =  is as expected, very short. Equating the 
predictions of Eqs. (10.35) and (10.44)  

( ) ( ) ( ){ }2
* 1/ 2/ 2 1/ 2 7.68 2.66 ln 1 3d
cj cd j j jWe c On On cWe⎡ ⎤= − + −⎣ ⎦  (10.45)  

we find the transition to atomization boundary.  
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If a jet is penetrating a two-phase mixture in a sandwich structure, consisting of 
gas layers with overall thickness *

1 jLα Δ , and liquid layers with overall thickness 

( )*
11 jLα− Δ , where ( )*

1 1 1/ 1α α α= − , the penetration length is  

( ) ( )

( ) ( ) ( )

1/ 2 1/ 2*
1 1 1 1

1/ 2 1/ 2*
1 2 2 2

/ 2
1/ /
2

1 / 2

d
d j j

j j j

d
d j j j

c V

L D V

c V cV

α ρ ρ

α ρ ρ

⎧ ⎫Δ
⎪ ⎪⎪ ⎪Δ = ⎨ ⎬
⎪ ⎪
+ − Δ +⎪ ⎪⎩ ⎭

. (10.46)  
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The application of these correlations in the form of rate correlation in a space 
resembling a pool can be performed using Eq. (7.2) as follows. As already 
mentioned if the number of particles in the volume under consideration is less than 
one, the fluid should be considered as continuous, c. After a distance jLΔ , the jets 
disintegrate in particles having size dD ∞ . Obviously a “marked control volume”, 
being in the continuum jet and traveling the distance jLΔ  with the velocity jV , 
should experience fragmentation. It means that the time interval needed by this 
“marked control volume” to disintegrate is of the order of /j jL VΔ . This is 
approximately the characteristic time interval in which the jet fragmentation is 
completed /br j jL VτΔ ≈ Δ . Using this time and dD ∞  we can estimate the particle 
production rate by means of Eq. (7.11).  

3207"Lgv"gtqukqp"d{"jkij"xgnqekv{"icu"gpxktqpogpv"

There are some attempts in the literature to describe entrainment from liquid film 
for very high gas velocity. Next, we give two possible approaches proposed by 
Mayer (1961) and Chawla (1975, 1976). 
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Mayer (1961) investigated the interaction of a high velocity gas stream with a 
large liquid surface. For capillary surface waves (ripples), the change of the 
amplitude, A, with the time was described by  

dA A
dτ τ

=
Δ

,       (10.47)  

where the frequency of the waves is a function of their wavelength besides other 
parameters 

2
21 12 2

1 1/ 2 2
22

1 1 1/ 2 8
/
Vc ρ ηπ π

τ δ ρ δσ ρ
Δ

= −
Δ

,     (10.48) 

using for the  sheltering parameter 1c = 0.3. Here τΔ  is the time constant of the 
process and δ  is the wavelength. Mayer (1961) found that if the generated wave-
lengths are greater than a minimum value obtained by the condition 1/ 0τΔ = ,  

2 / 3

2 2
min 2

1 1 12

/
2 16

c V
η σ ρ

δ δ π
ρ

⎛ ⎞
> = ⎜ ⎟⎜ ⎟Δ⎝ ⎠

,    (10.49)  

the capillary wave will grow unboundedly and the wave is eroded as a ligament 
from which droplets of size proportional δ , 

3 2ED c δ≈ ,       (10.50) 

with 2c ≈ 0.14 are entrained. The average size of the entrained particles was found 
to be  

2 / 3

2 23
3 1 2

1 1 12

/
9 16ED c

c V
η σ ρ

π
ρ

⎛ ⎞
= ⎜ ⎟⎜ ⎟Δ⎝ ⎠

.     (10.51)  

The constants 1c  and 2c  are derived from a single experimental point. Later, 
Wolfe and Anderson (1965) compared Mayer’s theory with their own data in the 
region  

2 /3

2 25 3
1 2

1 1 12

/
9 10 9 16 0.0011c

c V
η σ ρ

π
ρ

−
⎛ ⎞

× < <⎜ ⎟⎜ ⎟Δ⎝ ⎠
, (see also Fig. 12 in Wolfe and 

Anderson 1965)        (10.52)  

and found for the sheltering parameter 1c = 0.18.   
In the sense of Mayer’s theory the average number of the entrained droplets per 

unit surface is 

( )23 2
1n

δ τ δ
′′ =

Δ
,      (10.53)  
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where 3EDδ =  from Eq. (10.51), τΔ  is computed using Eq. (10.48). The erosion 
mass flow rate is then 

( ) ( )
3

2 23 223 6 6
w nπ π δρ ρ δ ρ

τ δ
′′= =

Δ
.    (10.54) 

Chawla (1975, 1976) analyzed the instabilities of the interface of a gas jet entering 
a liquid and the resulting droplets entrainment. He found that when the amplitude 
of the disturbance becomes large enough, the liquid at the wave crests (protruded 
into the gas jets) is torn off by the gas jet. The size of the resulting droplets is 
governed by Kelvin-Helmholz instabilities  

*
3 0 3 1 3E E ED c cδ δ≈ + ,      (10.55)  

where  

( )1/ 22 2
12 3 1 12 2/ 3 1E EWe V Maδ ρ σ π= Δ = − ,   Ma < 1,  (10.56)  

( )1/ 5* * 2 *
12 3 1 12 2 1 2

2/ /
0.803E EWe V πδ ρ σ ρ ρ= Δ = , Ma =1.  (10.57)  

Here, *
12 1/Ma V V= Δ  is the local Mach number and *

1ρ , *
1V  are critical density 

and sonic gas velocity at the throat conditions for sonic gas jets, respectively. The 
constants 0c ≈ 1.5, and 1c ≈ 27.14 are estimated by comparison with experimental 
data. Thus for low Mach numbers the stability criterion is   

12 14EWe ≈ .       (10.58) 

It seems that there is a lack of reliable data for the development of a more reliable 
correlation for high gas velocity entrainment.  

3208"Lgv"htciogpvcvkqp"kp"rkrgu"

The liquid jet disintegration is also a kind of transition of flow with continuous 
liquid into flow with dispersed liquid. De Jarlais et al. (1986) considered the hy-
drodynamic stability of inverted annular flow in an adiabatic situation as a jet dis-
integration problem in channels - see Fig. 10.4.  
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Fig. 10.4 Jet fragmentation in channels 

After reviewing the jet stability literature and comparing with their own 
experimental data, the authors proposed the following correlation which represents 
their data for the jet core breakup length. For  

2/ 1.73cj cWe α <       (10.59) 

1/ 2 0.53/ 480 / Rej j j jL D WeΔ = ,     (10.60)  

where Re /j j j j jV Dρ η=  is the liquid jet Reynolds number and 2 /j j j jWe V Dρ σ=   
is the liquid jet Weber number. The averaged wavelength was found to be  

5.8j jDλ ≈ .       (10.61)  

For  
2/ 1.73cj cWe α ≥       (10.62)  

( ) ( )0.6451/ 2 0.53 2/ 685 / Re / /j j j j cj cL D We We αΔ = ,     (10.63)  

where 2 /cj c cj h cWe V Dρ η= Δ  is the gas Weber number. The average wavelength, 

jλ , was found to be  

( ) 1/ 227.6 /j cj cWeλ α
−

≈ .      (10.64) 

Again the time needed for the fragmentation is  

/br j cjL VτΔ ≈ Δ Δ .      (10.65)  

Thus the particle production rate in this case is  

10 Liquid and gas jet disintegration 



10.8 Gas jet disintegration in pools      289 

2
3 /

4j j jn Dπα λ τ⎛ ⎞≈ Δ⎜ ⎟
⎝ ⎠

.      (10.66)  

The entrainment of micro-droplets from the surface of the jet was also a subject of 
investigation by the above mentioned authors but the obtained information is not 
sufficient for reliable conclusions to be drowned. 

3209"Nkswkf"urt{"rtqfwegf"kp"pq||ngu"

Forcing liquid through specifically designed nozzles various types of sprays can 
be produced. Sprays consist of a range of droplet sizes and shape depending on the 
nozzle geometry. Hollow cones sprays are produced by inserting liquid 
tangentially into a swirl chamber or by grooved vanes directly upstream of an 
orifice. The swirling liquid exits the orifice as a ring of droplets. Full cone sprays 
are produced by forcing liquid through stationary vanes that add turbulence. 
Gas-atomizing nozzles use a gas jet to break up the liquid into fine droplets at 
higher velocity. The parameter that is generally used to characterize sprays is the 
Sauter mean diameter, defined as a droplet size whose surface area is average 
surface area over all droplets in the spectrum. Estes and Mudawar (1995) 
proposed the following correlation for estimation of the Sauter mean diameter 

0.2590.5 1.5

0.53.07d c nozzle

nozzle d d

D D p
D

ρ
σ η

−

∞ ⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
 

The droplet velocity exiting the nozzle in liquid atomized sprays can be estimated 
by the method proposed by Ghodbane and Holman (1991). 

320:"Icu"lgv"fkukpvgitcvkqp"kp"rqqnu"

There are many industrial processes in which gas is injected into a liquid. For 
mathematical modeling of such processes one needs quantitative information on 
how gas injected into the liquid through an orifice behaves. This information can 
be used as a boundary condition for modeling the processes in the volume of in-
terest. That is why in this section we concentrate our attention on gas jet disinte-
gration produced by orifices. 
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Fig. 10.5 Gas injection into a pool of liquid: a) small gas mass flows; b) large gas mass 
flow – jet formation 

Consider vertical gas injection into a stagnant liquid pool as presented in Fig. 10.5. 
The gas velocity at the orifice is 10V  and the orifice diameter 10D . The volumetric 
gas flow is  

10 0 10V F V= ,       (10.67)  

where 2
0 0 / 4F Dπ=  is the cross section of the orifice. The cross section of the 

pool above the orifice is F, the gas volume fraction immediately after the orifice is 
1α  and at the bubble velocity 1V ∞ . For approximately constant pressure we have  

0
1 1 10

FV V
F

α ∞ = .      (10.68)  

In the following we are interested in the diameter of the largest bubble, 1D ∞  
which can be in static equilibrium. For this purpose we write a simple momentum 
balance: buoyancy force = surface force i.e.  

( )
3
1

2 1 106
D g Dπ ρ ρ π σ∞ − =      (10.69)  

or  
1/ 3

10
1

21

6 DD
g
σ
ρ∞

⎛ ⎞
= ⎜ ⎟Δ⎝ ⎠

.        (10.70)  

see Fritz and Ende (1966). 
  
Kutateladze and Styrikovich (1958) observed experimentally 

1/ 3

10
1

21

4 DD
g
σ
ρ∞

⎛ ⎞
≈ ⎜ ⎟Δ⎝ ⎠

.       (10.71) 

Obviously 1D ∞  should be at least of the order of 10D , i.e. 
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1/ 2

1
21

RTD
g
σ λ
ρ∞

⎛ ⎞
< <⎜ ⎟Δ⎝ ⎠

.      (10.72)  

The simple momentum balance, Eq. (10.69), is not sufficient to describe the real 
bubble size after the jet fragmentation which is smaller than the largest bubble di-
ameter defined by Eq. (10.71). The effect of the gas momentum is not taken into 
account. Davidson and Harrison, see in 1963, obtained an empirical correlation 
which takes into account the influence of the volumetric gas flow on D1∞  

3 6 / 5 3/ 5
1 10/ 6 1.138 /D V gπ ∞ ≈ .       (10.73)  

Later work by Darton et al. (1977) supported the order of magnitude of the con-
stant but changed the value from 1.138 to 2.27 in the above equation (10.73). 
Similar conclusions are reached by Davidson and Schüler, see in Davidson and 
Harrison (1963)  

( )

3/ 41/ 4
3 2 10
1

2 1

154/ 6
3 2

VD
g

ηππ
ρ ρ∞

⎡ ⎤⎛ ⎞= ⎢ ⎥⎜ ⎟ −⎝ ⎠ ⎣ ⎦
.    (10.74) 

The next step of sophistication of the theory is to use the steady state momentum 
balance in the form: buoyancy + momentum = drag + virtual mass force + surface 
force, i.e.  

( )
3

21
2 1 1 106

D g Vπ ρ ρ ρ∞ ⎡ ⎤− +⎣ ⎦  

( )
3

3/ 4 101
2 10 10 10 2 10 2 2 10 10

1

13 1 0.1 /
2 6

VDD V D V V D
D

ππη ρ η ρ π σ∞

∞

⎡ ⎤= + + +⎣ ⎦  (10.75)  

and to solve the resulting transcendental equation with respect to 1D ∞ . Further 
improvement of the theory is reported by Ruft (1972) who developed a semi-
empirical model modifying the above equation and by Geary and Rice (1991). 
Geary and Rice proposed a theory of transient departure which describes the 
available experimental data without any adjustable parameter. The final 
analytical solution is voluminous and will not be repeated here. Nevertheless 
we recommend this solution as the most accurate to describe jet fragmentation 
by an orifice.  

The number of bubbles generated at the orifice per unit time is easily com-
puted by dividing the volumetric gas flow rate 1 1Vα ∞  by the volume to the single 
bubble  

3 3
01 1

1, 1 1 10/ /
6 6sp

FD Dn V V
F

π πα ∞ ∞
∞= = .    (10.76)  

The time in which the bubble remains attached at the orifice is  
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3
1

10/
6br
D Vπτ ∞Δ = .      (10.77)  

If the raising velocity of the bubbles after the fragmentation is equal to the Kutate-
ladze velocity  

( ) 1/ 2
2 1

12 2
2

2
g

V
σ ρ ρ

ρ∞

−⎡ ⎤
Δ = ⎢ ⎥

⎣ ⎦
     (10.78)  

the bubble leaving the orifice should travel the distance 12 brV τ∞Δ Δ  during brτΔ . If 
this distance is smaller than the bubble diameter after the fragmentation, i.e.  

12 1brV Dτ∞ ∞Δ Δ <       (10.79)  

or  
2

10 1

12 0

2
3

V D
V D

∞

∞

⎛ ⎞
> ⎜ ⎟Δ ⎝ ⎠

,      (10.80)  

bubbles are no longer formed individually, but the gas leaves the orifice in the 
form of a jet which eventually breaks into individual bubbles. This line of 
argument was first proposed by Kutateladze and Styrikovich (1958). 

Summarizing the results discussed in this section we can say that: 

1. To have a jet behind the orifice a critical gas velocity should be exceeded in 
order  that the orifice provides more volumetric flow than that which can be 
transferred away by buoyancy driven bubble raise;  

2. The generated number of bubbles per unit mixture volume is uniquely defined 
if the  stable bubble size after the fragmentation, the dimensions of the orifice 
and of the pool, and the volumetric gas flow through the orifice are known.  

Pqogpencvwtg"

Latin 

A amplitude, m 
D diameter, m  

3ED  average size of the entrained particles, m 

dD ∞  size of the ligaments resulting from primary breachup, m 

10D  orifice diameter, m 
d differential 

0F  2
0 / 4Dπ= , cross section of the orifice, m² 

10 Liquid and gas jet disintegration 
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*
mf  dimensionless frequency of the fastest growing of the unstable surface 

perturbation waves 

cjFr  = ( )2 /cj jV gDΔ , Froude number based on the relative velocity, appropri-
ate for jets causing boiling at the interface so that the environment veloc-
ity is governed by buoyancy driven convection, dimensionless 

jFr  = ( )2 /j jV gD , Froude number based on the jet velocity, appropriate for  
gravitationally driven jets  gravitational acceleration, dimensionless 

jLp  = 2/j j j jDρ σ η , Laplace number, dimensionless 
Ma local Mach number, dimensionless 

23n′′  average number of the entrained droplets per unit surface, 1/m² 

1,spn  number of bubbles generated at the orifice per unit time, 1/s 

3n  particle production rate, 1/(sm³) 

jOn  = 1/ 2 / Rej jWe = 1/ 21/ jLp = ( )1/ 2
/j j j jDη σ ρ , jet Ohnesorge number,  

dimensionless 

jOn λ  = ( )1/ 2
/j RT j jη λ σ ρ , jet viscosity number based on Rayleigh-Taylor in-

stability wave length, dimensionless 
*
jOn  = ( ) ( )1/ 2

3 /j c j j jDη η σ ρ+ , modified Ohnesorge number, dimensionless 

cOn  = ( )1/ 2
/c j j cDη σ ρ , ambient Ohnesorge number, dimensionless 

jRe  = /j j j jV Dρ η , liquid jet Reynolds number, dimensionless 

cjTa  = ( ) ( ) 2
/j c j cjVρ ρ σ η⎡ ⎤Δ⎣ ⎦ , Taylor number based on relative velocity, 

dimensionless 

cTa  = ( ) ( ) 2
/j c j cVρ ρ σ η⎡ ⎤

⎣ ⎦ , Taylor number based on the continuum veloc-

ity, dimensionless 
ju σ   interface averaged entrainment velocity, m/s 

*uσ   jet side surface friction velocity, m/s 

ju′  interface averaged pulsation velocity, m/s 
V velocity, m/s 

jV  jet velocity, m/s 

10V   gas velocity at the orifice, m/s 

10V  0 10F V= , volumetric gas flow, m³/s  
*

1V   critical sonic gas velocity at the throat conditions for sonic gas jets, m/s 

1V ∞  bubble velocity, m/s 
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jWe  = 2 /j j jV Dρ σ ,  jet Weber number, dimensionless 

cjWe  = 2 /j cj jV Dρ σΔ , continuum Weber number based on the relative veloc-
ity, dimensionless 

Greek 

α  volume fraction, dimensionless 
1α  gas volume fraction, dimensionless 

jLΔ  length for complete disintegration measured from the nozzle outlet, m 

cjVΔ  relative velocity between the jet and the environment, m/s 

brτΔ  /j jL V≈ Δ , characteristic time interval in which the jet fragmentation is 
completed, s  

brτΔ  
3
1

10/
6
D Vπ ∞= , time in which the bubble remains attached at the orifice, s 

/j jL DΔ  relative jet penetration length, dimensionless  
δ    wavelength, m 

RTλ  ( ) 1/ 2
d dcgσ ρ⎡ ⎤= Δ⎣ ⎦ , scale of the Rayleigh - Taylor instability wave-

length, m 
0λ  initial deviation from the non-disturbed jet radius, m 
*
mλ  dimensionless wavelength frequency of the fastest growing of the unsta-

ble surface perturbation waves 
jλ  average wave length, m 

η  dynamic viscosity, ( )kg ms/  
ρ  density, kg/m³ 

( )23wρ  erosion mass flow rate, kg/(sm²) 
*
1ρ  critical density at the throat conditions for sonic gas jets, kg/m³ 

σ  surface tension, N/m 
τ  time, s 

jστ  vapor side shear stress, N/m² 

Subscripts 

Δ  difference 
j jet 
c continuum 
1 gas 
2 liquid 
3 droplet 

10 Liquid and gas jet disintegration 
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Let us start with some definitions necessary to understand the content of this 
Chapter: 

a) The term melt is used here for liquid having solidification temperature higher 
then the film boiling temperature of the surrounding coolant. 

b) Coolant is the liquid surrounding the melt. 
c) Mechanical fragmentation is fragmentation not influenced by local heat and 

mass transfer processes. 
d) Thermo-mechanical fragmentation is mechanical fragmentation additionally 

amplified by the local heat and mass transfer. 
e) Events distorting the film boiling process are interface instabilities caused by  

• inherent vapor-coolant instability and  
• externally introduced pressure pulses. 

f) Inherent vapor-coolant instability is an interface instability caused by  

• mechanical fragmentation of the initially unstable particle leading to inti-
mate melt/coolant contact during the fragmentation,  

• transition from film boiling to transition boiling, and  
• cavitation of vapor bubbles in subcooled liquid in the immediate neighbor-

hood to the particle being in film boiling. 

g) Contact heat transfer is a local contact between melt and liquid coolant. 

If once established stationary, film boiling at the surface of a liquid sphere is a 
very stable process. Events distorting the film boiling process may lead to 
intimate melt-coolant contact resulting in effective energy transfer between the 
hot droplet and the surrounding coolant. The mechanical feed-back to the 
droplet leads to additional surface fragmentation which is called thermo-
mechanical fragmentation. The result is generation of local pressure pulses. If 
the same happens not only with a single drop but with a family of melt drops, 
the resulting pressure pulse may contain considerably more energy than the 
single drop event.  
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In order to estimate the risk of the steam explosion for nuclear reactors by 
postulated severe accidents leading to melt-coolant interaction, to know how the 
thermo-mechanical fragmentation works is very important. Because of the 
complexity of the mechanisms involved considerable amount of literature 
appeared during the last 40 years. The purpose of this Chapter is to review the 
experimental observation and to derive practically useful estimation methods for 
quantitative analysis of the steam explosion risk based on the experimental 
observation. In what follows we will discuss separate effects of these phenomena 
and the way they can be quantitatively described.  

Whether non-stable melt being in film boiling will behave as mechanically 
fragmenting in vapor or in liquid depends on the thickness of the vapor film. 
Epstein and Fauske (1985) provided an expression derived from instability 
analysis of both surfaces which can be used to distinguish between thick and thin 
vapor films 

3 1 3
1 , 2

3 1 31

3F critc V
ρ ρ σδ
ρ ρ
−

=
Δ

.     (11.1) 

For 1 , 1 ,F fc F critcδ δ<  the influence of the vapor film on the fragmentation can be 
neglected and liquid metal/coolant is the appropriate mode of mechanical 
interaction. As already mentioned primary mechanical fragmentation of a non-
stable particle in film boiling may lead to intimate melt/water contact and 
therefore may introduce some thermal fragmentation. Knowles (1985) found 
theoretically that the pressure impulse required for vapor collapse is a function of 
the film thickness. This was experimentally confirmed by Naylor (1985). 

The film boiling at spheres is well understood as demonstrated in Chapter 21by 
comparison with about 2000 experimental data points in different two-phase flow 
environments - continuous or dispersed liquids. In the next section we are rather 
interested on the approximated estimation of the average film thickness. The 
reasons why the estimation of the average film thickness is important are:  

For given void fraction in three-phase flow, part of the void is attached to the 
droplets surfaces and other part is in form of bubbles between the molten droplets. 
The local volume concentration in the space continuously occupied by water 
naturally provides a criterion whether the water will remain continuous or get 
dispersed. Some important consequences result from this observation for the 
practical analysis: 

a) The pressure wave propagation is known to be much less damped in systems 
in which the water forms a continuum. Acoustically water/gas discontinuity 
acts as reflectors to pressure waves. Thus, events initiating external pressure 
pulses in continuous liquid may lead to explosions, which is not the case 
when such events happens in a gas environment. We call mixtures having 
molten particles and being surrounded by continuous water-potentially 
explosive mixtures. Whether they are really explosive depends on many other 
parameters beside the local geometry flow pattern. 
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b) The heat and mass transfer processes at the molten particle interface in case of 
continuous liquid is completely described by the film boiling description 
methods. The part of the void drifting as bubbles between the films is subject 
to additional water/vapor heat and mass transfer. This subject is discussed in 
details in Chapters 13 and 14.  

c) The mechanical fragmentation mechanism is much stronger for melt/liquid 
systems than for melt/gas systems. 

3304"Xcrqt"vjkempguu"kp"hkno"dqknkpi"

Consider clouds of hot spheres characterized by volume fraction, diameter, and 
particle number density designated with 3 3 3, , ,D nα  respectively. The mass gener-
ated due to film boiling per unit mixture volume and unit time is designated with 

21μ . The film thickness at the equator 1Fδ  has to satisfy the continuity condition 

3
21 21 3

3 1 1 1 1
3 3 6F

DD w
n
μ μ ππ δ ρ

α
= = .    (11.2) 

Here  
22

21 23 3 1
1 231

1 3

cos( , ) 3
12 4

Fg Dw V
D

ρ δ
η

⎛ ⎞Δ Δ
≈ + Δ⎜ ⎟

⎝ ⎠

g V    (11.3) 

is the vapor velocity averaged over the film thickness computed for particle 
having large size compared to the film thickness. 23cos( , )Δg V is the cosine of the 
angle between the gravitational acceleration and the relative velocity vector 
particle-water and 

2 2 2
32 32 32 32V u v wΔ = Δ + Δ + Δ      (11.4) 

is the magnitude of the velocity difference. The resulting cubic equation  

( ) 2
1 23 3 21 3

1 23 1 1
1 3

cos , 3 0
12 4 6F F

g DV
ρ ρ μδ ρ δ

η α
Δ Δ

+ Δ − =
g V

,  (11.5) 

rewritten in the compact form 
3

1 1

1 , 1 ,

1 0F F

F nc F nc

rδ δ
δ δ

⎛ ⎞
+ − =⎜ ⎟⎜ ⎟

⎝ ⎠
,     (11.6) 

has the following real solution 

1/ 3 1/ 31

1 ,

1
3

F

F nc

a raδ
δ

−= − .      (11.7) 
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Here 

1 ,

1 ,

F nc

F fc

r
δ
δ

=
( )

1/ 32 /3

3 1 1
232

21 3 23 2 1

9 2
2 cos( , )

V
D g

α ρ η
μ ρ ρ

⎡ ⎤⎛ ⎞
= Δ ⎢ ⎥⎜ ⎟ Δ −⎢ ⎥⎝ ⎠ ⎣ ⎦g V

  (11.8) 

is the ratio of the film thickness for natural convection only, e.g. for 23 0.001VΔ <  

1 ,F ncδ
( )

1/ 3
2
3 21 1

3 23 1 2 1

2
cos( , )

D
g

μ η
α ρ ρ ρ
⎡ ⎤

= ⎢ ⎥
Δ −⎢ ⎥⎣ ⎦g V

,    (11.9) 

and for predominant forced convection 
2
3 21

1 ,
3 1 23

2
9F fc

D
V

μδ
α ρ

=
Δ

,                 (11.10) 

and 

( )31 1 3 4 27
2 18

a r= + + .                (11.11) 

The stronger the film boiling, the thicker the vapor film surrounding the drop, the 
more stable the droplet.  
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The particles in film boiling are surrounded by a film with dimensionless thick-
ness  

* 1
1

3

F
F D

δδ = ,       (11.12) 

where *
1Fδ > 0 as already discussed in the previous section. The ratio of the vol-

ume of the sphere consisting of one particle and the surrounding film to the vol-
ume of the particle itself is  

( ) ( ) ( )33 3 *
3 1 3 3 1 3 1/ 2 / 1 2F F FD Dα α α δ δ+ = + = + .   (11.13)  

Therefore the gas volume fraction of the film is  

( )3*
1 3 11 2 1F Fα α δ⎡ ⎤= + −⎢ ⎥⎣ ⎦

.     (11.14)  

The condition to have three-phase flow with continuous liquid and particles being 
in film boiling is 
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( ) ( )1 1 1 1 2/ 0.52F Fα α α α α− − + < .    (11.15) 

This is a very important result. It demonstrates simply that particles in film boiling 
can be surrounded by much less continuous liquid mass than required in case of no 
film boiling.  

As already mentioned, this conclusion has strong implication on the 
mechanical fragmentation condition simply allowing the molten particles to 
experience fragmentation in continuous liquid by far less liquid required. 
Thus, only the 3f

+  part of the particles 3n  per unit mixture volume 
experiences melt/water fragmentation while the 1 − 3f

+  part the particles 
experiences melt gas fragmentation. A practicable approach is to define inside 
a computational cell 

3f
+ = 1   for    ( ) ( )1 1 1 1 2/ 0.52F Fα α α α α− − + < ,   (11.16)  

3f
+  = 0   for    ( ) ( )1 1 1 1 2/ 0.52F Fα α α α α− − + ≥ .   (11.17)  
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The scale of the thermo-mechanical fragmentation is much smaller than those 
for which averaged conservation equations are usually applied. Therefore the 
description of the thermo-mechanical fragmentation is in fact associated with 
providing constitutive physics for source terms for the averaged equations. 
Thermo-mechanical fragmentation is experimentally observed within systems 
in which the microscopic relative phase velocity is so small that pure 
mechanical fragmentation is impossible. In pressure wave systems with melt 
and water as a constituents, in which mechanical fragmentation is possible pure 
mechanical fragmentation mechanism does not provide the complete 
description of the thermal energy release. The reader can find interesting 
discussions on this topic in Ando and Caldarola (1982), Ando (1984), Arakeri 
et al. (1978), Bankoff and Yang (1989), Bjorkquist (1975), Bjornard (1974), 
Burger et al. (1991), Chen et al. (1995), Dullforce et al. (1986), Fletcher and 
Thyagaraja (1989), Inoue and Aritomi Henkel (1987), Kim et al. (1989), 
Medhekar et al. (1989), Saito et al. (1988), Spencer et al. (1985), Young (1987), 
Young (1990), Zimmer et al. (1989), Zyskowski (1975)., among many others, 
and in the references given therein. 

For the discussion in this Section we consider the velocity field 3 to be a liquid 
metal.  

The initial conditions under which thermo-mechanical liquid metal fragmenta-
tion were experimentally observed are summarized below.  

 (1989), 
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1. Coexistence of melt and coolant  

2α > 0, 3α > 0.                 (11.18) 

2. Continuous liquid and particles in film boiling 

( ) ( )1 1 1 1 2/ 0.52F Fα α α α α− − + < .               (11.19) 

Experiments show that the lower the particle and vapor volume fraction the 
higher the probability of thermo-mechanical fragmentation. Such systems are 
called lean systems. 

3. Surface of the melt is in liquid state. The fragments after thermo-mechanical 
fragmentation were usually smooth, indicating that fragmentation occurred 
while the particles were still molten, Kim et al. (1989). 

4. The droplet surface temperature is higher than the minimum film boiling 
temperature 3 ,mini FBT T> . 

5. The initial droplet size is considerably greater than the size of the final 
fragments.  

All of these conditions must be satisfied in order to have thermo-mechanical 
fragmentation. Under the above conditions and if physical mechanisms are acting 
to establish contact between melt and liquid coolant, the thermal fragmentation 
occurs. The mechanisms can be classified as  

a) due to imposed surface instability, or as 
b) due to inherent surface instability, e.g. mechanical fragmentation followed by 

melt/liquid coolant contact immediately after the fragmentation event, 
transition from film to nucleate boiling. 

Next we discuss some of these conditions in more detail. 
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11.4.1.1 Experimental observations 

As already mentioned, if the droplet surface temperature is higher than the 
minimum film boiling temperature 3 ,minFBT Tσ > , mechanical fragmentation was 
observed only with additional pressure pulses disturbing the film called trigger 
pressure pulse  

trigger

dp dp
d dτ τ

> .      (11.20)  

The lowest limit of the pressure gradient causing film distortion has not been 
systematically investigated. Experimental evidence shows that it is a function of 
the melt surface temperature - the higher the surface temperature of the melt, the 
higher the pressure pulse needed to destroy the film.  
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Ando and Caldarola (1982) produced thermal fragmentation on molten copper 
droplets in water at atmospheric pressure by using pressure pulses of 4.5-9.5 bar 
with approximately triangle form and impulse 50 to 160 Pa s. The authors ob-
served two types of fragmentation, delayed, caused by impulses of  10 to 70 Pa s, 
and prompt, caused by impulses between 70 and 160 Pa s.  The delay time varies 
between 2900 and 700 sμ  for the delayed fragmentation and between 300 and 
100 sμ  for the prompt fragmentation, respectively. 

 

Table 11.1 Experimentally observed trigger pressure change 

/
trigger

dp dτ  pulsepΔ  pulseτΔ   Authors,  Rem. 

/Pa s  MPa sμ  ref. 
1210 20%≈ ±  ≈ 1  1 Nelson and  4 cm bridge wire 

Buxton  pulse pulsepτΔ Δ ≈ 1 Pa s 

105 10 20%≈ × ±  ≈ 10 20 (1980)  detonator 
pulse pulsepτΔ Δ ≈ 200 Pa s 

(4 to 8) 910×    0.2 to 0.4 50 Kim et al.  pulse pulsepτΔ Δ ≈ 15 Pa s 
(1989) 

95 10≈ ×    Peppler et al. depends on the form of the 
    (1991)   produced pulse 

(4 to 7.6) 910×  0.45 to 0.95  62 Ando and  cooper droplets, 
Caldarola  triangle pulse form 
(1982)  pulse pulsepτΔ Δ ≈ 43.4 Pa s 

95 10≈ ×  4 0.8 Huhtiniemi  gas chamber 
et al. (1997) pulse pulsepτΔ Δ ≈ 3.2 Pa s 

76 10≈ ×  3 0.05 Chapman  electromagnetic 
    et al. (1997)  movable piston 

pulse pulsepτΔ Δ ≈ 0.15 Pa s 

(1 to 4) 1210×  2.5 to 8 1 to 7 Buetner and triangle pulse form 
    Zimanowski  pulse pulsepτΔ Δ ≈ 8 to 15Pa s 
    (1998)   

Knowles (1985) suggested the following criterion for vapor collapse: 

2 2
1
2pulse pulse Fp aτ δ ρΔ Δ ≈ .     (11.21) 
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where 2a  is the coolant sound velocity. 
Naylor (1985) reported experimental data supporting this criterion. As an ex-

ample for the order of magnitude estimate consider film boiling of water at atmos-
pheric pressure for film thickness of 0.0001 m. The required pressure impulse is 
then 130  pulse pulsep Pa sτΔ Δ ≈ . 

Thus the data in the table can be interpreted only by knowing the local condi-
tions and the film thickness which have to be destabilized in order to cause ther-
mal fragmentation. 

11.4.1.2 Theory  

Because the work by Naylor (1985) will play an important role in the following 
discussion we summarize the most important result of this work. If two continua 
having common interface are accelerated perpendicular to the interface and if the 
viscous effects are negligible, the initial disturbance with wavelength 0λ  will 
grow as follows 

0

cosh
RT

λ τ
λ τ

=
Δ

,       (11.22) 

where the growing time constant is 
1/ 2

2 1

2 1

2
RT

RT

a π ρ ρτ
λ ρ ρ

−
⎡ ⎤−

Δ ≈ ⎢ ⎥+⎣ ⎦
.     (11.23) 

a is the normal interface acceleration pointing from the heavier to the lighter con-
tinuum, and 

( )

1/ 2

2

2 1

~ 2 3RT a
σλ π
ρ ρ

⎡ ⎤
⎢ ⎥

−⎢ ⎥⎣ ⎦
     (11.24) 

is the wavelength of the fastest growing oscillation. Belman and Pennington 
obtained in (1954) an additional term in the time constant as given below 

1/ 23

2 1 2
2,

2 1 2 1

2 2/RT RT jets
RT RT

V a π ρ ρ π στ λ
λ ρ ρ λ ρ ρ

−
⎡ ⎤⎛ ⎞−⎢ ⎥Δ ≈ ≈ − ⎜ ⎟+ +⎢ ⎥⎝ ⎠⎣ ⎦

,  (11.25) 

which is often neglected in practical analyses.  

The nature of the interface acceleration can be different. Some examples are 

a) acceleration due to shock wave propagation which we call global accelera-
tion, and 

b) acceleration due to bubble collapse, which we call local acceleration. 
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The global acceleration causes changes of the average velocity differences 

( )12
d V
dτ

Δ , and the local acceleration causes changes in the local interface veloc-

ity, e.g. during bubble collapse 
2

2

d R
dτ

. 

For the discussion of the thermal fragmentation we will make use also of the 
velocity of the wave normal to the interface which we will call coolant micro jet 
velocity 

( )
( )

1/ 41/ 2
2 2 12 1

2, 2
2 1 2 1

3
2 2jets RTV a a

σ ρ ρρ ρπ λ π
ρ ρ ρ ρ

⎡ ⎤−⎡ ⎤−
= = ⎢ ⎥⎢ ⎥+ +⎢ ⎥⎣ ⎦ ⎣ ⎦

.  (11.26) 

11.4.1.2.1 Global coolant/vapor interface instability due to phase acceleration 

If we consider the film surrounding the particle in the case of film boiling, only 
distortions having wavelengths shorter than the “bubble” diameter, 3 12 FD δ+ , are 
able to destroy the film. Gelfand et al. (1977) analyzed experimentally and
theoretically the distortion of bubbles with different densities behind the front of 
pressure waves. Idealizing the bubble as a cube, the authors applied to the surfaces 
normal to the pressure wave direction the Rayleigh-Taylor, and for the parallel 
surfaces the Kelvin - Helmholtz instability criteria to explain the distortion conditions. 
Extending this analysis to the gas-water interface in our case, we have a stable film if   

( ) ( )

1/ 2

2
3 1

12 2 1

2 24FD d V
d

σδ π
ρ ρ

τ

⎡ ⎤
⎢ ⎥

+ > ⎢ ⎥
⎢ ⎥Δ −
⎣ ⎦

    (11.27) 

and  

( )2 1
3 1

12 2 1

2
2 FD

V
πσ ρ ρ

δ
ρ ρ
+

+ >
Δ

.     (11.28) 

Keeping in mind the simplified momentum difference Eq. (8.56),  

( ) 2 1
21

2 1 2 1

1 1d V p p
d

ρ ρ
τ ρ ρ ρ ρ

⎛ ⎞ −
Δ ≈ − − ∇ ≈ ∇⎜ ⎟

⎝ ⎠
,   (11.29)  

the first Taylor instability criterion takes the form  

( )

1/ 2

2 2 1
3 1 2

2 1

2 24FD
p

σ ρ ρδ π
ρ ρ

⎡ ⎤
+ > ⎢ ⎥

− ∇⎢ ⎥⎣ ⎦
    (11.30)  
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or  

( ) ( )
2 2 1 2

2 2
2 1 3 1

24
2 F

p
D

ρ ρ σπ
ρ ρ δ

∇ >
− +

.        (11.31)  

If the pressure pulse propagation velocity through the mixture is ma , the spatial 
component of the total pressure change with the time is  

( ) ( )
2 2 1 2

2 2
2 1 3 1

24
2

m m
F

a p a
D

ρ ρ σπ
ρ ρ δ

∇ >
− +

.      (11.32) 

The criterion given by this equation contains useful information: 

1. For atmospheric pressure and 3 12 FD δ+  of the order of 1 mm, small particles 
concentration for which the mixture sound speed is equal to liquid sound 
speed, 2ma a= , we obtain 

( ) ( )
2 72 1 2

2 2
2 1 3 1

24 1.5 10 /
2

m
F

a Pa s
D

ρ ρ σπ
ρ ρ δ

≈ ×
− +

,   (11.33) 

which explains the experimentally observed  values given in Table 11.1. 
2. The linear dependence of the spatial pressure change ma p∇  on the surface 

tension given by Eq. (11.32) is also supported by the experiments of Ando and 
Caldarola (1982). 

3. The higher the surface tension, the higher the trigger pressure gradient. The 
linear dependence of the spatial pressure change ma p∇  on the surface tension 
given by Eq. (11.32) is also supported by the experiments of Ando and 
Caldarola (1982). The increasing oxide content at increasing temperature for 
liquid copper droplets reduces the surface tension and therefore reduces the 
threshold pressure impulse required for thermal fragmentation. 

4. The higher the system pressure, the higher 
( )

2 1
2

2 1

ρ ρ
ρ ρ−

 i.e. the steam to liquid 

acceleration is smaller for the same pressure gradient and therefore the higher 
the trigger pressure gradient.  

5. The smaller the melt particle size, the higher the trigger pressure gradient  
(experimentally supported by Fröhlich, see fig. 5 in (1991) ).  

6. The trigger pressure pulse increases with decreasing film thickness [experi-
mentally confirmed by Fröhlich (1991) ].  

7. Equation (11.29) explains why /
trigger

dp dτ  depends on the spatial form of 

the trigger pulse - the dependence on p∇ . Obviously the application of the 
condition (11.32) for practical computational analysis needs good spatial 
resolution in order to estimate accurately the local value of the pressure gra-
dient.  
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11.4.1.2.2 Local coolant/vapor interface instability due to film collapse 

As will be discussed in the chapter “Interface instabilities due to bubble collapse”, 
the interface acceleration during film collapse in subcooled coolant leads to inter-
face instabilities. The condition that the interface instability wavelength is smaller 
than the particle size leads to an interesting expression for the so called threshold 
pressure 

22 2
2, 1

3 2 1

2 3 1
2thp p

R
σ ρπ

ρ ρ
⎛ ⎞

> + −⎜ ⎟−⎝ ⎠
.    (11.34) 

The threshold pressure condition contains an important message: The threshold 

pressure increases with decreasing particle size due to the term 2

3

2
R
σ , and with in-

creasing system pressure due to the term 2

2 1

ρ
ρ ρ−

.  

The reestimation of the existing data and future experiments should be 
performed in order to establish a reliable database for the criterion (11.32). 
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The internal triggers may originate due to different reasons classified as follows: 

1. The reduction of the melt surface temperature below the minimum film boil-
ing temperature leads to transition boiling. Fragmentation is caused due to  

a) instabilities induced by bubble formation and departure, 
b) micro-shocks caused by liquid entering the volumes that are made free 

after the bubbles departure, and 
c) local thermal stresses caused by the local differences in the temperature 

at the particle surface. 

2. Spontaneous vapor condensation (cavitation) in subcooled water. 
3. Geometry dependent pressure wave formation and interactions. In order to 

describe this process, adequate geometry description of the system is 
necessary associated with appropriate spatial resolution of the pressure 
waves. The computational models can be tested using well defined 
pressure wave propagation experiments not necessary associated with 
melt/water interactions. The mechanism of the thermo-mechanical 
fragmentation is then described with the information provided in chapter 
external triggers. 

4. Particles reaching the bottom or an obstacle in a liquid state may serve as a 
trigger by the mechanism of the so called entrapment - see Mitsumura et al. 
1997. 
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11.4.2.1 Interface solidification and availability of internal triggers 

11.4.2.1.1 Solidification macro time scale of the system 

We now consider the condition that the surface of the molten drop has to be in a liquid 
state in order to allow further fragmentation of the droplet. For such processes the 
external cooling due to film boiling and radiation causes solidification starting at the 
surface and penetrating into the drop. Therefore, if the drop possesses a specific entropy 
below 3s′′ , the crust on the surface is already formed and the probability that the droplet 
will be destroyed due to thermo-mechanical fragmentation is very low. Therefore the 
first order approximation for the condition allowing fragmentation is that the locally 
average field specific entropy is greater than the liquidus entropy of the molten drop,  

3 3s s′′> .        (11.35) 

This approximate criterion is very convenient for application in computer codes. 
Note that there is a spatial temperature profile inside the drop which explains the 
term approximate. In addition, this criterion neglects the solidification delay. 

Next we will estimate under which condition melt penetrating the water may 
create internal triggers due to entrapment using a simple lumped parameter ap-
proach. If particles of melt enter a water reservoir with water depth _pool depthL  one 
can estimate the time within the particle reaches the bottom of the reservoir 

_
_

32

pool depth
life time

L
w

τΔ =
Δ

.      (11.36) 

Here 32wΔ  is the average velocity with which the droplet crosses the water. If 
there are some obstacles normal to the flow direction _pool depthL  should represent 
the distance between water level and these obstacles. Particles reaching the bottom 
or an obstacle in a liquid state may serve as a triggered for the mechanism of the 
so called entrapment - see Mitsumura et al. 1997. 

For nuclear reactor systems the melt possesses temperatures considerably 
higher than the critical temperature of water and therefore the film boiling and ra-
diation are the heat transfer controlling mechanism at non-disturbed droplet inter-
faces. Thus the heat flux emitted from the surface is 

( ) ( )42 4
3 3 3SB FBq k T T p h T T pσ σ σ⎡ ⎤ ⎡ ⎤′′ ′ ′= − + −⎣ ⎦⎣ ⎦ .   (11.37) 

The characteristic time elapsed from the beginning of the melt-coolant mixing 
process to the formation of the crusts at the interface having the solidus-liquid 
temperature is computed from equating the heat flux released from the interface 
and the heat flux coming from the droplet bulk to the interface computed by the 
short time solution of the Fourier equation  

( ) 3 3 32
3 3 3

3 pc
q T Tσ

σ

λ ρ
π τ

′′ = − .     (11.38) 
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The result is 

( ) ( )
3

3 3 3 44
3 3

3
crust p

SB FB

T Tc
k T T p h T T p

τ λ ρ
π

⎧ ⎫
′′′−⎪ ⎪Δ ≈ ⎨ ⎬

⎡ ⎤′′′ ′ ′′′ ′⎡ ⎤− + −⎪ ⎪⎣ ⎦⎣ ⎦⎩ ⎭

. (11.39) 

Thus the approximate condition to expect entrapment triggers is 

_crust life timeτ τΔ > Δ ,      (11.40) 

or 

( ) ( )

2

3 3 3 32 3
44

_ 3 3

3 1p

pool depth SB FB

c w T T
L k T T p h T T p

λ ρ
π

⎧ ⎫
Δ ′′′−⎪ ⎪ >⎨ ⎬

⎡ ⎤′′′ ′ ′′′ ′⎡ ⎤− + −⎪ ⎪⎣ ⎦⎣ ⎦⎩ ⎭

.            (11.41) 

11.4.2.1.2 Micro time scale of the system 

As already mentioned, primary mechanical breakup of a non-stable particle in film 
boiling may lead to intimate melt/water contact and therefore introduce some 
thermal fragmentation which may serve as a local trigger.  

Mechanical fragmentation of melt entering a water pool is possible if the time 
required for mechanical fragmentation is less than the time to reach surface solidi-
fication. As already discussed in Chapter 8, there are different regimes of me-
chanical fragmentation. The data collection of Pilch et al. from 1981, see Fig.8.2, 
shows that the dimensionless fragmentation time  

*

3 3

3

br
br

c c

D
V

ττ
ρ
ρ

Δ
Δ =

Δ

      (11.42) 

varies between 2 and 7. Note that for thin vapor layers in film boiling, which is 
usually the case, the continuum density is effectively equal to the coolant density. 
Thus the condition to have primary breakup before reaching the obstacle is  

_crust life time brτ τ τΔ > Δ > Δ .     (11.43) 

11.4.2.2 Transition boiling 

The reduction of the melt surface temperature below the minimum film boiling 
temperature  

3 ,minFBT Tσ <        (11.44) 

leads to transition boiling. In addition, if the melt is in a liquid state, that is the melt 
solidification temperature is lower than the minimum film boiling temperature 
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3 ,minFBT T′′< .       (11.45) 

violent explosion starts, Board et al. (1972), Frost and Ciccarelli (1988). One 
example is the experiment reported by Board et al. (1972), in which tin with 
melting temperature 230°C was dropped in water at 60°C having minimum film 
boiling temperature about 250°C at atmospheric pressure. 2 to 5 mm droplets of 
tin with initial temperature of 800°C dropped in 20°C water are reported to reach 
these conditions. The first following thermal interaction happens within 7 ms. 
Generally if the tin temperature was above 400°C and the water temperature was 
below 60°C the droplets always undergo thermal interaction. An experimentally 
observed dependence of the projected area of the tin fragments (initial temperature 
375 to 600°C) to the initial projected area of the molten drop is given by Cho and 
Gunther, Fig. 1 in (1973). It decreases starting at about 4-times of the initial area 
at about 5°C water temperature to 2-times at 70°C.  

Instabilities caused by bubble formation, departure, and micro-shocks caused 
by liquid entering the volumes that are made free after the bubbles departure and 
local thermal stresses caused by the local differences in the temperature at the 
particle surface are the reason for the fragmentation. For larger subcooling of the 
coolant cyclic nature of the pressure spikes are reported by many researchers. 

The minimum film boiling temperature is a function of the local pressure 

( ),min ,min 2,FB FB crT T p T= <    for  2,crp p<     (11.46) 

and is limited by the critical temperature,  

,min 2,FB crT T=    for  2,crp p≥ ,     (11.47) 

see Schröder-Richter (1990). Theoretical dynamic stability condition is provided 
by Matsumura and Nariai (1996) analysis. 

11.4.2.3 Bubble collapse in subcooled liquid 

Bubbles in subcooled infinite liquid having the same center of mass velocity as the 
liquid collapse symmetrically. This is not the case for bubbles in asymmetric flow 
field like  

a) bubbles attached to surfaces or in the vicinity of surfaces, 
b) bubbles attached to a droplet or in the vicinity of droplets, 
c) bubbles having relative velocity with respect to the liquid which is always the 

case in multiphase flows. 

Bubbles in asymmetric flow, e.g. in the vicinity of a wall, elongate in the direction 
normal to the wall and develop a jet towards the wall. The velocity, length and di-
ameter are found to be 

1/ 2

2,
2

13jet
pV
ρ

⎛ ⎞Δ
= ⎜ ⎟

⎝ ⎠
,      (11.48) 
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2, 100.4929jet R= ,      (11.49) 

2, 100.1186jetD R= ,      (11.50) 

as reported by Plesset and Chapman in 1971. Gibson (1968) found experimentally 
that the constant in Eq. (11.48) is 7.6. Gibson and Blake (1982) indicate that this 
constant is a function of the ratio of the initial distance of the bubble center from 
wall to the initial radius. For ratio of 1.5 the constant is 11 and for 1, 8.6. Voinov 
and Voinov (1975) found that the constant could be as high as 64 if the initial 
bubble had a slightly excentric shape. The pressure exerted by the jet is either the 
“water hammer pressure”, 

3 3,
2, , 2 2, 2,

2 2, 3 3,

sound
jet WH sound jet

sound sound

a
p a V

a a
ρ

ρ
ρ ρ

=
+

   (11.51) 

or the stagnant pressure, 

2
2, 2 2,

1
2jet jetp Vρ= .       (11.52) 

The duration of the water hammer pulse is of order of 2, 2,/jet soundD a  whilst that of 
the stagnant pressure is 2, 2,/jet jetV  - see the discussion by Buchman (1973). It has 
been known for a long time that collapsing bubbles in the neighborhood of a solid 
surface can lead to pitting of the surface. That the damage is caused by liquid jets 
on the bubbles was first suggested by Kornfeld and Suvorov (1944). Experiments 
by Benjamin and Ellis (1966) have confirmed that jets do indeed form on bubbles 
collapsing near a solid wall.  

 
Note that a pressure excursion may bring initially saturated water to a sub-

cooled state, which may result in self triggering of the system. 

11.4.2.4 Entrapment 

Melt reaching the bottom or an obstacle in a liquid state may serve as a trigger by 
the mechanism of the so called entrapment - see Mitsumura et al. (1997). The 
entrapment is defined as inclusion of coolant into the melt. The intensive contact 
heat transfer leads to local explosive evaporation of the liquid. Depending on the 
amount of the water involved the entrapment may result in a very strong trigger. 

Entrapment is the geometry typically considered as the initial state for volcano 
eruptions - see Zimanowski et al.(1995). Laboratory experiments with silicate 
melts and water injected into the melt are intensively studied. Buetner and 
Zimanowski reported in (1998) a summary of the results of their own 
investigations. The authors reported that static water injection may lead to 
virtually stable layering. Imposing of pressure pulse - trigger - results in violent 
explosion. The energy gain depends on the pulse straight intensity. The authors 
reported experiments with triggers ranging between about 124 10×  and 1012MPa/s 
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with rise time between 1 and 7µs. The maximum energy gain was obtained for 
about 122 10× MPa/s with rise time about 4µs. Local thermal efficiencies of 
maximum 48.7% are reported. Because only one small part was able to react 
during the expansion process, the global efficiency resulted in 2%. 

330605"Vjg"ogejcpkuo"qh"vjg"vjgtocn"htciogpvcvkqp"

11.4.3.1 Film collapse dynamics 

The arriving pressure wave has an effect on the vapor film depending on its time 
signature. If the time necessary for crossing the distance of the particle size is 
much smaller than the duration of the pressure pulse, we can assume that the film 
collapse is governed by the difference between the water bulk pressure and the 
vapor pressure. Different approaches are thinkable to compute the collapse time of 
a vapor film with thickness 1Fδ . The contact discontinuity velocity for the case of 
negligible mass transfer is given by the mass and momentum jump conditions at 
the interface  

( )
2 1

1 1
1 2 1

p pV V
V Vσ ρ
−

= +
−

     (11.53) 

valid for plane geometry. Even for plane geometry this approach gives constant 
velocity and no surface acceleration. It can, therefore, not explain the interfacial 
instabilities which are resulting from non-zero acceleration of the interface. That is 
why modeling the bubble collapse dynamics is required to compute the surface 
averaged interfacial acceleration. Board et al. (1972) expressed the hypo-
thesis that the cyclic nature of thermal fragmentation in subcooled water 
observed in the experiments is due to bubble growth and collapse. Bankoff et al. 
succeeded in 1983 to reproduce very well the collapse time and the cyclic 
behavior of the process using the bubble collapse theory.  

The following system of non-linear ordinary differential equations describes the 
bubble dynamics. 

22
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d R dRR p p
d d R

σ
τ τ ρ

⎛ ⎞ ⎛ ⎞+ = − −⎜ ⎟ ⎜ ⎟
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( ) ( ) ( )

1 1
1

12
21
1 121 123 3

3 1
1 2 1

1 1

1

3

M n
n

M M

pM

p

R RC
R

dp R dRa w w
d dR R c T T

c T

σ

ρ ρ ρ
τ τ

⎧ ⎫⎛ ⎞−
+⎪ ⎪⎜ ⎟

⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟⎡ ⎤= − −⎨ ⎬⎣ ⎦ ⎜ ⎟− ⎪ ⎪⎜ ⎟−⎪ ⎪+⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

, 

  (11.55) 
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The first equation is the momentum equation for incompressible fluid known as the 
Rayleigh equation. Note that for fast pressure change, which can be linearized by 

2
2 20

dpp p
d

τ
τ

= + ,      (11.58) 

the Rayleigh equation is  
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The second equation is the mass conservation equation of the gas film combined 
with the energy conservation equation of an ideal gas mixture. The third equation 
is the energy conservation equation of an ideal gas mixture. The last equation is 
the mass conservation equation of the non-condensable gas components. The de-
pendent variable vector in this case is ( )1 1 1, , , nR p T C . 

For the case of no non-condensable gases in the film we have 1 0nC const= =  
and the pressure and temperature equations simplify to 

( ) ( ) ( ) ( )2
121

1 121 123 3
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ρ ρ ρ
τ τ
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Constitutive relations are required here in order to estimate the condensation and 
the evaporation mass flow rate from the liquid surface, and the total heat flux into 
the vapor. Thin thermal boundary layer solution of the Fourier equation is 
applicable to compute the heat flux from the interface into the water 

( ) 2
2 2 3 2

3
p

ac T Tσρ
πτ

− . The heat flux transferred from the hot melt surface through 

the vapor film is 3 3
1

1 3

T T
R R

σ

λ −
−

. The net flux of evaporation is computed from the 

Hertz (1882) equation modified by Knudsen (1915) and Langmuir (1913), 
Langmuir et al. (1927).  
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In addition, for no sound physical reason, the assumption is made in the literature 
that the probability of escape for liquid molecule at the interface is equal to the 
probability of capture for a vapor molecule at the interface - the c-constant in the 
above equation. For pressures below 0.1 bar measurements for c reported by Fe-
dorovich and Rohsenow (1968) for liquid metals tightly clustered about unity. For 
larger pressure  

c = 0.1 to 1       (11.63) 

is a good approximation - see the discussion by Mills (1967) and Mills and Seban 
(1967). For water the discussion and the measurements by [70, 73, 11] give 

c = 0.35 to 1.       (11.64) 

Thus from the energy jump condition at the water surface the interface temperature 
is governed by 
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It is interesting to note that for large film thickness, 1 3R R− , the condensation 
predominates, 

( )3 3 2
1 2 2 3
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,    (11.66) 

and the pressure decreases. If the film thickness decreases sufficiently to have  

( )3 3 2
1 2 2 3
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,    (11.67) 

the pressure starts to increase. This physics combined with the momentum 
equation (11.54) (Rayleigh) describes the experimentally observed cyclic nature of 
the bubble collapse in subcooled liquid. 

11.4.3.2 Interfacial instability due to bubble collapse 

During the bubble collapse the vapor/water interface is subject to instability. As 
shown by the experiments performed by Ciccarelli (1992), the pressure 
differences leading to surface oscillations do not lead to symmetric melt drop 
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compression and successive hydraulic explosion as assumed by Drumheller (1979), 
but to the following mechanism. The surface instabilities during the bubble 
collapse will cause melt-coolant contact at predominant places. The result is 
contact heat transfer, local explosion of highly superheated coolant pressing the 
melt at the initial contact points and causing them to erupt on the non-contact 
places. This mechanism leads to eruption of melt particles into the surrounding 
liquid causing a cloud of additional bubble production. The cloud is observed 
optically by several authors, e.g. Buetner and Zimanowski (1998). Successive 
condensation due to the resultant local pressure spike leads to collapse of the 
voided region for subcooled coolant. Then the process may repeat. This is known 
in the literature as a cyclic nature of the thermal fragmentation. The cyclic nature 
of the thermal fragmentation is observed in Kim et al. (1989), Inoue and Aritomi 
(1989), Nelson and Duda (1981), Arakeri et al. (1978), Yuen et al. (1994). The 
droplet surface topology during the instability interactions is not directly visible 
from usual photographs, Henry and Fauske (1996), but clearly demonstrated by 
the x-ray photographs by Ciccarelli (1992). The work by Ciccarelli provided the 
experimental evidence for the hypothesis which was asked" for a long time. 
Analytical understanding of the process is provided by direct numerical simulation 
of the interaction and gives surprisingly similar results - see the work by 
Koshizuka et al. 1997. 

For saturated water only one cycle is usually experimentally observed. It is 
obvious that one cycle will cause fragmentation only of a surface droplet layer 
with limited thickness. Therefore this effect is a surface entrainment effect. The 
residual part of the hot droplets will remain not fragmented. 

The most important part of this observation is that the whole process is driven 
by the energy transferred by the melt during the contact time at the contact 
melt/coolant spots. 

At the beginning of the bubble collapse,  
22
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3~R R ,        (11.69) 

the interface acceleration is 
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and therefore 
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and 

( )

1/ 4

2 1
2, 2 1 2 2

3 2 3 2 1

1 22 3jetsV p p
R R

σ ρ ρπ σ
ρ ρ ρ

⎡ ⎤⎛ ⎞ −
= − −⎢ ⎥⎜ ⎟

+⎢ ⎥⎝ ⎠⎣ ⎦
.  (11.72) 

11.4.3.3 Contact heat transfer 

The purpose of this section is to estimate the local efficiency of possible contact 
heat transfer from fragmented melt to water after arrival of a trigger shock wave. 
After the pressure pulse collapses locally the vapor film, the wavy liquid interface 
touches the droplet. The heat transfer coefficients on those spots is much higher 
than the heat transfer in film boiling. Inoue and Aritomi (1989) obtained the 
empirical expression for the local heat transfer coefficient as a function of the time 
elapsed from the contact initiation 

( )2510 1 2 /TB Hh τ τ⎡ ⎤≈ − Δ⎣ ⎦   2/( )W m K ,    (11.73)  

where 630 10H sτ −Δ ≈ × . The average heat transfer coefficient within the contact 

time HτΔ  is ( ) 5 22 / 3 10 /( )TBh W m K≈ × . It causes significant drop cooling at 
these spots and simultaneous superheating of the coolant liquid.  

Analytical estimation of the local heat transfer as a function of time is possible 
in the following way.  

11.4.3.3.1 Non-solidifying droplet 

For contact spots much smaller than the droplet interface we can assume a plane 
geometry and use the solution of the Fourier equation 

2
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T Ta
x

∂ ∂
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= ,        (11.74) 

with initial conditions 3T T=  inside the particle and 2T T=  inside the coolant, 

requiring that T  and T
x

∂λ
∂

 be continuous at the interface. The spatial coordinate 

starts at the interface and points into the droplet. The short time solution of the 
temperature field inside the non-solidifying droplet is 
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.  (11.75) 

The instantaneous interface temperature is 
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This relation is sometimes written in the literature in the form  
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see e.g. Fauske (1973).  
The instantaneous heat flux with corrector for spherical geometry is 
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πτ

′′ = −  

3 2

2 2 2 3 3 3
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This is valid as far as the heat conduction within non-disintegrated water is 
possible. The water disintegrates due to homogeneous nucleation if the interface 
temperature is larger than the homogeneous nucleation temperature, 

3 2,spinT Tσ > .       (11.79) 

That is why injecting water in liquid materials like steel or uranium dioxide 
always results in explosive interactions. The opposite, injection of molten 
materials in water not always results in explosive interaction. 

For systems which have demonstrated propagating vapor explosions, the 
corresponding propagation velocity has been observed to be of the order of 100 
m/s with a rise time for the shock wave of order of  

23 0.001sτΔ ≈ .       (11.80) 

Obviously, the contact time cannot exceed this scale. It is interesting to know what 
the maximum of the energy is that can be transferred during this time. The heat 
flux averaged over this time is limited by 
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Over the period of time 23τΔ  the ratio of the released energy 
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to the available energy inside a single droplet 
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Here the χ  is the ratio of the contact surface to the total surface of a single drop 
being between zero and one depending on the mode of contact disturbances. 
Comparing this expression with the one reported by Henry and Fauske in 1996 
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we see that the coolant properties are neglected by these authors relying on the 
assumption that the surface temperature is equal to the homogeneous nucleation 
temperature 2,spinT   and the latent heat of solidification is also neglected. These 
assumptions are not necessary and are omitted in our analysis. 

11.4.3.3.2 Solidifying droplet 

In the above derivation it is assumed that no freezing occurs at the surface, that is 
the surface temperature is always greater than the solidus temperature. Freezing at 
the surface is associated with release of the latent heat of melting. An approximate 
method to take this effect into account is to increase the effective temperature 

difference 3 2T T−  by 3 3

3p

h h
c
′ ′′′− , as proposed by Buchman in 1973. Thus the final 

expression for the efficiency is 
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For UO2 3 3000T K= , 2 30T C= ° , 1χ = , 23 0.001sτΔ ≈   and atmospheric pressure 
we have  

3

0.000133
efficency D

η = .      (11.87) 

For the same conditions for Al2O3 we have 

3

0.000129
efficency D

η = .      (11.88) 

It interesting to note some valuable information contained in this expression: 

a) The smaller the size of the particles before the thermal interaction the higher 
the efficiency, which is also confirmed by the experiments. The thermal efficiency 
of the heat transfer from particles with size smaller that 0.1 mm can be considered 
as 100%. The final size of the solidified fragments after steam explosion 
experiments is in order of 3D ∞ ≈ (1 to 100) 610 m−× . It was measured by several 
experimentalists, e.g. Kim et. al. (1989), (150 to 250) 610 m−× , see in Corradini 
(1982) for Fe-Al2O3 systems, (1 to 700) 610 m−× , in KROTOS experiments, 
Huhtiniemi et al. (1997). Obviously the fine fragmented melt in steam explosion is 
able to release its thermal energy completely if the contact with the water is 
possible. Experimental data reported by Buxton et al. in 1979 for Al2O3 and Fe 
thermite give thermal efficiency of the order of 0.1 to 1.4%. Recently Corrardini 
(1996) summarized the Alumina-Water interaction data obtained from nine 
KROTOS explosion experiments Hohmann et al. (1995) in confined geometry. 
Again all of the data give thermal efficiency between 0.1 and 3%. The reason for 
not having global thermal efficiency of 100% is the fact that only small part of the 
melt participates effectively in the interaction. 

b) For particles larger than 0.1 mm the energy transferred during the liquid-
liquid contact is limited by the amount stored inside the thermal boundary layer of 
the large premixed particles before the explosion. For 1 mm particle size and 

1χ =   the thermal efficiency for UO2 is 13.3% and for Al2O3 is 12.9%. This 
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demonstrates how important it is to know the particle size distribution during the 
interaction process. Non-explosive interactions produce debris in order of 1 to 3 
mm, Corradini (1982), 3.8 to 4.8 mm,  FARO  experiments  with  80w% UO2 and 
20w% ZrO2, Magalon et al. (1997). This is in fact the range of particle size which 
should be used to estimate the efficiency of postulated non-explosive melt-water 
interactions for real reactor systems. 

c) The water subcooling has virtually no effect on the local thermal efficiency. 
d) The mode of contact, χ , greatly influences the local thermal efficiency. If 

there is locally no water, 2 0α = , no steam can be produced and therefore 0χ = . 
Another interesting aspect resulting from this fact is that to transfer the thermal 
energy completely into evaporation of water in a control volume by some  
hypothetical mechanism, i.e. 

( ) ( )2, 2 1 3 3 3st h h h hα ρ α ρ′′ ′′ ′ ′′′− = − ,     (11.89) 

we need a optimum liquid volume fraction of about 
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We call this liquid volume fraction “stochiometric

“

 in analogy to the chemical 
combustion processes where the maximum of the released energy can not be 
increased by providing more fuel or more oxidizer than the stochiometric one. If 
the melt mixture is “oversaturated

“
, that is 

2 2,stα α> ,       (11.91) 

all the melt can virtually discharge its thermal energy. If the melt is “undersatu-
rated

“

, that is 

2 2,stα α< ,       (11.92) 

only part of the melt, 
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can virtually discharge its thermal energy. Both conditions can be written as 

( )
( )

2 12

1 3 3

min 1,  1
1

h h
h h

ραχ
α ρ

⎧ ⎫⎡ ⎤′′ ′′−⎪ ⎪= +⎢ ⎥⎨ ⎬′ ′′′− −⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
 for   1 1α < .   (11.94) 

For corium-water mixtures we obtain 
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For a mixture consisting of melt and water only the stochiometric liquid volume 
fraction turns out to be 0.523. In other words, if the volume of the water in a 
control volume is less than 52% the complete release of the thermal energy is 
simply impossible. Increasing the vapor void fraction decreases this value to  

( )10.523/ 1 α− .       (11.96) 

Conclusions: There are three important thermal limitations on the fast melt-water 
heat transfer.  

1) The contact time is limited; 
2) The heat conduction in the thermal boundary layer is limited; 
3) The local availability of water in the mixture is limited 

Crust straight: If the contact temperature is lower than the solidus temperature 
the droplet starts to solidify at the surface. Cronenberg found in 1973 that the 
crystallization is much faster than heat transfer. For plane geometry the growth of 
the crusts is governed by the solution obtained by Carslaw and Jaeger see Eq. (39) 
in Carslaw and Jaeger (1959), p 289, 

( ) 32 aδ τ ψ τ′′′= ,      (11.97) 

where ψ  satisfies the following equation 
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Thus any interactions leading to break up of the crust have to provide a local 
pressure larger than the ultimate pressive strength (Al 810 Pa≈ , UO2 

92 10 Pa≈ × ). If the break is caused by shearing, the shear stress should be larger 
than the ultimate shear strength.  

It is important to note that for many systems of practical interest there is 
solidification at the cold spot. However, the explosion post-test debris analysis in 
KROTOS shows perfectly spherical fine debris which runs quickly on inclined 
surface of paper. This seems to contradict this prediction of local solidification. 
The surrounding of the micro-crust is liquid and the entrained droplets retain in 
fact the large part of the superheating energy so that after a while in a film boiling 
the complete melting is recovered and the further solidification mechanism is that 
of radiating micro-droplets in film boiling and having almost ideal spherical 
geometry. 
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11.4.3.4 Liquid coolant fragmentation 

After the melt-coolant contact heat transfer the coolant boundary layer becomes 
metastable and expands dramatically due to homogeneous nucleation. This causes 
fragmentation of the coolant and highly turbulent oscillation of the liquid-liquid 
interface causing further fragmentation of the liquid metal droplet and of the cool-
ant. Henry and Fauske (1996) pointed out the importance of the fine water frag-
mentation at the water surface, the oscillation of the resulting fine spray, and the 
improvement of the heat transfer even under established vapor film conditions. 

11.4.3.5 The maximum of the contact time 

The purpose of this section is to estimate an upper limit of the possible contact 
time. We postulate that the absolute maximum is proportional to the time which is 
required to bring all of the liquid to homogeneous nucleation temperature by 
contact heat transfer. 

Consider a water film surrounding the fragments, with a thickness proportional to 
the size of the fragments 

*
2 2 3F F Dδ δ ∞≈ ,       (11.99) 

where *
2Fδ > 0. The ratio of the volume of the sphere consisting of (a) one particle 

and (b) the surrounding film, to the volume of the particle itself is  

( ) ( ) ( )33 3 *
3 2 3 3 2 3 2/ 2 / 1 2F F FD Dα α α δ δ+ = + = + .   (11.100)  

Therefore the liquid volume fraction of the non-stable film is  

( )3*
2 3 21 2 1F Fα α δ⎡ ⎤= + −⎢ ⎥⎣ ⎦

.     (11.101)  

In fact the film thickness is limited by the maximum packing density given by 

2 30.52Fα α≤ −       (11.102) 

or 
*
2Fδ ≤ *

2 ,maxFδ ,       (11.103) 

where 

*
2 ,maxFδ =

1/ 3

3

1 0.52 1
2 α

⎡ ⎤⎛ ⎞
⎢ ⎥−⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.     (11.104) 

An estimate of the time constant is obtained by the condition that the average 
temperature of the liquid equals the homogeneous nucleation temperature, 
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( ) ( )33 *
3 2 2 2 2, 2

23

11 1
6 F p ncD c T Tπ δ ρ

τ
⎡ ⎤+ − −⎢ ⎥⎣ ⎦ Δ

  

( )2 232 * 3 2
3 2

232 2 2 3 3 3

31 2
1/ 1/F

p p
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τ
π δ

π τρ λ ρ λ
Δ−

= +
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.  (11.105) 

Solving with respect to the liquid Fourier number, we finally obtain 

( )
( )

2
3*

2
2 2 2 2, 223 2

22 *
3 2 2 3 3 3 3 22

1 1
1

432 1

F
p nc

p pF

c T T
D c c T T

δ ρ λτ λ π
ρ ρ λδ

⎧ ⎫⎡ ⎤+ − ⎛ ⎞ −⎪ ⎪Δ ⎢ ⎥⎣ ⎦ ⎜ ⎟≈ +⎨ ⎬⎜ ⎟ −+⎪ ⎪⎝ ⎠
⎩ ⎭

. (11.106) 

Thus the maximum of the contact time is given by replacing of *
2Fδ  with *

2 ,maxFδ . 
The real contact time will surely be smaller than the maximum one. To estimate it 
one needs additional mechanistic arguments. 

11.4.3.6 Marangoni effect 

Next we discuss the role of the Marangoni effect on the thermo - mechanical 
fragmentation. The surface tension for liquid metals increases with decreasing 
temperature, 3 3/ 0d dTσ < , in  

( )3
3 30 30 3

3

d T T
dT
σσ σ≈ + − .     (11.107) 

Examples of the temperature gradient of the surface tension for different substances 
d dTσ  in ( )2/kg s K are given below, compare with Brennen (1995), p. 132. 

Water   42.02 10−×  Oxygen  41.92 10−×  
Uranium Dioxide  41.11 10−×  Methane  41.84 10−×  
Sodium   40.90 10−×  Butane  41.06 10−×  
Mercury   43.85 10−×  Carbon Dioxide 41.84 10−×  
Hydrogen  41.59 10−×  Ammonia 41.85 10−×  
Helium-4  41.02 10−×  Toluene  40.93 10−×  
Nitrogen   41.92 10−×  Freon-12 41.18 10−×  

Therefore, the cooling of the spots causes significant tangential forces at the surface,  

3 3
3 3

3

/ C
C

d T
dT

σ σσ στ δ
δ
Δ

≈ = − Δ .     (11.108) 

Cδ  ( 3const D≈ , 1const < ) is the distance between the neighboring hot and cold 
places, i.e. 1/2 of the surface wavelength along which the temperature change 
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3T σΔ  takes place. These forces induce a thermo-capillary flow in the drop that is 
resisted by the viscosity of the drop, i.e.  

3
3 3 3

3 3

/Mar
C

V d T
dT

σ σστ η δ
δ

= = − Δ ,     (11.109) 

3δ  is some characteristic thickness of the wavy surface. Ostrach (1982) solved 
with respect to MarV  and obtained the characteristic thermo-capillary velocity 
caused by these forces  

( )3 3
3

3 3

/Mar C
d TV
dT

σσ δ δ
η
Δ

≈ − .     (11.110) 

The surface wave needs the time  

, /br TM C MarVτ δ≈       (11.111) 

to collapse and to create a droplet (a kind of micro jet). The dimensional analysis 
provides an estimate for the thickness of the disturbed surface layer 

( ) ( )1/ 2 1/ 2
3 3 , 3 /br TM C MarVδ ν τ ν δ≈ ≈ .     (11.112) 

After substituting 3δ  in Eq. (11.110) with the RHS of Eq. (11.112) and solving 
with respect to MarV  one obtains  

( )
2 /3

1/ 33
3 3

3 3

1
Mar C

dV T
dT

σσ ν δ
ρ

−⎛ ⎞
≈ − Δ⎜ ⎟
⎝ ⎠

.    (11.113) 

Therefore the velocity induced by thermo-capillary forces can be significant. 
These forces transport material from the hot to the cold spots. This is an important 
example of the well known Marangoni effect, originally discovered by Thomson 
(1855). Marangoni (1871) found that the presence of a surface tension gradient 
along the interface causes convective currents or vortices close to the interface. 
The transported mass accelerates the growing of the surface waves induced by 
Taylor instability and causes fragmentation - see the discussion by Henkel (1987) 
p 34. We call this mechanism thermo-mechanical fragmentation in order to 
distinguish it from the pure acceleration induced fragmentation called pure 
mechanical fragmentation. 

11.4.3.7 Coolant interface classification 

Injecting water in transparent liquid salt with temperature higher than the nuclea-
tion temperature of the water Zimanovski et al. (1995) observed classification of 
the interface of the salt and cracks characteristic for solid materials. The cracks are 
caused due to the enormous local pressure increase due to the water fragmentation 
by homogeneous nucleation. The explanation that the final fragments have smooth 
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surface is that the energy release from the melt is not enough to solidify the melt 
fragments and they fly away from the interaction zone in liquid state. 

11.4.3.8 Particle size after thermal fragmentation 

The third condition for thermo-mechanical liquid metal fragmentation is that the 
initial droplet size, 3D , is considerably greater than the size of the final fragments, 

3D ∞ , 

3D >> 3D ∞ .                (11.114) 

As already mentioned before, the final size of the solidified fragments being of the 
order of 3D ∞ ≈ (1 to 100) 610 m−× , is measured by several experimentalists, e.g. 
Kim et al. (1989), (150 to 250) 610 m−× , see in Corradini (1996) for Fe-Al2O3 sys-
tems, (1 to 700) 610 m−× , in KROTOS experiments, Huhtiniemi et al. (1997).  For 
comparison remember that non-explosive interactions produces debris in order of 
1 to 3 mm, Corradini (1996), 3.8 to 4.8 mm, FARO experiments with 80w%UO2 
and 20w% ZrO2, Magalon et al. (1997). Inoue and Aritomi (1989) estimated 

3D ∞ ≈ 50 to 60 610 m−×  assuming that the Taylor instability before solidification is 
responsible for the scale of the fragments which is of the order of magnitude ob-
served experimentally. The fastest growing wavelength Taylor (1950) is  

( ) ( )

1/ 2

3
3 3

13 3 1

24TaylorD d V
d

σδ π
ρ ρ

τ

∞

⎡ ⎤
⎢ ⎥

≈ = ⎢ ⎥
⎢ ⎥Δ −
⎣ ⎦

,             (11.115)  

or  

( ) ( )

1/ 2

3
3 3

23 3 2

24TaylorD d V
d

σδ π
ρ ρ

τ

∞

⎡ ⎤
⎢ ⎥

≈ = ⎢ ⎥
⎢ ⎥Δ −
⎣ ⎦

,            (11.116)  

where ( )13
d V
dτ

Δ  and ( )23
d V
dτ

Δ  are the accelerations of the unstable surfaces 

between gas and droplets and between liquid and droplet, respectively.  
It appears that the Taylor instability starts the fragmentation and the 

Marangoni effect finishes it. Therefore we can assume that the final diameter of 
the newly created droplet, 3D ∞ , should be between the Taylor wavelength and the 
dimension computed by the following consideration. The static pressure in the 
liquid droplets exceeds the environment pressure by approximately the pressure 
difference caused by the complete collapsed surface wave (the stagnant pressure 
of the wave) and therefore  
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2
3

1
2 Marp VρΔ ≈ .       (11.117) 

The static force balance on the newly formed droplet gives  

2
3 3 3 3

14 / 4 /
2 MarD p Vσ σ ρ∞

⎛ ⎞≈ Δ ≈ ⎜ ⎟
⎝ ⎠

.    (11.118) 

3307"Rctvkeng"rtqfwevkqp"tcvg"fwtkpi"
vjg"vjgtocn" htciogpvcvkqp"

Next we compute the particle production rate. If the liquid is saturated ( )2T T p′≈  
no further fragmentation cycle can be expected in the microscopic time scale be-
cause the produced bubble did not collapse. If the liquid is sub-cooled, 

( )2T T p′< , the successive condensation causes the collapse of the so formed 
bubble and the residual hot fragment is subject to new fragmentation - new cycle 
of surface entrainment. 

It is obvious that this mechanism will cause fragmentation only for a surface 
droplet layer with some thickness 3δ . Therefore, as already mentioned, this effect 
is a surface entrainment effect. The residual part of the hot droplets will remain 
not fragmented. This is observed by several authors, e.g. Kim et al. (1989). The 
cyclic nature of the fragmentation is reported in Kim et al. (1989), Inoue and 
Aritomi (1989), Nelson and Duda (1981), Arakeri et al. (1978), Zyskowski (1975). 
Inoue and Aritomi estimated by comparisons with experiments that a fraction 1f  
of the initial drop mass 3m  participates in the first fragmentation cycle, where 

1f ≈  0.2. Therefore, after the first cycle we have a number of  ( )3
3 3 1/D D f∞  

fragments originating from one droplet and accelerated into the surrounding 
liquid. The second fragmentation is again a surface effect, as the first one, and 
takes only a part 2f  of the residual mass of the first fragmentation ( )1 31 f m− . 
Inoue and Aritomi (1989), estimated this part as 2 0.8f ≈  by comparison with 
experiments. Therefore, after the second fragmentation cycle we have 
( ) ( )3

3 3 1 2/ 1D D f f∞ −  additional fragments per one particle. Obviously, after K 
cycles of fragmentation we have   

( ) ( ) ( )3 2
3 3 3 3 1 1 2 2

2

1 / 1 1
K

k

k

n n D D f f f f −+
∞ ∞

=

⎧ ⎫⎡ ⎤
= + + − −⎨ ⎬⎢ ⎥

⎣ ⎦⎩ ⎭
∑   (11.119)  

particles per unit mixture volume, where K is the number of the finished fragmen-
tation cycles. The production of particles per unit mixture volume rate for the time 

brτΔ  is therefore  
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( )3, 3 3 3 3,/sp br fragn n n n fτ∞= − Δ = ,    (11.120)  

where  

( ) ( ) ( )3 2
3, 3 3 3 1 1 2 2

2

1 / 1 1 1
K

k
frag br

k

f f D D f f f f τ−+
∞

=

⎛ ⎞⎧ ⎫⎡ ⎤
= + + − − − Δ⎜ ⎟⎨ ⎬⎢ ⎥⎜ ⎟⎣ ⎦⎩ ⎭⎝ ⎠

∑  

     (11.121)  

is the fragmentation frequency of a single particle.  
Most of the authors observe a delay time interval needed for the mechanical 

distortions of the film Dullforce et al. (1986), Bjorkquist (1975), Bjornard et al. 
(1974). The time needed for the mechanical film distortion, mfdτΔ , is observed by 
Kim et al. (1989) as  

6200 10mfd sτ −Δ < × ,       (11.122) 

and the time needed for one fragmentation event is 
65 10br sτ −Δ ≈ × .       (11.123) 

The time needed for the following bubble collapse is obviously a function of the 
water subcooling  

( )2collapse f T T pτ ′⎡ ⎤Δ ≈ −⎣ ⎦ .     (11.124)  

The time for one fragmentation cycle is the sum of the above times. It is estimated 
by Inoue and Aritomi in (1989) to be  

630 10k collapse fr sτ τ τ −Δ = Δ + Δ ≈ × .    (11.125)  

Therefore the number of the finished fragmentation cycles is  

( )integer /mfd kK τ τ τ= Δ − Δ Δ    for   ( )2T T p′<    (11.126)  

K = 1    for   ( )2T T p′≈ .        (11.127)  

Thus, the breakup time required to compute the production rate is  

br mfd kKτ τ τΔ = Δ + Δ .      (11.128)  

The thermo - mechanical fragmentation needs further attention. The 
experimental work provided up to now gives the superposition of the effects of 
the mechanical and thermo - mechanical fragmentation but not quantitative 
information on the separate phenomena. From the point of view of 
computational analysis, fine spatial discretization is necessary in order to 
model accurately the local pressure gradient and therefore to predict the 
trigger conditions.  
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Tang [89] considered the thermal fragmentation as a process of surface entrain-
ment of particles with entrainment mass flow rate 

( ) ( ) ( )3 3, 1 1 232,
 jets brtermal

w const V F Fρ ρ α τ= ,   (11.129) 

governed by Rayleigh-Taylor instabilities at the water - vapor interface caused by 
the pressure difference at both sides of the interface, pΔ . This pressure difference 
causes bubble collapse governed by the Rayleigh equation at the beginning of the 
bubble collapse where the velocity of the bubble surface is zero and the initial ac-
celeration is 

2
1 2

2
2

d R p p
d Rτ ρ

−
= .      (11.130) 

The interface is subject to instability with the growing rate 
1/ 21/ 22

1 2
2, 2

2

  jets RT RT
d R p pV const const
d R

λ λ
τ ρ

⎛ ⎞⎛ ⎞ −
≈ ≈ ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
.  (11.131) 

The instability wavelength is assumed to be proportional to the particle size 
RT Rλ ≈  and therefore 

1/ 21/ 22
1 2

2, 2
2

  jets RT
d R p pV const const
d

λ
τ ρ

⎛ ⎞⎛ ⎞ −
≈ ≈ ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
.   (11.132) 

The reaction of the melt is again expressed in terms of surface instability with 
growing rate proportional to those of the water instability. Therefore melt jets 
erupt from the melt surface with 

3, 2, jets jetsV const V≈ .      (11.133) 

The entrainment mass source per unit time and unit mixture volume is conse-
quently 

( ) ( ) ( ) ( )
1/ 2

32, 3 3 1 1 223 32,
2 3

 thermal brthermal

pF V w const F F
D

μ ρ α ρ α τ
ρ

⎛ ⎞Δ
= = ⎜ ⎟

⎝ ⎠
. 

    (11.134) 

The constant is proposed to take values smaller than 0.12. The function 

( )2 1br brF τ τ τ= − Δ    for   brτ τΔ <     (11.135) 

and  
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( )2 0brF τ =    for   brτ τΔ ≥      (11.136) 

limits the fragmentation process within the fragmentation time of  0.002brτ ≈ . 
Yerkess (1997) uses the Kim and Corradini model (1988) and derived from the 
KROTOS experiments the following corrections 

0.002const = ,       (11.137) 

( ) ( )1
1 1

100 0.35
0.5 arctanF

α
α

π
⎡ ⎤−

= − ⎢ ⎥
⎣ ⎦

,     (11.138) 

0.0012br sτ = .       (11.139) 

For the prediction of the KROTOS experiments Yerkess assumed that the external 
trigger pressure pulse should be greater than some threshold value  

2 2,thp p>        (11.140) 

where 
5

2, ~ 2 10thp Pa× .      (11.141) 

The definition of the pressure difference is simple in the single drop case with 
stepwise pressure increase. This makes it difficult to apply this model in general 
purpose computer code where quite different pressure histories, resulting in 
different pΔ , can be the reason for successive thermal fragmentation. Brayer et al. 
(1997) overcome this difficulty by using the time average pressure from many 
previous time steps as initial pressure. 

Recently Koshizuka et al. (1997) clarified the problem whether water jets can 
penetrate heavier melt droplets. Using direct numerical simulation the authors 
conclude that it depends on the density ratio. For heavier melt they found that 
penetration of water into the melt is impossible for velocities of 5 m/s. Note, that 
cavitation of bubbles in subcooled liquid may lead to considerably higher 
velocities. 

Yuen et al. (1994) noted that this approach does not explain how these 
microscopic jets can survive in the heating environment and penetrate the melt 
droplet surface. The Marangoni effect will counteract the water penetration into 
the melt at the contact point. The melt water contact will for sure transfer energy 
and cause nucleation explosion in the contact places. This will accelerate much 
more two-phase mist volume in all possible directions and aggravate the melt 
eruptions from contact surroundings as clearly demonstrated by the experiments of 
Ciccarelli (1992). Further, the volumetric displacement will be for sure associated 
with the number of contact points depending of the maximum growing 
wavelength during the Rayleigh-Taylor instabilities. 

At least one improvement of this model is possible: There is no need to assume 
RT Rλ ≈ . In this case setting again the melt jet velocity proportional to the coolant 

micro jet velocity 
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3, 2, jets jetsV const V≈  

( )

1/ 4

2 1
2 1 2 2

3 2 3 2 1

1 2 2 3  const p p
R R

σ ρ ρπ σ
ρ ρ ρ

⎡ ⎤⎛ ⎞ −⎢ ⎥= − −⎜ ⎟
⎢ ⎥+⎝ ⎠⎣ ⎦

,  (11.142) 

we obtain 

( ) ( )32, 3 32,thermal thermal
F V wμ ρ=  

( )

1/ 4

1/ 4 2 2 1
3 3 1 2 25

2 3 3 2 1

2 12 6  const p p
D R
σ σ ρ ρπ α ρ
ρ ρ ρ

⎡ ⎤⎛ ⎞ −⎢ ⎥= − −⎜ ⎟
⎢ ⎥+⎝ ⎠⎣ ⎦

. (11.143) 

Comparing this expression we see that ( ) 1/4
32, 1 2thermal p pμ ∝ −  instead of 

( ) 1/2
1 2  p p−  and 32, 5/ 4

3

1
thermal D

μ ∝  instead of 32,
3

1
thermal D

μ ∝  as obtained by Tang 

(1993). 
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The thermal fragmentation model proposed by Yuen et al. (1994) is applied by 
the authors to already existing mechanically pre-fragmented melt droplets. The 
further fragmentation is considered as a sheet stripping and wave crest 
stripping governed by the water-melt velocity difference and their properties. 
The latter is very important. The dependence on the pressure gradients is taken 
into account as a dependence on the resulting velocity differences. This is an 
implicit statement saying what ever the reason for the origination of the 
relative velocity between water and melt corresponding to Weber number 
greater than 100 is, the thermal fragmentation takes place. Note that in 
accordance with the Ciccarelli experiment this is correct Ciccarelli (1992) if 
the fragmentation time constant is shortened for the thermal fragmentation by 
factor of about two. This is also supported by the experiments performed in 
Bürger et al. (1991, 1993).  

The new idea is that the fine fragments interact not with all of the water in 
the computational cell but with an amount proportional to the fine 
fragmentation rate. The proportionality factor was empirically chosen to be 7 
based on volume. This amount is considered to immediately reach the fine 
particles/water thermal equilibrium, which may result in complete evaporation 
of the entrained water and superheating of the steam. Further interaction of the 
fine particles with the water is not considered. We call this phenomenon vapor 
shielding.  
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Liquid metals can oxidize in steam/water environment with different intensity. 
Three consequences of the oxidation are very important: a) Production of hydro-
gen; b) Heat release; c) Covering the fragment with oxide having given permeabil-
ity for the reactant materials and melting temperature which may be higher than 
the metal melt temperature. As an example we consider the oxidation the alumi-
num next. 

Aluminum: Molten aluminum interacts with water Lida and Frederikse (1997) as 
follows 

2 2 3 22 3 3Al H O Al O H+ → + .     (11.144) 

The melting temperature of aluminum is 933.2 K Kammor (1995) and the melting 
temperature of the aluminum oxide (alumina) is 2324.15 K Shpillrain et al. 
(1973). Consequently, if the initial temperature of the molten aluminum is less 
than 2324.15 K oxide layer forms and crystallizes very quickly Turbill and Fisher 
(1949). The speed of the chemical reaction is then controlled by the diffusion 
processes at both sides of the interaction front: diffusion of molten metal into the 
oxide and diffusion of steam through the steam - hydrogen boundary layer and 
again partially into the oxide. It is known that for this system the interaction front 
is close to the outer surface Merzhanov et al. (1977). The participating thermal 
processes are the heat transfer by film boiling and radiation at the external surface 
and the heat transfer into the both materials oxide and metal. The film boiling at 
sphere is well understood as demonstrated in Chapter 21 and in Kolev (1997) by 
comparison with about 2000 experimental data points in different regimes, as well 
the transient heat conduction in multi-layers sphere - see in Carslaw and Jaeger 
(1959). Theoretical considerations containing the available models for the above 
discussed processes are presented in Uludogan and Corradini (1995). The most 
important result of this study was the ignition temperature of aluminum as a 
function of the particle size. Figure 16 in Uludogan and Corradini (1995) shows 
in log-normal scale a linear dependence between about 1440 and 1720 K for 
particle sizes varying between 0.001 and 10 mm. These results are fairly close to 
the results obtained previously by Epstein (1991). These results are consistent with 
the experimental observation reported from the TREAT experiments (rapid 
heating) Ellison et al. (1993) in which temperatures of 1473 to 2273.15 K are 
necessary to burn the aluminum alloy under water. This result is also consistent 
with the experiments performed on the THERMIR facility at Winfrith which show 
that just pouring the 1123.15 K molten charge into subcooled water was not able 
to initiate a steam explosion Taleyarkhan (1990). 
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Because the thermal fragmentation is associated with film condensation and with 
local melt/coolant contact any mechanism suppressing condensation in the film 
acts as a suppressive for steam explosion. There are two experimentally observed 
mechanisms: 

a) entrapment of non-condensables if fragmented melt is falling through a at-
mosphere of non-condensable gases before entering the coolant as reported by 
Akiyoshi et al. (1990) or artificially introduced bubbles of non-condensable 
gases Zimanowski et al. (1995), and 

b) melt oxidation leading to generation of inert gases inside the vapor film, Nel-
son et al. (1991), Corradini (1996). 

Increasing the content of the non-condensable gases in the vapor film reduces 
the coolant/vapor interface oscillation, Kim and Corradini (1986), and the reduces 
the maximum peak of the produced pulses Akiyoshi et al. - see fig. 8 in Kim and 
Corradini (1986). 

It is very interesting to note that recently the FARO experiments shows that 
heating UO2 up to melting temperature makes the oxide under-stochiometric. 
During the melt-water interaction steam reduction is possible and H2 production 
up to 0.150 kg per 175 kg melt is possible, releasing 300 to 500 kJ per mole of 
reacted UO2 – see Matzke (1998). 

330;04"Eqqncpv"xkuequkv{"kpetgcug"

Because the thermal fragmentation is associated with the stability of the cool-
ant/vapor interface, increasing the viscosity of the coolant increases the stability of 
the coolant/vapor interface.  

Bang and Kim (1995) changed the water viscosity by adding polyethylene oxide 
polymer. 800ppm solutions have 2.7-times larger viscosity then pure water, see 
fig. 2 in Bang and Kim (1995). The authors reported that for subcooled boiling the 
increase of the coolant viscosity decreases the minimum film boiling temperature 
and suppresses the instabilities caused by transition of the film boiling 
temperatures. With the used external trigger with amplitude 50 kPa 300ppm 
solution suppressed completely the explosion.  

For water the viscosity, nominally at atmospheric pressure 0.001 kg/(ms), can 
be increased to 0.04 and 0.24 kg/(ms) by adding cellulose gum into the water 0.1 
and 0.4 w/o, respectively as reported by Kim et al. (1989). The authors reported 
the following:  

“...The mechanism of suppressing steam explosion is the mechanism of 
suppressing the trigger. The increase of coolant viscosity >0.05 kg/(ms) at 
fixed trigger pressure (and impulse) results in complete explosion 
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suppression. As the trigger pressure was increased the explosion could be 
triggered for intermediate viscosities, but suppression still remained for 
high viscosities >0.15 kg/(ms). The explosion conversion ratio varies 
from 0 to 6 %.”  

This in fact confirms the findings reported previously by Nelson and Guay in 
1986. The latter authors found that adding glycerol in water requires 70 w/o in 
order to suppress explosions, which is rather large. The same effect can be reached 
by adding of 0.5 w/o cellulose gum. 

330;05"Uwthcevcpvu"

Surfactants are substances changing the coolant/vapor interface properties. An 
examples of an-ionic surfactant is sodium- dodecyl- benzene- sulphonate 
C12H25C6H4SO3Na which is available as UFSAN-65. An example of a non-ionic 
surfactant is the ethoxilated- nonyle- phenol, C9H19C6H4O(C2H4O)9H, available as 
Emulgator U-9. They possess long molecules being at the one end hydrophilic and 
at the other end hydrophobic. The hydrophilic end is always inside the bulk of the 
water and the hydrophilic tends to attach to the vapor side across the interface. 
The major effects of the dense surfactant population (1 to 5 ppm) at the interface 
as reported in Becker and Linland (1991) are 

a) decrease of surface tension (in small window of the concentration change), 
b) local increase of water viscosity, 
c) local increase of liquid density, 
d) imposes a rigid surface on the bubble. 

Becker and Linland (1991) explained the stabilizing effect with the surface 
concentration Marangoni effect increasing the stability of the vapor/water 
interface. Becker and Linland drew the attention to these substances in Becker and 
Linland (1991) especially because of their property to suppress steam explosions 
reporting the following:  

“...As a matter of fact the surfactants have been used successfully in 
two metallurgical factories in Norway. In these factories copper granulate 
and ferrous alloys granulate are produced by pouring molten material into 
about 5 m deep pools of water, where the melts fragments hydro-
dynamically, sinks through the water, freezes and finally is collected as 
granulate at the bottom of the vessels. In the copper granulate factory 800 
kg of copper is poured each time, while in the other factories the content 
of one batch is 8 000 kg. Before, strong steam explosions with severe 
damage to equipment and buildings occurred in both plants, but after the 
systematic use of surfactants was introduced no steam explosions have 
taken place in the copper factory, despite the fact that more than 10 000 
pourings have been carried out until ...(April 1991). With regards to the 
ferrous alloy plant only mild interactions with water splashing out of the 
vessel have occurred on a few occasions. The number of pourings in this 
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latter plants have now (April 1991) exceeded 20 000 since the surfactants 
were introduced.” 

Unfortunately small scale experiments performed later confirmed statistically the 
general trend by allowing occasionally steam explosions Becker and Linland 
(1991). Kowal et al. (1993) confirmed that a small concentration on average 
reduces the severity of steam explosions (g-quantities of 800°C-tin in water) by 
reducing the resulting pressure peak by 65% compared to pure water. There was 
no evidence in their study that surfactants can completely suppress steam 
explosions. Chapman et al. (1997) performed experiments with kg-quantities of 
1000°C-tin in water and again did not find the evidence that the surfactants 
mitigate steam explosions. 
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Since the pioneer work by Ohnesorge in 1936 it is well known that increasing the 
liquid viscosity reduces the fragmentation. In several experiments particulate 
liquids with particle Ohnesorge number larger than 4 are not observed to fragment - 
see Fig. 8.8. 
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Latin 

a  normal interface acceleration pointing from the heavier to the lighter 
continuum, m/s² 

ma  pressure pulse propagation velocity through the mixture, m/s 

2a   coolant sound velocity, m/s 

1nC  mass concentration of the non-condensable gases in the gas-vapor 
film, dimensionless 

pc  specific heat at constant pressure, ( )/J kgK  

3D  hot spheres diameter, m 

2, jetD   jet diameter toward the wall in collapsing bubble, m 
d differential 

3f
+   part of the particles 3n  per unit mixture volume experiences 

melt/water fragmentation, dimensionless 
g  gravitational acceleration, m/s² 
h specific enthalpy, J/kg 

TBh  local heat transfer coefficient, W/(m²K) 

11 Fragmentation of melt in coolant 
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TBh  average heat transfer coefficient within the contact time  HτΔ , 
W/(m²K) 

FBh  Film boiling heat transfer coefficient, W/(m²K) 

SBk  Stefan-Boltzman constant,  

_pool depthL  water reservoir water depth, m 

2, jet  length jet toward the wall in collapsing bubble, m 

3n  hot spheres particle number, dimensionless 
p pressure, Pa 

2,crp  critical pressure, Pa 

2,thp  threshold pressure, Pa 

2, ,jet WHp  pressure exerted by the jet - “water hammer pressure”, Pa 

2, jetp  2
2 2,

1
2 jetVρ= stagnant jet pressure, Pa 

2
3q σ′′  heat flux emitted from the surface, W/m² 

32,averageq′′  time-averaged heat flux, W/m² 
R bubble radius, m 

10R  initial size of the collapsing bubble, m 

1MR  vapor gas constant, J/(kgK) 
r   ratio of the film thickness for natural convection only, dimensionless 

3s  locally average field specific entropy, J/(kgK) 
s′′  liquidus entropy of the molten drop, J/(kgK) 
( )T p′  saturation temperature as a function of pressure p, K 

3T σ  droplet surface temperature, K 

,minFBT  minimum film boiling temperature, K 

2,crT  critical temperature, K 

2,spinT  homogeneous nucleation temperature, K 

2, jetsV  coolant micro jet velocity, velocity jet toward the wall in collapsing 
bubble, m/s 

MarV   characteristic thermo-capillary velocity, m/s 

1 1
w  vapor velocity averaged over the film thickness computed for particle 

having large size compared to the film thickness, m/s 

Greek 

α  volume fraction, dimensionless 
2,stα  optimum “stochiometric” liquid volume fraction, dimensionless 

23ΔV  relative velocity vector particle-water, m/s 
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32VΔ  2 2 2
32 32 32u v w= Δ + Δ + Δ , magnitude of the relative velocity vector 

particle-water, m/s 
32uΔ , 32vΔ , 32wΔ  components of the relative velocity vector particle-water in the 

three coordinate directions, m/s 
pulsepΔ  pulse pressure increase, Pa 

pulseτΔ  pulse duration, s 

_life timeτΔ  time necessary to reach the bottom of the reservoir, s 

crustτΔ  time necessary to cool down the liquid particle up to formation of 
the surface crust, s 

32wΔ   average velocity with which the droplet crosses the water, m/s 

brτΔ  fragmentation time, s 

*
brτΔ  

3 3

3

br

c c

D
V

τ
ρ
ρ

Δ
=

Δ

, fragmentation time, dimensionless 

HτΔ  time elapsed from the contact initiation, s 

1Fδ  film thickness at the equator, m 

1 ,F ncδ  film thickness for natural convection only, m 

1 ,F fcδ  film thickness for forced convection only, m 

*
1Fδ  1

3

F

D
δ

= dimensionless film thickness 

Cδ   distance between the neighboring hot and cold places, m 

efficencyη  efficiency, dimensionless 

0λ  initial disturbance wavelength, m 
λ  wavelength, m 

RTλ  wavelength of the fastest growing oscillation, m 
λ  thermal conductivity, ( )/W mK  
 RTτΔ  growing time constant of the fastest growing oscillation, s 

21μ  mass generated due to film boiling per unit mixture volume and 
unit time, kg/(m³s) 

ρ  density, kg/m³ 

( ) 21M
wρ  evaporation mass flow rate, kg/(sm²) 

( ) 12M
wρ  condensation mass flow rate, kg/(sm²) 

( )32,termal
wρ  entrainment mass flow rate due to thermo-mechanical fragmenta-

tion, 
kg/(sm²) 
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σ  surface tension, N/m 
τ  time, s 

3
στ  tangential shear at the surface, N/m² 
∇  gradient 
 
Subscripts 
 
1 gas 
2 liquid 
3 particles 
1F vapor (gas) film 
m mixture 
M vapor 
n inert gas 
 
Superscripts 
 
‘ saturated steam 
“ saturated liquid 
“‘ saturated solid phase 
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After reviewing the literature for description of the nucleation in superheated liquids the 
following conclusions and recommendations have been drawn. The maximum superheating 
in technical systems is a function of the depressurization velocity and of the produced tur-
bulence. The maximum superheating can be predicted by the Algamir and Lienhard and by 
the Bartak correlations within an error band of 48.5%. Flashing in short pipes and nozzles 
leads to critical flows driven by the pressure difference equal to the entrance pressure mi-
nus the flashing inception pressure. For the prediction of the maximum achievable super-
heating which represents the Spinoidal line the Skripov correlation is recommended. The 
wetting angle is an important property of the polished surface characterizing its capability 
to activate nucleation sites. For the prediction of the activated nucleation sites the correla-
tion obtained by Wang and Dhir is recommended. The establishing of a vapor film around 
a heated surface having temperature larger than the minimum film boiling temperature 
takes a finite time. Availability of small bubbles of non-condensing gases reduces the su-
perheating required to initiate evaporation. Evaporation at lower than the saturation tem-
perature is possible. 

3403"Kpvtqfwevkqp"

Liquids having temperature larger than the saturation temperature corresponding 
to the local pressure are called superheated liquids. Superheated liquids are unsta-
ble and start to disintegrate. This process is in generally called flashing. The proc-
ess of rupturing a continuous liquid by decrease in pressure at roughly constant 
liquid temperature is often called cavitation - a word proposed by Froude. The 
process of rupturing a continuous liquid by increase the temperature at roughly 
constant pressure is often called boiling. The fluctuation of molecules having en-
ergy larger than that characteristic for a stable state causes the formation of clus-
ters of molecules, which after reaching some critical size are called nuclei. The 
theory of the nucleation provides us with information about the generation of nu-
clei per unit time and unit volume of the liquid as a function of the local parame-
ter. 
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Let us abstract from a superheated non-stable liquid a spherical volume, having 

an initial radius R10, a volume 3
10

4
3

Rπ , pressure p, temperature T2 and density 

2 2 2( ,  )p Tρ ρ= . After some time the selected sphere liquid volume increases due 

to the evaporation to the radius R1 (respectively to the volume 3
1

4  
3

Rπ ) and 

reaches a pressure p'(T2). The pressure inside the bubble is assumed to be uniform 
because of the small bubble size. The density of the evaporated steam inside the 
sphere is [ ]2 2( ) ( )p T Tρ ρ ρ′′ ′′ ′ ′′= = . The initial and the end spheres have the same 
mass per definition, therefore 

3

10

1 2

R
R

ρ
ρ

⎛ ⎞ ′′
=⎜ ⎟

⎝ ⎠
.       (12.1) 

Consequently, the initial volume of the sphere is changed by 

( )3 3 3
1 10 1

2

4 4 1
3 3

R R R ρπ π
ρ

⎛ ⎞′′
− = −⎜ ⎟

⎝ ⎠
.    (12.2) 

During this expansion a mechanical work 

( ) ( ) ( )
1

10

2 3 3
2 1 10 2

44
3

R

R

p T p r dr R R p T pπ π′ ′⎡ ⎤ ⎡ ⎤− ≈ − −⎣ ⎦ ⎣ ⎦∫  

( )3
1 2

2

4 1
3

R p T pρπ
ρ

⎛ ⎞′′
′⎡ ⎤= − −⎜ ⎟ ⎣ ⎦

⎝ ⎠
     (12.3) 

is performed and transferred into total kinetic energy of the surrounding liquid 
Skripov et al. (1980). In other words, this work is introduced into the liquid. For 
the creation of a sphere with a free surface additional work 

1
2 2

1
0

2 4 4
R

r dr R
r
σ π π σ=∫       (12.4) 

is needed. The surface tension of water in N/m, σ , in contact with its vapor is 
given in Lienhard (1976) with great accuracy by  

1.256
( ) ( )0.2358 1 1 0.625 1

c c

T p T p
T T

σ
⎧ ⎫⎡ ⎤ ⎡ ⎤′ ′⎪ ⎪= − − −⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

,  (12.5) 

where the Tc is the thermodynamic critical temperature (for water Tc = 647.2 K). 
For the region of 366 to 566 K the above equation can be approximated by  
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( )1.0530.14783 1 / cT Tσ = −      (12.6) 

with an error of ± 1%. The surface tension is a function of the surface tempera-
ture, which can strongly vary in transients. The surface tension is usually meas-
ured at macroscopic surfaces. Whether the so obtained information is valid for the 
microscopic metastable bubbles is not clear. Next we assume that this relationship 
holds also for microscopic surfaces. 

 
Thus, the work necessary to create a single bubble with radius R1 is 

[ ]
3

2 3 2 1
1 1 2 1 1 2

2 1

4 24 ( ) 1 4 ,  ( )
3 3 c

RE R p T p R R p T p
R

ρπ σ π πσ
ρ

⎛ ⎞⎛ ⎞′′
′ ′Δ = − − − = − >⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
  

   (12.7) 

We see that this work depends on the bubble radius and has a maximum 

[ ]

23
2

1 12
22

2
2

16 4 4 ( ) 2
3 3 ( ) ( )

3 ( ) 1
c c

T pE R
T T p h h

p T p

πσ σπσ πσ
ρρ

ρ

⎡ ⎤′
Δ = = ≈ ⎢ ⎥′ ′′ ′′ ′− −⎛ ⎞′′ ⎣ ⎦′ − −⎜ ⎟

⎝ ⎠

 

    (12.8) 

for 

[ ]( )

2

2 1
1

2 2

3 2
4 ( ) 1

c
c

ER
p T p

σ
σ π ρ ρ

⎧ ⎫Δ ⎪ ⎪= = ⎨ ⎬′ ′′− −⎪ ⎪⎩ ⎭
.   (12.9) 

The corresponding bubble volume is then 
3/ 2

1
1

4 3
3 4

c
c

EV π
σ π
Δ⎛ ⎞= ⎜ ⎟

⎝ ⎠
.      (12.10) 

The Equation (12.9) is known as the Laplace and Kelvin equation. Gibbs (1878) 
noted that the expression for the maximum " ... does not involve any geometrical 
magnitudes".  

3405"Pwengwu"ecrcdng"vq"itqy"

The above consideration did not lead to any conclusion whether a bubble with 
size R1c will further grow or collapse. It says only that at that size the mechanical 
energy needed to create a bubble at the initial state R1 = 0 and at the final state 

1 1cR R∞ >  possesses a maximum at R1c  and no more. There are many papers in 
which this size is taken to represent the bubble size, at which the bubble is further 
capable to grow, which as we will show below is not true. 
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Next we consider the conservation of the liquid mechanical energy in order to 
describe the bubble growth from the beginning through the critical radius. The 
mass conservation equation of the liquid can be approximated by 

( )2
22

1 0,r u
r r

∂
∂

≈       (12.11) 

or integrating with the boundary condition 

1
1 2,    Rr R u ∂

∂τ
= =       (12.12) 

( )22 1
2 1/ / .Ru const r R r∂

∂τ
= =      (12.13) 

It gives the liquid velocity as a function of the radius if the liquid is assumed to be 
incompressible during the bubble expansion. The total kinetic energy of the liquid 
environment estimated using the above equation is therefore 

1 1 1

2 2
2 4 41 1

2 2 2 2 1 2 12

1 1 14 2
2 2R R R

R dr Ru dVol R R d
r r r

∂ ∂ρ ρ π πρ
∂τ ∂

∞ ∞ ∞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠∫ ∫ ∫  

2
31

2 12 R R∂πρ
∂τ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

.      (12.14) 

During the bubble growth the work performed by the bubble expansion is trans-
ferred in total kinetic energy of the liquid environment, i.e. 

2 3
3 21 1

2 1 1 1
1

22 4
3 c

R RR R E
R

∂πρ πσ
∂τ

⎛ ⎞⎛ ⎞ = − − ≡ Δ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

or 
2

1

2 1 1

2 2 1 1 .
3 c

R
R R

∂ σ
∂τ ρ

⎛ ⎞⎛ ⎞ = −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

     (12.15) 

The constant 2/3 valid for bubble growth in a bulk liquid should be replaced by 
π /7 if a spherical bubble grows on a flat surface.  

Equation (12.15) is a very important result. We see that real bubble growth is 
possible if and only if 

1 1
3
2 cR R> .       (12.16) 

For the case of R1 >> R1c  Eq. (12.15) transforms into 
2

1

2 1

4
3 c

R
R

∂ σ
∂τ ρ

⎛ ⎞ =⎜ ⎟
⎝ ⎠

.      (12.17) 
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This mechanism of bubble growth is called inertially controlled bubble growth. 
For low pressure where the assumption 2/ρ ρ′′  = 0 is reasonable the above equa-
tion reduces to one obtained for the first time by Besand (1859) and in a more ele-
gant way by Rayleigh (1917). This mechanism controls the bubble growth within 
the first 10-8 s of the life of the stable bubble. 

 
It follows from the above consideration that for the creation of a bubble with a 

critical unstable diameter 3/2 R1c, a surplus of internal energy of the liquid is 
needed greater than E1c, and for creation of bubble that is capable to grow, a sur-
plus of internal energy of the liquid - greater than (9/4) E1c. 

3406"Uqog"wughwn"hqtou"qh"vjg"Clausius-Clapeyron"
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Usually the liquid superheating is expressed by the temperature difference T2 −  
T'(p). Sometimes the pressure difference 2( )p p T p′Δ = −  corresponding to the 
superheating of the liquid with respect to the saturation temperature T2 −  T'(p) is 
also used as a measure for the liquid superheating.  Using the Clausius - Clapey-
ron equation 

1 1( )dT v v T p
dp s s s s h h

ρ ρ ρ ρ
ρ ρ ρ ρ

′′ ′ ′ ′′ ′ ′′− − −′= = =
′′ ′ ′′ ′ ′ ′′ ′′ ′ ′ ′′− − −

  (12.18) 

integrated between the initial state [p, T'(p)] and the final state [p'(T2), T2] for  

1 const
h h
ρ ρ

ρ ρ
′ ′′−

≈
′′ ′ ′ ′′−

      (12.19) 

one obtains 

( ) 2
2

( )( ) ln 1
( )

T T pp T p h h
T p

ρ ρ
ρ ρ

′ ′′ ′⎡ ⎤−′ ′′ ′− = − +⎢ ⎥′ ′′ ′− ⎣ ⎦
.   (12.20) 

With this result the critica bubbles size can be approximated by 

2
1

( )2 / ( ) ln 1
( )c

T T pR h h
T p

σ ρ
⎧ ⎫′⎡ ⎤−⎪ ⎪′′ ′ ′≈ − +⎨ ⎬⎢ ⎥′⎪ ⎪⎣ ⎦⎩ ⎭

.   (12.22) 

For T2 −  T'(p) << T'(p) we have for the tensile pressure difference 

( ) 2
2

( )( )
( )

T T pp T p h h
T p

ρ ρ
ρ ρ

′ ′′ ′−′ ′′ ′− = −
′ ′′ ′−

,    (12.23) 

and for the critical bubble size 
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1
2

( ) 2
( ) ( )c

T pR
T T p h h

σ
ρ

′
≈

′ ′′ ′′ ′− −
.     (12.24) 

Thus one can use as a measure of liquid superheating either the tension pressure 
difference  p'(T2) - p or the liquid superheat T2 - T'(p). 

Equation (12.23) makes it possible to compute the liquid superheating corre-
sponding to the radius R1c from Eq. (12.9) 

[ ] ( )
2

2
1 2 1

2 ( ) 1 1( ) / ( ) 2
( )c c

T T p T p
R h h R h h
σ ρ ρ ρ σ

ρ ρ ρ ρ ρ
′ ′′−′ ′− = ≈

′′ ′ ′′ ′′ ′ ′′ ′′ ′− − −
 (12.25) 

or corresponding to 3 R1kr/2 
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3 ( ) 3c c

T T p T p
R h h R h h
σ ρ ρ ρ σ

ρ ρ ρ ρ ρ
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′′ ′ ′′ ′′ ′ ′′ ′′ ′− − −
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     (12.26) 

For the atmospheric pressure Eq. (12.23) gives  
5

2 1( ) 6.4197 10 / cT T p D−′− = × .      (12.27) 

A nonlinear expression is obtained also for low pressure for which the density dif-
ference between liquid and vapor is very large. In this case Eq.(12.18) simplifies 
to ( )dT dp v T h′′= Δ . This equation is known since 1828 in France as the August 
equation. Assuming the vapor behave as a perfect gas results in 

( ) 2dp p h R dT T= Δ , where R is the vapor gas constant for the specific sub-
stance. Integrating between an initial state [p, T'(p)] and a final state [p'(T2), T2]  
and rearranging results in useful expression for computing the relation between 
tension pressure difference  p'(T2) - p and the liquid superheat T2 - T'(p) of me-
tastable liquid, 

( ) ( )
( )

2 2

2

exp 1
p T p T T ph

p RT T p
⎡ ⎤′ ′− −Δ

= −⎢ ⎥′⎢ ⎥⎣ ⎦
.    (12.28) 

With this result the Laplace and Kelvin equation reads 

( )
( ) ( )

1

2
2

2

2

exp 1 1
cR

T T ph p
RT T p

σ

ρ ρ

≈
⎧ ⎫⎡ ⎤′−Δ⎪ ⎪ ′′− −⎢ ⎥⎨ ⎬′⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

.   (12.29) 

One should carefully use the approximations of the Laplace and Kelvin equation. 
At low pressure the apporximations are good as shown in Fig.12.1. In this case at 
higher superheat Eq. (12.29) is much close to the accurate equation. 
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Fig. 12.1 Critical bubbles size at low pressure as a function of the liquid superheat 
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Fig. 12.2 Critical bubbles size at high pressure as a function of the liquid superheat 

At high pressure the approximations may deviate substantially from the exact so-
lution as shown in Fig. 12.2. 

 
The dimensionless number constructed as follows 

[ ] ( )

3
1 1

2 22
2 2 2 2 2

16
3 ( ) 1 ( ) /

c cE SGb
kT k kT p T p T

πσ
ρ ρ

Δ Δ
= = =

′ ′′− −
  (12.30) 

is called the Gibbs number. Here k = 13.805x10-24 J/K is the Boltzmann constant. 
The Gibbs number is frequently used as a dimensionless measure of superheating. 
The greater the superheating the smaller the Gibbs number. Gb2 converging to in-
finity means no superheating. For T2 = Tc, σ  = 0 and Gb2 = 0. 

However, it should be noted that neither of the measures discussed above tells 
us at what Δ T liquid starts boiling or flashing. 

12.4 Some useful forms of the Clausius-Clapeyron equation, 
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Now we discuss the dependence between liquid superheating and production 
rates of bubbles with critical size called nuclei. Consider a continuous liquid char-
acterized by average state parameters p and T2. An observer measures along long 
time τΔ  the time nτΔ  in which a mass 2cmΔ  of the continuum departs from the 
normal, average, state. The entropy change necessary for this fluctuation is 

2 2 2c c cm s SΔ Δ = Δ . Volmer (1939) p. 81 following Boltzman and Einstein assumed 
that  

2c 2- S //  e  k Gb
n const const eτ τ Δ −Δ Δ ≈ =     (12.31) 

where k is the Boltzmann constant. It means, that the smaller the needed entropy 
change for the fluctuation the higher the probability of this fluctuation. This is the 
leading idea for describing such processes. It did not change with the years. Actu-
ally it is known from experimental observations that the greater the superheating 
the greater the probability of origination of bubbles with critical size. The prob-
ability of origination of a single bubble is defined as 

probability of origination of single bubble =   
 

nucleation events
molecular colisions

. (12.32) 

Thus 

2
  exp( )

  
nucleation events Gb

molecular colisions
= −     (12.33) 

Obviously for T2 = Tc and 2σ  = 0, the probability of origination of a single bubble 
exp(-Gb2) = 1. Nuclei with critical size can originate in the bulk liquid. This phe-
nomenon is called homogeneous nucleation. Nuclei with critical size can originate 
also at the wall. This phenomenon is called heterogeneous nucleation. The theo-
ries modeling the nucleation in the bulk liquid are called homogeneous nucleation 
theories. The theories modeling the nucleation at surfaces are called heterogene-
ous nucleation theories. Next we give the main result of the homogeneous nuclea-
tion theory. 

Kaishew and Stranski computed in 1934 the number of the created nuclei per 
unit time in unit volume of the liquid as follows 

[ ]
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1 2 2
2 2

6 exp( )
2 ( )  cinn N Gb

p p T m
σ

π

⎧ ⎫⎪ ⎪= −⎨ ⎬′+⎪ ⎪⎩ ⎭
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3/ 2 1/ 2

2 2
2 2

6exp ln
2 ( )  

AN Gb
m p p T mμ

σρ
π

⎧ ⎫⎡ ⎤⎛ ⎞ ⎧ ⎫⎪ ⎪ ⎪ ⎪⎢ ⎥= −⎜ ⎟⎨ ⎨ ⎬ ⎬⎜ ⎟ ′⎢ ⎥+⎪ ⎪⎪ ⎪⎝ ⎠ ⎩ ⎭⎣ ⎦⎩ ⎭

.  (12.34) 
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Here N2 = 2ρ /m2 = 2ρ NA/mμ ( ≈  3.3x1028 for water) is the number of the mole-
cules in one cubic meter, m2 = mμ/NA is the mass of a single molecule, mμ is the 
kg-mole mass (18 kg for water), NA = 6.02× 1026  (1/kg-mole) is the number of 
molecules in one kilogram-mole mass, the Avogadro number, and  

[ ]

1/ 2

2 2

6
2 ( )p p T m

σ
π

⎧ ⎫⎪ ⎪
⎨ ⎬′+⎪ ⎪⎩ ⎭

     (12.35) 

is the frequency with which each single liquid molecule interacts with its neigh-
bors. The logarithmic expression is not very sensitive with respect to p and T2 and 
ranges over 

[ ]

3/ 2 1/ 2

2
2 2

6ln 80  83
2 ( )

AN to
m p p T mμ

σρ
π

⎡ ⎤⎛ ⎞ ⎧ ⎫⎪ ⎪⎢ ⎥ ≈⎜ ⎟ ⎨ ⎬⎜ ⎟ ′⎢ ⎥+⎪ ⎪⎝ ⎠ ⎩ ⎭⎣ ⎦
  (12.36) 

for water.  
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12.5.2.1 Characteristics of the surfaces and of the 
liquid-surface contact 

The technical surfaces possess roughness as a result of the manufacturing proce-
dure. The structure of the roughness is an important characteristic of the nuclea-
tion processes at the surface. Another important characteristic is the molecular 

It is usually characterized by the so 
called contact angle. The angle between the tangent to the interface and the wall 
θ  is called contact angle. Hydrophobic surfaces, 0θ > , causes heterogeneous 
nucleation at much reduced pressure difference (tensile strength). In this section 
we give some examples of the characteristics of surfaces influencing the hetero-
geneous nucleation kinetics. 

At real surfaces there are several cavities. For ordinary machined surfaces the 
cavities have sizes from 2 to 6 μm with density in the range of 

( ) 4 210  250 10wn to m−′′ ≈ ×      (12.37) 

For mirror finished copper surfaces as described in wang and Dhir (1993) the 
physically existing cavities have been found to have surface densities depending 
on the equivalent cavity size in the range 

9 2 6
cav9 10 /    for   5.8 10w cavn D D m− −′′ ≈ × ≥ ×    (12.38) 

4 25.2 5.2 6 6
cav10.3 10 1.5 10 /     for   3.5 10 5.8 10w cavn D D m− − −′′ ≈ × + × × ≤ ≤ ×  

     (12.39) 

interaction between the surface and the liquid. 
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7 26.4 5.4 6
cav2.2135 10 3.981 10 /    for   3.5 10w cavn D D m− −′′ ≈ × + × ≤ × . (12.40) 

These are surface properties, which depend on the surface manufacturing only. 
 
The following tables give some information on how the contact angle can 

change for different wall materials and different surface preparation procedures. 

Table 12.1 Static contact angles θ  for distilled water at polished surfaces.  

Steel / 3.7π  Siegel and Keshock (1964) 
Steel, Nickel / 4.74π  Bergles and Rohsenow (1964) 
Nickel / 4.76π  to / 3.83π  Tolubinsky and Ostrovsky 

(1966) 
Nickel / 4.74π  to / 3.83π   Siegel and Keshock (1964) 
Chrome-Nickel Steel / 3.7π  Arefeva and Aladev (1958) 
Silver / 6π  to / 4.5π  Labuntsov (1963) for p =1 to 

150 bar 
Zinc / 3.4π  Arefeva and Aladev (1958) 
Bronze / 3.2π  Arefeva and Aladev (1958) 
Zr-4 / 3.16π  Basu et al. (2002) 
Note the contradic-
tory data for copper 
in the literature 

  

Copper / 4π  Arefeva and Aladev (1958) 
Copper / 3π  Gaertner and Westwater (1960) 
Copper / 2π  Wang and Dhir (1993) 
Stainless steel 304 
(25°C) 

25 / 2.25θ π≈  Hirose et al. (2006) 

Zircaloy (25°C) 25 / 2.46θ π≈  Hirose et al. (2006) 
Aluminum (25°C) 25 / 2θ π≈  Hirose et al. (2006) 

 

Table 12.2 Static contact angle θ  for distilled water at thermally or chemically treated 
polished surfaces 

Copper heated to 525 K and  
exposed to air one hour: 

/ 5.14π   Wang and Dhir (1993) 

Copper heated to 525 K and  
exposed to air two hour: 

/10π  Wang and Dhir (1993) 

Chrome-Nickel Steel chemically 
treated: 

/ 2.9π  Arefeva and Aladev 
(1958) 
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Hirose et al. (2006) found that the wetting angle is a function of the wall tempera-
ture. He correlated measurements within ± 12.5% uncertainty band for nitrogen 
and argon and water-stainless steel 304, water-zircaloy and water-aluminum for 
pressures 1 to 151bar and temperatures 20 to 300°C by the expression 

( )*1.72
25 tanh 2.55 Tθ θ= ×  for * 0.3T > , 

( )1.72
25 tanh 2.55 0.3θ θ= ×  for * 0.3T < , 

where *

(273.15 25)
cr w

cr

T T
T

T
−

=
− +

,  crT  is the critical water temperature and wT  is the 

wall temperature and ( )25 25 Cθ θ= ° . Note that there is no zero wetability at the 
critical temperature. This is important finding. The work by Hirose et al. (2006) 
shows that measurements for wetting angles can be compared to each other if they 
are made at the same wall temperature. 
 

In case of nucleation at walls the segment of a bubble attached at the cavity 
possesses 

surface area = 2
14 cRϕ π       (12.41) 

which is less than the nucleation surface by a factor of ϕ . Therefore less energy is 
needed for the creation of bubbles at walls 

*
1 1c cE EϕΔ = Δ ,       (12.42) 

than inside the liquid. Consequently, the superheating which can be achieved in 
technical systems is much smaller than in spontaneous bulk nucleation systems. 
ϕ  is frequently called in the literature the work reduction factor. 

Tolubinski (1980) computed the work reduction factor, ϕ , for an idealized wall 
surface having plane geometry without cavities as follows 

( ) ( )21 1 cos 1 cos
4

ϕ θ θ= + − .     (12.43) 

Using the values from the Table 12.1 we have ϕ ’s in the range of 0.078 to 0.25. 
The work reduction factor for surface with cavities calculated by Kottowski 

(1973) is 

31 2 3sin( ) sin ( )
4

ϕ θ θ⎡ ⎤= − −Φ + −Φ⎣ ⎦ .    (12.44) 

Here Φ  is the cavity angle if the cavity is idealized as a cone. 



354      

12.5.2.2 Nucleation theories and experimental observations 

Blander and Katz (1975) computed for the heterogeneous nucleation the number 
of the nucleations per unit liquid volume and unit time in a pipe with wetted di-
ameter hyD  as follows 

( )
( )

1/ 2

2 / 3
1 2 2

2 2

4 1 cos 6 exp  
2 2  cin

hy

n N Gb
D p p T m

θ σ ϕ
π ϕ

⎧ ⎫+ ⎪ ⎪= − =⎨ ⎬
′⎡ ⎤+⎪ ⎪⎣ ⎦⎩ ⎭

 

( )

1/ 27 / 6

2 / 3
2 2

2 2

4 1 cos 6exp ln  
2 2  

A
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N Gb
D m p p T mμ

θ σρ ϕ
π ϕ

⎧ ⎫⎡ ⎤⎧ ⎫⎛ ⎞ +⎪ ⎪ ⎪ ⎪⎢ ⎥ −⎜ ⎟⎨ ⎨ ⎬ ⎬⎜ ⎟⎢ ⎥′⎡ ⎤+⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎣ ⎦⎩ ⎭⎢ ⎥⎣ ⎦⎩ ⎭

 

    (12.45) 

Instead of N2 in the Kaishew and Stranski equation N2/3 is used because the nu-
cleation occurs at the wall instead in the bulk.  

The problem with the homogeneous and heterogeneous nucleation theories is 
that they did not describe appropriate nucleation rates in real liquid. Rohatgi and 
Reshotko (1975), Algamir and Lienhard (1981) data comparisons indicated sub-
stantial deviation from the above theories in a real technical systems. 

Rohatgi and Reshotko (1975) tried to match the Simoneau's experimental data 
(1975) with an expression  

( ) ( )
1/ 2

3
1 2

2

22.236  4.472 10 exp  cinn to Gb
m
σ ϕ

π ϕ
⎛ ⎞

= × −⎜ ⎟
⎝ ⎠

  (12.46) 

where 
65 10ϕ −= × .       (12.47) 

As it will be discussed below Algamir and Lienhard (1981) found  
70.055  2 10toϕ −= ×       (12.48) 

for different depressurization speeds. Algamir and Lienhard (1981) found that de-
pending on the depressurization speed the nucleation process can be delayed. 
They use the work reduction factor ϕ  to correlate experimental data with the fol-
lowing relationship 

0.8
28,46 11

20.1058( / ) 1 14 .  /10c v
pT T grad pδϕ γ γ

δτ

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞= + +⎨ ⎬⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

V  (12.49) 

taking values as already mentioned of 0.055 to 2× 10-7 for different depressuriza-
tion rates. The correlation is valid for decompression speeds within 

12 Nucleation in liquids 
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110.004 ( / )10 1.803dp dτ −≤ ≤      (12.50) 

in channels with constant cross section in the temperature range 

20.62 / 0.935cT T≤ ≤ .      (12.51) 

Here the decompression rate /dp dτ is measured in Pa/s. 
For some practical applications it is useful to compute the time required to 

cover strongly superheated walls with nuclei. This is in fact the time which is
eated at temperatures above the film
y this problem. If the growth of the
 are assumed to remain constant the 

nucleation number density originating during the time interval τΔ  is  

1 1 1
0

cin cinn n d n
τ

τ τ
Δ

= = Δ∫ .     (12.52) 

If the nuclei are spherical in shape and their centers form a triangular array at the 
wall the maximum number of nucleation sites per unit volume in a pipe is 

1,max 2
1

4 2 1
3h c

n
D D

=       (12.53) 

and the time required to reach it is 

( )2
max 1 1

4 2 /
3 c cin

h

D n
D

τΔ = .     (12.54) 

If the cause for the superheating is depressurization with a dp/dτ  starting from 
the saturation state the number of the produced particles is 

1 1 1 1
0 0

1
/

p

cin cinn n d n n dp
dp d

τ

τ
τ

ΔΔ

= = =∫ ∫     (12.55) 

If Δ p corresponding to experimentally observed superheating is known and n1 is 
set equal to n1,max the critical work reduction factor can be estimated. This proce-
dure was used by Algamir and Lienhard (1981). The authors found as already 
mentioned 

ϕ  = 0.055 to 2x10-7      (12.56) 

for different depressurization speeds. Obviously only the functional form derived 
from the nucleation theories is useful to fit experimental data but not the theoreti-
cal formula itself. One of the reasons, why this is so may by the neglecting of nu-
cleus growth of the already existing bubble generations during the nucleation. 

Next we improve the computation by allowing each generation to grow. During 
a time interval N τΔ , N-generation of nuclei, or n1,n=1N nuclei per unit flow vol-
ume are produced 

required to establish film boiling at walls h
boiling temperature. Next we discuss briefl
nucleus is neglected and the initial conditions
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1, 1
0

,       1,n cinn n d n N
τ

τ
Δ

= =∫ .     (12.57) 

Each generation has its own bubble growth history. If we assume that the bubble 
growth is thermally controlled following the following relationship  

1,ndD B
dτ τ

=        (12.58) 

where B is a function of local parameter the bubble size of the n-th generation af-
ter the time N τΔ  is 

( )
1

1, 1/ 2
1, 1 1

1 0

  2 1
N n

n
n c c

k

dD
D D d D N n B

d

τ

τ τ
τ

Δ− +

=

= + = + − + Δ∑ ∫ .  (12.59) 

Thus the total number of nuclei and bubbles after N time steps of τΔ  is 

1 1, 1
1 0

N

n cin
n

n n N n d
τ

τ
Δ

=

= =∑ ∫ .     (12.60) 

The cross section at the wall surface covered by attached bubbles per unit flow 
volume is 

2
1 1, 1,

1

/
4

N

n n
n

F Vol n Dπ
=

= ∑ ,      (12.61) 

which for deformable bubble can not be larger than 4/Dh, where Dh is the hydrau-
lic diameter of the pipe, i.e. 

2
1 1,

1

4
4

N

n n
nh

n D
D

π
=

≈ ∑ .      (12.62) 

Analogous conditions can be derived for a hot sphere with diameter 3D  immersed 
in liquid 

2 2
3 1,

1

1
4

N

n
n

D D
=

≈ ∑ .      (12.63) 

By known nucleation and bubble growth laws and prescribed time step τΔ , the 
above equation defines the number of bubble generation, N, and therefore the time 
needed to cover the surface with bubbles and nuclei, N τΔ . At this time the 
maximum possible superheating is reached. At the end of this process the void 
fraction generated within N τΔ  is 

3
1 1, 1,

1

4
3

N

n n
n

n Dα π
=

= ∑       (12.64) 

12 Nucleation in liquids 
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and volume-averaged bubble size is then 
1/ 3

*3
1 1 1

3 /
4

D nα
π

⎛ ⎞= ⎜ ⎟
⎝ ⎠

.      (12.65) 

After this moment the bubble production frequency is governed by combined 
thermal interaction and mechanical entrainment phenomena, which will be con-
sidered later. 

3408"Oczkowo"uwrgtjgcv"

Skripov et al. (1980) p. 136, 143, found that rapid decompressions can bring the 
water into a state of maximum superheating defined by Gb2 = 6.8 to 9.6, which 
means 

3/ 2

2 1/ 2
2 2 2

( ) (1.57  1.32)
( ) 1 ( ) ( )

spinp T p to
kT T T

σ
ρ ρ

′ − =
⎡ ⎤′′ ′−⎣ ⎦

. (12.66) 

Lienhard found in 1976 the following explicit approximation of the homogeneous 
nucleation temperature which can be taken as a spinoidal temperature 

( ) ( ) ( ) 8

2 0.905 0.095spin
c

c c

T p T p
T T p T

T T

⎧ ⎫′ ′⎡ ⎤⎪ ⎪′= + − +⎨ ⎢ ⎥ ⎬
⎪ ⎣ ⎦ ⎪⎩ ⎭

.   (12.67) 

Under rapid decompression we understand decompression with 

dp/dτ  ≥  2× 1011 Pa/s.      (12.68) 

In addition we should mention that Hutcherson et al. (1983) classified the bound-
ary between "fast" and "slow" depressurization as about 400× 106 Pa/s. The line 
in the p-T diagram, defined by the Eq. (12.66) or (12.67) is called the spinoidal 
line. The database defining the spinoidal line for water is given by Skripov (1980) 
p. 144 Table 6.4. Lienhard (1981) proposed for the constant the value 1.349 cor-
responding to Gb2 ≈  9.2. For n-pentane, n-hexane, n-nepthane, ether and benzene 
Eberhard and Schnyders reported in 1973 Gb2 ≈ 11.5. The authors observed ex-
perimentally negative pressure up to 0.4 cp≈ . 

In technical systems the superheating is a function of several parameters not 
considered in our previous discussion. Next we discuss some of them. 

The question of the maximal achievable superheating in technical systems has 
attracted the attention of the engineers since 1947. Probably Burnell [10] was the 
first who investigated in 1947 experimentally the flow of boiling water through 
orifices. The inlet conditions are corresponding to saturated water at p ≈  (0.34 to 
12.7)x105 Pa. Burnell found that a superheating of *

2( )Fi Fip p T p′Δ = −  is neces-
sary to observe flashing inception at the throat. The flashing inception at the throat 
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reduces dramatically the mass flow rate compared to the prediction of the Ber-
noulli equation for subcooled water. Burnell found that the product of the initial 
saturated pressure multiplied by the critical bubble radius is constant 

2 1( ) cp T R const′ ≈       (12.69) 

and therefore 
*

2 2 2 1 2 2 2( ) 2 ( ) / 2 ( ) ( ) /Fi Fi cp p T p T R T p T constσ σ′ ′Δ = − = ≈   

2 2( ) ( )f p Tσ ′≈       (12.70) 

and 

[ ]2
2 5

2

( )
( ) 0.264

(12.066 10 )
T p

f
T Pa

σ
σ

σ

′
=

⎡ ⎤′ ′ ×⎣ ⎦
    (12.71) 

where the surface tension of the saturation condition was computed as follows 

( )3
2 2 2( ) 0.07548 1 1.85 10 273.15T Tσ −⎡ ⎤′ = − × −⎣ ⎦ in N/m.  (12.72) 

Thus the critical bubble radius in this region is 
*

1 2 22 ( ) /c FiR T pσ= Δ .      (12.73) 

Algamir and Lienhard correlated several experimental data for the reached water 
superheating with a standard deviation of ± 10% with the following value of the 
dimensionless critical work Gb2 = 28.2 ±  5.8 which after using Eqs. (12.30) and 
(12.49) results in the following relationship for flashing inception, 

( ) ( )

1/ 2

3
*

2 2 2
2 2

16

3 1
Fi

c
c

p
T GbkT T T
T

πσ

ρ ρ
ϕ

⎧ ⎫
⎪ ⎪⎪ ⎪Δ = ⎨ ⎬
⎪ ⎪′′ ′⎡ ⎤−⎣ ⎦⎪ ⎪⎩ ⎭

 

( ) 0.8111 14 .  /10o
Fi vp p grad pγ τ γ⎡ ⎤= Δ + ∂ ∂ +⎣ ⎦V    (12.74) 

where 

[ ]
[ ]

3/ 2 13.73
2 2

1/ 2
2 2

( ) ( / )
0.253

( ) 1 ( ) / ( )
co

Fi
c

T T T
p

kT T T
σ

ρ ρ
Δ =

′′ ′−
    (12.75) 

is the pressure difference corresponding to the maximum possible superheating in 
an isobar system and T2 is the initial temperature before the pressurization. For 

T2 = 273.15 + 100 K, * 50.2 10FipΔ > ×  Pa,   (12.76) 

and for 

12 Nucleation in liquids 
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T2 ≈  273.15 + 300 K, * 59.5 10FipΔ < ×  Pa    (12.77) 

For T2 > 273.15 + 300K o
FipΔ  decreases to zero due to vanishing surface tension 

as the critical point is approached. In fact Eq. (12.75) is the modified Skripov 
equation. Instead of the constant the expression 13.73

20.253( / )cT T  is used. 
Bartak (1990) correlated the data of several authors including his own data 

with the following correlation 

( ) ( )

1/ 2

3
*

2 2 2
2 2 2

16

3 1
Fi

c

p
T GbkT T T
T

πσ

ρ ρ
ϕ

⎧ ⎫
⎪ ⎪⎪ ⎪Δ = ⎨ ⎬
⎪ ⎪′′ ′⎡ ⎤−⎣ ⎦⎪ ⎪⎩ ⎭

   (12.78) 

where 

2
1 2

Gb f f
ϕ

= ,       (12.79) 

1 2log 11 0.0274( 273.15)f T= − − ,    (12.80) 

( ) 0.376
2 36 / .  /10vf p grad pγ τ γ⎡ ⎤= ∂ ∂ +⎣ ⎦V ,   (12.81) 

with a mean relative error of 16%. It is valid for water in the temperature range 
from 373.15 to 583.15 K and depressurization rates of 4× 108 to 2× 1011 Pa/s. 
Bartak reported that the Algamir and Lienhard correlation 65 approximates his 
own data with 21% mean relative error. In fact Baratak's correlation predict more 
then 30% higher values than the Algamir and Lienhard correlation. Consequently, 
it can be concluded that the achievable prediction accuracy is within the error 
band of about 48.5%. 

If the maximum possible superheating under given conditions is reached, the 
maximum nucleation density is reached too. Note that the reduction factor, Eq. 
(12.48) obtained by Algamir and Lienhard can be used to compute the heteroge-
neous nucleation densities using the Blander and Katz Equation (12.45) only to-
gether with the assumption of no bubble growth during the nucleation process. 

Jones found in 1979 that the turbulization of the flow could reduce the maxi-
mum superheating 

* 21
2 2227Fi Fip p Vρ ′Δ = Δ − ,     (12.82) 

where the turbulent pulsation velocity in a straight pipe is 7.2 % from the local 
flow velocity 

2 2 3 2
2 2 20.072   5.184 10V V or V x V−′ ′= =     (12.83) 

For a converging nozzle the local fluctuation velocity can be expressed as a func-
tion of the entrance velocity V2o using the continuity equation 
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( )22 3 2
2 25.184 10 /o oV x V F F−′ = .     (12.84) 

Comparing with experimental data Abuaf et al. (1983) found that the turbulent 
pulsation velocity varies in accordance with 

( )2 3 2
2 25.184 10 / n

o oV V F F−′ = × ,     (12.85) 

where 

1.75  / 1/ 6on for F F= ≥ ,     (12.86) 

and for stronger contraction 

1.4  / 1/ 6on for F F= < .     (12.87) 

Jones (1982) shows that for G > 15 000 kg/(m2s) no superheating is observed. To 
what extent the superheating reduction explained by Jones (1979) with turbuliza-
tion is separable from the convective transport of nuclei by high-liquid velocities 
is not clear. 

3409"Etkvkecn"ocuu"hnqy"tcvg"kp"ujqtv"rkrgu."
qtkhkegu"cpf"pq||ngu"

The most important outcome of the heterogeneous nucleation theory for the 
engineering design practice is the possibility to compute in a simple manner the 
critical mass flow rate in short pipes, orifices and nozzles for saturated and 

Burnell was the first approximating critical flow in 
Beronulli 

*
22 ( )o FiG p pρ= −       (12.88) 

where the critical pressure is set to the flashing inception pressure 

2( )Fi Fip p T p′= − Δ .      (12.89) 

Jones (1982) described successfully critical mass flow rate in nozzles modifying 
Eq. (12.88) to 

( ) ( )*
20.93 0.04 2 o FiG p pρ= ± −     (12.90) 

The error of this approach was reported to be ±  5% for inlet conditions of p = (28 
to 170)x105 Pa and T2 = 203 to 288°C and use of the Algamir and Lienhard corre-
lation. Fincke  (1984) found for the discharge coefficient instead of 0.93 the value 
0.96 and reported that this coefficient does not depend on the Reynolds number. 

subcooled water. Probably 
nozzles with saturated and subcooled inlet condition modifying the 
equation as follows 

12 Nucleation in liquids 
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340:"Pwengcvkqp"kp"vjg"rtgugpeg"
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In the liquids usually used in technology there are dissolved inert gases and mi-
crobubbles. It is known that at p = 105Pa, T2o = 298 .15 K the amount of dissolved 
gases and microbubbles in the coolant is 1 0.005oα ≅ , for boiling water reactors, 
and 1 0.001oα ≅ , for pressurized water reactor Malnes and Solberg (1973). 
Brennen (1995) p. 20 reported that it takes weeks of deaeration to reduce the 

ppm (saturation at atmospheric 
ppm). 

This amount is dissolved in a form of 
3

1 1 1/( / 6)o o on Dα π=       (12.91) 

bubbles per unit volume, so that before starting the nucleation n1o nucleation sites 
already exist. Here the initial bubble diameter is in any case less than the bubble 
diameter computed after equating the buoyancy force and the surface force 

1 6o RTD λ< .       (12.92) 

Note that the so called free stream nuclei number density is subject to distribution 
depending on the nucleation size, e.g. 4

10 10n R−∼ , 6
10 5 10R −> ×  as reported by 

Brennen (1995). 
Let us suppose that at po, T2o we have no water steam in the single bubble

 (1859) and therefore the mass of the single bubble is 

3 3
1 1

1 1
1 1

2 1 2 1 21 1 1

4 4
2 2 /3 3( ) ( )

o o
o o

n o n
o o on n n

R R nm p p p
R T R R T R R Tσ σ

π πσ σ α
= = + = +∑ ∑

∑ ∑ ∑
. (12.93) 

Further let us assume that the steam evaporating from the surface into the bubble 

is saturated. The initial internal bubble pressure 1 1

3
1

3
4

n o nm R T

Rπ

′∑ ∑  increases with 

2( ) p T′ and equals the external pressure 
1

2p
R
σ

+  

1 1
2 3

1 1

2 3( )  
4

n o nm R T
p T p

R R
σ

π

′∑ ∑′ − = − , 2T ( )T p′> .  (12.94) 

With increasing liquid superheating the bubble radius increases to its critical size 

( )1 1
1 3

8
n o n

c

m R T p
R

πσ

′∑ ∑= ,     (12.95 

concentration of air in the water tunnel below 3
pressure is about 15

Besand
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Blake (1949), Neppiras and Noltingk (1951), corresponding to the superheating 

( )
5/ 2

3/ 2 2
2

2 1 1

2 ( ) 1 1( )
( )3 n o n

T T p T p
h h m R

ρ ρ ρσ
ρ ρ ρ ρπ
′ ′′−′ ′− =

′′ ′ ′′ ′′ ′− −
∑ ∑

. (12.96) 

This is the maximum possible superheating. Thereafter the bubble loses its stabil-
ity and starts to increase in size. We see that the presence of dissolved gases in the 
liquid decreases the superheating necessary for starting the intensive evaporation. 
A considerable amount of dissolved gases can lead to flashing initiation at tem-
peratures lower than the saturation temperature. 

For the first time steps, where the nucleation occurs, the instantaneous source 
terms are 

21 1 1c cinV nμ ρ′′= ,      (12.97) 

( )1
2 21 2Mq h hσ μ′′′ ′′= − − .      (12.98) 

340;"Cevkxcvgf"pwengcvkqp"ukvg"fgpukv{"⁄"uvcvg"qh"vjg"ctv"

1 1 / n
w cn const D′′ ≈       (12.99) 

where the exponent n varies from 2 to 6. If nucleation sites forms a triangular ar-
ray and are touching each other their maximum number per unit surface corre-
sponding to the local superheating is  

( )2
1 ,max 12 / 3w cn D′′ = .      (12.100) 

Note that at atmospheric pressure this expression reduces to 
9 2

1 ,max 0.20 10wn T′′ = × Δ .     (12.101) 

Labuntsov assumed in 1963 that the active nucleation sites density is a part of this 
value 

( )2
1 ,max 1 2 / 3w cn const D′′ =      (12.102)  

Later in 1977 this equation was used by Avdeev et al. (1979) for modeling of 
flashing flows 

5 2
1 ,max 120 10 /w cn D−′′ = ×       (12.103) 

12 Nucleation in liquids 

Not all cavities at the wall serve as a nucleation sites. It is experimentally observed 
that the increase of the wall superheating activates an increasing number of nuclea-
tion sites, Fig. 12.3. Many authors tried to represent this observation by setting 
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which for atmospheric pressure gives an activated site density four order of mag-
nitude lower than the thinkable maximum. The constant 20x10-5 was estimated by 
comparison of the critical mass flow rates with those experimentally measured. 
For atmospheric pressure Eq. (12.92) results in  

4 2
1 ,max 4.85 10wn T′′ = × Δ .     (12.104) 

Johov (1969) plotted data for water and non-water liquids for the nucleation site 
density as a function of the critical diameter. The data have been in the region 
400 8

1 4 10wn′′≤ ≤ × . The data correlated with  

12 3
1 14 10 /w cn D−′′ = × ,      (12.105) 

315.12  T⎡ ⎤= Δ⎣ ⎦  for p = 0.1 MPa, with considerable data spreading within two or-

ders of magnitude. 
 
Mikic and Rohsenow (1969) proposed the expression  

( )3.5*
1 1 1/w cn c D D′′ = ,       (12.106) 

where *
1D  is the diameter for which 1wn′′  would be 1 per unit area, and c is a di-

mensional constant (1/m2) depending on the cavity size distribution. Here 1wn′′  is 
interpreted as the number of the active bubble sites, per unit area, having sizes 
greater than *

1D . For a triangular array 

( )1/ 2*
1 2 / 3D = .      (12.107) 

Hutcherson et al. (1983) uses instead of the critical nucleation size the bubble de-
parture size and obtained good agreement with experimental data for the initial 
depressurization of a vessel blow down assuming  

2
1 1 0.01 2 / 3w dn D′′ ≈ ×       (12.108) 

using the Fritz equation for the bubble departure diameter D1d.  

( )

1/ 2

1 1 ,
2

1.2d d FritzD D
g p

σθ
ρ ρ

⎧ ⎫⎪ ⎪≡ = ⎨ ⎬′′⎡ ⎤−⎪ ⎪⎣ ⎦⎩ ⎭
.   (12.109) 

For the case of nucleate boiling at the wall, Kocamustafaogullari and Ishii 
(1983) proposed the following correlation to predict the active nucleation sites 
density  

( ) ( )4.4 4.132 7 3.2
1 1 1 1/ 2.157 10 1 0.0049 /w d d cn D D D ρ ρ−⎡ ⎤′′ = × +⎣ ⎦   (12.110) 

where  



364      

( ) /ρ ρ ρ ρ′ ′′ ′′= − ,      (12.111) 

0.9
1 1 ,0.0012d d FritzD Dρ=      (12.112) 

and the size of the activated sites, D1c, is computed using Eq. (12.9) with a tem-
perature difference S [Tw - T'(p)]. Here S is the so called Chen superposition factor 
for taking into account the effective superheating of the wall boundary layer. S = 1 
for free convection pool boiling and 1≤  for forced convection boiling. The au-
thors reported good agreement with data for pressures p = 0.1 to 19.8 MPa and for 
both subcooled and pool boiling.  
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Fig. 12.3  Active nucleation site density as a function of superheat. Saturated water at 0.1 
MPa. Data: 1) Gaertner 1965, 4/0 polished copper, 2) Gaertner and Westwater 1960, 4/0 
polished copper, 20 p.c. nickel salt-water solution, 3) Sultan and Judd 1978, diamond grid 
600 polished copper, 4) Yamagata et al. 1955, fine polished brass, 5) Jakob and Linke 
1933, polished steel, 6) Cornwell and Brown 1978, 4/0 polished copper, 7) Kurihara and 
Myers 1960, 4/0 polished copper, 8) Rallis and Jawurek 1964, nickel wire, 9) Faggani et al. 
1981, polished 316 steel horizontal cylinder. Prediction with correlations proposed by 
10) Avdeev et al. (1977), 11) Johov (1969), 12) Cornwell and Brown (1978) and 13) Ko-
camustafaogullari and Ishii (1983) 

 
Jones (1992) found  

( )42 7
1 1 1 110 /w d d cn D D D−′′ =      (12.113) 

for critical flashing flow in a nozzle using the equilibrium between drag and sur-
face forces in the viscous boundary layer to compute departure diameter. Riznic 
and Ishii (1989) demonstrated the applicability of this correlation for flashing 
adiabatic flow using D1c computed with the equation by Kocamustafaogullari and 
Ishii for the temperature difference T2 −  T'(p). 

Cornwell and Brown (1978) reported experimental data for pool boiling of 
saturated water at atmospheric pressure on a copper surface correlated by 

12 Nucleation in liquids 
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 4.5 19 4.5
1 11.36 10 /w cn T D−′′ ≈ Δ ≈ × .     (12.114) 

Plotting the available data for nucleation site density as a function of superheat-
ing for boiling water at atmospheric pressure, Fig. 12.1, gives an average trend 
that can be represented by 

4.18 18 4.18
1 12.988 10 /w cn T D−′′ ≈ Δ ≈ × .    (12.115) 
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Fig. 12.4 Active nucleation site density as a function of superheating. Saturated water at 
0.1 MPa. Wang and Dhir (1993) data for three different static contact angles 1) 90°, 2) 35° 
and 3) 18°. Prediction of the same data with their correlation 4), 5), and 6), respectively. 
Larger static contact angle results of larger active nucleation site density by the same su-
perheating 
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Fig. 12.5  Active nucleation site density as a function of superheating. Saturated water at 
0.1 MPa. Basu et al. (2002) data for different static contact angles: 30°,57°,80°, 90°. 

2124 886 /( )G kg m s< < , 6.6 52.5subT K< Δ < , 2
225 960 /wq kW m′′< < . Prediction of the 

same data with their correlation respectively 
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The minimum of the nucleation site density can be represented by 

 ( )2.593
1 / 3.729wn T′′ ≈ Δ for 21.1TΔ ≤ ,    (12.116) 

and 

( )16.53
1 100 /16.135wn T′′ ≈ Δ  for 21.19 T≤ Δ ≤ 40.   (12.117) 

Comparing the predictions for 1wn′′  by the different above mentioned methods with 
each other shows discrepancies of several orders of magnitude in different regions 
which leads to the conclusion that the knowledge in this field is unsatisfactory for 
practical application. 

An important step in this field was made by Wang and Dhir (1993). Wang and 
Dhir (1993) succeeded to quantify the effect of the static contact angle θ , 
and correlated their data for active nucleation sites density as a function of the 
wall superheating as follows  

27 6 6
1 15 10 (1 cos ) / 714.3w cn D Tθ−′′ = × − = Δ ,   (12.118) 

where the constant has a dimension m4 - see Fig. 12.4. The uncertainty in measur-
ing the static contact angle was 1/ 60±  rad; the uncertainty of the measured

± 20 %. The data are collected for atmos-
pheric pool boiling of water with static contact angle of π  90/180, π  35/180 and 
π 18/180 rad. The authors discovered that only cavities having a nearly spherical 

nucleation site density was estimated to 

12 Nucleation in liquids 

form and mouth angle less than the static contact angle serve as nucleation sites. 
The mouth angle is the angle between the boiling surface and the internal surface 
of the cavity forming the mouth. The region of changing the heat flux covers the 
entire nucleate boiling region.  

Note that Eq. (12.118) should be used together with the experimentally ob-
served relationship between the averaged nearest-neighbor distance and the nu-
cleation site density, 

10.84 / wn′′≈ .       (12.119) 

In 2002 Basu et al. (2002) proposed a replace for the Eq. (12.118) 
2 5 2

1 13400(1 cos ) 2.183 10 (1 cos ) /w cn T Dθ θ−′′ = − Δ = × −      (12.120) 

for   16.298inbT T KΔ < Δ < , and      

5.3 23 5.3
1 10.34(1 cos ) 2.048 10 (1 cos ) /w cn T Dθ θ−′′ = − Δ = × −      (12.121) 

for 16.298K T≤ Δ . Here inbTΔ  is the superheat required for initiation of the nu-
cleate boiling. The correlation reproduces data given Fig. 12.5 for / 2θ π=  and 

/ 6θ π=  within 40%± . The correlation is valid in the range 
2124 886 /( )G kg m s< < , inlet subcooling 6.6 52.5subT K< Δ < , 225 wq′′< <  

960kW/m2, and / 6 / 4π θ π< < . 
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Shoji et al. performed experiments in 2005 with conical, cylindrical and spheri-
cal form. From the wall temperature fluctuation at the cavity they found that the 
conical cavities are not holding bubble nucleus so effective as the cylindrical or 
spherical cavity do which is fact conformation of the Wang and Dhir finding. At 
the same heat flux the conical cavity showed much larger magnitude of the tem-
perature fluctuations compared to the other forms and waiting time reduction with 
increasing heat flux.  

Benjamin and Balakrishnan reported in 1997 the only correlation taking into 
account the thermal properties of the wall and its roughness as follows 

1.63
32

1 0.4*

Pr218.8w

w

n T
γδ

′′ = Δ .      (12.122) 

The liquid Prandtl number, the dimensionless roughness and the dimensionless 
factor defining the transient interface temperature are defined as follows  

2 2 2 2Pr pc η λ= ,      (12.123) 

0.4
*

2 2

14.5 4.5 w w
w

p pδ δ
δ

σ σ
⎛ ⎞

= − + ⎜ ⎟
⎝ ⎠

,     (12.124) 

( )
1/ 2

2 2 2w w pw pc cγ λ ρ λ ρ⎡ ⎤= ⎣ ⎦ .     (12.125) 

wδ  is the arithmetic averaged deviation of the roughness surface counter from the 
averaged line. The correlation is valid within 21.7 Pr 5< < , 4.7 93γ< < , 
0.02 1.17w mmδ< < , 5 25T K< Δ < , 313 10−× σ< <  359 10 /N m−× , 2.2 < *

wδ < 
14. Table 12.3 provides useful information about the roughness of differently pol-
ished materials. 
 

Table 12.3   Roughness of differently polished materials 

Material Finish Roughness 
in µm 

Reference 

Cooper 3/0 emery paper 0.14 Griffith and Wallis (1960) 
Cooper 4/0 emery paper 0.07 Kurihara and Myers (1960) 
Cooper 4/0 emery paper 0.07 Gaertner and Westwater 

(1960) 
Cooper 4/0 emery paper 0.07 Gaertner (1965) 
Cooper Mirror finish <0.02 Wang and Dhir (1993) 
Nickel 4/0 emery paper 0.045 Zuber (1963) 
Stainless steel 1/0 emery paper 0.2 Benjamin et al. (1997) 
Aluminium 2/0 emery paper 1.17 Benjamin et al. (1997) 
Aluminium 3/0 emery paper 0.89 Benjamin et al. (1997) 
Aluminium 4/0 emery paper 0.52 Benjamin et al. (1997) 

.
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There is no attempt to describe theoretically the activated nucleation sites per unit 
surface as a function of the local superheating. 

340320"Eqpenwukqpu"cpf"tgeqoogpfcvkqpu"

1. The maximum superheating in technical systems is a function of the de-
pressurization velocity and of the produced turbulence. 

2. The maximum superheating can be predicted by the Algamir and Lien-
hard and by the Bartak correlations within an error band of 48.5%. 

3. Flashing in short pipes and nozzles leads to critical flows driven by the 
pressure difference equal to the entrance pressure minus the flashing in-
ception pressure. 

4. For the prediction of the maximum achievable superheating which repre-
sents the spinoidal line the Skripov correlation is recommended. 

5. The wetting angle is an important property of the polished surface char-
acterizing its capability to activate nucleation sites. 

12 Nucleation in liquids 

 
Many authors reported that the wall nucleation is not dependent on the liquid sub-
cooling but only on the wall superheating with respect to the saturation line e.g. 
Judd and Hwang (1976). 

6. For the prediction of the activated nucleation sites the correlation ob-
tained by Wang and Dhir is recommended. 

7. The establishing of a vapor film around a heated surface having tempera-
ture larger than the minimum film boiling temperature takes a finite time. 

8. Availability of small bubbles of non-condensing gases reduces the super-
heating required to initiate evaporation. Evaporation at lower than the 
saturation temperature is possible. 

Pqogpencvwtg"

B thermally controlled bubble growth parameter 
  cavD   equivalent cavity size, m 

  hD  hydraulic diameter, m 

1,nD  bubble diameter belonging to n-th bubble generation, m 

1cD  critical bubble diameter, m 

1dD  bubble departure diameter, m 
d differential, dimensionless 

1 /F Vol  cross section at the wall surface covered by attached bubbles per unit 
flow volume, 1/m 

*G  critical mass flow rate, kg/(m²s) 

2Gb  1

2

krE
kT
Δ

= , Gibbs number, dimensionless 
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m2  = mμ/NA, mass of single molecule, kg 
mμ  kg-mole mass (18 kg for water), kg/mole 
N2  = 2ρ /m2 = 2ρ NA/mμ ( ≈  3.3x1028 for water), number of the molecules 

per unit volume, 1/m³ 
NA  = 6.02x1026 , Avogadro number, number of molecules in one kilogram-

mole mass, 1/kg-mole 
1cinn  number of the created nuclei per unit time in unit volume of the liquid, 

1/(m³s) 
wn′′  cavity per unit surface, 1/m² 

1wn′′  bubble generating (active) cavity per unit surface, 1/m² 

1n  bubble number density, 1/m³ 

1,nn  bubble number density belonging to n-th bubble generation, 1/m³ 

1,maxn  maximum number of nucleation sites per unit volume in a pipe, 1/m³ 
p pressure, Pa  

h specific enthalpy, J/kg 
k  = 13.805x10-24 , Boltzmann constant, J/K 

1
2q σ′′′  thermal energy consumed from the liquid per unit time and unit flow vol-

ume, W/m³ 
R gas constant, J/(kgK) 

1R  bubble radius, m 

10R  initial bubble radius, m 

1cR  critical bubble radius, m 

1R ∞  final radius of the bubble, m 
r radius, m 
s specific entropy, J/(kgK) 
T temperature, K 
u radial velocity, m/s 
V velocity vector, m/s 

1cV  volume of the bubble with critical size 
v specific volume, m³/kg 
Vol volume, m³ 
 
Greek 
 

1α   bubble volumetric fraction, m³/m³ 

vγ  volume occupied by the flow divided by the volume of the system, di-
mensionless 

γ  cross section flowed by the flow divided by the total cross section of the 
system, dimensionless
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Δ  finite difference 

1EΔ   work necessary to create a single bubble with radius R1, J 

1cEΔ  work necessary to create a single bubble with radius R1c, J 
*
1cEΔ  1cEϕ= Δ , energy for the creation of a single bubble at a wall, J 
*
FipΔ  2( ) Fip T p′= − , flashing inception pressure difference, Pa 
τΔ  time interval, s 

θ  static contact angle, rad 
RTλ  Rayleigh-Tailor wavelength, m  

21μ  evaporating mass per unit time and unit flow volume, kg/(m³s) 
ρ  density, kg/m³ 
σ  surface tension, N/m 
τ  time, s 
Φ   cavity angle if the cavity is idealized as a cone, rad 
ϕ  work reduction factor, dimensionless 

12 Nucleation in liquids 

 ′′  saturated vapor 
spin spinoidal line 
 
Subscripts 
 
1 vapor, gas 
2 liquid 
c critical state 
s at constant entropy 
Fi flashing inception 

1n o∑  sum of all non-condensing gases 
M evaporating chemical component 
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This review presents the achievements of the theory of bubble growth in superheated liq-
uids. The thermally controlled bubble growth solutions are summarized and the derivation 
of the Mikic equation is discussed in some more details. Then the link between the solutions 
for the bubble growth and the mass source terms for the averaged conservation equations 
for two-phase flow are presented. The way to derive non-averaged mass source terms and 
time-averaged mass source terms is given. The effect of the steam superheating is dis-
cussed. Brief discussion of diffusion controlled bubble growth initially containing non-
condensable gases is also given. 

3503"Kpvtqfwevkqp"

The spontaneous flashing of superheated liquid is associated with the bubble 
growth in the liquid. The mechanism of the bubble growth is described already by 
Jakob in 1932 in the following way: 

"...it can be imagined that during the small explosion which starts the 
growth of a bubble, the interface temperature, because of the consumed 
heat for vaporization, drops immediately from the superheat temperature 
to the saturation temperature, for example from 110°C to 100°C. As a 
consequence of the heat transfer from the liquid to the vapor bubble the 
liquid envelope is being cooled progressively from the inside toward the 
outer boundary; a temperature boundary layer is created with a constantly 
decreasing temperature drop. This thermal boundary layer increases in 
thickness until the thermal wave, which advances from the vapor bubble 
interface into the liquid, has reached the outer limit of the hydrodynamics 
boundary layer. The decrease in thickness of the hydrodynamics 
boundary layer because of the evaporation at the interface is, initially, a 
small fraction of the total thickness...". 

The rigorous mathematical description of the processes in a system of spherical 
coordinates with the origin equivalent with the center of the mass of the nuclea-
tion site, needs the solution of a system of mass, momentum, and energy conser-
vation equations for the corresponding initial and boundary conditions, see by 
Nigmatulin (1978), Beylich (1991) among others. An important result of such a 
solution is the bubble radius as a function of time and of the local thermodynamic 
parameters describing the non-equilibrium of the mixture. A general analytical so-
lution of these problems is not known to the author. For practical applications 
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there are several approximate solutions obtained under different simplifying as-
sumptions.  The most successful compromise between strict formulation and 
sound simplifying assumption was made by Mikic et al. (1970). In what follows 
we present the arguments used by Mikic. 

3504"Vjg"vjgtocnn{"eqpvtqnngf"dwddng"itqyvj 

Consider infinite liquid with temperature T2 which is superheated with respect the 
saturation temperature by the system pressure p, i.e. 

2 ( ).T T p′>        (13.1) 

The liquid side bubble interface temperature is 1
2T σ . 

1
2 2T Tσ < ,       (13.2) 

Due to the intensive steam production from the bubble surface and the fact that 
vapor sound velocity is larger then the bubble interface velocity, it can be as-
sumed that the pressure inside the bubble is uniform and that the vapor tempera-
ture in the bubble is equal to the surface temperature 

1
1 2T T σ= .       (13.3) 

The pressure inside the bubble can be assumed to be the saturation pressure at the 
vapor temperature and therefore 

( )1
1 2( ) .p T p T σ′ ′=       (13.4) 

The change of the bubble mass with the time is equal to the mass evaporating 
from the surface per unit time, i.e. 

3 2
1 1 1 21

4 4 ( )
3

d R R w
d

π ρ π ρ
τ
⎛ ⎞ =⎜ ⎟
⎝ ⎠

,     (13.5) 

see Bosnjakovic (1930). This is the vapor mass conservation equation. Here 
21( )wρ is the mass flow rate from the surface into the bubble. This equation is 

used in the literature in different forms e.g. 

( )31/ 3 2
1 1 1 21

1 ( )
3

d R R w
d

ρ ρ
τ
⎡ ⎤ =⎢ ⎥⎣ ⎦

     (13.6) 

or 

( )1/ 3 2 / 3
1 1 21 1( ) /d R w

d
ρ ρ ρ

τ
⎡ ⎤ =⎢ ⎥⎣ ⎦

     (13.7) 

or in integrated form 
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( ) ( )1/ 3 2 / 3
1 10 1 10 121

10 10 0

1/ 1 /R R w d
R

τ

ρ ρ ρ ρ τ
ρ

Δ⎧ ⎫⎪ ⎪⎡ ⎤= +⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
∫ ,  (13.8) 

which is appropriate to take into account the density change with the time, or 

( )1 1 1
121

1

/
3

dR R dw
d d

ρρ ρ
τ ρ τ
= − .     (13.9) 

The enthalpy of the liquid experiencing evaporation before crossing the interface 
is h'( 1

2T σ ) and after crossing the interface h"( 1
2T σ ). Thus the energy jump condi-

tion at the interface, assuming no heat transfer between the bubble and the inter-
face, 2

1 0q σ′′ = , is 

( ) 1 1 1
2 2 221

( ) ( )w h T h T qσ σ σρ ⎡ ⎤′′ ′ ′′− = −⎣ ⎦ .    (13.10) 

Solving with respect to the evaporation mass flow rate and substituting into the 
mass conservation equation (13.9) we obtain 

{ }1 1 11 1 1
2 1 2 2

1

/ ( ) ( )
3

dR R dq h T h T
d d

σ σ σ ρρ
τ ρ τ

⎡ ⎤′′ ′′ ′= − − −⎣ ⎦    (13.11) 

The heat transferred from the superheated bulk liquid to the surface is controlled 
by the Fourier equation, in spherical coordinates (see J. Fourier, (1822)) 

2
2 2

1T Ta r
r r r

∂ ∂ ∂
∂τ ∂ ∂

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

     (13.12) 

solved for the initial and boundary conditions 
1

1 20,  ,  r R T T στ = = = ,      (13.13) 

1 20,  ,  r R T Tτ = > = ,      (13.14) 

1
1 2,  r R T T σ= = ,      (13.15) 

2,  r T T= ∞ =  .      (13.16) 

The text book solution for thin thermal boundary layer, Carlsow and Jaeger 
(1959), is used to compute the temperature gradient at the bubble surface and to 
compute the resulting heat flux as a function of time 

( )1

1 2
2 2 2 2 2 2

3
i r R p

T aq c T T
r

σ∂λ ρ
∂ πτ=′′ = − = − −   

[ ]
1

2 2
2 2 2

2

3 ( )( ) 1
( )p

a T T pc T T p
T T p

σ

ρ
πτ

⎡ ⎤′−′= − − −⎢ ⎥′−⎣ ⎦
.   (13.17) 
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Usually the so obtained heat flux is substituted in Eq. (13.11) and the resulting 
equation is rewritten in the form 

1
1 2 1 1

2 1

1 ( )1
2 ( ) 3

dR B T T p R d
d T T p d

σ ρ
τ ρ ττ

⎡ ⎤′−
= − −⎢ ⎥′−⎣ ⎦

   (13.18) 

where 

212aB Ja
π

= .      (13.19) 

The group 

[ ]2 2 2
1 1

10 2 2

( )
( ) ( )

pc T T p
Ja

h T h Tσ σ

ρ
ρ

′−
=

⎡ ⎤′′ ′−⎣ ⎦
     (13.20) 

is named Jakob number in honor of the German scientist considering for the first 
time this problem in Jakob (1932). Fritz and Ende obtained in 1936 Eq. (13.18) 
for 1 constρ ≈  and plane geometry. For processes with dramatic pressure change 
the vapor compressibility is important and 1 /d dρ τ  cannot be neglected. Equation 
(13.18) controls the bubble growth if the surface temperature 1

2T σ  is known. If the 
surface temperature is assumed to be saturation temperature at the system pressure  

1
2 ( )T T pσ ′= ,       (13.21) 

the obtained solution for 1 constρ ≈ is the so called thermally controlled bubble 
growth solution obtained by Plesset and Zwick in 1954  

1 1
2

dR B
dτ τ

= .       (13.22) 

There are several authors contributing to this topic. Their results are summarized 
in Appendix 13.1.  

3505"Vjg"Mikic"uqnwvkqp"

Note that in accordance with the assumption that the pressure inside the bubble is 
equal to the saturation pressure as a function of the interface temperature, there is 
no pressure difference between bubble and environment, which is not true. Im-
proved solution can be obtained if one allows a surface temperature different from 
the saturation temperature at the system pressure. In this case one needs one more 
equation to close the description. Mikic uses the following way: The mass conser-
vation equation of the liquid can be approximated by 

13 Bubble growth in superheated liquid 



13.3 The Mikic solution   379 

2
22

1 ( ) 0r u
r r

∂
∂

≈ ,      (13.23) 

or integrating with the boundary condition 

1
1 2,  Rr R u ∂

∂τ
= = ,      (13.24) 

2 21
2 1/ ( / )Ru const r R r∂

∂τ
= = .     (13.25) 

It gives the liquid velocity as a function of the radius if the liquid were incom-
pressible during the bubble expansion. During the bubble growth the work per-
formed by the bubble expansion 

1
2 3

1 1 1
20

44 ( ) (1 )( )
3

R

p p r dr R p pρπ π
ρ
′′

− ≈ − −∫ ,   (13.26) 

is transferred in total kinetic energy of the liquid environment 

1 1 1

2 2
2 4 41 1

2 2 2 2 1 2 12

1 1 14 2 ( )
2 2R R R

dR dr dRu dVol R R d
d r d r

ρ ρ π πρ
τ τ

∞ ∞ ∞⎛ ⎞ ⎛ ⎞= = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫ ∫  

2
31

2 12 dR R
d

πρ
τ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

, 

i.e. 

( ) ( )
2

11
1 2 2 2 2

2 2 1

2 2 2 21 / 1 ( ) / /
3 3 3 c

dR p p p T p
d R

σρ ρ σρ ρ ρ
τ ρ ρ

⎛ ⎞ ⎛ ⎞′′ ′′⎛ ⎞ ′= − − = − − =⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

, 

    (13.27) 

which is the second needed equation. The constant 2/3 valid for bubble growth in 
a bulk liquid should be replaced by π/7 if a spherical bubble growing on a flat sur-
face is considered. In fact this is the mechanical energy conservation equation. If 
one assumes that the interface temperature is equal to the liquid temperature 

1
2 2T Tσ = ,       (13.28) 

and therefore the bubble pressure is the saturation pressure at the liquid tempera-
ture the above equation describes alone the bubble growth. This is the limiting 
case giving the fastest bubble growth with the liquid superheating. This solution is 
named inertially controlled solution and was obtained for the first time by Besand 
(1859) and in the above described more elegant way by Rayleigh (1917) for 

2/ 0ρ ρ′′ = . The solution is valid within the first 810−  s of the life of the bubble. 
In reality the bubble in a superheated liquid behaves between the both above 

described limiting mechanisms, so the bubble growth is governed by the equations 
(13.22) and (13.27) simultaneously. To transfer the pressure difference 
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1
2( )p T pσ′ −  in the last equation into a temperature difference 1

2 ( )T T pσ ′− one can 
use the linearized equation of Clausius and Clapeyron 

1
2

1
2

( )
( ) sat

p T p dp
T T p dT

σ

σ

′ − ⎛ ⎞= ⎜ ⎟′− ⎝ ⎠
 ,      (13.29) 

where 

1 ( ) ( )
( ) ( ) ( )sat

dp h p h p
dT T p v p v p

′′ ′−⎛ ⎞ =⎜ ⎟ ′ ′′ ′−⎝ ⎠
,     (13.30) 

or 

1 1
2 2 2

2

1( ) / ( )
sat

dpp T p T T p
dT

σ σρ
ρ

⎛ ⎞⎡ ⎤ ⎡ ⎤′ ′− = − ⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎝ ⎠
.    (13.31) 

The result is 
2

11
2

2 2

2 11 ( )
3 sat

dR dpT T p
d dT

σρ
τ ρ ρ

⎛ ⎞′′⎛ ⎞ ⎛ ⎞⎡ ⎤′= − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎣ ⎦⎝ ⎠ ⎝ ⎠⎝ ⎠
 

[ ]
1

2
2

2 2 2

2 1 ( )1 ( )
3 ( )sat

dp T T pT T p
dT T T p

σρ
ρ ρ

⎛ ⎞′′ ′−⎛ ⎞ ′= − −⎜ ⎟⎜ ⎟ ′−⎝ ⎠ ⎝ ⎠
   (13.32) 

or 
2 1

21 2

2

( )
( )

dR T T pA
d T T p

σ

τ
′−⎛ ⎞ =⎜ ⎟ ′−⎝ ⎠

,     (13.33) 

where 

[ ]2
2

2 2

2 1 1 ( )
3 sat

dpA T T p
dT

ρ
ρ ρ

⎛ ⎞′′⎛ ⎞ ′= − −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

.    (13.34) 

Eliminating the temperature difference from the both equations, Eqs. (13.22) and 
(13.33), Mikic et al. obtained the following final form of the equation describing 
best the available experimental data 

2
1 1 1 1

2
1

1 2 21 0
3

dR dR R d
A d B d B d

τ τ ρ
τ τ ρ τ

⎛ ⎞ + − + =⎜ ⎟
⎝ ⎠

,   (13.35) 

or after solving for 1 /dR dτ  and substituting ( )1 1/ / /dR d A dR dτ τ+ +=  

( )
1/ 21/ 2 1/ 21 1 1

1
1

21
3

dR dR
d d

τ ρτ τ
τ ρ τ

+ + +
+ + +

+ + +

⎛ ⎞
= + − −⎜ ⎟
⎝ ⎠

,   (13.36) 
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where 
2

1 /R AR B+ = ,      (13.37) 

2 2/A Bτ τ+ = .       (13.38) 

Substituting the time derivative of the bubble radius from Eq. (13.36) into Eq. 
(13.33) we compute the surface temperature  

[ ]
21/ 21/ 2

1 1/ 21 1
2 2 1

1

2( ) ( ) 1 ( )
3

dT T p T T p R
d

σ τ ρτ τ
ρ τ

+ +
+ + +

+ +

⎡ ⎤⎛ ⎞
′ ′ ⎢ ⎥= + − + − −⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
 (13.39) 

which is necessary to compute the enthalpies of the transferred mass before and 
after crossing the interface. 

Integrating the equation (13.35) for 1 1oR R+ =  at 0τ + = , and 1 constρ = , Mikic 
et al. obtained the general bubble growth relation 

( )3/ 2 3/ 2
1 1

2 1 ( ) 1
3oR R τ τ+ + + +⎡ ⎤− = + − −⎢ ⎥⎣ ⎦

,    (13.40) 

which for 1τ + <<  simplifies to the Rayleigh solution, and for 1τ + >>  to the ther-
mally controlled bubble growth solution. 

The validity of the Eq. (13.40) is confirmed experimentally by Lien and Griffith 
(1969) for superheated water over the pressure range 0.0012 to 0.038 MPa, su-
perheating range 8 to 15 K, and 58 ≤ Ja ≤  2690. The comparison with experi-
mental data made by Tolubinskii (1980) shows that in a earlier stadium of the bub-
ble growth 3 810 ( 10 )sτ τ+ − −< ≤  the bubble growth is inertially dominated. For 

310τ + −>  the Mikic et al. solution is the best one. For the time 10τ + >  all of the 
heat diffusion controlled solutions tend to the asymptotic solution, the so called 
thermally controlled bubble growth. 

Olek et al. (1990) obtained a general counterpart solution to that of Mikic et al. 
(1970) using the hyperbolic heat conduction equation, instead of the classical 
Fourier (parabolic) equation. The new solution is important for bubble growth in 
fluids like Helium II. 
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In what follows we show how to link the results obtained in the previous chapter 
with the macroscopic flow description from Volume 1 of this monograph. 

13.4 How to compute the mass source terms  
for the averaged conservation equations? 
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The evaporated mass per unit mixture volume and unit time is equal to the 
product of the number of the bubbles per unit mixture volume and the mass 
change of a single bubble. Therefore 

1 1 2
21 2 1 1 2 1 1 1( ) / ( ) 4 /T n dV d T n R dR dσ σμ ρ τ ρ π τ′′ ′′= = ,   (13.41) 

or replacing 
1/ 3

1
1

1

3
4

R
n
α

π
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,       (13.42) 

2 / 31/ 3 2 / 3 1 1/ 3
21 2 1 1 1 13 (4 ) ( ) /T n R dR dσμ π ρ α τ′′= .    (13.43) 

Replacing 1 /dR dτ with one of the expressions from Appendix 13.1 we have for 
the non-averaged mass source term for the thermally controlled bubble growth  

[ ]
22

22 / 3 2 / 3 2 21 1/ 3 2 1 1/ 3
21 2 1 1 2 1 1 2( ) ( ) ( )

( )
pcBC T n B C T n T T p

Ja h h
σ σ ρ

μ ρ α ρ α
ρ

⎡ ⎤⎛ ⎞′′ ′′ ′= = −⎜ ⎟ ⎢ ⎥′′ ′′ ′−⎝ ⎠ ⎣ ⎦
, 

   (13.44) 

with constant C ranging from 2.2 to 14.89. It is very interesting to note that the 
evaporation source term depends on the void fraction, on the bubble number den-
sity, on the liquid temperature, and on the system pressure. All of these values 
change during a single time interval. 

The heat taken away from the liquid and used for the evaporation per unit mix-
ture volume and unit time is 

1 1 1
2 21 2 2( ) ( )q h T h Tσ σ σμ ⎡ ⎤′′′ ′′ ′= − −⎣ ⎦ ,    (13.45) 

or for the thermally controlled bubble growth 

[ ]22 2 21 2 / 3 1/ 3
2 1 1 2  ( )

( )
pc

q const n T T p
h h

σ ρ λ
α

ρ
′′′ ′= − −

′′ ′′ ′−
.   (13.46) 

We see that it is nearly proportional to the square root of the difference between 
the liquid temperature and the saturation temperature. This is the non-averaged 
energy source term. The use of the non-averaged source terms is justified for time 
steps considerably smaller then the characteristic time interval needed to reach the 
equilibrium. Otherwise the averaged source terms have to be used. Further we dis-
cuss how to compute the averaged source terms. 
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For a constant number of bubbles during the time step, the volume difference be-
tween the end and the beginning of the time step, multiplied by the steam density 
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and the bubble number per unit mixture volume, gives the integral mass evaporat-
ing during the considered time step per unit mixture volume. Dividing this mass 
by the time step we obtain the averaged mass source term 

21 1 1 /on Vμ ρ τ′′= Δ , 1 0α = ,     (13.47) 

for the first integration step when the bubble growth just starts and 
3

1 1 1 1 1 1 1 1 1 1 1 1 1
21 1

1 1 1 1

1 1o o o o o o o
o

o o o o

V V n V V Rn
V R

ρ ρ ρ ρ ρ α ρμ
τ τ ρ τ ρ

⎡ ⎤⎛ ⎞ ⎛ ⎞− ⎢ ⎥= = − = −⎜ ⎟ ⎜ ⎟Δ Δ Δ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
, 1 0α >  

   (13.48) 

for the next time steps. Using Eq. (13.40) we obtain for 1 0aα =  

 ( ) ( )
32 3/ 2 3/ 231 1

21 1
4 4 2 1 1
3 3 3

o on n BR
A

ρ ρμ π π τ τ
τ τ

+ +⎧ ⎫′′ ′′⎛ ⎞ ⎡ ⎤= = + − −⎨ ⎬⎜ ⎟ ⎢ ⎥⎣ ⎦Δ Δ⎝ ⎠ ⎩ ⎭
 

     (13.49) 

and for 1 0aα >  

 ( ) ( )
3

3/ 2 3/ 21
21 1

21 1 1 / 1
3

o
oRρ αμ τ τ

τ
+ + +

⎡ ⎤′′ ⎧ ⎫⎡ ⎤= + + − − −⎢ ⎥⎨ ⎬⎢ ⎥⎣ ⎦Δ ⎩ ⎭⎢ ⎥⎣ ⎦
  (13.50) 

where 

2 2/B A
ττ + Δ

= .       (13.51) 

For the thermally controlled bubble growth the third power of the radii ratio re-
duces to 

( )
3 31/ 2*1

1

1 /
o

R
R

τ τ
⎛ ⎞ ⎡ ⎤= + Δ⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠

.     (13.52) 

The time interval measured from the beginning of the bubble growth to the begin-
ning of the time step can easily be calculated 

 

( )
21/ 3

2* 10
10

10

3/
4

R B B
n
ατ
π

⎡ ⎤⎛ ⎞
⎢ ⎥= = ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

.    (13.53) 

 
Having in mind, that for the spontaneous evaporation 12 0μ =  and 2

1 0q σ′′ = , we 
obtain the corresponding energy source term from the energy jump condition on 
the bubble surface, i.e. Eq. (13.45). 
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The above derived formalism is strictly valid if the bubble surface temperature is 
equal to the gas temperature T1, 

1
2 1T Tσ = .       (13.54) 

In the following we denote the evaporation rate for this case with 21μ′ . In general 
it is possible to have superheated or subcooled steam with respect to the surface 
temperature due to the history of the gas - liquid mixing process. In such cases 
there is a small amount of heat transferred from the bubble to the surface if 

1
1 2T T σ>  or from the surface to the bubble, if 1

1 2T T σ< , due to a mechanism simi-
lar to natural convection inside the cavity. In this case the above theory should be 
revised. An approximate correction of the theory can be introduced as follows: 

1 1 1
2 21 2 2( ) ( )q h T h Tσ σ σμ ⎡ ⎤′′′ ′ ′′ ′= − −⎣ ⎦ ,    (13.55) 

12 0μ = ,       (13.56) 

( )2 1
1 21 2 1NCq a h T Tσ σ′′′ = −      (13.57) 

2 1 1
21 21 1 2 2/ ( ) ( )q h T h Tσ σ σμ μ ⎡ ⎤′ ′′′ ′′ ′= − −⎣ ⎦ ,    (13.58) 

where the heat transfer coefficient due to natural e.g. convection in a cavity is 

1
1 1

1

( Pr )m
NCh const Gr

D
λ

= ,     (13.59) 

1 3 2
1 1 1 2 1 1 1( ) /Gr g T Dσρ ρ ρ η′′= − ,      (13.60) 

1 1 1 1Pr /pcη λ= ,       (13.61) 

0.59 0.9const ≈ ÷ ,       (13.62) 

1/ 4m ≈ .       (13.63) 

The second term in Eq. (13.58) is usually neglected as very small compared to the 
first one. This term becomes important only for mass transfer processes on the 
bubble surface in saturated or nearly saturated liquid. 
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Consider a bubble consisting of a mixture of vapor and non-condensable gases. 
The partial pressure of the vapor is 1Mp . If the interface pressure 2( )p T′  is larger 
than the partial vapor pressure there is an evaporation mass flux from the interface 
into the bubble. The emitted steam molecules from the surface enter the boundary 
layer of the bubble by diffusion. The non-averaged instantaneous mass source 
term is 

[ ]1 1
21 21 21 12 1 2

1

( ) ( )M
M

M

Ca w a p p T
p
ρμ ρ β ′= = − −  

2 / 31 2
21 1

1 1

( )ln /( )M
c p

n

M p p Ta c Le
M p

α
′−

= −
∑

 see in  VDI-Waermeatlas  (1984)

 (13.64) 

where 

[ ]
2 / 31 1 2

1 1
1 1 2 1 1 1

( )ln /( ),
( )
M M

c p
M M n

p M p p T c Le
C p T p M p

β α
ρ

′−
=

′ − ∑
  (13.65) 

( )1 2Mp p T p′< < ,      (13.66) 

1 1 1 1/( )p M nLe c Dλ ρ
→

= ∑      (13.67) 

1 1
1 1 1

n n
n M

p p p
M M M

p p
−

= +∑ ∑∑     (13.68) 

( 1nM∑ =28.96 kg for air, 1MM = 18.96 kg for water steam) (13.69) 

p' is the partial pressure of the steam in the boundary layer, where the steam is 
supposed to be saturated at a temperature nearly equal to the liquid temperature 

( )2p p T′ ′= .       (13.70) 

During the evaporation the liquid is cooled by 
1

2 21 2( )Mq h hσ μ′′′ ′′= − − .      (13.71) 

Because this process is relatively slow in most of the practical cases averaging in 
the time steps of the source terms is not necessary. 

13.6 Diffusion controlled evaporation into mixture  
of gases inside the bubble 
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1. After the origination of bubbles with stable bubble size the evaporation of the 
superheated liquids is controlled by the bubble growth. The bubble growth is 
over a very short time controlled by the inertia and is well described by the 
Besand and Rayleigh solution. For the time after the inertia-controlled period 
the thermally controlled bubble growth controls the evaporation. From nine 
known models for this region the model by Mikic is recommended. The Mikic 
model interpolates properly between inertia controlled and thermally con-
trolled regions. 

 
2. Thermally controlled bubble growth at heated walls is described by modify-

ing the solutions for thermally controlled bubble growth in the bulk. 
 

3. Evaporation processes are the driving forces for pressure excursions. The 
pressure change has an important feedback on the bubble growth by changing 
the driving temperature difference controlling the energy transfer between the 
bulk and the interface. For pressure change with semi-constant pressure 
change velocity over a given time step the bubble growth is best approxi-
mated by the solution of Jones and Zuber. 

Crrgpfkz"3503"Tcfkwu"qh"c"ukping"dwddng"kp"c"uwrgtjgcvgf"
nkswkf"cu"c"hwpevkqp"qh"vkog"

Thermally controlled bubble growth: 1 1 ,
2

dR B
dτ τ

= 1R B τ= , 21
1 / 2dRR B

dτ
=  

where 2 2 2( )
( )

pc T T
Ja

h h
ρ
ρ

′−
=

′′ ′′ ′−
, 2

2
2 2p

a
c
λ

ρ
=  and B is given below. 

 
Bosnjakovic (1930), Fritz and Ende (1936) for plane geometry: 

24aB Ja
π

= . 

Plesset and Zwick (1954) for Ja < 100: 

212aB Ja
π

= . 

Foster and Zuber (1954), Dergarabedijan see in Tolubinskii (1980) for Ja < 100: 

2B Ja aπ= . 

13 Bubble growth in superheated liquid 



Appendix 13.1 Radius of a single bubble in a superheated liquid as a function of time   387 

Labuntsov et al. (1964) approximate the analytical solution obtained by Scriven 
(1959) for bubble growth in uniformly heated liquid with an error of 2%  

1/ 22 /3
212 11

2 6 6
aB Ja

Ja Ja
π π

π

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

. 

The Labunzov approximation give close results to the Foster and Zuber (1954)

 
Olek et al. (1990): 

1/ 2
2 21 1aB Ja

Ja
π

π

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

. 

Cole and Schulman (1966): 

2

4
aB Ja π

= . 

Cooper - see in wang (1969) for H2O: 

2

2

1.57 
Pr
aB Ja= . 

Mikic and Rohsenow (1969) 

20.83 B Ja aπ= . 

Prisnjakov (1970) for Ja < 500: 

216
9

aB Ja
π

= . 

 
Bubble growth at heated wall: no complete analytical description, empirical corre-
lations recommended for practical use. 
Jagov (1971) 

( )2 2 1/ 2
2 22  B Ja Ja a Ja aγ γ β= + + , 

0.3γ = , 6β = , valid for 110 1000Ja− < < . For 1Ja << , high pressure, the 
Jagov’s expressions is equivalent with the Labuntsov et al. result from (1964), 
validated for water boiling at silver surface at p = 1 to 100 bar. 

22  B a Jaβ= , 

solution. 
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where  

( ) ( )
( )

( ) ( )2 2

2(cos ) ln( / ) 25.3cos 22
1 cos 2 cos 1 cos 2 cos

mν
θ δ δ θ

β
θ θ θ θ

= ≈
+ − + −

,  

35 /180θ π≈ , mδ
910−≈  to 1010 m− , is the averaged distance between the liquid 

molecules, and νδ  410 m−≈  is the thickness of viscous boundary layer of the boil-
ing surface. 5.6β ≈  to 6.7, 6β =  recommended. For 1Ja >> , high pressure, the 
Jagov’s expression tends to 1/ 2

22B Jaaγ=  characteristic for bubble growth in bulk 
liquid. 

 
 

Piening (1971) for 28 10 500x Ja− < < : 

2B a Ja= . 

Kutateladze (1982) p.120 for bubble growth at heated wall: 

2B const a Ja≈ . 

Hutcherson et al. (1983): 

212 /B a Ja π= . 

Wang (1989) for p const≠ : 

1/ 3 2 / 3
1 10 1 10 21 1

10 10 0

1( / ) 1 ( ) /R R w d
R

τ

ρ ρ ρ ρ τ
ρ

Δ⎡ ⎤
⎡ ⎤= +⎢ ⎥⎣ ⎦

⎣ ⎦
∫ , 

where 

21, 21,inf   ( ) ( )wall init liquid seew wρ β ρ= , 

( ) 2

2

2 1 cos sin
2 cos (2 sin )

θ θ
β

θ θ
+ +

=
+ +

,    1.05  1.31 to radθ = . 

Cole and Shulman (1966): 

3/ 4
2

5
2

B Ja a= . 

Galin and Kirilov (1987) 

( )2
2 2 2

2 w w pw

p

c
B a Ja Ja

c
λ ρ

β ϕ ψ
λ ρ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

, ( )
2

21 2Ja Ja Ja Jaγ γϕ β γ
β β

= + + + , 
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6β = , 0.3γ = , ψ  unknown. 

Jones and Zuber (1978), Kroshilin et al. (1986) for p ≠ const in uniformly heated 
liquid 

 
The heat flux at the bubble surface 1

2q σ′′  is computed using the Carlsow and 
Jaeger (1959) solution of the Fourier equation for heat slab with variable tem-
perature difference at the one boundary  

2T const= , 1
2 2( ) ( )T T T στ τΔ = − ,  ( )2 0(0)T T T p′Δ = − ,  

1 2
2

02

(0) ( )
s

T Tq k d
a

τ
σ λ η η

π τ τ η

⎡ ⎤Δ Δ′′ = − +⎢ ⎥
−⎢ ⎥⎣ ⎦

∫  

ks is the sphericity correction = / 2π  for Foster - Zuber, 3  for Plesset - Zwick. 
For linear pressure decrease during the time step τΔ ,  

( )T bη ηΔ = ,  

where  

a

sat sat

dT dp dT p pb
dp d dpτ τ

⎛ ⎞ ⎛ ⎞ −
= − = −⎜ ⎟ ⎜ ⎟ Δ⎝ ⎠ ⎝ ⎠

,  

the heat flux is 

1 3/ 2
2 2 2 2

(0) 4
3

s
p

k Tq c bσ λ ρ τ
π τ

⎡Δ ⎤′′ = − +⎢ ⎥
⎣ ⎦

. 

Neglecting the expression containing the density change and substituting into the 
mass transport equations with 

( )1
21 2( ) /w q h hσρ ′′ ′′ ′= − − . 

we obtain  

( )
3/ 21

2 2 2 0
10 1 10

1 (0) 41
3

s
p

R k Tc b d
R h h R

τ
λ ρ τ τ

ρπ τ

Δ ⎡ Δ ⎤
= + +⎢ ⎥′′ ′− ⎣ ⎦

∫ . 

After the integration the result is 

( )
1/ 2 5/ 21

2 2 2
10 1 10

2 1 41
15

s
p

R k c b
R h h R

λ ρ τ τ
ρπ

⎛ ⎞= + Δ + Δ⎜ ⎟′′ ′− ⎝ ⎠
. 

The equation rewritten in dimensionless form is 
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2
1/ 2 5/ 210

1 10
2

2 41
15

s
T p

k RR R Ja Fo Ja Fo
aπ

⎡ ⎤⎛ ⎞
= + +⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
, 

where 

( ) ( )2 2
2 0

10

p
T

c
Ja T T p

h h
ρ

ρ
′⎡ ⎤= −⎣ ⎦′′ ′−

, 

( )
2

2 2 10

10 2

p
p

c RJa b
h h a
ρ

ρ
=

′′ ′−
, 

2
2 10/Fo a Rτ= . 

The result obtained by Jones and Zuber is slightly different 

( )1/ 3 1/ 2 3/ 2
1 10 1 10

2 2/ 1
3

s
T p

kR R Ja Fo Ja Foρ ρ
π

⎧ ⎫⎡ ⎤= + +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
. 

The time-averaged evaporation mass per unit time and unit mixture volume is 
therefore 

3
1/ 2 3/ 21 1

21
2 21 1

3
o o s

T p
k Ja Fo Ja Foρ αμ

τ π

⎧ ⎫⎧ ⎫⎪ ⎪⎡ ⎤= + + −⎨⎨ ⎬ ⎬⎢ ⎥Δ ⎣ ⎦⎩ ⎭⎪ ⎪⎩ ⎭
   for   1 0α >  

 
Inertia controlled bubble growth, 810τ −Δ ≤ s, Besand (1859), Rayleigh (1917). 

[ ] [ ]
1/ 21/ 2

1
2 2 2

2

2 2 1( ) / ( )
3 3 sat

dR dpp T p T T p
d dT

ρ
τ ρ

⎧ ⎫⎧ ⎫ ⎛ ⎞′ ′= − = −⎨ ⎬ ⎨ ⎬⎜ ⎟
⎩ ⎭ ⎝ ⎠⎩ ⎭

 

[ ]
1/ 2

1 2
2

2 1 ( )
3 sat

dpR T T p
dT

τ
ρ

⎧ ⎫⎛ ⎞ ′= −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

 

Inertia and thermal controlled bubble growth, Mikic et al. (1970): 

( )3/ 2 3/ 2
1 1

2 1 1
3oR R τ τ+ + + +⎡ ⎤− = + − −⎢ ⎥⎣ ⎦

 

where 

2
1 1 ( / )R R B A+ = ,  2 2/B A

ττ + =  

[ ]2 2 2
1 1

1 2 2

( )
( ) ( )
pc T T p

Ja
h T h Tσ σ

ρ
ρ

′−
=

⎡ ⎤′′ ′−⎣ ⎦
, 

1/ 2

2
12B a Ja
π

⎛ ⎞= ⎜ ⎟
⎝ ⎠
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[ ]2
2

2

1 ( ) ,
sat

dpA c T T p
dTρ

⎛ ⎞ ′= −⎜ ⎟
⎝ ⎠

 

,

1 ( ) ( )
( ) ( ) ( )sat

dp h p h p
dT T p v p v p

′′ ′−⎛ ⎞ =⎜ ⎟ ′ ′′ ′−⎝ ⎠
 

c = 2/3 for bubble growth in infinite continuum, 
 
c = / 7π  for bubble growth on a wall surface. 
 

Instantaneous mass transfer per unit time and unit mixture volume: 

( )1/ 21/ 3 1/ 3 2 / 3 1/ 2
21 1 1(36 ) 1 ( ) .n Aμ π α ρ τ τ+ +⎡ ⎤′′= + −⎢ ⎥⎣ ⎦

 

Pqogpencvwtg"

Latin 
 
a liquid thermal diffusivity, m2/s 

21a  interfacial area density between the liquid 2 and the vapor 1, 1/m 
C mass concentration, kg/kg 

pc  specific heat at constant pressure, J/(kgK) 

M nD
→∑  diffusion constant for the species M into the mixture n∑ , 1/m 

  cavD  equivalent cavity size, m 
  hD  hydraulic diameter, m 

1,nD  bubble diameter belonging to n-th bubble generation, m 

1cD  critical bubble diameter, m 

1dD  bubble departure diameter, m 
d differential, dimensionless 

1 /F Vol  cross section at the wall surface covered by attached bubbles per unit 
flow volume, 1/m 

g gravitational acceleration, m/s² 

Ja  
[ ]2 2 2

1 1
10 2 2

( )
( ) ( )

pc T T p
h T h Tσ σ

ρ
ρ

′−
=

⎡ ⎤′′ ′−⎣ ⎦
, Jakob number, dimensionless 

*G  critical mass flow rate, kg/(m²s) 

2Gb  1

2

krE
kT
Δ

= , Gibbs number, dimensionless 
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1Gr  1 3 2
1 1 2 1 1 1( ) /g T Dσρ ρ ρ η′′= − , bubble Grashoff number, dimensionless 

h specific enthalpy, J/kg 
NCh  heat transfer coefficient by natural circulation, W/(m²K) 

k  = 13.805× 10-24 , Boltzmann constant, J/K 
1Le  1 1 1/( )p M nc Dλ ρ

→
= ∑ , gas Lewis number, dimensionless 

m2  = mμ/NA, mass of single molecule, kg 
mμ  kg-mol mass (18 kg for water), kg/mole 
N2  = 2ρ /m2 = 2ρ NA/mμ ( ≈  3.3x1028 for water), number of the molecules 

per unit volume, 1/m³ 
NA  = 6.02x1026 , Avogadro number, number of molecules in one kilogram-

mole mass, 1/kg-mole 
1cinn  number of the created nuclei per unit time in unit volume of the liquid, 

1/(m³s) 
wn′′  cavity per unit surface, 1/m² 

1wn′′  bubble generating (active) cavity per unit surface, 1/m² 

1n  bubble number density, 1/m³ 

1,nn  bubble number density belonging to n-th bubble generation, 1/m³ 

1,maxn  maximum number of nucleation sites per unit volume in a pipe, 1/m³ 

1Pr  1 1 1/pcη λ= , gas Prandtl number, dimensionless 
p pressure, Pa 

1
2q σ′′′  thermal energy flow density coming from the vapor interface and intro-

duced into the bulk liquid, W/m³ 
2

1q σ′′  thermal energy flux coming from the liquid interface and introduced into 
the bulk vapor, W/m² 

1
2q σ′′  thermal energy flux coming from the vapor interface and introduced into 

the bulk liquid, W/m² 
R gas constant, J/(kgK) 

1R  bubble radius, m 

10R  initial bubble radius, m 

1cR  critical bubble radius, m 

1R ∞  final radius of the bubble, m 
r radius, m 
s specific entropy, J/(kgK) 
T temperature, K 
u radial velocity, m/s 
V velocity vector, m/s 

1cV  volume of the bubble with critical size 

13 Bubble growth in superheated liquid 
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Vol volume, m³ 
 
Greek 
 

1α   bubble volumetric fraction, m³/m³ 
β  diffusion coefficient 

vγ  volume occupied by the flow divided by the volume of the system, di-
mensionless 

γ  cross section flowed by the flow divided by the total cross section of the 
system, dimensionless 

Δ  finite difference 
1EΔ   work necessary to create a single bubble with radius R1, J 

1cEΔ  work necessary to create a single bubble with radius R1c, J 
*
1cEΔ  1cEϕ= Δ , energy for the creation of a single bubble at a wall, J 
*
FipΔ  2( ) Fip T p′= − , flashing inception pressure difference, Pa 
τΔ  time interval, s 

η  dynamic viscosity of liquid, kg/(ms) 
θ  static contact angle, rad 

RTλ  Rayleigh-Tailor wavelength, m  
λ  thermal conductivity, W/(mK) 

21μ  evaporating mass per unit time and unit flow volume, kg/(m³s) 

12μ  condensing mass per unit time and unit flow volume, kg/(m³s) 
ρ  density, kg/m³ 

21( )wρ  evaporation mass flow rate, kg/(m²s) 
σ  surface tension, N/m 

1MM  kg-mole mass of the condensing gases, kg/mol 

1nM∑  kg-mole mass of the non condensing gases, kg/mol 

1M  kg-mole mass of the gas mixture, kg/mol 
τ  time, s 
Φ  cavity angle if the cavity is idealized as a cone, rad 
ϕ  work reduction factor, dimensionless 
 
Superscripts 
 
 ′  saturated liquid 
 ′′  saturated vapor 
spin spinoidal line 

v specific volume, m³/kg 
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2σ  interface with liquid 
 
Subscripts 
 
1 vapor, gas 
2 liquid 
c critical state 
s at constant entropy 
sat saturated 
Fi flashing inception 

1n o∑  sum of all non-condensing gases 
M evaporating or condensing chemical component 
n inert (non condensing) chemical component 
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This is a review Chapter about the different methods for description of bubble collapse 
due to vapor condensation in subcooled liquid. First we consider the case of stagnant bub-
bles. The solutions for moving bubbles are then presented. The available experimental data 
are then discussed. Then the link between the solutions for the bubble growth and the mass 
source terms for the averaged conservation equations for two-phase flow is presented. The 
way to derive non-averaged mass source terms and time-averaged mass source terms is 
given. The very interesting case of disappearance of the bubbles from the size distribution 
spectrum due to condensation is discussed in some details. The influence of the liquid tur-
bulence on the bubble condensation in pipes is discussed too.  Then a brief description of 
the vapor condensation from gas mixtures inside bubbles surrounded by subcooled liquid is 
given for the two limiting cases a) thermally controlled collapse and b) diffusion controlled 
collapse. 

3603"Kpvtqfwevkqp"

Injecting steam in subcooled water causes condensation. If a pressure wave 
crosses a water-steam system in thermodynamic equilibrium condensation also 
happens. One of the basic condensation mechanisms in multi-phase systems is the 
condensation of a single bubble in subcooled water. Several authors study con-
densation of a saturated bubble in a subcooled liquid. As for the evaporation, the 
theoretical results of the approximate integration of the process governing a sys-
tem of PDEs describe the radius as a function of time. Unlike the evaporation, the 
condensation is associated with a given initial bubble size. There are two classes 
of solutions: a) for a stagnant bubble and b) for a bubble in motion with respect to 
the surrounding liquid. The motion increases the heat transfer between the bubble 
interface and the bulk liquid and therefore increases the condensation.  

3604"Uvcipcpv"dwddng"

Table 14.1 contains some of the results known from the literature, obtained with 
the assumption that there is no relative motion of the bubble with respect to the 
surrounding liquid. 

14 Condensation of a pure steam bubble  
in a subcooled liq uid 
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Table 14.1. Size of a bubble condensing in a subcooled liquid as a function of time by 
0VΔ =  

 

24 ,H Ja Foτ
π

=  
( )2 22 pc T p T

Ja
h h

ρ
ρ

′⎡ ⎤−⎣ ⎦=
′′ ′′ ′−

, 2
2
1o

aFo
R
τ

=  

 
 

Forschuetz and Chao (1965) for 
2
1
2

24
oR

Ja a
πτ ≤  

1

1

1 H
o

R
R

τ= − . 

Plesset and Zwick (1954): 
2

1 1

1 1

2 1 1,
3 3

o
H

o

R R
R R

τ
⎛ ⎞⎛ ⎞

= + −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

2
1

99% 2
2

65
4

oR
Ja a
πτ = . 

Prisnjakov (1970) for 
2
1

2 2
2

1
4 4

oR
Ja a
πτ

ε
≤ : 

1

1

1 2 H
o

R
R

ε τ= − , 2
,

2

1/ 1 2 h
h h

ρε
ρ

⎡ ⎤′′
= − +⎢ ⎥′′ −⎣ ⎦

. 

Zuber (1961) for 4 :mτ τ≤  

1/ 2 1/ 2

1

1

2
m m m

R
R

τ τ
τ τ

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥= −⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

. 

mτ  time when the bubble reaches its maximum radius R1m. For bubble growing 
and collapsing on a heated wall in subcooled water 

2

2
2

1 w
m

w

T T
a q

τ λ
π

⎛ ⎞′−
= ⎜ ⎟′′⎝ ⎠

, 2m m
bR Ja aπ τ
π

= , 1 3b ≈ ÷ , 

( ) 2 2

( )
w pT T c

Ja
h h

ρ
ρ

′−
=

′′ ′ ′′−
. 

Bucher and Nordman (1978) show that the best fitting of the experimental data is 
obtained with Zuber's equation from Table 14.1. 
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The influence of the relative velocity on the temperature profile around the bubble 
and therefore on the condensation process can be taken into account by using the 
results of several authors describing the heat transfer around a solid sphere as 
summarized in Table 14.2. 

Table 14.2. Averaged heat transfer coefficient on the surface of solid sphere moving in a 
liquid 

1 12
2

2

D VPe
a
Δ

= , 2
2

2 2p

a
c
λ

ρ
= , 2

2
2 2

Pr
a

η
ρ

= , 1 2 12
1

2

D VRe ρ
η
Δ

= , 1
1

2

kD hNu
λ

= , 

2
2
1o

aFo
R
τ

= , 1 2 12
1

2

o
o

D VRe ρ
η
Δ

= , 11/( )Fo Nu Ja≤  

 

Potential flow 1R V∂
∂τ

⎛ ⎞<< Δ⎜ ⎟
⎝ ⎠

, 1 1Re << : 

 
Soo (1969) for Pe2 << 1: 

2
21 2

9 92 ...
16 64

Nu Pe Pe= + + +  

Nigmatulin (1978) for Pe2 >> 1: 

1/ 2
1 2 1 21/ 2

1

2

0.65 ,    / 1

1

Nu Pe η η
η
η

= ≤
⎛ ⎞
+⎜ ⎟

⎝ ⎠

. 

Hunt (1970) for a single-component system: 

1/ 2
1 21/ 2

2 ( )Nu cPe
π

= , 

where c = 1. 
 
For a two-component system Isenberg and Sideman (1970) take into account 

viscous effects in the Hunt equation using c = 0.25 1/ 3
2Pr−  resulting in  

1/ 2 1/ 3
1 12 21/ 2

1 ReNu Pr
π

= . 

Kendouch (1976) for bubbles in a swarm: 
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1/ 2 1/ 2
1 2 11/ 2

2 (1 )Nu Pe α
π

−= − . 

Wilson (1965) for Re1 < 1: 
3/ 5 1/ 3

1 1 22 0.37Nu Re Pr= + . 

Nigmatulin (1978) for Re1< 1 or Pe2 < 103 (e.g. for D1H2O < 0.1 mm): 
1.7
2

1 1.3
2

0.652
1

PeNu
Pe

= +
+

, 1 2/ 0η η ≅ . 

Brauer et al. (1976) for bubbles without internal circulation: 
1.7
2

1 1/ 31.6 3 1.2
2 2

0.652
1 (0.84 ) (1 )

PeNu
Pe Pe

= +
⎡ ⎤+ +⎣ ⎦

. 

Soo (1969) for 1 < Re1 < 7× 104, 0.6 < Pr2 < 400: 
1/ 2 1/ 3

1 1 22 (0.55 to 0.7)Nu Re Pr= + . 

Akiyama (1973):  0.6 1/ 3
1 1 20.37Nu Re Pr= . 

Zeitoun et al. (1995): 0.61 0.308 0.328
1 1 12.04Nu Re Ja α−= . 

 

There are a limited number of correlations, approximating directly experimental
data for a condensing moving bubble in a subcooled liquid. Some of them are 
summarized in Table 14.3. Next we first show the analytical way to derive such 
an expression which can be successfully modified to correlate the data. Then, to 
illustrate the idea how the approximate form of the correlations in Table 14.3 is 
obtained we apply the theory using the heat transfer mechanism described by the 
correlation by Hunt and Isenberg.  

The energy conservation equation with neglected convection and diffusion 
from the surrounding computational cells gives 

1 2

2
c

dR T Th
d h h

ρ
τ

′−′′ = −
′′ −

,      (14.1) 

or 

1 2 1 2 2
1

2 1 2

( ) /
2 ( )

cdR h T T Nu T T c R
d h h R h h

λ
τ ρ ρ

′ ′− −
= − = − = −

′′ ′′ ′′ ′′− −
2 1

12
a Nu Ja

R
= − , (14.2) 
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2

1
1

1o

d R Nu Ja
dFo R

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
.     (14.3) 

Integrating the above equation for Nu1 = const we obtain 
1/ 2

1/ 2 1/ 21
12

1 1

21 1 / (1 ) (1 / )o o
o o

R c Nu JaFo Fo Fo
R R

τ τ τ
⎛ ⎞Δ

= − = − Δ Δ = − = −⎜ ⎟
⎝ ⎠

. 

   (14.4) 

The last form of the above notation contains the important information for the di-
mensionless time, Foo, within which the bubble collapses completely if the mix-
ture still does not reached the saturation. The bubble collapses entirely 

R1 = 0,       (14.5) 

within 
2
1 /(2 ),o oR cτΔ =   [ ]11/( )oFo Nu Ja= .    (14.6) 

After this time interval Eq. (14.4) is no longer valid. For the third power of the

( )
3

3/ 2 3/ 21

1

1 / (1 / )o o
o

R Fo Fo
R

τ τ
⎛ ⎞

= − Δ Δ = −⎜ ⎟
⎝ ⎠

   (14.7) 

If we drop the assumption Nu1 = const and use the Hunt and Isenberg's equation 
from Table 14.2 we obtain 

3
21

1

(1 / ) ,o
o

R Fo Fo
R

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
     (14.8) 

where 

1/ 2 1/ 3
1 2

3 11/ Re Pr ,
2 2o oFo Ja

π
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

    (14.9) 

see the first equation in Table 14.3. It differs from the Moalem and Sideman cor-
relation only in the constant. 

 As seen from Table 14.3 all the correlations are based on the above 
form modifying the exponents except the correlation by Dushkin and Kolomenzev. 
 

radii ratio we have 

or 
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Table 14.3.  Bubble size of saturated steam condensing in a subcooled liquid 0VΔ ≠ . Ap-
proximation of experimental data. oFo  is the dimensionless lifetime of condensing bubble 

Theory 
 

1 1( )Nu f r≠ , and Eq. (14.3) 

1/ 2 1/ 21
1 1

1

(1 ) (1 / ) , 1/( )o
O

R Nu JaFo Fo Fo Fo Nu Ja
R

= − = − =  

Nu1 = Hunt and Isenberg Table 14.2, and Eq. (14.3) + 1( )V f RΔ ≠  

1/ 2 1/ 3 2 / 31
1 2

1

3 1(1 )
2 2 o

O

R Re Pr JaFo
R π

= −  

1/ 2 1/ 3 2 / 3 2 / 3
1 2(1 0.423 ) (1 / )o oRe Pr JaFo Fo Fo= − = − , 

1/ 2 1/ 3
1 21/(0.423 )o oFo Re Pr Ja= . 

Experiment 
 
Mayinger and Nordmann (1979) for 4 < Ja < 300, p = 0.2 to 5 bar: 

3/ 50.793
1/ 3 2 / 3 1.271 1
1 2

1 2

5 101
3 2 o

O

R Re Pr Ja Fo
R

ρ
ρ

⎡ ⎤⎛ ⎞
⎢ ⎥= − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 

       

3/ 50.79
3 1/ 3 2 / 3 1.27 3/ 51

1 2
2

1 0.833 10 (1 / )o oRe Pr Ja Fo Fo Foρ
ρ

⎡ ⎤⎛ ⎞
⎢ ⎥= − × = −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

, 

0.79
3 1/ 3 2 / 3 1.271

1 2
2

1/ 0.833 10o oFo Re Pr Jaρ
ρ

⎡ ⎤⎛ ⎞
⎢ ⎥= × ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

. 

Condensation of bubbles in a pool behind nozzles 

Akiyama (1973) for 
1/ 4

2
12 2

2

( )1.18 gV σ ρ ρ
ρ

⎡ ⎤′′−
Δ = ⎢ ⎥

⎣ ⎦
 

( ) ( )
1/1.4 1/1.40.6 1/ 31

1 2
1

1 0.259 1 /o o
o

R Re Pr JaFo Fo Fo
R

= − = − , 

( )0.6 1/ 3
1 21/ 0.259o oFo Re Pr Ja= . 

Brucker and Sparrow (1977) for 15  100 ,T to KΔ =  
5(10.3   62.1) 10 ,p to Pa= ×  

2 2000  3000,Pe to= 1 50%Nu ± : 
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14.3 Moving bubble     403 

( ) ( )
1/1.4 1/1.40.61

1
1

1 0.259 1 /o o
o

R Re JaFo Fo Fo
R

= − = − , 

( )0.6
11/ 0.259o oFo Re Ja= . 

 
Moalem and Sideman (1973): 

2 / 3
1/ 2 1/ 21
1 2

1

2 11
3 o

O

R Re Pr JaFo
R π

⎛ ⎞
= −⎜ ⎟
⎝ ⎠

 

( ) ( )
2 / 3 2 / 31/ 2 1/ 2

1 21 0.846 1 /o oRe Pr JaFo Fo Fo= − = − , 

( )1/ 2 1/ 2
1 21/ 0.846o oFo Re Pr Ja= . 

Dushkin and Kolomenzev (1989) for 0.8× 106 ≤  p ≤  2× 106 Pa, 15 ≤  T' - T2 ≤  
25 K, 2× 10-3 ≤  D1o ≤ 4× 10-3 m, or 0.1 < Ja < 20, 0 < Fo < 0.2, 103 < Pe2 < 105, 

1

1

0.1 1
o

R
R

≤ ≤ , 1α = 0.2  to 0.7, Re1 = 104 to 106, 566 1 1 1wα ρ≤ ≤   1 698 kg/(m2s), 

11 317 2 2 2wα ρ≤ ≤ 56 588 kg/(m2s) approximate experimental data of several au-
thors for a vertical upwards flow, and their own data for downward flow of Freon-
22 in a tube with  Dh = 0.015 with 

 

( )0.431
2

1

4exp 1
3o

R Pe JaFo
R

⎡ ⎤= − +⎢ ⎥⎣ ⎦
. 

 
 
Chen and Maynger (1989), experiment 2 < Pr2 < 15, 1 < Ja < 120. 

 

( ) ( )
0.9 0.90.7 1/ 21

1 2
1

1 0.56 1 /o o
o

R Re Pr JaFo Fo Fo
R

= − = − , 

 

( )0.7 1/ 2
1 21/ 0.56o oFo Re Pr Ja= . 

At Jacob numbers above 70 inertia controlled phenomena start to dominate. 
 
Bucher and Nordman (1978) compared experimental data with the predictions 

of the equations from Table 14.3 and found that the Akiyama equation shows the 
best results up to 1978. 
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The non-averaged source terms required for microscopic flow description are 
given below. First the evaporation mass per unit volume and unit time is equal to 
zero, 

21 0μ = .       (14.10) 

There is no heat transfer between the bubble interface and the vapor 
2

1 0q σ′′′ = .       (14.11) 

Only the heat transfer between the interface and the bulk liquid 

( )1
2 12 2cq a h T p Tσ′′′ ′⎡ ⎤= −⎣ ⎦ ,     (14.12) 

controls the condensed mass per unit mixture volume and unit time 

[ ]1
12 2 1/ ( )Mq h h pσμ ′′′ ′= −  .     (14.13) 

Here the instantaneous heat transfer coefficient between the interface and the bulk 
liquid is 

2
1

1
ch Nu

D
λ

= ,        (14.14) 

where the Nusselt number is a function of the local parameter of the flow. 
 

In what follows we show how to link the empirically obtained results for the 
change of the radius of the condensing bubble with the macroscopic flow descrip-
tion. The condensed mass per unit mixture volume and unit time is equal to the 
product of the number of the bubbles per unit mixture volume and the mass 
change of a single bubble. 

2
12 1 1 1 1 1( ) / ( ) 4 /p n dV d p n R dR dμ ρ τ ρ π τ′′ ′′= − = −     (14.15) 

or replacing 
1/ 3

1
1

1

3
4

R
n
α

π
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,      (14.16) 

1/ 3 1/ 32 / 3 1/ 3 2 / 3 2/ 31 1
12 1 1 1 13 (4 ) ( ) 4.84 ( )dR dRp n p n

d d
μ π ρ α ρ α

τ τ
′′ ′′= − = , (14.17) 

where for 1 /dR dτ  one can use one of the expressions from Table 14.2 or 14.3. 
The heat absorbed by the liquid during the condensation per unit mixture volume 
and unit time is 

[ ]1
2 12 ( ) ( )q h p h pσ μ′′′ ′′ ′= − .     (14.18) 

14 Condensation of a pure steam bubble in a subcooled liquid 
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In order to calculate the averaged mass source term we proceed as follows.  
 
The integral expression for the averaged condensation within the time interval 
τΔ , where oτ τΔ < Δ , is 

3

1 1 1 1 1 1 1
12 1

1 1

1 1o o

o o

V V n V V Rn
V R

ρ ρ αμ ρ
τ τ τ

⎛ ⎞⎛ ⎞ ⎛ ⎞′′ ′′− ⎜ ⎟′′= = − = −⎜ ⎟ ⎜ ⎟⎜ ⎟Δ Δ Δ⎝ ⎠ ⎝ ⎠⎝ ⎠
. (14.19) 

If the time interval is selected larger than the lifetime of the bubble, oτ τΔ ≥ Δ

12 1 /μ ρ α τ′′= Δ .      (14.20) 

The last relationship is practically the condition for the entire condensation of the 
available steam within the time step τΔ . Having in mind that during the conden-
sation 

21μ  = 0       (14.21) 

2
1 0q σ′′′ = ,       (14.22) 

we obtain from the energy jump condition on the bubble surface the averaged

1
2 12 1( ).Mq h hσ μ′′′ ′= −       (14.23) 

The above relationship is strictly valid if the bubble surface temperature 
1

2 1( )MT T pσ ′=       (14.24) 

is equal to the gas temperature T1. We note the condensation rate in this case with 
12μ′ . In general there is a small amount of heat transfer from the bubble to the sur-

face if T1 > T'(pM1) or from the surface to the bubble if T1 < T'(pM1) due to a 
mechanism similar to natural convection inside the cavity. In this case we have 

[ ]1
2 12 1 ( ) .Mq h h pσ μ′′′ ′ ′= −      (14.25) 

21μ  = 0,       (14.26) 

[ ]2
1 21 1 1( ) .NC Mq a h T p Tσ′′′ ′= −      (14.27) 

[ ]2
12 12 1 1/ ( ) ,Mq h h pσμ μ′ ′′′ ′= + −      (14.28) 

we have 

energy source term 
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where NCh is the heat transfer coefficient due to natural convection in a cavity. 
The second term in Eq. (14.28) is usually neglected as very small compared to the 
first one. This term becomes important only for mass transfer processes on the 
bubble surface in saturated or nearly saturated liquid. 

Now let as answer the question what happens to the particle number density dur-
ing the condensation of bubbles? Suppose the bubbles size distribution obeys the 
Nukiama-Tanasawa law (1938) 

1 1

2
2( / )1

1
1

( ) 4 D DDP D e
D

′−⎛ ⎞
= ⎜ ⎟′⎝ ⎠

.     (14.29) 

Here 1( )P D is the probability that a bubble has its size between D1 and D1 + 
δ D1. 1D′  is the most probable particle size, i.e. the size where the probability 
function has its maximum value. The particle sizes may take values between zero 
and a maximum value 

0 < D1 < D1max.      (14.30) 

Thus, if we know 1D′  and D1max  the particle distribution is uniquely characterized. 
Mac Vean, see in Wallis (1969), found that a great deal of data could be correlated 
by assuming that 

1D ′ = D1/2        (14.31) 

where Dd is the volume averaged particle size. The relationship between Dd and 
the maximum particle size, D1max, is reported as 

D1max ≈ (2.04 to 3.13) D1,     (14.32) 

see Pilch et al. (1981), Kataoka et al. (1983), among others. Suppose that the dis-
tribution remains unchanged during the time step τΔ . For that time the volume-
averaged diameter changes as 

1/ 3

12
1 10 1 10 1 10 10

1 1

(1 / ) 1 1D D D D R R D μ τ
ρ α

⎡ ⎤⎛ ⎞Δ⎢ ⎥Δ = − = − = − −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (14.33) 

and all particles having sizes 

1 10 2D D≤ ≤ Δ        (14.34) 

14 Condensation of a pure steam bubble in a subcooled liquid 

14.6 Change of the bubble number density due 
to condensation 
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1

1 1

2
4 / 1 1

1 1 1 1
1 10

( ) 2 1 1 4 1 2
D

D D D Dn P D dD n e
D D

Δ
′− Δ

⎧ ⎫⎡ ⎤⎛ ⎞Δ Δ⎪ ⎪= − + +⎢ ⎥⎨ ⎬⎜ ⎟′ ′⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∫  (14.35) 

disappear. The averaged particle sink per unit time and unit mixture volume is 
consequently 

1 14 / 1 1
1 1

1 1

( / )2 1 1 4 1 2 ,D D D Dn n e
D D

τ ′− Δ
⎧ ⎫⎡ ⎤⎛ ⎞Δ Δ⎪ ⎪≈ − Δ − + +⎢ ⎥⎨ ⎬⎜ ⎟′ ′⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

  (14.36) 

for 1 1D D′Δ ≤ . The latter condition means that approximately within the interval 
2 1DΔ  the averaged bubble size is 1DΔ . 

3609"Rwtg"uvgco"dwddng"ftkhvkpi"kp"vwtdwngpv"
eqpvkpwqwu" nkswkf"

In a bubble flow or in a churn-turbulent flow with considerable turbulence, the 
bubbles are moving practically with the same velocity as the liquid. The mecha-
nism governing the condensation is quite different compared to the mechanism 
described in the previous Sections. There are several authors assuming that the 
heat released during the condensation is transported by exchange of turbulent ed-
dies between the boundary layer and the bulk liquid. The characteristic time of 
one cycle, estimated by dimensional analysis of the turbulent characteristics of the 
continuous velocity field, is of the order of 

2 1/ 2
2 2 ( / )econst lτ εΔ =       (14.37) 

for high frequency pulsations in accordance with the statistical theory of turbu-
lence. Replacing the characteristic size of the turbulent eddies in the liquid with 

3 1/ 4
2 2 2 ( / )el const ν ε=       (14.38) 

we obtain for the time constant 
1/ 2

2 2( / )constτ ν εΔ = .      (14.39) 

After replacing the dissipated specific kinetic energy of the turbulent pulsations 
with 

2
3 2 3 2 3 2

2 2 2 2 2 2
2

1
2

Ru u Rv Rw w
ou ov ow

hu hv hw

u v w
D r D r D z

θ
κ

ρ λ ζ λ ζ λ ζα ρ ε
ρ θ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= Φ + + Φ + + Φ +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟Δ Δ Δ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

        (14.40) 

namely 
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1/ 2

3 2 3 2
2 2

2
2 2

3 2
2

2

Ru u Rv
ou ov

hu hv

Rw w
ow

hw

u v
D r D r

const

w
D z

θ
κ

λ ζ λ ζ
θ

ρτ α ν
ρ

λ ζ

⎛ ⎞⎡ ⎤⎛ ⎞ ⎛ ⎞
⎜ ⎟Φ + + Φ +⎢ ⎥⎜ ⎟ ⎜ ⎟Δ Δ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥
⎜ ⎟⎢ ⎥Δ = ⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥⎛ ⎞
⎜ ⎟+ Φ +⎢ ⎥⎜ ⎟⎜ ⎟Δ⎢ ⎥⎝ ⎠⎣ ⎦⎝ ⎠

 

        (14.41) 

The heat flux on the bubble surface can be determined to the accuracy of a

2 2 21
2 2( ) pc

q const T Tσ λ ρ
τ

′′ ′= −
Δ

,   (const = 2
π

 plane),  (14.42) 

where τΔ  is the time interval in which the high frequency eddy is in contact with 
the bubble surface. During this time, the heat is transported from the surface to the 
eddy by molecular diffusion. Thereafter the eddy is transported into the bulk flow 
again, and its place on the surface is occupied by another one. In this way the heat 
released during the condensation is transported from the bubble to the turbulent 
bulk liquid. We substitute τΔ from Eq. (14.41) into Eq. (14.42) and obtain 

1 1/ 2
2 2 2 2 1/ 2 1/ 2

2 2 2

( )q const T T Prσ ρλ
η ν α

′′ ′= −  

1/ 4

3 2 3 2
2 2

3 2
2

Ru u Rv
ou ov

hu hv

Rw w
ow

hw

u v
D r D r

w
D z

θ
κ

λ ζ λ ζ
θ

λ ζ

⎡ ⎤⎛ ⎞ ⎛ ⎞
Φ + + Φ +⎢ ⎥⎜ ⎟ ⎜ ⎟Δ Δ⎝ ⎠ ⎝ ⎠⎢ ⎥

⎢ ⎥× ⎢ ⎥
⎢ ⎥⎛ ⎞
+ Φ +⎢ ⎥⎜ ⎟Δ⎢ ⎥⎝ ⎠⎣ ⎦

.  (14.43) 

The constant can be determinate by comparison with a result obtained by Avdeev 
in (1986) for one-dimensional flow without local resistance (ξ = 0). Avdeev used 
the known relationship for the friction coefficient of turbulent flow 

0.2
20.184Rw Reλ −=        (14.44) 

where 

2
2

2

hwD wRe
ν

= ,       (14.45) 

compared the so obtained equation with experimental data, and estimated the
constant in 

constant as 

14 Condensation of a pure steam bubble in a subcooled liquid 

we obtain 
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1 1/ 4 1/ 2 0.7 2 1/ 42
2 2 2 2 2 2 0.184 ( ) ( / )ow

hw

q const T T Pr Re
D

σ λ α′′ ′= − Φ   (14.46) 

as 

const 0.1841/4 = 0.228      (14.47) 

or 

const = 0.348.       (14.48) 

The final relationship recommended by Avdeev for one-dimensional flow 
1/ 2 0.7 2 1/ 4
2 2 2 20.228 ( / )owNu Pr Re α= Φ     (14.49) 

describes his own data within ±  30% error band for 0.7
1 2/ 80 /hwD D Re> . Note 

that in the Avdeev equation 2ρ ρ  is set to one. Thus, the so estimated constant 
can be successfully applied to three-dimensional flows. For comparison let us 
write the relationships obtained by Hancox and Nikol (see in Hughes et al. (1981) 

2 / 3
2 20.4Nu Pr Re=       (14.50) 

and Labunzov (see in Labunzov (1974)) 

0.81 1
2 2 2 20.1

2

/ 8 0.023
1 1.82

1 12
8

Rw

h hRw

D DNu Pr Re Pr Re
D Re D

λ
λ −= ≅

−
−

.  (14.51) 

We see that in the three equations obtained independently from each other the de-
pendence on Re2  is 0.7 to 0.8

2Re , and the dependence on Pr2 is 0.5 to 1
2Pr . In case of 

2 0Re ≈  the energy dissipated behind the bubbles should be taken into account. 

360:"Eqpfgpucvkqp"htqo"c"icu"okzvwtg"kp"dwddngu"
uwttqwpfgf"d{"uwdeqqngf"nkswkf"

In the presence of a non-condensing gas, the temperature of the bubble surface 
kT ′  is not equal to the saturation temperature T ′  at the system pressure p. During 

the condensation the partial pressure of the inert components increases with the 
decreasing bubble size due to the simultaneously decreasing partial steam pressure 
until T'k becomes equal to the liquid temperature and the condensation ceases. 
Note that in this case the bubble remains with a stable equilibrium volume. Be-
cause in accordance with Dalton's law the non-condensing mixture occupies the 
whole bubble volume at the beginning of the condensation as well at its end the 
ratio of the end volume to the initial volume is inversely proportional to the densi-
ties of the non-condensing mixture in both states, respectively 
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3 *
1 11 1 1

1 1 1 1
1 1 1 2 2

1 (1 ) (1 )
'( ) ( )

n o n on o
o M o o M o

n n

pR R TC C
R p p T p p T

ρ
ρ ρ

ρ ρ
∞

∞ ∞

⎛ ⎞
= = − = − ≈⎜ ⎟ ′− −⎝ ⎠

∑ ∑
∑ ∑

 

  (14.52) 

This expression is necessary for the estimation of the maximum duration of the 
bubble collapse. 

There are different approaches to estimate the condensing mass per unit mix-
ture volume and unit time. 

360:03"Vjgtocnn{"eqpvtqnngf"eqnncrug"

One of them assumes that the non-condensing components are uniformly distrib-
uted through the whole bubble volume and the condensation is controlled, as in 
one-component bubble condensation, by the heat transport from the bubble sur-
face to the bulk liquid. The only difference is that the surface temperature, as-
sumed in the single-component case to be equal to the saturation temperature at 
the steam partial pressure, is not equal to the saturation temperature at the system 
pressure. Thus, the equation describing the change of the bubble radius for a one-
component bubble can simply be corrected as follows 

1 2 1 2 2 1 2 2

2 1 2 1 2

( ) ( )
2 ( ) 2 ( )

c c c
T

dR h T T Nu T T Nu T Tc
d h h R h h R h h

λ λ
τ ρ ρ ρ

′ ′ ′− − −
= − = − = −

′′ ′′ ′′ ′′ ′′ ′′− − −
 

2 1
1

1

/ ,
2 T

a Nu Ja c c R
R

= − = −      (14.53) 

where 

2

2

c
T

T Tc
T T
′ −

=
′ −

       (14.54) 

is the dimensionless surface temperature. Thus, the derivation of the averaged 
source terms is similar to the derivation shown in Section 14.4 for single-
component bubble condensation. 

360:04"Fkhhwukqp"eqpvtqnngf"eqnncrug 

Another approach considers the concentration profile in the neighborhood of the 
bubble surface and models the condensation as a diffusion process. The non-
averaged mass condensing per unit mixture volume and unit time is 

[ ]1 1
12 12 12 12 1 2

1

( ) ( )M
M

M

Ca w a p p T
p
ρμ ρ β ′= = − −  

14 Condensation of a pure steam bubble in a subcooled liquid 
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[ ] ( )2 2 /31
21 1

1 1

( )
ln / ,M

c p
n

p p TMa c Le
M p

α
′−

= −
∑

 ese  in -Waermeatlas. (1984)

 (14.55) 

where 

[ ]
2 /31 1 2

1
1 1 2 1 1 1

( )ln /( ),
( )
M M

c p
M M n

p M p p T c Le
C p T p M p

β α
ρ

′−
=

′ − ∑
 (14.56) 

( )2 1Mp T p′ < ,       (14.57) 

1 1 1/( ),p M nLe c Dλ ρ
→

= ∑       (14.58) 

 1 1
1 1 1

n n
n M

p p p
M M M

p p
−

= +∑ ∑∑ ∑ ,   (14.59) 

p' is the partial steam pressure in the boundary layer, where the steam is supposed 
to be saturated, having a temperature nearly equal to the liquid temperature 

( )2p p T′ ′= .       (14.60) 

The released heat during the condensation is transported into the liquid 

[ ]1
2 12 1 ( ) .Mq h h pσ μ′′′ ′= −      (14.61) 

Pqogpencvwtg"

a thermal diffusivity, m2/s 

2a  2

2 2pc
λ

ρ
= , liquid thermal diffusivity, m2/s 

21a  interfacial area density between the liquid 2 and the vapor 1, 1/m 
C mass concentration, kg/kg 

pc  specific heat at constant pressure, J/(kgK) 

M nD
→∑  diffusion constant for the species M into the mixture n∑ , 1/m 

  cavD  equivalent cavity size, m 
  hD  hydraulic diameter, m 

1,nD  bubble diameter belonging to n-th bubble generation, m 

1cD  critical bubble diameter, m 

1dD  bubble departure diameter, m 

1D  bubble diameter, m 

VDI
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1maxD  maximum bubble diameter, m 

1D′   most probable bubble size, m 
d differential, dimensionless 

1 /F Vol  cross section at the wall surface covered by attached bubbles per unit 
flow volume, 1/m 

Fo  2
2
1o

a
R
τ

= , Fourier number – condensation time scale, dimensionless 

oFo  time within which the bubble collapses completely, dimensionless 
g gravitational acceleration, m/s² 

Ja  
[ ]2 2 2

1 1
10 2 2

( )
( ) ( )

pc T T p
h T h Tσ σ

ρ
ρ

′−
=

⎡ ⎤′′ ′−⎣ ⎦
, evaporation Jacob number, dimensionless 

Ja  
( )2 22 pc T p T

h h
ρ
ρ

′⎡ ⎤−⎣ ⎦=
′′ ′′ ′−

, condensation Jacob number, dimensionless 

*G  critical mass flow rate, kg/(m²s) 

2Gb  1

2

krE
kT
Δ

= , Gibbs number, dimensionless 

1Gr  1 3 2
1 1 2 1 1 1( ) /g T Dσρ ρ ρ η′′= − , bubble Grashoff number, dimensionless 

h specific enthalpy, J/kg 
NCh  heat transfer coefficient by natural circulation, W/(m²K) 

ch  heat transfer coefficient by forced convection, W/(m²K) 
k = 13.805x10-24 , Boltzmann constant, J/K 

1Le  1 1 1/( )p M nc Dλ ρ
→

= ∑ , gas Lewis number, dimensionless 

2el  3 1/ 4
2 2 ( / )const ν ε= , characteristic size of the turbulent eddies in the liq-

uid, m 
m2 = mμ/NA, mass of single molecule, kg 
mμ kg-mol mass (18 kg for water), kg/mole 

1Nu  1

2

kD h
λ

= , bubble Nusselt number, dimensionless 

N2 = 2ρ /m2 = 2ρ NA/mμ ( ≈  3.3× 1028 for water), number of the molecules 
per unit volume, 1/m³ 

NA  = 6.02× 1026 , Avogadro number, number of molecules in one kilogram 
mole mass, 1/kg-mole 

1cinn  number of the created nuclei per unit time in unit volume of the liquid, 
1/(m³s) 

wn′′  cavity per unit surface, 1/m² 

1wn′′  bubble generating (active) cavity per unit surface, 1/m² 

1n  bubble number density, 1/m³ 

14 Condensation of a pure steam bubble in a subcooled liquid 
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1n  bubble number density change per unit time, 1/(m³s) 

1,nn  bubble number density belonging to n-th bubble generation, 1/m³ 

1,maxn  maximum number of nucleation sites per unit volume in a pipe, 1/m³ 

1( )P D  probability that a bubble has its size between D1 and D1 + δ D1, dimen-
sionless 

1Pr  1 1 1/pcη λ= , gas Prandtl number, dimensionless 

2Pr  2

2 2a
η
ρ

= , liquid Prandtl number, dimensionless 

2Pe  1 12

2

D V
a
Δ

= , bubble Peclet number, dimensionless 

p pressure, Pa 

1Re  1 2 12

2

D Vρ
η
Δ

= , bubble Reynolds number, dimensionless 

1oRe  1 2 12

2

oD Vρ
η
Δ

= , bubble Reynolds number based on the initial bubbles size,  

dimensionless 
1

2q σ′′′  thermal energy flow density coming from the vapor interface and intro-
duced into the bulk liquid, W/m³ 

2
1q σ′′′  thermal energy flow density coming from the liquid interface and intro-

duced into the bulk vapor, W/m³ 
2

1q σ′′  thermal energy flux coming from the liquid interface and introduced into 
the bulk vapor, W/m² 

1
2q σ′′  thermal energy flux coming from the vapor interface and introduced into 

the bulk liquid, W/m² 
R gas constant, J/(kgK) 

1R  bubble radius, m 

10R  initial bubble radius, m 

1cR  critical bubble radius, m 

1R ∞  final radius of the bubble, m 
r radius, m 
s specific entropy, J/(kgK) 
T temperature, K 
u radial velocity, m/s 
V velocity vector, m/s 

1cV  volume of the bubble with critical size, m³ 

1V  volume of the bubble, m³ 

10V  initial volume of the bubble, m³ 
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v specific volume, m³/kg 
Vol volume, m³ 
 
Greek 
 

1α   bubble volumetric fraction, m³/m³ 

2α   liquid volumetric fraction, m³/m³ 
β  diffusion coefficient 

vγ  volume occupied by the flow divided by the volume of the system, di-
mensionless 

γ  cross section flowed by the flow divided by the total cross section of the 
system, dimensionless 

Δ  finite difference 
1EΔ   work necessary to create a single bubble with radius R1, J 

1cEΔ  work necessary to create a single bubble with radius R1c, J 
*
1cEΔ  1cEϕ= Δ , energy for the creation of a single bubble at a wall, J 
*
FipΔ  2( ) Fip T p′= − , flashing inception pressure difference, Pa 
τΔ  time interval, s 

oτΔ  time within which the bubble collapses completely, s 
ε  dissipation rate for kinetic energy from turbulent pulsations, irreversibly 

dissipated power by the viscous forces due to turbulent pulsations, W/kg 
ξ  local friction coefficient 
η  dynamic viscosity of liquid, kg/(ms) 
θ  static contact angle, rad 

RTλ  Rayleigh-Taylor wavelength, m  
λ  thermal conductivity, W/(mK) 

Rλ  Darsy friction coefficient 

21μ  evaporating mass per unit time and unit flow volume, kg/(m³s) 

12μ  condensing mass per unit time and unit flow volume, kg/(m³s) 
ρ  density, kg/m³ 

21( )wρ  evaporation mass flow rate, kg/(m²s) 
σ  surface tension, N/m 

1MM  kg-mole mass of the condensing gases, kg/mole 

1nM∑ kg-mole mass of the non-condensing gases, kg/mole 

1M  kg-mole mass of the gas mixture, kg/mole 
τ  time, s 

Hτ  24 Ja Fo
π

= , condensation time scale , dimensionless 

14 Condensation of a pure steam bubble in a subcooled liquid 
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Φ   cavity angle if the cavity is idealized as a cone, rad 
2
2oΦ  two-phase friction multiplier, dimensionless 

ϕ  work reduction factor, dimensionless 
 
Superscripts 
 
 ′  saturated liquid 
 ′′  saturated vapor 
spin spinoidal line 
1σ  interface with vapor 
2σ  interface with liquid 
 
Subscripts 
 
1 vapor, gas 
2 liquid 
c critical state 
s at constant entropy 
sat saturated 
Fi flashing inception 

1n o∑  sum of all non-condensing gases 
M evaporating or condensing chemical component 
n inert (non condensing) chemical component 
u,v,w in the positive direction of the velocity components u,v and w 
R friction 
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The tangential shear due to the volume- and time-averaged pulsation velocity caused by the 
thermally controlled bubble growth and successive cyclic departure is found to be respon-
sible for the natural switch from the regime of isolated bubble growth and departure into 
the regime of mutual interaction bubble growth and departure as the temperature differ-
ence between the bubble interface and the surrounding liquid increases. The proposed 
theoretical model, based only on the first principles, agrees well with the experimental data 
for boiling water to which it was compared. The new model successfully predicts the iso-
lated and the mutual interaction bubble departure size, and the quantitative description of 
the natural transition between the two regimes is the essentially new feature of this work. 
This Chapter is a slightly abbreviated version of the work published primarily in Kolev 
(1994). 
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After 60 years of world wide research on boiling there are still "classical" 
problems of practical importance that have been not satisfactorily resolved. Such a 
problem is the analytical description of the bubble departure diameter during 
boiling or flashing. We demonstrate this problem as follows. Consider saturated 
water pool boiling at atmospheric pressure on a heated horizontal surface. The 
experimental data from the literature Gaertner and Westwater (1960), 
Gaertner (1965), Tolubinsky and Ostrovsky (1966), Siegel and Keshock (1964), 
van Stralen et al. (1975), Roll and Mayers (1964). are depicted on Figure 15.1 as 
a function of the wall superheating. Note that data for bubble sizes measured away 
from the surface and sometimes reported as bubble departure diameters are 
excluded. Now we try to predict the data behavior. For the prediction of the 
bubble departure diameter we use some of the frequently cited theories from Fritz 
(1935), van Krevelen and Hoftijzer (1950), Kocamustafaogullari and Ishii (1983), 
Cole and Rohsenow (1969), Moalem  et al. (1977), Klausner et al. (1993). The 
results presented in Figs. 15.1 and 15.2 are disappointing. None of these theories 
predicts even an appropriate data trend. In particular, none of the existing 
theories gives an explanation of why the bubble departure diameter starts to 
decrease after a certain superheating is exceeded. The interested reader will find 
reviews on modeling by Hsu and Graham [8] up to 1975, by van Stralen and Cole 
up to 1979, and by Klausner et al. (1993) Zeng et al. (1993), Zeng et al. (1993).  
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for more recent work. These works and the references given there present the state 
of the art in this field and will not be repeated here. 

 
Fig. 15.1 Bubble departure diameter as a function of superheating. Saturated water pool 
boiling at 0.1 MPa pressure. Data: 1 Gaertner and Westwater (1960), 2 Gaertner (1965), 3 
Tolubinsky and Ostrovsky (1966), 4 Siegel and Keshock (1964), 5 van Stralen et al (1975), 
6 Roll and Mayers (1964). Theories: 7 Fritz (1935), 8 van Krevelen and Hoftijzer (1950), 9 
Kocamustafaogullari and Ishii (1983), 10 Cole and Rohsenow (1969) 

Fig. 15.2 Bubble departure diameter as a function of superheating. Saturated water pool 
boiling at 0.1 MPa pressure. Data: 1 Gaertner and Westwater (1960), 2 Gaertner (1965), 3 
Tolubinsky and Ostrovsky (1966), 4 Siegel and Keshock (1964), 5 van Stralen et al. 
(1975), 6 Roll and Mayers (1964). Theories: 7 Fritz (1935), 8 van Krevelen and Hoftijzer 
(1950), 9 Kocamustafaogullari and Ishii (1983), 10 Cole and Rohsenow (1969), 11  
Moalem et al. (1977), 12 Klausner et al. n = 1/2 (1993), 13 Klausner et al. n = 1/3 (1993), 
14 Ruckenstein (1961), 15 Voloshko and Vurgaft (1970), 16 Golorin et al (1978), 17  
Kutateladze and Gogonin (1979), 18 Jensen  and Memmnel (1986) 
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Fig. 15.3 a) Morin’s (1964) observations of water bubble detachment in pool at heated 
horizontal copper wall: a)  5°C subcooling; b) no subcooling; c) Model of a bubble de-
tachment in heated wall in flow boiling used in this work 

We present in this Section a new model for the prediction of the bubble depar-
ture diameter as a function of the local flow parameter, which agrees well with 
data for pool and flow boiling at atmospheric and elevated pressures. We show 
that the mutual interaction during bubble growth and departure introduces enough 
shear stress to cut off the adjacent bubbles at an earlier stage of their growth. 
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Consider bubble growth at a heated surface as shown in Fig. 15.3. The surface 
vector and the upwards-directed vertical form an angle ϕ . There is a flow from 
left to right with an average velocity V2. The derived expressions rely on the fol-
lowing assumptions:  
 
1) The bubble is capable to grow after reaching the size given by Eq. (12.16) 

*
1 1

3
2c cD D=        (15.1) 

where D1c is the critical bubble size.  
2) The bubble growth is thermally controlled. The expression governing the 
bubble growth is of the type given in Appendix 13.1 

1 2 nD Bτ=        (15.2)  

or  
1

1 / 2 ndD d nBτ τ −= .      (15.3) 

It is generally agreed that the exponent n is of order of 1/2 for saturated liquids. 
For the purpose of data comparison we use in this work Labuntsov's approxima-
tion of the Scriven solution Labuntsor (1974), n = 1/2 and  

1/ 2
2  ,B c Ja a=        (15.4) 

where  
1/ 22 /3

1/ 2 1(12 / ) 1
2 6 6

c
Ja Ja
π ππ

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

.    (15.5)  

3) The base bubble diameter at the wall is equal to *
1cD  for high pressure. For 

low pressure, the base diameter initially grows and thereafter collapses, so that at 
the moment of detachment it again approximates *

1cD .  
4) At the moment of detachment the bubble is deformed such that its diameter 
measured parallel to the surface is larger than the volume-averaged bubble depar-
ture diameter 1dD .  
5) The presence of the wall increases the drag coefficient of the bubble in the 
tangential drag force compared to the case of a bubble in an infinite medium.  
6) The bubble axis inclination, 0θ , coincides with the main force inclination 
with respect to the wall.  

15 Bubble departure diameter 
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7) At the moment of departure, the elongation of the bubble base to a cylindrical 
form with the axis coincident with the bubble axis is the reason for the tangential 
surface tension force component. 

 
Some useful consequences of assumption 2 which will be used later are given be-
low. At the moment of detachment, 1dτΔ , the bubble radius is  

1 1 n
d dR B τ= Δ        (15.6) 

the bubble center of mass (c.m.) velocity normal to the wall is  
1

1 1 1/ n
cm d dV dR d nBτ τ −= = Δ      (15.7) 

and the c.m. temporal acceleration normal to the wall is 
2

1 1/ ( 1) n
cm ddV d n n Bτ τ −= − Δ      (15.8) 

Consequently the total acceleration is  

2 2 2 21 1
1 1 1 1 1 1/ / ( 1) n n

cm cm d d d
cm

dV dVV dV d V R n n B n B
d dy

τ τ τ
τ

− −⎛ ⎞
+ = + = − Δ + Δ⎜ ⎟

⎝ ⎠
 

2
1 (2 1)n
dnB nτ −= Δ − .                     (15.9) 

For n = 1/2, which, as already mentioned, is the case for bubble growth in satu-
rated liquid, the total bubble acceleration is zero, and therefore the bubble does 
not exert any dynamic forces like inertia and virtual mass force. This is a very 
surprising result. It simply means that at the moment of departure only the static 
mechanical equilibrium governs the bubble departure. 

Before writing the momentum equation we compute the force components in 
normal and tangential directions. The buoyancy force components are 

3
, 1 2 1( ) sin

6b n dF D gπ ρ ρ ϕ= −      (15.10) 

and 

3
, 1 2 1( ) cos

6b t dF D gπ ρ ρ ϕ= − .     (15.11) 

For computation of the normal drag force resisting the bubble growth, we modify 
the Eq. (2.20) derived by Ishii and Zuber (1978) for bubbles in infinite liquid  

3/ 4

, 2 1 1 1 1 2 23 1 0.1( / )d n form d cm form d cmF c D V c D Vπη ρ η⎡ ⎤= +⎣ ⎦ .  (15.12) 

The product 
2 2 1

1 1 12 n
d cm dD V nB τ −= Δ ,      (15.13) 

which for n = 1/2  
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2
1 1d cmD V B=        (15.14)  

is obviously a function of superheating only. Consequently  

( )2 2 3/ 4
, 2 2 23 [1 0.1 / ]d n form formF c B c Bπη ρ η= + .   (15.15) 

The form coefficient, cform, takes into account the ratio of the bubble size parallel 
to the wall to the volume-averaged bubble size as well the departure of the c.m. 
bubble velocity normal to the wall due to complicated bubble growth and defor-
mation at the moment of detachment. It was found through the data comparison 
for pool boiling only that  

2formc ≈ .       (15.16) 

The drag force parallel to the wall is  

( )2
, 2 1 210.3d t wall d dF c D Vπρ= .     (15.17) 

Here V21d is the boundary layer velocity at distance R1d from the wall. We com-
pute this velocity using the Reichardt (1951) universal velocity profile for 
y

 
<< 1 2dD   

( )21 2.5ln 1 0.4
*

+= +dV
y

w ( ) ( )7.8 1 exp 11 exp 0.33
11
yy y
+

+ +⎡ ⎤
+ − − − −⎢ ⎥

⎣ ⎦
. 

in exactly the same manner as described in Klausner et al. (1993). Here 
*y y w ν+ =  is the dimensionless distance from the wall and *w  is the friction 

velocity. The deviation from the idealized profile in the real flow, caused by the 
bubbles themselves, the bubble deformation, and the wall influence are pooled 
into the wall correction coefficient, which was found to be  

2wallc =        (15.18) 

through comparison with flow boiling data for negligible mutual interaction. The 
lift force caused by the rotation of the non-uniform velocity field at the wall is  

( )2
, 2 1 21

1 ,
2l n d d liftF D V cπ ρ=      (15.19) 

where 

( )1/ 41/ 2 2 2
123.877 0.014 Re−= +liftc β β  , 

12 21 1 2Re = dV D ν ,  

211

21

2
= d

d

dVD
V dy

β ,  

15 Bubble departure diameter 
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( ) ( ) ( )
2

21 * 1 7.8 exp 11 0.33 1 exp 0.33
111 0.4

+ + +
+

⎧ ⎫⎡ ⎤= + − + − −⎨ ⎬⎣ ⎦+⎩ ⎭
ddV w y y y

dy yν
 

Finally we consider a force never before considered in the literature in the mo-
mentum equation describing bubble departure - the drag force caused by the 
growth of the neighboring bubbles  

2
, 2 1 20.3 ( )d t dF D Vπρ′ ′= .      (15.20) 

For an incompressible liquid denoted with subscript 2 the mass conservation 
equation for the liquid velocity gives 2

2 1 1( / )( / )u dR d R rτ=  in the region between 
R1 and R2,inf’, where R2,inf’ is half of the average center-to-center spacing. Zuber  
(1963) obtained the volume average liquid velocity as follows 

2,inf

1

2 21 1 1 1
2 1 1 2,inf 2,inf2

2,inf 1 2,inf

1 2 / /
R

R

dR dr R dR dRV R R D B D
R R d r R d dτ τ τ

′ = = = =
− ∫  

   (15.21) 

where 

2 1
12 dRB R

dτ
= .      (15.22)  

for n = 1/2. For the idealized case of a triangular array at a plane surface, the in-

fluence circle has a diameter 
1/ 2

1/ 2
2,inf 1

1

2 1 1.074 /
3 w

w

D n
n

⎛ ⎞
= ≈⎜ ⎟′′⎝ ⎠

,  

( )2,inf

1/ 2
1/ 22 1/ 2

1
1

1 0.56 / w
w

D n
nπ

⎛ ⎞
= ≈⎜ ⎟′′⎝ ⎠

    (15.23) 

More recent measurements by Wang and Dhir (1993) give ( )2,inf

1/ 22 1/ 2
10.84 / wD n≈ . 

For the purpose of the data comparisons we use in this work Eq. (15.23). The time 
- averaged fluctuation velocity (called sometimes micro-convection velocity) dur-
ing w dτ τΔ + Δ  is therefore  

2 2 1/ 2
2 2,inf 1( / ) ( )d d

w
w d w d

V B D B nτ τ π
τ τ τ τ
Δ Δ′ ′′= =

Δ + Δ Δ + Δ
,  (15.24) 

which is generally applicable to different situations of bubble production at walls 
such as boiling, flashing, and gas injection through perforated plates. Note that 

is computed in accordance with Klausner et al. (1993). 

but the experimentally observed distribution of the active nucleation sites is a 
Poisson distribution Gaertner (1963), Sultan and Judd (1978), Wang and Dhir 
(1993). It gives an average distance between two neighboring bubbles sites of  
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nucleation at inner and outer walls of a cylinder with diameter Dh is characterized 
by  

1/ 2

2,inf 1
1

1 (1 / ),d h
w

D D D
nπ

⎛ ⎞
= ±⎜ ⎟′′⎝ ⎠

     (15.23a)  

where the minus sign is valid for the inner surface. Consequently  

2 2 1/ 2
2 2,inf 1 1( / ) ( ) /(1 / )d d

w d h
w d w d

V B D B n D Dτ τ π
τ τ τ τ
Δ Δ′ ′′= = ±

Δ + Δ Δ + Δ
 

2 1/ 2
1 1 1 1( ) /(1 / )d w w d hD f n D Dπ ′′= ±  .    (15.24a)  

Consequently, with increased wall superheating, bubbles in a pipe interact more 
strongly than bubbles at a plane, and bubbles at an outer cylinder wall interact less 
intensively than bubbles at a plane. The higher the value of D1d/Dh the stronger is 
the influence of the geometry. For large values of superheating, 

( )1 1 1/d w dτ τ τΔ Δ + Δ  approximates 1. For small values, this force is not important. 
Thus the approximation of the exact equation  

2 1/ 2
1( )wV B nπ′ ′′=       (15.25) 

can be used to compute the bubble departure diameter. Now we compute the bub-
ble inclination angle using assumption 6 

( ) ( )0 , , 1, , , ,arctan /b n d n n b t d t d tF F F F F Fθ ⎡ ⎤′= − + + +⎣ ⎦    (15.26) 

and write the static force balance along the axis of the bubble divided by π  

( ) ( )

( )

3 2
1 2 1 0 2 1 21 0

22
2 1 21 0 2 1 2 0

3/ 4
* 2 2
1 2 2 2 0

1 1( ) sin( ) ( ) sin
6 2

0.3 cos 0.3 cos

3 1 0.1 / sin

d d d lift

wall d d d

c form form

D g D V c

c D V D V

D c B c B

ρ ρ ϕ θ ρ θ

ρ θ ρ θ

σ η ρ η θ

− + +

′+ +

⎡ ⎤= + +⎣ ⎦

 

or simply  

( ) ( )23
1 1 , 1 1 ,/ / 1d d nc d d fcD D D D+ =     (15.27) 

where  

( ) ( ){ }1/ 3

1 , 2 1 06 / sind ncD A gρ ρ ϕ θ⎡ ⎤= − +⎣ ⎦ ,   (15.28) 

15 Bubble departure diameter 
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1/ 2

2 2 2
1 , 2 21 0 0 2 2 0

1/ sin 0.3 cos 0.3 cos
2d fc d lift wallD A V c c Vρ θ θ ρ θ

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞ ′= + +⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
, 

   (15.29) 

and 
3/ 4* 2 2

1 2 2 2 03 1 0.1( / ) sinc form formA D c B c Bσ η ρ η θ⎡ ⎤= + +⎣ ⎦ .  (15.30) 

Note that the inclination angle for forced convection is a real one. For pool boiling 
it is the cone angle within which the fluctuation of the spatial inclination occurs. 
The angular position within this angle changes chaotically. That is why one ex-
perimentally sees fluctuation but never inclination of the vapor column. It ex-
plains the well known oscillating of the bubble columns. Note that the bubbles at 
a surface never start and grow simultaneously - such an idealized picture should 
give zero interaction force, which is never the real case.  

Obviously we have two transcendental equations with two unknowns D1d and 
0θ  which are solved by iteration. It is important to note that after each iteration-

step the new inclination is computed as an average value between the previous 
and the new computed values. This ensures a stable algorithm that converges to 
the desired accuracy after a maximum of seven iterations. For low superheating 
and low flow velocities, D1d approximates D1d,nc, and for large superheating and 
large flow velocities, D1d approximates D1d,fc. It is important to note that the sur-
face tension and the latent heat of vaporization are functions of the wall tempera-
ture for boiling and of the liquid temperature for flashing.  

Note that the contribution of the macro-convection in boiling heat transfer is 
generally accepted. Consequently we have to take it into account also in the mo-
mentum balance. 
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We have confined our attention to water data only because this model is operat-
ing in computer code IVA in all of its variants, which has water as one of the 
three flow components Kolev (1993). For further information on this code see 
the references given in Kolev (1993). The prediction of bubble departure di-
ameter is a part of the analytical modeling of transient sources and sinks of 
bubbles and droplets in addition to the information presented in Kolev (1993), 
which is used in IVA3. Figure 15.4 presents a comparison of the prediction of 
the new theory with the already discussed data for saturated water pool boiling 
at a horizontal surface. Without considering the mutual bubble interaction the 
trend of the curve for superheating is lower than 15 K continuous to an asymp-
totic value of about 5 mm as shown in Fig. 4 in Kolev (1994). The line on Fig. 15.4
represents the new model considering the mutual bubble interaction.  
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Fig. 15.4 Bubble departure diameter as a function of superheating. Saturated water pool 
boiling at 0.1 MPa pressure. Data 1: Gaertner and Westwater (1960), 2 Gaertner (1965), 3 
Tolubinski and Ostrovsky (1966), 4 Siegel and Keshock (1964), 5 van Stralen et al. (1975), 
6 Roll and Mayers (1964), 7 IVA5 model with bubble interactions 
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Fig. 15.5 Bubble departure diameter as function of mass flow rate. Saturated water flow 
boiling at 0.1 MPa pressure. Dhy = 0.019 m, Tw - T2 = 15 K. 1 Data of Koumoutsos et al. 
(1968), 2 IVA5 model without bubble interaction 

 
The particle number density for the Gaertner and Westwater (1960) data, pre-
sented in Fig. 12.1 and approximated by Eqs. (12.107) and (12.108) is used for 
this comparison. In the original publication, Gaetner and Westwater (1960) called 
the bubble departure diameter "lift off diameter", and in a later work by Gaetner 

15 Bubble departure diameter 
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Fig. 15.6 Bubble departure diameter as a function of pressure. Saturated water pool boiling, 
superheat = 7.2 K. Data of Tolubinsky and Ostrovsky: 1 Permalloy, 2 brass, 3 copper. Data 
of Semeria: 4 wire D = 0.8mm, 5 plate. 6 Model IVA5 with bubble interaction 
 

Shoji et al. confirmed again in 2005 by carefully performing experiments that 
decreasing of the spacing between two neighboring nucleation sites decreases the 
bubble departure diameter definitely and vice versa: the authors found that for 

2,inf 1 3dD D >  the influence is almost negligible.  

(1963) it is called "bubble column stem" diameter. However, the proportionality 
constant between both diameters is around one. Note that the Gaetner and West-
water data for particle number density and bubble departure diameter as a func-
tion of the wall superheating are confirmed also by the later measurements by Iida 
and Kobayasi (1970), who measured particle number density and the thickness of 
the thermal boundary layer for pool boiling. Figure 12.1 presents the nucleation 
site density as a function of superheating also by other authors Gaertner (1965), 
Labuntsov (1974), Yamagata et al. (1955), Jakob (1932), Cornwell and Brown 
(1978), van Stralen and Cole (1979), Rallis and Jawurek (1964). This is done to 
classify the Gaertner and Westwater data as the data giving the lowest possible 
nucleation site density for saturated pool boiling of water. The consideration of 
the mutual bubble interaction has a striking effect that can not be overlooked. This 
interaction is responsible for the decrease of the bubble diameter when the nuclea-
tion site density exceeds some value, that is, when the wall superheating exceeds 
some value. This regime causes a change of the character of the Nukiama diagram 
containing data for saturated water pool boiling at atmospheric pressure on pol-
ished surfaces Gaertner (1965), van Stralen and Cole (1979), Yamagata et al. 
(1955), Sultan and Judd (1978), Wiebe (1970), Gaertner and Westwater (1960), 
Borishanskii et al. (1961), Jakob and Fritz (1935), Cornwell and Brown (1978), 
Vachon et al. (1968), Nishikawa et al. (1984). As shown in Fig. 15.7 and is in fact 
quite different from boiling with negligible interaction, which in the boiling litera-
ture is called the regime of isolated bubbles. Our theory predicts a smooth transi-
tion between the two regimes, which is the expected behavior in nature.  
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Fig. 15.7 Heat flux as a function of superheat. Saturated water at 0.1 MPa. 1) Gaertner  
1965, 4/0 polished copper, 2) Kurihara and Myers 1960, 4/0 polished copper, 3) Yamagata 
et al. 1955, fine polished brass, 4) Sultan and Judd 1978, diamond grid 600 polished cop-
per, 5) Wiebe 1970, diamond 600 polished copper, 6) Gaertner and Westwater 1960, 4/0 
polished copper, 20 p.c. nickel salt-water solution, 7) Borishanskii et al. 1961, steel, 5 to 8 
p.c. error, 8) Fritz 1935, polished steel, 9) Jakob and Linke 1933, polished steel, 10) 
Cornwell and Brown 1978, 4/0 polished cooper, 11) Vachon et al. 1968, emery grid 600 
polished 304 stainless steel, 12) Nishikawa et al. 1984, emery grid No.0/10 polished cop-
per, 13) Rallis and Jawurek 1964, nickel wire, 14) Wang and Dhir (1993) nuclide and tran-
sition boiling. Contact angle 90 deg, 15) Wang and Dhir (1993)  nuclide and transition 
boiling.  Contact angle 18 deg, 16) Wang and Dhir  (1993)   nuclide and transition boiling. 
Contact angle 35 deg, 17) Wang and Dhir  (1993)  nuclide and transition boiling. Contact 
angle 35 deg. Liaw data 
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In Fig. 15.5 we compare the prediction of our theory with flow boiling data 
given in Koumoutsos et al. (1968). On the abscissa is entered the bubble departure 
diameter divided by the bubble departure diameter for pool boiling. The trend of 
the data is reasonably reproduced. Figure 8 in Kolev (1994) shows the same data 
compared also with predictions using theories of other authors Levy (1967), Yang 
and weisman (1991), Jones (1992), Jones (1992) and with prediction of our theory 
neglecting the normal force components. We find from this comparison that 
neglecting the normal force component is allowed for mass flow rates larger 
than 150 kg/m2s. The theory of Jones [1992] gives unbounded values for small 
mass flow rate, and the Yang and Weisman modification Yang and Weisman  
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(1991) of Levy's theory Levy (1967) underpredicts the data as shown in Fig. 8 in 
Kolev (1994). 

Figure 15.6 gives a comparison with data at elevated pressures reported in 
Refs. [36, 31]. In this case also, the trend of the data is properly reproduced by our 
theory. 

Shoji et al. (2005) demonstrated that for cylindrical cavity serving as nucleation 
sits the cavity diameter (5 to 100µm) does not influence the bubble departure 
sizes. But the decrease of the depth of the cavity (80, 40, 20µm) decreases the 
wall superheat at constant power and reduces the bubble departure diameter: 8.5K 
1.85mm, 7.5K, 1.5mm, 5.8K, 1.3mm. 4W distributed on a circle with 12mm was 
the heat source in this experiment. This slope corresponds to those obtained by 
other authors in this temperature region as shown in Fig. 15.4. 

From the above discussion the following conclusions are in order: 
1. The mutual interaction of the growing and departing bubbles causes significant 

shear at the surface and forces the bubbles to detach at an earlier stage of their 
growth.  

2. The proposed theory successfully describes quantitatively the natural transition 
between the isolated bubble boiling and boiling with mutual bubble interaction 
with changing temperature difference. 

3706"Ukipkhkecpeg""

The proposed method can be used in various fields of engineering practice, a few 
of them being  
1. Flashing in channel flow due to depressurization and critical flow - Chapter 17. 
2. Boiling in pools and channels - Chapter 16. 
3. Modeling of multi-phase flow in system computer codes.  
4. Reexamination of all approaches for analytical description of boiling heat 

transfer using the bubble departure diameter as an input variable. 
5. Reexamination of all approaches for analytical description of bubble diameter 

produced by gas injection into a liquid through perforated plates - Section 10.7. 

3707"Uwooct{"cpf"eqpenwukqpu"

The tangential shear due to the volume- and time- averaged pulsation velocity 
caused by the thermally controlled bubble growth and successive cyclic departure 
is found to be responsible for the natural switching from the regime of isolated 
bubble growth and departure into the regime of mutually interacting bubble 
growth and departure as the temperature difference between the bubble interface 
and the surrounding liquid increases. The proposed theoretical model, based only 
on the first principles, agrees well with the experimental data for boiling water to 
which it was compared. The new model, which successfully predicts the isolated 
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and the mutually interacting bubble departure sizes, and the quantitative descrip-
tion of the natural transition between the two regimes are the essentially new fea-
tures of the work presented in this Chapter.  

3708"Gzvgpukqp"qh"vjg"vjgqt{"vq"uwd/eqqngf"nkswkfu"

The theory presented above successfully describes the bubble departure in satu-
rated liquid. In this section we will extend the theory to sub-cooled boiling fol-
lowing the already introduced method of combined thermal analysis with force 
equilibrium. 

( )( )
2

3 1 1 11
1 2 1 2, 0 2, 0 26 w w

Dd D q c h h T T
d h

σ σ σππρ
τ = ≠
⎛ ⎞ ⎡ ⎤′′ ′′ ′= − − + −⎜ ⎟ ⎣ ⎦Δ⎝ ⎠

, 

        (15.31) 

which for constant vapor density results in 

( ) ( )1
21 11 2

1 2, 0 2, 0w w

T TdR q
c h h

d h h

σ
σ σ

τ ρ ρ= ≠

′ −′′
= − − +

′′ ′′Δ Δ
.   (15.32) 

For bubble growth at a wall the expression obtained by Labuntsov et al. in 1964 
can be used 

1
sup2

2

Bq
h

σ

ρ τ
′′

− =
′′Δ

,      (15.33) 

where  

sup 2 22.5 2 wB a Jaβ= ,       (15.34) 

( )2 2
2

c w
w

c T T
Ja

h
ρ

ρ
′−

=
′′Δ

, and 6β ≈ . We assume that the disc with a cross section 

2
1 4Dπ  receive the evaporation mass flow rate corresponding to 1

2q σ′′ .  The con-
stant 1c  reflects the part of the bubble surface 2

1Dπ  contacting the sub-cooled liq-
uid e.g. 1c = 1/2. The condensation is assumed to be driven by a superposition of 
molecular heat conduction  

15 Bubble departure diameter 

Ünal proposed in 1976 to consider the sub-cooled boiling bubble growth as 
e conduction from the wall and partial con-

densation at the bubble top. Using the imagination of Zuber (1961) that the super-
heated micro-layer is created before the explosion of the nucleus and neglecting 
the nucleation diameter as a small compared to any later bubble size after the 
origination we can write the following equation for the growth of the bubble mass 

superposition of evaporation feed by th
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Forschluetz and Chao (1965), and eddies renewal due to turbulence 

( )
1

1/ 42, 0 0.8 1/ 2 2
2 2 20 2

2

0.228Re Prw hh Dσ

α
λ
≠ = Φ ,    (15.37) 

Avdeev (1986). Replacing the heat flux components in the mass conservation 
equation results in  

1

2
dR B A
dτ τ

= − ,      (15.38) 

where 

2
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π
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A Ja

D
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Note that there is a driving mechanism for a bubble growth in sub-cooled liquid 
only if  

2 2,2.5 2 w subJa Jaβπ > .     (15.41) 

The radius of the bubble as a function of time is then 

1 1cR R B Aτ τ≈ + − .      (15.42) 

The radius possesses a maximum  
2

1m 1
1
4c

BR R
A

≈ +       (15.43) 

at  
2

1
1
4m

B
A

τ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

.       (15.44) 

If the maximum of the diameter is smaller then the bubble departure diameter the 
bubble will stay at the surface, else the bubble will depart with the bubble depar-
ture diameter. The bubble growth equation can be rewritten in dimensionless form 
as proposed by Zuber in 1961 
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1 1

1 11m 1
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τ τ
τ τ

−
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−
.     (15.45) 

Note that the form of the equation is as obtained by Zuber but not the contents of 
the different terms. As expected for a given radius there are two solutions for the 
time 
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The center of mass velocity corresponding to this bubble growth mechanism is 
then 

1/ 2

1m 11
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The temporal bubble acceleration is 
3 / 2
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The total bubble acceleration is 
21/ 2 3 / 2

1 1 1m 1 1m 1
1 2

1 1 1 1 1 11

11
2

cm cm c c
cm

c c m mm

V V R R R R
V

R R R R
τ τ

τ τ ττ

− −⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞∂ − −⎪ ⎪⎢ ⎥+ = − −⎨ ⎬⎜ ⎟ ⎜ ⎟∂ − − ⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

. 

        (15.49) 

Neglecting the virtual mass force we apply now the equations (15.26) and (15.27) 
by using the already described mechanism of the bubble growth and collapse. The 
result for horizontal plane at 1 bar pressure and varying sub-cooling is presented 
in Fig. 15.8.  

15 Bubble departure diameter 
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Fig. 15.8 Bubble departure diameter at horizontal surface without flow as function of the 
wall superheating at 1bar. Parameter – water sub-cooling. Stagnant liquid 

For zero sub-cooling we reproduce well the experimental data as already dis-
cussed in the pervious section. For increasing sub-cooling the bubble departure 
diameter decreases. The zero-values are artificially set to indicate in the graph that 
in the particular combination of superheating and sub-cooling there are no condi-
tions for bubble departure at all. 

3709"Kphnwgpeg"qh"vjg"ycnn"ocvgtkcn"

Morin (1964) measuring the temperature in the wall just below the growing bub-
ble found that there is cyclic decrease and increase corresponding to the growing 
cycle.  

Fig. 15. 9 Wall temperature distribution under the growing bubble at 100kW/m², Golobic et al. 
(2006)

Better heat conduction materials react faster on the changing heat exhausting con-
ditions due to evaporation of the liquid around the bubble contact line with the 
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distribution around the nucleation center as given in Fig. 15.9. Therefore the the-
ory reported above can farther be improved by considering this phenomenon. 

Pqogpencvwtg""

Latin 
 

a2  liquid thermal diffusivity, m2/s 
B2 

1 12 /R dR dτ= , m2/s 
D1  bubble diameter, m 
D1c  critical diameter, m 
D1d  bubble departure diameter, m 
D2,inf 2,inf2R= , m 
D1d,fc  bubble departure diameter for strongly predominant forced convection,  

21 2dV V ′>> , m 

D1d,nc  bubble departure diameter for natural circulation,  21 2dV V ′<< , m 
D total differential, dimensionless 
G mass flow rate, kg/(m2s) 
g gravitational acceleration, m/s2 

h'  saturated liquid specific enthalpy, J/(kgK) 

h" saturated steam specific enthalpy, J/(kgK) 

Ja [ ]2 2( )
( ) ( )

pT T p c
h p h p

ρ
ρ

′− ′
=

′′ ′ ′′−
, Jacob number, dimensionless 

1wn′′   active nucleation site density, 1/m² 
p  pressure, Pa 
pc  critical pressure, Pa 
R1 bubble radius, m 
R2,inf  half of the average center-to-center spacing, m 
T'(p)  saturation temperature at system pressure p, K 
T2  liquid temperature, K  
Tw  wall temperature, K 
V1cm  center-of-mass bubble velocity at the moment of detachment, m/s 
V21d  tangential velocity in the boundary layer of thickness D1d, m/s 
u2  liquid velocity in the region between R1 and R2,inf’ m/s 

2V ′   volume-averaged fluctuation velocity, m/s 

2V ′   time- and volume-averaged fluctuation velocity over w dτ τΔ + Δ , m/s 

15 Bubble departure diameter 

wall. 42 years later Golobic et al.  (2006) reported two dimensional temperature 
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∂  partial differential, dimensionless 
21ρΔ  2 1ρ ρ= − , kg/m³ 

dτΔ  time need from the origination of bubble with critical size to the bubble 
departure from the wall, s 

wτΔ  delay time, s 

2η  dynamic viscosity of liquid, kg/(ms) 
ϕ  angle between the flow direction and the upwards-directed vertical, - ng, 

rad 
1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/ m³ 
ρ′′  saturated steam density, kg/m³ 
ρ′  saturated liquid density, kg/m³ 
ρ  ( ) /ρ ρ ρ′ ′′= − , dimensionless 
σ   surface tension, N/m 

2wτ  2 /
8

Gξ ρ=  shear stress, 2/N m  

τ  time, s 
0θ  angle between the bubble axis and the wall, rad 
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In this Chapter we present a new theory of nucleate pool boiling based on turbulence in the 
boundary layer induced by bubble growth and departure which incorporates the effect of 
the static contact angle and explains the large spread of the available experimental data. In 
addition an exiting feature of the new theory is demonstrated - the capability to predict the 
critical heat flux with the same correlation which was never reported before in the literature 
as far as the author knows. This is a slightly modified version of the work previously pub-
lished in Kolev (1995). 

3803"Kpvtqfwevkqp "

Nucleate boiling is probably the most investigated phenomenon in the thermal 
sciences over 60 years. Data are collected, e.g. Jakob and Fritz (1931), Jakob and 
Linka (1933), Yamagata et al. (1955), Kurihara and Myers (1960), Gaertner and 
Westwater (1960), Gaertner (1965), Borishanskii et al. (1961), Rallis and Jawurek 
(1964), Vachon et al. (1968), Wiebe (1970), Sultan and Judd (1978), Cornwell and 
Brown (1978), Nishikawa et al (1984). see also Appendix 16.2, and many theoreti-
cal models exist, e.g. Van Stralen and Cole (1979), Rohsenow (1952), Fritz (1935), 
Vachon et al. (1968), Yang and Weisman (1991), Mikic and Rohsenow (1969), 
Cole and Rohsenow (1969), Zuber (1959), Zuber (1960), Judd and Hwang (1976), 
Zuber (1963), Von karman (1921), Pohlhausen (1921), Brauer (1971), Forster 
(1955), Zuber (1958), Chen (1966), Jakob (1949) Kocamustafaogullari and Zshii 
(1983), Tolubinsky and Ostrovsky (1966). The practical needs are satisfied usually 
by empirical correlations. In these correlations the heat flux at the wall is propor-
tional to the wall superheating with respect to the saturation temperature to a 
power n 

( ) ( ) n
NB NB wq h p T T p′′ ′= −⎡ ⎤⎣ ⎦  

which varies between 2 and 4. The coefficient NBh  is found to be mainly a func-
tion of the system pressure. Some of the frequently used correlations in the litera-
ture are summarized below. 

1) Thom (1966) :  n = 2, 
6

_ hom 1942 exp( / 4.35 10 )NB Th p= × . 

16 How accurately can we predict  
nucleate boiling? 
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2) Miheev and Miheeva (1973) : n = 3, valid in 5 51 10 200 10p Pa× ≤ ≤ × ,  

0.53

_ 8 3
0.07845

(1 4.5 10 )NB Micheev
ph

p−=
− ×

. 

3) Jens and Lottes (1951), n = 4, valid in 5140 10p Pa≤ × , NBq′′  < 6 21.1 10 /W m× , 
4 210 /( )G kg m s< , 

( )6
_ 2.567 exp 1.55 10NB Jens Lottesh p− = × . 

4) Borishanskii et al (1964), n = 10/3, valid in steel/water, 49.81 10× p≤ ≤  
5196.2 10 Pa× , measurement error ∓ 5%,  

( ) ( )
10 / 30.14 210 / 3 4 6 4

_ 2.28 10 2.53 10 10NB Borishanskiih p p−⎡ ⎤= + ×⎢ ⎥⎣ ⎦
. 

The data by Borischanski are reproduced with rms. 13.7%. His data can be repro-
duced with rms. 10 %, by  

( ) ( )2 3
10 10 10

10 / 3
-24.60379  13.14641log -2.30694 log   0.13636 log

_  10
p p p

NB Borishanskiih
⎡ ⎤+ +⎢ ⎥⎣ ⎦⎧ ⎫= ⎨ ⎬

⎩ ⎭
.  

The same data are reproduced with rms. 11.2% with a correlation that is appropri-
ate also for other fluid: n = 3,  

( )
31/ 3 0.1 1.164

_ 5 / 6 1/ 6

10
238 1 4.65

c
NB Borishanskii

c cc

p p ph
p pT M

⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥= +⎨ ⎬⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

. 

Here M is the molar weight in kg-mole and c indicates the critical state. 
 

6) Arefeva and Aladev (1958) , n = 4, valid for 0.7 <θ < 1.08, 1bar 

( )4
_ 2.559 0.727NB Arefeva Aladevh θ− = − . 

Arefeva and Aladev (1958), n =3/2 valid for 1.6 <θ < 2.41 and 1bar, 

_ 3287.26NB Arefeva Aladevh − = . Note the differences in the predictions among the dif-
ferent correlations as demonstrated in Fig. 16.1 for water at 1bar pressure. 

It seems that the question of how accurately we can predict the heat flux as a 
function of the wall superheating for simple pool boiling is banal and boring. 
However, let us consider this problem in more detail. 
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Fig. 16.1 Heat transfer coefficient for pool boiling of water at 1bar computed using differ-
ent correlations 

 

 
Fig. 16.2 To the definition of the contact (wetting) angle: Water drops at solid surfaces:  
1) stainless steel; 2) copper; 3) glass; a) surface just polished with emery paper; b) same 
surface after treated with trichloroethylene, Morin (1964) 

Figure 16.3 depicts the heat flux as a function of the wall superheating for wa-
ter at atmospheric pressure at plane surfaces taken from Jakob and Fritz (1931), 
Jakob and Linka (1933), Yamagata et al. (1955), Kurihara and Myers (1960), 
Gaertner and Westwater (1960), Gaertner (1965), Borishanskii et al. (1961), 
Rallis and Jawurek (1964), Vachon et al. (1968), Wiebe (1970), Sultan and Judd 
(1978), Cornwell and Brown (1978), Nishikawa et. al. (1984) for mirror polished 
surfaces (data for specifically prepared rough surfaces are excluded).  
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Fig. 16.3 Heat flux as a function of superheat. Saturated water at 0.1 MPa. 1) Gaertner  1965, 
4/0 polished copper, 2) Kurihara and Myers 1960, 4/0 polished copper, 3) Yamagata et al. 
1955, fine polished brass, 4) Sultan and Judd 1978, diamond grid 600 polished copper, 5) 
Wiebe 1970, diamond 600 polished copper, 6) Gaertner and Westwater 1960, 4/0 polished 
copper, 20 p.c. nickel salt-water solution, 7) Borishanskii et al. 1961, steel, 5 to 8 p.c. error, 8) 
Jakob and Fritz 1931, polished steel, 9) Jakob and Linke 1932, polished steel, 10) Cornwell 
and Brown 1978, 4/0 polished cooper, 11) Vachon et al. 1968, emery grid 600 polished 304 
stainless steel, 12) Nishikawa et al. 1984, emery grid No.0/10 polished copper, 13) Rallis and 
Jawurek 1964, nickel wire, 14) Wang and Dhir (1993) nuclead and transition boiling. Contact 
angle 90 deg, 15) Wang and Dhir (1993) nuclead and transition boiling.  Contact angle 18 
deg, 16) Wang and Dhir (1993) nuclead and transition boiling. Contact angle 35 deg, 17) 
Wang and Dhir (1993) nuclead and transition boiling. Contact angle 35 deg. Liaw data 

By taking a close look at these data we see that while the reported error for tem-
perature measurements is about 5 to 6 % and for heat transfer measurements about 1 
to 14 % in each particular experiment the spreading of different authors data is over 
two orders of magnitude which cannot be explained with measurements error. This 
spreading corresponds to the data for the nucleation site density (reported measure-
ment error about 1 to 20 %) as a function of wall superheat presented in Fig. 16.4 for 
the same data set as far as available Avdeev et al. (1977), Brauer (1971), Chen 
(1966), Cole and Rehsenow (1969), Fagginani et al. (1981), Gaertner and westwater 
(1960), Gaertner (1963). The state of the art of the modeling of this phenomenon is 
well represented by van Stralen and Cole (1979), Rohsenow (1952), Fritz (1935), 
Vachon et al. (1968), Yang and Weisman (1991), Mikic and Rohsenow (1969), Cole 
and Rohsenow (1969), Zuber (1959), Zuber (1960), Judd and Hwang (1976), Zuber 

16 How accurately can we predict nucleate boiling? 
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(1963), von Karman (1921), Pohlhausen (1921), Brauer (1971), Forster and Zuber 
(1955), Zuber (1958), Chen (1966), Jakob (1949), Kocamustafagullari and Ishii 
(1983), Tolubinsky and Ostrovsky (1966). Examining the main basic physical ideas 
on which these models rely (see Appendix 16.1) we surprisingly find that none of 
them predicts the main reason for the observed data spreading. 

There are many qualitative hypotheses in the literature for the reason of the ob-
served data spreading but none of them are used to quantitatively improve our 
predictive capability. Illustration haw static contact angle influence the form of the 
solid-liquid-steam contact is demonstrated in Fig. 16.2. 
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Superheat in K  
Fig. 16.4 Active nucleation site density as a function of superheat. Saturated water at 0.1 
MPa. 1) Gaertner 1965, 4/0 polished copper, 2) Gaertner and Westwater 1960, 4/0 polished 
copper, 20 p.c. nickel salt-water solution, 3) Sultan and Judd 1978, diamond grid 600 pol-
ished copper, 4) Yamagata et al. 1955, fine polished brass, 5) Jakob and Linke 1933, pol-
ished steel, 6) Cornwell and Brown 1978, 4/0 polished cooper, 7) Kurihara and Myers 
1960, 4/0 polished copper, 8) Rallis and Jawurek 1964, nickel wire, 9) Faggani et al. 1981, 
polished 316 steel horizontal cylinder 

Wang and Dhir (1993) published interesting experimental work showing clearly 
the effect of the static contact angle on the active nucleation site density as a 
function of the wall superheat. We transform the new data in the coordinates of 
Fig. 16.4 and plot them in Fig. 16.4. Comparing Figs. 16.4 and 16.5 it is obvious 
that variation of the static contact angle could account for a substantial part of the 
observed data spread in Fig. 16.4 and consequently in Fig. 16.3. This conclusion is 
supported by the following consideration. Nucleation site density is reported to be 
measured with about 1 to 20 % error. Static contact angle (if measured at all) is 
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measured with ± 3 rad error. Distilled water being in contact with different 
polished solid surfaces not especially chemically treated possesses different static 
contact angles as indicated in Tables 12.1 and 12.2. Since in Fig. 16.3 we have 
data sets for different static contact angles varying between very small values, as 
is the case with the Gaertner and Westwater’s data, and π /2, as it seems to be the 
case for copper-water data, the data sets must differ from each other. 
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Fig. 16.5 Active nucleation site density as a function of superheat. Saturated water at 0.1 
MPa. Wang and Dhir (1993) data for three different static contact angles 1) 90, 2) 35 and 3) 
18 deg. Prediction of the same data with their correlation 4), 5), and 6), respectively. Larger 
static contact angle results of larger active nucleation site density by the same superheating  

Wang and Dhir correlated their data for active nucleation sites density as a func-
tion of the wall superheat as follows  

27 6
1 15 10 (1 cos ) /w cn Dϕ−′′ = × −      (16.1) 

where the constant has a dimension m4, the critical diameter is a function of the 
local superheating 

[ ] ( )
1

2
2

4 4
( )ln 1( ) 1

( )

c
w

D
T T ph hp T p

T p

σ σ
ρ ρ
ρ

= =
′′′⎛ ⎞ ⎡ ⎤−′′ ′ ′′ − +− −⎜ ⎟ ⎢ ⎥′⎣ ⎦⎝ ⎠

 

( ) 4
( ) ( )w

T p
T T p h h

σ
ρ

′
≈

′ ′′ ′′ ′− −
      (16.2) 

and ( )wTσ σ= . 
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Note that all saturation properties in this paper are computed as a function of the wall 
temperature. The results of the prediction of 1wn′′  for the three different static contact 
angles (ϕ = 90, 35 and 18 deg) as function of the wall superheating and the 
experimental data which they correlate are presented in Fig. 16.5. For the prediction 
we use the measured wall superheating Tw −  T’(p). For comparison see the previous 
correlations not taking into account the influence of the static contact angle published 
in Cornwell and Brown (1978), Labuntsov (1963), Mickic and Rohsenow (1969), 
Avdeev et al. (1977), Hutcherson et al. (1983), Kocamustafaogullari and Ishii (1983), 
Riznic and Ishii (1989), Johov (1969), Jones (1992), Jones (1992) and summarized in 
Appendix 16.2 - some of them are depicted together with data in Fig 16.6. The 
quantitative dependence on the static contact angle reported by Wang and Dhir was 
not previously known. It strongly supports the qualitative arguments published in 1958 
by Arefeva and Aladev (1958) p.12 which are briefly summarized below:  

“ ... Boiling of liquid is associated with liquid fragmentation by liquid 
detachment from the wall. Consequently steam must appear for lower wall 
superheats at places where the work for liquid detachment is lower. Quantitative 
measure for the influence of the wall on heat transfer is the rate of wetting i.e. the 
static contact angle. Therefore, (a) the nucleation site density and consequently 
the heat transfer coefficient increases with increasing static contact angle, and (b) 
increasing static contact angle decreases the critical heat flux... ”  
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Superheat in K  
Fig. 16.6 Active nucleation site density as a function of superheat. Saturated water at 0.1 MPa.  
1) to 9) Data from Fig. 16.3. Prediction with correlations proposed by 10) Avdeev et al. (1977), 
11) Johov (1969), 12) Cornwell and Brown (1978) and 13) Kocamustafaogullari and Ishii (1983) 
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Another important result of the measurements by Wang and Dhir is the relationship 
between the averaged nearest - neighbor distance and the nucleation site density  

( )1/ 2 1/ 22
2,inf 10.84 / wD n′′≈       (16.3) 

which is obtained with better statistics than the earlier relation reported by 
 (1963) and Sultan and Judd (1978) ( )1/ 2

11/ wnπ ′′≈ .  In what follows we shall 
demonstrate the importance of the experimental findings of Wang and Dhir for the 
prediction of heat transfer in nucleate boiling. 

In this Chapter, we present a new theory of nucleate pool boiling based on bub-
ble growth and departure induced turbulence in the boundary layer which incorpo-
rates the effect of the static contact angle and explains the large spreading of the 
available experimental data. In addition an exciting feature of the new theory is 
demonstrated - the capability to predict the critical heat flux with the same correla-
tion. This was not previously reported in the literature as far as the author knows. 

3804"Pgy"rjgpqogpqnqikecn"oqfgn"hqt"pwengcvg"rqqn"dqknkpi"

380403"Dcuke"cuuworvkqpu"

1. Wall superheating larger than a given value is necessary to initiate pool boiling. For 
smaller wall superheating the heat is transferred by natural convection, Jakob (1932)  

( ) ( )1/ 4 21/162
2, 2 2 2 2 22.417 Pr /w nc wq g T Tλ β ν′′ = −    (16.4) 

Here indices “2” indicates bulk liquid values. 

2. The heat flux from the wall into the boiling mixture during nucleate pool boil-
ing is caused by boundary layer turbulence due to bubble growth and departure.  
3. The turbulent length scale is of the order of the Rayleigh - Taylor instability 
wavelength  

2  t
RTπ λ= ,       (16.5) 

where ( ){ }1/ 2
/RT gλ σ ρ ρ′ ′′= −⎡ ⎤⎣ ⎦  is the capillary Laplace constant. The imagination 

that boiling at a heated wall is in fact counter-current gas liquid flow led Zuber (1958) 
and Zuber et al. (1958, 1961) to the conclusion that the instability of such flow is 
controlled by the Rayleigh-Taylor instability wavelength. This imagination led to a 
successful theory for critical heat flux. Rohsenow (1952) and Tolubinsky (1966) used 

RTλ  as a length scale to correlate data also for sub-critical nucleate boiling heat 
transfer. Thus, we proceed with the imagination that not only the continuous steam 
stream counter current to the liquid but also the train of bubbles counter current to the 
liquid produce macroscopic instability of order of the Rayleigh-Taylor instability 

Gaertner

16 How accurately can we predict nucleate boiling? 
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wavelength. As will be demonstrated later by comparison with data this assumption 
seems quite appropriate. We found that neither the average distance between two 
departing bubbles, nor the bubble departure diameter is appropriate as a macroscopic 
length scale of turbulence for this process. 
4. The nucleation site distribution obeys the Poisson distribution law and the 
experimentally observed averaged site to site space D2,inf  is given by Eq. (16.3). 
5. The bubble growth at the wall is thermally controlled. The expression govern-
ing the bubble growth is 

1 2 nD Bτ=        (16.6) 

As shown in Appendix 13.1 it is generally agreed that the exponent is of the or-
der of 1/2 for saturated liquids. For the purpose of data comparison we use in this 
work the Labuntsov approximation (1974, 1963) of the Scriven solution for bubble 
growth in a bulk liquid, 

1/ 2B cJa a′ ′=        (16.7a) 

where 

( )
1/ 22 / 3 1/ 2

1/ 2 112 / 1
2 6 6

c
Ja Ja
π ππ

⎡ ⎤⎛ ⎞ ⎛ ⎞= + +⎢ ⎥⎜ ⎟ ⎜ ⎟′ ′⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
   (16.8) 

and n = 1/2. Alternatively the Labuntsov et al. (1964) solution for bubble growth 
at heated wall  

2  B a Jaβ ′ ′= ,      (16.7b) 

where  

( )
( ) ( )2

25.3cos 2

1 cos 2 cos

θ
β

θ θ
≈

+ −
, 

validated for water boiling at silver surface at p = 1 to 100 bar, can also be used. 

6. The order of magnitude of the minimum waiting time will be computed in 
accordance with the proposal by Han and Griffith (1965) 

( )2
1 1 ,min 2,min /w w aτ τ δ π ′Δ ≈ Δ =      (16.9) 

where 

( ) [ ] ( ){ }2
2,min 212 ( ) / ( )w wT T T p T T p h hδ σ ρ′ ′ ′′ ′′ ′= − − −   (16.10) 

is the minimum of the thermal boundary layer thickness. 

7. The bubble departure diameter D1d and consequently the bubble departure time 
2 2

1 1
1 / ,
4d dD BτΔ =       (16.11) 
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are controlled by the force balance in accordance with the model  

( ) ( )23
1 1 , 1 1 ,/ / 1d d nc d d fcD D D D+ =     (16.12) 

presented recently in Kolav (1994). The reader will find in Kolav (1994) the 
detailed derivation of Eq.  (16.12) and the method for computation of the bubble 
departure diameter for natural convection only, D1d,nc, and for forced convection 
only, D1d,fc, which will not be repeated here. Further the model was compared in 
Kolav (1994) with the available data for saturated water for pool and flow boiling 
at low and elevated pressures and good agreement was found. The most exiting 
feature of this model is the taking into account of the influence of the mutual 
bubble interaction on the bubble departure diameter, something which was 
experimentally observed but never theoretically explained before.  

The frequency of bubble departure from the wall is therefore 

( )1 1 11/w d wf τ τ= Δ + Δ ,      (16.13) 

It should not be confused with the average frequency of the turbulent pulsation in 
the wall boundary layer. 

380404"Rtqrqugf"oqfgn"

The proposed model is strictly valid for pool boiling of saturated liquid. 
Nevertheless the main ideas used here can be easily extended for nucleate flow 
boiling of saturated liquid and pool and flow boiling of subcooled liquid as it will 
be discussed in Section 16.4.  

Before jumping apart from the wall, the turbulent eddies stay at the wall during 
the time 11/ t

wf  and receives heat from the wall by heat conduction. Therefore, the 
average heat flux at the wall follows the analytical solution of the Fourier equa-
tion averaged over the period 11/ t

wfτΔ =  

( ) ( )
1/ 2

2, 2
0

1( ) 2 p
w nb w w

c
q q d T T

τ λ ρ
τ τ τ

τ π τ

Δ ′ ′ ′⎛ ⎞
′′ ′′Δ = = −⎜ ⎟Δ Δ⎝ ⎠

∫  

( ) ( ) ( )1/ 21/ 2
1 22 / t

w p wf a c T Tπ ρ′ ′ ′= −     (16.14) 

The idea to use the time-averaged heat flux at the wall stems from Mikic and 
Rohsenow (1969). In contrast to these authors we use here the turbulence renewal 
period rather than the bubble departure time. The time- and space-averaged 
pulsation velocity is  

1/ 22 2 1
2 2,inf 1

1 1

1( / )
0.84

d d
w

w d w d

V B D B nτ τ
τ τ τ τ
Δ Δ′ ′′= =

Δ + Δ Δ + Δ
.  (16.15) 

The above time- and space-averaged pulsation velocity is in fact the space-
averaged micro-convection velocity, first computed by Forster and Zuber (1955),  
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see also Zuber (1959) p. 12, which is then time averaged. The most unexpected 
effect introduced by the additional time averaging is the capability of the finally 
obtained equation to predict the critical flux as it will be demonstrated later. The 
fluctuation frequency is therefore a function of the bubble departure frequency  

2 1/ 2 1
1 2 2 1 2

1 1

1/
0.84

t t td
w w

w d

f V B n τ
τ τ
Δ′ ′′= =

Δ + Δ
   (16.16) 

Substituting Eq. (16.16) in (16.14) we obtain 

( ) ( )
1/ 2

1/ 4
2, 1 2

2 1 1

2
10.84

p
w nb w wt

w d

c
q n B T T

λ ρ
τ τπ

′ ′ ′⎛ ⎞
′′ ′′= −⎜ ⎟⎜ ⎟+ Δ Δ⎝ ⎠

. 

Using Eq. (16.7a) results in 

( )
( )21/ 41

2, 1 21/ 2

2 1 11 /
p

w nb w wt
w d

cc c
q n T T

h
λ ρ
ρτ τ

′ ′ ′
′′ ′′= −

′′Δ⎡ ⎤+ Δ Δ⎣ ⎦
.  (16.17a) 

In Eq. 16.17a ( )1/ 2
1 2 / 0.84c π=  is of order of unity. For the data comparison the 

value of 

c1 = 1.4626       (16.18) 

was used. Because 1wτΔ  is a very rough estimate for the averaged waiting time 
and therefore the ratio 1 1/w dτ τΔ Δ  is only approximately analytically known we 
introduce the empirical constant 2 1 1/w dc τ τΔ Δ  

( )
( )21/ 41

2, 1 21/ 2

2 2 1 1

.
1 /

p
w nb w wt

w d

cc cq n T T
hc

λ ρ
ρτ τ

′ ′ ′
′′ ′′= −

′′Δ⎡ ⎤+ Δ Δ⎣ ⎦
  (16.19) 

The effect of c2  will be demonstrated by data comparison. As will be shown 

c2 = 0.3       (16.20) 

is appropriate. Finally, replacing Eq. (16.1) in the form  

( ) ( ) ( )
6

27 6 27
1 1 25 10 1 cos / 5 10 1 cos

4 ( )w c w
hn D T T

T p
ρϕ ϕ
σ

− − ′′⎡ ⎤Δ′′ = × − = × − −⎢ ⎥′⎣ ⎦
 

   (16.21) 

we obtain 

( )
( )

3/ 2 3 / 227
1 7 / 2

2, 21/ 2

2 2 1 1

5 10 (1 cos )

4 ( )1 /
p

w nb wt
w d

c c chq T T
T p hc

ϕ λ ρρ
σ ρτ τ

−⎡ ⎤× − ′ ′ ′′′⎡ ⎤Δ⎣ ⎦′′ = −⎢ ⎥′ ′Δ⎣ ⎦⎡ ⎤+ Δ Δ⎣ ⎦
. 

   (16.22a) 
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Note the power of the temperature difference if a bubble growth equation for bulk flow 
is used is 7/2 = 3.5. If we use equation (16.7b) for bubble growing at a wall we obtain 

( )
( )

( )
3/ 2 1/ 23 / 227

3
2, 21/ 2

2 1 1

5 10 1 cos2 2
4 ( )0.84 1

p
w nb wt

w d

chq T T
T p h

ϕ ρβ ρ λ
σ ρπ τ τ

−⎡ ⎤× − ′ ′⎛ ⎞′′⎡ ⎤Δ⎣ ⎦′′ ′ ′= −⎜ ⎟⎢ ⎥′ ′′Δ⎣ ⎦⎡ ⎤ ⎝ ⎠+ Δ Δ⎣ ⎦
, 

        (16.22b) 

a power equal to 3. Therefore theoretical basics dictate the dependence  

( )3 to 7 / 2
2, 2w nb wq T T′′ ′∝ − . 

The mass of steam generated per unit time and unit flow volume is therefore 

21, 2, 2
4 /( )gen w b

h

q h h
D

μ ′′ ′′= − .     (16.23) 

The corresponding number of bubbles generated with bubble departure diameter 
per unit flow volume is 

3
1 21 1 1/

6w dn Dπμ ρ⎛ ⎞= ⎜ ⎟
⎝ ⎠

.      (16.24) 

From that moment the bubbles start their own history inside the bulk flow and 
undergo condensation or further evaporation as well as collisions, coalescence or 
fragmentation. 

3805"Fcvc"eqorctkuqp"

Comparison of the prediction of Eq. (16.22) with all data available to the author for 
atmospheric pool boiling of water at a horizontal surface is shown on Figs. 16.7, 
16.8. We see from Figs. 16.7 and 16.8 that the data in the region of pool boiling are 
well reproduced by Eq. (16.22) including the important effect of the static contact 
angle. In order to demonstrate the effect of the additional time averaging we set  

( )1 1 1/ 1d d wτ τ τΔ Δ + Δ ≈      (16.25) 

which is equivalent to c2 = 0,  

( )
3 / 2

3/ 2 7 / 227 1/ 2
2, 1 2 25 10 (1 cos ) .

4 ( )
pt

w nb w

chq c c T T
T p h

λ ρρϕ
σ ρ

− −
′ ′ ′′′⎡ ⎤Δ′′ ⎡ ⎤= × − −⎢ ⎥⎣ ⎦ ′ ′Δ⎣ ⎦

 

    (16.26) 

and compare only with the original data set reported by Wang and Dhir. The result 
is shown in Fig. 16.9. 

16 How accurately can we predict nucleate boiling? 



16.3 Data comparison      451 

1 10 100

103

104

105

106

 1
 2
 3
 4
 5
 6

He
at

 fl
ux

 in
 W

/m
2̂

Superheat in K  
Fig. 16.7 Heat flux as a function of superheat. Saturated water at 0.1MPa. 

( ) ( )63 5
1 15 10 1 cos 10w cn Dθ′′ = × − . Comparison of the prediction of the new theory with the ex-

perimental data by Wang and Dhir for three different static contact angles: 1) Exp.- 90 deg; 
2) Exp.-35 deg; and 3) Exp.-18 deg, 4) Kolev-90 deg; 5) Kolev-35 deg; and 6) Kolev-18 
deg.  The larger the static contact angle the smaller the critical heat flux 

From the comparison of Fig. 16.9 with Fig. 16.7 we see also that the ratio 
1 1/w dτ τΔ Δ  introduced by the time average is getting important in the region of 

high superheating where the predicted heat flux no longer increases with in-
creasing superheating. Surprisingly, the obtained equation seems to predict critical 
heat flux without additional correlation. The mechanism which works in this case 
is the dramatic increase of the nucleation site density for high temperature 
differences which causes a dramatic decrease of the bubble departure diameter and 
therefore a dramatic decrease of the bubble departure time. As a result, we reach 
the critical heat flux, a critical heat flux that does not increase any more with in-
creasing  temperature  difference. The surprising  effect here  is that we predict 
accurately the nucleate boiling heat transfer and the critical heat flux with a single 
theory. The theory predicts also the observed decreasing critical heat flux with 
increasing contact angle that is with decreasing wetability. This effect is observed 
also by Ramilison, 

( )3 0.125
,/ 0.0336CHF CHF Zuberq q kπ θ′′ ′′ = −     (16.27) 

where k is the RMS surface roughness. 
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Fig. 16.8 Experimental data for heat flux as a function of superheat for saturated water at 
0.1 MPa - 1) to 17) as in Fig. 16.1. Prediction of the new theory for three different static 
contact angles: 18) Kolev-90 deg; 19) Kolev-35 deg; and 20) Kolev-18 deg 
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Fig. 16.9 Wang and Dhir experimental data for heat flux as a function of superheat for satu-
rated water at 0.1 MPa and for three different static contact angles: 1) 90 deg; 2) 35 deg; 
and 3) 18 deg. 4), 5), 6) Prediction of the new theory for the corresponding static contact 
angles without taking into account the time averaging that is with c2 = 0 
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Note the difference to the so called “hydrodynamic theory of critical heat flux” 
proposed first by Kutateladse (1954, 1962) and later by Zuber (1958), Zuber and 
Tribus (1958) and Zuber et al. (1965). A brief summary of this theory is given in 
Section 20.4.1. The hydrodynamic theory of critical heat flux is intended to predict 
only the critical heat flux up to which the nucleate boiling regime is possible but it 
was not aimed to predict heat transfer in nucleate boiling itself. Note the two 
completely different approaches to the boiling crises by comparing this theory with 
the theory presented in Section 20.4.1. We showed here that the micro-scale of the 
nucleation processes, bubble growth and departure, and the turbulence generated by 
this process naturally lead to self saturation of the boundary layer with bubbles and 
dramatically changes of the phenomenon. In contrast, Kutateldse and Zuber 
analyzed the macro-scale of the instability above the layer where the micro-physics 
happens. That is the reason why their analysis gives an absolute upper limit which is 
about 5 times larger then the observed critical heat flux. This is reflected in the 
necessity of introducing an empirical constant of about 1/5 – see Section 20.4.1. 

Recently Kim et al. (2006) confirmed that micro-particles in water increase the 
critical heat flux. For the explanation of the observed phenomena the authors con-
sidered the hydrodynamic stability theory, Kutateladse (1954, 1962), Zuber (1958, 
1958) the micro-layer theory, Haramura and Katto (1983) and the hot/dry spot 
theory Theofanus et al. (2002). All these theories are shown not to take into ac-
count the nucleation kinetics at the surface and its relation to active nucleation 
sites. Only the here presented theory was capable to explain the change of the 
CHF with the change of the active nucleation site density as presented in Fig. 
16.10. In this figure Eq. 16.21 is used in the form ( )( )6

1 21 cosw wn C T Tϕ′′ = − − . 

 
Fig. 16.10 Effect of the contact angle and the active nucleation site density on the boiling 
curve, Kim et al. (2006) 
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The theory discussed here was based of expression for the nucleation site density 
derived at 1bar experimentally. For high pressure systematic data for water do not 
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exists. One intermediate solution for deriving and expression for the nucleation 
site density is to equalize the nucleate boiling heat flux defined by the simplified 
Eq. 16.17  

( )
1/ 2

1/ 4
2, 1 2

2
 0.84

p
w nb w w

RT

c
q n B T T

λ ρ
π λπ

′ ′ ′⎛ ⎞
′′ ′′= −⎜ ⎟

⎝ ⎠
   (16.28) 

to one of the empirical expressions given in the introduction 

 ( ) ( ) n
NB NB wq h p T T p′′ ′= −⎡ ⎤⎣ ⎦      (16.29) 

and solving with respect to the active nucleation site density. The result is 

( )
( )

41

2
1 4.29

n
w

w RT NB
p

T T p
n h p

B c
λ

λ ρ

−⎧ ⎫′−⎡ ⎤⎪ ⎪⎣ ⎦′′ = ⎨ ⎬
′ ′ ′⎪ ⎪⎩ ⎭

.   (16.30) 

For 2  B a Jaβ ′ ′=  we obtain  

( )
( )

( )
41

2
1 2

4.29
2

n
w

w RT NB

T T p
n h p

Ja
λ

λβ

−⎧ ⎫′−⎡ ⎤⎪ ⎪⎣ ⎦′′ = ⎨ ⎬
′ ′⎪ ⎪⎩ ⎭

.   (16.31) 

Using the correlation by Borishanskii in 16.31 that is appropriate for different flu-
ids and introducing the multiplier ( )1.543.57 1 cosθ− −  we obtain the results pre-
sented in Fig. 16.11a. Therefore we obtain a prediction method which is as accu-
rate as the empirical correlation by Wang and Dhir at low pressure and posses a 
physically based potential for prediction of the active nucleation sites up to 
196.2bar. 
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Fig. 16.11 Active nucleation site density as a function of superheat. Saturated water at 0.1 
MPa. Wang and Dhir (1993) data for three different static contact angles 1) 90, 2) 35 and 3) 
18 deg. a) Prediction of the same data with Eq. (16.31) and the Borishanskii et al. (1964) 
correlation for pool boiling; b) Prediction with the Kocamustafaogullari and Ishii (1983) 
empirical correlation multiplied by ( )1.544.54 1 cosθ−  
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Note that the idea to use expression for the heat flux in pool boiling in the form 
( ) ( )2, 1 2

nm
w nb w wq f p n T T′′ ′′= − , data approximation in the form ( )2, 2w nb wq f T T′′ = − , 

equalizing them and solving with respect to 1wn′′  was proposed first by 
Kocamustafaogullari and Ishii (1983). These authors expressed already in that time 
the opinion, that their approach is preliminary until detailed measurements for the 
nucleation site density and other internal boiling characteristics are available. It is 
interesting to note, that if their correlation is multiplied by ( )1.544.54 1 cosθ− , it 
predicts even somewhat better slope of the low pressure data as shown in Fig. 16.11b. 
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1) The used hypotheses for the development of the bubble departure theory pre-
sented in Chapter 15 are checked against data for saturated water pool boiling for 

a) wall superheating up to 40 K,  
b) mass flow rates up to 360 kg/(m²s) and  
c) pressure up to 24 bar, 

and good agreement was obtained. The trends of the dependence of the bubble 
departure diameter on superheating, mass flow rate and pressure are also well 
predicted. Thus, I could expect that the theory will hold also outside this region. 

2) There are only two constants in Eq. (16.17): 

a) The theoretical value of c1 = 1.23 is corrected with 19 % to 1.4626 after 
comparison with experimental data, which is not unusual in the heat transfer 
theory at all.  

b) The c2 constant is empirically introduced to account for uncertainties in the 
prediction of the ratio 1 1/w dτ τΔ Δ . It was demonstrated that for 
superheatings giving heat flux up ≈ 70 %  from the critical heat flux this 
correction is unimportant. It becomes important if one uses the new theory to 
improve heat flux predictions for superheatings giving heat fluxes ≈ 70 % 
from the critical heat flux. 

3) The new heat transfer theory is strictly valid for pool boiling of saturated 
liquid. The bubble departure theory and therefore the theory for prediction of the 
fluctuation velocity in the boundary layer are correct also for flow boiling at 
saturated liquid. The ideas used in this Chapter to reach Eq. (16.17) can be also 
used to extend its validity to flow boiling. The main questions which should be 
addressed in this case is whether the characteristic length scale of turbulence in 
the wall boundary layer will very much change for flow boiling with respect to 

RTπλ . If no, the same theory should be used. If yes, additional investigation is 
necessary in which the flow induced fluctuations in the wall boundary layer 
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should be superimposed to the bubble departure generated fluctuations. This 
remains to be done. 
4) The extension of the theory for subcooled nucleate boiling requires modifica-
tion of the bubble departure model published in Kolev (1994). The road is: replace 
the bubble growth model for saturated water with a bubble growth model for sub-
cooled water. This remains to be done. 

3807"Ukipkhkecpeg "

1. The economical design of heat exchangers working with pool boiling depends 
on the accuracy of the prediction models. I believe that the proposed method 
will find application in this field. 

2. The appropriate quantitative separation of the effects of single sub-mechanisms 
into a single correlation for the prediction of pool boiling has never succeeded 
before in spite of the fact that it was frequently tried. The prediction of the heat 
transfer in pool boiling together with the prediction of the critical heat flux for 
water boiling at atmospheric pressure seems to be indicative that Eq. (16.22) 
quantitatively predicts the appropriate separate effects.  
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1. The turbulence induced by the bubble growth and departure is the main heat 
transfer mechanism during pool boiling.  
2. The static contact angle is a very important parameter explaining the large 
spread of the experimental data for pool boiling. 
3. The new theory consists of sound verified sub theories and models 

- the bubble departure diameter, confirmed by data comparison Chapter 15, 
- the active nucleation site density provided by Wang and Dhir (1993),  
- the mean site to site distance provided by Wang and Dhir (1993),  

and the hypothesis of bubble growth and departure introduced turbulence in the 
boundary layer as the main heat transfer mechanism. These are new features that 
do not follow from the preceding works van Stralen and Cole (1979), Rohsenow 
(1952), Fritz (1935), Vachon et al. (1968), Yang and Weisman (1991), Mikic and 
Rohsenow (1969), Cole and Rohsenow (1969), Zuber (1959), Zuber (1960), Jueld 
and Hwang (1976), Zuber (1963), von Karman (1921), Pohlhausen (1921), Brauer 
(1971), Forster and Zuber (1955), Zuber (1958), Chen (1966), Jakob (1949), 
Kocamustafaogullari and Ishii (1983), Tolubinsky and Ostrovsky (1966). 
4. Equation (16.22) predicts the existing experimental data including the effect 
of the static contact angle with sufficient accuracy. It is recommended for general 
use. Surprisingly, Eq. (16.22) also seems to predict the critical heat flux, which 
was demonstrated for water at atmospheric pressure. 

16 How accurately can we predict nucleate boiling? 
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5. Increasing static contact angle leads to decreasing critical heat flux. 
6. From the simplified Eq. (16.26) one should easily estimate that if the 
measurement error for wall superheat is of order of 5 to 6 % the error of the 
comparison with the experimental data with known static contact angle will be 
about 21 %. Heat transfer data with unknown static contact angle are not 
appropriate for validation of any nucleate boiling heat transfer theory. 

From the above conclusions we can derive some practical recommendations for 
the application of the new theory. 

1. Equating the predictions of Eq. (16.4) and (16.22) computes the wall tem-
perature Tw,NBI necessary to initiate nucleate boiling  

( )
8/ 35

1/ 42
2 2 2 2

, 2 3/ 2
1/ 427 1/ 2

1 2

2.417 /

5 10 (1 cos )
4 ( )

w NBI
pt

Pr g
T T

chc c
T p h

λ β ν

λ ρρϕ
σ ρ

− −

⎧ ⎫
⎪ ⎪
⎪ ⎪= + ⎨ ⎬

′ ′ ′′′⎡ ⎤Δ⎪ ⎪⎡ ⎤× − ⎢ ⎥⎣ ⎦⎪ ⎪′ ′′Δ⎣ ⎦⎩ ⎭

 

   (16.22) 

2. If the actual wall temperature is less that Tw,NBI we have natural circulation 
heat transfer. In this case Eq. (16.4) describes the heat transfer number.  
3. If the wall temperature is larger than Tw,NBI we have two possibilities to com-
pute the heat flux: 

a) Use existing correlation for prediction of the critical heat flux, predict the 
heat flux by the simplified theory, Eq. (16.26), if the predicted heat flux is 
below the critical one the prediction of Eq. (16.26) is the desired one. Note 
that in this case the error is increasing in the region between 70 and 100 % of 
the critical heat flux. 

b) Use the complete theory for prediction of the heat flux, that is Eqs. (16.19) 
and (16.21) together with the complete algorithm described in Chapter 15 for 
prediction of the bubble departure diameter. 

4) In accordance with the measurements by Arefeva and Aladev (1958) the in-
fluence of the contact angle on the heat flux is observed in the region between 

0ϕ =  and / 2π . Beyond this contact angle nucleate boiling heat transfer does not 
depend on the contact angle. That is why we recommend to use the present theory 
in the region 0ϕ =  and / 2π . For larger contact angles we recommend to use 

/ 2ϕ π=  until data for the nucleation site density as a function of superheating are 
available for static contact angles larger / 2π . 
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The cross section averaged time scale of the fluctuation of small eddies in devel-
oped pipe flow is therefore 
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,2, 2 2,e bμτ ν ε∞ ∞Δ ≈ , 

and therefore the frequency of turbulent pulsations is of order of 2, ,2,1t
µef τ∞ ∞= Δ . 

There is a superposition of the frequencies in turbulent flow cased by developed 
turbulence and by the departing bubbles. Therefore  

( )1 1 1 ,2,1 1w d w ef τ τ τ ∞= Δ + Δ + Δ   

and 

( ) ( )
1/ 2

2 2 2
2, 2

0

1( ) 2 p
w nb w w

c
q q d T T

τ λ ρ
τ τ τ

τ π τ

Δ ⎛ ⎞
′′ ′′Δ = = −⎜ ⎟⎜ ⎟Δ Δ⎝ ⎠

∫  

( ) ( )
1/ 2

1/ 2 1/ 2
2 2 2 2

1 1 ,2,

1 12 / p w
d w e

a c T Tπ ρ
τ τ τ ∞

⎛ ⎞
= + −⎜ ⎟⎜ ⎟Δ + Δ Δ⎝ ⎠

. 

Here using the results of Chandesris et al. (2005) for computation of the de-
veloped steady state turbulent kinetic energy and its dissipation in pipes we 
obtain 

3
2, lim

1 1
2 8

fr fr

h

w y
D
λ λ

ε +
∞

⎛ ⎞
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

, 

where limy+ = 8, 7, 16, kc = 0.0306, 0.0367, 0.0368 for channels, pipes and rod 
bundles, respectively. The extension of this result to multi-phase flow requires ap-
propriate model for computation of the effective friction. The pressure loss due to 
friction is usually expressed in term of the pressure loss of fictive flow consisting 

of the same mass flow 
max

1

l

l l l
l

w wρ α ρ
=

= ∑  but having the properties of the contin-

uum. The so computed pressure loss is then modified by the so called two-phase 
friction multiplier 2

coΦ  or Martinelli-Nelson multiplier, 

( )22
, 41

2
fr co co w

w
fr h c h

wdp f
dz D D

λ ρ τ
ρ

Φ⎛ ⎞ = = =⎜ ⎟
⎝ ⎠

.  

Here 
( )22

,

8
fr co co

w
c

wλ ρ
τ

ρ
Φ

=  is the wall share stress. co stays for “continuum 

only”. The effective friction coefficient is 2
, ,fr eff fr co coλ λ= Φ . The multi-phase 

friction velocity is then 
( ) 2

, 0*
8

fr co cw

c c

w
w

λρτ
ρ ρ

Φ
= = . The effective boundary 
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layer dimensionless velocity and wall distance are ( )
*c

w
w

w
ρ
ρ

+ =  and *wy y
ν

+ = , 

respectively. The presence of vapor in the liquid for instance increases consid-
erably the friction pressure loss. Recovering the profiles from averaged parame-
ters is difficult. In any case the boundary layer thickness in which the irreversi-
ble viscous dissipation happens should be smaller. Therefore we introduce 
intuitively  

lim lim,c coy yα+ +=   

in 

( )32 2
, 0 , 0

2, lim,3

1 1 1
2 8

fr co c fr co c
c co

c hyd c

w
y

D
λ λρ

ε α
α ρ

+
∞

⎛ ⎞Φ Φ
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

. 

In the limiting case of continuum only we have lim lim,coy y+ += . Here the division 
with the continuous volume fraction reflects the assumption that all of the dissipa-
tion is putted into the continuum. 

In the limiting case of no boiling we obtain after rearrangement 

( )

1/ 4
2 23/ 4

,2 2 ,2 2 3 / 4 1/ 2
2 lim 21/ 2 1/ 2

2 2 2

2 1 Re Pr
8

fr o o fr o ow h

w

q D
y

T T b
λ λ

α
λ απ

+
⎡ ⎤⎛ ⎞Φ Φ′′ ⎢ ⎥⎜ ⎟= −

⎜ ⎟⎢ ⎥− ⎝ ⎠⎣ ⎦

. 

This is the general form in which ( ) 2Re hD wρ η= . Comparison with the 
Sani’s (1960) experimental data for single phase flow by using the Blasius 
correlation for friction 1/ 40.3164 Refrλ = , dictates the approximated value 
for b = 98.32 resulting in mean error of 6.4% and increasing divergence for 
lower Prandtl numbers. Note the similarity to the Dittus-Boelter (1930) cor-
relation 

( )
0.8 0.4

2
2

0.024 Re Prw h

w

q D
T T λ

′′
=

−
, 

which approximates the Sani’s data with mean error of 3%. Note also the similar-
ity to the Avdeev’s result 

( )
1/ 2 0.7 2 1/ 4
2 2 2 2

2

0.228 ( / )w h
ow

w

q D
Pr Re

T T
α

λ
′′

= Φ
−

. 

It describes his own data for recondensation in subcooled boiling at heated pipe 
walls within ±  30% error band for 0.7

1 2/ 80 /hwD D Re> . The amplification of the 
numerical coefficient by Avdeev takes into account that the bubble condensation 
interface is larger than the heated surface. 
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Detailed information on this topic can be found in van Stralen (1979). We confine 
our attention to some basic ideas on which some of the frequently used correla-
tions in the literature rely.  

Rohsenow (1952) computed the heat flux from the wall during nucleate boiling 
of saturated liquid as [ ]2 1 ( )w d wq G h h T′′ ′′ ′= − , where G1d is the mass flow rate of 

departing bubbles from the surface. [ ]1 2 / ( )d w wG q h h T′′ ′′ ′= −  is used in the Rey-

nolds number defined as Re1d = G1dD1d/ 2η = [ ]{ }1 2 2/ ( )d w wD q h h T η′′ ′′ ′−  for postu-

lating the heat transfer dependence ( ) ( )1 1 2 1 1 2/ ,d d d dSt Nu Pr Re f Re Pr= ≈ , where 
the Nusselt number is defined as 1 1 2/d w dNu h D λ= . Rohsenow uses the Fritz equa-
tion (1935) D1d = 1.2 RTϕλ  for the estimation of the bubble departure size. Roh-
senow finally obtained 

[ ] ( ) 1/ 3
1 2 2 21/ ( ) / / m
d p w w RTSt c T T p h const q h Prλ η′ ′′= − Δ ≈ Δ⎡ ⎤⎣ ⎦  

where the constant and the exponent are fitted against experimental data for water: 
m = 1, const = 0.006 to 0.013, for other liquids: m = 1.7, const = 0.0025 to 0.015. 
Additional values for const and m are reported by Vachon et al. (1968) for differ-
ent fluid - surface combinations and different surface preparations.  

 
The definitions by Rohsenow are used later by Kurihara and Myers (1960) in 

the form 2 1 2 1 1 2 2/ ( / ) Prm n
w d d dh D const G Dλ η= , where for saturated pool boiling 

the authors assumed that all produced steam is removed from the wall boundary 
layer, i.e. ( ) 1 1 1 1/ 6id d w wG D f nπ ρ ′′= . The authors assumed further 1 1d wD f const≈ . 
The comparison with experimental data for a constant pressure gives m ≈  1/3, 
which cancels the effect of the bubble departure diameter. Finally the authors ob-
tained  

( )1/ 3 1/ 3 0.89
2 2 1 2 1 2820 / Prw wh nλ ρ η −′′=  

Note that D1d f1w is not a constant as assumed by Kurihara and Myers but a func-
tion of the pressure. 

Mikic and Rohsenow (1969) computed the temperature as a function of time 
and distance y from the wall 

{ }1/ 2
2 2 2( )  / 2( )wT T T T erfc y a τ⎡ ⎤= + − ⎣ ⎦  

and the heat flux at the wall in the liquid 
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1/ 2
2 0 2 2 2( ) ( ) / ( )w y w

dTq T T a
dy

τ λ λ π τ=′′ ⎡ ⎤= − = − ⎣ ⎦  

Thereafter they performed time averaging of the heat flux during the time interval 
τΔ  

( )
1/ 2

2 2 2
2

0

1( ) ( ) 2 p
w w w

c
q q d T T

τ λ ρ
τ τ τ

τ π τ

Δ ⎛ ⎞′′ ′′Δ = = −⎜ ⎟Δ Δ⎝ ⎠
∫  

The averaged heat flux over the total surface is computed assuming that the heat 
conduction from the wall into the liquid happens only inside a circle around the 
nucleation site with the diameter as the bubble departure diameter 

( )2
1 14w d w wq D n qπ τ′′ ′′ ′′= Δ  

In addition, the authors computed the bubble departure diameter in accordance 
with the correlation by Cole and Rohsenow (1969) *5/ 4

1 2d RTD c Jaλ= , where 
*

2 2 1( ) /( )pJa c T p hρ ρ′= Δ , and c2 = 1.5x10-4 for water, and 4.65x10-4 for other liq-
uids. The time averaging is performed during the bubble departure period only 

1 11/d wfτ τΔ = Δ = . Here the relationship obtained by Zuber (1959, 1960) for free 

bubble rise in a pool, 
1/ 42

1 1 2 1 20.6 ( ) /d df D gσ ρ ρ ρ⎡ ⎤≈ −⎣ ⎦ , was used, where f1d is the 
bubble removal frequency from the wall boundary layer, rather than the bubble 
departure frequency. The bubble number density was postulated to be 

* 3.5
1 1 1( / )w cn c D D′′ =  where the critical bubble size is   

1 4 ( )cD T pσ ′=  [ ]{ }1/ ( )wh T T pρ ′Δ − .  

The constants *3.5
1cD  are estimated by fitting experimental data. 

Judd and Hwang (1976) extended this model by postulating that the area of in-
fluence of a single bubble is C ≈ 1.7 times the projected bubble area at departure 
and the heat transfer outside the area of influence is due to natural convection. The 
final expression by Judd and Hwang is 

2 2
2 1 1 2 1 1 2,( ) (1 )

4 4w d w w w w w ncq C D n q C D n qπ πτ′′ ′′ ′′ ′′ ′′= Δ + − , 

or 

2
2 2, 1 1 2 2,( )

4w w nc d w w w ncq q C D n q qπ τ′′ ′′ ′′ ′′ ′′⎡ ⎤− = Δ −⎣ ⎦ , 

where the natural convection heat flux is 

( )1/ 3 4/ 32
2, 2 2 2 2 20.18 /w nc wq Pr g T Tλ β ν′′ ⎡ ⎤= −⎣ ⎦ , 
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and 2
2

2 2

1
T

∂ρβ
ρ ∂

⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
 is the volumetric thermal expansion coefficient. The data of 

of several investigators can be approximated using 0.272 instead 0.18 as proposed 
by Zuber (1963). Note that Jacob used earlier the equation  

( ) ( ) 1/ 43 2
2, 2, 2 2 2 2, 2 2 2/ /w nc th w w thq T T const T T g Prδ λ δ β ν′′ ⎡ ⎤− = −⎡ ⎤⎣ ⎦ ⎣ ⎦ , 

where the thermal boundary layer thickness was assumed to be 
4

2, /th const Tδ ≈ Δ , 

and 

( )1/ 4 21/162
2, 2 2 2 2 22.417 /w nc wq Pr g T Tλ β ν′′ ⎡ ⎤= −⎣ ⎦ . 

Bubble growth and departure causes liquid fluctuation parallel to the wall, the so 
called micro-convection. This leads some authors to the idea to modify the well-
known Karman - Pohlhausen equation (1921)  

1/ 2 1/ 3
2 2 2/ 0.664 RewNu h Prλ= =  

for computing the averaged heat transfer at the wall for viscous flow. Note that the 
heat flux in the above equation is averaged along the distance length , and that 

 is used as a scale in the Nusselt and Reynolds numbers. The velocity used in the 
Reynolds number is the bulk velocity of the flow parallel to the horizontal plate. 
The corresponding equation for turbulent flow is   

4 / 5 1/ 3
2 2 2/ 0.037wNu h Re Prλ= =  

see Brauer (1971), p.182, Eq. 3.38. 
Forster and Zuber (1955) applied the Pohlhausen equation using as averaging 

length scale the bubble departure diameter D1d 

2, 1 2 2/  m n
w mic dh D const Re Prλ =  

The authors averaged the bubble growth velocity along an averaged distance be-
tween two neighboring bubbles, D2,inf, for thermally controlled bubble growth and 
obtained 

21
1 2,inf2 /dRV R B D

dτ
′ = = . 

where 2 2B a Jaπ= . This velocity is called micro convection velocity. The Rey-
nolds number was computed to  

( ) ( )2
1 2 2 1 2,inf/ / /d dRe V D B D Dν ν′= =  
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and substituted into the von Karman - Pohlhausen equation with 
2

2/Re B ν=  

setting D1d /D2,inf. ≈ 1. The ratio D1d /D2,inf < 1 was taken into account by the con-
stant 

const = 0.003  

for the polar fluids n-pentane, benzene, ethanol and for water. The exponents are 
found to be m = 0.62, n = 1/3. For the bubble departure diameter the authors used 
the thermally controlled bubble growth mechanism  

1/ 2
1 12d dD B τ≈ Δ , 

where the order of magnitude of the departure time  

( ){ } ( ){ }1/ 2

1 2 2 2/d i ip T p p T pτ σ ρ′ ′Δ ≈ − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  

is estimated from the mechanical energy equation setting the bubble growth work 
equal to the kinetic energy of the bubble environment 

( ) ( ) ( ) ( )2 2
1 1 1 2 2/ / 2 / 3 1 / /d ddR d Rτ τ ρ ρ ρ ρ′′≈ Δ = − Δ . 

The authors themselves considered the use of this time constant as “not the only 
one that may be significant”. The verification of this equation is made with data 
for superheat and heat flux at the point of burn out for different pressure. The ex-
ponents were questioned later by Katz, see the Katz comments to Zuber’s work in 
(1958), and new exponents are proposed in order to obtain agreement with ex-
perimental data for ethanol/chromium with const = 300, benzene with const = 1, 
and n-pentane with const = 0.3, where m = 1.05 and n = − 7 was used for all three 
cases. Nevertheless, in a later work Chen (1966) uses the Forster and Zuber equa-
tion with m = 1/2, n = 1/3 to successfully describe the part of heat transfer due to 
nucleate boiling in forced convection. 

In a later work Zuber (1960) comes back to the von Karman - Pohlhausen 
equation using again D1d as a length scale but replacing the average distance be-
tween the neighboring bubbles by assuming a quadratic arrangement 

1/ 2
2,inf 11/ wD n′′= . Here, 1wn′′  is the nucleation site density in sites per square meter. 

Thus Zuber finally writes 1/ 2 1/ 3
, 1 2 2/  w mic dh D const Re Prλ =  where Re =  

( )2
1 2 2,inf/dB D Dν 2 1/ 2

11 2/wdB D n ν′′= . This time, the 2 2
2 2

4B a Ja
π

=  function is 

computed in accordance with Bosnjakovic (1930). The intention of Zuber in 
(1959) was not to derive a correlation but to show the dependence 

1/ 4
, 1w mic wh n′′≈ which was experimentally observed. Nevertheless, Zuber computed 

the heat flux at the wall during nucleate boiling as  
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2 1/ 2 3
, 1 1 1 1 1 11

4 6w w mic d w w w dq q D n n f h Dπ π ρ⎛ ⎞′′ ′′ ′′= − + Δ⎜ ⎟
⎝ ⎠

 

In more recent work, Kocamustafaogullari and Ishii (1983) use the idea of micro-
convection in the following way 

( ), 2,inf 2 2 1 2,inf/ 13.18 /
pm n

w mic dh D Re Pr D Dλ = , 

where m = 1/4, n = −  0.14, p = −  1/4. The distance between the neighboring 
bubbles is used as a characteristic which is consistent with the length along which 
the fluctuation velocity was averaged. It gives a simple expression for the Rey-
nolds number 2

2 2,inf 2 2/ /Re V D Bν ν′= = . The authors used again the Bosnjakovic 

model for thermally controlled bubble growth at a wall 2 2
2 2

4B a Ja
π

=  and quad-

ratic nucleation arrangement 1/ 2
2,inf 11/ wD n′′= . Substituting into the starting equa-

tion and rearranging the authors came to  

3/81/ 2 0.39 2
, 2 11/ 4

1

14w mic w
d

h Ja Pr n
D
λ− ′′=  

The constant and the powers are determined by comparison with experimental 
data where the bubble departure diameter was computed using a modified form of 
the Fritz equation. 

Labuntsov (2000) assumed that the nucleation site density is a function of the 
critical bubble radius 2

1 1w cn const R′′ = . Using the dimensionless micro convection 
velocity ( )*

2, 1 1 1/µc cV R dR d Rτ= , computing the thickness of the laminar bound-
ary layer at 10y+ = , *

2,10 l µcy Vν=  and assuming that the heat conduction through 
this layer is controlling the heat transfer he obtained 

( )32
2

2 12

w
w

T T
q const

T
λ
ν σ

′−
′′ =

′
. 

Later on he introduced empirically the pressure dependence and proposed the fol-
lowing expression for the heat transfer coefficient at nucleate boiling 

1/ 3 2 / 32 2
2

2 12

0.075 1 10w
w

q
h

T
λ ρ
ν σ ρ ρ

⎡ ⎤′′⎛ ⎞ ′′⎛ ⎞
= +⎢ ⎥⎜ ⎟ ⎜ ⎟′ ′ ′′−⎢ ⎥⎝ ⎠⎝ ⎠ ⎣ ⎦

. 

Tolubinsky and Ostrovsky (1966) generalized great number of data for water 
and other liquids by the correlation 

( ) 0.7
1 1 0.2

2 2
1 1

/
/ 75 Prw

w RT
d w

q h
h

D f
ρ

λ λ −′′ Δ⎡ ⎤
= ⎢ ⎥

⎣ ⎦
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RTλ  where the bubble departure velocity ( )1.43
1 1 0.36 10 /d w cD f x p p−=  . The data 

are fitted within an error band of ± 25 %. 
Some conclusions seem to be in order after knowing the above discussed ap-

proaches to the modeling of nucleate pool boiling: 

a) Obviously, heat conduction and micro-convection simultaneously exist in pool 
boiling.   

b) The appropriate scale in the von Karman - Pohlhausen equation for micro-
convection is the average distance between two neighboring bubbles. Neverthe-
less, the micro-convection is much more similar to turbulent heat transfer than 
to forced convection. 

c) The bubble removal frequency from the wall boundary layer is not necessarily 
equal to the bubble departure frequency. 

d) Besides the spatial averaging of the pulsation velocity, a time averaging during 
the bubble generating period 1/f1w is necessary. 

e) None of the theories takes into account the influence of the static contact angle 
on the heat transfer. 

f) All models put the unknown phenomena in empirical constants so that none of 
the theories is able to predict separate phenomena like bubble departure 
diameter, nucleation site density etc. appropriately. 

Pqogpencvwtg 

a2 liquid thermal diffusivity, m2/s 
a´ saturation liquid thermal diffusivity, m²/s 
B2 

1 12 /R dR dτ= ,  m2/s 
cp2 specific heat of liquid, J/(kgK) 
D1 bubble diameter, m 
D1c critical size, m 
D1d bubble departure diameter, m 
D1d,fc bubble departure diameter for strongly predominant forced convection, m 
D1d,nc bubble departure diameter for natural circulation, m 
D2,inf average center to center spacing, m 

1wf  bubble departure frequency, 1/s 

1
t
wf  boundary layer turbulence fluctuation frequency, 1/s 

G mass flow rate, kg/(m2s) 
g gravitational acceleration, m/s2 

h’, h” specific saturation enthalpies for water and steam, J/(kgK) 

hΔ  = h”- h’, J/kg 

Ja [ ] ( )2 2 2 1( ) /pc T T p hρ ρ′= − Δ , Jacob number, dimensionless 

Ja’ [ ] ( )2 ( ) /pc T T p hρ ρ′ ′ ′ ′′= − Δ , Jacob number, dimensionless 
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1wn′′  Active nucleation site density, 1/m2 

p  pressure, Pa 

p’ saturated pressure, Pa 

Pr2 2 2 2/( )aη ρ= , Prandtl number, dimensionless 

2,w ncq′′  heat flux from the wall into the liquid during natural convection without 
boiling, W/m² 

2,w nbq′′  heat flux from the wall into the liquid during pool boiling, W/m² 
R1 bubble radius, m 
R2,inf = D2,inf /2, m 
T’(p) saturation temperature at system pressure p, K 
T2 liquid temperature, K 
Tw wall temperature, K 

2V ′   the volume-averaged fluctuation velocity, m/s 

2V ′   the volume-averaged fluctuation velocity time averaged over w dτ τΔ + Δ , 
m/s 

Greek 

2β  2

2 2

1

pT
∂ρ

ρ ∂
⎛ ⎞

= − ⎜ ⎟
⎝ ⎠

, thermal expansion coefficient, 1/K 

2,minδ  minimum of the thermal boundary layer thickness, m 

21ρΔ  2 1ρ ρ= − , kg/m³ 

dτΔ  time needed from the origination of a bubble with critical size to the bub-
ble departure from the wall, s 

wτΔ  delay time, s 

2η  dynamic viscosity of liquid, kg/(ms) 

2λ  thermal conductivity of liquid, W/(mK) 

RTλ  
1/ 2

21g
σ
ρ

⎛ ⎞
= ⎜ ⎟Δ⎝ ⎠

, Rayleigh - Taylor instability wavelength, m 

2ν  cinematic viscosity of liquid, m²/s 

1ρ  gas density, kg/m³ 

2ρ  liquid density, kg/ m³ 
ρ′′  saturated steam density, kg/m³ 
ρ′  saturated liquid density, kg/m³ 
σ  surface tension, N/m 
τ  time, s 

0θ  angle between the bubble axis and the wall, rad 
ϕ   static contact angle between “liquid drop” and the wall, rad 

16 How accurately can we predict nucleate boiling? 
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A new model of heterogeneous nucleation at walls during flashing and boiling is presented. 
The model is based on a new method for computation of the bubble departure diameter in 
flows accounting for mutual bubble interactions and the limitation of the bubble production 
due to the limited amount of energy supplied into the boundary layer by turbulence induced 
by bubble growth and departure. The final model together with fragmentation and 
coalescence models is incorporated into the system code IVA and verified by comparison 
with data. This Chapter is a short version of the primary published work in Kolev (1995). 

3903"Kpvtqfwevkqp""

Modern theories of multi-phase flows account for the dynamic generation of 
particles of one phase inside the other. Bubbles generation at walls during boiling 
or flashing is a typical example discussed in Chapter 16. The number of the 
bubbles generated per unit time and unit surface, and the bubble departure 
diameter, are the most important parameters in this process, which influence the 
later process of bubble growth and/or collapse into the bulk liquid. There have 
been some publications on this field in the last decade whose main result is the so 
called figure-of-merit model. This model produces agreement with data by 
introducing fitting parameters in the general model without verifying the sub-
models. Examples are Refs. Shin and Jones (1993), Blinkov et al. where the model 
used for bubble departure diameter is not appropriate for strong superheating 
Kolev (1994). In this Chapter we extend the validity of the results obtained in 
Chapters 15 and 16 to adiabatic flashing of superheated liquids in pipes. The final 
model together with fragmentation and coalescence models is incorporated into 
the system code IVA4 and verified by comparison with data for flashing flows in 
converging-diverging nozzles and pipe blow-down of water.  IVA4 is computer 
code describing multi-phase non-equilibrium flows by means of three velocity 
fields in industrial networks and/or three-dimensional facilities. The system of 
partial differential equations, 21 PDE's for 3D and 15 PDE's for 1D network, 
solved by this code contains Eq. (1.62) from Volume 1 which is the local volume-
averaged mass conservation equation subsequently time averaged 

( ) ( ).v
∂ α ρ γ α ρ γ μ
∂τ

+∇ =V     (17.1) 
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and Eq. (1.102) from Volume 1 which is the local volume- and time-averaged 
conservation equation for the number of the particles per unit flow volume without 
diffusion terms  

( ) ( ) , , ,.v kin frag coaln n n n n∂ γ γ
∂τ

+∇ = + −V .   (17.2) 

Knowing the local volume- and time-averaged particle number density nl and the 
volumetric fraction α , the characteristic local volume- and time-averaged 
particle size D  is computed from the equation 

3

6
n D aπ

=        (17.3) 

that is strictly valid for spherical bubble. Next we confine our attention only to 
origination of the steam velocity field, designated by 1, in water, designated by 2.  

3904"Dwddngu"igpgtcvgf"fwg"vq"pwengcvkqp"cv"vjg"ycnn"

Heterogeneous nucleation theory is sometimes recommended to describe 
nucleation at walls Skripov et al. (1980). This theory gives the probability of 
nucleation for given local conditions Kaishev and Stranski (1934) and volmer 
(1939), but does not predict these conditions. As far the author knows there is no 
other attempt to describe the nucleation at walls theoretically as those presented in 
Chapters 15 and 16. The turbulence in the boundary layer is an important energy 
exchange mechanism also during flashing of superheated liquids in adiabatic 
pipes. This follows from the fact that no more energy for bubble generation at the 
wall can be consumed than is supplied by the turbulence transfer from the bulk 
into the boundary layer. That is why we propose to use Eqs. (16.22) to (16.24) 
also for flashing in adiabatic pipes with driving temperature difference T2 −  T' 
instead Tw −  T' : 

 2,w bq′′ = ...Eq. (16.22),       (17.4) 

21, 2, 2
4 /( )gen w b

h

q h h
D

μ ′′ ′′= − ,      (17.5) 

and  

3
1 21 1 1/

6w dn Dπμ ρ⎛ ⎞= ⎜ ⎟
⎝ ⎠

.      (17.6) 

From the moment of bubble detachment from the wall the bubble starts its own 
history inside the bulk flow and undergoes condensation or further evaporation as 
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well as collisions, coalescence or fragmentation. In the next section we consider 
an example of such history for superheated liquids. 

3905"Dwddng"itqyvj"kp"vjg"dwnm"

Consider a constant number of bubbles per unit mixture volume, n1, during the 
time step τΔ . As discussed in Chapter 13, the mass difference between the end 
and the beginning of the time step in a single bubble multiplied by the bubble 
number per unit mixture volume, gives the mass evaporated in the bulk per unit 
mixture volume and unit time. 

( )
3

3 3 1 1 1 1
21, 1 1 1 10 1 1o

1 1

/ 1      0
6

o o
bulk o

o o

Rn D D
R

ρ α ρπμ ρ ρ τ α
τ ρ

⎡ ⎤⎛ ⎞
⎢ ⎥= − Δ = − >⎜ ⎟Δ ⎢ ⎥⎝ ⎠⎣ ⎦

 

    (17.7) 

As already mentioned from the sixteen analytical solutions of the bubble growth 
problem obtained for different degrees of simplicity known to the author - see 
Appendix 13.1, the bubble growth model proposed by Mikic et al (1970) is used as 
the best one: 

( ) ( )
3

3/ 2 3 / 21
21, 1

21 1 1 / 1
3

o
bulk oRρ α

μ τ τ
τ

+ + +
⎡ ⎤′′ ⎧ ⎫⎡ ⎤= + + − − −⎢ ⎥⎨ ⎬⎢ ⎥⎣ ⎦Δ ⎩ ⎭⎢ ⎥⎣ ⎦

 (17.8) 

where  

( )2 2/ /B Aτ τ+ = Δ ,      (17.9) 

( ) ( )[ ]2
2 2

2

2 1 / 1 / ( )
3 sat

A dp dT T T pρ ρ
ρ

′′ ′= − − ,   (17.10) 

2
1 /R AR B+ = .      (17.11) 

Thus the steam generation is a superposition of the nucleation at the wall and of 
the bubble growth inside the bulk flow 

21 21, 21,bulk genμ μ μ= + .      (17.12) 

3906"Dwddng"htciogpvcvkqp"cpf"eqcnguegpeg"

A review of the existing fragmentation and coalescence models for gases and 
liquids was given in Chapters 7 to 10. For the computation presented below we 
use the following gas fragmentation model. The volume and time average number 
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of generated particles per unit time and unit mixture volume due to dynamic 
fragmentation is  

1, 1 1 1 1( ) /        frag fr frn n n for n n andτ τ τ∞ ∞= − Δ > Δ ≤ Δ ,  (17.13)  

1, 1 1 1 1( ) /        frag frn n n for n n andτ τ τ∞ ∞= − Δ > Δ > Δ ,  (17.14)  

1, 1 10     fragn for n n∞= ≤ ,     (17.15) 

where τΔ  is the time step, 1n  is local bubble density concentration, and 

3
1 1 16 /( )n Dα π∞ ∞=       (17.16) 

is the stable bubble number density concentration after fragmentation. Equation 
(17.14) gives in fact steady state fragmentation for large time steps. The stable 
bubble diameter is computed in accordance with the Achmad´s equations (8.173) 
and (8.172),  

[ ]1/ 3
1 1 19 /(1 )RTD λ α α∞ = −      (17.17) 

for 1α > 0.1, and 

( ){ }1/ 3

1 1 20.9 / 1 1.34 1RTD Vλ α∞ ⎡ ⎤= + −⎣ ⎦     (17.18) 

for 1α < 0.1, see in Ahmad (1970). 
The fragmentation time is set equal to the natural fluctuation period of bubble 

flow, Eq. (8.177) 
1/ 3

1/ 3 *
1 12

6 /
2fr Vτ α

π
⎛ ⎞

Δ = Δ⎜ ⎟
⎝ ⎠

,     (17.19) 

where the relative velocity is a superposition of the difference between the mean 
velocity and the turbulent fluctuation velocity, 

*
12, 1 2 2

tV V V VΔ = − +       (17.20) 

2 2 10.3     0.3tV V for α≈ <      (17.21) 

and 

2 2 10.7     0.3tV V for α≈ ≥      (17.22) 

The volume and time average bubble disappearance per unit time and unit mixture 
volume due to collision and coalescence is computed in accordance with Eq. 
(7.22), 

[ ]1 1 1/ exp( / ) /coal coaln n f τ τ= − Δ Δ ,    (17.23) 

17 Heterogeneous nucleation and flashing in adiabatic pipes 
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where τΔ  is the time averaging period. Here the instantaneous coalescence 
frequency of a single bubble is 

coal coal colf P f=        (17.24) 

where the collision frequency is computed in accordance with Eq. (7.29), 
1/ 2 *
1 12 14.5 /colf V Dα= Δ       (17.25) 

and the coalescence probability Pcoal is set to 1 for  superheated liquid in order to 
approximate the effect of non-uniform particle distribution in the cross section. In 
case of no liquid superheating we use Eq. (7.45), 

( )1/ 30.032coal col coalP τ τ≈ Δ Δ    for   1col coalτ τΔ Δ ≥ ,  (17.26) 

where 
1/ 2

1 2
2

1 2

1.56
3 2col coal

D Vστ τ
ρ ρ

⎛ ⎞
′Δ Δ = ⎜ ⎟+⎝ ⎠
.    (17.27) 

Boiling and flashing are governed by the same physical phenomena. Having 
accepted that there is departure from nucleate boiling in heated channels we have 
also to accept that the departure from nucleate bubble generation is also possible 
in adiabatic pipe flow. The steam volumetric fraction in the boundary layer with a 
thickness D1d is 

2
1 1 1( / 6)d w dn Dα π ′′=       (17.28) 

If 1dα  > 0.52 the bubbles touch each other and a film is formed. We call this 
bubble generation mechanism film flashing because it is controlled by bubble 
entrainment from the vapor layer. If there is no flow velocity imposed, we have 

1 2d RTD πλ≈ ,       (17.29) 

1 1 1/w Ku df V D≈ ,      (17.30) 

where 
1/ 42

1 2 1 21.41 ( ) /KuV gσ ρ ρ ρ⎡ ⎤= −⎣ ⎦ ,    (17.31) 

is the free rising bubble velocity (Kutateladze velocity). For forced convection we 
assume that the stability criterion 

17.5 Film flashing bubble generation in adiabatic  
pipe flow 
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1 12dWe ≈        (17.32) 

controls the bubble entrainment size, and therefore  
2

1 2 2112 /( )dD Vσ ρ≈ Δ ,      (17.33) 

1 21 1/w df V D≈ Δ .      (17.34) 

For both cases we have   

1 1 1
4

w w w
h

n n f
D

= ,      (17.35) 

3
21, 1 1 1( / 6)gen w dn Dμ ρ π≈ ,     (17.36) 

and 

2, 21, 2( )gen genq h hσ μ′′′ ′′= − − .     (17.37) 

3908"Xgtkhkecvkqp"qh"vjg"oqfgn"

As already mentioned, the model developed in the preceding Sections was 
incorporated into the code IVA4. Its predicting capabilities will now be verified 
taking the flashing flow in converging - diverging nozzles and the blow-down in 
pipes as examples. It is very important in such calculations to ensure that the code 
properly predicts the single-phase steady state and transient flows. 

The results of three BNL experiments for water flow in a converging-diverging 
nozzle Abuaf et al. (1981) are presented in Fig. 17.1, together with the results 
calculated with our model. We see good agreement for pressure distribution as 
well as for the predicted mass flow rate as function of inlet/outlet pressure 
difference.  

The Kellner and Gissler experiment (1984) used for the next comparison 
produced pressure wave propagation in single pipes with five bends and one dead 
end. The imposed pressure function at the entrance of the pipe is shown in Fig. 
17.2a. The comparison of the predicted and the measured responses presented on 
Figs. 17.2b through 17.2d shows good agreement. 

Now we proceed to the BNL converging-diverging nozzle experiment Abuaf  
et al. (1981) with an entrance condition which causes flashing flow behind the 
nozzle throat. The results of the computation are presented in Figs. 17.3 through 
17.6. We see that our model  

a) predicts the data for pressure distribution data well, 
b) slightly over predicts the data for the volumetric void fraction distribution, 

resulting in  
c) some under prediction of the mass flow as a function of the measured 

pressure difference. 

17 Heterogeneous nucleation and flashing in adiabatic pipes 
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Fig. 17.1 Comparison of IVA4-NW predictions with BNL experimental data for pressure 
distribution. Single phase flow. Runs 6, 8, 9. pin = 682, 695, 709 kPa, pout = 627, 665, 
692 kPa, Tin = 27°C, Gexp = 7010, 4710, 3130 kg/(m2s), Gcom = 6319, 4362, 2991 kg/(m2s). 
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 Fig. 17.2 a) Pressure at the pipe entrance as a function of time as measured by Kellner and 

Gissler (1984). Pipe length 13.12 m, diameter 0.1 m, 4 bends at 4.8, 10.2, 12.6, 13.64 m from 
the entrance. Initial conditions: water at atmospheric temperature and pressure. b) at 4.08 m 
from the pipe entrance. Comparison of IVA5 prediction with the experimental data by Kellner 
and Gissler (1984). c) at 8.18 m from the pipe entrance. d) at 12.5 m from the pipe entrance 
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Fig. 17.3 Comparison of IVA4 prediction with BNL experimental data for pressure 
distributions and area averaged void fractions for Runs 281 - 283. pin = 688 kPa, Tin = 148.8°C, 
Gin = 5730 kg/(m2s), pout = 431 kPa, pc = 452 kPa, Tc = 148.8°C, Gcom = 5533 kg/(m2s) 
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Fig. 17.4 Comparison of IVA4 predictions with BNL experimental data for pressure 
distributions and area average void fractions for Runs 286 - 288. pin = 530 kPa, Tin = 149.2°C, 
Gin = 3580 kg/(m2s), pout = 459 kPa, pc = 456 kPa, Tc = 149.2°C, Gcom = 2706 kg/(m2s) 

Next we simulate the pipe blow-down experiment documented in Edwards and 
O'Brien (1970), Kolev (1995). A horizontal pipe is initially filled with water 
slightly subcooled under the initial pressure. One end of the pipe is quickly 
opened. The pressure drops below the saturation pressure at the water temperature 
and the heterogeneous nucleation starts. After producing enough bubble sizes the 
pressure increases up to the saturation pressure corresponding to the initial 
temperature for a long time due to intensive flashing inside the pipe. Then it starts 
to decrease to the external pressure. 
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Fig. 17.5 Comparison of IVA4 predictions with BNL experimental data for pressure 
distributions and area average void fractions for Runs 313 - 315. pin = 341 kPa, Tin = 121°C, 
Gin = 4410 kg/(m2s), pout = 193 kPa, pc = 200 kPa, Tc = 119°C, Gcom = 4202 kg/(m2s) 
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Fig. 17.6 Comparison of IVA4 predictions with BNL experimental data for pressure 
distributions and area average void fractions for Runs 324 - 325. pin = 341 kPa, Tin = 121°C, 
Gin = 4410 kg/(m2s), pout = 196 kPa, pc = 200 kPa, Tc = 121.8°C, Gcom =4004 kg/(m2s) 

The results are given in Figs. 17.7 through 17.11. We see that the nucleation 
theory applied here results in an appropriate pressure prediction (Fig. 17.7). 
The somewhat faster emptying of the pipe in the computation in the later stage 
of the process (Fig. 17.8) is caused by the several interactions in the computer 
code like drag forces, flow pattern recognition, etc., which will not be 
discussed here. We see also that the computed water temperature (Fig. 17.10) 
decreases faster than in reality. This is evidence that more energy is released 
from the liquid for evaporation in the model than in reality. This is consistent 
with the predicted void fraction at a given position (Fig. 17.9). The large void 
fraction increase in the first 0.1 s is not predicted by the model. This 
experimental observation is in contrast with the behavior observed behind the 
throat of the NL - nozzle. 
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Fig. 17.7 Pressure at 0.072 and 0.914 m from the dead end of pipe as a function of time. 
Comparison IVA5 prediction with experimental data by Edwards and O'Brien. Pipe 
diameter 0.0732 m, length 4.096 m 
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Fig. 17.8 Pressure at 2.024 and 2.469 m from the dead end of pipe as a function of time. 
Comparison IVA5 prediction with experimental data by Edwards and O'Brien. Pipe 
diameter 0.0732 m, length 4.096 m 
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Fig. 17.9 Steam volume fraction at 1.469 m from the dead end of the pipe as a function of 
time. Comparison IVA5 prediction with experimental data by Edwards and O'Brien. Pipe 
diameter 0.0732 m, length 4.096 m 
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Fig. 17.10 Water temperature at 1.469 m from the dead end of the pipe as a function of 
time. Comparison IVA4 prediction with experimental data by Edwards and O'Brien. Pipe 
diameter 0.0732 m, length 4.096 m 

0.0 0.1 0.2 0.3 0.4 0.5 0.6
-20
-10

0
10
20
30
40
50
60

 IVA5
 Exp.

Fo
rc

e 
in

 k
N

Time in s  
Fig. 17.11 Force as a function of time: a) IVA4 prediction without fluid-structure 
interactions; b) Edwards - O'Brien measurements reflecting fluid structure interactions. 

The IVA5 force processor computes pipe forces due to hydrodynamics only as 
discussed in Chapter 8 of Volume 1. The result is presented in Fig. 17.11a. It 
corresponds to the pressure history. The oscillating character of the measurements, 
(Fig. 17.11b), is due to the fluid structure interactions. These interactions are not 
simulated by our computation. 

390;"Ukipkhkecpeg"cpf"eqpenwukqpu"

The proposed nucleation and flashing model consists of sub-models, which where 
verified separately with the available data sets for each particular sub-phenomenon like  
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- the bubble departure diameter, taking into account the mutual bubble 
interactions at high superheatings, confirmed by data comparison in Chapter 
15, Kolev (1993), 

- the active nucleation site density, provided by Wang and Dhir (1993) 
measurements,  

- the mean site-to-site distance provided by Wang and Dhir (1993) 
measurements,  

- heat transfer between wall-fluid interface and bulk liquid caused mainly by 
bubble-growth and departure 

introduced turbulence in the boundary layer verified in Chapter 16, Johov (1969) 
etc. As far the author knows this is the first boiling and flashing model which gives 
reasonable agreement with data for complex flashing flows in addition to the good 
agreement in separated tests. The model has the advantage to predict properly the 
separation between steam generation due to bubble production and bubble growth. I 
believe that it will be successfully applied in multi-phase flow modeling. 

Pqogpencvwtg"

a2  liquid thermal diffusivity, m²/s 
B2  2

1 12 / ,  /R dR d m sτ=  
Dh hydraulic diameter, m 
Dl particle size of velocity field l, m 
D1 bubble diameter, m 

1D ∞  stable bubble diameter under the local flow conditions, m 
D1c critical size, m 
D1d bubble departure diameter, m 
D1d,fc bubble departure diameter for strongly predominant forced convection, m 
D1d,nc bubble departure diameter for natural convection, m 
D2,inf average center-to-center spacing,  m 
f1w bubble departure frequency, 1/s 

1
t
wf  boundary layer turbulence fluctuation frequency, 1/s 

fcoal coalescence frequency, 1/s 
fcol collision frequency of single bubble,   1/s 
Pcoal coalescence probability, dimensionless 
G gravitational acceleration, m/s2 
h',h" specific saturation enthalpies for water and steam, J/kg 

hΔ  = h"- h', J/kg 
Ja2 [ ]2 2 2 1( ) /( )pc T T p hρ ρ′= − Δ , Jacob number, dimensionless 
nl particle number density of velocity field l, time averaged, 1/m3 

1n ∞  stable particle number density concentration after fragmentation, 1/m3 

1wn′′  active nucleation site density, 1/m2 

17 Heterogeneous nucleation and flashing in adiabatic pipes 
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,l kinn  particles of velocity field l originating per unit time and unit mixture 
volume due to change of   the state of aggregate, local volume and time 
averaged, 1/(s m3) 

1wn  bubbles originating at the wall per unit time and unit mixture volume, 
local volume and time averaged, 1/(s m3) 

1, fragn  particles of velocity field l originating per unit time and unit mixture 
volume due to fragmentation, local volume and time averaged, 1/(s m3) 

,l coaln  particles of velocity field l disappearing per unit time and unit mixture 
volume due to coalescence,  local volume and time averaged, 1/(s m3) 

p pressure, Pa 

p´ saturated pressure, Pa 
Pr2 2 2 2/( )aη ρ= , Prandtl number, dimensionless 

2 ,genq σ′′′  the energy consumed for the bubble generation until departure per unit 
mixture volume and unit time, W/m3 

2 ,genq σ′′   heat flux from the wall into the liquid during film flashing bubble 
generation in adiabatic pipe flow boiling, W/m2 

2,w bq′′  heat flux from the wall into the liquid during pool boiling, W/m2 
R1  bubble radius, m  
R1o bubble radius at the beginning of the time step τΔ , m 
R2,inf 2,inf / 2D= , m 
T´(p) saturation temperature at system pressure p, K 
T2 liquid temperature, K 
Tw wall temperature, K 
V1  surface average and time average velocity of velocity field l, m/s 
V1Ku free rising bubble velocity, Kutateladze velocity, m/s 

2V ′  volume-averaged fluctuation velocity, m/s 

2V ′  volume-averaged fluctuation velocity time averaged over ,w dτ τΔ + Δ m/s 
 
Greek 
 

1α   volume concentration of velocity field l, dimensionless 

1dα   the steam volumetric fraction in the boundary layer having thickness of 
D1d, dimensionless 

vγ   volume porosity, dimensionless 
γ  surface permeability, dimensionless 

21ρΔ  2 1ρ ρ= − , kg/s 

dτΔ   time elapsed from the origination of bubble with the critical size to the 
bubble departure from the wall, s 

wτΔ  delay time, s 
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1dτΔ   bubble departure time, s 

2η   dynamic viscosity of liquid, kg/(ms) 

RTλ  
1/ 2

21g
σ
ρ

⎛ ⎞
= ⎜ ⎟Δ⎝ ⎠

, Rayleigh - Taylor instability wavelength 

2
t  turbulent length scale, m 

2ν  kinematic viscosity of liquid, m2/s 

lρ  density of velocity field l, kg/m3 

1ρ  gas density, kg/m3 

2ρ  liquid density, kg/m3 
ρ′′  saturated steam density, kg/m3 
ρ′  saturated liquid density, kg/m3 

1μ  mass introduced into the velocity field l per unit mixture volume and unit 
time, local volume and time average, kg/(m3s) 

21,genμ  steam generation per unit mixture volume and unit time due to bubble 
generation at the wall, local volume and time average, kg/(m3s) 

21,bulkμ  mass evaporated in the bulk per unit mixture volume and unit time, 
kg/(m3s) 

σ  surface tension, N/m 
τ   time, s 
ϕ   contact angle between "liquid drop" and the wall, rad 

Tghgtgpegu""

Abuaf N, Wu BJC, Zimmer GA and Saha P (June 1981) A study of nonequilibrium 
flashing of water in a converging diverging nozzle, Vol.1 Experimental, vol 2 
Modeling, NUREG/CR-1864, BNL-NUREG-51317, 

Ahmad SY (1970) Axial distribution of bulk temperature and void fraction in heated 
channel with inlet subcooling, J. Heat Transfer, vol 92 p 595 

Blinkov VN, Jones OC and BI Nigmatulin (1993) Nucleation and Flashing in Nozzles - 2. 
Comparison with Experiments Using a Five - Equation Model for Vapor Void 
Development, Int. J. Multiphase Flow, vol 19 no 6 pp. 965-986 

Edwards AR, O'Brien TP (1970) Studies of phenomena connected with the depressurization 
of water reactors, The Journal of The British Nuclear Energy Society, vol 9  nos 1-4 pp 
125-135 

Kaishev R and Stranski IN (1934)  Z. Phys. Chem., vol 26 p 317  
Kellner H, Gissler (07.02.1984) Programsystem SAPHYR: Anwendungsbeispiel II, Notiz 

Nr.70.02748.4, Interatom GmbH 
Kolev NI (1994) The influence of mutual bubble interaction on the bubble departure 

diameter, Experimental Thermal and Fluid Science, vol 8 no 2 pp 167-174 

17 Heterogeneous nucleation and flashing in adiabatic pipes 



References      485 

Kolev NI (1995) The Code IVA4: Nucleation and flashing model, Kerntechnik, vol 60, no 
6 pp 157-164. Also in: (Apr.3-7, 1995) Proc. Second Int. Conf. On Multiphase Flow, 
Kyoto; (Aug.13-18, 1995) ASME & JSME Fluid Engineering Conference 
International Symposium on Validation of System Transient Analysis Codes, Hilton 
Head (SC) USA; (October 9-11, 1995) Int. Symposium on Two-Phase Flow Modeling 
and Experimentation, ERGIFE Place Hotel, Rome, Italy 

Mikic BB, Rohsenow WM and Griffith P (1970) On bubble growth rates, Int. J. Heat Mass 
Transfer, vol 13 pp 657-666 

Shin TS and Jones OC (1993) Nucleation and flashing in nozzles - 1, A distributed 
nucleation model, Int. J. Multiphase Flow, vol 19 no 6 pp 943-964  

Skripov VP et al. (1980) Thermophysical properties of liquids in metastable state, Moskva, 
Atomisdat, in Russian 

Volmer M (1939) Kinetik der Phasenbildung, Dresden und Leipzig, Steinkopf,  



 

 

 

 

 



3:"Dqknkpi"qh"uwdeqqngf"nkswkf"

3:03"Kpvtqfwevkqp"

The description of the forced convection boiling of subcooled liquid started with 
using the equilibrium thermodynamics of two-phase flow. In this framework 
empirical correlations are obtained by generalizing experimental data using the 
equilibrium steam mass flow rate concentration in the flow,  

( )
( ) ( )eq

h h p
X

h p h p
′−

=
′′ ′−

,      (18.1)  

where the specific mixture enthalpy is defined as the mixture enthalpy of the non-
inert components  

1 / 1nl l l l Ml nl l l l
l n l n

h C w h C wα ρ α ρ
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞

= − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

∑ ∑ ∑ ∑   

1 / 1nl l Ml nl l
l n l n

C X h C X
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞

= − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

∑ ∑ ∑ ∑    (18.2) 

and the mass flow rate in the axial direction is defined as follows 

( )l
G wαρ=∑ .      (18.3)  

3:04"Kpkvkcvkqp"qh"xkukdng"dqknkpi"qp"vjg"jgcvgf"uwthceg"

Treshchev reported in (1969) measurements for the number of the vapor-formation 
centers on a flat surface for pressures between 5.25 and 50 bars, water 
temperature from 80 to 250°C, heat fluxes between 0.4 to 5 MW and flow 
velocities up to 2m/s. The heat flux at which a nucleation is observed at the 
surface is correlated by 

3 * 0.8
0,50 215.4 10 ( )w barq T p T w⎡ ⎤′′ ′= × −⎣ ⎦ . 

The exponent 0.8 resembles the dependence of the heat transfer coefficient for 
single phase flow on velocity. The corresponding equilibrium quality at which the 
nucleation starts is then 
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( )

*
2 2 2 0* 5

1 0.8

( )
6.49 10p p w

eq

c T p T c q
X

h h h h w
−

⎡ ⎤′ − ′′⎣ ⎦= − = − ×
′′ ′ ′′ ′− −

. 

Here the subscript * means onset of nucleate boiling (ONB). For larger heat fluxes 
the number of active nucleation seats per unit surface is 

( )
1.7

0.65 8 *
23

110 exp 2.1 10 ( )
3 10w

hn h T p Tρ ρ− −′′Δ⎛ ⎞′′ ′′ ′⎡ ⎤= − × Δ −⎜ ⎟ ⎣ ⎦⎝ ⎠  
( ) ( )3

0,50 0,50exp 1.25 10w w bar w w barq q q q−′′ ′′ ′′ ′′× − − × − . 

The data for the initiation of the nucleation can be correlated using dimensionless 
numbers within an error band of 30% as follows: 

-80
2*

2 2

: 0.01286 -5.4553 10  
( )
w

p

q
St Pe

Gc T p T
′′

= = ×
⎡ ⎤′ −⎣ ⎦

  for  Pe2 ≤  166 000, 

0.0038St =    for    Pe2 > 166 000,  

where 2 2 2/hy pPe GD c λ= . The performance of the correlation is given in Fig. 1. 
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Fig. 1 Correlated versus measured heat fluxes at the moment of initiation of the nucleation 

Note that the above information reported by Treshchev is based on local 
conditions at the surface. Basu et al. (2002) reported that the local onset of the 
nucleate boiling is dependent also on the wetting angle θ as follows 

( ) ( )*
2 1T T p T p′ ′= − , 

1 2 14 cp p Dσ− = , 

( ) 1/ 2

2 2 3
1

1 2

8 11 exp
2c

w

T p
D

hq
σ λ

θ θ
ρ

′⎡ ⎤ ⎡ ⎤⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎜ ⎟′′Δ ⎝ ⎠⎢ ⎥ ⎣ ⎦⎣ ⎦
. 
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Sekoguchi et al. (1972) correlated their experimental data for the dependence of 
the local equilibrium steam mass flow concentration in the flow, defining the 
initiation of the visible nucleate boiling, *

1eqX , as a function of the wall heat flux 
and the local parameters by  

( )

0.65

*
1 13.5 w
eq

q
X

G h h
⎡ ⎤′′

= − ⎢ ⎥′′ ′−⎢ ⎥⎣ ⎦
,  

valid in ( )0.3 1wq G h h′′ ′′ ′⎡ ⎤< − <⎣ ⎦ . 
 

Saha and Zuber (1974) approximated a number of experimental data by  

2*
1

2

0.0022 h p w
eq

D c qX
h hλ

′′
= −

′′ ′−
 Pe2 ≤  70 000,   (18.4)  

or recomputed in terms of liquid temperature at which the subcooled nucleate 
boiling starts, 

*
2 2( ) 0.0022  /w hT T p q D λ′ ′′= −    or   *

2 2

:  454
( )

w hq DNu
T p T λ

′′
= =

′ −
, (18.5) 

and 

*
1

154 w
eq

qX
G h h

′′
= −

′′ ′−
  Pe2 > 70 000   (18.6)  

or 

*
2

2

( ) 154 w

p

q
T T p

c G
′′

′= −    or   
*

2 2

: 0.0065
( )
w

p

q
St

Gc T p T
′′

= =
⎡ ⎤′ −⎣ ⎦

 (18.7) 

where 

2 2 2/hy pPe GD c λ= ,      (18.8) 

and *
2T  is, as already mentioned, the liquid temperature corresponding *

1eqX . The 
above correlation approximates experimental data in the region: 1× 105 < p < 
138× 105 Pa, 95 < G < 2760 kg/(m2s), 280 000 < wq′′  < 1 890 000 W/m2 for 
channels with rectangular and circular cross sections. For Freon the correlation is 
valid in 3.2× 105 < p < 8.5× 105 Pa, 101 < G < 2073 kg/(m2s),  6 300 < wq′′ < 5 360 
000 W/m2 .  

Comparing the form of Eq. (18.6) with the Treshchev’s equation we recognize 
the similarity. Note the differences for the application of the both correlation: The 
Treshchev’s correlation is based on local parameters and the Saha and Zuber 
correlation is based on cross section averaged parameters. 
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Chan (1984) analyzed the net vapor generation point in horizontal flow boiling 
in a tube with h heatD D= = 10.7 mm, and length of 2 m at 4 bar pressure and came 
to the conclusion that the constant in Eq. (18.5) has to be equal to 380. The Peclet 
numbers of his experiments varied between 410  and 44 10× . 

Kawara et al. (1998) reported that at low void fraction the Saha and Zuber 
correlation is not accurate. The proposed the modification: 

7  =454
0.88 10

wq
Nu

′′
×

,   Pe2 ≤  70 000, 

7 0.0065
0.88 10

wq
St

′′
=

×
,   Pe2 > 70 000. 

My own analysis, Kolev (2005), based on the NUPEC data (2004) 
demonstrated that at low void fraction the use of the Hughes et al. (1981) model, 
that will be described in the next section is superior to the use of the Saha and 
Zuber model in combination with the Levy (1967) relaxation model. 

3:05"Nqecn"gxcrqtcvkqp"cpf"eqpfgpucvkqp"

3:0503"Tgnczcvkqp"vjgqt{"

There are different approaches proposed in the literature to describe the local 
evaporation and condensation processes. One of the oldest is that by Levy. In one 
of his earlier publications in this field Levy (1967) approximates the profile of the 
experimentally observed steam mass flow concentration in the flow with the 
following simple expressions  

* *
1 1 1 1 1exp( / 1)eq eq eq eqX X X X X= − −     (18.9)  

where Xeq is the equilibrium steam mass flow concentration in the flow defined by 
Eq. (18.1) for the case of no inert components 

1 1 1(1 ) ( )l l eq eq eqX h X h X h X h h h′′ ′ ′′ ′ ′= + − = − +∑ .   (18.10) 

Now let as compute the net vapor generation rate defined by the profile described 
with Eq. (18.9). For one-dimensional steady state flow in a channel with constant 
cross section we write the mixture mass conservation, the vapor mass conservation 
and the mixture energy conservation equations as follows 

G = const,       (18.11) 

1
21 12

dXG
dz

μ μ− =       (18.12) 

( )1 1
4 w

heat

qd X h
dz D G

′′
=∑      (18.13) 
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Having in mind the definition equation (18.10) for X1eq  

( )1 1 1 1( ) ( )eq eqd X h d X h h h h h dX′′ ′ ′ ′′ ′⎡ ⎤= − + = −⎣ ⎦∑   (18.14) 

Eq. (18.13) can be rewritten as follows  

1 4
( )

eq w

heat

dX q
dz D G h h

′′
=

′′ ′−
     (18.15)  

Thus from mass conservation equation of the gas phase (18.12) and using 
  

11 1 1
21 12

1 1

4eq w

eq heat eq

dX qdX dX dXG G
dz dX dz D h h dX

μ μ
′′

− = = =
′′ ′−

,  (18.16)  

or after differentiating the Levy approximation, Eq. (18.9),  

1
21 12 *

1

4 1 exp 1w

heat eq

q X
D h h X

μ μ
⎡ ⎤⎛ ⎞′′

− = − −⎢ ⎥⎜ ⎟⎜ ⎟′′ ′− ⎢ ⎥⎝ ⎠⎣ ⎦
   for *

1 1eqX X>  (18.17)  

Obviously in accordance with this approach the heat flux at the wall causing all 
the net evaporation is 

1
_ *

1

1 exp 1net evaporation w
eq

Xq q
X

⎡ ⎤⎛ ⎞
′′ ′′= − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

,    (18.18) 

and the heat flux introduced into the bulk liquid due to recondensation is 

1 1 1
2 * *

1 1

1 exp 1 exp 1w w w
eq eq

X Xq q q q
X X

σ
⎡ ⎤⎛ ⎞ ⎛ ⎞

′′ ′′ ′′ ′′= − − − = −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
.  (18.19) 

Therefore the effectively condensed mass per unit time and unit mixture volume is 

1
2 1

12 *
1

4 4 exp 1w

heat heat eq

qq X
D h h D h h X

σ

μ
⎛ ⎞′′′′

= = −⎜ ⎟⎜ ⎟′′ ′ ′′ ′− − ⎝ ⎠
.   (18.20) 

From equation (18.20) and (18.17) we compute the evaporated mass per unit time 
and mixture volume as  

21
4 w

heat

q
D h h

μ
′′

=
′′ ′−

.      (18.21) 

This approach does not answer the question about the magnitude of the heat 
transfer coefficient. One is forced to arbitrarily assume some wall superheat, e.g. 5 
K and compute the total heat transfer coefficient by dividing wall heat flux by this 
value. 

Eq. (18.15) we obtain



492 

An alternative to Eq. (18.9) is the relaxation profile proposed by Achmad 
(1970) 

* *
1 1 1 1

1 * *
1 1 1

exp( / 1)
1 exp( / 1)

eq eq eq eq

eq eq eq

X X X X
X

X X X
− −

=
− −

,    (18.22) 

which results in 

( )* *
1 1 1 11

2 2* *
1 1 1

1 1 exp( / 1)
1

1 exp( / 1)

eq eq eq eq
w

eq eq eq

X X X X
q q

X X X
σ

⎧ ⎫− − + −⎪ ⎪′′ ′′= −⎨ ⎬
⎡ ⎤− −⎪ ⎪⎣ ⎦⎩ ⎭

.  (18.23) 

Note that there are other proposals for the approximations X1 = X1(X1eq, *
1eqX ) - see 

Kolev (1986). 
Thus, the relaxation theory provided a simple expression for the recondensation 

process which does not take into account the influence of the local flow pattern 
and therefore of the interfacial area density. This approach is successfully used for 
description of steady state boiling in a channel with constant cross sections. 

3:0504"Dqwpfct{"nc{gt"vtgcvogpv"

The treatment of the boundary layers is the more sophisticated method for 
description of the evaporation and condensation processes. Let us illustrate this 
approach with the method proposed by Hughes et al. (1981), based on one 
proposal by Lellouche (1974) and Lellouche and Zolotar - see in Hughes et al. 
(1981). The authors consider the heat transfer at the wall as a superposition of the 
heat flux causing boiling for saturated liquid and a convective heat flux from the 
wall into the bulk liquid  

( )2
2 _ hom 2( )w

w NB NB T w convective wq q q h T T h T Tσ′′ ′′ ′′ ′= + = − + − .  (18.24) 

Here in accordance with Thom (1966) the saturated boiling heat flux NBq′′  is a 
quadratic function of the wall superheat with a coefficient being a function only of 
the system pressure  

6
_ hom 1942 exp( / 4.35 10 )NB Th p= ×     (18.25)  

and the convective heat transfer coefficient is that derived by Dittus and Boelter in 
1937 for single-phase liquid flow 

0.8 0.4 2
2 20.023convective

h

h Re Pr
D
λ

= ,      (18.26)  

where 

2 2 2 2/hRe w Dρ η= ,      (18.27)  

2 2 2 2/pPr c η λ= ,      (18.28)  
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are the Reynolds and the Prandtl numbers respectively. The heat flux released by 
the recondensation into the bulk flow is in accordance with Hancox and Nicoll - 
see in Hughes et al., (1981) 

1 1
2 2 2( )q h T Tσ σ′′ ′= −    for *

1 1eqX X> ,   (18.29)  

where 

1 0.662 2
2 2 20.4

h

h Re Pr
D

σ λ
= .      (18.30)  

The liquid temperature defining the initiation of the visible nucleate boiling, 
2,NBIT , and the corresponding wall temperature are computed from the condition 

that the evaporation heat flux equals the condensation one 
2 1

_ hom 2 2,( ) ( )NB T w NBIh T T h T Tσ′ ′− = −     (18.31) 

and Eq. (18.24) 

( )2
_ hom 2,( )w NB T w convective w NBIq h T T h T T′′ ′= − + − .   (18.32) 

Solving with respect to the liquid subcooling the authors obtained  

_ hom 2
2, 1

2

( )NB T
NBI w

h
T T T T

hσ
′ ′− = −  

( )

( )

2
1 1

2 12 2
2

_ hom _ hom

1
2

4

2

convective convective convective
NB T NB T

convective

h hh h h q h
h h

h h

σ σ
σ

σ

⎡ ⎤
′′+ + −⎢ ⎥

⎢ ⎥
= ⎢ ⎥+⎢ ⎥
⎢ ⎥
⎣ ⎦

 (18.33) 

The wall temperature is obtained after solving the slightly rearranged Eq. (18.32) 

( )2
_ hom 2( )w NB T w convectiveq h T T h T T′′ ′ ′= − + −    (18.34) 

with respect to the wall superheating 

( )2

_ hom

w convective
w

NB T

q h T T
T T

h
′′ ′− −

′− =  for   2 2,NBIT T> .  (18.35) 

The evaporated mass per unit time and unit mixture volume is then 
2

_ hom
21

( )4 NB T w

heat

h T T
D h h

μ
′−

=
′′ ′−

.     (18.36) 
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The condensed mass per unit time and unit volume is 
1

2 2
12

4 ( )

heat

h T T
D h h

σ

μ
′ −

=
′′ ′−

.     (18.37) 

The heat introduced into the bulk liquid due to recondensation is 

1 1
2 2 2

4 ( )
heat

q h T T
D

σ σ′′′ ′= − .     (18.38) 

The heat introduced from the wall into the bulk liquid due to forced convection is 

2 2
4 ( )w

convection w
heat

q h T T
D

σ′′′ = − .     (18.39) 

Hughes reports very good agreement with experimental data for void fraction in a 
vertical heated channel using the Lellouche's drift flux correlation. Kolev (1986) 
compared the predictions of this approach with a number of data for void fractions 
in a vertical boiling channel in the region 38 < G < 2000 kg/(m2s), T' - T2 < 132 K, 
1 < p < 140 bar, 20.3 <  wq′′  < 1723 kW/m2, 0.686 < L < 1.835, 0.0044756 < Dh < 
0.0269 m using the Chexal and Lellouch's drift flux correlation, and reported a 
very good agreement. The agreement was worse for very low mass flow rates. 
 

Note that the condensation of the generated vapor happens on larger interfacial 
area density 1 16 Dα  then 4 hyD  to which the condensation heat transfer 
coefficient is related. Therefore the constant in empirically obtained correlations 

like 1 0.662 2
2 2 20.4

h

h Re Pr
D

σ λ
=  has to be function actually of 1

1

3
2

hyD
D

α . Based on 

experiments with condensation into subcooled water after a heated section in pipe 
Avdeev (1986) obtained 

1 0.7 1/ 2 2 1/ 4 2
2 2 2 2 20.228 ( / )o

h

h Re Pr
D

σ λ
α= Φ , ±  30% , 0.7

1 2/ 80 /hwD D Re> . 

If the boiling heat transfer is described in general with ( )n
NB NB wq h T T′′ ′= −  the 

equation defining the temperature at which the initiation of nucleate boiling  

( )( )
1/1

1 2
2 2, 2,( ) 0

n

convective NBI convective NBI w
NB

h
h h T T h T T q

h

σ
σ ⎡ ⎤

′ ′ ′′+ − + − − =⎢ ⎥
⎣ ⎦

 

has to be solved by iterations. 
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Pqogpencvwtg"

Latin 
 

nlC  mass concentration of the inert component n inside the gas mixture, 
dimensionless 

pc  specific heat at constant pressure, ( )/J kgK  

hyD  hydraulic diameter (4 times flow cross-sectional area / wet perimeter), m  

heatD  heated diameter (4 times flow cross-sectional area / heated perimeter), m  
G ( )l

wαρ=∑ , mass flow rate in the axial direction, kg/(m²s) 
h  specific enthalpy, J/kg 

_ homNB Th  saturated boiling heat transfer coefficient, W/(m²K) 

convectiveh  convective heat transfer coefficient, W/(m²K) 
1

2hσ  heat flux coefficient by the recondensation into the bulk flow based on 
the heated surface, W/(m²K) 

Nu  *
2 2

 
( )

w hq D
T p T λ

′′
′ −

, Nusselt number, dimensionless 

h  specific mixture enthalpy - mixture enthalpy of the non-inert components, 
J/kg 

L length, m 
p pressure, Pa 

2Pe  2 2/ ,hy pGD c λ= Peclet number, dimensionless 

2Pr  2 2 2/pc η λ= , liquid Prandtl number, dimensionless 

2Re  2 2 2/hw Dρ η= , liquid Reynolds number, dimensionless 

St  
*

2 2( )
w

p

q
c T p T

′′
⎡ ⎤′ −⎣ ⎦

, Stanton number, dimensionless 

*
2T   liquid temperature corresponding *

1eqX , K 

wq′′  wall heat flux, W/m² 

_net evaporationq′′  heat flux at the wall causing all the net evaporation, W/m² 

NBq′′  saturated boiling heat flux, W/m² 

2
wq σ′′  convective heat flux from the wall into the bulk liquid, W/m² 
1

2q σ′′  heat flux released by the recondensation into the bulk flow, W/m² 

lX  mass flow rate concentration of the velocity field l inside the multi-phase 
mixture, dimensionless 

*
1eqX  local equilibrium steam mass flow concentration in the flow, defining the 

initiation of the visible nucleate boiling, dimensionless 
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eqX  equilibrium steam mass flow rate concentration in the flow, 
dimensionless 

w  axial velocity, m/s 
 
Greek 
 
α  volume fraction, dimensionless 
λ  thermal conductivity, ( )/W mK  
ρ  density, kg/m³ 

21μ  evaporation mass per unit time and unit mixture volume, kg/(m³s) 

12μ  condensation mass per unit time and unit mixture volume, kg/(m³s) 
 
Subscript 
 
' saturated liquid 
" saturated steam 
1 gas 
2 liquid 
M1 non-inert component in the gas mixture 
n1 inert component in the gas mixture 
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Groeneveld and Stewart (1982) derived from their measurements the following 
expression for the minimum film boiling temperature. 

 
For 590 10p Pa≤ ×  

3 12 2
, 557.85 0.0441 10 3.72 10w MFBT p p− −= + × − ×  

4
1,

3

10
max 0,  

2.82 0.00122 10
eqX

p−

⎛ ⎞
− ⎜ ⎟⎜ ⎟+ ×⎝ ⎠

,    (19.1) 

and for 590 10p Pa> ×  

( ), 576.722
90 10

c
w MFB

cr

p pT T p
p

−′− =
− ×

.    (19.2) 

Equation (19.2) guarantees that the minimum film boiling temperature at critical 
pressure is equal to the critical temperature. This correlation provides the best 
agreement with data compared to the prediction of seven other correlations re-
viewed by the authors in Groeneveld and Stewart (1982). The mass flow rates in 
the experiments are varied between 110 and 2750 ( )2/kg m s  with no effect on the 
minimum film boiling temperature. This correlation is valid for pressure between 
1 and 220 bar, mass flux 50 and 4000 ( )2/kg m s , equilibrium vapor mass flow 
fraction –19 and 64% for vertical up-flow in circular pipe. 

 
The minimum heat flux is defined as follows 

( ), ,w MFB FB w MFBq h T T p′′ ′⎡ ⎤= −⎣ ⎦ ,     (19.3) 

FBh  is the film boiling heat transfer coefficient. 
 
Schroeder-Richter and Bartsch (1990) interpreted the minimum film boiling 

phenomenon as a phase interface normal velocity discontinuity governed by the 
Rankine and Hugoniot equation Rankine (1870) and Hugoniot (1887), 
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( )2 1 2 1
2 1

1 1 1 0
2

h h p p
ρ ρ

⎛ ⎞
− − − + =⎜ ⎟

⎝ ⎠
    (19.4) 

assuming that the liquid side boundary layer properties are those at saturation at 
the minimum film boiling temperature and the vapor side properties are those at 
saturation at system pressure 

( ) ( ) ( ) ( ) ( ), ,
,

1 1 1 0
2w MFB w MFB

w MFB

h p h T p p T
p Tρ ρ

⎡ ⎤
⎡ ⎤′′ ′ ′− − − + =⎢ ⎥⎣ ⎦ ′′ ′⎢ ⎥⎣ ⎦

. (19.5) 

Henry (1974) related the minimum stable film boiling temperature to the 
homogeneous nucleation temperature and the wall properties 

( )
( )
( )

2
, 2

p
w MFB hn hn

p w

c
T T T T

c

λρ

λρ
= + − .    (19.6) 

Henry gives the homogeneous nucleation temperature as a curve fit to those used 
by Thurgood and Kelley (1979), 

2

5 2 9 3

459.67 705.44 4.722 10
5
9

2.3907 10 5.8193 10

psi

hn

psi psi

p
T

p p

−

− −

⎛ ⎞+ − ×
⎜ ⎟

= ⎜ ⎟
⎜ ⎟⎜ ⎟+ × − ×⎝ ⎠

,   (19.7) 

where 
53203.6 14.50377 10psip p−= − × .    (19.8) 
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Film boiling in horizontal upwards-oriented plates in a large pool is possible if the 
temperature of the wall is larger then the so called minimum film boiling 
temperature Tw,MFB,  

 Tw  >  Tw,MFB       (19.9) 

Berenson (1961) obtained the following expression for film boiling on a 
horizontal plane 

1/ 43
1 1

_
( )( )0.425 ,nc FB

RT

h h gh
T

λ ρ ρ ρ
η λ

⎡ ⎤′ ′′ ′′ ′− −
= ⎢ ⎥′′Δ⎣ ⎦

   (19.10) 
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where  
1/ 2

( )RT g
σλ

ρ ρ
⎡ ⎤

= ⎢ ⎥′ ′′−⎣ ⎦
,      (19.11) 

and 

( )wT T T ′Δ = − .      (19.12) 

The averaged vapor film thickness can be then expressed as 
1/ 4

1 1 1
1

_ 1

2.35 ,
( ) ( )F RT

nc FB

T
h h h g
λ η λδ λ

ρ ρ ρ
⎡ ⎤Δ

≈ = ⎢ ⎥′′ ′ ′ ′′− −⎣ ⎦
  (19.13) 

where vapor properties are computed as a function of the averaged vapor film 
temperature ( ) 2wT T ′− . 

Equating the critical heat flux predicted by the Zuber’s correlation (1958) to the 
heat flux obtained for film boiling by the Berenson equation an expression for the 
minimum film boiling temperature can be obtained 

( )

1/ 22 / 3 1/ 3

1 2 1 2
,

1 2 1 2 1 2 1

( ) ( )0.127 10%F
w MFB

F

h h gT
g

ρ ρ ρ σ η
λ ρ ρ ρ ρ ρ ρ

⎡ ⎤⎡ ⎤ ⎡ ⎤′′ ′− −
Δ = ±⎢ ⎥⎢ ⎥ ⎢ ⎥+ − −⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

. 

   (19.14) 

Leperriere (1983) modified the Berenson equation to obtain a correlation for 
forced convection film boiling in channels with very low mass flux 

( )0.5
,mod 1

2

1 25.5 1w
Be Berenson h

T Th h
T

α
⎛ ⎞′−

= + −⎜ ⎟
⎝ ⎠

,   (19.15) 

where the homogeneous local vapor volume fraction is 

( )
1,

1
1, 1,

/
/ 1 /

eq
h

eq eq

X
X X

ρ
α

ρ ρ

′′
=

′′ ′+ −
.     (19.16) 
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For natural convection film boiling on a horizontal cylinder Bromley (1950) 

( ) ( )
1/ 4

3
1 1

_

( ) 1 0.4
0.62

p w
F F

nc FB
h

c T T
g h h

h h
h

D T

λ ρ ρ ρ

η

⎡ ⎤′′ ′⎡ ⎤−
′ ′′ ′′ ′− − +⎢ ⎥⎢ ⎥′′ ′−⎢ ⎥⎣ ⎦= ⎢ ⎥′′ Δ

⎢ ⎥
⎢ ⎥⎣ ⎦

, (19.17) 
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obtained a very similar result as those by Berenson with the exception of the 
empirical constant. The modification of the latent heat of vaporization takes into 
account the superheating of the vapor. The analytical derivation of this equation is 
very similar to those for planes presented in Chapter 21 in details. Later in 1962 
Breen and Westwater (1962) found better agreement with experimental data 
modifying the Berenson result by using instead 0.62 the function  

( ) ( )1/ 4* *0.59 0.069 RT h h RTD Dλ λ+ ,    (19.18) 

where 

( )

1/ 2

*

2

32RT g
σλ π

ρ ρ
⎡ ⎤

= ⎢ ⎥′′−⎢ ⎥⎣ ⎦
.     (19.19)  

and instead 0.4, 0.34. 
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For natural convection film boiling on a sphere Bromley (1950) computed a 
different constant in the Eq. (19.17) 

( ) ( )
1/ 4

3
1 1

_
3

( ) 1 0.4
0.76

p w
F F

nc FB

c T T
g h h

h h
h

D T

λ ρ ρ ρ

η

⎡ ⎤′′ ′⎡ ⎤−
′ ′′ ′′ ′− − +⎢ ⎥⎢ ⎥′′ ′−⎢ ⎥⎣ ⎦= ⎢ ⎥′′ Δ

⎢ ⎥
⎢ ⎥⎣ ⎦

. (19.20) 

For better agreement with data for liquid nitrogen Frederking and Clark 
recommended in 1963 the following correlation 

( )
( )

( )
1/ 3

3
1 1

_
3

( )
0.14 1 0.5 p wF F

nc FB
w

c T Tg h h
h

D T T h h
λ ρ ρ ρ

η

⎡ ⎤′′ ′⎡ ⎤′ ′′ ′′ ′ −− −
= +⎢ ⎥⎢ ⎥′′ ′ ′′ ′− −⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦

. (19.21) 

We devote a special Section 21.2 to this subject. 

Pqogpencvwtg"

Latin 
 

pc  specific heat at constant pressure, ( )/J kgK  

hyD  hydraulic diameter (4 times flow cross-sectional area / wet perimeter), m  

19 Natural convection film boiling 
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g gravitational acceleration, m/s² 
h  specific enthalpy, J/kg 

FBh   film boiling heat transfer coefficient, W/(m²K) 

_nc FBh  natural convection film boiling heat transfer coefficient, W/(m²K) 
p pressure, Pa 

psip  53203.6 14.50377 10 p−= − × , psi 

crp  critical pressure, Pa 

,w MFBq′′  minimum film boiling heat flux, W/m² 

,w MFBT  minimum film boiling temperature, K 

hnT  homogeneous nucleation temperature, K  

eqX  equilibrium steam mass flow rate concentration in the flow, 
dimensionless 

 
Greek 
 
α  volume fraction, dimensionless 

1hα  
( )

1,

1, 1,

/
/ 1 /

eq

eq eq

X
X X

ρ
ρ ρ

′′
=

′′ ′+ −
, homogeneous local vapor volume fraction, 

dimensionless 
Δ  finite difference 

1Fδ  averaged vapor film thickness 
λ  thermal conductivity, ( )/W mK  

RTλ  
1/ 2

( )g
σ

ρ ρ
⎡ ⎤

= ⎢ ⎥′ ′′−⎣ ⎦
, Rayleigh-Taylor instability wavelength, m 

ρ  density, kg/m³  
σ  surface tension, N/m 

21μ  evaporation mass per unit time and unit mixture volume, kg/(m³s) 

12μ  condensation mass per unit time and unit mixture volume, kg/(m³s) 
 
Subscript 
 
' saturated liquid 
" saturated steam 
1 gas 
2 liquid 
1F vapor film 
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Chen 1963, Hetstrony (1982) correlated over 600 data within an error band of 
12% for convective heat transfer during forced convection boiling in a tube by 
superposition of single-phase liquid convection heat flux ( )2c wh T T−  and of 

nucleate boiling heat flux ( )NB wh T T ′−  in the following way 

( ) ( )2w c w NB wq h T T h T T′′ ′= − + − .     (20.1) 

The mutual influence of both mechanisms is taken into account by modifying the 
corresponding correlations. The original Dittus-Boelter equation 

0.8 0.41
2 20.023c

h

h F Re Pr
D
λ

= × ,     (20.2) 

applied as if the liquid is flowing alone in the tube 

2 2 2/hRe X GD η= ,       (20.3) 

2 2 2 2/pPr c η λ= ,      (20.4) 

is modified by the multiplier 0.89
2F = Φ  which is a function of the friction pressure 

drop ratio of the two phase and liquid only flow, 2
2

2fr

dp dp
dz dz

⎛ ⎞ ⎛ ⎞Φ = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. For 

practical use the approximation is recommended 

 F = 2.35(1/Xtt + 0.213)0.736,    1/Xtt > 0.1  (20.5) 

 F = 1,     1/Xtt ≤  0.1  (20.6) 

where the Martinelli factor is computed as follows 
0.9 1/ 2 0.1

1 2 1

1 1 2

1/
1tt

XX
X

ρ η
ρ η

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

.    (20.7) 

The nucleate boiling heat transfer coefficient as proposed by Forster and Zuber 
(1955) 
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0.24
1( )NB wh c T T ′= − ,      (20.8) 

where 
0.75

1  c c p= Δ ,       (20.9) 

[ ]min( ,  647) ,wp p T p′Δ = −  
1/ 2 0.24

0.29 1/ 4
20.00122   

( )
p pc c

c S Pr
h h

λ ρ
ρ

σ ρ
−

′ ′ ′ ′⎛ ⎞ ⎡ ⎤
′= ⎜ ⎟ ⎢ ⎥′′ ′′ ′−⎝ ⎠ ⎣ ⎦

,  (20.10)  

Eq. 17 in Chen (1963), is modified by the multiplier S. S is the ratio of the 
effective superheat to the total superheat of the wall. It is a function of a modified 
Reynolds number computed as follows 

1.25 4
2 10TpRe Re F −= ,      (20.11) 

( ) 11.141 0.12 TpS Re
−

= + ,  for 32.5TpRe ≤ ,   (20.12) 

( ) 10.781 0.42 TpS Re
−

= + ,  for 32.5 70TpRe≤ ≤ ,  (20.13) 

( )0.0797 exp 1 / 70TpS Re= − , for 70 TpRe> ,   (20.14) 

Bjornard and Grifith  (1977). Groeneveld et al. (1989) use instead of the last 
expression simply S = 0.1. The correlation was verified in the region  X1 = 0 to 
0.71, p = (1.013 to 69.)× 105 Pa, G = 54 to 4070 kg/(m2s), wq′′ = 44 to 2 400  
kW/m². Thus the effective heat transfer coefficient is  

/( )w wh q T T′′ ′= − .      (20.15) 

The wall temperature by enforced heat flux is 

( ) ( )2w w c NB c NBT q h T h T h h′′ ′= + + + .    (20.16) 

Because the nucleate boiling heat transfer coefficient is also function of the wall 
temperature few iterations are necessary to solve the equation 

( ) ( )1.24
2 1w c w wq h T T c T T′′ ′= − + − ,    (20.17) 

with respect to the wall temperature. The evaporated mass per unit time and 
mixture volume of the flow is then 

( )21
4

w
heat

q h h
D

μ ′′ ′′ ′= − .     (20.18) 
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The forced convection film boiling description started with using the equilibrium 
thermodynamics of two-phase flow. In this framework the empirical correlations 
are obtained by generalizing experimental data using the equilibrium steam mass 
flow rate concentration in the flow,  

( )
( ) ( )eq

h h p
X

h p h p
′−

=
′′ ′−

      (20.19)  

where the specific mixture enthalpy is defined as the mixture enthalpy of the non-
inert components  

1 1nl l l l Ml nl l l l
l n l n

h C w h C wα ρ α ρ
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞

= − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

∑ ∑ ∑ ∑   (20.20) 

and the mass flow rate in the axial direction is defined as follows 

( )l
G wαρ=∑ .      (20.21)  

Dougall and Rohsenow proposed one of the oldest correlations in 1963 modifying 
the well-known single-phase heat transfer correlation of Dittus and Boelter from 
1937 

0.8 0.41
_ 1 10.023fc FB w

h

h Re Pr
D
λ

= .     (20.22) 

Here the Reynolds number is defined by using as a characteristic velocity the 
center of mass velocity  

/eq eqw G ρ= ,        (20.23) 

assuming that the density of the mixture is equal to the equilibrium density 

11 eq eq

eq

X X
ρ ρ ρ

−
= +

′ ′′
,      (20.24) 

and the properties of the mixture are those of the saturated vapor 

1_

1
/

h eq eq eq
mix h

D w X X
Re D G ρ

η ρ η ρ ρ
−⎡ ⎤′′

= = +⎢ ⎥′′ ′′ ′′ ′ ′′⎣ ⎦
.   (20.25) 

The Prandtl number for steam  

1 1 1 1/w pPr c η λ= ,      (20.26) 
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is computed with the properties at the wall temperature 

( )1 1 1, , max 647,  ,   p wc f T pη λ ⎡ ⎤= ⎣ ⎦ .    (20.27) 

Note that the heat flux is then related to the saturation temperature at the local 
system pressure rather to the real vapor temperature 

( )_w fc FB wq h T T p′′ ′= −⎡ ⎤⎣ ⎦ .     (20.28) 

The heat is then assumed to be completely used for evaporation of the continuous 
liquid 

( ) ( )21
4 w

heat w

q
D h p h p

μ
′′

=
′′ ′−

,     (20.29) 

31 0μ = ,       (20.30) 

if the continuous liquid is available, i.e. if 2 0α > . If there is no continuous liquid 

2 0α =  but all the liquid is in dispersed flow 3 0α >  we have 

21 0μ = ,       (20.31) 

( ) ( )31
4 w

heat w

q
D h p h p

μ
′′

=
′′ ′−

.     (20.32) 

Polomik proposed in 1967 a modification of the Dougall and Rohsenow 
correlation in order to take into account the liquid subcooling 

0.5
0.8 0.401 2

_ 1_ 10.023fc FB mix w
h w

Th Re Pr
D T
λ ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

.    (20.33) 

As noted in 1994 by Andreani and Yadigaroglu p. 15 this correlation provides 
surprisingly good agreement with data for substantial thermal non-equilibrium. 

In the same year as Dougall and Rohsenow, Miropolskij (1963) collected 
several experimental data in the region of 40× 105 ≤  p ≤  220× 105 Pa, 400 ≤G 
≤  2000 kg/(m2s), 0 ≤  Xeq ≤  1, 0.008 < Dh < 0.029 m and successfully reproduced 
them by the following correlation 

0.8 0.801
_ 1_ 10.023fc FB mix w

h

h Re Pr Y
D
λ

= .     (20.34) 

Note the difference in the exponent of the Prandtl number compared to the 
Dougall and Rohsenow correlation and the multiplier 

( )
0.4

0.4
1 0.1 1 1 eqY Xρ

ρ
′⎛ ⎞

= − − −⎜ ⎟′′⎝ ⎠
.    (20.35) 

Groneveld and Delorme 1976 correlated their own measurements by modifying a 
correlation obtained by Hadaller and Banerjee (1969) for vapor only  

20 Forced convection boiling 
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0.8774 0.61121
_ 1_ 1max 3.66,   0.008348fc FB mix w

hy

h Re Pr
D
λ⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

,  (20.36) 

where the properties for the vapor Prandtl number are computed for an averaged 
temperature as follows 

[ ]{ }1 1 1 1, , max 647,( ) / 2 ,p wc f T T pη λ = + .    (20.37) 

The authors limited the prediction of this correlation by the value of the modified 
Berenson equation 

_ _ _ _max( ,  )fc FB nc FB Berenson nc FBh h h= .    (20.38) 

Groeneveld et al. successfully reproduced by this approach in 1989 their 
experimental data in the following region Dhy = 0.0005 to 0.0247 m, p = (1.013 to 
204.99)105Pa, G =12.1 to 6874 kg/(m2s), Xeq = − 0.12 to 3.094. The predicted heat 
fluxes are in the region 2660wq′′ = to 2 700 200 W/m².  

420404"Cppwnct"ejcppgn"

For prediction of the forced convection film boiling heat transfer coefficient in an 
annular channel in 1977 Groeneveld uses the Miropolskij multiplier in the 
following equation 

0.688 1.26 1.061
_ 1 10.052 /fc FB w

h

h Re Pr Y
D
λ

= .    (20.39) 

The authors reproduced successfully data in the following region:  450× 103 ≤  wq′′  
≤  2250× 103 W/m², 800 ≤G ≤ 4100 kg/(m2s), 34× 105 < p < 100× 105 Pa, 0.1 < Xeq 
< 0.9. This equation is known as Groeneveld’s Eq. 5-7 in the literature. Bjornard 
and Grifith recommended in 1977 the following modification of the correlation 

0.688 1.26 1.061
_ 1 10.052 /fc FB w

h

h Re Pr Y
D
λ

=    for   p > 13.8 bar,  (20.40) 

0.688 1.261
_ 1 10.052fc FB w

h

h Re Pr
D
λ

=     for   p < 13.8 bar,   (20.41) 

where 

1 1 1 1/Re w D ν= ,      (20.42) 

which removes the singularity of the Y factor and is appropriate for direct 
application in the framework of the non-equilibrium models. Further the authors 
proposed to combine the film boiling correlation from the type given above valid 
for high void fractions with natural circulation film boiling in liquid pool by 
weighting with the void fraction. 



510      

Condie-Bengston - see in Andreani and Yadigaroglu (1994), reported the 
correlation  

( )
0.1905 2.2598

0.6249 0.2043ln( 1)11
_ 12.05140.5407

1

0.0524
1

eqXh w
fc FB

h eq

D Prh Re
D X

λ
λ

⎡ ⎤+ +⎣ ⎦=
+

  (20.43) 

valid for the following region: 34× 103 ≤ wq′′ ≤ 2 074× 103 W/m², 16.5 ≤G ≤ 5 234 
kg/(m2s), 4.2× 105  < p < 215× 105 Pa, − 0.12 < Xeq < 1.73. 

420405"Vwdgu"cpf"cppwnct"ejcppgnu"

Groeneveld generalized in the same work (1977) the equation for both tubes and 
annular channels as follows 

0.901 1.32 1.501
_ 10.00327 /fc FB w

h

h Re Pr Y
D
λ

=     (20.44) 

This equation is known as Groeneveld’s Eq. 5-9 in the literature. It is reported to 
be valid in the following region: 120× 103 ≤ wq′′ ≤ 2 250× 103 W/m², 
700 ≤G ≤ 5300 kg/(m2s), 34× 105 < p < 215× 105 Pa, < Xeq < 0.9. 

420406"Xgtvkecn"hnqy"ctqwpf"tqf"dwpfngu"

For vertical flow around rod bundles Loomis and Schumway (1983) reported the 
following correlation 

( )
0.25

1 2 1
_ 1

1 1 2 1

1 0.76
( )

RT
fc FB

h w p

h h Gh const
D T T c
λ λ ρ ρα

η ρ
⎡ ⎤′′ ′− −

= − ⎢ ⎥
−⎢ ⎥⎣ ⎦

 (20.45) 

where 

( )

1/ 2

2 1

1
RT g

σλ
ρ ρ

⎡ ⎤
= ⎢ ⎥

−⎢ ⎥⎣ ⎦
      (20.46) 

and the constant is 

const = 18( 0.4± )10-4..      (20.47) 

The correlation is valid in the following region: p ≅  1.27× 105 Pa, 31.55 ≤  G ≤  
70.9kg/(m2s), 0.1 ≤  1α  ≤  1. Note that the correlation is applied in the framework 
of non-equilibrium thermodynamics, which means that 

( )1 _ 1
w

fc FB wq h T Tσ′′ = − .      (20.48) 
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Ramu and Weisman (1974) proposed the following correlation for transition 
boiling in tubes 

( )

( )

_

_ _

_

exp 0.01404
1  
2

exp 0.12564

CHF Addoms

TB CHF Addoms fc FB

CHF Addoms

T T

h S h h

T T

⎧ ⎫⎡ ⎤− Δ − Δ⎣ ⎦⎪ ⎪⎪ ⎪= +⎨ ⎬
⎪ ⎪⎡ ⎤+ − Δ − Δ⎪ ⎪⎣ ⎦⎩ ⎭

,  (20.49) 

where 

( )wT T T p′Δ = −  .      (20.50) 

The component of the forced convection film boiling is computed using the 
Dougall and Rohsenow (1963) proposal 

0.800 0.401
_ 10.023fc FB w

h

h Re Pr
D
λ

= ,     (20.51) 

1
/

h eq eq eq
h

D w X X
Re D G ρ

η ρ η ρ ρ
−⎡ ⎤′′

= = +⎢ ⎥′′ ′′ ′′ ′ ′′⎣ ⎦
.    (20.52) 

The Prandtl number for steam  

1 1 1 1/w pPr c η λ= ,      (20.53) 

is computed with the properties at the wall temperature 

( )1 1 1, , max 647,  ,   p wc f T pη λ ⎡ ⎤= ⎣ ⎦ .    (20.54) 

S is the ratio of the effective superheat to the total superheat of the wall from the 
Chen correlation, Eqs.(20.11) to (20.14), (1963). 

Table 20.1. The critical heat flux and the corresponding temperature difference as a 
function of pressure – Addoms data (1948) 

p _CHF Addomsh  _CHF AddomsTΔ  
2 75800  86 877 18.9 
4 13700  91 874 18.9 
41 37000 227 139 16.6 
68 95000 397 478 13.9 
96 53000 438 930 12.2 
169 96175 408 835 6.1 
184 78600 384 986 5.0 
195 12850 369 087 4.4 
204 78150 348 077 3.9 
210 02170 323 661 3.3 

_CHF AddomsTΔ  is given in Table 20.1.  
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The correlation was verified in the region  1.72× 105 < p < 2.06× 105 Pa, 20  <  G  
< 50 kg/(m2s), 30 < wq′′  < 260 W/m2, 0 <  Xeq < 0.5. 

As noted by Groeneveld et al. (1989) transition-boiling correlations generally 
provide incorrect asymptotic trends outside their region of validity. An alternative 
approach uses simply a linear interpolation between the maximum and the 
minimum points of a log-log plot of wq′′  vs. wTΔ , i.e. 

min_ min_

m

TB CHF

FB FB

q q
q q

⎛ ⎞′′ ′′
= ⎜ ⎟⎜ ⎟′′ ′′⎝ ⎠

,   where   
( )
( )

min_

min_

ln

ln /
FB w

FB CHF

T T
m

T T

Δ Δ
=

Δ Δ
  (20.55) 

or 

min_ min_

n

w CHF

FB FB

T T
T T

⎛ ⎞Δ Δ
= ⎜ ⎟⎜ ⎟Δ Δ⎝ ⎠

,   where   
( )
( )

min_

min_

ln

ln
TB FB

CHF FB

q q
n

q q

′′ ′′
=

′′ ′′
.  (20.56) 

Film boiling in a large pool exists if Tw  > min_ FBTΔ , where  min_ FBTΔ  is the 
minimum film boiling temperature. 

Note that once the value of the critical heat flux is known, the corresponding 
temperature is obtained from the definition equation of the heat flux for forced 
convection nucleate boiling as follows 

( ) _/CHF CHF CHF fc FBT T T p q h′ ′′Δ = − = .    (20.57) 

Guo and Leung (2005) proposed to approximate the 11 163 transition boiling data 
for pipes by the following relation 

,

,

exp 1
b

w TBTB FB

CHF FB w CHF

T Th h
a

h h T T

⎡ ⎤′⎛ ⎞−− ⎢ ⎥= − −⎜ ⎟⎜ ⎟′− −⎢ ⎥⎝ ⎠⎣ ⎦
, 

valid up to 170bar. The constants are proprietary but Fig. 5 in Guo and Leung 
(2005) allows the estimate of 0.8a ≈  and 0.6b ≈ . 
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Natural or forced convection nucleate boiling is a very effective cooling 
mechanism. Increasing the local heat flux or decreasing the cooling mass flow rate 
may lead in technical facilities to film boiling in which the heat is transferred to 
the liquid through a vapor film. This is not an effective heat transfer mechanism. 
The effect on the material interface is manifested by a temperature jump. At high 
mass flow rates the jump is not as strong as at low mass flow rates. We distinguish 
two different mechanisms of occurrence of film boiling. The first one happens at 
low void fractions and is mainly caused by increasing the bubble population at the 

20 Forced convection boiling 
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heated surface so that they merge together and build a film. The mechanical flow 
pattern is continuous liquid and dispersed void. This regime is known as departure 
from nucleate boiling or abbreviated DNB. Different is the mechanism at high 
void fractions. The mechanical flow pattern is continuous liquid film at the wall 
and dispersed droplet cared by the void. In this case simply the film dries out and 
the wall experiences an intimate contact with the steam. This regime is known as 
the dry out regime.  

420603"Vjg"j{ftqf{pcoke"uvcdknkv{"vjgqt{"qh"htgg"eqpxgevkqp"FPD"

Kutateladze established in 1951 the hydrodynamic stability theory. The main idea 
on which this theory relies is as follows: The vapor film with thickness above the 
heated surface governed by the capillary constant 

1/ 2

1
21

F g
σδ
ρ

⎛ ⎞
≈ ⎜ ⎟Δ⎝ ⎠

,  

experiences a buoyancy force per unit wall surface equal to 21 1Fg ρ δΔ . The 
equilibrium between the dynamic pressure forces 2

1 1evVρ , and the buoyancy force 
is distorted if the film is not stable. The transition point is controlled by the 
conditions  

1/ 2
2

1 1 21
21

/evV g const
g
σρ ρ
ρ

⎡ ⎤⎛ ⎞
⎢ ⎥Δ ≈⎜ ⎟Δ⎢ ⎥⎝ ⎠⎣ ⎦

, 

or  
1/ 4

2 1
1 2

1

( )
ev

gV const σ ρ ρ
ρ

⎡ ⎤−
≈ ⎢ ⎥

⎣ ⎦
. 

Kutateladze set the critical mass flow rate proportional to the critical velocity  
1/ 4

2 1
2
1

( )/CHF
gq h const σ ρ ρ

ρ
⎡ ⎤−′′ Δ ≈ ⎢ ⎥
⎣ ⎦

 

and found from experiments 0.16const ≈ . Later the constant was replaced by the 
dimensionless group  

( )
2/ 31/ 24

10.05 10 /RTconst g pλ ρ⎡ ⎤≈ ⎣ ⎦ . 

The obtained result is valid for saturated liquid. Subcooling increases the CHF. 
Kutateladze found in 1962 the following relationship 
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4 /5
2 2, 2

, 1

( )
1 0.065 pCHF sub

CHF sat

c T Tq
q h h

ρ
ρ

′′′ −⎛ ⎞
= + ⎜ ⎟′′ ′′ ′−⎝ ⎠

. 

This relationship was verified for 5(1 to 20) 10p Pa= × , 2 2( )
0.6pc T T

h h
′ −

≤
′′ ′−

 and 

2 1 /ρ ρ  = 45 to 1650. A very similar expression was obtained in the same year by 
Irvey and Morris (1962), 

 
3/ 4

2 2, 2

, 1

( )
1 0.1 pCHF sub

CHF sat

c T Tq
q h h

ρ
ρ

′′′ −⎛ ⎞
= + ⎜ ⎟′′ ′′ ′−⎝ ⎠

. 

The main ideas behind the hydrodynamic theory of boiling by Zuber (1958) and 
Zuber and Tribus (1958) is slightly different from those of Kutateladze. Zuber 
considered the Rayleigh - Taylor instability as responsible for the film instability. 
If the vapor film possesses a wavy vapor-liquid interface the characteristic 
wavelength is 

1/ 2
*

21

2RT g
σλ π
ρ

⎛ ⎞
≈ ⎜ ⎟Δ⎝ ⎠

. 

Vapor jets are then formed with a distance between the axis equal to *
RTλ . The jets 

are arranged equidistantly in rectangular grid and take a cross section 1wα  part of 
the total surface. The vertical disturbed surface of the jets is unstable - Helmholtz 
instability. The waves are traveling with velocity 

( )
( )22 2 1

1 22
2 1 2 1

cnc V Vσ ρ ρ
ρ ρ ρ ρ

= − −
+ +

, 

where nc is the wave number. In critical conditions 0c ≈  and *2 /c RTn π λ≈  
therefore 

( ) 1/ 41/ 2
2 12 1

1 2 2
2 1

g
V V

σ ρ ρρ ρ
ρ ρ

⎡ ⎤−⎛ ⎞+
− = ⎢ ⎥⎜ ⎟

⎝ ⎠ ⎣ ⎦
 

The rising vapor mass flux is equal to the liquid flux (continuity) and therefore 

1 1 1 2 2 2w wV Vα ρ α ρ= −  

or 

2 2 1 1
1 2 1

2 2

w w

w w

V V V α ρ α ρ
α ρ

+
− = . 

Thus the critical velocity of the rising vapor jets is  
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( ) 1/ 41/ 2
2 12 2 2 1

1 2
2 2 1 1 2 1

w w

w w w w

g
V

σ ρ ρα ρ ρ ρ
α ρ α ρ ρ ρ

⎡ ⎤−⎛ ⎞+
= ⎢ ⎥⎜ ⎟+ ⎝ ⎠ ⎣ ⎦

. 

Thus the critical heat flux is finally  

( ) 1/ 41/ 2
2 12 2 2 1

1 1 1 1 2
1 2 2 1 1 2 1( )

CHF w w
d d

w w w w

gq j V
h h

σ ρ ρα ρ ρ ρα α
ρ α ρ α ρ ρ ρ

⎡ ⎤−⎛ ⎞′′ +
≈ = = ⎢ ⎥⎜ ⎟′′ ′− + ⎝ ⎠ ⎣ ⎦

 

( ) 1/ 41/ 2
2 12
2

2 1 124
gσ ρ ρπ ρ

ρ ρ ρ
⎡ ⎤+⎛ ⎞

≈ ⎢ ⎥⎜ ⎟+⎝ ⎠ ⎣ ⎦
 

which is in fact the Kutateladze equation with multiplier 
1/ 2

2

2 124
π ρ

ρ ρ
⎛ ⎞
⎜ ⎟+⎝ ⎠

instead 

of the constant. For low flow, G ≤  100 kg/(m2s), Zuber et al. (1961) modified 
later this correlation to  

( ) ( ) 1/ 41/ 2
2 12

1 2
1 2 1 1

0.23164 0.96
( )

CHF gq
h h

σ ρ ρρ
α

ρ ρ ρ ρ
⎡ ⎤−⎛ ⎞′′

≈ − ⎢ ⎥⎜ ⎟′′ ′− +⎝ ⎠ ⎣ ⎦
. 

Note the two completely different approaches to the boiling crises by comparing 
this theory with the theory presented in Chapter 16. We showed in Chapter 16 that 
the micro-scale of the nucleation processes, bubble growth and departure, and the 
turbulence generated by this process naturally lead to self-saturation of the 
boundary layer with bubbles and dramatically change the mechanism of the heat 
transfer. In contrast, Kutateldse and Zuber analyzed the macro-scale above the 
layer where the micro-physics happens. That is the reason why their analysis gives 
an absolute upper limit which is about 5 times larger then the observed critical 
heat flux. This is reflected in the necessity of introducing an empirical constant of 
about 1/5. 

420604"Hqtegf"eqpxgevkqp"FPD"cpf"FQ"eqttgncvkqpu"

For flow in heated pipes and channels the mass flow rate influences the CHF. 
There are more than 500 empirical correlations for description of this process 
demonstrating that the final understanding of this phenomena is not yet reached. 
We give here three of the successful empirical correlations. Smolin et al. [25] 
considerated separately the different flow pattern and for each particular flow 
pattern proposed a correlation for prediction of the CHF. For equilibrium mass 
flow fraction less then the one defined by 

1
0

2 1

1.5 0.1X ρ
ρ ρ

= −
+

 (bubble to film flow transition)  



516      

the flow is bubbly. In this case Smolin et al. propose to use the Kutateladze 
correlation in the form 

1/ 4
,0 2 1

2
1 1

( )0.18 1
( )

CHFq g
h h

ν σ ρ ρ
ρ ν ρ

⎛ ⎞′′ ⎡ ⎤′′ −
= −⎜ ⎟ ⎢ ⎥⎜ ⎟′′ ′ ′− ⎣ ⎦⎝ ⎠

. 

For  

0eqX X≥  

we have inverted annular flow called film boiling. In this case the pipe geometry, 
the mass flow rate and the equilibrium mass flow concentration influence the CHF 

( )
1/ 3

2 /3
,2 ,0 0/ exp 0.2 h

CHF CHF eq
Dq q G X X
ρ σ

⎡ ⎤⎛ ⎞′′ ′′′= −⎢ ⎥⎜ ⎟′⎢ ⎥⎝ ⎠⎣ ⎦
. 

For  

Xeq < 0, 

,2CHF CHFq q′′ ′′= . 

Saturated liquid boiling: For saturated liquid boiling 

Xeq ≥  0, 

( )*
,2 ,3 ,3min , ,  CHF CHF CHF CHFq q q q′′′ ′′ ′′ ′′= , 

the minimum of the CHF in the following regimes is taken: 
 

Fine dispersed flow, 
1/ 3

1/ 32 /3 2
,3 0.22( ) (1 ) / ( )

( )CHF eq eq
h

q h h G X X
D

η η ρ ρ ρ ρ ρ
η ρ ρ

⎡ ⎤′′ ′′ ′′ ′
′′ ′′ ′ ′ ′′ ′′⎡ ⎤= − − − +⎢ ⎥ ⎣ ⎦′ ′ ′′−⎣ ⎦

; 

Drying of the heated wall, 

( )
2 /3

1/ 31/ 2
1/ 4

*
,2 2 /3 2 /3 1/ 6

0.9( ) 1
( )( ) ln

45

eq

CHF
h eq

X
h h gq

G D X

νρ σ
ρ ρ σ ν

ρ η

⎡ ⎤′′⎛ ⎞′′ −⎢ ⎥⎜ ⎟′′ ′ ′ ′′ ⎛ ⎞ ′− − ⎝ ⎠⎢ ⎥′′ = ⎜ ⎟ ⎢ ⎥′′ ′⎝ ⎠
⎢ ⎥
⎢ ⎥⎣ ⎦

; 

Continuous vapor: For bubbly flow  

Xeq < X0, 

and  
598 10p ≤ ×  
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we have boiling of subcooled liquid 

,0CHF CHFq q′′ ′′=  

[ ]
2 / 31.25 1/ 4

1/ 43
08.4 10 ( ) ( ) ( )eq

Gh h g X X
g

η ρ ρρ σ ρ ρ
η ρ σ

−
⎡ ⎤⎧ ⎫′ ′ ′′⎛ ⎞ ⎛ ⎞−⎪ ⎪′′ ′ ′′ ′ ′′+ × − − −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟′′ ′⎪ ⎪ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎣ ⎦

        (1) 

For 
598 10p > ×  

0,2   ,0eqCHF at X X CHFq q=′′ ′′=  

film to fine dispersed flow transition (hydraulic theory)  

[ ]0

1/ 3 2
2 / 3 0

,3  1/ 3
0

(1 )0.22( )
( ) ( )eqCHF at X X

h

Xq h h G
D X

η η ρ ρ
η ρ ρ ρ ρ ρ

=

⎡ ⎤′′ ′′ ′′ ′ −′′ ′′ ′= − ⎢ ⎥′ ′ ′′− ′ ′′ ′′− +⎣ ⎦
 

If  

0 0,2   ,3  eq eqCHF at X X CHF at X Xq q= =′′ ′′≥ , 

then 

CHFq′′ = Eq. (1), boiling of subcooled or saturated liquid. Otherwise, 

0 0,2   ,3  eq eqCHF at X X CHF at X Xq q= =′′ ′′< , 

the CHF is 

0,3  eqCHF CHF at X Xq q =′′ ′′=  

[ ] ( )
1/ 21/ 2 1/ 4

1/ 4
00.01( ) ( ) eqh h g G X X

g
ρ ρ ρσ ρ ρ
ρ σ

⎡ ⎤′ ′ ′′⎛ ⎞ ⎛ ⎞−′′ ′ ′ ′′ ⎢ ⎥+ − − −⎜ ⎟ ⎜ ⎟′′ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
 

Smolin et al. (1977) verified the above set of correlations for 30× 105 ≤  p ≤  
200× 105  Pa, G ≤  7500 kg/(m2s), T' − T2  <  75 K, 0.004 < Dh <0.025 m, 1 m < L.  

Data for film boiling heat transfer in rod bundles are reported by Morris et al. 
(1985). 

Biasi et al. proposed in 1967 the following correlation valid for tubes and 100 < 
G < 6000 kg/(m2s), 0.003 < hD  < 0.0375m, 0.2 < L < 6m, 52.7 10 p× <  

5140 10< × Pa, ( )2 11/ 1 / 1eqXρ ρ+ < < : 

7 7
*1/ 6

* *1/ 6 * *0.6

1.883 10 3.78 10max 1000,   ( / ),    (1 )CHF eq eqn n
h h

q FP G X HP X
D G D G

⎧ ⎫× ×′′ = − −⎨ ⎬
⎩ ⎭

, 
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where 
* * * 5/10,  /100,  /10 ,  0.01,  0.4,  0.01,  0.6h h h hG G D D p p D n D n= = = > = ≤ = , 

FP = 0.7249 + 0.099 p*/exp(0.032 p*),  
HP = −  1.159 + 0.149 p*/exp(0.019p*) + 8.99 p*/(10 + p*2).  

This correlation is not recommended for rod bundle geometry Yoder et al. (1985). 
Bowring (1972) proposed the following correlation validated by comparison 

with 3800 experimental data points in the region: 2× 105 < p < 190× 105 Pa, 136 
< G < 18 600 kg/(m2s), 0.002 < Dh < 0.045 m, 0.15 < L < 3.7 m. The reported rms 
error is 7% . 

( )CHF eqq A B h h X C⎡ ⎤′′ ′′ ′= − −⎣ ⎦  

( ) ( )0.5
1 22.317  1 0.0143 hA h h B F F D G′′ ′= − + , 

0.25 ,hB D G=  

3 40.077 1 0.347  ( /1356)SN
hC F D G F G⎡ ⎤= +⎣ ⎦ , 

2 0.5 ,SN p= −  
60.14510p p−= . 

1p ≤  

[ ]{ }18.942
1 exp 20.89(1 ) 0.917 1.917F p p= − + , 

[ ]{ }1.3610
1 2 exp 2.444(1 ) 0.309 1.309F F p p= − + , 

( )1 1 1 2F F F F=  

[ ]{ }17.023
3 exp 16.658(1 ) 0.667 1.667F p p= − + , 

1.649
4 3 ,F F p=  

( )4 4 3 3F F F F= . 

1p >  

[ ]{ } 0.368
1 exp 0.648(1 ) / ,F p p= −  

[ ]{ } 0.448
2 1 exp 0.245(1 ) / ,F F p p= −  

0.219
3 ,F p=  

1.649
4 3 ,F F p=  

( )4 4 3 3F F F F=  
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A look-up table for critical heat flux (CHF) has been developed jointly by AECL 
Research (Canada) and IPPE (Obninsk, Russia) Groeneveld et al. (1996) 

( )1,, , ,CHF CHF eq hyq q p G X D′′ ′′= .  

It is based on an extensive data base of CHF values obtained in tubes with a 
vertical upward flow of steam-water mixture. While the data base covers a wide 
range of flow conditions, the look-up table is designed to provide CHF values for 
8 mm tubes at discrete values of pressure, mass flux and dry-out quality covering 
the ranges 0.1 to 20.0 MPa, 0.0 to 8000 kg/(m2s) and − 0.5 to +1.0 respectively. 
Linear interpolation is used to determine the CHF for conditions between the 
tabulated values, and an empirical correction factor is introduced to extend this 
CHF table to tubes of diameter values other than 8 mm, 

1/ 2

_8

1000
8

hy
CHF CHF mm

D
q q

−
⎛ ⎞

′′ ′′= ⎜ ⎟
⎝ ⎠

. 

Compared against the combined AECL-IPPE world data bank (consisting of 
22946 data points after excluding duplicate data and obviously erroneous data), 
the 1995 look-up table predicts the data with overall average and root-mean- 
square errors of 0.69% and 7.82%, respectively. An assessment of various CHF 
tables and several empirical correlations shows that the 1995 table consistently 
provides the best prediction accuracy and is applicable to the widest range of 
conditions. 

Groeneveld et al. (2005) issued the improved variant of their first table known 
as the 2005-look up table containing 20% more data. The rms. error was reduced 
to 7.1%. 
 
Problem: Check whether it is possible to use the 2005-look up table primary 
designed for heated pipes also for heated rod bundles. 
 
Solution: I performed this check in 2006, Kolev (2006). I exploit deliberately a set 
of simplifying assumptions usually used in the 60’s: 

 
1. Fictive sub-channels corresponding to the number of rods are so defined as 

to be equivalent in geometry; 
2. Equal mass flow rate to each sub-channel; 
3. The critical heat flux occurs at the exit of the hot channel as a function of 

the exit parameters; The phenomenon is similar to pipe flow; Therefore the 
Groeneveld’s look up table is expected to give the right dependence on 
mass flow rate, quality and sub-cooling; 

4. Uniform boundary conditions for all channels; 
5. Grid turbulization as well as the axial power distribution is not specifically 

treated.  
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The procedure I use is: Unless 
( ) ( )

( )
, max max

, max

crit i i

crit i

q z q z
q z

ε
′′ ′′−

<
′′

 increase q  with a qΔ  

starting with 0q . Here the power of the hot channel is ,i lat i rodsq f q n= , where per 

definition the bundles power is the sum of the sub-channel powers 
1

rodsn

i
i

q q
=

= ∑  and 

the lateral distribution factor obeys ,
1

1 1
rodsn

lat i
irods

f
n =

=∑ .  The exit equilibrium mass 

flow quality is 1, ,
1 1i

i sub lat i sub
i

q qX h f h
h m h m
⎛ ⎞ ⎛ ⎞= − Δ = − Δ⎜ ⎟ ⎜ ⎟Δ Δ ⎝ ⎠⎝ ⎠

. Here by virtue of 

assumption 2 I use i rodsm m n= . The local heat flux at the exit of the hot channel 

I, ( )
max

,
max ,

lat i rods
i z i

rod rod

f q n
q z f

D Lπ
′′ = , is compared with the local critical heat flux. The 

critical heat flux at the exit of channel i is defined by the 2005-look-up-table 
( ) ( ), max 1,, , ,crit i i hydq z f p G X D′′ = . Dividing this value by the lateral hot channel 

factor and recomposing the averaged flux into bundle power we obtain the final 

result 
( ), max

,

crit i
rod rod rods

lat i

q z
q D L n

f
π

′′
= . Note that the last expression is based on the 

intuitive assumption that this value may represent the averaged heat flux in the hot 
channel. It is only a hypothesis. It is very interesting to compare the prediction of 
this “primitive” approach with experimental data and to see haw it works. 
 
8x8 NUPEC BWR bundle tests: First I simulate three data sets for experiments 

20 Forced convection boiling 

with the 8x8 NUPEC BWR bundle tests (Fig. 20.1) as proposed in the 
international benchmark by Neykov et al. (2005). The first and the second tests are 
perking performed with the same axial power distribution but with different lateral 
power peaking pattern. They serve for analysis of the influence of the lateral 
power distribution. The first and the third tests are performed with the same lateral 
power peaking pattern but with different axial power distribution. They serve for 
analysis of the influence of the axial power distribution.  

The measured versus the predicted bundle power is presented in Figs. 20.1c), 
20.2 and 20.3.  

Comparing Figs. 20.1a and 20.2 we see that for flatter lateral profiles this 
method slightly systematically under predicts the measurements. 

Comparing Figs. 20.2 and 20.3 we see that for the two different axial power 
profiles this method predicts almost similarly the measurements.  
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Fig. 20.1 Geometry of the 8x8 NUPEC CHF bundle tests: a) cross section; b) ferrule spacer; c) 
Measured versus computed critical bundle power for cosine profile with  ,maxzf = 1.4 and 
lateral peaking pattern characterized by xyf = 0.89 to 1.3. Data by NUPEC: p = 5.48 to 
8.67MPa, 2,subhΔ  = 22.61 to 137.26kJ/kg, m  = 9.98 to 65.52t/h. 
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Fig. 20.2 Measured versus computed critical bundle power for cosine profile with ,maxzf = 1.4 
and lateral peaking pattern characterized by xyf = 0.99 to 1.18. Data by NUPEC: p = 7.14 
to 7.20MPa, 2,subhΔ  = 21.06 to 128.57kJ/kg, m  = 9.93 to 64.85t/h. 
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Fig. 20.3 Measured versus computed critical bundle power for inlet peak profile with ,maxzf = 
1.4 and lateral peaking pattern characterized by xyf = 0.89 to 1.3. Data by NUPEC: p = 
7.10 to 7.19MPa, 2,subhΔ  = 21.7 to 125.74kJ/kg, m  = 9.93 to 65.02t/h. 
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Having in mind the 2005-look up table possesses rms. error of 7.1% the 
above predictions with rms. error of 2.5, 4.4 and 3.4% can hardly be made 
better.  

 
AREVA ATRIUM10 BWR tests: Figures 20.4 and 20.5 presents the measured

ATRIUM 10.  
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Fig. 20.4 a) BWR ATRIUMTM 10 bundle with ULTRAFLOWTM spacer; b) Measured 
versus computed critical bundle power for cosine profile with  ,maxzf = 1.4 and lateral 
peaking pattern characterized by xyf = 0.751 to 1.255: rms. 4.6%, slight systematic under 
prediction. Data by Fleiss et al. (1992): p = 69bar, 2,subhΔ  = 23 to 184kJ/kg, m  = 6.3 to 
18.90kg/s. 

There are slight differences in the geometry. For both cases we see rms. error of 
4.6 and 3.95%, respectively, which again lies inside the accuracy of the 2005-look 
up table. Again, prediction with better accuracy can hardly be achieved. 
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Fig. 20.5 Measured versus computed critical bundle power for cosine profile with  ,maxzf = 1.4 
and lateral peaking pattern characterized by xyf = 0.731 to 1.251: rms. 3.95%, slight 
systematic under prediction. Data by Fleiss et al. (1992): p = 68.8 to 69.5bar, 2,subhΔ  = 
23 to 188kJ/kg, m  = 6.33 to 15.7kg/s. 

versus the predicted bundle power for a specific tests for AREVA BWR bundles 
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AREVA tests for PWR bundles with FOCUS grids: Unlike the previous four 
data sets this one is for pressures up to 165bar. The bundle contains 5x5 rods and 
5 grids. Again, the simple method predicts the CHF with rms. error of 7.24 which 
is within the accuracy of the 2005-look up table, see Fig. 20.6. 
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Fig. 20.6 AREVA PWR bundle with FOCUS grid: Computed versus measured bundle power: 
rms. 7.5%, slight systematic under prediction. Data by Vogel et al. (1991): p = 69.3 to 
166.6bar, T2,in = 179.4 to 329.5°C, G = 1186.6 to 3629 kg/(m²s), q = 1.4643 to 5.5015MW. 

Conclusion 

The surprising result of this example is that the bundle critical power for 5 data 
sets of three different bundles and different power distributions are predicted by a 
simple method described above using the 2005-look-up-table within the accuracy 
reported by the authors of this table. Therefore, unless better prediction method is 
developed it is good idea to use the above method as the best predictive 
instrument. The influence of the grid design can in addition be taken into account 
by empirical coefficient derived from experiment.  

The influence of the axial non uniformity of the heat flux on the CHF for pipes 
was investigated experimentally by Yang et al. (2006) among others. It was found 
that as long as the mass fluxes are large the influence is not strong. At large mass 
flows and low smaller sub cooling the influence is within ± 7%. This confirms the 
conclusions of the above presented study. Similarly for the case of large sub 
cooling.  

For small mass flows and small superheating the deviation from the data 
obtained with uniform flow can be up to 50%, by Yang et al. (2006). This is the 
reason for the considerable interest on developing more accurate methods based 
on sophisticated description of the local physical phenomena. 
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Latin 
 

nlC  mass concentration of the inert component n inside the gas mixture, 
dimensionless 

pc  specific heat at constant pressure, ( )/J kgK  
c wave travel velocity, m/s 

heatD  heated diameter (4 times flow cross-sectional area / heated perimeter), m  

rodD  rod diameter, m 

hyD  hydraulic diameter (4 times flow cross-sectional area / wet perimeter), m  

,lat if  lateral power distribution factor, ,
1

1 1
rodsn

lat i
irods

f
n =

=∑ , dimensionless 

max ,z if  axial power distribution factor at the exit of the bundle for sub-channel i, 
dimensionless 

G ( )l
wαρ=∑ , mass flow rate in the axial direction, kg/(m²s) 

g gravitational acceleration, m/s² 
h  specific enthalpy, J/kg 
h  specific mixture enthalpy - mixture enthalpy of the non-inert 

components, J/kg 
hΔ  evaporation enthalpy, J/kg 

subhΔ  sub-cooling enthalpy difference, J/kg  

ch  convective heat transfer coefficient, W/(m²K) 

NBh  nucleate boiling heat transfer coefficient, W/(m²K) 

_nc FBh   natural convection film boiling heat transfer coefficient, W/(m²K) 

_ _nc FB Berensonh  natural convection film boiling heat transfer coefficient by  
Berenson, W/(m²K) 

_fc FBh  forced convection film boiling coefficient, W/(m²K) 

CHFh  critical heat transfer coefficient, W/(m²K) 

rodL  rod length, m 
p pressure, Pa 

q  
1

:
rodsn

i
i

q
=

= ∑ bundle power, W 

qΔ  bundle power increment, W 

0q  initial bundle power, W 

wq′′  wall heat flux, W/m² 

TBq′′  transition boiling heat flux, W/m² 

20 Forced convection boiling 
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CHFq′′  critical heat flux, W/m² 

,CHF subq′′  critical heat flux for subcooled liquid, W/m² 

,CHF satq′′  critical heat flux for saturated liquid, W/m² 

min_ FBq′′  minimum film boiling heat flux, W/m² 

,crit iq′′   critical heat flux in sub-channel i, W/m² 

iq′′  heat flux in sub-channel i, W/m² 

im  mass flow through a sub-channel i, kg/s 
m  total mass flow trough a bundle, kg/s 
nc  wave number, - 

rodsn  number of rods in the bundle, dimensionless 

1wPr  1 1 1/pc η λ= , gas Prandtl number at wall temperature, dimensionless 

2Pr  2 2 2/pc η λ= , liquid Prandtl number, dimensionless 
Re 2 2/hyX GD η= , liquid Reynolds number, dimensionless 

1Re  1 1 1/w D ν= , steam Reynolds number, dimensionless 

1_ mixRe
/

h eqD w
η ρ

=
′′ ′′

, mixture Reynolds number based on vapor viscosity,  

dimensionless 
TpRe  modified Reynolds number, dimensionless 

S ratio of the effective superheat to the total superheat of the wall, 
dimensionless 

T temperature, K 
,w MFBT  minimum film boiling temperature, K 

CHFTΔ  temperature difference corresponding to the critical heat flux, K 

min_ FBTΔ  minimum film boiling temperature, K 

lX  mass flow rate concentration in the flow of the velocity field l, 
dimensionless 

ttX  Martinelli factor, dimensionless 

eqX  equilibrium steam mass flow rate concentration in the flow, 
dimensionless 

1,iX  homogeneous equilibrium mass flow ratio of vapor, dimensionless 
w  axial velocity, m/s 

eqw  / eqG ρ= center of mass velocity, m/s 

maxz  axial coordinate defining the exit of the bundle, m 
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Greek 
 
α  volume fraction, dimensionless 

1Fδ  
1/ 2

21g
σ
ρ

⎛ ⎞
≈ ⎜ ⎟Δ⎝ ⎠

, capillary constant, m 

ε  small number 
2
20Φ  the ratio of the two phase friction pressure drop to the pressure drop of 

the liquid field flowing alone in the channel, dimensionless 
η  dynamic viscosity of liquid, kg/(ms) 
λ  thermal conductivity, ( )/W mK  

RTλ  
1/ 2

( )g
σ

ρ ρ
⎡ ⎤

= ⎢ ⎥′ ′′−⎣ ⎦
, Rayleigh-Taylor instability wavelength, m  

ρ  density, kg/m³  

eqρ  homogeneous mixture equilibrium density, kg/m³ 
σ  surface tension, N/m 

21μ  evaporation mass from the liquid film per unit time and unit mixture 
volume, kg/(m³s) 

31μ  evaporation mass from the droplets per unit time and unit mixture 
volume, kg/(m³s) 

12μ  condensation mass per unit time and unit mixture volume, kg/(m³s) 
 
Subscript 
 
' saturated steam 
" saturated liquid 
1 gas 
2 liquid 
w wall 
M1 non-inert component in the gas mixture 
n1 inert component in the gas mixture 
1F vapor film 
2o liquid only, as the liquid mass flow is occupying the total cross section 
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Section 21.1 of this Chapter presents a closed analytical solution for mixed-convection film 
boiling on vertical walls. Heat transfer coefficients predicted by the proposed model and 
experimental data obtained at the Royal Institute of Technology in Sweden by Okkonen et 
al. are compared. All data predicted are inside the 10%±  error band, with mean 
averaged error being below 4% (using slightly modified analytical solution). The solution 
obtained is recommended for practical applications. The method presented here is used in 
Section 22.2 as a guideline for developing a model for film boiling on spheres. The new 
semi-empirical film boiling model for spheres used in IVA computer code is compared with 
the experimental data base obtained by Liu and Theofanous. The data are predicted within 

30%±  error band. This Chapter is a slightly changed variant of the work previously 
published in Kolev (1997), Kolev (1998). 

4303"Rncvg"
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In nature, film boiling is the controlling heat transfer mechanism during lava-
water interaction. In the cryogenic technology rocket engines, it is the inevitable 
heat transfer mechanism in many cases. Film boiling heat transfer is of particular 
interest for analysis of accident processes in industry. The theory of film boiling 
heat transfer has become a classical part of heat and mass transfer textbooks but is 
often presented in the context of an unwanted heat transfer regime which has to be 
avoided by design. The close scrutiny paid to accident processes in the industry 
requires critical re-evaluation of film boiling theory in order to yield a reliable 
prediction tool for engineering purposes. In particular, calculation of the 
components of the heat removed by film boiling that leads to vapor heating, liquid 
heating, evaporation mass flow rate, average vapor volume attached to the surface 
is very important for increasing the accuracy of the overall flow field prediction of 
melt interacting with water. As an example of the necessity for improvement of 
theory, it should be recalled that there is still a need for a closed analytical solution 
for mixed natural and forced-convection film boiling. In this Chapter a complete 
analytical solution for film boiling on a vertical wall will first be presented. After 
this, the attempt will be made to extend the model for spheres. Comparison with 
experimental data will indicate the success and the limitations of the theoretical 
results. Where necessary, empirical correction factors are introduced to give more 
accurate prediction of existing experimental data. 
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Film boiling literature was reviewed by Sakurai in 1990, and more recently by Liu 
and Theofanous in 1995. There is no need to repeat this here. 

In his pioneering work of 1916 Nusselt presented a closed model of laminar 
film condensation on vertical surfaces. The idea used was that the condensation is 
controlled by the heat conduction through the falling liquid film. This model is so 
easily applied to film boiling under natural convection on vertical plates, 
postulating that the heat transfer is controlled by the heat conduction through the 
vapor film that it deserves to be called the Nusselt theory for laminar 
condensation and film boiling on vertical walls due to natural convection.  

Natural-convection film boiling was first investigated by Bromley in 1950. He 
applied Nusselt's idea from 1916. Frederking et al. demonstrated in 1965 that the 
treatment of vertical plates, spheres and horizontal cylinders results in the same 
expression multiplied by a numerical constant to characterize the appropriate one 
of the above geometries. Subsequent to this, many theoretical studies related to 
this subject have been published. The main physical ideas on which the published 
models rely are similar to those published by Bromley et al. (1950, 1953) for 
natural and mixed convection, and by Witte in 1968 for forced convection. 

A rigorous formulation of the steady-state problem for natural convection was 
given by Nishikawa et al. (1966, (1976). Several numerical solutions of the 
problem defined with some simplifying assumptions are available, e.g. Dhir and 
Purohit (1978). An accurate numerical solution is compared with an extensive set 
of data for cylinders and spheres by Sakurai et al. in (1990, 1986). Sakurai et al. 
proposed the most accurate correlation for cylinder geometry known to the author. 
This forms a good approximation of the accurate numerical solution and compares 
favorably with experimental data for saturated and subcooled water at atmospheric 
and elevated pressure, with radiation effects also considered. The same correlation 
has been recently recommended by Liu and Theofanous (1995) after comparison 
with an extensive experimental database. 

Subsequent to Witte's analytical solution (1968) for simplified forced-
convection steady-state problems in 1968, there have only been numerical 
solutions provided for this problem in the literature, e.g. Fodemski et al. (1982), 
Liu and Theofanous (1995). 

A third group within the literature covers the conditions of the stagnation point. 
Assuming that the stagnation point condition is valid in the front half of the 
sphere, Epstein and Heuser derived in (1980) a correlation which additionally 
takes into account the liquid subcooling. A numerical solution to this problem is 
proposed by Fodemski (1992), Kolev (1995). 

The effect of radiation and subcooling or superheating on the film conduction 
heat flux is taken into account in different ways. Some authors superposed the 
separate effects, recommending some reduction of the radiative component 
Sakurai (1990). The natural way to take these effects into account is to consider 
them within the formalism describing the local film thickness. The resulting 
system of differential equations is solved numerically, e.g. by Sparrow (1964), 
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Fodemski (1982), Liu and Theofanous (1995). There is no simple analytical 
solution to this problem available in the literature. 

A numerical solution of the combined natural and forced-convection film 
boiling problem for spheres in saturated, subcooled or superheated water with 
radiation is possible as demonstrated in the literature, but requires a very large 
amount of computation effort if implemented in system computer codes. To 
analyze the interaction of fragmenting liquid metal in water, a simple method is 
needed which has the capability (a) to reproduce the available data for the heat 
transfer coefficient for natural and forced- convection, (b) to separate the effect of 
radiation, subcooling or superheating in order to compute the heat flux component 
consumed to cool the hot structure, to heat or cool the liquid, and to produce 
steam. Dynamic system characteristics can then be predicted by using such a 
model which provides heat and mass source terms for the macroscopic differential 
equation governing the flow. Some of the existing models for this case satisfy one 
or two of the above conditions, but not all of them. It was for this reason that the 
author developed a new simplified approach which permits separation of the 
different effects of radiation, subcooling or superheating and computes the 
particular heat flux components. 

430305"Rtqdngo"fghkpkvkqp"

Consider the geometry presented in Fig. 21.1. Liquid of temperature  2T  flows 
along a vertical heated wall. The surface temperature of the wall 3T σ  is so high 
that a stable vapor film is formed. The evaporation at the liquid-vapor interface 
forces the interface temperature to be equal to the saturation temperature at the 
system pressure ( )T p′ . The thickness of the vapor film ( )1 zδ  varies with the 
height z. We introduce two coordinate systems having the same axial coordinate z. 
The horizontal distance from the wall to the vapor film is 1r . The horizontal 
distance from the vapor-liquid interface with the liquid is 2r . The vapor velocity 
has only a vertical component ( )1 1w r . The liquid in the boundary layer has a 

vertical component of ( )2 2w r . Various different heat fluxes can immediately be 
identified first. The radiation heat flux can be split into three different 
components: 1rq′′  is the radiation heat flux from the interface to the vapor. 2rq′′  is 
the radiation heat flux from the wall to the bulk liquid. 2rq σ′′  is the radiation heat 
flux absorbed from the vapor-liquid interface. The partitioning depends mainly on 
the temperature of the emitting wall. For temperatures below 1000 K almost all 
radiation energy is dissipated at the liquid interface. This is not the case for the 
short wavelength light corresponding to higher temperatures. At the present time, 
it is not clear whether the liquid-vapor interface instabilities create a boundary 
layer transparent to light or not. The heat flux FBq′′  is due to conduction through 
the vapor film. The heat flux 3 1q σ′′  is from the wall into the vapor, due the 
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convective heating of the vapor from the saturation interface temperature to some 
averaged vapor film temperature. This contribution is frequently neglected in the 
film boiling literature. In the case of subcooled liquid there is heat flux 2qσ′′  from 
the liquid interface into the liquid due to conduction and convection. 

 
The problem to be solved is to compute all components of the wall heat flux. 

 

T3σ

( )′T p
T2

r1 r2

z

Δz

λ KH

Δw12
′′q3σ

′′qFB ′′qσ 2

′′qr1

′′qr2

′′qrσ 2

′′q3 1σ

( )ρw 21

( )w r2 2

( )w r1 1

( )δ 1 z

( )δ 2 z

 
Fig. 21.1 a) Geometry definition for film boiling on vertical wall. b) Instability of film 
boiling 
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The following simplifying assumptions are introduced: 
 
1) The vapor and the liquid are incompressible. 
 
2) The following simplified momentum equations describe flows in the vapor 

and liquid boundary layers respectively: 
2

1
1 12

1

w p g
r z

∂ ∂η ρ
∂ ∂

= + ,      (21.1) 

2
2

2 22
2

0w p g
r z

∂ ∂η ρ
∂ ∂

′
= + ≈ .     (21.2) 

21 Film boiling on vertical plates and spheres 
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Since the last equation simplifies to 2
p g
z

∂ ρ
∂

≈ −  one can write 

( )
2

1
1 2 12

1

w g
r

∂η ρ ρ
∂

= − − ,     (21.3) 

2
2

2 2
2

0w
r

∂η
∂

′
= .        (21.4) 

The above two equations can be integrated analytically to give 

( ) ( ) 2
1 1 2 1 1 1 1 3

1

1
2

w r gr C r Cρ ρ
η

= − − + +     (21.5) 

( )2 2 2 2 4w r C r C′ = + .      (21.6) 

The constants are determined from the following boundary conditions 

1) at 1 0r = , 1 0w = ,       (21.7) 

2) at 1 1r δ=  and 2 0r = , 1 2w w′= ,    (21.8) 

3) at 1 1r δ=  and 2 0r = , 1 2
1 2

1 2

w w
r r

∂ ∂η η
∂ ∂

′
= ,   (21.9) 

4) at 2 2r δ= , 2 2w w′ = .      (21.10) 

The solutions to Eqs. (21.5) and (21.6) are 
22

1 1 1 1
1 2

1 1 1 1

2
2

g r f r r fw w
f f

ρ δ ξ
η δ ξ δ δ ξ

⎡ ⎤⎛ ⎞Δ +⎢ ⎥= − +⎜ ⎟+ +⎢ ⎥⎝ ⎠⎣ ⎦
,   (21.11) 

2
2 1

2 2
2 2

1
2

r g f fw w
f f

ρ δ ξ
δ η ξ ξ

⎛ ⎞ ⎡ ⎤Δ′ = − +⎜ ⎟ ⎢ ⎥+ +⎝ ⎠ ⎣ ⎦
2

2
2

r w
δ

+    (21.12) 

where 

2 1/f η η= ,        (21.13) 

2 1/ξ δ δ= .        (21.14) 

For the case of zero liquid velocity Eqs. (21.11) and (21.12) reduce to those 
reported by Liu and Theofanous (1995). 
 

In this Chapter the assumption is made that the layers thickness ratio is not a 
function of the axial coordinate. 
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The cross-section averaged vapor velocity profile is 

1
21 2

1 1 1 1 1
1 1 1 21

1 1 1 1 1 10 0

1 2
2

g r f r r f rw w dr w d
f f

δ ρ δ ξ
δ η δ ξ δ δ ξ δ

⎧ ⎫⎡ ⎤⎛ ⎞Δ +⎪ ⎪⎢ ⎥= = − +⎨ ⎬⎜ ⎟+ +⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∫ ∫  

   (21.15) 

or 
2

1
1 21

1

4 1
12 2

g f fw w
f f

ρ δ ξ
η ξ ξ

Δ +
= +

+ +
.     (21.16) 

The temperature profile in the vapor layer is assumed to be linear, 

1
1

1

1sp
rT T T
δ

⎛ ⎞
′− = Δ −⎜ ⎟

⎝ ⎠
.      (21.17) 

This assumption results from the observation that the cyclic instabilities do not 
allow thick films to exist. The order of magnitude is tenths of a mm. To permit 
further treatment,  the following average is required 

( ) ( )
1

1 1 1 1 11
1 0

1w T T w T T dr
δ

δ
′ ′− = −∫  

2 3 21 2
1 1 1 1 1

1 21
1 1 1 1 10

2
2sp

g r f r r f rT w w d
f f

ρ δ ξ
η δ ξ δ δ ξ δ

⎡ ⎤⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞Δ +⎪ ⎪⎢ ⎥⎢ ⎥= Δ − − +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥+ +⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭⎣ ⎦
∫ . 

   (21.18) 

The last equation can, after integration, be written in the form: 

( )
2

1
1 1 21

1

1 3 1
2 12 6sp sp

g f fw T T T T w
f f

ρ δ ξ
η ξ ξ

Δ +′− = Δ + Δ
+ +

.  (21.19) 

The Reynolds similarity hypothesis for the liquid boundary layer is used: 

* 2
2 2

2

1sc
rT T T
δ

⎛ ⎞
− = Δ −⎜ ⎟

⎝ ⎠
.      (21.20) 

This means that the velocity boundary layer is similar to the temperature boundary 
layer. This hypothesis holds for liquids with Pr 1≈ . For the energy conservation 
of the liquid boundary layer the following average is required 

( ) ( )
2

2 2 2 2 2 2 22
2 0

1w T T w T T dr
δ

δ
′ ′− = −∫  
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1 2
2 1 2 2

2 2
2 2 2 20

1
2sc

r g f f r rT w w d
f f

ρ δ ξ
δ η ξ ξ δ δ

⎧ ⎫⎛ ⎞ ⎡ ⎤Δ⎪ ⎪= Δ − + +⎨ ⎬⎜ ⎟ ⎢ ⎥+ +⎪ ⎪⎝ ⎠ ⎣ ⎦⎩ ⎭
∫  

2 21 2
2 2 1 2 2

2 2
2 2 2 2 20 2sc

r r g f f r rT w w d
f f

ρ δ ξ
δ δ η ξ ξ δ δ

⎧ ⎫⎛ ⎞⎛ ⎞ ⎡ ⎤ ⎛ ⎞Δ⎪ ⎪⎜ ⎟−Δ − + +⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟ + +⎝ ⎠ ⎣ ⎦ ⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭
∫  

2
1

2
2

2 1 3
12 6sc

g f fT w
f f

ρ δ ξ ξ
η ξ ξ

⎛ ⎞Δ +
= Δ +⎜ ⎟+ +⎝ ⎠

.    (21.21) 
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In this section the layer thickness ratio ξ  is taken as known. A separate section 
deals with calculation of the layer thickness ratio. 

We assume that no energy can be accumulated at the vapor-liquid interface. As 
a consequence, the energy entering the interface due to conduction from the wall 
through the vapor, minus the energy removed convectively for heating of the 
vapor plus the radiation energy dissipated into the surface, minus the energy 
removed from the interface into the liquid will then evaporate a certain amount of 
steam at the surface: 

( ) ( )1 1 2 2 2 3 1 1 1 1 1 11
/ /sp r sc pT q T dA d c w T r T Aσλ δ λ δ ρ⎡ ⎤′′ ′⎡ ⎤Δ + − Δ − −⎣ ⎦⎢ ⎥⎣ ⎦

 

( )1 1 11
d h w Aρ= Δ .      (21.22) 

The film cross-section at the position defined by the coordinate z is expressed by 

1 1A Lδ= ,        (21.23) 

where L is the transversal dimension of the plate. The infinitesimal wall surface is 
expressed by 

3dA Ldz= .        (21.24) 

By appropriate substitution within the energy jump condition the following is then 
obtained 

2 2 2
1

1 1 1 1 1

/
1

/ /
sp r sc

sp sp

T q T
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T T
σ λ δ

λ
δ λ δ λ δ

⎛ ⎞Δ ′′ Δ
+ −⎜ ⎟⎜ ⎟Δ Δ⎝ ⎠

 

( )1 1 1 1 11 1
1 1

pw c w T r T
hd

h
ρ δ

⎧ ⎫′⎡ ⎤+ −⎣ ⎦⎪ ⎪= Δ ⎨ ⎬
Δ⎪ ⎪⎩ ⎭

.   (21.25) 
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Introducing the following abbreviations 

Sp 1 /p spc T h= Δ Δ ,       (21.26) 

2

1 1/
r

r
sp

qr const
T
σ

λ δ
′′

= ≈
Δ

,      (21.27) 

2
2

1

sc

sp

TC
T

λ
λ
Δ

=
Δ

,        (21.28) 

ξ 2 1/δ δ= ,        (21.29) 

2

1 31
4 2 4

1 /nc
r

fSp
f ff
f r C

ξ
ξ ξ
ξ ξ

+
+

+ +=
+ + −

,     (21.30) 

2

11
3

1 /fc
r

Spff
f r Cξ ξ

+
=

+ + −
,     (21.31) 

Eq. (21.25) is finally obtained in the form: 

21 4
1 2 1

1 1

3 1
12 4 4

sp
nc fc

T gdz f d f w d
h

λ ρ δ δ
ρ η
Δ Δ

= +
Δ

.   (21.32) 

Before integrating the last equation it is assumed that the ratio of the radiative flux 
and the local film conduction heat flux is constant, Eq. (21.27). At first glance this 
assumption would seem arbitrary but as will be discussed later, this turns out to be 
a good assumption. Integrating with the initial condition 0z = , 1 0δ =  the local 
vapor film thickness as a function of the axial coordinate is then obtained 

4 2
1 1 1 2 1

1 1 12 2nc fc
sp sp

h g hwz f f
T T

ρ ρ δ ρ δ
λ η λ
Δ Δ Δ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟Δ Δ⎝ ⎠ ⎝ ⎠

.   (21.33) 

Comparing the above equation to Eq. (21.6) by Bui and Dhir (1985) it is evident 
that they are equivalent only when the conditions 1ncf =  and 1fcf =  hold, with 
the reason behind this not directly evident.  

Calculation of the average heat transfer coefficients for the limiting case of 
pure natural convection is given in Appendix 21.1. An estimate of the average 
heat transfer coefficients for the limiting case of predominant forced convection is 
given in Appendix 21.2. In order to simplify Eq. (21.33) the resulting average heat 
transfer coefficients are introduced 

1/ 4
3

1 1

1
nc nc nc

sp

h gh c f
T z

λ ρ ρ
η

⎡ ⎤Δ Δ
= ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
,     (21.34) 

21 Film boiling on vertical plates and spheres 
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1/ 2

1 1 2
fc fc fc

sp

hwh c f
T z

ρ λ⎡ ⎤Δ
= ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
,     (21.35) 

where 

2 / 3ncc = ,        (21.36) 

and 

1fcc = .        (21.37) 

Eqs. (21.34) and (21.35) can be written in terms of dimensionless numbers as 
follows 

1/ 4

1
1nc nc nc

PrNu c Gr f
Sp

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,     (21.38) 

1/ 2

1
1fc fc fc

PrNu c Re f
Sp

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.     (21.39) 

As it will be demonstrated later nch  is the heat transfer coefficient for the case of 
zero liquid velocity, that is natural convection only, and fch  is the heat transfer 
coefficient for predominant forced convection. Equation (21.33) can thus be 
rewritten in the following form 

4 2

1 1

1 1

2 * 0
2 2

nc nc

nc nc

h h zr
c c z

δ δ
λ λ

⎛ ⎞ ⎛ ⎞
+ − =⎜ ⎟ ⎜ ⎟ Δ⎝ ⎠ ⎝ ⎠

     (21.40) 

where 
2 1/ 22

1 1
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1 1*
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fc nc fc

nc fc nc

h c fPrr Fr
h c Sp f

ρ
ρ

⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ Δ⎝ ⎠⎝ ⎠

,    (21.41) 

and the Froude number is defined as 

2
2

wFr
zg

=
Δ

.        (21.42) 

The film thickness as a function of the axial coordinate is therefore 
1/ 21/ 2

21

1

* *
2

nc

nc

h zr r
c z

δ
λ

⎡ ⎤⎛ ⎞= + −⎢ ⎥⎜ ⎟Δ⎝ ⎠⎢ ⎥⎣ ⎦
.     (21.43) 
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At location z z= Δ  , vapor thickness is at its maximum, i.e. 

( )
1/ 21/ 21,max 2

1

* 1 *
2

nc

nc

h
r r

c
δ
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⎡ ⎤= + −⎢ ⎥⎣ ⎦
.      (21.44) 

The averaged film boiling heat transfer coefficient is therefore 
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h r r r r
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( ) ( )
1/ 21/ 2 1/ 22 2* 1 2 * * 1 *nch r r r r⎡ ⎤ ⎡ ⎤= + + + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

.   (21.45) 

When liquid velocity is equal to zero, r*=0, the expected solution nch h=  is 
obtained. Equation (21.45) is an important new result. This represents the average 
heat transfer coefficient for mixed convection as a function of the average flow 
properties, the heat transfer coefficient for natural convection and the Froude 
number. Note that this equation still contains one unknown variable: the layer 
thickness ratio ξ . The second equation is obtained in the next section by using the 
energy balance of the liquid boundary layer. 

The energy balance for the liquid boundary layer has the following form 

( ) ( )2 2 3 2 2 2 2 2 2 22
/sc pT dA d c w T r T Aλ δ ρ⎡ ⎤′⎡ ⎤Δ = −⎣ ⎦⎣ ⎦

.  (21.46) 

As has already been mentioned, it is not clear at the present time whether the 
liquid-vapor interface instabilities create a boundary layer transparent to light or 
not. Observations with the naked eye indicate that the interface is rather "milky" 
and therefore probably not so transparent as a water-steam interface at rest. This 
point deserves special attention in the future. 

The liquid boundary layer cross-section at the position defined by the 
coordinate z is 

2 2A Lδ= ,        (21.47) 

Substituting Eq. (21.21) for the average used in the last equation, the following is 
then obtained 

3
2 2 3 2

1 1 2 1 1
2 2

2 1 3
12 6

pc g f fdz d w d
f f

ρ ρ ξ ξδ δ ξ δ δ
λ η ξ ξ

⎛ ⎞Δ +
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.  (21.48) 

21 Film boiling on vertical plates and spheres 
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After integrating, this yields: 
4 23

2 2 2 221 1
2

2 2 2

1 32
2 3 2

p pc cg f fz w
f f

ρ ρρ ξ δ ξ δξ
λ η ξ ξ λ

Δ +⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
.  (21.49) 

Since the form of Eq. (21.49) is the same as Eq. (21.33), the same transformation 
can be applied to obtain another expression for the average heat transfer 
coefficient. Equating the right hand sides of the Eqs. (21.33) and (21.49), the 
definition equation for computation of the layer thickness ratio is then obtained. 
The heat transfer coefficients as function of the liquid side properties will next be 
computed in a similar way to the previous section. 

 
First, the following definition is made 

1/ 43
2 24

2, 2, 1
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2p
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z f

ρ ρ ξλ
λ η ξ

⎛ ⎞Δ
= ⎜ ⎟Δ +⎝ ⎠

,    (21.50) 
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,   (21.51) 

where 

2, 1ncc = ,        (21.52) 

and 

2, 1fcc = .       (21.53) 

With this notation  Eq. (21.49) divided by zΔ  gives 
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where 
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Solving for the film thickness yields 
1/ 21/ 2
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c z
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     (21.56) 

Using Eq. (21.54) the following is obtained for the average heat transfer 
coefficient 
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( ) ( )
1/ 21/ 2 1/ 22 2

2, 2 2 2 2* 1 2 * * 1 *nch h r r r r⎡ ⎤ ⎡ ⎤= + + + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
.   (21.57) 

By comparing Eqs. (21.57) and (21.45) the definition equation for the film 
thickness ratio is obtained as follows: 

( ) ( )
1/ 21/ 2 1/ 22 2
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.   (21.58) 

This is a transcendental equation with respect to the layer thickness ratio and must 
be solved by iteration. An analytical solution for natural circulation is available as 
an initial value. Setting the liquid velocity equal to zero yields 2,nc nch h= , which 
results in a cubic equation with respect to the unknown ξ  

( ) 3 2
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8 3 8 11 4 1 0
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⎝ ⎠ ⎝ ⎠
. (21.59) 

In actual fact, Eq. (21.59) is obtained by combining Eqs. (21.34) and (21.50). Here 
the following new dimensionless parameters inevitably result 

21 1 1
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Δ
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Δ
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An analytical solution is available as follows. Substitute 
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2 3D q p= + .       (21.63) 

For 0D >  the real solution is 
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.   (21.64) 

21 Film boiling on vertical plates and spheres 
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The film boiling heat flux is given by Eq. (21.45) 

FB spq h T′′ = Δ .        (21.65) 

The average heat flux from the vapor-liquid interface into the liquid is  
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The heat flux required for heating saturated steam to a certain average temperature 
corresponding to the linear temperature profile is 

( ) ( )3 1 3 1 1 1 1 1 11pq z dA d c w T r T Aσ ρ⎡ ⎤′′ ′⎡ ⎤= −⎣ ⎦⎣ ⎦
,   (21.67) 

or after rearrangement 
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The average value can be finally expressed by  
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The film thickness at the upper end of the integration region is determined by  
Eq. (21.44). 

 
For the case of the natural convection Eq. (21.69) reduces to 

3 1
1 1 3
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fq Sp q
f fσ
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+′′ ′′=
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,     (21.70) 

and for the case of predominant forced convection to 

3 1
1 1
3 FB
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fq Sp q
f fσ ξ

′′ ′′=
+

.     (21.71) 

It is evident that the energy transferred to heat up the vapor film is proportional to 
the energy transferred from the wall to the liquid interface by conduction. 
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The evaporation mass flow rate is expressed by 

( ) ( )2 2 3 121
/FB rw q q q q hσ σ σρ ′′ ′′ ′′ ′′= + − − Δ .    (21.72) 

For natural convection the following is obtained 
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ξρ
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⎛ ⎞ ′′+
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.   (21.73) 

This equation contains an interesting item of information. The condition 
( )21

0wρ =  leads to a transcendental equation with respect to superheat, as rr  and 

ξ  are also functions of spTΔ .  
The assumption that there is a linear temperature profile is not valid for higher 

degrees of superheat, because heating of the vapor will first bring  the liquid 
interface to a certain average temperature but will then require more energy than 
could be supplied at the interface. Under such conditions only radiation heat flux 
has any influence on film boiling.  

Thus, a complete analytical description of the heat transfer mechanism for film 
boiling is now available. 

43030:"Ghhgev"qh"vjg"kpvgthcekcn"fkuvwtdcpegu"

The interfacial disturbances enhance the heat transfer from the interface to the 
liquid. This effect was recognized by Coury and Dukler (1970), Suryanarayana 
and Merte (1972) and discussed by Analytis and Yadiragoglu (1985) for vertical 
surfaces. More recent works by Bui and Dhir (1985), Nigmatulin et al. (1994), 
Nishio and Ohtake (1993) substantiate this finding. The effect is:  

 
(a) As it is evident from Fig. 21.1 b, the interfacial instabilities do not allow the 

film to become very thick. The series of crests indicates that the characteristic 
length of the process is proportional to the instability wavelength KHλ , rather than 
to the height of the heated surface so long as / 2KHz λΔ > . The classical Kelvin-
Helmholtz instability analysis applied to this problem defines this instability 
wavelength by the formula 
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   (21.74) 

which has to be solved together with Eq. (21.43) for 

/ 2KHz z λ= Δ = .      (21.75) 

21 Film boiling on vertical plates and spheres 
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(b) We expect that the theory as presented up to this point will underpredict the 
influence of the subcooling. The instabilities at the surface produce periodical 
bubble entrainment which causes turbulent mixing in the liquid boundary layer 
and therefore additional enhancement of heat transfer into the liquid. 

This effect can be included in the model by modifying the liquid thermal 
boundary layer thickness as follows. In place of 2C   the following is used 

*
2 2

21
5

C C Sp⎛ ⎞= +⎜ ⎟
⎝ ⎠

.      (21.76) 

This is valid for  

( ) 21 / 1rr Cξ+ > ,      (21.77) 

with the boundary layer thickness left unchanged for all other conditions. For 
small degrees of superheating this modification is not important; it only starts to 
influence the computed heat transfer into the liquid in the case of higher degrees 
of superheat. The data comparison given in the next section provides the 
justification for this modification. 
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Equation (21.58) provides a new general method for layer thickness ratio 
computation. Equation (21.45) provides a new general method for computation of 
the averaged film boiling heat transfer coefficient for an arbitrary state of the 
liquid. 

It is worth noting that for the case of natural convection the cubic Eq. (21.59) is 
obtained for the layer thickness ratio just as do Sakurai (1990), and Liu and 
Theofanous (1995), but with different coefficients. 

Comparing Eq. (21.28) with Eqs. (21.68) and (21.64) the following is obtained 
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or 
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.     (21.79) 

This is a very significant equation indicating a simple way to take into account the 
effects of vapor heating, liquid subcooling and radiation. As a result, Eq. (21.40) 
can be written in the form  
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      (21.80) 
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where 
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Similarly for the case of forced convection the following is obtained 
1/ 2

2 2 3 1

,0

1fc r

fc fc

q q q q
q q

σ σ σ

−
⎛ ⎞′′ ′′ ′′ ′′− −

≈ +⎜ ⎟⎜ ⎟′′ ′′⎝ ⎠
      (21.82) 

where 
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is the heat flux for predominant forced convection and saturated liquid.  
The notation can now be generalized as follows 
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The value m = 2 applies for predominant forced convection, and m = 4 for natural 
convection. Note that for ( )2 2 3 1 / 1r FBq q q qσ σ σ′′ ′′ ′′ ′′− − >>  we have ,0FB FBq q′′ ′′  

( ) ( )1/ 1

2 2 3 1 ,0

m

r FBq q q qσ σ σ

− −
′′ ′′ ′′ ′′⎡ ⎤≈ − −⎣ ⎦ . This describes the way in which heat transfer 

from the surface to the vapor and from the interface to the liquid enhances the film 
boiling heat transfer component. 

It is common practice to incorporate the surface-vapor term into a modified 
term for latent heat of vaporization. The natural-convection film boiling heat 
transfer coefficient can thus be expressed with the modified Eq. (21.34a) as 
follows 
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where 

( ) ( ) ( ) ( ){ }* 4 / 0.5 3 / (1 0.5 )h h f f f f Sp h Spξ ξ ξ ξ⎡ ⎤Δ = Δ + + + + + ≈ Δ +⎣ ⎦ , 

   (21.85) 

21 Film boiling on vertical plates and spheres 

It is evident that this practice yields a good approximation of the general result 
as the ratio 3 1 / FBq qσ′′ ′′  is almost constant for given thermal conditions. The 
constant 0.5 has been also used by Sakurai (1990). Some authors have used 
other values instead of 0.5: 0.4 - Bromley (1952), 0.6 - Frederking et al. (1965)  
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For predominant forced convection (m = 2 in Eq. (21.84)) the following is then 
obtained 

1/ 22

2 2 2 2

,0 ,0 ,0

1 11
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FB r r

FB FB FB

q q q q q
q q q

σ σ σ σ
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.   (21.87) 

This equation can be solved numerically for natural convection. As already 
mentioned, the effect of subcooling or superheating is to either reduce or enhance 
the effect of radiation. 

For the case of natural circulation, film boiling Eq. (21.86) reduces to an 
equation that was in fact already intuitively introduced by Bromley, see Eq. (9) in 
Bromley (1950), who considered it as "approximate". It was shown by Sparrow 
[(1964), p 234] that for natural-convection film boiling use of Eq. (21.85) permits 
the effect of the radiation on the conductive heat flux to be predicted to within a 
few per cent of the accuracy of the exact method. This means that Eq. (21.86) is a 
very practical approach for the general case of film boiling with radiation in 
subcooled or superheated liquid as demonstrated in Kolev (1995). 

4303032"Xgtkhkecvkqp"wukpi"vjg"gzrgtkogpvcn"fcvc"

Experimental data for averaged heat transfer coefficients were obtained at the 
Royal Institute of Technology in Sweden by Okkonen et al. (1996). The data are 
for vertical heated walls with 1.5zΔ =  m. Water at atmospheric pressure and 
subcooling of scTΔ =3 to 42K, was used as a coolant. The wall superheat was con-
siderable: spTΔ =487 to 1236K. The heat transfer coefficient was defined by Okkonen 
with respect to the wall-liquid temperature difference. This is recomputed here with 
respect to wall-saturation temperature difference for comparison purposes. 
Prediction is performed using Eqs. (21.75), (21.64), (21.30 and (21.34a). A 
comparison of the predicted data with the 43 data points gained by experiment is 
given in Fig. 21.2. It is evident that all data are predicted inside the error band of 

10%± , with a mean averaged error of less than 4%±  when the modified theory 
expressed by Eq. (21.76) is used. 

or 10.84 / Pr  - Sparrow (1964). If these values are compared with Eq. (21.85) it 
is evident  that the correct value for the linear temperature profile in the vapor 
is very close to a constant value of 0.5. For degrees of superheat exceeding 
700 K at atmospheric pressure the term 3 1 / FBq qσ′′ ′′  is larger than 0.4, and cannot 
be neglected. The modification of the latent heat of vaporization as discussed 
here simplifies the general equation to 
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It is interesting to note that for this data we have 25 to 39.6f ≈ , 
0.35 to 2.3ξ ≈ , 4.2 to 205ncf ≈ . 

 

 
Fig. 21.2 Comparison between the film boiling model and the data base of the Royal 
Institute of Technology (KTH - Sweden) - Okkonen et al. Vaeth’s radiation model (FzK - 
Karlsruhe) incorporated. 1.5z mΔ =  vertical wall. Water at atmospheric pressure and 
subcooling 3 42scT KΔ = − .  Wall superheat 487 1236spT KΔ = −  

4303033"Eqpenwukqpu"

The approximate mathematical description proposed in this work relates to mixed- 
convection film boiling on a vertical heated plate, in saturated or subcooled liquid. 
It takes into account the effect of radiation and leads to a new analytical solution. 
This solution compares well with the experimental data for natural-convection 
film boiling. The final result is recommended for practical application. 

4303034"Rtcevkecn"ukipkhkecpeg"

An analytical solution of the mass, momentum and energy conservation equations 
describing mixed-convection film boiling on vertical walls is now available. From 
this solution expressions are derived for the particular components of the removed 
heat that cause vapor heating, liquid heating, for evaporation mass flow rate, and 
for average vapor volume attached to the surface. This is a step forward in 
increasing the accuracy of the overall flow field prediction for melt interacting 
with water in severe accident analysis in industry. Design calculations for vertical 
surfaces cooled by film boiling can now be implemented with an accuracy of 
about 10%. 

21 Film boiling on vertical plates and spheres 
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430403"Kpvtqfwevkqp"

In Section 21.1 of this Chapter the method was described that led to a successful 
analytical description of film boiling on vertical plates. Here this method is 
extended to a method for description of mixed-convection film boiling at spheres. 

430404"Rtqdngo"fghkpkvkqp"

Consider the geometry presented on Fig. 21.3. A hot sphere is flowed by liquid 
similarly to the case presented in Fig. 21.1. All geometry definitions are similar to 
those of the plate. 

The problem to be solved is: compute all components of the heat flux emitted 
from the wall as indicated on Fig. 21.3. 

430405"Uqnwvkqp"ogvjqf"

Encouraged by the successful model development for plane geometry we have 
repeated the same procedure for the spherical geometry. In addition to the 
assumption of a linear temperature profile in the liquid we considered also the 
case for a quadratic profile. The results are analytical solutions for natural and 
forced convection, respectively. A closed analytical solution for mixed convection 
could not be obtained. Therefore interpolation between both solutions was 
necessary to describe the mixed convection. The final result was more 
complicated than the plane solution. Data comparison shows that several empirical 
corrections are necessary to bring the model prediction within a 30% error band 
compared to experiments. An ad hoc application of the plane solution to spherical 
geometry was much better. Therefore we decided to modify the plane solution 
appropriately and to verify the solution on the data available. The motivation for 
this study comes from the Meyer and Schumacher experiment (1996). 

430406"Oqfgn"

The interfacial area per unit volume of the flow 

3 3

3

6F
Vol D

α
=         (21.88) 

is necessary to compute power densities from heat fluxes at the surface. At the 
beginning of the computation we assume that the surface temperature is equal to 
the particle-averaged temperature 3 3T Tσ = . This assumption can be improved by 
repeating the procedure described below. 
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′′qr2

w2  
Fig. 21.3 Geometry definition to film boiling at sphere 

21.2.4.1 Heat flux from the liquid interface into the liquid 

In case of subcooling there is a heat transfer from the water interface into the bulk 
of the water. We compute the Nusselt number for the natural convection only 
using the Achenbach correlation (1993) verified for 6

2 20 5 10Gr Pr< < ×  

( )1/ 2
2, 2 23.71 0.402ncNu Gr Prσ = + ,    (21.89) 

where the Grashoff number for a sphere is approximated as given in the 
Nomenclature. Interface turbulence due to film boiling is taken into account 

( ) ( )1/ 23
2, 2 22.1 1 15 * 3.71 0.402ncNu Sp Gr Prσ

⎡ ⎤= + +⎣ ⎦   (21.90) 
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by introducing a multiplier depending on the superheating. The forced convection 
Nusselt number is computed by slightly modifying the method of Gnielinski 
(1978) 

( )2, 2, 2,max ,fc fcl fctNu Nu Nuσ σ σ= ,    (21.91) 

where 
1/ 2 1/ 3

2, 2 20.664fclNu Re Prσ = ,     (21.92) 

( )
0.8
2 2

2,
2 / 3

20.1
2

0.037 2.4431 1
fct

Re PrNu
Pr

Re

σ =
+ −

.    (21.93) 

This method is verified for 4
2 2 10Re < × , 4

20.7 10Pr< < . Achenbach (1993) 
reported data which demonstrate the validity of the above approach up to 

5
2 7.7 10Re < ×  and pressure up to 40 bar. Interface turbulence due to film boiling 

is taken into account by introducing a multiplier depending on the superheating 

( )3
2, 2,1.5 1 5 *fc fcNu Sp Nuσ σ= + .      (21.94) 

Again, as in the case of natural convection, the interface turbulence due to film 
boiling is taken into account by introducing an empirical multiplier 

( )31.5 1 5 *Sp+  depending on the superheating. The coefficients are selected by 
comparison with experimental data as will be discussed later on. 

 
For 2 0.001Re <  

2 2,ncNu Nuσ σ=       (21.95) 

otherwise 

( )2 2, 2,max ,nc fcNu Nu Nuσ σ σ= .     (21.96) 

The thermal power transferred from the interface into the bulk per unit flow 
volume is therefore 

( )2 2 2q T Tσ σω′′′ ′= − ,       (21.97) 

3 2
2 2

3
gas

FC Nu
Vol Dσ σ

λω = .     (21.98) 

Here the multiplier 
1/ 3

2

1 2
gasC α

α α
⎛ ⎞

= ⎜ ⎟+⎝ ⎠
      (21.99) 
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takes into account the presence of vapor in the flow outside the film. The power 
1/3 rather the proposal by Liu and Theofanous  (1995), ¼, is used in Eq. (21.99) 
for better reproduction of the experimental data for film boiling in two-phase flow 
with this particular model. 

21.2.4.2 Radiation from the sphere 

For very high temperatures the radiation cannot be neglected. This is a very 
important topic which deserves separate and careful discussion. We will confine 
ourselves to referring to the formalism provided by Lanzenberger (1997), which 
gives three radiation components from the particle interface being functions of the 
volumetric fractions, partial vapor pressure and the temperatures of the emitter and 
receivers 

[ ]1 2 2, ,r r r L
q q q σ′′′ ′′′ ′′′  = f ( )1 2 3 1 2 3, , , , , ,Mp T T T σα α α .   (21.100) 

For convenience we introduce a splitting factor for correction of the radiation heat 
redistribution in water due to surface instability based on the increase of the 
surface absorption 

[ ] [ ]2 2 2r r split rL L
q q c qσ σ′′′ ′′′ ′′′= + ,     (21.101) 

( )[ ]2 21r split r L
q c q′′′ ′′′= − ,      (21.102) 

where 

0splitc = .        (21.103) 

For superheated liquid  

2T T ′>         (21.104) 

all the radiation reaching the liquid is deposited at the liquid interface facilitating 
an additional spontaneous flashing condition 

[ ] [ ]2 2 2r r rL L
q q qσ σ′′′ ′′′ ′′′= +        (21.105) 

2 0rq′′′ = .       (21.106) 

For practical application Vaeth´s model (1995) in IVA4 was replaced by the new 
model developed by Lanzenberger (1997). The new model solves correctly the 
radiation transport equation for particular geometries in the multi-phase flows 
without making use of some simplifying assumptions made by Vaeth. One of the 
results of the new model is, for instance, less radiation energy adsorbed in the 
steam. This is not significant for the discussed case, but in large-scale melt-water 
interaction is of importance. The comparisons with experimental data reported 
here are performed with the model of Lanzenberger. 
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21.2.4.3 Film boiling without radiation in saturated liquid 

Here we consider film boiling without radiation in saturated liquid. In Section 
21.2.4.3.4 the prediction of the model will be extended to take into account 
radiation and subcooling. 

21.2.4.3.1 Natural convection only 
 

The heat transfer coefficient for natural-convection film boiling is computed by 
using a somewhat modified plane solution 

1
,1 ,1

3
nc nch Nu

D
λ

=       (21.107) 

where 

( ) ( )1/ 4

,1 3 1 10.7 /nc ncNu f D f Gr Pr Sp= ,    (21.108) 

4 1 31
2 4nc

f ff Sp
f f

ξ ξ
ξ ξ

⎛ ⎞+ +
= +⎜ ⎟+ +⎝ ⎠

,      (21.109) 

( ) ( )1/ 3 1/ 3q qξ = − + Δ + − − Δ ,   0ξ > ,    (21.110) 

DΔ =   for  0D ≥ ,      (21.111) 
2 3D q p= + ,        (21.112) 

1

11+1 4 2
3 27 C

Sp
q = − ,       (21.113) 

1

34+1 8 2
3 81 fC

Sp
p = − .      (21.114) 

From the comparison of the data by Liu and Theofanous (1995) for saturated 
liquid and different particle sizes we obtain correction function values around one. 

 
 3D   ( )3f D  
 
 2.535  0.995 
 3.806  0.952 
 5.070  0.939 
 7.624  1.031 
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The natural instability length scale, the Rayleigh-Taylor wavelength, is used to 
normalize the particle size 

3 3 / RTD D λ= .        (21.115) 

For smaller values of 3D  of 2.535 we use 3 0.995D = . Finally the thermal power 
transferred by conduction through the vapor film per unit flow volume is 

( )3
, ,1 3FB nc nc

Fq h T T
Vol σ′′′ ′= − .     (21.116) 

Assuming that there is a vapor temperature profile automatically leads to the 
conclusion that there is some thermal power transfer into the vapor. We 
approximate this part 

( )31, ,
30.3nc FB nc

nc

fq Sp q
f f

ξ
ξ

+′′′ ′′′=
+

,     (21.117) 

For 2 3 0q p+ <   the layers thickness ratio is theoretically not defined. If using 
minimum film boiling theory strictly consistent with this work no further 
discussion is necessary. If not, e.g. empirical correlation for minimum film boiling 
is used, then we set 

31, ,0.3  nc FB ncq Sp q′′′ ′′′= ,       (21.118) 

and 11
2ncf Sp= + . 

 
21.2.4.3.2 Predominant forced convection 

 
In earlier development Vaeth (1995) we used for this case the Bromley-Witte 
theory (1953, 1968), 

( )3
, ,1 3FB fc fc

Fq h T T
Vol σ′′′ ′= − ,     (21.119) 

where 
1/ 2

1 1
,1

3

2.98fc
Reh

D Sp
λ ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

.     (21.120) 

The comparison with the forced-convection film boiling data by Liu and 
Theofanous (1995) resulted in replacing this model by the model of Epstein-
Heuser (1980): 

1/ 4
1/ 2 1/ 41 2

,1 1
3 1

0.60 / *fch Re Sp
D
λ ρ

ρ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

    (21.121) 
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in which the constant is changed from 0.65 to 0.6. Again thermal power transfer 
into the vapor is approximated for 0D <  by 

31, ,0.05  fc FB fcq Sp q′′′ ′′′=       (21.122) 

otherwise 

( )31, ,0.05  fc FB fc
fc

fq Sp q
f f ξ

′′′ ′′′=
+

.    (21.123) 

Here 

11
3fc

ff Sp
f ξ

⎛ ⎞= +⎜ ⎟+ ⎝ ⎠
      (21.124) 

is computed as Eq. (21.31) setting, 2 0C = , 0rr = , and ξ  is computed as for 
natural convection. 

 
21.2.4.3.3 Mixed convection 

 
Mixed convection film boiling is known to exist in the region 0.2Fr ≥ . For 

0.2Fr <  the natural-convection only solution  

,0 ,FB FB ncq q′′′ ′′′= ,       (21.125) 

31 31,ncq q′′′ ′′′= ,       (21.126) 

is the appropriate one. Otherwise, the approximation between natural- and forced-
convection solutions is performed following Liu and Theofanous (1995) 

1/55

,
,0 ,

,

1 FB fc
FB FB nc

FB nc

q
q q

q

⎡ ⎤′′′⎛ ⎞
⎢ ⎥′′′ ′′′= + ⎜ ⎟⎜ ⎟′′′⎢ ⎥⎝ ⎠⎣ ⎦

,     (21.127) 

1/55

31,
31 31,

31,

1 fc
nc

nc

q
q q

q

⎡ ⎤′′′⎛ ⎞
⎢ ⎥′′′ ′′′= + ⎜ ⎟⎜ ⎟′′′⎢ ⎥⎝ ⎠⎣ ⎦

.     (21.128) 

Note that in the previous code development, Vaeth (1995), we used  

,0FBq′′′ = ( ), ,max ,FB nc FB fcq q′′′ ′′′ . 

21.2.4.3.4 Feedback of the radiation, subcooling and vapor heating on the 
vapor film conduction heat transfer 

 
The experience with the plate solution is used here as a guideline. First we define 
the ratios 
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2 2 31

,0

r
r

FB

q q q
r

q
σ σ′′′ ′′′ ′′′− −

=
′′′

,      (21.129) 

* 1
2r rr r= ,       (21.130) 

influencing the film conduction through influencing the film thickness. Analytical 
solution of Eq.(21.84) is available for forced convection only, 

*2 *1fc r rx r r= + − .       (21.131) 

For natural convection Eq. (21.84)  rewritten in the following form 
4 3 1 0nc ncx rx+ + =       (21.132) 

has to be solving by iteration. We start with the value for forced convection and 
iterate up to satisfying the equation with residuals less than 0.0001. Finally, we 
take the maximum of both values. 

( )max ,fc ncx x x= ,      (21.133) 

,0FB gas FBq C xq′′′ ′′′= .      (21.134) 

The total thermal energy emitted by the interface of the particle is therefore 

3 31 1 2 2FB r r rq q q q q qσ σ′′′ ′′′ ′′′ ′′′ ′′′ ′′′= − − − − − .    (21.135) 

For implementation in computer codes it is important to check whether there is 
enough energy which has to be exhausted from the particles. The maximum of this 
energy can be defined as the energy required to heat up the particle from the liquid 
temperature to the actual particle temperature within the computational time step, 

( )3,max 3 3 3 3 2 /pq c T Tσ σα ρ τ′′′ = − Δ .      (21.136) 

Should the ratio max 3,max 3/f q qσ σ′′′ ′′′=  be larger than 1 the time step has to be 
corrected. If the time step is small enough we correct all components as follows 

maxfb fbq q f′′′ ′′′= , 31 31 maxq q f′′′ ′′′= , 1 1 maxr rq q f′′′ ′′′= , 2 2 maxr rq q f′′′ ′′′= , 2 2 maxr rq q fσ σ′′′ ′′′= . 
 
Finally the total film boiling heat transfer coefficient is  

( )3
3 3/FB

Fh q T T
Volσ
⎡ ⎤′′′ ′= − −⎢ ⎥⎣ ⎦

.     (21.137) 

This definition is used for comparison with the experimental data. The energy 
crossing the liquid interface and entering the water bulk is composed of radiation 
and convective components 

2, 2 2total rq q qσ σ′′′ ′′′ ′′′= + .       (21.138) 
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Similarly the energy transferred from the particle into the gas film is composed by 
radiation and convective parts 

3 1 1 31rq q qσ′′′ ′′′ ′′′= + .      (21.139) 

The energy jump condition at the liquid interface gives for the evaporated mass 
per unit time and unit flow volume the following expression 

2 2
21

r FBq q q
h h

σ σμ
′′′ ′′′ ′′′+ −

=
′′ ′−

.      (21.140) 

21.2.4.3.5 The interface temperature 
 

The sphere interface temperature during film boiling may differ from the particle- 
averaged temperature, especially for large particles of poor heat conductors. The 
limitation come from the fact that only a limited amount can be supplied from the 
particle bulk to the particle surface. The analytical solution of the Fourier 
equation is the tool used here to estimate the interface temperature. The 
temperature profile is then averaged to estimate the averaged temperature and 
therefore the averaged temperature change during the time step. The task is to 
estimate the possible energy transfer due to the conditions during the time step 
considered and to compare it with that computed above. The final result is  

3 3 3 3/T T qσ σ ω′′′= +        (21.141) 

where 

3
3 3 3 3p

Tc σω α ρ
τ

Δ
=

Δ
       (21.142) 

The averaged temperature difference is  

2
3 2 2

1 3

6 11 / exp
n

T n
nσ

τ
π τ

∞

=

⎛ ⎞Δ
Δ = − ⎜ ⎟Δ⎝ ⎠

∑ ,    (21.143) 

where  
2
3

3 2
34

D
a

τ
π

Δ =         (21.144) 

is the time constant of the heat conduction into the spherical particle. The 
converging Fourier series is computed using n as big as necessary (but no larger 
then 100) to obtain improvement in the summation less than 0.00001. Because 

3qσ′′′  is a function of the interface temperature itself some iterations may be 
required to finally obtain the released power density. 
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21.2.4.3.6 Averaged film thickness in the multiphase flows 
 

To demonstrate the importance of the averaged film thickness in the multi-phase 
analysis, consider the question how much vapor is associated in the film and how 
much is in bubble form. The heat and mass transfer processes at the particle 
interface are completely described in the case of film boiling by the method 
presented already. The remaining part in bubble form is subject to additional 
water/vapor heat and mass transfer which will not be considered here. Analysis of 
the QUEOS Kolev (1996) experiments demonstrates that at the initial phase of 
penetration of hot particles in water almost the entire generated vapor is in the 
film. That means no additional vapor/water heat and mass transfer has to be 
modeled. For the later phase of interaction it starts to be active.  

We approximate the averaged film thickness as follow. For 23 0.001VΔ <  we 
have natural-circulation film boiling leading to 

1 1 ,F F ncδ δ=
( )

1/ 3
2
3 21 1

3 1 2 1

2D
g

μ η
α ρ ρ ρ
⎡ ⎤

= ⎢ ⎥
−⎢ ⎥⎣ ⎦

    (21.145) 

otherwise 

1Fδ =
2
3 21

1 ,
3 1 23

2
9F fc

D
V

μδ
α ρ

=
Δ

     (21.146) 

with the limitation 

( )1 1 , 1 ,min ,F F nc F fcδ δ δ= .     (21.147) 

430407"Fcvc"eqorctkuqp""

The sphere film boiling model presented here is implemented in the computer 
code IVA5. More information about the history of this development and the recent 
state is available in Kolev (1995) and Kolev (1996). This model is used for the data 
comparisons presented below. The new experimental data base provided by Liu 
and Theofanous in 1995 consists of single- and two-phase flow data. The single-
phase data covers subcooling from 0 to 40 K, liquid velocity from 0 to 2.3 m/s, 
sphere superheat from 200 to 900 K and sphere diameter from 6 to 19 mm. The 
two-phase data are obtained for (a) upward flow having void fraction from 0.2 to 
0.65, water velocity from 0.6 to 3.2 m/s, and steam velocity from 3 to 9 m/s, and 
(b) for downward flow having void fraction from 0.7 to 0.95, water velocity from 
1.9 to 6.5 m/s, and steam velocity from 1.1 to 9 m/s. 

Figure 21.4 presents the comparison between the predicted and calculated heat 
transfer coefficients for all data 30%± . 

icted and calculated heat transfer 
coefficients for single-phase saturated water and four different sphere diameters. 
The error band for this subset of data is found to be +20 to -15%. Figure 21.6 

Figure 21.5 presents the comparison between the pred
, Kolev (1997). The error band is found to be 
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presents the comparison between the predicted and calculated heat transfer 
coefficients for subcooled water and 12.7 mm sphere diameter. The error band for 
this subset of data is found to be +20 to -30%. 

 
Fig. 21.4 Comparison between predicted and calculated heat transfer coefficients for all 
data. Error band: 30%±  

 
Fig. 21.5 Comparison between predicted and calculated heat transfer coefficients for single-
phase saturated water and four different sphere diameters. Error band : +20 to − 15% 
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Fig. 21.6 Comparison between predicted and calculated heat transfer coefficients for 
subcooled water and 12.7 mm sphere diameter. Error band: +20 to − 30%. 

 

 
Fig. 21.7 Comparison between the predicted and calculated heat transfer coefficients for 
saturated upward two phase flow, 12.7 mm sphere diameter, void fraction from 0.2 to 0.65, 
water velocity from 0.6 to 3.2 m/s, and steam velocity from 3 to 9 m/s. Error band: +30

21 Film boiling on vertical plates and spheres 

to –20% 
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Fig. 21.8 Comparison between the predicted and calculated heat transfer coefficients for 
saturated downward two phase flow, 12.7 mm sphere diameter, void fraction from 0.7 to 
0.95, water velocity from 1.9 to 6.5 m/s, and steam velocity from 1.1 to 9 m/s. Error band: 
+20 to − 20% 

Figure 21.7 presents the comparison between the predicted and calculated heat 
transfer coefficients for saturated upward two-phase flow, 12.7 mm sphere 
diameter, void fraction from 0.2 to 0.65, water velocity from 0.6 to 3.2 m/s, and 
steam velocity from 3 to 9 m/s. The error band for this subset of data is found to 
be +30 to − 20%. 

 
Figure 21.8 presents the comparison between the predicted and calculated heat 
transfer coefficients for saturated downward two-phase flow, 12.7 mm sphere 
diameter, void fraction from 0.7 to 0.95, water velocity from 1.9 to 6.5 m/s, and 
steam velocity from 1.1 to 9 m/s. The error band for this subset of data is found to 
be +20 to -20%. 

430408"Eqpenwukqpu"

The semi-empirical film boiling model used in IVA5 computer code predicts the 
data base provided by Liu and Theofanous within 30%± . 

Crrgpfkz"4303"Pcvwtcn"eqpxgevkqp"cv"xgtvkecn"rncvg"

From Eq. (21.31) the local vapor film thickness as a function of the axial 
coordinate for natural-convection film boiling at a vertical plate is then obtained 
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1/ 4

1

1 1 1

1 1
2 nc

sp

h g f
T z

ρ ρ
δ λ η

⎡ ⎤Δ Δ
= ⎢ ⎥

Δ⎢ ⎥⎣ ⎦
.     (A21.1-1) 

The film boiling heat flux averaged over the height zΔ  is therefore 
1/ 4

3
1/ 41 1

1
1 10 0

1 1 1 /
2

z z
sp

FB sp nc
sp

T h gq dz T f dz z
z T z

λ ρ ρ
λ

δ η

Δ Δ⎡ ⎤Δ Δ Δ′′ = = Δ ⎢ ⎥
Δ Δ Δ⎢ ⎥⎣ ⎦
∫ ∫  

1/ 4
3

1 1

1

2
3sp nc

sp

h gT f
T z

λ ρ ρ
η

⎡ ⎤Δ Δ
= Δ ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
.     (A21.1-2) 

The heat transfer coefficient is 
1/ 4

3
1 1

1
nc nc nc

sp

h gh c f
T z

λ ρ ρ
η

⎡ ⎤Δ Δ
= ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
     (A21.1-3) 

where 

2 / 3ncc = .        (A21.1-4) 

Equation (A21.1-3) for 1ncf =  reduces to the Nusselt equation for laminar film 
condensation at a cold wall Nusselt (1916) with correspondingly inverted 
subscripts. 

Consider the predominant forced-convection film boiling at a vertical plate. 
Neglecting the natural convection terms as small against the predominant forced 
convection terms in Eq. (21.31), the following is then obtained 

1/ 2

1 2

1 1

1 1
2 fc

sp

hw f
T z

ρ
δ λ

⎡ ⎤Δ
= ⎢ ⎥

Δ⎢ ⎥⎣ ⎦
.     (A21.2-1) 

The film boiling heat flux averaged over the height zΔ  is therefore 
1/ 2

1/ 21 1 2
1

10 0

1 1 1 /
2

z z
sp

FB sp fc
sp

T hwq dz T f dz z
z T z

ρ λλ
δ

Δ Δ⎡ ⎤Δ Δ′′ = = Δ ⎢ ⎥
Δ Δ Δ⎢ ⎥⎣ ⎦
∫ ∫  

1/ 2

1 1 2
sp fc

sp

hwT f
T z

ρ λ⎡ ⎤Δ
= Δ ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
     (A21.2-2) 
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Appendix 21.2 Predominant forced convection only  
at vertical plate 
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The heat transfer coefficient is 
1/ 2

1 1 2
fc fc fc

sp

hwh c f
T z

ρ λ⎡ ⎤Δ
= ⎢ ⎥

Δ Δ⎢ ⎥⎣ ⎦
     (A21.2-3) 

where 

1fcc = .        (A21.2-4) 
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1a  1

1 1pc
λ

ρ
= , vapor temperature diffusivity, m²/s 

2a  2

2 2pc
λ

ρ
= , liquid temperature diffusivity m²/s 

3a  3

3 3pc
λ

ρ
= , particle temperature diffusivity, m²/s 

1C  21 1

2 2

p spc T
h

λ ν
λ ν

Δ
=

Δ
, superheat property number, - 

2C  2

1

sc

sp

T
T

λ
λ
Δ

=
Δ

, superheat to subcooling ratio, - 

3C  22 1 1

1 2 2

p spc T a Sp
h a

ρ λ
ρ λ

Δ
= =

Δ
, superheat property number, - 

1pc  vapor specific heat at constant pressure, J/(kgK) 

2pc  liquid specific heat at constant pressure, J/(kgK)  

ncc  numerical constant for heat transfer coefficient for pure natural  
convection , - 

fcc  numerical constant for heat transfer coefficient for pure forced 
convection, 

Fr  23

3

V
gD
Δ

= , Froude number for sphere, - 

2Fr  2

32
w
R g

= , Froude number for sphere and cylinder, - 

2Fr  2w
zg

=
Δ

, Froude number for vertical plane, - 
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f  2 1/η η=  ,dynamic viscosity ratio, - 

1Gr  3 2
3 1 2 1 1(2 ) ( ) /g R ρ ρ ρ η= − , Grashoff number for sphere and cylinder, - 

1Gr  3 2
1 2 1 1( ) /g z ρ ρ ρ η= Δ − , Grashoff number for vertical plane, - 

2Gr  
2

3 2 2
3

2 2

T TgD
T

ρ
η

⎛ ⎞′−
= ⎜ ⎟

⎝ ⎠
, Grashoff number for sphere, - 

g acceleration due to gravity, m/s² 
h heat transfer coefficient, W/(m²K)  

nch  heat transfer coefficient for pure natural convection, W/(m²K)  

fch  heat transfer coefficient for pure forced convection, W/(m²K)  

FBq′′  heat flux due to conduction through the vapor film, W/m² 

3 1q σ′′  heat flux from the wall into the vapor due to convective heating of the 
vapor from the saturation interface temperature to an averaged vapor film 
temperature, W/m² 

2qσ′′  heat flux from the liquid interface into the liquid due to convection, W/m² 

2rq′′  radiation heat flux from the wall into the bulk liquid, W/m² 

3q σ′′  total heat flux from the wall, W/m² 

2rq σ′′  radiation heat flux absorbed from the vapor-liquid interface, W/m² 

1rq′′  radiation heat flux from the interface into the vapor, W/m² 

1Pr  1 1

1

pcη
λ

= , vapor Prandtl number, - 

2Pr  2 2

2

pc η
λ

= ,  liquid Prandtl number, - 

3R  radius of sphere or cylinder, m 

1Re  1 23 3 12 /w Rρ η= Δ , Reynolds number, - 

2Re  23 3 2 2/V D ρ η= Δ , liquid Reynolds numbers , - 

*r  
2

22/ 2
9

fc nc

nc fc

h c
r

h c
⎛ ⎞

= =⎜ ⎟⎜ ⎟
⎝ ⎠

, - 

r  /fc nch h= , - 

rr  2

1 1/
r

sp

q
T
σ

λ δ
′′

=
Δ

, ratio of the radiation heat flux to the conduction heat flux 

for plates, - 

rr  2 2 31

,0

r

FB

q q q
q

σ σ′′′ ′′′ ′′′− −
=

′′′
, for spheres, - 

*
rr  1

2 rr= , for spheres, - 
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1r  distance from the wall, m 

2r  distance from the interface, m 
Nu 3 12 /h R λ= , Nusselt number for sphere and cylinder,  
Nu 1/h z λ= Δ , Nusselt number for vertical plane,  
p pressure, Pa 

Mp  partial vapor pressure in a mixture of vapor and inert components, Pa 
Sp  1 /p spc T h= Δ Δ , superheat number, - 

*Sp  
( )1 3

1* Pr
pc T T

h
σ ′−

=
Δ

, modified superheat number, - 

2T  liquid temperature, K 

3T σ  temperature at the wall surface, K 

( )T p′  vapor-liquid interface temperature equal to the saturation temperature of 
the liquid at the system pressure, K 

( )1 1w r  vapor film velocity as a function of the distance from the wall, m/s  

( )2 2w r  liquid boundary layer velocity as function of the distance from the 
interface, m/s 

z  axial coordinate, m 

1
 

1

1
1 0

1 dr
δ

δ
= ∫ , cross-section average, - 

1α  gas volume fraction in three-phase flow, - 

2α  water volume fraction in three-phase flow, - 

3α  volume fraction in three-phase flow, - 

spTΔ  3T Tσ ′− ,  wall superheat, K 

scTΔ  2T T′ − ,  liquid subcooling, K 
hΔ  latent heat of evaporation, J/kg 

*hΔ  ( ) 11
2

h h Sp⎛ ⎞′′ ′= − +⎜ ⎟
⎝ ⎠

, modified latent heat of evaporation, J/kg 

zΔ  total height of the wall, m 
12wΔ  vapor film - liquid velocity difference, m 

θΔ  infinitesimal change of the angular coordinate, rad 
( )1 zδ  vapor layer thickness as a function of the axial coordinate, m 

( )2 zδ  liquid boundary layer thickness as a function of the axial coordinate, m 

( )1δ θ   vapor layer thickness as a function of the angular coordinate, m 

( )2δ θ   liquid boundary layer thickness as a function of the angular coordinate, m 

1η  dynamic viscosity of vapor, Pa s 
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2η  dynamic viscosity of liquid, Pa s 

1ρ  density of vapor, kg/m³ 

2ρ  density of liquid, kg/m³ 

( )21
wρ  evaporation mass flow rate, kg/m² 

σ  surface tension, N/m 
2ω  heat transport coefficient liquid bulk/liquid surface, W/(Km³) 

3ω   heat transport coefficient particle bulk/particle surface, W/(Km³) 
θ  angular coordinate, rad 

KHλ  Kelvin-Helmholtz instability wavelength, m 

RTλ  
( )

2

2 1g
σ
ρ ρ

=
−

, Rayleigh- Taylor wavelength, m 

ξ  2 1/δ δ= ,  film thickness ratio, - 
 
Subscripts 
 
nc natural convection 
fc forced convection 
l laminar 
t turbulent 
1 gas 
2 water 
3 particles 
mn from field m to field n 
FB film boiling 
σ  surface 
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Consider steam at local temperature 1T  and local static pressure p. The saturation 
temperature at the system pressure is 

( )T T p′ ′= .       (22.1) 

The saturation pressure as a function of the steam temperature is  

( )1p p T′ ′= .       (22.2) 

The subcooling is defined as a temperature difference  

( )1, 1subT T p T′Δ = − .      (22.3) 

For steam temperature larger than the saturation temperature there is no condensa-
tion. One expects intuitively condensation if the local steam temperature is lower 
than the saturation temperature at the system pressure, that is if 

1, 0subTΔ > .       (22.4)  

The originating nucleus releases energy at saturation temperature ( )T p′ . The re-
leased energy is then transferred into the subcooled vapor acting toward reducing 
subcooling and toward stopping condensation. Therefore, in nature subcooling is a 
necessary condition to observe condensation. The condensation itself starts around 
a preferred number of points in the unit volume 3n . Around these points the pre-
dominantly low energy molecules form microscopic drops called activated clus-
ters - nucleus with size 3R . Very small clusters are not stable and degrade sponta-
neously. Clusters with larger sizes may become stable. Intuitively we expect 
increasing origination frequency of clusters if the subcooling of the vapor is lar-
ger. We also intuitively cannot imagine that arbitrary large meta-stable subcooling 
is sustainable in nature. 

In order to describe nucleation it is necessary to answer the following ques-
tions: 
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a) what is the nucleation size  separating the stable from the unstable clusters, 
b) how does nucleation site density depend on the subcooling, and 
c) what is the maximum allowable subcooling in the steam. 
 

The purpose of this Section is to give answers to these questions for pure vapors. 

440303"Etkvkecn"pwengcvkqp"uk|g"

The considerations leading to estimate of the critical nucleation size, probably first 
formulated by Gibbs in 1878, will be next summarized. Consider a subcooled non-
stable spherical steam volume, which is just about forming a nucleus, having an 

initial radius 30R , and volume 3
30

4
3

Rπ , pressure p, temperature 1T , and density 

( )1 1 1,p Tρ ρ= . Note that this density is computed for unstable steam. For practi-
cal application attention should be paid to this point because usually the state 
equation is obtained for stable fluids and an extrapolation into the unstable region 
is not straightforward for all approximations of the equation of state. During the 
origination of the nucleus the sphere collapse from the initial radius to 3R , that is 

to the volume 3
3

4
3

Rπ . The final state is characterized by the same temperature 1T  

but the state is stable, that is, the local pressure inside the nucleus is ( )1p p T′ ′= . 
Because of the small nucleus size the pressure inside is considered to be uniform. 
The density is therefore ( )1Tρ ρ′ ′= . During the origination of the nucleus the ini-
tial and the end mass are the same.  Therefore 

( )3
130

3 1

TR
R

ρ
ρ
′⎛ ⎞

=⎜ ⎟
⎝ ⎠

.      (22.5) 

Thus the initial volume of the sphere is changed by 

( ) ( )13 3 3
3 30 3

1

4 4 1
3 3

T
R R R

ρ
π π

ρ
′⎡ ⎤

− = −⎢ ⎥
⎣ ⎦

.    (22.6) 

Volume reduction requires mechanical work. The amount of this work 

( ) ( ) ( )
3

30

2 3 3
1 3 30 1

44
3

R

R

p T p r dr R R p T pπ π′ ′− ≈ − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∫  

( ) ( )13
3 1

1

4 1
3

T
R p T p

ρ
π

ρ
′⎡ ⎤

′= − −⎡ ⎤⎢ ⎥ ⎣ ⎦
⎣ ⎦

    (22.7) 

is reducing the internal energy of sphere. The initial sphere interface was not a
 one. The interface is a prominent real one. The final sphere interface is a real



22.1 Spontaneous condensation of pure subcooled steam – nucleation      569 

onal mechanical work 

3
2 2

3
0

44 4
R

r dr R
r
σπ π σ=∫       (22.8) 

to be created. The surface tension σ  is a function of the local temperature which 
may strongly vary during transient processes. It is usually measured at macro-
scopic droplets. Whether the so obtained information is still valid for a very small 
nucleus is not clear. We will assume that the so measured surface tension holds 
also for very small droplets. One example of the dependence of the surface tension 
on the temperature is given here for water surrounded by its steam, 

( ) ( )1.256
3 30.2358 1 / 1 0.625 1 /c cT T T Tσ ⎡ ⎤= − − −⎣ ⎦ ,   (22.9) 

Lienhard. We see that if the droplet surface approaches the critical temperature for 
water, 

2, 647.2c H OT K= , the surface tension diminishes. Within the region 366 to 
566 K the above equation can be approximated by 

( )1.053
30.14783 1 / cT Tσ = −      (22.10) 

with an error of 1± %. 
Thus the work required to create a single nucleus 

( ) ( )
3

12 3 2 3
3 3 3 1 3

1 3

4 24 1 4
3 3 c

T RE R R p T p R
R

ρ
π σ π πσ

ρ
′⎛ ⎞ ⎛ ⎞

′⎡ ⎤Δ = − − − = −⎜ ⎟ ⎜ ⎟⎣ ⎦⎜ ⎟ ⎝ ⎠⎝ ⎠
, 

    (22.11) 

where 

( ) ( )1
3 1

1

2 1c
T

R p T p
ρ

σ
ρ

⎧ ⎫′⎡ ⎤⎪ ⎪′= − −⎡ ⎤⎨ ⎬⎢ ⎥ ⎣ ⎦
⎪ ⎪⎣ ⎦⎩ ⎭

,    (22.12) 

possesses a maximum at 

2
3 3

4
3c cE RπσΔ = ,      (22.13) 

"...which does not involve any geometrical magnitudes", see Gibbs 1878. Equa-
Laplace and Kelvin equation. 

Clusters with sizes smaller than the critical one are unstable and disappear quickly 
after creation absorbing the excess energy from the surrounding vapor. Droplets 
with sizes larger than the critical one remain stable and release heat into the sur-
rounding vapor. Obviously to create a nucleus a deficiency of internal energy of 
the steam is necessary which has to be greater than the critical energy. The energy 
required to create a stable nucleus with critical size divided by the vapor tempera-
ture defines the entropy change of the system between the initial and final state.  

characteristic of the origination of new liquid phase inside the steam. This 
well-defined surface requires additi

tion (22.12) is known in the literature as the 
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13 3 1c cS E TΔ = Δ .      (22.14) 

The entropy change is made dimensionless by dividing by the Boltzmann constant  
2413.805 10k −= × . The resulting dimensionless number 

3
1

1

cEGb
kT
Δ

= ,       (22.15) 

is called the Gibbs number and is frequently used in the literature as a measure of 
the subcooling. We see that the larger the subcooling the smaller the Gibbs num-
ber. Two consequences of Eqs. (22.12 to 22.15) are of practical importance. 

 
a) If the steam temperature approaches the critical temperature the surface ten-

sion diminishes and therefore the energy required for creation of a nucleus is zero, 
which means that all molecules are nuclei for themselves and the origination of 
liquid inside the steam is impossible. The Gibbs number in this case is also equal 
to zero. 

b) Rapid decompression can lead to large subcooling. The maximum possible 
subcoolings experimentally observed are in the range of Gibbs numbers from 6.8 
to 9.6, Skripov et al. (1980), p. 136. It follows from the Eqs. (22.12 to 22.14) 

( )
( ) ( )

( )

3/ 2

1,
1/ 2 1,

1,
1 1,

(1.57 _ _1.32)

1
,

spin
spin

spin
spin

p T p to
T

kT
p T

σ
ρ

ρ

′ − =
⎛ ⎞′
⎜ ⎟−
⎜ ⎟
⎝ ⎠

. (22.16) 

This equation is known as the Furth equation (1941). It describe a dependence in 
the p,T-plane called a spinoidal line. 

440304"Pwengcvkqp"mkpgvkeu."jqoqigpgqwu"pwengcvkqp"

Origination of nucleation clusters within the steam is called homogeneous nuclea-
tion. It has to be distinguished from the so called heterogeneous nucleation. In the 
heterogeneous nucleation the origination of the liquid drops happens at the sur-
faces of other materials, e.g. walls, solid particles etc. Statistical thermodynamics 
provides the mathematical tools for the derivation of an equation defining the gen-
erated nucleus per unit volume and unit time, 3,kinn , as a function of the local pa-
rameters. If we observe over the time τΔ  a point in the space occupied by sub-
cooled vapor, we will see that the stronger the subcooling the more frequently the 
system departs from the averaged state. With other words over an integral time 

13τΔ  the system is outside of the averaged state. Volmer (1939) p.81 following 
Boltzman and Einstein defined the probability of departure from the averaged state 
as 13τ τΔ Δ  and assumed that this probability is proportional to ( )1exp Gb− , that is 

22 Liquid droplets 
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( )13 1exp Gbτ τΔ Δ = − .      (22.17) 

This mathematical expression says that the smaller the needed entropy change for 
a departure from the averaged state, the higher the probability of its occurrence. 
The probability of departure from the averaged state is usually set equal to the 
probability of origination of a single nucleus, that is  

( )1
_ exp

_ _
nucleation frequency Gb

molecular colisions frequency
= − .   (22.18) 

Zeldovich (1962) obtained the final expression for the generated nuclei per unit 
volume and unit time in the form 

( )3, 1 1 1 3 1 1
1 exp
4kin T cn c Ze N a F N Gb⎛ ⎞= −⎜ ⎟

⎝ ⎠
,    (22.19) 

- see also in Fieder et al. (1966). The assumptions used to derive this expression 
are at the same time the limitation of the model as discussed by Ehrler in VDI 
(1984): 

 
a) The clusters are distributed in the vapor and are assumed to have a degree of 

freedom characteristic for big molecules in the vapor; 
b) The nuclei are solid non-oscillating spheres with respect to the center of the 

mass of the system; 
c) Macroscopic properties like density and surface tension are applicable to 

clusters having sizes of the order of nanometers. 
 
Here the nucleation frequency per unit volume is considered as proportional to 

the number of the clusters with critical size originating per unit time and unit vol-
ume, ( )1 1expN Gb− , and the number of the molecules striking the cluster, 

1 1 3
1
4 cN a F , and remaining there 1 1 3

1
4c cc N a F . The proportionality factor was 

found to be 1Tc Ze , where  

1
1 2

33 c

GbZe
nπ

=        (22.20) 

is the so called Zeldovich number (1942) and Tc  is the so called temperature cor-
rection factor taking into account the heat transfer from the nucleus to the sur-
rounding vapor. For pure water steam 0.001Tc ≈ . The components of these two 
expressions are computed as follows. The molecular mass, mμ , and the Avogadro 

number, 236.02 10AN = × , uniquely define the mass of a single molecule 

1 Am m Nμ= . The number of the vapor molecules per unit volume is therefore 

1 1 1/N mρ= . The thermal velocity of the vapor molecules is defined by 



572      

1 1 1
8a R T
π

= .       (22.21) 

After its origination the surface 3cF  of the cluster is struck by the following num-

ber of molecules per unit time 1 1 3
1
4 cN a F . Only a part of them, 1 1 3

1
4c cc N a F  re-

main there, where 0.1cc ≈  for water-steam plus non-condensable gases, and 

cc ≈ 0.5 to 1, for pure water steam. The number of the molecules in a single nu-
cleus with critical size is 

( ) 3
3 1 3 1

4 /
3c cn T R mρ π′= .     (22.22) 

For successful prediction of several experiments with steam flows in Laval noz-
zles Deitsch and Philiphoff (1981) p.153 provided the following modification of 
one expression obtained by Frenkel (1973) 

( ) ( )
2

1
3, 1

1 1

2 expT
kin

p c mn Gb
kT T

σ β
ρ π

⎛ ⎞
= −⎜ ⎟ ′⎝ ⎠

.   (22.23) 

The modification contains the following empirical factor 

( )
1/3

2
1 1

10.25 6.7 /
2 cp T w pβ ρ

⎧ ⎫⎡ ⎤′= + +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
    (22.24) 

for 1Tc = . The validity of Eq. (22.23) is proven for pressures between 0.25 and 4 
MPa. 

The mass condensed per unit volume and time due to nucleation is 

( ) ( ) ( ) ( ) 3
13 1 3 3 1 3 3, 1 3c kin

d dVT n V T V n T n
d d

μ ρ ρ ρ
τ τ

′ ′ ′= = + .  (22.25) 

We see that it consists of two parts, one due to nucleation, and the other due to 
growth of the droplets. The energy released during the condensation into the sur-
rounding vapor is therefore 

( ) ( )3 3
1 3, 3 1 3 1 1kin c

dVq n E T n h h T
d

σ ρ
τ

′′′ ′ ′⎡ ⎤= Δ + −⎣ ⎦ .   (22.26) 
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Small droplets: For very small droplets with sizes comparable with the molecular 
free path length the kinetic gas theory provides the basis for computation of the 
heat and mass transfer. The net mass flow rate of condensation is then  

22 Liquid droplets 
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( ) ( )1
31

13 1
1 1 1 32 2

M

M M

p Tpw
R T R T

σ

σ
ρ

π π

′
= − .    (22.27) 

or having in mind that 

( ) ( ) ( )1 1
3 13 1 3 13 1 113cq a h T T a w h h Tσ σ ρ′′′ ′= − = −⎡ ⎤⎣ ⎦ , 

we obtain for the effective heat transfer coefficient the following expression 

( ) ( ) ( ) ( )1
31 1 1 1 1

113 1
1 3 1 3 1 1 1 32 2

M
c

M M

p Th h T h h T ph w
T T T T R T R T

σ

σ σ
σ

ρ
π π

⎛ ⎞′′ ′− −
⎜ ⎟= = −
⎜ ⎟− − ⎝ ⎠

. (22.28) 

Mason (1951, 1957), Ludvig (1975) proposed the following equation describing 
the change of the droplet radius under such conditions 

( )
( )

( )

3

1 13 3
3 2

1 1 13 1 1

1 1

1

1.59

c

M

M M MM

M M n

R
T p TdR R

R T p pd R h h p p
p h h D

ρ
τ

λ ρ →Σ

− ′ −
=

′+ ′′ ′− −
+

′′ ′−

, (22.29) 

for 3 3cR R>  which is equivalent to the equation 

3
3 13 1

3
13 1M

dR q
d a h h

σμρ
τ

′′′
= =

′−
,     (22.30) 

where 

( ) ( )
( )

( )

3

1 13
1 2

1 1 13 1 1

1 1

1

1.59

c

M
c M

M M MM

M M n

R
T p TRh h h

R T p pR h h p p
p h h Dλ ρ →Σ

− ′ −
′= −

′+ ′′ ′− −
+

′′ ′−

, (22.31) 

is the heat transfer coefficient. Here 

1 1 1
1

, 12
M

M

R T
p mμ

η π
=       (22.32) 

is the free path of a steam molecule and , 1Mmμ  is the mole weight. For water we 
have 

2, 1 , 18M H Om mμ μ= = . Note that this equation is valid for steam-air mixtures. 
Large droplets: For larger macroscopic droplets heat conduction and convec-

tion govern the heat and mass transfer. In this case the droplet grows due to con-
densation at the surface which depends on the properties of the environment to ab-
sorb the released heat. For a droplet in stagnant steam the results obtained by the 
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modeling of thermally controlled bubble growth can be applied. Note that the con-
tinuous phase is the gas phase in this case. This means that in the relationship 

*
3 1R f a τ= ,       (22.33) 

where f = f(..., Ja), ( )1 1 1 1pa cλ ρ= , and 

( )
( )

1 1 1pc T T
Ja

h h
ρ
ρ

′−
=

′ ′′ ′−
.      (22.34) 

is the Jakob number. Remember that the denominator of the Jakob number is ob-
tained from the boundary condition on the droplet surface, namely the equality of 
the heat released by the condensation, and of the heat taken away by heat conduc-
tion from the environment. The mass corresponding to this heat changes the radius 
of the droplet. The numerator in the Jakob number is obtained from the energy 
conservation equation for the continuum. 

Analogously for convective heat transfer we can compute a heat transfer coeffi-
cient for a moving droplet and the corresponding mass and energy source terms. 
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As already mentioned, the released heat during the condensation increases the gas 
temperature, which for closed systems may decrease the condensation to zero. For 
a closed control volume or negligible convection and the diffusion from the 
neighboring elementary cells, the approximate form of the energy conservation 
equation is 

( )3 131
1 1 1 1 3 1

3

3
p c

dTc q h T T
d R

σ σαα ρ
τ

′′′= = −     (22.35) 

or 
1

1 3 1
*
1

dT T T
d

σ

τ τ
−

=
Δ

,      (22.36) 

where 

1 1 1 3*
1

33
p

c

c R
h

α ρ
τ

α
Δ =       (22.37) 

approximates the time constant of the phenomena. The product of the density and 
the specific heat at constant pressure for a gas is less than the analogous product 
for a liquid. That is why the time constant for the analyzed case is smaller com-
pared to the time constant for processes controlled by the heat accumulation in a 
liquid. This fact is very important and has to be taken into account for the con-
struction of stable solution algorithms especially for condensing flows. 

22 Liquid droplets 
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Thus, under these circumstances the difference between the saturation tempera-
ture and the gas temperature decreases exponentially 

( ) *
1/1 1

3 1 30 10T T T T e τ τσ σ −Δ Δ− = − .      (22.38) 

Therefore, the average heat released during the condensation within the time step 
τΔ   per unit mixture volume and unit time is 

( )3 13
1 3 1

3

3
cq h T T f

R
σ σα′′′ = − ,     (22.39) 

where 

( )*
1

*
/1 1f e τ ττ

τ
−Δ ΔΔ

= −
Δ

.      (22.40) 

The corresponding averaged mass source term is 
3

1
13

1M

q
h h

σ

μ
′′′

=
′−

.       (22.41) 

Consider a family of mono-disperse droplet designated with d, moving in a con-
tinuum, designated with c, with relative velocity cdVΔ . We are interested in how 
much thermal energy is transferred between the surface of a droplet and the sur-
rounding continuum. We will consider first the steady state case, thereafter the 
transient heat conduction problem within a droplet and finally we will give some 
approximate solutions for the effective interface temperature and the average en-
ergy transferred. 

The energy transported between the drop velocity field and the continuum per 
unit time and unit mixture volume for a steady state case is frequently approxi-
mated by 

( ) ( ) 26 /cd cd cd c d d c d c d dq a h T T Nu T T Dα λ′′′ = − = − .   (22.42) 

Here 6 /cd d da Dα=  is the interfacial area density, /cd c d dh Nu Dλ=  is the heat 
transfer coefficient and dNu  is the Nusselt number defined as given in Table 22.1. 
Table 22.1 contains analytically and experimentally obtained solutions for the 
Nusselt number as a function of the relative velocity and the continuum properties. 

22.2 Heat transfer across droplet interface without  
mass transfer 
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Table 22.1 Heat transfer coefficient on the surface of moving solid sphere and water

d c
d

c

D hNu
λ

= , d cd
c d c

c

D V
Pe Re Pr

a
Δ

= = , d c cd
d

c

D V
Re

ρ
η
Δ

= , c pcc
c

c c c

c
Pr

a
ηη

ρ λ
= = , 

c
c

c pc

a
c
λ

ρ
=  

 
1dRe <<     Potential flow 

 
1cPe <<  

21 12 ...
2 6d c cNu Pe Pe= + + +   Soo (1969) 

1cPe >>  

1/ 30.98d cNu Pe=  /d cη η = ∞  Nigmatulin (1978) 

1/ 3
1/ 2

2
d cNu Pe

π
=    Boussinesq (1905),  

isothermal sphere 
1/ 2

3 1
4 1d c

d c

Nu Pe
π η η

⎛ ⎞
= ⎜ ⎟+⎝ ⎠

  Levich (1962) 

1/ 30.922 0.991d cNu Pe= +   Acrivos-Goddard (1965) 

1/ 24.73 1.156d cNu Pe= +   Watt (1972) isothermal sphere 

1dRe < , 

310cPe <  

0.84

0.51

1
32 11

3

c

d

c

Pe
Nu

Pe
= +

+
 /d cη η = ∞  Nigmatulin (1978) 

1cPe <  

1/ 312
2d cNu Pe= +    Acrivos and Taylor (1962)  

     only the resistance in the gas is  
     taken into account 

droplets 
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41 Re 7 10d< < × , 0.6 400cPr< <  

( ) 1/ 2 1/ 32 0.55 to 0.7d d cNu Re Pr= +  Soo (1969) 

Droplets and bubbles   Michaelides (2003) 
 

0 Re 1d< < , 10cPe >  

( )1/ 2 1/ 30.9910.651 1.032
1 0.95 1

d c
d c c

d c d c

Nu Pe Pe A
η η

η η η η
⎛ ⎞

= + +⎜ ⎟+ +⎝ ⎠
 

( )1.651 0.968
1 0.95 1

d c

d c d c

A η η
η η η η

−
+ +

+ +
, 0.61

21
d

d

ReA
Re

=
+

. 

10 1000cPe≤ ≤ , Re 1d >  

,2,0
2 4

2 6 d

d c d c
d d

d c

Nu Nu Nuη η η η
η η

−
= +

+
 for 0 2d cη η≤ ≤  

,2 ,
24

2 2
d c

d d d
d c d c

Nu Nu Nuη η
η η η η ∞

−
= +

+ +
 for 2 d cη η< < ∞  

where 

( )1/ 2
,0 0.651 1.032 1.6d cNu Pe A A= + + −  for 0d cη η = , 

( )1/ 3 0.287 0.355
, 0.852 1 0.233Re 1.3 0.182 Red c d dNu Pe∞ = + + −  for d cη η = ∞ , 

( )0.43 0.287 0.287
,2 0.64 1 0.233Re 1.41 0.15Red c d dNu Pe= + + −  for 2d cη η = . 

Solid sphere undergoing a step temperature change, Feng and Michaelides (1986) 

( ) ( ) ( )2
2

exp 4 *12 1 2 ln 2 2 *
2 4 *

c
d c c c c

c

Pe
Nu Pe Pe Pe erf Pe

Pe

τ
τ

πτ

⎧ ⎫⎡ ⎤−⎪ ⎪⎢ ⎥= + + +⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 

Water droplets 
1/ 2 1/ 32 0.6d d cNu Re Pr= +   Ranz and Marschal (1952) 

64 Re 250d< < , 0.00023 0.00113dD m< < , 5 51.03 10 2.03 10p Pa× < < × ,  
2.8 36c dT T K< − < , 2.7 11.7 /cdV m s< Δ <  

1/ 2 1/ 32 0.738d d cNu Re Pr= + .   Lee and Ryley (1968) 
__________________________________________________________________ 
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In nature the temperature of both media changes with the time. That is why we 
consider next the transient heat conduction problem inside the droplet associated 
with the heat transfer at the surface. 

Consider the case for which the continuum temperature is cT  and the droplet 
temperature at the beginning of the time τΔ  is dT . The Fourier equation 

2

2

2d

d cd

T T T
c r r r

∂ λ ∂ ∂
∂τ ρ ∂ ∂

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
.     (22.43) 

describes the temperature profile in the droplet. Usually the equation is written in 
terms of the dimensionless temperature 

( ), d
c

d d

T r T
T

T Tσ

τ −
=

−
      (22.44) 

for 0r = , dR , ,τ τ τ τ= + Δ  in the following form 

2

2

2
d

T T Ta
r r r

∂ ∂ ∂
∂τ ∂ ∂

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
,     (22.45) 

where ( )c c c pca cλ ρ=  is the droplet thermal diffusivity. Text book analytical so-
lution of the Fourier equation is available for the following boundary conditions: 

 
(a) Drop initially at uniform temperature: ( ),0 0T r = ; 

(b) Drop surface at dr R=  immediately reaches the temperatures c
dT σ , 

( ), 1dT R τ = ; 

(c) Symmetry of the temperature profile: 
0

0
r

T
r

∂
∂

=

= . 

 
The solution is represented by the converging Fourier series 

( ) ( ) ( )2

1

12, 1 sin exp /
n

d
d

n d

R rT r n n
r n R

τ π τ τ
π

∞

=

− ⎛ ⎞
= − − Δ⎜ ⎟

⎝ ⎠
∑   (22.46) 

where ( )2 24d d dD aτ πΔ =  is the characteristic time constant of the heat conduc-
tion process. The volume-averaged non-dimensional temperature is 

( )2
2 2

1

6 11 exp /m d
n

T n
n

τ τ
π

∞

=

= − − Δ∑ ,    (22.47) 

22 Liquid droplets 
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Convection inside the droplet caused by the interfacial shear due to relative veloc-
ity can improve the thermal conductivity of the droplet da by a factor 1f ≥ . 
Therefore 

( )2
2 2

1

6 11 exp /m d
n

T fn
n

τ τ
π

∞

=

= − − Δ∑ .    (22.48) 

Celata et al. (1991) correlated their experimental data for condensation with the 
following expression for f, 

0.454*0.53 cf Pe= ,      (22.49) 

where a special definition of the Peclet number is used * d cd c
c

c c d

D V
Pe

a
η

η η
Δ

=
+

.  

For a water droplet with dD = 0.00002, 0.0002, 0.001m and 20c dT T K− = the 
time necessary to reach mT = 0.99 is 0.00006, 0.00613, 0.612 s respectively. For 
values of mT  greater than 0.95 (long contact times) the first term only of Eq. 
(22.48) is significant 

( )2
2

61 exp /m dT fn τ τ
π

≈ − − Δ .     (22.50) 

One alternative solution of Eq. (22.48) can be obtained by the method of Laplace 
transformations which takes the form of a diverging infinite series. For values of 

mT  less than 0.4 (short contact times) the first term only of this series 

3
m

d d

T
D a

π
τ

=        (22.51) 

is significant. This equation applies for short contact times when the temperature 
gradient of the surface surroundings has not penetrated to the center of the sphere 
which consequently behaves as a semi-infinite body. 

From the energy balance of the droplet velocity field we obtain the time-
averaged energy transfer from the surface into the droplet per unit time and unit 
mixture volume 

0

1c dm
d d d pd

dTq c d
d

τ
σ α ρ τ

τ τ

Δ

′′′ =
Δ ∫ = ( ) ( ) ( )1 0c

d d pd d d dm dmc T T T Tσα ρ τ
τ

− Δ −⎡ ⎤⎣ ⎦Δ
 

leading to 

( ) ( ) ( )dm c c
d d pd d d d d d

T
c T T T Tσ στ

α ρ ω
τ
Δ

− = −
Δ

   (22.52) 
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If the surface temperature differs from the continuum temperature there is a con-
vective component of the energy transported from the continuum to the surface for 

c
c dT T σ>  or from the surface to the continuum for c

c dT T σ< , namely 

( ) ( )26 /d c c
c d c d d c d c d cq Nu T T D T Tσ σ σα λ ω′′′ = − = − ,   (22.53) 

where dNu  is the Nusselt number for convective heat transfer between a sphere 
and the continuum. 

For cT const≈  the effective interface temperature is obtained from the energy 
jump condition c d

d cq qσ σ′′′ ′′′= −  after solving for c
dT σ  

c d d c c
d

d c

T TT σ ω ω
ω ω

+
=

+
.      (22.54) 

For the case when cT const≠  the heat-transfer causes changes in the continuum 
temperature too. If we neglect the convection and the diffusion from the neighbor-
ing elementary cells, which is valid for a heat transfer time constant considerably 
smaller than the flow time constant, the continuum energy conservation can be 
approximated by 

( ) 26 /cc
c c pc d c d d c d

dTc Nu T T D
d

σα ρ α λ
τ
= −     (22.55) 

or 

*

c
c d c

c

dT T T
d

σ

τ τ
−

=
Δ

,      (22.56) 

where 
2

*

6
c c pc d

c
d c d

c D
Nu

α ρ
τ

α λ
Δ =       (22.57) 

approximates the characterizing time constant of the continuum heating or cool-
ing. Note that the product of the density and the specific heat at constant pressure 
for gas is less than the analogous product for liquid. That is why the time constant 
for gases as a continuum should be smaller compared to the time constant for liq-
uids as a continuum. This make the gas temperature very sensitive to the heat and 
mass transfer process. 

Thus for some effective c
dT σ  the difference between the interface temperature 

and the continuum temperature decreases exponentially 

( ) *expd c
cm c

d c c

T TT
T Tσ

ττ
τ

⎛ ⎞− Δ
Δ = = −⎜ ⎟− Δ⎝ ⎠

    (22.58) 
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during the time interval τΔ . Therefore, the time-averaged heat, transferred from 
the surface into the continuum per unit mixture volume and unit time is 

( ) ( )26 /d c c
c d c d d c c d c d cq Nu T T f D T Tσ σ σα λ ω′′′ = − = −   (22.59) 

where 

*

*1 exp c
c

c

f τ τ
τ τ

⎡ ⎤⎛ ⎞Δ Δ
= − −⎢ ⎥⎜ ⎟Δ Δ⎢ ⎥⎝ ⎠⎣ ⎦

.     (22.60) 

Note that for 0τΔ → , 1cf → .  
Thus, from the energy jump conditions c d

d cq qσ σ′′′ ′′′= −  we obtain the effective 
interface temperature by Eq. (22.12). Having this temperature we can compute the 
average heat power density d

cq σ′′′  by Eq. (22.58). 

4405"Fktgev"eqpvcev"eqpfgpucvkqp"qh"rwtg"uvgco"
qp" uwdeqqngf"ftqrngv"

Consider the case where the steam temperature is equal to the saturation tempera-
ture by the system pressure 

( )1T T p′= ,       (22.61) 

and the droplet temperature at the beginning of the time step considered is less 
than the saturation temperature 

( )3T T p′< .       (22.62) 

The heat conduction from the surface, which has the saturation temperature, to the 
bulk of the droplet is the condensation controlling mechanism in this case. There-
fore, the Fourier equation describes the temperature profile inside the droplet. 
Ford and Lekic (1973) considered additionally the following effects 

 
(a) convection inside the droplet; 
(b) limitation of the steam supply toward the droplet surface 
 

and introduced the corrector f in Eq. (22.48), 

( )1 exp /mT fτ τ≈ − − Δ .     (22.63) 

From the energy balance of the droplet velocity field we obtain the time-averaged 
energy transfer from the surface into the droplet per unit time 

( ) ( )1
3 3 3 3 3 3 /p mq c T p T Tσ α ρ τ τ′′′ ′⎡ ⎤= − Δ Δ⎣ ⎦ .   (22.64) 
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If the steam temperature differs from the saturation temperature there is a con-
vective component of the energy transported from the steam to the surface for 

( )1T T p′>  or from the surface to the steam for ( )1T T p′< , namely 

( )3 1
1 13 13 1

3

q a Nu T T
D

σ λ′′′′ ′= − ,     (22.65) 

where 13Nu  is the Nusselt number for convective heat transfer between sphere and 
steam. For the case when ( )1T T p′<  part of the released heat during the conden-
sation increases the gas temperature. If we neglect the convection and the diffu-
sion from the neighboring elementary cells, the energy conservation can be ap-
proximated by 

( )1 21
1 1 1 3 1 3 3 1 36 /p

dTc Nu T T D
d

σα ρ α λ
τ
= − ,    (22.66) 

or 
1

1 3 1
*
1

dT T T
d

σ

τ τ
−

=
Δ

,      (22.67) 

where 
2

1 1 1 3*
1

3 1 36
pc D
Nu

α ρ
τ

α λ
Δ =       (22.68) 

approximates the time constant of the steam heating. For nearly constant pressure, 
and therefore constant T' ,  the difference between the saturation temperature and 
the gas temperature decreases exponentially during the time interval τΔ , 

( )
1

3 1
1 *

3 10 1

expcm
T TT
T T

σ

σ

ττ
τ

⎛ ⎞− Δ
Δ = = −⎜ ⎟− Δ⎝ ⎠

.    (22.69) 

Therefore, the time-averaged heat transferred from the surface into the gas per unit 
mixture volume and unit time is 

( )3 1
1 3 13 12

3

6q Nu T T
D

σ λα
′

′′′ ′= −      (22.70) 

where 

*
1

*
1

1 expf τ τ
τ τ

⎡ ⎤⎛ ⎞Δ Δ
= − −⎢ ⎥⎜ ⎟Δ Δ⎝ ⎠⎣ ⎦

.     (22.71) 

Thus, from the assumption that there is no energy and mass accumulation the  in-
terface (energy and mass jump conditions) we obtain for the averaged condensing 
mass per unit mixture volume and unit time the following expression 
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1 3
3 1

13
q q

h h

σ σ

μ
′′′ ′′′−

=
′′ ′−

.      (22.72) 
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Next we consider a single droplet in a gas environment having pressure p. The av-
eraged droplet temperature is 3T . The surface temperature of the droplet, 1

3T σ , is 
higher than the saturated temperature ( )T p′ . In the first instant of the process 
considered here, the spontaneous emission of mass will be explosive. In the next 
moment the surface temperature would drop and reach the saturation temperature, 
if no heat is transferred from the bulk region of the droplet to the surface. The heat 
transferred from the bulk region to the surface maintains the surface temperature 
higher than the saturation temperature and causes further evaporation. The ther-
mal resistance inside the drop has a delaying effect on the evaporation, because 
the heat conduction is the slower process compared to the mass emission from the 
surface. 

The net mass flow rate of evaporation from the droplet surface can be calcu-
lated by solving numerically the Boltzmann kinetic equation for such conditions. 
This is a quite complicated task. For the practical application the theory first pro-
posed by Hertz is used. Hertz (1882) computed the evaporation mass flow rate 
from a surface with temperature 1

3T σ  and surface pressure ( )1
3p T σ′  multiplying 

the frequency of the molecules leaving unit surface 1 1 / 4N a  by the mass of a sin-
gle molecule 1m . Here 1N  is the number of vapor molecules in unit volume. The 
averaged thermal velocity of the molecules at temperature 1

3T σ  is  

1
1 1 3

8
Ma R T σ

π
= .       (22.73) 

The result is  

( )*
1 1 131

1
4

w m N aρ = .       (22.74) 

Having in mind that 

( )1 1
1 1 1 3 3,m N p T Tσ σρ ⎡ ⎤′= ⎣ ⎦ ,     (22.75) 

( ) ( )1 1 1 1
3 1 3 3 1 3/ , Mp T p T T R Tσ σ σ σρ ⎡ ⎤′ ′ ≈⎣ ⎦ ,      (22.76) 

Hertz obtain finally 
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( ) ( )1
* 3

31 1
1 32 M

p T
w

R T

σ

σ
ρ

π

′
= .      (22.77) 

Similarly Hertz computed the condensing mass flow rate from the steam with 
temperature 1T  equal to the gas temperature and partial pressure 1Mp   multiplying 
the frequency of the molecules striking unit surface by the mass of a single mole-
cule. The averaged thermal velocity of the molecules at temperature 1T  across the 
plane surface in local thermodynamical equilibrium is  

1 1 1
8

Ma R T
π

= .       (22.78) 

The result is 

( )* 1
13

1 12
M

M

pw
R T

ρ
π

= .      (22.79) 

Assuming (i) reversible process, (ii) 1
1 3T T σ≈ , and (iii) condensation and evapora-

tion flows do not affect each other, Hertz obtained finally 

( ) ( ) ( ) ( )* * 11
3 1131 31 13

31 1

1
2 M

M

Tw w w p T p
TR T

σ
σρ ρ ρ

π

⎡ ⎤
′= − = −⎢ ⎥

⎢ ⎥⎣ ⎦
 

( )1
3 1

1 1

1
2 M

M

c p T p
R T

σ

π
⎡ ⎤′≈ −⎣ ⎦ ,     (22.80) 

where c is the so called accommodation coefficient being of order of  

c = 0.1 to 1        (22.81) 

as shown by Volmer's review in Volmer (1939). Later improvements by Knudsen 
(1915) and Langmuir (1913), Langmuer et al. (1927) led to the formula for the net 
mass flow rate of the spontaneous evaporation 

( ) ( ) ( ) ( )1
* * 3 1

31 31 13 1
1 11 3 22

M
e c

MM

p T pw w w c c
R TR T

σ

σ
ρ ρ ρ

ππ

′
= − = − .   (22.82) 

Here ec  is the probability of escape for a liquid molecule at the interface, and cc  
is the probability of capture for a vapor molecule at the interface. This relationship 
is known in the literature as the equation of Hertz, Knudsen and Langmuir (see in 
Ranz and Marschal (1952). For no sound physical reason, Eq. (22.81) is generally 
approximated in the literature by  

( ) ( )1
3 1

31 1
1 11 3

 
22

M

MM

p T pw c
R TR T

σ

σ
ρ

ππ

⎛ ⎞′
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

.    (22.83) 
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For pressures below 0.1 bar measurements reported by Fedorovich and Rohsenow 
(1968) for liquid metals tightly clustered about unity. For larger pressure Eq. 
(22.81) is a good approximation - see the discussion by Mills and Mills and Seban 
(1967). For water the discussion and the measurements in Mills and Seban (1967), 
Nabavian and Bromley (1963), Berman (1961) give 

c = 0.35 to 1 .       (22.84) 

Knowles (1985) derived an analytical expression taking into account the influence 
of the condensation due to the relative motion of the interface with respect to the 
steam. The result is 

( ) ( ) ( )
1

3 1
2131 1

1 11 3

 
22

M

MM

p T pw c f
R TR T

σ

σ
ρ

ππ

⎛ ⎞′
⎜ ⎟= − Δ
⎜ ⎟
⎝ ⎠

V ,  (22.85) 

where the so called transport enhancement factor approximating the analytical so-
lution is 

( )
2

21 21
21

1 1 1 1

1 1.7 0.7
2 2M M

f
R T R T

⎛ ⎞Δ Δ
Δ = + + ⎜ ⎟⎜ ⎟

⎝ ⎠

V V
V    (22.86) 

for 21

1 1

1
2 MR T
Δ

≥ −
V

and 

( )21 0f Δ =V        (22.87) 

otherwise. For completeness we give some other modifications given in the litera-
ture. Schrage, see in Bankoff (1980), used the following form: 

( ) ( ) ( ) ( )
1

31 1
3 1 3 111 1

31 3

2 1
2 22

Md
M

p Tcw p T p T T
c TR T

σ
σ σ

σσ
ρ

π

⎡ ⎤′
′= − − −⎢ ⎥

− ⎢ ⎥⎣ ⎦
, (22.88) 

Here a modified accommodation coefficient is used having values for water 
2H Oc = 

0.01 to 1. Samson and Springer (1969) used the following form for very small 
droplets, for 1 / 1dD >> , 

( ) ( ) ( )1
1 11

11 1

1
22

c cM
d M dd

M

pw p T p T T
TR T

σ σρ
π

⎡ ⎤
′= − − −⎢ ⎥

⎣ ⎦
,  (22.89) 

and for large droplets, 1 / 1dD <<  

( ) ( ) 11
1 1

1
2

c
d Md

M

w p T p
R T

σρ
π

⎡ ⎤′= −⎣ ⎦ .     (22.90) 
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Here 

1 1 1
1

12
M

M

R T
p M
η π

= ,      (22.91) 

is the free path of a steam molecule and 
21 18M H OM M= =   is the mole weight. 

Labunzov and Krjukov (1977) used the following form: 

( ) ( ) ( ) ( )
( )

1 1 1 1
1 1 11

,
2 ,

2
M di M M

di M Md
di

R T T p
w T T p

T
ρ

ρ ρ ρ
πρ

′′⎡ ⎤= −⎣ ⎦ ′′
.  (22.92) 

The spontaneously evaporating mass from the superheated velocity field per unit 
mixture volume is 

( ) ( )1 1
6 /d d d d

D wμ α ρ= .     (22.93) 

In the case of strong emission of steam from the surface into the surrounding gas 
the heat transfer from the surface to the surrounding continuum can be neglected 
and therefore 

3
1 0q σ′′′ = .       (22.94) 

The energy jump condition for this situation reads 

( ) ( )1
c c c

d d d dh T h T qσ σ σμ ⎡ ⎤′′ ′ ′′′− = −⎣ ⎦ .    (22.95) 

If we use the approximate solution of the Fourier equation we obtain the one 
equation with respect the unknown surface temperature, namely 

( ) ( ) ( ) ( ) 21

6 1 61 expc c c
d d d pd d dd

d d

w h T h T c T T
D

σ σ σ τρ ρ
τ π τ
⎡ ⎤⎛ ⎞Δ⎡ ⎤′′ ′− = − − −⎢ ⎥⎜ ⎟⎣ ⎦ Δ Δ⎝ ⎠⎣ ⎦

. 

   (22.96) 

This equation can be solved by iteration starting with 
c

d dT Tσ ≈ .       (22.97) 

Having the surface temperature it is very easy to compute the mass source term 
from the Eqs. (22.85) and (22.93),  and the corresponding heat power density from 
Eq. (22.95). 

The spontaneous evaporation will cease if the droplet surface temperature 
reaches the saturation temperature corresponding to the system pressure. If the 
saturation temperature corresponding to the partial steam pressure ( )1MT p′  is 
lower than the surface temperature the slow evaporation continues due to molecu-
lar diffusion. This process will be considered in Section 22.5. 
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Let us consider the evaporation of saturated droplets in superheated gas. Lee and 
Ryley (1968) found that the heat needed for the evaporation is convectively trans-
ported from the gas to the surface, and the emitted mass from the surface does not 
influence considerably this heat transfer process. In this case we have 

1 0dμ = ,       (22.98) 

1
3 0q σ′′′ = .       (22.99) 

During the droplet evaporation the gas is cooled with 

( ) ( ) ( )1 1 1 16 /d
d c d d cq a h T T p D h T T pσ α′′′ ′ ′= − − = − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .  (22.100) 

This is the instantaneous power density. From the energy jump condition (no en-
ergy accumulation on the droplet interface) we obtain for the instantaneous evapo-
rating mass per unit mixture volume and unit time 

( ) ( ) ( )31 16 / /d d c MdD h T T p h p hμ α ′ ′′⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦ .   (22.101) 

Actually we are interested in the averaged values of the mass source term during 
the time step τΔ . For their approximate estimation we use the following way. 
Because the mass change of the droplet is caused by the evaporated mass per unit 
time, we have the following form of the mass conservation equation for a single 
droplet 

( ) ( )1 /d
c Md

dR h T T p h p h
d

ρ
τ

′ ′ ′′⎡ ⎤ ⎡ ⎤= − − −⎣ ⎦ ⎣ ⎦    (22.102) 

or 

( ) ( )1 /d c
Md

dR h T T p h p h
dτ ρ

′ ′′⎡ ⎤ ⎡ ⎤= − − −⎣ ⎦ ⎣ ⎦′
 

( ) ( )1 1
1 3/ /

2
d

Md
d

Nu T T p h p h c R
R
λ

ρ
′ ′′⎡ ⎤ ⎡ ⎤= − − − = −⎣ ⎦ ⎣ ⎦′

.   (22.103) 

This is the relationship between the change of the radius, the Nusselt number, and 
the temperature difference driving the evaporation. Integrating the above equation 
we obtain 

2 *
0

0

1 2 / 1 /d
d

d

R c R
R

τ τ τ= − Δ = − Δ Δ .       (22.104) 

If sufficient internal energy of the gas is available the evaporation of the entire 
droplet 0dR =  happens after the time interval 

( )* 2
0 / 2dR cτΔ = .      (22.105) 
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After this time interval the Eq. (22.103) is no longer valid. 
The third power of the radii ratio 

3 3/ 2

*
0

1d

d

R
R

τ
τ

⎛ ⎞ Δ⎛ ⎞= −⎜ ⎟ ⎜ ⎟Δ⎝ ⎠⎝ ⎠
.      (22.106) 

is necessary to compute the averaged value of the evaporated mass per unit mix-
ture volume and unit time within the time interval τΔ  

3

0 0
1

0 0

1 1d d d d d d d
d d

d d

V V n V V Rn
V R

ρ ρ αμ ρ
τ τ τ

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′−′ ⎢ ⎥= = − = −⎜ ⎟ ⎜ ⎟Δ Δ Δ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
 (22.107) 

for *τ τΔ < Δ  and 

1
d

d
ρ αμ
τ
′

=
Δ

       (22.108) 

for *τ τΔ ≥ Δ . The last equation is practically the equation of the entire evapora-
tion of the available droplets inside the time interval τΔ . 

Having in mind that during the evaporation 

1 0dμ =        (22.109) 

0c
dq σ′′′ = ,       (22.110) 

we obtain from the energy jump condition the following relationship 

( ) ( )1 1
d

dq h p h pσ μ′′′ ′′ ′⎡ ⎤= − −⎣ ⎦ .     (22.111) 

The above analysis was performed under the assumption that the Nusselt number 
does not depend on the radius during the considered time interval. In fact, the ra-
dius decreases in accordance with the relationship of Lee and Ryley (1968), 

( )1/ 21/ 2 1/ 3 1/ 3 1/ 2 1/ 2
1 1 1 1 1 1 32 0.738 2 0.738 2 / 2d d d d dNu Re Pr V Pr D c Rν= + = + Δ = + , 

   (22.112) 

and therefore, the Nusselt number decreases too. This makes the process slower 
than that previously described (assuming the Nusselt number not depending on the 
radius). Taking into account this relationship 

21/ 2
32
d d

d

R dR c
c R dτ

=
+

,      (22.113) 

Lee and Ryley (1968) obtained an analytical integral of the above equation, 
namely 
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*
2 3 4 1/ 2

2 3 3 3 3 3

81 2 16 2ln
3 2

d dd

d

R DD
c c c c c c D

τ τ
⎡ ⎤⎛ ⎞

Δ = Δ − − + −⎢ ⎥⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦
. (22.114) 

For a known time interval τΔ  we can compute the corresponding droplet diame-
ter after solving the above transcendental equation iteratively. The time required 
for the full droplet evaporation (if sufficient excess internal gas energy is avail-
able), i.e. 0dR =  is easily obtained 

0 0* 0
2 3 4 1/ 2

2 3 3 3 3 3 0

81 2 16 2ln
3 2

d dd

d

R DD
c c c c c c D

τ
⎡ ⎤⎛ ⎞

Δ = − + −⎢ ⎥⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦
.   (22.115) 

Finally for completeness let us mention the empirical correlation proposed by 
Saha (1980), describing the droplet evaporation in superheated steam in dispersed 
non-adiabatic flow, in dry out condition on the heated wall 

2 1/ 22
1 1 1

1 26300 1 h
d c d

h kr

p V Dh
D p
λ ρα α

σ
⎛ ⎞ ⎛ ⎞

= −⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

.   (22.116) 

Condie et al. (1984) show that this correlation overestimates the evaporation rate 
compared to the experimental data and recommend Webb's correlation (see Condie 
et al. (1984)) 

( )
2 1/ 222 / 3* 1 1 1

1 1 21.32 1 1 h
d c

h kr

p V Dh
D p
λ ρα α

σ
⎛ ⎞ ⎛ ⎞

= − −⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

   (22.117) 

approximating better a number of experimental data ( *
1α  is the homogeneous void 

fraction). 
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Consider a gas mixture with inert mass concentration  1nC∑  and vapor concen-
tration 1MC , having total pressure p and gas temperature 1T  see Fig. 22.1. A fam-
ily of mono-dispersed droplets is flowing through the gas with relative velocity 

13VΔ . At the beginning of the time interval considered, τΔ , the droplets possess 
temperature 3T  and diameter 3D . Consider the case when the droplet temperature 

3T  is greater than the saturation temperature T ′  corresponding to the partial vapor 
pressure 1Mp  

( )3 1MT T p′> .       (22.118) 
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( )13 MpTT ′>

3T

( )pT ′

31 TT >

31 TT =

31 TT <

13q ′′′

31q ′′′

( )1MpT ′

( )31 TppM ′=′

( )31wρ
1Mp

r

p

p

i

33 ~ TT iσ

 
 

Fig. 22.1 Evaporation of a water droplet in a two-component gas mixture 

In this case the interface temperature 3T σ   is somewhere between ( )1MT p′  and 1T  

( )1 3 1MT p T Tσ′ < < .      (22.119) 

The surface is emitting vapor molecules which are struggling through the gas mix-
ture boundary layer. The molecules of the inert gas present considerable resistance 
to their movement. The transport through the boundary layer is diffusion con-
trolled. The evaporation mass flow per unit surface and unit time is ( )31

wρ . The 
heat needed for the evaporation is absorbed partially from the bulk of the droplet 
by thermal diffusion. Heat is transferred from or to the surface to or from the sur-
rounding gas due to convection. The purpose of this section is to describe a 
method for computation of the evaporation mass flow rate. 

The vapor pressure of the immediate neighborhood of the interface is equal to 
the saturation pressure corresponding to the surface temperature 

( )1
1 3Mp p T σ
σ ′= .      (22.120) 

Therefore there is a pressure difference 1 1M Mp pσ −  across the diffusion boundary 
layer driving the mass flow rate ( )31

wρ . The simplest way to compute ( )31
wρ is 

to use the assumption for the similarity between temperature and concentration 
profile around the droplets and therefore the analogy between the heat and mass 
transfer, namely 

( ) ( )1 1 131 M Mw C Cσρ ρ β= −      (22.121) 

where 
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( )1 3
1 1

M n
M

M M

D C
C C σ

σ

β →Σ= − ∇
−

  (definition)  (22.122) 

1
1

1 1 1 1

1
1 /

M
M

n M n M

C σ
σ

σ σ σ σ

ρ
ρ ρ ρ ρ

= =
+ +∑ ∑

,   (22.123) 

( )1 3M Tσ σρ ρ′′= ,      (22.124) 

( )1
3

1 1
1 3

n
n

p p T
R T

σ

σ σρ
Σ

′−
=∑ ,      (22.125) 

where 

1 287.04nRΣ =        (22.126) 

is the gas constant for air. 
 

In these case the mass transfer coefficient  is computed from an appropriate heat 
transfer correlation, e.g. the correlation of Ranz and Marschall (1952) replacing 
the Nu and Pr numbers with Sh and Sc numbers respectively 

1/ 2 1/ 33
13 12 0.6

M n

DSh Re Sc
D
β

→Σ

= = + ,     (22.127) 

where 

13 1 1 13 1/Re D Vρ η= Δ ,      (22.128) 

( )1 1 1/ M nSc Dη ρ →Σ= .      (22.129) 

An additional simplifying assumption 

3 3T Tσ ≈        (22.130) 

completes this model. 
Having in mind that 

13 0μ = ,       (22.131) 

3
1 0q σ′′′ = ,       (22.132) 

we obtain from the energy jump condition the heat extracted from the droplet dur-
ing the slow evaporation per unit mixture volume and unit time 

( )1
3 31 3Mq h p hσ μ′′′ ′′⎡ ⎤= − −⎣ ⎦ .     (22.133) 

In order to obtain the averaged value of the mass source term, we use the sum of 
the mass conservation equations for the inert components in the gas mixture, ne-
glecting convection and diffusion from the neighbor control volumes, 
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( )1 1 1 31 1 13 1 1 1 1n n n n n
d C C a C C C
d σα ρ μ ρ β
τ

= − = −∑ ∑ ∑ ∑ ∑  (22.134) 

or after the substitution 

13 1 1

1

na C στ ρ β
τ

α
= ∑ ,      (22.135) 

1

1

n

n

C
C

C σ

= ∑
∑

,       (22.136) 

( )1dC C C
dτ

= − .      (22.137) 

The solution of this equation for 0τ = , 0C C=  is 

( )0 0

1 1
1 1 1

C
C C eτ
−

=
− + −

.      (22.138) 

Using the so obtained solution, we compute the averaged value of the evaporated 
mass per unit mixture volume and unit time within the time interval τΔ , 

( )31 13 1 1 1n na C C fσμ ρ β= − −∑ ∑ ,    (22.139) 

where 

( )0
0

1 11 ln 1 1 1
1

f C e
C

τ

τ
⎧ ⎫⎡ ⎤= − − − ≤⎨ ⎬⎣ ⎦− Δ⎩ ⎭

,   (22.140) 

This expression takes into account the reduction of the driving forces of the 
evaporation under the above discussed conditions. 

There are other proposals in the literature how to compute ( )31
wρ . Following 

Spalding (1953) the diffusion mass flow rate at macroscopic surface is 

( ) ( )1 131
ln 1 lnw Sp Cρ ρ β ρ β= + = ,    (22.141) 

where 

1 1

11
M M

M

C CSp
C

σ

σ

−
=

−
,      (22.142) 

is the Spalding mass transfer number and 1MC σ  is the vapor mass concentration at 
the boundary layer. 

Clift et al. (1978) use for the region 10.25 100Sc< <  and 13Re 400<  the fol-
lowing correlation to compute 
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( ) ( )
1/ 3

13 1 131 1Sh Re Sc f Re= + + ,    (22.143) 

( )13 1f Re =    for  13 1Re < ,   (22.144) 

( ) 0.077
13 13f Re Re=   for  131 400Re< < .   (22.145) 

Approximating numerical results Chiang and Sirignano (1990) use the following 
correlation 

( )
( )1 0.731 1

Spw
Sp

ρ ρ β=
+

,     (22.146) 

where β  is computed by 

0.6 1/ 3
13 12 0.46Sh Re Sc= + .      (22.147) 

The validity of this approach is recommended by the authors within the region 0.3 
< Sp < 4.5, 1330 250Re< < . 

Tanaka (1980) uses the following equation 

( ) ( )

0.52

1

1
1 1 1 0.4831

1
1

1

1.39

1
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n
M M

n
n
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C
C

w C C
C

C
C

σ

σ

σ

ρ ρ β

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠= −

⎛ ⎞
+⎜ ⎟⎜ ⎟

⎝ ⎠

∑
∑

∑ ∑∑

  (22.148) 

where the mass transfer coefficient β  was computed by means of the Ranz and 
Marchal 

Abramson and Sirignano (1989) used the Spalding correlation by computing 
the mass transfer coefficient taking into account the heat transfer from the droplet 
bulk to the surface by modifying the Ranz and Marchal equation for Sh-number as 
follows 

( ) ( )0.7

22
1 ln 1

RMShSh B
Sp Sp

−
= +

+ +
,     (22.149) 

where 

( )3 1 3pc T T
B

h h
−

=
′′ ′−

.      (22.150) 

All properties for 13Re , 1Sc ,  except 1ρ  are computed at reference parameters, 

refC , defined as follows 

( ) 1 1
1 1ref M MC n C C
n σ⎡ ⎤= − +⎣ ⎦ ,   n = 3.    (22.151) 

(1952) correlation. 
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Next we try to remove the simplifying assumption 1
3 3T Tσ ≈ . 

The time-averaged heat transfer from the bulk of the droplet to the surface is 

( ) ( )1 1
3 3 3 3 3 3 3 /p mq c T T Tσ σα ρ τ τ′′′ = − Δ Δ .    (22.152) 

The time-averaged convective heat transfer from the surface to the gas is 

( )3 1 2
1 3 1 13 3 1 1 36 /q Nu T T f Dσ σ

σα λ′′′ = − .    (22.153) 

From the energy jump condition at the surface we have 

( ) ( ) ( )1 3 1 1
3 1 3 3 3 3316 /q q w h T h T Dσ σ σ σα ρ ⎡ ⎤′′′ ′′′ ′′ ′+ = − −⎣ ⎦ .  (22.154) 

Solving this equation with respect to the surface temperature we obtain 

( ) ( ) ( ) ( )
( )

2 1 1
3 3 3 3 1 13 1 1 3 3 3 3311

3 2
3 3 3 1 13 1 1 3

/ 6 / 6 /

/ 6 /
p m

p m

c T T Nu T f D w h T h T D
T

c T Nu T f D

σ σ
σσ

σ

ρ τ τ λ ρ

ρ τ τ λ

⎡ ⎤′′ ′Δ Δ + − −⎣ ⎦=
Δ Δ +

. 

  (22.155) 

( )31
wρ , h" and h' are non-linear functions of 1

3T σ  and therefore the above equa-

tion should be solved by iterations. Having 1
3T σ  it is a simple matter to compute 

( )31
wρ , 1

3q σ′′′  and 3
1q σ′′′ . 

The method to describe vapor condensation from a gas mixture on a liquid  
droplet is similar and will not be described separately. 
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Latin 

 

1a  1 1
8 R T
π

= , thermal velocity of the vapor molecules, m/s 

cc  0.1≈  for water steam plus non-condensable gases, ≈ 0.5 to 1, for pure 
water-steam, part of the molecules striking the nucleus and remaining 
there, dimensionless 

Tc   temperature correction factor taking into account the heat transfer from 
the nucleus to the surrounding vapor, dimensionless 

3cF  surface of the cluster, m² 

1Gb  3

1

cE
kT
Δ

= , Gibbs number, dimensionless 

k   2413.805 10−= ×  is the Boltzmann constant, J/K 
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mμ  molar mean molecular mass, as many kilograms of a given substance as 
its molecular mass is, e.g. 

2,H Omμ =18, ,Airmμ =28.9, kg/mol 

1m  
A

m
N

μ=  mass of a single molecule, kg 

AN  236.02 10= × ,  Avogadro number, 1/mol 

1N  1 1/ mρ= , number of the vapor molecules per unit volume, 1/m³ 

3,kinn  generated nuclei per unit volume and unit time, 1/(m³s) 

3n  number of droplets per unit flow, 1/m³ 

3cn  ( ) 3
1 3 1

4 /
3 cT R mρ π′= , number of the molecules in a single nucleus with 

critical size, 1/m³ 
p  local static pressure, Pa 
p′  ( )1p T′= , saturation pressure as a function of the steam temperature, Pa 

cp  critical pressure, for water 5221.2 10× , Pa 

3R  droplet radius, m 

30R  radius of a subcooled non-stable spherical steam volume, m 

3cR  critical nucleus radius, m  

1T  steam at local temperature, K 
T ′  ( )T p′= , saturation temperature at the system pressure, K  

cT  critical temperature, K 

2,c H OT  647.2= , critical temperature of water, K  

1,spinT  temperature at the spinoidal line, K 
w local velocity, m/s 

1Ze  1
2
33 c

Gb
nπ

= , Zeldovich number, dimensionless 

 
Greek 
 
β  empirical coefficient, dimensionless 

3EΔ  work required to create a single nucleus, J 

3cEΔ   work required to create a stable single nucleus, J 

13cSΔ  3 1cE T= Δ , entropy increase required to create a stable single nucleus, 
J/K 

1,subTΔ  ( ) 1T p T′= − , subcooling, K  

1ρ  ( )1 1,p Tρ= , steam density, kg/m³ 
σ  surface tension, Nm 
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There are different flow pattern leading to a film-gas interface in multi-phase 
flows. Stratified and annular flows in channels with different geometry, walls of 
large pools with different orientations and part of the stratified liquid gas 
configuration in large pools are the flow patterns of practical interest. The 
problem of the mathematical modeling of interface heat and mass transfer consists 
of (a) macroscopic predictions of the geometrical sizes and local averaged 
temperatures, velocities, concentrations and pressure and (b) microscopic 
modeling of the interface heat and mass transfer. The purpose of this Chapter is to 
review the state of the art for modeling of the interface heat and mass transfer for 
known geometry.  

 
Next we summarize some important geometrical characteristics needed further. 
 

The cross section occupied by gas and liquid in a channel flow is  

1 1F Fα=        (23.1) 

and  

2 2F Fα=        (23.2) 

respectively, where F is the channel cross section. Depending on the gas velocity 
the film structure can be 

 
(a) symmetric, or 
(b) asymmetric. 
 

The symmetric film structure is characterized by uniformly distributed film on the 
wet perimeter in the plane perpendicular to the main flow direction. For this case 
the film thickness is  

2 2(1 1 ) / 2F hDδ α= − − ,     (23.3) 

23 Heat and mass transfer  
at the film-gas interface 
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where hD  is the hydraulic diameter of the channel in a plane perpendicular to the 
main flow direction.  

The liquid gas interface per unit flow volume that is called the interfacial area 
density is  

12 2
4 1

h

a
D

α= − .      (23.4) 

The hydraulic diameter of the gas is  

1 21h hD D α= − .      (23.5)  

Asymmetric film structure results in the case of dominance of the gravitation 
force. The flow can be characterized by three perimeters, one of the gas-wall 
contact, Per1w, one of the gas-liquid contact, Per12, and one of the liquid-wall 
contact, Per2w. To these three perimeters correspond three shear stresses, one 
between the gas and wall, 1wτ , one between gas and liquid, 12τ , and one between 
the liquid and wall, 2wτ . The hydraulic diameters for computation of the friction 
pressure loss of the both fluids can be defined as  

( )1 1 1 124 /h wD F Per Perα= + ,     (23.6)  

( )1 2 2 124 /h wD F Per Perα= + .     (23.7)  

Two characteristic Reynolds numbers can be defined by using these length scales  

1 1 1 1 1 1
1

1 1 1 12

4h

w

V D V FRe
Per Per

ρ α ρ
η η

= =
+

,    (23.8)  

2 2 2 2 2 2
2

2 2 2 12

4h

w

V D V FRe
Per Per

ρ α ρ
η η

= =
+

.    (23.9)  

In the three-dimensional space it is possible that the liquid in a computational cell 
is identified to occupy the lower part of the cell. In this case the gas-liquid 
interfacial area density is  

12 1/a z= Δ .       (23.10)  

The film thickness in this case is  

2 2F zδ α= Δ ,       (23.11) 

where the 2α  is the local liquid volume fraction in the computational cell. In the 
case of film attached at the vertical wall of radius r of a control volume in 
cylindrical coordinates  
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( )2
2 2 11 1 1 /F ir r rδ α −

⎛ ⎞⎡ ⎤= − − −⎜ ⎟⎣ ⎦⎝ ⎠
.    (23.12)  

For the limiting case of ri-1 = 0 Eq. (23.12) reduces to Eq. (23.3). The interfacial 
area density in this case is  

( )

( )

( )

2
2 1

2
12 2 2

1 1

1 1 /1 /2 2
1 / 1 /

i
F

i i

r rra
r r r r r r

αδ −

− −

⎡ ⎤− −− ⎣ ⎦= =
⎡ ⎤ ⎡ ⎤− −⎣ ⎦ ⎣ ⎦

.  (23.13)  

For the case of ri-1 = 0 Eq. (23.13) reduces to Eq. (23.4). For such flow pattern the 
following film Reynolds number is used  

2 2 2
2

2

F
F

VRe ρ δ
η

= . 
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Next we consider a flow without mass transfer. Detailed consideration of the 
convective heat transfer is useful not only for flows without mass transfer but also 
for flow with mass transfer at the film-gas interface. 

The gas and liquid temperatures are T1 and T2, respectively. The interface 
temperature, which plays an important role in the mathematical description is 

1
2T σ.  The total heat transfer mechanism can be considered as 

 
(a) heat transfer from the interface into the gas, 2

1q σ′′′ ,  and  
(b) heat transfer from the interface into the bulk liquid 1

2q σ′′′ .  

450403"Icu"ukfg"jgcv"vtcpuhgt""

To model the heat transfer between interface and gas we can use known 
correlations for heat transfer from gas to solid surface  

( )2 2 2
1 12 1 1 1q a h T Tσ σ σ′′′ = − .     (23.14) 

Here 2
1h σ  is the heat transfer coefficient.  

For laminar gas flow in channels, Re1 < 1450 in accordance with Hausen, see 
in (1958), the maximum Nusselt number is 3.66 corrected for the effect of the 
temperature gradients,  
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1/ 4
2 1 1
1 2

1 1

3.66
h

Th
D T

σ
σ

λ ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
     (23.15) 

For turbulent gas flow in channels, Re1 < 1450 in accordance with Mc Eligot, see 
(1958), the Nusselt number is computed by modified similarity to momentum 
transfer  

1/ 2
2 0.8 0.41 1

1 1 1 2
1 1

0.021
h

Th Re Pr
D T

σ
σ

λ ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
    (23.16) 

Sometimes this correlation is used in the form 

1 1
1 1 1 1

1 1 1 1p

h Nu V SrV
c Re Pr
σβ

ρ
= = =      (23.17) 

or 
1/ 2

0.6 1/ 5 1
1 1 1 12

1

0.021 TPr Re V
T σβ − − ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

.    (23.18) 

Similar is the equation introduced by Bunker and Carey (1986) for gas side heat 
transfer namely  

1/ 3 1/ 5
1 1 1 10.037Pr Re Vβ − −= .     (23.19) 

The order of magnitude of the constants in the above equations, 0.021 to 0.037, 
was derived by comparison with experiments. 
In the case of natural circulation of gas at a vertical wall we can use the proposal 
made by Rohsenow and Choi

( ) ( )1/ 4 4 8
1 1 1 1 1 1/ 0.56    10 10  laminarh z Gr Pr Gr Prσ λΔ = < < , (23.20) 

( ) ( )1/ 3 8 10
1 1 1 1 1 1/ 0.13    10 10  transitionh z Gr Pr Gr Prσ λΔ = < < , (23.21) 

( ) ( )2 / 5 10
1 1 1 1 1 1/ 0.021    10  turbulenth z Gr Pr Gr Prσ λΔ = < ,  (23.22) 

where the Grashof number  

( ) ( )22 3 2 2 31
1 1 1 1 1 1 1 1 1

1 1

1 / / /Gr g T T z g T T T z
T

σ σ∂ρ ν ρ η
ρ ∂

⎛ ⎞
= − − Δ ≈ − Δ⎜ ⎟

⎝ ⎠
 (23.23)  

is defined using the vertical size zΔ  of the considered wall. 
 
For a horizontal plane the Jakob correlation (1933) for natural circulation can be

 (1961),  

23 Heat and mass transfer at the film-gas interface 

used  
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( ) ( )
1/ 420/16 22 2

1 1 1 1 1 1 1 12.417 / / Prh g T T Tσ σλ ρ η⎡ ⎤= −⎢ ⎥⎣ ⎦
.  (23.24) 

The heat transfer coefficient for forced convection at a plane surface can be 
computed using the classical Reynolds analogy, assuming similarity of the 
velocity and temperature profiles and no distortion of the boundary layer due to 
mass transfer 

( )2 2
1 1 1

1 1 1
1 1

/ 1
2 w

p

q T T
V

c

σ σ

β λ
ρ

′′ −
= =      (23.25) 

or 

1
1 1 1

1 1

/ 2w
p

h V
c
σβ λ

ρ
= =       (23.26a)  

or  

1 1 1 1Re Pr / 2z z wNu λ=       (23.26b) 

where  

1 1 1/zNu h zσ λ= Δ ,      (23.27) 

1 1 1/zRe V z ν= Δ .      (23.28) 

For plane walls the average shear stress along zΔ  is  
21

1 1 1 12w w Vτ λ ρ= ,      (23.29) 

where for laminar flow 

Re1z < (1 to 3) 105,      (23.30)  

in accordance with Prandtl and Blasius 
1/ 2

1 11.372 /w zReλ = ,      (23.31) 

and for turbulent flow - see in Albring (1970)  
1/ 5

1 10.072 /w zReλ = .      (23.32) 

For the laminar flow Eq. (23.31) substituted in Eq. (23.26) gives 
1/ 2

1 1 10.686z zNu Re Pr= ,      (23.33) 

which is very similar to the widely used Pohlhausen equation (1921) 
1/ 2 1/ 3

1 1 10.664z zNu Re Pr=      (23.34) 
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recommended by Gnielinski (1975) after comparison with data for the laminar 
flow. For turbulent flow Eq. (23.26) was improved by Petukhov and Popov (1963) 

( ) ( ) ( )1/ 2 2 / 3
1 1 1 1 1 1/ 2 / 1 12.7 / 2 1z z w wNu Re Pr Prλ λ⎡ ⎤= + −⎢ ⎥⎣ ⎦

.  (23.35) 

The influence of the change of the gas properties at the wall can be taken into 
account in accordance with Churchill and Brier (1955) by multiplying the results 
by ( )0.12

1 1/T T σ .  After comparing with a large number of data for turbulent flows 
Gnielinski recommended Eqs. (23.35) and (23.32). For comparison we give here 
the recently successfully used modification of the Petukhov and Popov result, by 
Kim and Corradini (1990)  

( )1 1 1 1 1/ 2 / t
z z wNu Re Pr Prλ= ,     (23.36) 

where the turbulent Prandtl number is 

1 1 2 1/tPr c c Pr= +       (23.37) 

c1 = 0.85,       (23.38) 

c2 = 0.012 to 0.05 for Re1z
 = 2.104,    (23.39) 

c2 = 0.005 to 0.015 for Re1z
 = 105.    (23.40) 

In pure vapor condensation the condensate film provides the only heat transfer 
resistance.  
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Next we consider the heat transfer from the interface into the bulk liquid. The 
liquid can be laminar or turbulent. For laminar liquid the heat is transferred from 
the interface into the liquid due to heat conduction described by the Fourier 
equation, (1822), 

2

2 2
T Ta

y
∂ ∂
∂τ ∂

= − ,      (23.39) 

where the positive y direction is defined from the interface into the bulk. The text 
book solution for the following boundary conditions 

τ ≥  0, y = 0, T = T  (interface),     (23.40) 

τ = 0, y > 0, T = T2 (bulk liquid),    (23.41) 

τ  > 0, y→ 1 , T = T2 (bulk liquid),    (23.42) 

is 

23 Heat and mass transfer at the film-gas interface 
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( )
( )

1
2 2 2 1/ 2

22
yT T T T erfc

a
σ

τ
− = − .    (23.43) 

Using the temperature gradient  

( )
( )

1
22 2

21/ 2
2

exp / 4T T T y
a

σ∂ α τ
∂τ π τ

− ⎡ ⎤= − −⎣ ⎦     (23.44) 

at y = 0 we compute the heat flux at the interface 

( ) ( )1 12
2 2 0 2 2 2 2 2 2 2 2

2
y p p

aT Bq c T T c T T
y

σ σ
σ

∂λ ρ ρ
∂ πτ τ=′′ = − = − = −  

( )1
2 2 2 2 2pc T Tσβ ρ= − .      (23.45) 

The averaged heat flux over the time period τΔ  is 

( )1 1
2 2 2 2 2 2 /pq B c T Tσ σρ τ′′ = − Δ     (23.46) 

Assuming T1 ≈  const, T2 ≈  const and using the energy jump condition 
2 1

1 2 0q qσ σ′′ ′′+ =  in or 

( ) ( )2 2 1
1 1 1 2 2 2 2

2 0p
Bh T T c T Tσ σ σρ
τ

− + − =
Δ

,   (23.47) 

and assuming 1 2
2 1T Tσ σ=  which is valid for the case of no mass transfer across the 

interface we obtain  

1 2 2
2 1 1 2 2 2 1 2 2

2 2/p p
B BT h T c T h cσ σ σρ ρ
τ τ

⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟Δ Δ⎝ ⎠ ⎝ ⎠
.  (23.48)  

Thus having 1
2T σ  we compute for Eq. (23.46) the heat flux from the interface into 

the bulk liquid 

( )1 *
2 12 1 2q h T Tσ′′ = −       (23.49) 

where 

* 2
12 1

2 2

1 1 1
2

p
Bh h c

σ
ρ

τ

= +

Δ

.     (23.50) 

The heat transferred per unit control volume and unit time is  
1 2 1

2 1 12 2q q a qσ σ σ′′′ ′′′ ′′= − =  .      (23.51) 
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Let 2τΔ  be the average time in which a turbulent eddy stays in the neighborhood 
of the free surface before jumping apart called sometimes the renewal period. 
During this time the average heat flux from the interface to the eddies by heat 
conduction is 

( ) ( ) ( )1 1 1
2 2 2 2 2 2 2 2 2 2 22 / p pq B c T T c T Tσ σ στ ρ β ρ′′ = Δ − = − .  (23.52) 

If the volume-averaged pulsation velocity is 2V ′  and the turbulent length scale in 
the film is 2e  the time in which the eddy stays at the interface is  

( )2 2 2,ef Vτ ′Δ = .      (23.53) 

Thus, the task to model turbulent heat conduction from the interface into the 
liquid is reduced to the task to model 

 
(i) pulsation velocity 2V ′  and  
(ii) turbulent length scale 2e . 
 

Usually 2β  is written as a function of the dimensionless turbulent Reynolds 
number  

2 2 2 2 2/t
eRe Vρ η′= ,      (23.54) 

and Prandtl number Pr2,  

1/ 2 1/ 2 1/ 2 2 22 2
2 2 2 2

2 2 2 2

2 2 2 t eVa Pr Pr Reηβ
π τ π ρ τ π τ

− − − ′
= = =

Δ Δ Δ
, (23.55) 

and is a subject of modeling work and verification with experiments. Once we 
know 2β  we can compute some effective conductivity by the equation 

( ) ( )2
2 2 2 2 2 2 2 2 2

2 2 2

2 eff
p p

p

c T T c T T
c σ σ

λ
ρ β ρ

ρ π τ
− = −

Δ
   (23.56) 

or 

2
2 2 2 2 22eff pcπλ ρ τ β= Δ ,      (23.57) 

and use Eq. (23.48) for both laminar and turbulent heat transfer. 

23 Heat and mass transfer at the film-gas interface 
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23.2.3.1 High Reynolds number 

One of the possible ways for computation of the renewal period 2τΔ  for high 
turbulent Reynolds numbers  

2
tRe  > 500       (23.58) 

is the use the hypothesis by Kolmogoroff for isotropic turbulence 

( )1/ 23
2 1 2 2 2/ec Vτ ν ′Δ ≈ ,     (23.59) 

where 

2 1 2e Fc δ≈ ,       (23.60) 

where c1 is a constant. In this region the turbulence energy is concentrated in 
microscopic eddies (mechanical energy dissipating motion). Substituting 2τΔ  
from Eq. (23.61) into (23.57) we obtain  

1/ 2 1/ 4
2 2 2 2

2 tPr Re Vβ
π

− − ′= .     (23.61) 

The qualitative relationship 1/ 2 1/ 4
2 2 2

tPr Reβ −≈  was originally proposed by 
Banerjee et al. in (1968) and experimentally confirmed by Banerjee et al. (1990). 
Lamont and Scot, see in Lamont and Yuen (1982), describe successfully heat 
transfer from the film surface into the flowing turbulent film for high Reynolds 
numbers using Eq. (23.61) with a constant 0.25 instead of 2 /π . Recently 
Hobbhahn (1989) obtained experimental data for condensation on a free surface, 
which are successfully described by Eq. (23.61) modified as follows  

0.6 1/ 5
2 2 2 20.07 tPr Re Vβ − − ′=      (23.62) 

where the discrepancy between the assumption made by the authors 

2 2e Fδ≈        (23.63) 

and 

2 2 1 2 1 2/V V V Vρ ρ′ ≈ + −      (23.64) 

and the reality are compensated by the constant 0.07. 

23.2.3.2 Low Reynolds number 

For low turbulence Reynolds number  

2 500tRe <        (23.65) 
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the Kolmogoroff time scale is no longer applicable. In this region the turbulence 
energy is concentrated in macroscopic eddies (mechanical energy containing mo-
tion). The choice of the liquid film thickness, as a length scale of turbulence  

2 2e Fδ≈        (23.66) 

is reasonable. Therefore the renewal period is 

2 2 2/F Vτ δ ′Δ ≈        (23.67) 

and Eq. (23.55) reduces to 

1/ 2 1/ 2
2 2 2 2

2 tPr Re Vβ
π

− − ′= .     (23.68) 

For low Reynolds numbers Fortescue and Pearson (1967) recommended instead 
of 2 /π  in Eq. (23.68) to use  

const = 0.7(1+0.44 / *
2τΔ ),     (23.69) 

where  
*
2 2 2 2/ 1eVτ τ ′Δ = Δ ≈ ,      (23.70) 

which is > 0.85, as recommended by Brumfield et al. (1975). 
Theofanous et al. (1976) show that most of their experimental data for 

condensation on channels with free surface can be described by using Eqs. (23.61) 
and (23.68) with the above discussed corrections introduced by Lamont and Scot, 
and Fortescue and Person, respectively.  

23.2.3.3 Pulsation velocity 

a) Time scale of turbulence pulsation velocity based on average liquid velocity.  
 

A very rough estimate of the pulsation velocity is  

( )1 2 20.1  0.3  V c V to V′ = ≈ ,     (23.71) 

With this approach and  

2 2 2e Fc δ≈        (23.72) 

the two equations for 2β  read 

2 1500FRe c< ,       (23.73) 

1/ 4 3/ 4 1/ 2 1/ 4 1/ 2 1/ 4
2 2 1 2 2 2 2 2 2

2
F Fc c Pr Re V constPr Re Vβ

π
− − − − −= = .  (23.74) 

23 Heat and mass transfer at the film-gas interface 
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Comparing this equation with the McEligot equation we see that   

const ≈  0.021 to 0.037 .     (23.75) 

For 

Re2 < c1500,       (23.76) 

1/ 2 1/ 2 1/ 2
2 1 2 2 2

2
Fc Pr Re Vβ

π
− −= .     (23.77) 

b) The scale of turbulence pulsation velocity based on friction velocity 
 

Improvement of the above theory requires a close look to the reasons for the 
existence of turbulence in the liquid film. This is either the wall shear stress, 2wτ , 
or the shear stress acting at the gas-liquid interface, 12τ ,  or both simultaneously. 
The shear stress at the wall for channel flow is 

2
2 2 2 2

1 1
4 2w w Vτ λ ρ= ,      (23.78) 

where 

2 2 2
2 2

2

, /h w
w friction w h w

V D k Dρλ λ
η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.    (23.79) 

Here 

2
2

2

4
h w

w

FD
Per
α

= .      (23.80) 

is the hydraulic diameter of the channel for the liquid, and 2/w h wk D  is the relative 
roughness. The shear stress of the gas liquid interface in channel flow is  

2
12 12 1 12

1 1
4 2

Vτ λ ρ= Δ ,      (23.81) 

where 

1 12 1 2
2

2 1

/ 4,h F
w friction

h

V D
D

ρ δλ λ
η

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
.    (23.82) 

Here 

1
1

1 12

4
h

w

FD
Per Per

α
=

+
,      (23.83) 
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is the hydraulic diameter of the "gas channel" and ( )2 1/ 4 /F hDδ  is the relative 
roughness for the "gas channel" taken to be a function of the waviness of the film. 

 
For vertical plane walls the average shear stress at the wall along zΔ  is 

2
2 2 2 2

1
2w w Vτ λ ρ=       (23.84) 

where for laminar flow 

Re2z < (1 to 3)105      (23.85) 

in accordance to Prandtl and Blasius  
1/ 2

2 21.372 /w zReλ =       (23.86) 

and 

2 2 2/zRe V z ν= Δ       (23.87) 

and for turbulent flow - see in Albring (1970)
1/ 5

2 20.072 /w zReλ = .      (23.88) 

Similarly the gas side averaged shear stress is computed using 

1 12 2/zRe V z ν= Δ Δ .      (23.89) 

Thus the effective shear stress in the film is 

2 2 12 12
2

2 12

w w
eff

w

Per Per
Per Per
τ ττ +

=
+

.     (23.90) 

Now we can estimate the time scale of the turbulence in the shear flow 

( )1/ 23
2 2 2 2/F Vτ ν δ ′Δ ≈ ,      (23.91) 

using the dynamic friction velocity 
*

2 2 2/eff effV τ ρ= .      (23.92) 

Assuming that the pulsation velocity is of the order of magnitude of the friction 
velocity  

*
2 2 effV const V′ ≈ ,      (23.93) 

where the 

const ≈  2.9,       (23.94) 

we obtain for 
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*
2FRe  > const 500,      (23.95) 

3/ 4 1/ 2 * 1/ 4 *
2 2 2 2

2
F effconst Pr Re Vβ

π
− −= ,    (23.96) 

and for 

Re2 < const 500,      (23.97) 

1/ 2 1/ 2 * 1/ 2 *
2 2 2 2

2
F effconst Pr Re Vβ

π
− −= ,    (23.98) 

where 
*

2 2 2*
2

2

eff F
F

V
Re

ρ δ
η

= .      (23.99) 

More careful modeling of the turbulent length scale for the derivation of Eq. 
(23.98) was done by Kim and Bankoff (1983). The authors used the assumption 

*
2 2effV V′ ≈ ,       (23.100) 

and modified Eq. (23.98) as follows 
1/ 2 0.12 *

2 2 2 20.061 t
effPr Re Vβ −= ,     (23.101) 

where 

( )

1/ 2

8 *1.85 *0.006 0.23
2 1 2 2

2 1

3.03 10e Re Re Pr
g

σ
ρ ρ

− −
⎡ ⎤

= ×⎢ ⎥
−⎢ ⎥⎣ ⎦

,  (23.102) 

for 3000 < *
1Re  < 18000 and 800 < *

2Re  < 5000, 12λ  = 0.0524 + 0.92× 10-5 *
2Re  

valid for *
2Re  > 340, and 12τ  >> 2wτ . Note the special definition of the Reynolds 

numbers as mass flow per unit width of the film  

* 1 1 1
1

1 12

V FRe
Per

α ρ
η

= ,      (23.103) 

* 2 2 2
2

2 12

V FRe
Per

α ρ
η

= .      (23.104) 

Assuming that the pulsation velocity is of order of the magnitude of the friction 
velocity as before but the time scale of the turbulence is 

( )1/ 2 *2
2 2 2 2 2/ / effVτ ν ε νΔ ≈ = ,     (23.105) 

results for 
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*
2FRe  > const 500,      (23.106) 

in 

1/ 2 *
2 2 2

2
effPr Vβ

π
−= .      (23.107) 

This equation is recommended by Jensen and Yuen (1982) with a constant 0.14 
instead 2 /π  for τ12 >>τ 2w . Hughes and Duffey reproduced an excellent 
agreement with experimental data for steam condensation in horizontal liquid 
films by using Eq. (23.96) and the assumption 

( )2 12 2 / 2eff wτ τ τ= + .      (23.108) 

Nevertheless one should bear in mind that Eq. (23.90) is more general. 
An example of detailed modeling of the turbulence structure in the film during 

film condensation from stagnant steam on vertical cooled surfaces is given by 
Mitrovich Rohsenow and Choi (1961). For this case  

( )1 1 1
2 2 2 wq h T Tσ σ σ′′′ = −       (23.109) 

where 
0.5261 0.33 1.9 1.267 1.11

2 2 2 2 2 2/ 1.05 1F F Fh Re C Re Prσδ λ − ⎡ ⎤= +⎣ ⎦ ,   (23.110) 

C = 8.8 10-3/(1 + 2.29 10-5Ka2
0.269),    (23.111) 

( )3 4
2 2 2/Ka gρ σ η= .      (23.112) 

Summarizing the results discussed above we can say the following: 
 
(a) Gas in the two-phase film flow behaves as a gas in a channel. Therefore the 

gas side heat transfer can be considered as a heat transfer between gas and the 
"channel wall" taking into account that the "wall roughness" is influenced by the 
waves at the liquid surface.  

 
(b) The liquid side heat transfer at the interface is due to molecular and 

turbulent heat conduction. The modeling of the turbulent heat conduction can be 
performed by modeling the time and length scale of the turbulence taking into 
account that turbulence is produced mainly  

 
(i) at the wall - liquid interface, and  
(ii) at the gas - liquid interface.  
 
(c) Gas side heat transfer in a pool flow can be considered as a heat transfer at 

plane interface.  

23 Heat and mass transfer at the film-gas interface 
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(d) The liquid side heat transfer from the interface into the bulk liquid is 
governed by the solution of the transient Fourier equation where in case of the 
turbulence the use of effective heat conductivity instead of the molecular 
conductivity is recommended. 

4505"Urqpvcpgqwu"hncujkpi"qh"uwrgtjgcvgf"hkno"

The considerations for the estimation of the spontaneous evaporation of the 
superheated film are identical to those presented in Chapter 22 Section 5 for the 
spontaneous evaporation of a superheated droplet. In order to calculate the source 
terms we simply replace the subscripts 3 with 2 and use the relationships from 
Chapter 22 Section 5. 

 
Having in mind that 

12 0μ = ,       (23.113) 

2
1 0q σ′′′ = ,       (23.114) 

we obtain for the energy jump condition  

( ) ( ) ( ) ( )1 1 1
2 2 2 2 2 2 221 pw h T h T c T Tσ σ σρ β ρ⎡ ⎤′′ ′− = − −⎣ ⎦ ,  (23.115) 

or 

( ) ( ) ( ) ( )1 1 1
2 2 2 2 2 2 221 / pT T w h T h T cσ σ σρ β ρ⎡ ⎤′′ ′= − −⎣ ⎦ .  (23.116) 

From this equation the interface temperature can be computed by iterations 
starting with 1

2T σ  ≈T'(p). The heat transfer from the interface to the bulk liquid is  

( )1 1
2 2 2 2 2 2pq c T Tσ σβ ρ′′ = − ,     (23.117) 

and the evaporated mass per unit time and unit mixture volume is  

( )21 12 21
a wμ ρ= .      (23.118) 

4506"Gxcrqtcvkqp"qh"ucvwtcvgf"hkno"kp"uwrgtjgcvgf"icu"

If the flow consists of superheated gas, T1 > T'(p), and saturated liquid, T2 = T'(p) 
the heat transferred from the gas to the interface by convection is  

( )1
2 12 1cq a h T T pσ′′′ ′= − −⎡ ⎤⎣ ⎦ .     (23.119) 
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The energy jump condition at the surface is 

( ) ( ) ( ) [ ]1
21 2 12 1/ / ( ) ( )cq h p h p a h T T p h p h pσμ ′′′ ′′ ′ ′ ′′ ′= − − = − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ . (23.120)  

The energy balance for the gas at p ≈ const and negligible gas diffusion and 
convection from the neighboring cells is 

[ ]1 11 11 1
1 1 1 2 2

( )( )
( ) ( ) ( ) ( )

p
p

c T T pdT h h pc q q
d h p h p h p h p

σ σα ρ
τ

′−′′−′′ ′′= − ≈ −
′′ ′ ′′ ′− −

,  (23.121) 

or 

[ ]21
1 1( ) /dT T T p

d
τ

τ
′= − Δ ,     (23.122) 

where 

[ ]1 1 1 12( ) ( ) /h p h p aτ α ρ′′ ′Δ = − . 

We see from the above equation that the colder steam entering the bulk steam has 
a cooling effect on the bulk steam. For τ  = 0, T1 = T1a the analytical solution 
gives  

[ ]
1 1

1
1

1

( ) 1
( ) 1 ( )a

T T p
T T p T T p τ

τ

′−
=

Δ′− ′− −
Δ

.    (23.123) 

The averaged temperature difference T1 - T'(p) along the time τΔ  is  

[ ]1
1 1

1

( ) ln 1 ( )aT T p T T pτ τ
τ τ

⎧ ⎫Δ Δ′ ′− = − − −⎨ ⎬Δ Δ⎩ ⎭
.   (23.124) 

Thus, for evaporation of a saturated film in superheated gas the instantaneous heat 
and mass transfer is defined by Eqs. (23.119) and (23.120) and the average heat 
and mass transfer along the time τΔ  is computed as follows: 

 
(i) Compute the averaged heat temperature difference using Eq. (23.124); 
(ii) Compute the average heat transfer using Eq. (23.119);  
(iii) Compute the average mass transfer using the energy jump condition, Eq. 

(23.120).  

4507"Eqpfgpucvkqp"qh"rwtg"uvgco"qp"uwdeqqngf"hkno"

Consider steam having temperature T1 interacting with a liquid film having 
temperature T2 where  

23 Heat and mass transfer at the film-gas interface 
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T2 < T'(p).       (23.125) 

The steam side interface temperature is 2
1T σ .  The heat transferred from the 

interface into the gas per unit time and unit mixture volume is  

( )2 2
1 12 1 1cq a h T Tσ σ′′′ = −       (23.126)  

where hc is computed as discussed in Section 23.1. The heat transferred from the 
interface into the bulk liquid is  

( )1 1
2 12 2 2 2 2 2pq a c T Tσ σβ ρ′′′ = − .     (23.127) 

A simplified way to compute the condensing mass per unit time and unit mixture 
volume is to assume   

( )1 2
2 1T T T pσ σ ′= ≈ .      (23.128) 

Using the energy jump condition we obtain  

[ ] [ ]{ } [ ]12 12 1 2 2 2 2( ) ( ) / ( ) ( )c pa h T p T c T p T h p h pμ β ρ′ ′ ′′ ′= − + − − . (23.129)  

An improvement of the description can be achieved by dropping the assumption 
(23.128). In this case one must compute the condensing mass flow rate ( )12

wρ  as 
a function of the interface temperature using the kinetic theory as discussed in 
Section 22.1.2. Consequently we have  

( ) ( )1
2 112

, ,w f T T pσρ =       (23.130) 

The energy jump condition  

( ) [ ] ( ) ( )2 1
2 2 1 1 2 2 2 2 212

( ) ( )i i c pw h T h T h T T c T Tσ σρ β ρ′′ ′− = − + − , (23.131) 

governs the interface temperature 

( ){ } ( )1 1 1
2 2 2 1 2 2 2 2 2 2 212 ( ) ( ) /c p c pT w h T h T h T c T h cσ σ σρ β ρ β ρ′′ ′⎡ ⎤= − + + +⎣ ⎦ . 

   (23.132) 

Obviously 1
2T σ  has to be obtained by iterations starting with 1

2T σ  ≈  T'(p). 

4508"Gxcrqtcvkqp"qt"eqpfgpucvkqp"kp"rtgugpeg"

In pure vapor condensation the condensate film provides the only heat transfer 
resistance, whereas if a small amount of non-condensable gas is present, then the 
main resistance to heat transfer is the gas/vapor boundary layer. Air mass fractions 

of non-condensable gases 
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as low as 0.5 % can reduce 50 % or more the condensation, see Pohlhausen 
(1921), Potukho and popov (1963), Gnielinski (1975), Al-Diwani and Rose 
(1973), Siddique and Golay (1994), Uchida et al. (1964). 

Next we consider gas-film flow. The gas has temperature T1 and concentration 
of steam CM1. The system pressure is p and the steam partial pressure in the bulk 
of the gas is pM1. The liquid has temperature T2, that is less than the saturation 
temperature T'(p) for the system pressure. This means that the liquid is subcooled 
and spontaneous flashing is not possible. In this case diffusion controlled 
evaporation or condensation at the interface is possible depending on the interface 
temperature satisfying the energy jump condition. If the partial pressure in the gas 
boundary layer p'( 1

2T σ ) > pM1 steam is transported from the interface into the gas 
bulk. The opposite is the case if p'( 1

2T σ ) < pM1. 
 
Thus for the analysis the estimation of the interface temperature is important. 

The way we propose here is: 
 
(1) Assume as a first estimation 1

2T σ  ≈  T2; 
(2) Compute the steam partial pressure at the interface p'( 1

2T σ ); 

(3) If ( )1
2p T σ′  > pM1 compute the diffusion controlled evaporation mass flow 

rate  

( ) ( )*

21 12
w wρ ρ= − ,      (23.133) 

where  

( ) ( )
1

* 2 / 31 2
112

1 1

( )ln /M
c p

n

M p p Tw h c Le
M p

σ

ρ
′−

=
∑

,   (23.134) 

see in VDI-Waermeatlas (1984).  
 

(4) If ( )1
2p T σ′ < pM1 compute the diffusion controlled condensation mass flow 

rate 

( ) ( )*

21 12
w wρ ρ=       (23.135) 

Here 

1 1
1 1 1

n n
n M

p p p
M M M

p pΣ

−
= +∑ ∑     (23.136)  

is the mixture mole mass and 1nMΣ  and MM1 are the mole masses of the inert 
components and of the steam, respectively, e.g. 1nMΣ = 28.96 kg/mol for air and 
MM1 = 18.96 kg/mol for water steam.  

23 Heat and mass transfer at the film-gas interface 
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( )1 1 1/ p M nLe c Dλ ρ →= ∑      (23.137) 

is the Lewis number, M nD →∑  is the diffusion constant for steam in the gas 

mixture.  
 
(5) Compute the gas and the liquid heat flux from the interface  

( )2 2
1 1 1 cq f h T Tσ σ′′ = − ,      (23.138)  

( )1 1
2 2 2 2 2 2pq c T Tσ σβ ρ′′ = − .     (23.139)  

Here f is a factor reflecting the gas side convective heat transfer. In the case of no 
mass transfer f = 1. 

For condensation the following proposal for computation of f was made in 
VDI-Waermeatlas (1984): 

( )/ 1 Ff F e−= − ,      (23.140) 

where 

( ) 112
/pM cF w c hρ= .      (23.141) 

(6) Compute by iterations the interface temperature 1
2T σ  from the energy jump 

condition  

( ) ( ) ( ){ } ( )*1 1 1
2 2 2 1 2 2 2 2 2 2 212

/c p c pT w h T h T fh T c T fh cσ σ σρ β ρ β ρ⎡ ⎤′′ ′= − + + +⎣ ⎦  

   (23.142) 

starting with 1
2T σ = T2. 

 
(7) Check again the initial hypothesis and compute the interfacial evaporation 

or condensation mass flow rate, respectively, and the heat fluxes using the final 
interfacial temperature 1

2T σ . 

Pqogpencvwtg""

Latin 
 

a ( )/ pcλ ρ= , temperature conductivity, m²/s 

12a  1/ z= Δ  gas liquid interfacial area density in Cartesian coordinates, 1/m 
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1hD  hydraulic diameter for the gas, m 

2hD  hydraulic diameter for the liquid, m 

12hD  hydraulic diameter for computation of the gas friction pressure loss 
component in a gas-liquid stratified flow, m 

F channel cross section, m 

1Gr  2 3 21
1 1 1

1 1

1 /g T T z
T

σ∂ρ ν
ρ ∂

⎛ ⎞
= − − Δ⎜ ⎟

⎝ ⎠
 , gas site Grashof number, 

dimensionless 
2
1h σ   gas site interface heat transfer coefficient, W/(m²K) 

wk   wall roughness, m 

Le ( )1 1 1/ p M nc Dλ ρ
→

= ∑  Lewis number, dimensionless 

M nD
→∑  diffusion coefficient for steam in the gas mixture, 2 /m s  

2e  turbulent length scale in the film, m 

1M  mixture mole mass, kg/1_mol 

1nM   mole masses as the inert components, kg/1_mol 
MM1  mole masses of the steam, kg/1_mol 

1zNu  1 1/h zσ λ= Δ , gas Nusselt number, dimensionless 

wPer  perimeter of the rectangular channel, m 

1wPer  wetted perimeters for the gas, m 

2wPer  wetted perimeters for the liquid, m 

1
tPr  turbulent gas Prandtl number, dimensionless 

1Pr  gas Prandtl number, dimensionless 
Pr2 liquid Prandtl number, dimensionless 
p pressure, Pa 

2
1q σ′′′  heat flux density from the interface into the gas, W/m³ 

1
2q σ′′′   heat flux density from the interface into the bulk liquid, W/m³ 

1Re  1 1 1 1/hw Dρ η= , gas Reynolds number, dimensionless 

2Re  2 2 2 2/hw Dρ η= , liquid Reynolds number, dimensionless 
*
1Re  1 1 1

1 12

V F
Per

α ρ
η

= , modified gas Reynolds number, dimensionless 

*
2Re  2 2 2

2 12

V F
Per

α ρ
η

= , modified liquid Reynolds number, dimensionless 

2FRe  2 2 2

2

FVρ δ
η

= film Reynolds number, dimensionless 

1zRe  1 1/V z ν= Δ , gas Reynolds number, dimensionless 

23 Heat and mass transfer at the film-gas interface 
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2
tRe  2 2 2 2/eVρ η′= , liquid turbulent Reynolds number, dimensionless 

*
2FRe  

*
2 2 2

2

eff FVρ δ
η

= , liquid turbulent Reynolds number based on the friction 

velocity, dimensionless 
r  radius, m 

1Sr  1

1 1Re Pr
Nu

= , Struhal number, dimensionless 

T temperature, K 
1

2T σ  liquid side interface temperature, K 

1V  gas velocity, m/s 

2V  liquid velocity, m/s 

2V ′  volume-averaged liquid pulsation velocity, m/s 
*

2effV  2 2/effτ ρ= , dynamic friction velocity, m/s 

1w  axial gas velocity, m/s 

2w  axial liquid velocity, m/s 
y distance, m 
z axial coordinate, m 
 
Greek 
 

2α    local liquid volume fraction in the computational cell, dimensionless 

1β  1 1
1 1 1

1 1 1 1p

h Nu V SrV
c Re Pr
σ

ρ
= = = , weighted heat transfer coefficient, m/s 

Δ  finite difference, - 
2τΔ  time for which the eddy stays at the interface, renewal period, s 

2Fδ  film thickness, m 
η  dynamic viscosity of liquid, kg/(ms) 
λ  thermal conductivity, ( )/W mK  

2effλ  effective conductivity, ( )/W mK  

1wλ  friction coefficient, dimensionless 

21μ  steam mass generation per unit mixture volume and unit time due to 
evaporation, kg/(sm³) 

12μ  liquid mass generation per unit mixture volume and unit time due to 
condensation, kg/(sm³) 

ρ  density, kg/m³ 

( )21
wρ  steam mass generation per unit surface and unit time due to evaporation, 

kg/(m²s) 
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( )12
wρ  liquid mass generation per unit surface and unit time due to condensation, 

kg/(m²s) 
1wτ  21

1 1 12w Vλ ρ= , shear stress, N/m² 

2wτ  liquid-wall shear stress, N/m² 

12τ  gas-liquid interface shear stress, N/m² 
τ  time, s 
 
Subscripts 
 
1 gas 
2 liquid film 
2F liquid film 
M1 vapor inside the gas mixture 
n1 inert components inside the gas 
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Consider gas flow in a pipe. The heat transfer coefficient at the wall for turbulent 
flow without correction of the properties in the wall boundary layer is 

0.8 0.4 1
1 10.023convective

hy

h Re Pr
D
λ

= ,     (24.1) 

where the Reynolds and the Prandtl numbers are defined as a functions of the gas 
mixture properties 

1 1 1 1/hyRe D wρ η= ,      (24.2) 

 1 1 1 1/pPr cη λ= .      (24.3) 

For prescribed heat flux the wall temperature is  

1 /w w convectiveT T q h′′= + .      (24.4) 

If the wall temperature is less then the saturation temperature at the partial pres-
sure of the steam 

w condT T≤ ,       (24.5) 

where 

( )1 cond MT T p′= ,      (24.6) 

condensation at the wall occurs.  

460304"Itcxkvcvkqp"hknou"qp"rncvgu"

Gravitational films along inclined surfaces are common in nature and technology. 
That is why they attracted attention of scientists like Nusselt already in 1916. The 
source of the film is usually defined as the flow rate per unit of film width V ′  in 
m2/s. This amount is either prescribed or subject to analyses for instance in case of 
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mass transfer due to condensation, droplet deposition on the wall etc. If the source 
of the liquid is known then the independent values characterizing the film flow are 
( 2ν , 2σ , 2ρ , g, ϕ ). Isothermal films without heat and mass transfer are easy to 
describe. For this purpose the conservation of momentum is solved for steady de-
veloped flow neglecting entrance effects. The solutions are presented in the form 
of dependence between the share stress, film thickness and flow rate per unit of film 
width,  

( )2 2 2, , 0wf Vτ δ ′ = ,       (24.7) 

called in the literature triangular relationships. In our case the wall share stress is 
easily obtained by setting the weight of the liquid attached to a surface divided by 
this surface,  

( )2 2 2w weight x z gτ ρ δ= Δ Δ = ,     (24.8) 

so that the relation defining the film thickness depends only on the volumetric flow 
rate per unit of film width 

( )2 ,...f Vδ ′= .       (24.9) 

We see that for given V ′  the velocity profile of the film being either laminar or 
turbulent is determining the film thickness. In order to decide which type of the 
velocity profile we have to expect the classification of the different film flow re-
gimes is helpful.  

24.1.2.1 Film flow regimes 

The waviness of the surface depends (a) on the properties of the liquid collected a 
dimensionless group called Kapiza number 

( )3 3 4
2 2 2 2Ka gσ ρ ν=       (24.10) 

and (b) on the mass flow rate represented by the film Reinolds number 

2Re Vδ ν′= .       (24.11) 

Usually engineers consider laminar flow for Reynolds number less then 400 and 
turbulent for larger then 400. More precisely, a variety of wave types lead to dif-
ferent classifications of the flow regimes. Ishigai et al. (1972), based on 
the analysis of surface perturbations, discriminate five regimes in the flow of a 
vertical liquid film as given in Table 1. The table contains also the regimes 
for water at atmospheric conditions.  
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Table 1 Ishigai et al. (1972) classification of the film regimes 

Type Region Water at atmospheric con-
ditions 

Laminar 1/10
2 2Re 0.47Kaδ ≤  2Re 5.7δ ≤  

First transient re-
gime 

1/10 1/10
2 2 20.47 Re 2.2Ka Kaδ< ≤  25.7 Re 27δ< ≤  

Stable wavy 1/10
2 22.2 Re 75Ka δ< ≤  227 Re 75δ< ≤  

Second transient re-
gime 

275 Re 400δ< ≤  275 Re 400δ< ≤  

Fully turbulent  2400 Re δ<  2400 Re δ<  
 

Note that the origination of the first waves was already observed by Kapitza in 
1948 for 1/11

2 2Re 0.61Kaδ > . Brauer (1971) reported for this limit 
1/ 8

2 2Re 0.261Kaδ > . 

24.1.2.2 Film thickness without mass transfer 

We concentrate our attention to liquid films without evaporation, condensation, 
gas absorption or gas release. In this case the mass flow rate is delivered to the 
wall from external source. 
 
Steady state laminar films (Nusselt 1916): For constant properties the solution 

of the steady state Navier-Stokes equation 
2

2
2 2 cos 0

d u
g

dy
ν ϕ+ =  with boundary 

conditions u2 = 0 at y = 0 (adherence at wall), du2/dy = 0 at y = 2δ  (absence of 
share stresses on the free surface)  is  

2
2 2

2

cos 1
2

gu y yϕ δ
ν

⎛ ⎞= −⎜ ⎟
⎝ ⎠

.     (24.12) 

The volumetric flow rate per unit of film width is then 
2 3

2
2 2

20

cos
3
g

V u dy
δ δ

ϕ
ν

′ = =∫ .     (24.13) 

The film thickness then depends on the volumetric flow rate per unit of film width 
as follows 

1/ 3 1/ 32
1/ 32 2 2

2 2
3 3 Re

cos cos
V
g g δ

ν ν
δ

ϕ ϕ
′⎛ ⎞ ⎛ ⎞

= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.    (24.14) 

This expression was confirmed by several authors to agree well with experimental 
data – see Fulford (1964), Ganchev and Kozlov (1973), Alekseenk et al. (1973), 
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Tananaiko and Vorontsov (1975), Gimbutis (1988), Boyadjiev and Beschkov 
(1984). 
 
Steady-state turbulent film flow on a smooth plate: Alekseenko et al. (1996) 
assuming smooth surface postulated the validity of the Blasius law for wall shear 
stress 

2
2 2

2 2

2

0.045 1
2w u

u
τ ρ

δ
ν

= .      (24.15) 

Assuming that the 1/7th profile 
1/ 7u y

u δ
′ ⎛ ⎞= ⎜ ⎟

⎝ ⎠
 ,       (24.16)  

represents the real turbulent velocity distribution in the film the authors obtained 
2

2
2

8
7

V
u

δ
′

= . Taking into account that the wall share stress is known, 2 2 2w gτ ρ δ= , 

and replacing into the Blasius equation the authors come to the result 

( )

1/ 37 /12 1/12 2
7 /122 2 2

2 21/ 30.305 0.305 Re
coscos

V
gg

δ
ν ν

δ
ϕϕ

′ ⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
.   (24.17) 

Correspondingly the shear stress is 

( ) ( )2 / 3 2 / 31/12 7 /12 7 /12
2 2 2 2 2 2 2 2 20.305 cos 0.305 cos Rew g g V g δτ ρ δ ρ ϕ ν ρ ν ϕ′= = = . 

        (24.18) 

Note that Brauer (1971) recommend for the turbulent film the following empirical 
relation 

1/ 32
8 /152

2 2
3

0.302 Re
cosg δ
ν

δ
ϕ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,      (24.19) 

which is obviously very close to the 1/7th profile solution. Kutateladze (1979) and 
Dukler and Bergelin (1952) have applied similar approaches using instead of 1/7th pro-
files logarithmic profiles for two-layered schemes. As can be seen from Fig. 1 
for the data for shear stress as well as from the analysis by Gimbutis (1988) for 
the data for thickness, various approaches differ insignificantly and generalize fairly 
well the experimental results for Re > 500.  

 

24 Condensation at cooled walls 



24.1 Pure steam condensation      627 

 
Fig. 1 Wall share stresses as a function of the film Reynolds number for water falling film 
on a vertical wall taken from Berman and Tumanov (1962). Prediction: I – Nusselt (1916); 
II – Kapitza (1948); III – Kutateladze (1979); IV – Alekseenko et al. (1996); Experiment by 
Alekseenko et al. (1996) – points 1, 2 

Conclusion: For engineering applications it is recommended to compute the 
thickness of a falling film on inclined smooth walls as follows: 

1/ 3 1/ 32
1/ 32 2 2

2 2
3 3 Re

cos cos
V
g g δ

ν ν
δ

ϕ ϕ
′⎛ ⎞ ⎛ ⎞

= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 for 2Re 400δ ≤ ,  (24.20) 

1/ 32
7 /122

2 20.305 Re
cosg δ
ν

δ
ϕ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 for 2400 Re δ> .   (24.21) 

24.1.2.3 Film thickness during condensation 

Now we concentrate our attention to liquid films for which the source of mass is a 
condensation process from a steam being in saturation. The surface temperature of 
the film during the condensation is the saturation temperature at the environmental 
pressure T ′  and the wall temperature is wT . Assuming linear temperature profile in the 
film the heat flux release by the condensation and removed into the wall is  

2
2

2

w
w

T T
q σ λ

δ
′ −′′ =        (24.22) 

and the heat transfer coefficient  

2 2stagnanth λ δ= .       (24.23) 

Note that for this case the Reynolds number can be expressed by the averaged heat 
flux over the height H as follows 

2
2 2 2

2
2 2

wq Hw
Re

h

σ

δ
ρ δ
η η

′′
= =

Δ
.     (24.24) 
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For prescribed wall temperature the Eqs. (24.20) or (24.21) together with (24.22-
24) can be solved iteratively with respect to the heat flux and the film thickness. 
While for laminar flow this is accurate, for turbulent flow this is approximation 
because the thermal eddy diffusivity inside the film is not a constant. More sophis-
ticated approaches are described below. The improvements take into account the 
variation of the thermal properties in the film, the waviness of the film that pro-
mote mass transfer, the turbulent structure of the film and some adjustments to ex-
perimental data. 
 
The Nusselt water skin theory for laminar condensation from 1916: Assuming 
that the thermal resistance controlling the condensation is the heat conduction 
trough the film and the flow in the film is laminar Nusselt obtained the following 
analytical solution for the averaged heat transfer coefficient for laminar condensa-
tion on vertical wall with high H from stagnant steam 

( )
( )

1/ 432 cos2: 2
3

w
stagnant prop wave

cond w cond w

g hq
h f f

T T H T T

σ ρ ρ ρ λ ϕ
η

⎡ ⎤′ ′ ′′ ′− Δ′′
= = ⎢ ⎥′− −⎢ ⎥⎣ ⎦

, (24.25) 

or 

( )4 / 32 /w cond wwT T q Cσ′′= − − ,     (24.26) 

where 

( )
1/ 43 cos2 2

3 prop wave

g h
C f f

H
ρ ρ ρ λ ϕ

η
⎡ ⎤′ ′ ′′ ′− Δ

= ⎢ ⎥′⎢ ⎥⎣ ⎦
,   (24.27) 

h h h′′ ′Δ = −  is the latent heat of vaporization and 1propf = , 1wavef = . In order to 
take into account the variation of the thermal properties inside the film and the 
wave structure for Re 400≤  Labuntzov (1957) proposed to correct the Nusselt so-
lution by  

( )
( )

1/ 83

2 w
prop

w

T
f

T
λ η
λ η

⎧ ⎫⎡ ⎤ ′⎪ ⎪= ⎢ ⎥⎨ ⎬′⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
,      (24.28) 

and 
0.04
2Rewavef δ= ,        (24.29) 

respectively. Correction for the influence of the film subcooling is introduced by 
Rohsenow et al. (1985) p. 115 as follows: 

( )3
8 p wh h h c T T′′ ′ ′ ′Δ = − + − .     (24.30) 

24 Condensation at cooled walls 
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Condensation from stagnant steam at turbulent liquid film: For large vertical 
surfaces the heat transfer coefficient may exceed the computed one by 70% due to 
ripples that attain greatest amplitude even for 2 400Reδ < . Some authors write the 
Nusselt result in the form  

( )

1/ 3
2

1/ 3
20.95

cos
satgnanth

Re
g δ

η
λ ρ ρ ρ ϕ

−
⎡ ⎤′

=⎢ ⎥′ ′ ′ ′′−⎢ ⎥⎣ ⎦
   (24.31) 

and surge for appropriate modification to make it valid for high film Reynolds 
numbers. For the turbulent region, 2 400Reδ > , Labuntzov  uses in 1957 variable 
distribution of the eddy viscosity to describe the turbulent velocity profile. He ap-
proximate finally the analytical integral solution within 21 Pr 25≤ ≤  and 

3 41.5 10 Re 6.9 10× ≤ ≤ ×  by 

( )

1/ 3
2

0.25 0.5
2 20.0325 Pr

cos
satgnanth

Re
g δ

η
λ ρ ρ ρ ϕ

⎡ ⎤′
=⎢ ⎥′ ′ ′ ′′−⎢ ⎥⎣ ⎦

,  (24.32) 

reproducing experimental data of several authors within 12% . Isachenko extended 
in 1977 this result by taking into account also the upper laminar part to 

( ) ( )

1/ 3
2

2
0.5 3 / 4
2 2cos 2300 41Pr 89

satgnanth Re
g Re

δ

δ

η
λ ρ ρ ρ ϕ

⎡ ⎤′
=⎢ ⎥′ ′ ′ ′′− + −⎢ ⎥⎣ ⎦

. (24.33) 

For comparison we give here also the Kutateladze correlation from 1963 

( ) ( )

1/ 3
2

2
0.4 5 / 6

2 2cos 389 18.5Pr 47
satgnanth Re

g Re
δ

δ

η
λ ρ ρ ρ ϕ −

⎡ ⎤′
=⎢ ⎥′ ′ ′ ′′− + −⎢ ⎥⎣ ⎦

.  (24.34) 

For 2 2000Reδ > the right hand side simplifies to 0.4
2 20.054 PrRe δ . Note the differ-

ences in the Prandtl number dependence. 
Butterworth proposed in 1981 for vertical plane in [6] the following set of cor-

relations for the three regions: 
 

1. Laminar film: Nusselt theory. 
2. Wavy film: 28.25 400Reδ< < ,  

( )

1/ 3
2

2
1.22
21.465 1.3

satgnanth Re
Re

δ

δ

η
λ ρ ρ ρ

⎡ ⎤′
=⎢ ⎥′ ′ ′ ′′− −⎢ ⎥⎣ ⎦

.   (24.35) 

3. Turbulent film: 2 400Reδ > ,  

( ) ( )

1/ 3
2

2
1/ 2 3 / 4

22187 41 89.4
satgnanth Re

Pr Re
δ

δ

η
λ ρ ρ ρ −

⎡ ⎤′
=⎢ ⎥′ ′ ′ ′′− ′+ −⎢ ⎥⎣ ⎦

.  (24.36) 
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Problem 1: Consider a room filled with 100°C steam at 1bar. The vertical 10m 
walls of the room consist of 10cm steel followed by 95cm concrete with initial 
temperature 50°C. The external wall surface is considered as adiabatic. Compute 
the temperature profile in the wall, the film Reynolds number and the film thick-
ness. 
 
Solution to problem 1: We create a simple algorithm solving the Fourier equation 
for the direction normal to the wall. At the internal site we first postulate that the 
condensing film is laminar. Therefore we use Eq. (24.25) to compute the heat 
transfer coefficient, Eq. (24.24) to compute the Reynolds number and Eq. (24.20) 
to compute the film thickness.  The results are presented in Figs. 2 and 3. We see 
that (a) after a half an hour the steal is heated almost to the saturation temperature 
but the concrete due to its bad heat conductivity follows slowly; (b) Within the 
first 100s the film Reynolds number exceed 400 which indicate that in this region 
the film is turbulent and the Nusselt theory is not appropriate; (c) In almost all the 
time the film is laminar with weave surface. 
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Fig. 4 Film thickness as a function of time. Parameter: the thermal conductivity of the wall 
removing the condensation heat 

Problem 2: Repeat the analysis for problem 1 by considering only a concrete 
wall. 
 
Solution to problem 2: The solution is presented in Fig. 4. As expected the worst 
conduction of the concrete controls the rate of condensation resulting in smaller 
film thickness. The Reynodls number varying from 58 to 5.8 was less than 400. 
Therefore the application of the Nusselt theory in all the region of interest was cor-
rect. 

460304"Itcxkvcvkqp"hknou"qp"rkrgu"

The coefficient in the Nusselt solution was set by Isachenko et al. (1981) to 
0.728 for external condensation on horizontal pipes by using as a characteristic 
length the external wetted diameter of the pipe H = Dh. Bird et al. (1960) recom-
mended the constant 0.725 for external condensation on a horizontal single pipe 
reporting ± 10% error compared with experiments. The correlation was also rec-
ommended for bundles of horizontal pipes Bird et al. (1960) p 417. The Nusselt 
equation was modified for condensation inside inclined pipe by using a constant 
0.296 taking into account the partial occupation of the pipe cross section by the 
flowing condensate and H = Dh by Collier in 1972. Chato (1962) come to 0.68 in-
stead to 3/8, for  H = Dh, and recommend for small inclinations z xΔ Δ  < 0.002 
the constant in the Nusselt equation to be 

 0.468
( )

2Pr , p k wc T T
f

h h
′ ′ −⎡ ⎤

⎢ ⎥′′ ′−⎢ ⎥⎣ ⎦
 

a function of the liquid Prandtl number given graphically in his work. For larger 
inclinations 0.002 < z xΔ Δ  < 0.6, 0.3 is used instead 0.468. 
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46040"Eqpfgpucvkqp"htqo"hqtegf"eqpxgevkqp"vyq/rjcug"
hnqy"cv"nkswkf"hkno"

460403"Fqyp"hnqy"qh"xcrqt"cetquu"jqtk|qpvcn"vwdgu"

As already mentioned, the Nusselt theory is valid also for condensation of stagnant 
vapor on a horizontal cylinder with the modification of the numerical coefficient 
to 0.728 by Isachenko. Several authors correlated their data by using as a measure 
the Nusselt heat transfer coefficient as follows: 

Fijii et al. (1979) : 
0.2

1

2

1.24 hy Nu hy

Nu

w D h Dh
h ν λ

−
⎛ ⎞⎛ ⎞

= ⎜ ⎟⎜ ⎟′⎝ ⎠⎝ ⎠
.  (24.37) 

Berman and Tumanov (1962) : 
11.8/

1

1

1 0.0095

Nu hyh D

hy

Nu

w Dh
h

λ

ν

′⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
. (24.38) 

Shekriladze and Geomelauri (1966) : 

1/ 21/ 22 4
1 1 1
2 4

Sh Sh

Nu Nu Nu

h h h
h h h

⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥= + +⎨ ⎬⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

, 

(24.39) 

where 
1/ 2

12

2

0.9 hy
Sh

pipe

w D
h

D
λ

ν
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

.     (24.40) 

Kutateladze (1962) : 
0.82

1 1

2 2

1 0.004 Nu

Nu

h w h
h g

ρ
ρ λ

⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
.   (24.41) 

460404"Collier"eqttgncvkqp"

For forced convection in inclined pipe in the case of a laminar film inside Collier 
(1972) proposed  

1/ 33( ) cos0.825lam
h

gh
GD

ρ ρ ρ λ ϕ⎡ ⎤′ ′ ′′ ′−
= ⎢ ⎥

⎣ ⎦
,    (24.42) 

and in the case of turbulent film 
1/ 2 2

1/ 21
1/ 4
1

0.0230.065turb
wh Pr

Re
λ ρ ρ
η
′ ′ ′

′=
′

,    (24.43) 

24 Condensation at cooled walls 
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where the liquid properties are those of saturated liquid at the local pressure, 

/pPr cη λ′ ′ ′ ′= .      (24.44) 

In practical computations the maximum of all three expressions is taken, 

( )max , ,stagnant lam turbh h h h= ,     (24.45) 

which is in fact using the Nusselt theory in cases where the forced convection cor-
relations gives lower values than the values for stagnant steam condensation. 

460405 Boyko"cpf"Krujilin"crrtqcej"

Boyko and Krujilin recommended in 1966 for forced convection condensation 
the following correlation 

1/ 2

20 11 1h h X ρ
ρ

⎡ ⎤′⎛ ⎞
= + −⎢ ⎥⎜ ⎟′′⎝ ⎠⎣ ⎦

,     (24.46) 

where 

0.8 0.4 2
20 200.024

hy

h Re Pr
D
λ′= ,     (24.47) 

20 2/hyRe D G η= .      (24.48) 

The correlation was verified with experimental data for 12.3 < p < 88bar, 1 < 1X  
< 0.26, 162 000 < 2

wq σ′′  < 1 570 000 W/m². The constant 0.024 was recommended 
for steel pipes and 0.032 for cupper pipes. 
 
Miropolskij (1960) obtained experimentally for vertical steel tubes 

0.67
*0.8 0.4
2 10.023 1 0.63

⎡ ⎤′ ′⎛ ⎞′ ⎢ ⎥= + ⎜ ⎟′′⎢ ⎥⎝ ⎠⎣ ⎦hy

h Re Pr X
D
λ ρ

ρ
, 

where 
*
2 1 /′ ′= hyRe D wρ η . 

This correlation has a mean error of 15% for pressures 7 to 220atm, mass flow 
rates 400 to 2000 kg/(m²s) and heat fluxes 0.15 to 6 610×  ccal/(m²h). For cupper 
tubes the coefficient was found to be 0.03. 
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460406"Vjg"Shah oqfkhkecvkqp"qh"vjg Boyko"cpf"Krujilin"crrtqcej"

Shah (1979) reported a modification of this correlation 

( ) ( )
( )

0.040.76
0.8 1 1

20 1 0.38

3.8 1
1

/ cr

X X
h h X

p p

⎡ ⎤−
= − +⎢ ⎥

⎢ ⎥⎣ ⎦
.   (24.49) 

The correlation is reported to reproduce 474 data points within 
0.002 / 0.44crp p< < , ( )21 310T p C′< < ° , 13 300 /w m s< < , 10 1X< < , 17.5 < 

G < 210.6kg/s, and 158 <  2
wq σ′′  < 1 893 000W/m² with mean deviation 15.4%. 

 
The condensing mass per unit flow volume is then 

12
4 w

hy

q
D h

μ
′′

=
Δ

.       (24.50) 

Consider forced convection in a pipe. Given is the gas temperature, the wall tem-
perature and the local parameters. We ask for the mass transferred per unit time 
and mixture volume and for the power density removed from the wall. The overall 
heat transfer coefficient can be estimate also in this case by using the Boyko and 
Krujilin (1966) heat transfer correlation. What changes in this case is the driving 
temperature difference across the water film. There is convective heat transfer be-
tween the gas and the interface 

( )2
1 1convectiveh T T σ− ,      (24.51) 

where 

0.8 0.4 1
1 10.023convective

h

h Re Pr
D
λ

= .     (24.52) 

A diffusion controlled condensation mass flux is defined as follows 

( ) ( )2
12 1 1 112 M Mw C Cσρ β ρ= − ,     (24.53) 

where the condensation coefficient 12β  is defined depending of geometry and lo-
cal conditions. The procedure for its computation will be discussed later. Using 
the ideal gas approximation we may rewrite the definition equation in terms of the 
corresponding partial pressures, or alternatively using the local partial pressures 
and the gas temperature 

24 Condensation at cooled walls 

24.3 Steam condensation from mixture containing  
non-condensing gases 
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( ) ( ) ( ) ( )
2

1 12 212
12 1 1 1 12 1 1 112

1 1

M
M M M

p p T
w C C p p T

p R T

σ
σ σβρ β ρ β ρ

′−
⎡ ⎤′= − = = −⎣ ⎦ . 

  (24.54) 

The energy jump condition at the gas-liquid interface requires 

( ) ( ) ( )2 2
1 1 112w convectiveh T T w h h T Tσ σρ− = Δ + − .   (24.55) 

This is a transcendental equation with respect to the interface temperature. The 
equation has to be solved by iterations. To construct a Newton iteration we rewrite 
Eq. (24.55) in the form 

( ) ( ) ( ) ( )2 2 2
1 1 1 112

0w convectivef T h T T w h h T Tσ σ σρ= − − Δ − − = ,  (24.56) 

and search for the zeros. For this purpose we need the derivative 

( ) ( )2
1 12

2
1

convective

df T d w h
h h

dT dT

σ

σ

ρ Δ
= + + ,    (24.57) 

which is used in 

( )2
12 2

1 1, 2
1

old

df T
T T f

dT

σ
σ σ

σ= − .     (24.58) 

For small deviation of the interface temperature from the saturation temperature at 
the bulk vapor partial pressure the use of the Clausius-Clapyron equation is possi-
ble to transform pressure differences into temperature differences in both: the 
definition equation for the diffusion controlled mass transfer 

( ) ( ) 21
12 1 112 M

dpw T p T
p dT

σρρ β
′
⎡ ⎤′≈ −⎣ ⎦ ,    (24.59) 

and the energy jump condition 

( ) ( ) ( )2 2 21
1 12 1 1 1 1w M convective

dph T T h T p T h T T
p dT

σ σ σρβ
′
⎡ ⎤′− = Δ − + −⎣ ⎦ . (24.60) 

This allows direct computation of the interface temperature as follows 

( )1
12 1 1

2
1

1
12

w M convective

convective

dphT h T p h T
p dTT dph h h

p dT

σ

ρβ

ρβ

′
′+ Δ +

= ′
+ Δ +

.   (24.61) 

Also in this case the dependence of the mass transfer coefficient on the interface 
temperature still remains and has to be resolved by iterations. Note that the
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460503"Eqorwvcvkqp"qh"vjg"ocuu"vtcpuhgt"eqghhkekgpv 

24.3.1.1 Gas flow in a pipe 

Bobe and Solouhin (1972), see also in Isuchenko (1977) p. 136, correlated experi-
mental data for steam condensation from gas-steam mixtures inside pipes as fol-
lows: 

1
12 12,0 2

1 1

m

n

M M

p

p pσβ β
⎛ ⎞∑⎜ ⎟=
⎜ ⎟−⎝ ⎠

,     (24.62) 

where 
0.43

0.8
11 1

12,0
1 1

0.0191

n

n Mh

hn M n

Dw D p
D D p
νβ

ν
→

→

⎛ ⎞ ⎛ ⎞⎛ ⎞ ∑⎜ ⎟ ⎜ ⎟= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ∑ ∑⎝ ⎠ ⎝ ⎠
  (24.63) 

or 

( ) ( ) 1
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1 1
1 12,012

m

Mp p T
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σ

ρ ρ β

−
⎡ ⎤′−
⎢ ⎥=
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,    (24.64) 

where for 
( )

1

2
1 1

0.1 1n

M

p

p p T σ
∑< <
′−

, n = 0.6, m = 0.4, and for 1

2
1 1

1n

M M

p

p pσ
∑ ≥
−

, n = 

0.9, m = 0.1. The derivative required for the iterative solution is then 

( ) ( ) ( )
( )2

1112
12,02 22

1 11 1

1

m

M

dp Td w pm
dT p dTp p T

σ

σ σσ

ρ ρβ
⎡ ⎤ ′
⎢ ⎥= − −

′−⎢ ⎥⎣ ⎦
.  (24.65) 

24.3.1.2 Gas flow across a bundle of pipes 

Berman and Fuks (1958) correlated experimental data for steam condensation 
from gas-steam mixtures flowing perpendicular to horizontal internally cooled 
tubes: 

0.6
0.8 1/ 3

11
12 2

1 1 11

  n Mh

h M Mn

Dw D p pconst
D p p pσβ

ν
→

⎛ ⎞⎛ ⎞ ⎛ ⎞∑ ⎜ ⎟= ⎜ ⎟ ⎜ ⎟−⎜ ⎟⎝ ⎠ ⎝ ⎠∑⎝ ⎠
,  (24.66) 

iterative solution is very sensitive to the chosen initial values, and it has to be
carefully controlled. 
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or 

( ) ( )
0.6 2 /30.8 2

11 11
112

1 1

  n MMh

hn

Dp p Tw D pw const
p p D

σ

ρ ρ
ν

→
⎛ ⎞ ⎛ ⎞′−⎛ ⎞ ∑⎜ ⎟ ⎜ ⎟= ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ∑ ⎝ ⎠⎝ ⎠

 (24.67) 

where const = 0.94 for single pipe, 1.06 for the first row of pipes, 1.64 for the third 
and the subsequent row of pipes.  

24.3.1.3 The Xkgtqy and Ujtqem explicit correlation 

The simplest method for taking into account the resistance of the non-
condensable gases was proposed by Vierow and Shrock (1991). It consists of three 
steps: 1) Compute the condensation from stagnant pure steam; 2) Correct the ex-
pression for the influence of the gas mixture forced convection; 3) Modify the re-
sulting heat transfer coefficient by a multiplier being a function of the inert mass 
concentration. In particular, the Nusselt theory is used in the first step to compute 

stagnanth .   In the second step the multiplier 

( )5 1.18
1 1min 2,  1 2.88f Re−= +      (24.68) 

is used, where 1 1 1 1/hRe D wρ η= . In the third step an explicit correlation of ex-
perimental data is generated in the simple form by the second multiplier. Recently 
Choi et al. (2002) modified the originally proposed multiplier to 

0.13354
2 11 1.00962 nf C= −    for   10.1 0.65nC≤ ≤    (24.69) 

in order to obtain better approximation of their own data base for 
,cond hy film filmh D λ  < 30 for stratified flow in inclined tubes (2.1° and 5°) – averaged 

percentage error 20 to 35%. 
 

For comparison we give here the recent correlation proposed by Goldbrunner 
(2003) for condensation on films in pipes 

( )
1.531

1/ 2 0.59872 2 2 2
2 1

2 2

0.0388 Pr 0.5024 1 1.5701
t

n
h u

C
σδ δ
λ ν

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
,  (24.70) 

where ( )1/ 4
2 2 2
tu ε ν=  , 2 2 /u dp dzε = , valid for horizontal water film flows in 

80x64mm rectangular channel as follows. The standard deviation from the meas-
urements reported was 22%. 
parameters co-current counter-current 
p, bar 4 to 10 4 to 10 
N2-mass conc., - 0 to 0.1 0 to 0.15 
steam velocity, m/s 1.3 to 5.8 0.6 to 1.6 
water velocity, m/s 0.25 to 0.30 0.25 to 0.30 
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Latin 
 
a ( )/ pcλ ρ= , temperature conductivity, m²/s 

12a  1/ z= Δ  gas-liquid interfacial area density in Cartesian coordinates, 1/m 

1MC  vapor mass concentration inside the gas mixture, dimensionless 

1nC  mass concentration of the non-condensing gas n inside the gas mixture, 
dimensionless 

2
1MCσ  vapor mass concentration inside the gas mixture at the liquid interface, 

dimensionless 
1 n MD

→∑  diffusion gas coefficient for the vapor inside the mixture consisting  

of condensable and non-condensable gases, m²/s 
hyD  pipe hydraulic diameter, m 

g acceleration due to gravity, m/s² 
1R  mixture gas constant, J/(kgK) 

2Re δ  2 2 2

2

4wρ δ
η

= , Reynolds number based on the hydraulic diameter of the 

film, dimensionless 
H  height of the plate, m 
h specific enthalpy, J/kh 

convectiveh  convective heat transfer coefficient, W/(m²K) 

stagnanth   heat transfer coefficient for stagnant steam, W/(m²K) 

_ / _stagnat steam turbulent filmh  heat transfer coefficient for stagnant steam and turbu-
lent condensate film, W/(m²K) 

Nuh  heat transfer coefficient for stagnant steam in accordance with the Nusselt 
water skin theory, W/(m²K) 

lamh  heat transfer coefficient for forced convection inclined pipe - laminar 
film, W/(m²K) 

turbh  heat transfer coefficient for forced convection inclined pipe - turbulent 
film, W/(m²K) 

20h  heat transfer coefficient for forced convection computed for flow having 
the mixture mass flow but consisting of liquid only, W/(m²K) 

wq′′  wall heat flux from the interface into the gas, W/m³ 
p pressure, Pa 
pcr critical pressure, Pa 

1Mp  vapor partial pressure inside the gas mixture, Pa 
2

1Mpσ  vapor partial pressure inside the gas mixture at the liquid interface, Pa 
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1 np ∑  partial pressure of the non-condensing gases inside the gas mixture, Pa 

( )2
1p T σ′  vapor partial pressure inside the gas mixture at the liquid surface, Pa 

1Re  1 1 1/hyD wρ η= , gas Reynolds number, dimensionless 

20Re  2/hyD G η=  total flow Reynolds number based on the liquid viscosity, 
dimensionless 

Pr /pcη λ= , Prandtl number, dimensionless 
T temperature, K 

1
2T σ  liquid side interface temperature, K  

2
1T σ  gas side interface temperature, K 

condT  condensation initiation temperature, K 

1V  gas velocity, m/s 

2V  liquid velocity, m/s  
V ′  Volumetric flow rate per unit of film width, m2/s 
w axial velocity, m/s 
Xl mass flow concentration of the field l inside the mixture, dimensionless 
 
Greek 
 

12β  condensation coefficient, m/s 
δ  film thickness, m 
ϕ  angle between the positive flow direction and the upwards directed verti-

cal, rad 
hΔ  h h′′ ′= − , latent heat of vaporization, J/kg 

η  dynamic viscosity of liquid, kg/(ms) 
λ  thermal conductivity, W/(mK)  

21μ  steam mass generation per unit mixture volume and unit time due to 
evaporation, kg/(sm³) 

12μ  liquid mass generation per unit mixture volume and unit time due to con-
densation, kg/(sm³) 

ρ  density, kg/m³ 

( )21
wρ  steam mass generation per unit surface and unit time due to evaporation, 

kg/(m²s) 
( )12

wρ  liquid mass generation per unit surface and unit time due to condensation, 
kg/(m²s) 
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Subscripts 
 
1 gas 
2 liquid film 
2F liquid film 
M1 vapor inside the gas mixture 
n1 inert components inside the gas 
 
Superscripts 
 
´  time fluctuation 
' saturated steam 
" saturated liquid 
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4703"Kpvtqfwevkqp"

Several applications in technology require radiation transport analysis (RTA). 
Examples are processes with combustion and interaction of high temperature 
molten material with water in the safety analysis in the nuclear industry and in the 
metallurgy. The RTA is always a part of the general flow simulation and of the 
analysis of the flow interaction with the structure. Radiation transport in high 
temperature media may be the governing process of energy transfer. This Chapter 
is not intended to replace the famous book of Siegel and Howell (1996) on this 
subject. The interested reader intending to reach a high level skill in this field has 
to go through this book. The Chapter rather gives some of the main ideas required 
to understand how the radiation transport theory can be implemented in multi-
phase flow analysis. The Chapter is based on the experience gained by creating a 
radiation transport model for the computer code IVA Kolev (1999). This work 
started in 1998. In this year Lanzenberger (1997) created as far as I know the first 
computer code for modeling of 3D radiation transport in three-phase flow as a part 
of the IVA4 code development. The code uses the first order step scheme setting 
the positive wall coefficient equal to zero. Strictly speaking the code was 
developed for simulation of Cartesian coordinates without any obstacles inside the 
computational region. The further development of this technique in IVA6 went 
through the following direction: (a) rewriting the code from Fortran 77 to Fortran 
90, improving macroscopic data and coupling with the IVA6 computer code; (b) 
changing the algorithm so that it allows one to handle internal obstacles.  

470303"Fkogpukqpu"qh"vjg"rtqdngo"

For technical application on the ground we consider each beam as being linear. It 
can travel in an arbitrary direction through a single point. Therefore the first three 
dimensions are coming from the spatial description. The volume of interest is also 
three dimensional. It introduces another three dimensions in the problem. The 
electromagnetic radiation energy flow transported per unit time across unit normal 
surface is depending on the wavelength. The continuous spectrum is usually split 
in n groups with prescribed boundaries. This gives the other n-dimensions of the 
problem. In the discrete ordinate radiation transport method the governing energy 
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conservation equation is replaced by a set of equations for a finite number of 
ordinate directions, for a finite number of control volumes, and for finite number 
of spectral regions. It is the large number of dimensions that makes the RTA 
complicated. 

470304"Oketq/"xgtuwu"ocetq/kpvgtcevkqpu"

Any interactions of electromagnetic radiation with matter are described in physics 
by theoretical and experimental observation on a micro-scale. The engineer 
integrates the interactions over a control volume and prepares the information 
necessary for microscopic radiation transport on a macro-scale. If the 
characteristic interaction length is much smaller than the scale of the control 
volume, RTA on a macro-scale is not necessary because all the interaction 
happens inside the cell and no energy leaves the volume. An example is a 
relatively dense suspension of hot particles, which are shielding effectively the 
radiation inside large cells. If the characteristic interaction length is larger than the 
scale of the control volume then RTA is necessary because energy is leaving and 
entering the control volume. Examples are small concentrations of very hot 
spheres in water. The radiation energy may be transported up to 10 m in water up 
to full absorption. If the volume of interest is few cubic meters and the control 
volume of the discretization is of the order of liters the RTA is necessary. 

470305"Vjg"tcfkcvkqp"vtcpurqtv"gswcvkqp"*TVG+"

The basic equation for the description of the radiation transport is the steady state 
energy conservation equation called radiation transport equation (RTE) 

( ),
( , ) ( , ) ( , )s b

di
a i i a i

ds
λ

λ λ λ λ λ λσ
′

′ ′ ′= − − +
r s

r s r s r s  

4

( , ) ( , , )
4

s
i i ii dλ

λ
π

σ ω λ ω ω ω
π

+ Φ∫ r .    (25.1) 

Here ( ),iλ′ r s  is the spectral radiation intensity at the spatial location r along the 
direction s that is within an infinitesimal solid angle dω . Spectral – because it is 
associated with each particular wavelength λ . The dimensions of iλ′  are those of 
power flux through a square meter. It is in fact a heat flux. , saλ λσ  are the spectral 
absorption and scattering coefficients, Φ  is the spectral scattering phase function 
and iω  is the scattering angle. The scattering phase function describes which 
amount of incident radiation is scattered in all other directions, Fig. 25.1.  
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Incident radiation

Scattering angle

Phase function ( , , )iλ ω ωΦ

iω

 
Fig. 25.1 Scattering of incident radiation 

The intensity of a ray passing through an infinitesimal volume is attenuated by 
absorption. This is reflected by the first term on the right hand side of Eq. (25.1). 
The intensity of a ray passing through an infinitesimal volume is attenuated also 
by scattering. It is taken into account in the second term on the RHS. The intensity 
is increased by the emitted intensity of the medium reflected by the third term on 
the RHS, and by the scattering from any other direction to the considered direction 
of the vector s. For numerical integration of Eq. (25.1) it is convenient to 
introduce the so called spectral extinction coefficient 

saλ λ λβ σ= +       (25.2) 

and the source term 

4

( , ) ( , ) ( , , )
4

s
b i i iS a i i dλ

λ λ λ
π

σ ω λ ω ω ω
π

′ ′= + Φ∫r s r    (25.3) 

which simplify the notation 

( ),
( , )

di
i S

ds
λ

λ λβ
′

′ ′= − +
r s

r s .     (25.4) 

In the discrete ordinate radiation transport method Eq. (25.4) will be replaced by a 
set of equations for a finite number of ordinate directions, for a finite number of 
control volumes, and for a finite number of spectral regions. 

4704"Fkuetgvg"qtfkpcvg"ogvjqf"

The spatial location in the space is defined by the position vector r. In a polar 
coordinate system as presented in Fig. 25.2 with radius r = 1, azimuthal angle ϕ , 
and polar angle θ  the components of the unit vectors of s in a Cartesian 
coordinate system with coordinates x, y and z are defined as the direction cosines 

( ) ( )y zsin cos ,   sin sin ,   cos ,   ,   xs s sθ ϕ θ ϕ θ= ≡s   (25.5) 
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1r =

dA

ω

ϕ

θ

 
Fig. 25.2 Unit hemisphere, solid angle ω , angle ϕ  and θ  

The infinitesimal solid angle dω  is equal to the infinitesimal area on the surface 
of the unit hemisphere 

sind d dω θ θ ϕ= .      (25.6) 

Integrating over all possible solid angle gives  
2 / 2

0 / 2

sin 4d d
π π

ϕ θ π

θ θ ϕ π
= =−

=∫ ∫ .     (25.7) 

The total surface area of the unit hemisphere is 2π , and is denoted as the total 
solid angle. Let us divide the space into a discrete number of solid angles ,a bωΔ , 
where 

max1,a a= ,       (25.8) 

max1,b b= ,       (25.9) 

with maxa  and maxb  being even numbers. For equidistant discretization we have 

max2 / aϕ πΔ = ,  max
1 ,   1,
2a a a aϕ ϕ⎛ ⎞= − Δ =⎜ ⎟

⎝ ⎠
   (25.10) 

max2 / bθ πΔ = ,  max
1 ,   1,
2b b b bθ θ⎛ ⎞= − Δ =⎜ ⎟

⎝ ⎠
,   (25.11) 

and 
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/ 2 / 2

,
/ 2 / 2

      sin   2 sin sin
2

a a b b

a b b

b
a b a bd d

ϕ ϕ θ θ

ϕ ϕ θ θ

θω θ θ ϕ ϕ θ
+Δ +Δ

−Δ −Δ

Δ
Δ = = Δ∫ ∫  

cos cos
2 2

b b
a b b

θ θϕ θ θ⎡ Δ Δ ⎤⎛ ⎞ ⎛ ⎞= Δ − − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
.   (25.12) 

Here aϕ  and bθ  define the specific ordinate direction denoted with subscripts a,b. 
Other notation is 

( ), , , y,a,b z,a,b,   ,   a b x a bs s s=s .     (25.13) 

There is an alternative notation used frequently in the literature  

( ), , a,b a,b,   ,   a b a bμ η ξ=s .     (25.15) 

470403"Fkuetgvk|cvkqp"qh"vjg"eqorwvcvkqpcn"fqockp"hqt"vjg"fguetkrvkqp"
qh"vjg"hnqy"

The discretization of the computational domain for the description of the flow is 
performed by using a curvilinear coordinate system. In many practical cases either 
a Cartesian or a cylindrical coordinate system is used. We give here examples with 
the Cartesian systems for simplicity, but this is not a limitation of the approach. 
The discretization is structured and non-equidistant in each direction. Each control 
volume has 6 faces with surface mA . The surfaces are numbered 1 for high i, 2 for 
low i, 3 for high j, 4 for low j, 5 for high k and 6 for low k. The orientation of each 
surface is defined by the outwards directed unit vector 

( )y z,   ,   xe e e=e .      (25.16) 

For Cartesian coordinate system the 6 surfaces have the surface vectors 

( )1 1,   0,   0=e , ( )2 1,   0,   0= −e ,  

( )3 0,   1,   0=e ,  ( )4 0,   1,   0= −e ,  

( )5 0,   0,   1=e ,  ( )6 0,   0,   1= −e .   (25.17-22) 

For discretization of the cylindrical computational domain the 6 surfaces have the 
surface vectors given below 

( )cos ,  sin ,   0m m mθ θ=e , 1, 4m = , ( )5 0,   0,   1=e , ( )6 0,   0,   1= −e . 
(25.23-28) 



648      

The angles mθ  are defined as follows 1θ θ= , 1θ π θ= + , 1
3 1
4 2

θ π θ θ= + + Δ , 

1
3 1
4 2

θ π θ θ= + − Δ . Here θ  is the azimuthal angle of the center of the control 

volume in the fluid domain. θΔ  is the size of the control volume in the azimuthal 
direction. Note the difference between these two angles and the angles used in the 
polar coordinate system for definition of the discrete ordinates. 

Integrating the RTE over the control volume dVol and over the angle ,a bωΔ   we 
obtain 

( )

a,b a,b a,b

,
 ( , )   

Vol Vol Vol

di
dVol d i dVol d S dVol d

ds
λ

λ λ
ω ω ω

ω β ω ω
Δ Δ Δ Δ Δ Δ

′
′ ′= − +∫∫ ∫ ∫∫ ∫ ∫∫ ∫

r s
r s  

    (25.29) 

or 

( )
a,b

6

, , , , , a,b , a,b
1

   a b m m a b a bm
m

i A d i Vol S Volλ λ λ
ω

ω β ω ω
= Δ

′ ′ ′⋅ + Δ Δ = Δ Δ∑ ∫∫ s e . (25.30) 

Scalar product of the discrete directions vector and given surface vector: Now we 
are interested in the estimation of the integral 

( )

( )

a,b

/ 2 / 2

,
/ 2 / 2

/ 2 / 2

/ 2 / 2

       sin   

     sin cos sin sin cos sin   

a a b b

a b b

a a b b

a b b

a b

x y z

D d d d

e e e d d

ϕ ϕ θ θ

ω ϕ ϕ θ θ

ϕ ϕ θ θ

ϕ ϕ θ θ

ω θ θ ϕ

θ ϕ θ ϕ θ θ θ ϕ

+Δ +Δ

Δ −Δ −Δ

+Δ +Δ

−Δ −Δ

= ⋅ = ⋅ =

+ +

∫∫ ∫ ∫

∫ ∫

s e s e

 

/ 2 / 2 / 2
2

/ 2 / 2 / 2

cos   sin      sin  
a a a a b b

a a b b

x ye d e d d
ϕ ϕ ϕ ϕ θ θ

ϕ ϕ ϕ ϕ θ θ

ϕ ϕ ϕ ϕ θ θ
+Δ +Δ +Δ

−Δ −Δ −Δ

⎛ ⎞
⎜ ⎟= +
⎜ ⎟
⎝ ⎠

∫ ∫ ∫  

/ 2

/ 2

   cos sin   
b b

b b

z ae d
θ θ

θ θ

ϕ θ θ θ
+Δ

−Δ

+ Δ ∫ .    (25.31) 
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25.2.2 Finite volume representation of the radiation  
transport equation 
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Integrating we obtain 

( ) ( )2
, cos sin 2sin 1 2cos sin cos

2 2 2 2
a b b b

a b x a y a bD e e ϕ θ θ θϕ ϕ θΔ Δ Δ Δ⎡ ⎤= + − +⎢ ⎥⎣ ⎦
 

2 cos sin cos sin
2 2

b b
z a b be θ θϕ θ θ Δ Δ

+ Δ .    (25.32) 

Working form of the finite differential form of the RTE: Using the above results 
the finite differential form of the RTE becomes 

6

, , , , , , , a,b , a,b
1

  a b m m a b m a b a b
m

i A D i Vol S Volλ λ λβ ω ω
=

′ ′ ′+ Δ Δ = Δ Δ∑ . (25.33) 

It is convenient to divide both sides by a,b Vol ωΔ Δ . The result is 

6

, , , , , , , ,
1

a b m a b m a b a b
m

a i i Sλ λ λβ
=

′ ′ ′+ =∑ ,    (25.34) 

where 

, ,
, ,

a,b

a b mm
a b m

DAa
Vol ω

=
Δ Δ

,      (25.35) 

is geometry dependent only and is computed once at the beginning of the 
computation. Note that the ratio , , a,ba b mD ωΔ  is dimensionless and the 
coefficients , ,a b ma  have dimension 1/m which is the same as that of the extinction 
coefficient. For Cartesian coordinates using Eqs. (25.17-22) the above equation 
simplifies as follows 

( ) ( ) , ,, , 31
, , ,1 , , ,2 , , ,3 , , ,4

a,b a,b

y a bx a b
a b a b a b a b

ss AAi i i i
Vol Volλ λ λ λω ω

′ ′ ′ ′− + −
Δ Δ Δ Δ

 

( ) , ,5
, , ,5 , , ,6

a,b

z a b
a b a b

sAi i
Volλ λ ω

′ ′+ −
Δ Δ , , , a b a bi Sλ λβ ′ ′+ = .  (25.36) 

The general form is preferred here.  
 
Note that the spectral intensities , , ,a b miλ′  are defined at the cell boundaries and 

the spectral intensity , ,a biλ′  is defined in the cell center. There are numerous 
methods giving different approximations for the relationship between , , ,a b miλ′  and 

, ,a biλ′ . Three of them are discussed in the next section. 
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Weighting factors: Step (donor cell), diamond and positive weighting: The general 
form of the weighting factors for the first octant 0xs > , 0ys > , 0zs >  

( ) ( ), , , , ,1 , , ,2 , , ,3 , , ,41 1a b x a b x a b y a b y a bi f i f i f i f iλ λ λ λ λ′ ′ ′ ′ ′= + − = + −  

( ), , ,5 , , ,61z a b z a bf i f iλ λ′ ′= + − ,     (25.37) 

or 

, , ,1 , , , , ,2
1 11a b a b a b
x x

i i i
f fλ λ λ

⎛ ⎞
′ ′ ′= + −⎜ ⎟

⎝ ⎠
,    (25.38) 

, , ,3 , , , , ,4
1 11a b a b a b
y y

i i i
f fλ λ λ

⎛ ⎞
′ ′ ′= + −⎜ ⎟⎜ ⎟

⎝ ⎠
,    (25.39) 

, , ,5 , , , , ,6
1 11a b a b a b
z z

i i i
f fλ λ λ

⎛ ⎞
′ ′ ′= + −⎜ ⎟

⎝ ⎠
.    (25.40) 

Substituting in the discretized RTE and solving with respect to the intensity in the 
center of the cell , ,a biλ′  we obtain finally 

, , ,2 , ,1 , , ,2

, ,

, ,4 , ,3 , , ,4 , ,6 , ,5 , , ,6

11

1 11 1

a b a b a b a b
x

a b

a b a b a b a b a b a b
y z

S a a i
f

i

a a i a a i
f f

λ

λ

λ λ

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪′ ′− + −⎢ ⎥⎜ ⎟⎪ ⎪⎝ ⎠⎣ ⎦
⎪ ⎪⎪ ⎪′ = ⎨ ⎬
⎪ ⎪⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞⎪ ⎪′ ′− + − − + −⎢ ⎥⎜ ⎟ ⎢ ⎥⎜ ⎟⎪ ⎪⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

 

1

, ,1 , ,3 , ,5
1 1 1

a b a b a b
x y z

a a a
f f f λβ

−
⎛ ⎞

× + + +⎜ ⎟⎜ ⎟
⎝ ⎠

.   (25.41) 

Step difference scheme: Setting 

1x y zf f f= = =        (25.42) 

results in a first order step difference scheme  

, , ,1 , , , , ,3 , , , , ,5 , ,,   ,   a b a b a b a b a b a bi i i i i iλ λ λ λ λ λ′ ′ ′ ′ ′ ′= = = ,   (25.43) 

which resembles the donor cell scheme in the CFD. Consequently we have 

, , ,2 , , ,2 , ,4 , , ,4 , ,6 , , ,6
, ,

, ,1 , ,3 , ,5

a b a b a b a b a b a b a b
a b

a b a b a b

S a i a i a i
i

a a a
λ λ λ

λ
λβ

′ ′ ′ ′− − −
′ =

+ + +
 

, , ,2 , , , 1 , ,4 , , , 1 , ,6 , , , 1

, ,1 , ,3 , ,5

a b a b a b i a b a b j a b a b k

a b a b a b

S a i a i a i
a a a

λ λ λ

λβ
− − −′ ′ ′ ′− − −

≡
+ + +

.  (25.44) 
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Similar strategy is used for the other octants.  
The optimum marching strategy: If the point Gauss-Seidel method is used to 

solve the above equation there is an optimum strategy of visiting the cells, and the 
ordinate directions – called the optimum marching strategy. The optimum 
marching strategy is direction dependent. First the octants are defined in which the 
discrete ordinate is, as given in the Table 25.1, and then the incident and the outlet 
walls of the cell. Then the marching strategy is defined in Tables 25.2 and 25.3. 

Table 25.1. Definition of the octants. Incident and outlet walls in the cell 

Angles   Octant Incident wall cells Outlet wall cells 
    i1,i2,i3   o1,o2,o3 
 
0 / 2bθ π≤ <  

0 / 2aϕ π≤ <   1 2,4,6   1,3,5 
/ 2 aπ ϕ π≤ <   2 1,4,6   2,3,5 

3 / 2aπ ϕ π≤ <  3 1,3,6   2,4,5 
3 / 2 2aπ ϕ π≤ <  4 2,3,6   1,4,5 

/ 2 bπ θ π≤ <  

0 / 2aϕ π≤ <   5 2,4,5   1,3,6 
/ 2 aπ ϕ π≤ <   6 1,4,5   2,3,6 

3 / 2aπ ϕ π≤ <  7 1,3,5   2,4,6 
3 / 2 2aπ ϕ π≤ <  8 2,3,5   1,4,6 

 

Table 25.2 e discrete ordinate direction 

Octant Marching strategy 
 x-direction  y-direction  z-direction 

1 max2, 1i i= −   max2, 1j j= −   max2, 1k k= −  
2 max 1,2, 1i i= − −   max2, 1j j= −   max2, 1k k= −  
3 max 1,2, 1i i= − −   max 1,2, 1j j= − −  max2, 1k k= −  
4 max2, 1i i= −   max 1,2, 1j j= − −  max2, 1k k= −  

 
5 max2, 1i i= −   max2, 1j j= −   max 1, 2, 1k k= − −  
6 max 1,2, 1i i= − −   max2, 1j j= −   max 1, 2, 1k k= − −  
7 max 1,2, 1i i= − −   max 1,2, 1j j= − −  max 1, 2, 1k k= − −  
8 max2, 1i i= −   max 1,2, 1j j= − −  max 1, 2, 1k k= − −  
 

 Marching strategy depending on th.
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Table 25.3. Marching strategy for the discrete ordinate  

Octant Marching strategy 
 a-direction   b-direction   
1 max1, / 4a a=    max1, / 2b b=    
2 max max/ 4 1, / 2a a a= +   max1, / 2b b=    
3 max max/ 2 1,3 / 4a a a= +   max1, / 2b b=   
4 max max3 / 4 1,a a a= +   max1, / 2b b=   
 
5 max1, / 4a a=    max max/ 2 1,b b b= +    
6 max max/ 4 1, / 2a a a= +   max max/ 2 1,b b b= +    
7 max max/ 2 1,3 / 4a a a= +   max max/ 2 1,b b b= +   
8 max max3 / 4 1,a a a= +   max max/ 2 1,b b b= +   
 

Therefore for each octant we have 

, , , 1 , , , 1 , , 2 , , , 2 , , 3 , , , 3
, ,

, , 1 , , 2 , , 3

a b a b i a b i a b i a b i a b i a b i
a b

a b o a b o a b o

S a i a i a i
i

a a a
λ λ λ

λ
λβ

′ ′ ′ ′− − −
′ =

+ + +
,  (25.45) 

where , , , 1 , ,a b o a bi iλ λ′ ′= , , , , 2 , ,a b o a bi iλ λ′ ′= , , , , 3 , ,a b o a bi iλ λ′ ′= . 
This method has been in use for a long time. It is very simple in design and 

stable in performance regardless of the ordinate set chosen or the local radiative 
properties, but it is reported to be inaccurate Mathews (1999). 

 
Lathrop’s diamond difference scheme: Setting  

1
2x y zf f f= = =        (25.47) 

results in the second order Lathrop diamond difference scheme. The diamond 
schemes are known to be unstable without additional improvement of the 
weighting coefficients Mathews (1999). 

 
Fiveland scheme: Fiveland (1988) proposed to use 

x y zf f f f= = =       (25.48) 

satisfying the following conditions 

( )
, ,

1
x a bs

x
f
φ

β
Δ <

−
, 

( )
, ,

1
y a bs

y
f
φ

β
Δ <

−
, 

( )
, ,

1
z a bs

z
f
φ

β
Δ <

−
,  (25.49-51) 
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where 

( ) ( )23 1 2 5f f f
f

φ
+ − −

= .     (25.53) 

It is thinkable to use a set of non-equal weighting factors like 

, , 1max 1 ,  
2

x a b
x

s
f

xβ

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟= −
⎜ ⎟⎢ ⎥Δ⎝ ⎠⎣ ⎦

,     (25.54) 

, , 1max 1 ,  
2

y a b
y

s
f

yβ

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟= −
⎢ ⎥⎜ ⎟Δ
⎝ ⎠⎣ ⎦

,     (25.55) 

, , 1max 1 ,  
2

x a b
z

s
f

zβ

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟= −
⎜ ⎟⎢ ⎥Δ⎝ ⎠⎣ ⎦

,     (25.56) 

to assure the positive scheme. 

470405"Dqwpfct{"eqpfkvkqpu"

The radiation heat flux across the surface m is that computed by integrating over 
the discrete ordinates 

max max

, , , a,b , , ,
1 1

b a

m a b m a b m
b a

q Vol a iλ λω
= =

′′ ′= Δ Δ∑∑ .    (25.57) 

The incident radiation heat flux from the inside of the computational cell is 

max max

i i, , , a ,b , , ,
1 1

i i i i

b a

m incident a b m a b m
b a

q Vol a iλ λω−
= =

′′ ′= Δ Δ∑∑ .   (25.58) 

For Cartesian coordinate system the incident ordinate directions ,i ia b  are 
summarized in Table 25.4. At diffusely emitting and reflecting walls with 
temperature ,w mT  and emissivity coefficient wε  the emitting intensity is 

( ), ,
, , , 1

o o

w m m incident
a b m w w

T q
i λ
λ

σ
ε ε

π π
−′′

′ = + − .   (25.59) 

The outlet ordinate directions are specified for each wall in Table 25.5 for a 
Cartesian coordinate system. 
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Setting 

, , , 0
o oa b miλ′ =        (25.60) 

means a transparent wall. For mirroring walls we have 

max max

,
, 1, 1, , ,

w m
a a b b m w a b

T
i iλ λ

σ
ε

π− + − +′ ′= +     (25.61) 

where ,a b m incident∈ − . 

Table 25.4 e incident radiation at the cell walls 
required for definition of boundary conditions 

Wall Nr.  Marching strategy, incident     
  a-direction   b-direction   
1  max1, / 4a a=    max1,b b=    
  max max3 / 4 1,a a a= +  
2  max max/ 4 1,3 / 4a a a= +   max1,b b=    
3  max1, / 2a a=    max1,b b=    
4  max max/ 2 1,a a a= +   max1,b b=    
5  max1,a a=    max1, / 2b b=    
6  max1,a a=    max max/ 2 1,b b b= +   

 

Table 25.5. Marching strategy for computation of the outlet radiation at the cell walls 
required for definition of boundary conditions 

Wall Nr.  Marching strategy, outlet 
  a-direction   b-direction 
1 (e)  max max/ 4 1,3 / 4a a a= +   max1,b b=    
2 (w)  max1, / 4a a=    max1,b b=    
  max max3 / 4 1,a a a= +  
3 (n)  max max/ 2 1,a a a= +   max1,b b=    
4 (s)  max1, / 2a a=    max1,b b=    
5 (u)  max1,a a=    max max/ 2 1,b b b= +  
6 (d)  max1,a a=    max1, / 2b b=  

For mirroring the incident directions required are max 1a a a= − + , max 1b b b= − +  

. Marching strategy for computation of th

25 Discrete ordinate method for radiation transport in multi-phase computer codes 
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The black body intensity in any direction is computed by integrating Planck’ s 
spectral distribution emissive power within the prescribed boundaries as follows 

2

2
1

1
1

5

21

1
b C

T

Ci d

e

λ

λ λ

π
λ

π
λ

′ =
⎛ ⎞
⎜ ⎟−
⎜ ⎟
⎝ ⎠

∫ ,     (25.62) 

where 
16 2

1 0.59552197 10 /C m sr−= × ,    (25.63) 

16
2 0.014338769 10C mK−= × .     (25.64) 

Here index b stands for black body. We use three bands for the source terms. The 
boundaries are selected as follows 

7
1 7 10 mλ −= × , 6

2 1.2 10 mλ −= × ,    (25.65,66) 

for the first band, 
6

1 1.2 10 mλ −= × , 6
2 1.8 10 mλ −= × ,    (25.67,68) 

for the second band, and 
6

1 1.8 10 mλ −= × , 6
2 20 10 mλ −= × ,    (25.69,70) 

for the third band. Other choices are of course possible. Thus the source term due 
to radiating melt particles assuming 

( , , ) 1iλ ω ωΦ =       (25.71) 

is 

max max
3 3

,3 3 3 , , ,3 3 3 ,
1 1

( ) ( )
4 4

a b
s s

r b a b r b total
a b

S f a i T i f a i T iλ λ
λ λ λ λ

σ σ
π π= =

′ ′ ′ ′ ′= + = +∑∑ . (25.72) 

470504"Urgevtcn"cduqtrvkqp"eqghhkekgpv"qh"ycvgt 

The experimentally measured index of refraction, n, and the index of absorption, 
k, as a function of the incident wave length are taken from Hale and Marvin 
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(1973) and Zolotarev and Dyomin (1977). The data of Hale and Marvin are used 
for wavelengths in the region of 0.7 to 7 µm and the data of Zolotarev and Dyomin 
for the region of 7 to 17 µm. The spectral absorption coefficient is then computed 
as follows 

( ) 4 kaλ
πλ
λ

= .      (25.73) 
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Fig. 25.3 Spectral absoption coefficient for water as a function of the wavelength 

The so obtained absorption coefficient is presented in Fig. 25.3. The 
argumentation that the spectral properties of water are not strong functions of 
water temperature and pressure summarized by Fletcher (1999) is acceptable. The 
total absorption coefficient is then computed as follows 

( )
( ) ( )

( )

max

min

max

min

1 3

3

1 3

, 1

,

a s
b

b

i T e d

a T

i T d

λ

λ
λ

λ
λ

λ

λ λ

λ λ

−⎡ ⎤′ −⎢ ⎥⎣ ⎦
′ =

′

∫

∫
.    (25.74) 

We use for the limits the following values minλ = 0.7µm and maxλ = 33µm and 
perform the integration numerically using 1000 steps. This is a very time 
consuming procedure. To avoid computation cost Fletcher (1985) tabulated the 
results obtained in similar manner for three different radiation surface 
temperatures, namely 1000, 2500 and 3500 K as a function of the water thickness 
s. Vaeth (1995) approximated the absorption coefficients obtained by Fletcher 
(1985) for three different radiation surface temperature, namely 1000, 2500 and 

25 Discrete ordinate method for radiation transport in multi-phase computer codes 
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3500 K by an analytical function. We compared Vaeth’s approximation with the 
analytically obtained coefficients and found that the coefficients for 3500 K are 
with about 30% lower and for 2500 K about 10% lower then those computed 
analytically. The modified Vaeth approximation is then recommended here 

( ) ( ) 3 3
3 3

1, 1000 , 32 4 6
15 1000 1000

T T
a T s a T K s

⎡ ⎤⎛ ⎞= = + − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

( ) 3 3
3

12500 , 7 9 2
3 1000 1000

T T
a T K s

⎡ ⎤⎛ ⎞+ = − + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

( ) 3 3
3

13500 , 5 7 2
5 1000 1000

T T
a T K s

⎡ ⎤⎛ ⎞+ = + − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

,   (25.75) 

where 

( ) ( )0.01374877
3 1000 , 1.395086ln 1a T K s s= = + ,   (25.76) 

( ) ( )0.1427472
3 2500 , 1.1 0.8641743ln 1a T K s s= = × + ,  (25.77) 

( ) ( )0.2694667
3 3500 , 1.3 0.4948444ln 1a T K s s= = × + .  (25.78) 

Note that this correlation cannot be extrapolated for water thickness less than 1 
mm because of the unaceptable error increase - see Fig. 25.5. Values for this 
region are given in Fig. 25.4, 25.6. We see that for water thickness between 1 and 30 
µm the error of the modified Vaeth approximation is less than 8%. 
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Fig. 25.4 Analytically computed total absorption coefficient as a function of the water layer 
thickness. Parameter – temperature of the radiation sources 
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Fig. 25.5 Error of the modified Vaeth approximation compared to the analytically 
computed total absorption coefficient as a function of the water layer thickness. Parameter 
– temperature of the radiation sources 
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Fig. 25.6 Analytically computed total absorption coefficient as a function of the water layer 
thickness. Parameter – temperature of the radiation sources 

Partitioning of the absorbed energy between the bulk and the surface: Now let us 
estimate the band absorption coefficients for three different bands as presented in 
Figs. 25.7 a) through c). The figures demonstrated the strong heterogeneity of the 
absorption depending on the wavelength. Thermal radiation in the first band can 
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cover much longer distance without being absorbed than the radiation in the 
second and in the third band. In band no.2 the temperature dependence is not as 
strong as in the other two bands. 

The problem of how much radiation energy is deposited at the surface and 
immediately transferred into evaporation mass is not solved up to now and has to 
be attacked in the future. Fig. 25.7 d) demonstrates that thermal radiation with 
wavelengths larger 3 µm are completely absorbed within a 0.5 mm water layer. 
Vaeth (1995) proposed to consider all this energy deposited onto the surface which 
is obviously true only for lengths larger then 0.5 mm. The Vaeth approximation of 
the part of the energy deposited onto the surface is 

3

2
3 3

1000min 1,

0.4611115 0.8366274
1000 1000

surface

T

f
T T

⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠= ⎜ ⎟
⎛ ⎞ ⎛ ⎞⎜ ⎟− +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

. (25.79) 

If we arbitrary take all the deposit energy in 0.01 mm as surface energy the 
absorbed fractions of the incident energy analytically computed are 0.417, 0.141 
and 0.0815 for the temperatures 1000, 2500 and 3500 K, respectively. 
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Fig. 25.7 Analytically computed partial absorption coefficient as a function of the water 
layer thickness. Parameter – temperature of the radiation sources. a) Band no.1 77 10−×  to 

61.2 10−× m; b) Band no.2 61.2 10−×  to 61.8 10−× m; c) Band no.3 61.8 10−×  to 620 10−× m; 
d) Infrared 63 10−×  to 6200 10−× m. 
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Information about the total emissivity and absorptivity for carbon dioxide, water 
vapor and their mixtures is provided by Steward and Kocaefe (1986). Information 
about the gas emissivity for wide range of process conditions is provided by 
Docherty (1983). 

4706"Cxgtcigf"rtqrgtvkgu"hqt"uqog"rctvkewnct"ecugu"
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During interaction of molten material with water some specific geometrical 
arrangement called flow pattern may happen. For some of them we provide the 
averaged properties across a control volume with finite size. We will consider 
three different cases as examples starting with the simplest and ending with a 
more complicated one: 

 
1) Gas sphere inside a molten material. 
2) Concentric spheres of water droplets, surrounded by vapor, surrounded by 

molten material. 
3) Spherical particles of hot radiating material surrounded by a layer of vapor 

surrounded by water. 
 

The first two cases are typical examples for local interaction. Whatever happens 
with the radiation transport it happens within the cavity. The third one is a typical 
example for interactions across the faces of the control volumes. It is the idealized 
film boiling case. 
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Consider the case presented in Fig. 25.8.  

θ

s

 
Fig. 25. 8 Spherical cavity of gas inside a molten material 
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The gas cavity is surrounded completely by melt. Given is the diameter of the 
cavity 1D , the temperatures of the melt 3T  and of the gas 1T  and their radiation 
properties. The task is to estimate how much energy per unit time AQ  is 
transferred from the melt into the gas. 

We select an arbitrary point at the interface and draw one axis going through 
the point an the center of the sphere and one vertical axis perpendicular to it. With 
respect to the vertical axis we define the angle θ . All possible beam directions in 

the horizontal cross section are defined within the angle interval: 1 0θ = , 2 2
πθ = . 

The beam length s is then depending only on the angle 1 sins D θ= . The averaged 
beam length is then defined as follows 

 
( )

2

1

2
1

0

2 2
2 1

cos sin

1 sin sin
2

s d d
s

π θ

θ
θ θ θ ϕ

θ θ
=

−

∫ ∫
2

1
0

22 cos sin
3

s d D
π

θ θ θ= =∫ . (25.80) 

The integration over the angle ϕ  is in the boundaries 0 and 2π  because we have 

axis symmetry. Note in this case that 2 2
2 1sin sin 1θ θ− = . With this averaged 

beam length we compute the 1( )sα′  spectral-averaged absorption coefficient and 
the spectral-averaged emissivity coefficient of the vapor 1( )sε ′ . The transferred 
power through the vapor sphere is therefore 

{ }2 4 4
1 1 3 3 1 1[1 ( )] ( )Q D s T s Tπ σ α ε ε′ ′= − + .    (25.81) 

The absorbed power inside the sphere is 

2 4 4
1 1 3 3 1 1( ) ( )AQ D s T s Tπ σ α ε ε⎡ ⎤′ ′= −⎣ ⎦ .    (25.82) 
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Consider a continuous melt with water and vapor enclosed inside the melt as 
presented in Fig.25.9. 
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1R

2R
water

melt
 

Fig. 25.9 Sphere of water droplet, surrounded by vapor, surrounded by molten material 

The volume fraction of the vapor 1α , and of the water 2α are known. The water 
diameter is known. We assume that the vapor is surrounding the water 
concentrically. The vapor diameter is then 

1D 132
2

1D α
α

= + , 2 0α > .     (25.83) 

The melt radiates through the vapor and through the droplet. It is to be computed 
how much power radiated from the melt is absorbed by the vapor and how much 
is absorbed by the water droplet. Again we select an arbitrary point at the melt 
interface and draw an axis going through the point to the center of the sphere and 
one vertical axis perpendicular to it. With respect to the vertical axis we define the 
angle θ . All possible beam directions in the horizontal cross section are defined 

within the angle interval: 1 0θ = , 2 2
πθ =  but in contrast with the previous case 

there are two characteristic zones as shown in Fig. 25.10. In the first the beam crosses

 

1Zone −

2Zone −s

 
Fig. 25.10 Zone 1 - beam crosses vapor only, zone 2 - beam crosses vapor-liquid-vapor 

First zone - vapor only: This zone is defined within the angles 

within these two zones separately. 
gas only and in the second gas, water, gas successively. We perform the integration
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1 0θ = , 2
2

1
arcsin

2
D
D

πθ
⎛ ⎞

= − ⎜ ⎟
⎝ ⎠

, 
2

2 2 2
2 1

1
sin sin 1 D

D
θ θ

⎛ ⎞
− = − ⎜ ⎟

⎝ ⎠
. 

The beam length inside the zone is 

,1. 1 sinv zones D θ= .      (25.84) 

The averaged beam length is 
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cos sin

1 sin sin
2
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s d d
s

π θ

θ
θ θ θ ϕ
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1

cos sin 22 1
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1

D
D

zones d DD
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D

π

θ θ θ
⎛ ⎞

− ⎜ ⎟
⎝ ⎠ ⎡ ⎤⎛ ⎞⎢ ⎥= = − ⎜ ⎟

⎢ ⎥⎝ ⎠⎛ ⎞ ⎣ ⎦− ⎜ ⎟
⎝ ⎠

∫ . (25.85) 

The transferred power through the vapor is 

{ }
2

2 4 4 2
1 ,1. 3 3 ,1. 1 2

1
[1 ( )] ( ) 1v v zone v v zone

DQ D s T s T
D

π σ α ε ε
⎛ ⎞

′ ′= − + −⎜ ⎟⎜ ⎟
⎝ ⎠

. (25.86) 

The absorbed power inside the vapor is 

{ }
2

2 4 4 2
1 ,1. 3 3 ,1. 1 2

1
( ) ( ) 1A v v zone v v zone

DQ D s T s T
D

π σ α ε ε
⎛ ⎞

′ ′= − −⎜ ⎟⎜ ⎟
⎝ ⎠

.  (25.87) 

Second zone – vapor/droplet: The second zone is defined within the interval 

 2
1

1
arcsin

2
D
D

πθ
⎛ ⎞

= − ⎜ ⎟
⎝ ⎠

 and 2 2
πθ = , 

2
2 2 2

2 1
1

sin sin D
D

θ θ
⎛ ⎞

− = ⎜ ⎟
⎝ ⎠

. 

Vapor: The beam length inside the vapor is 

1/ 22
22

,2. 1
1

1 sin cos
2v zone

Ds D
D

θ θ
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= − −⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

.   (25.88) 

The averaged beam length results then in 
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( )

2 2

1 1
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∫ ∫
 

3/ 222
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D D
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.    (25.89) 

The transferred power through the vapor is 

{ }
2

2 4 4 2
1 ,2. 3 3 ,2. 1

1
[1 ( )] ( )v v zone v v zone

DQ D s T s T
D

π σ α ε ε
⎛ ⎞

′ ′= − + ⎜ ⎟⎜ ⎟
⎝ ⎠

. (25.90) 

The absorbed power inside the vapor is 

{ }
2

2 4 4 2
1 ,2. 3 3 ,2. 1

1
( ) ( )A v v zone v v zone

DQ D s T s T
D

π σ α ε ε
⎛ ⎞

′ ′= − ⎜ ⎟⎜ ⎟
⎝ ⎠

.  (25.91) 

Water: The beam length inside the water is 
1/ 22

22
,2. 1

1
cosw zone

Ds D
D

θ
⎛ ⎞⎛ ⎞⎜ ⎟Δ = −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

.    (25.92) 

The averaged beam length is then 
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D= .   (25.93) 

The transferred power through the water droplet is 

4
,2. ,2. 3 3

2
2 4 2
1 ,2. ,2. 1

1

4
,2. 2

[1 ( )][1 ( )]

[1 ( )] ( )

( )
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w w zone v v zone
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s s T

DQ D s s T
D

s T

α α ε

π σ α ε

ε

⎧ ⎫′ ′− −
⎪ ⎪
⎪ ⎪

⎛ ⎞⎪ ⎪′ ′= + −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪

⎪ ⎪
⎪ ⎪′+⎩ ⎭

. (25.94) 
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The absorbed power by the water droplet is 

4
,2. ,2. 3 3 2

2 2
1

14 4
,2. ,2. 1 ,2. 2

( )[1 ( )]

( ) ( ) ( )
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s s T s T
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π σ
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⎪ ⎪⎛ ⎞⎪ ⎪= ⎨ ⎬⎜ ⎟

⎝ ⎠⎪ ⎪′ ′ ′+ −⎪ ⎪⎩ ⎭

. 

        (25.95) 

The absorbed total power by the vapor is the sum of  the absorbed power in the 
both vapor regions 

{ }

{ }
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4 4 2

,1. 3 3 ,1. 1 2
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4 4 2

,2. 3 3 ,2. 1
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( ) ( ) 1
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Q D
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α ε ε

π σ

α ε ε

⎡ ⎤⎛ ⎞
⎢ ⎥′ ′− −⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎢ ⎥

= ⎢ ⎥
⎢ ⎥

⎛ ⎞⎢ ⎥′ ′+ − ⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

. (25.96) 
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Consider a cloud of equidistantly arranged hot spherical particles. The cloud is 
flying in a water and gas mixture. Compute the power radiated by a hot spherical 
particle and its environment. Compute what part of this energy is absorbed by 
water and what part is absorbed in the gas as a function of the characteristic scales 
inside the three-phase mixture. Compute the length required for almost complete 
length absorption. 

The task can formally be described in the following way: Consider an 
artificially defined sphere with diameter 2D  containing concentrically two other 
spheres as presented in Fig. 25.11. This resembles film boiling of hot particles in 
water. We use this structure as an abstract model for computing the radiation 
properties of the mixture consisting of particles, vapor and water. This elementary 
cell is called sometimes a Wigner cell. It contains as much vapor and water as the 
total vapor and water in the computational cell divided by the number of the 
particles inside the cell, respectively. We will first compute what happens inside 
the Wigner cell and how much radiation energy is leaving the cell. Then we will 
ask the question what happens with the radiation energy in consequently 
interacting Wigner cells. 

The inner most sphere, having diameter 3D , is radiating. We call this sphere a 
“particle”. The space between the first and the second spherical surfaces is filled 
with vapor. The second sphere has diameter 1D . The space between the second 
and the external sphere (Wigner cell) is filled with water. Now consider a space 
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filled equidistantly with particles having volume fraction 3 0α >  surrounded by 
vapor with volume fraction 1 0α > and water having volume fraction 2 0α > . 

 

1R

3R

water

melt

 
Fig. 25.11 Radiating sphere concentrically surrounded by vapor and water 

For homogeneously distributed particles we have  

1D 13 32 1 3 3
3

1D D α
α α

α
= + = + , 3 0α > ,    (25.97) 

2D 3
3

3

D
α

= , 3 0α > .      (25.98) 

Frequently used ratios in the following text are 

( )1/31
1 3

2

D
D

α α= + ,      (25.99) 

1/33
3

2

D
D

α= .       (25.100) 

In this section we will present Lanzenberger's results reported in (1997) 
simplifying in some places the resulting integrals for convenient use. 

25.4.3.1 Space-averaged beam lengths for the concentric spheres 
radiation problem 

The averaging procedure for computing the averaged beam length results from the 
radiation theory is  

( ) ( )
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2 2

1 1
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2 1
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s d d s d
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∫ ∫

. (25.101) 
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It gives the averaged beam length over the angles 0 2ϕ π< <  and 1 2θ θ θ< < . 
The formal procedure contains (a) specification of 1θ  and 2θ , (b) derivation of the 
relationship ( )1 ,s ϕ θ  and (c) finally integration in order to obtain s . Two 
specific geometries presented in Fig. 25.12 and Fig. 25.13 represent all cases. The 
results of the computations are presented below: 

s
θ

dA

water

steam

 
Fig. 25.12 Radiating hot sphere through steam and water. The first Wigner cell. 

s

θ
dA

water

steam

zone 1
zone 2

zone 3

 
Fig. 25. 13 Radiation entering the second Wigner cell from outside sources 

25.4.3.1.1 Beam emitted from the particle surface 
 

Angle interval: 1 0θ =  and 2 / 2θ π= , 2 2
2 1sin sin 1θ θ− = . 

 
Vapor: 10 s s< <  

Beam length: 

1/ 22
21

1 3
3

1 sin cos
2

Ds D
D

θ θ
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= − −⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

.  (25.102) 

Averaged beam length:  
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Water: 21 sss <<  
 

Beam length: 
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Averaged beam length: 
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. (25.105) 

25.4.3.1.2 Beam entering the external sphere (Wigner cell) surface 
 

First zone - water only: 

Angle interval: 1 0θ = , 1
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Beam length: 2,1. 2 sinzones D θ= .     (25.106) 

Averaged beam length:  
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Second zone: 
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Angle interval: 1
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Region 1 – water: 

Beam length: 
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Averaged beam length: 
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Region 2 – vapor: 

Beam length: 
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Averaged beam length:  

2

1
21,2.

1,2. 2 2
31

2 2

cos sin
2

zone

zone

s d
s

DD
D D

θ

θ
θ θ θ

Δ =
⎛ ⎞ ⎛ ⎞

−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫ 1/ 22 2
31

2
2 2

2
3

DDD
D D

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥= −⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

. 

        (25.111) 

Region 3 – water: 
 

Beam length: The same as in region 1. 
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Averaged beam length: zonezone ss .2,21.2,22 =Δ .   (25.112) 

Third  zone: 
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Averaged beam length: 
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Region 2 –vapor only: 

Beam length: 
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Averaged beam length:  
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25.4.3.2 Solution of the RTE 

25.4.3.2.1 Directional spectral intensity inside the vapor 
 
Along the beam 10 s s< <  the analytical solution of the RTE equation without 
scattering gives the heat flux per unit solid angle, per unit wavelength and per unit 
area as a function of the beam length 

( ) ( ) ( )( )1, 1,
1 3 3, 3 1, 1, , , , , , 1a s a si s T T i T e i s T eλ λ

λ λ λλ λ λ− −′ ′ ′= + − .  (25.117) 

Across the infinitesimal cross section cosdA θ , for the infinitesimal solid angle 
dω , and within the wavelength region dλ  we have 

( )3
1 3, , , cosd Q i s T T dA d dλ λ θ ω λ′=  

( ) ( )( )1, 1,
3 1,0, , 1 cosa s a s

bi T e i T e dA d dλ λ
λ λλ λ θ ω λ− −⎡ ⎤′ ′= + −⎢ ⎥⎣ ⎦

. (25.118) 

Integrated over all wavelengths of the emitting media we have 
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        (25.119) 

Estimation of the first integral: Having in mind the definition of the emissivity 
coefficient of the particle surface  
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,     (25.120) 

and the definition of the vapor absorption coefficient of black body radiation with 
temperature 3T   
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we obtain 
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T a T s

σ
ε

π
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Estimation of the second integral: For the second integral we use again the 
definition of the total emittance for vapor radiating with temperature 1T  
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Thus, after the integration over the total wavelength region we obtain 

( ) ( ) ( )
4 4

2 3 1
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σ σ

ε ε θ ω
π π

⎡ ⎤
′⎡ ⎤= − +⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦

. (25.125) 

The first term gives the intensity at the point s coming from the particle with 
temperature 3T . The second term is the net contribution of the gas radiating with 
temperature 1T  at point s.  
 
25.4.3.2.2 Directional spectral intensity inside the water 
 
Along the beam 1 2s s s< <  the analytical solution of the RTE equation without 
scattering gives the heat flux per unit solid angle, per unit wavelength and per unit 
area as a function of the beam length 

( ) ( ) ( )( )2, 2,
1 2 3 1 2, 2, , , , , , , 1a s a si s T T T i s e i s T eλ λ

λ λ λλ λ λ− −′ ′ ′= + − .  (25.126) 
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Across the infinitesimal cross section cosdA θ , for the infinitesimal solid angle 
dω , and within the wavelength region dλ  results in 

( )3
1 2 3, , , , cosd Q i s T T T dA d dλ λ θ ω λ′=  

( ) ( ) ( )2, 2,
1 2, 2, , , 1 cosa s a si s e i s T e dA d dλ λ
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. (25.127) 

Integrated over all wavelengths of the emitting media results in 
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Estimation of the first integral: The directional spectral intensity entering the 
water at point s1 is 
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1 1 3 3, 3 1 1, , , , , , 1a s a s
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The total intensity at the same point is 
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        (25.129) 

Now note the special definition of the absorption coefficient in water required here 
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which can be replaced by the usual definition of the water absorption coefficient 
only as an approximation. Thus we obtain finally 
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. (25.131) 

Estimation of the second integral: For the second integral we use again the 
definition of the total emittance of the water radiating with temperature 2T  
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Thus, after the integration over the total wavelength region we obtain 



674      

( )
( ) ( )

( )

( )

4
3

3 3 1 3 1
4

2 2
2 3 2 2

4
1

1 1 1

1 ,

1 , , cos

,

T
T a T s

T
d Q a T s T s dA d

TT s

σ
ε

π σ
ε θ ω

π
σ

ε
π

⎡ ⎤⎧ ⎫
′⎡ ⎤−⎢ ⎥⎪ ⎪⎣ ⎦⎢ ⎥⎪ ⎪⎪ ⎪⎢ ⎥′⎡ ⎤= − +⎨ ⎬⎣ ⎦⎢ ⎥⎪ ⎪

⎢ ⎥⎪ ⎪+⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦

. 

        (25.133) 

The first term gives the intensity at the point s coming from the particle with 
temperature 3T  and crossing the vapor with temperature 1T . The second term is 
the net contribution of the water radiating with temperature 2T  at point s.  
 
25.4.3.2.3 Total absorbed intensity 
 
Vapor: The total absorbed directional intensity in the vapor is therefore that 
emitted by the particle minus that leaving the vapor sphere at 1s  

( ) ( ) ( )
4 4
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ε ε θ ω
π π

⎡ ⎤
′= −⎢ ⎥

⎢ ⎥⎣ ⎦
. (25.134) 

Water: The total absorbed directional intensity in the water is therefore that 
entering from the internal sphere minus that leaving at 2s . 
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Integration over the solid angle 
 

The integration over the solid angle gives an expression in which optical 
properties have to be averaged over the solid angle. For the case of the absorption 
coefficient it will result in 
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where 
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The computation of the averaged absorption coefficient is very expensive. That is 
why the following approximation will be used. The averaged optical property is 
set as the optical property being a function of the averaged beam distance. We 
illustrate this in the following example. 

( ) ( ),a T a T s′ ′≈ ,      (25.138) 
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The appropriate averaged beam lengths are already given in Section 25.4.3.1. 
 
Vapor:  
 
Performing the averaging of the optical properties over the solid angle results in 
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In particular, integrating for 1 0θ =  and 1 / 2θ π=  we obtain 
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and consequently 

( ) ( ) ( )2 4 4
1 3 3 1 3 1 3 1 1 1 1, ,ad Q T a T s T T s T dAε σ ε σ⎡ ⎤′= −⎣ ⎦ .  (25.144) 

Integrating over the surface of the particle results in  

( ) ( ) ( )2 4 4
1 3 3 3 1 3 1 3 1 1 1 1, ,aQ D T a T s T T s Tπ ε σ ε σ⎡ ⎤′= −⎣ ⎦ .  (25.145) 

The emitted total power from the particle is 

( )2 4
3 3 3 3 3Q D T Tπ ε σ→∞ = .     (25.146) 
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The emitted power from the vapor interface into the water is 

( ) ( ) ( ){ }2 4 4
3 1 3 1 3 1 3 3 3 1 1 1 11 , ,aQ Q D a T s T T T s Tπ σ ε ε→∞ ′⎡ ⎤− = − +⎣ ⎦ . (25.147) 

Water: 
 

Similarly integrating for 1 0θ =  and 1 / 2θ π=  we obtain for the averages over the 
solid angle of the water optical properties 
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and consequently 
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Integrating over the surface of the particle results in  
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The emitted power from the vapor sphere is 

( ) ( ) ( ){ }2 4 4
3 1 3 1 3 1 3 3 3 1 1 1 11 , ,aQ Q D a T s T T T s Tπ σ ε ε→∞ ′⎡ ⎤− = − +⎣ ⎦ . (25.152) 

The difference between this power and that absorbed by the water is the power 
radiated from the water surface into the environment of the first cell 
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Second cell 
 

The power emitted by the first Wigner cell is entering the second one – Fig. 25.13 
There are three characteristic space angle regions for computing the absorbed and 
the transmitted power in the second Wigner cell. We consider the three regions 
separately. The total directional intensity of the entering radiation is 

( ) 3 1 2
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Second zone:  
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Region 2: vapor 
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Region 3: water 
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Third zone: 
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Region 2: vapor 
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Knowing what happens inside a single cell we can now compute the energy that is 
transported ,1TQ and that is absorbed by the vapor ,1avQ  and by the water ,1awQ if 
such cells are virtually interacting in a subsequent chain. The Lanzenberger 
solution is given below 
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, , 1T i T T i TQ a Q b−= + , i = 2, n,     (25.168) 

, , 1av i v T i vQ a Q b−= + , i = 2, n,     (25.169) 

, , 1aw i w T i wQ a Q b−= + , i = 2, n,     (25.170) 

,2 ,1T T T TQ a Q b= + ,      (25.171) 

,3 ,1T T T T T T TQ a a Q a b b= + + ,     (25.172) 

,4 ,1T T T T T T T T T T TQ a a a Q a a b a b b= + + + ,   (25.173) 
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Consider a cloud of equidistantly arranged hot spherical particles. The cloud is 
flying in a water and gas mixture. Compute the radiated power by a hot spherical 
particle and its environment. Compute what part of this energy is absorbed by 
water and what in the gas as a function of the characteristic scales inside the three-
phase mixture. Compute the length required for almost complete light absorption. 
Figure 25.15 presents the total absobtion depth in three-phase particle-vapor-water 
flow as a function of the particle volume fraction. The gas volume fraction is 1%. 
The hot particle size is 0.005m. We see from Figs. 25.14 and 25.15 an important 
behaviour: increasing the particle concentration leads to reduction of the length 



680      

neccesary for complete absorbtion of the radiation. That is why for cases with 
large particle concentrations the discrete ordinate method is not necessary and a 
local in-cell description of the radiated energy is sufficient. This is not the case for 
small particle concentrations where the absorbtion length can be considerably 
larger than the cell size. In this case doing so as every thing happens in the cell 
leads to an overestimation of the local energy transport and therefore to larger 
local vapor production with all the consequences to the final macroscopic results. 
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Fig. 25.14 Total absobtion depth in three-phase particle-vapor-water flow as a function of 
the particle volume fraction. Gas volume fraction 1%. Particle size 0.005m 
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Fig. 25.15 Radiated specific power of the cloud divided by the radiated specific power of a 
single particle as a function of the partcles volume fraction 
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Latin 
 

mA  surface area at side m of the cell, m2 

maxa  number of the discrete angle in the azimuthal direction 

( )aλ λ  4 kπ
λ

= , spectral absorption coefficient, 1/m 

, ,a b ma  , ,

a,b

a b mm DA
Vol ω

=
Δ Δ

, m-surface geometry coefficient, 1/m 

maxb  number of the discrete angles in the polar direction 

0c  82.998 10= ⋅ , speed of light in vacuum, m/s 
c speed of light, m/s 

, ,a b mD  ( )
a,b

 m d
ω

ω
Δ

⋅∫∫ s e , scalar product of the (a,b)-directed unit vector and the 

outward directed m-surface unit vector integrated over the angle a,bωΔ , 
sr. 

3D  diameter, m 

e  ( )y z,   ,   xe e e= , outward directed unit normal to a surface 

( ),iλ′ r s   spectral radiation intensity at the spatial location r along the direction s 
that is within an infinitesimal solid angle dω , in other words heat flux 
per unit solid angle, per unit wavelength, and per unit area, ( )3/W m sr  

k index of absorption 
n  index of refraction - ratio of propagation velocity 0c  in vacuum related to 

the propagation velocity c inside the medium 
,m incidentqλ −′′   incident radiation heat flux from the inside of the computational 

cell, W/m² 
r  position vector, m 
r  radius, m 
s direction vector 

,w mT  wall temperature at the m-face of the control volume 
x x-coordinate, m 
y y-coordinate, m 
z z-coordinate, m 
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Greek 
 
Δ  finite difference 

VolΔ  cell volume, m³ 
λβ  saλ λσ= + , spectral extinction coefficient, 1/m   

wε  wall emissivity coefficient 
Φ   spectral scattering phase function 
ϕ  azimuthal angle, rad 

sλσ  spectral scattering coefficients, 1/m 

σ  
5

81
4
2

2
5.67051 10

15
C

C
π −= = × , Stefan-Boltzmann constant, ( )2 4/W m K  

θ  polar angle, rad 
ω  solid angle, rad 
dω  infinitesimal solid angle, rad 
 
I nd i ces
 
a integer index for the discrete angle in the azimuthal direction 
b integer index for the discrete angle in the polar direction 
b  black body 
w wall 
x in x-coordinate 
y in y-coordinate 
z in z-coordinate 
1 vapor, gas 
2 water 
3 melt, solid particle 
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acceleration induced bubble 
fragmentation  207 

accommodation coefficient  584, 585 
activated nucleation site density  362 
active nucleation site density  443 
active nucleation site density as a 

function of superheat  364, 365,  
443, 454 

active nucleation sites density   
362, 366 

added mass force  73 
Altshul formula  84 
aluminum  331 
amount of melt surrounded by 

continuous water  298 
analogy between heat and mass  

transfer  169 
annular channels  509, 510 
annular dispersed flow  128 
annular film flow  12 
annular film flow with  

entrainment  12 
annular flow  16, 22, 50 
annular two-phase flow  149 
aspect ratio of a bubble  32 
Avdeev  408, 459 
average center-to-center spacing  423 
average mass conservation  188 
averaged beam length  661 
averaged film boiling heat transfer 

coefficient  538 
averaged film thickness  556 
averaged mass source term  383 
averaged vapor film thickness  501 
Avogadro number  571 

  
bag-and-stamen breakup  219 
bag and stamen breakup  216, 231 
bag breakup  216, 219, 229 
bag mode  218 
Baroczy correlation  99, 832 

black body  655 
black body intensity  655 
blow down  478 
boiling flow  100 
boiling of subcooled liquid  487, 517 
boiling with mutually bubble  

interaction  429 
Boltzmann constant  350 
Bowring  518 
breakup period for droplets in gas  225 
breakup time  222 
bubble coalescence mechanisms  197 
bubble collapse in subcooled  

liquid  310 
bubble condensing in a subcooled  

liquid  397 
bubble departure diameter  417,  

447, 471 
bubble departure diameter as a function 

of pressure  427 
bubble departure diameter as a function 

of superheat  426 
bubble departure diameter as function  

of mass flow rate  426 
bubble departure diameter during 

boiling or flashing  417 
bubble departure frequency  449 
bubble disappearance  474 
bubble dynamics  312 
bubble entrainment from the vapor  

layer  475 
bubble entrainment size  476 
bubble flow  4, 9, 22, 23, 49, 122 
bubble flow in a annular channel  125 
bubble fragmentation  473 
bubble growth  375 
bubble growth in superheated  

liquid  375 
bubble growth in the bulk  473 
bubble inclination angle  420 
bubble rise velocity in pool  5 



bubbles generated due to nucleation at 
the wall  472 

bubbles in asymmetric flow field  310 
bubbles in turbulent liquid  258 
Bubble-to-slug flow transition  21 
bubbly flow  3, 135, 516 
bundles of horizontal pipes  631 

  
cap bubbles  34, 37 
catastrophic breakup  217, 231 
chain of infinite number of Wigner  

cells  677 
change of the bubble number density 

due to condensation  406 
channel flow  1, 161 
Channel flow – inclined pipes  13 
Channel flow – vertical pipes  9 
churn turbulent flow  5, 11, 38, 135 
churn-to-annular, dispersed flow 

transition  21 
churn-turbulent flow  122 
Clausius-Clapeyron equation  347 
cloud of equidistantly arranged hot 

spherical particles  665, 679 
coalescence  187, 196, 473 
coalescence escaping regime  264 
coalescence frequency  192, 266, 475 
coalescence probability  192, 262, 264, 

299, 475 
coalescence probability of small  

droplets  266 
coalescence rate  192 
coalescence time  262 
Coddington and Macian  122 
Colebrook and Witte formula  85, 86 
collision frequency  191, 193, 475 
collision time  262 
condensation at cooled walls  623 
condensation from forced convection 

two-phase flow at liquid film  632 
condensation from stagnant steam at 

turbulent liquid film  629 
condensation inside a vertical pipe  631 
condensation of a pure steam bubble  

in a subcooled liquid  397 
condensation of pure steam on 

subcooled film  567 
condensing moving bubble in a 

subcooled liquid  400 
conservation equation of the  

droplets  199 

contact angle  351, 352 
contact heat transfer  297, 316 
contact time  263, 322 
contaminated systems  35 
convection inside the droplet  

 579, 581 
convective boiling of saturated  

liquid  505 
convective heat transfer  601 
converging disperse field  191 
converging-diverging nozzle  476 
coolant  297 
coolant fragmentation  322 
coolant interface classification  324 
coolant viscosity increase  332 
creeping flow  116 
critical bubble size  420 
critical heat flux  512, 515, 519 
critical mass flow rate  360 
critical mass flow rate in short pipes, 

orifices and nozzles  360 
critical nucleation size  568 
critical size  361 
critical Weber number  207 
cross-section averaged vapor velocity 

profile  534 
crust straight  321 

  
Darcy’s law  47 
dense packed regime  45 
departure from nucleate boiling  513 
deposition correlations  156, 176 
deposition in annular two-phase  

flow  169 
deposition mass flow rate  170 
deposition rate  154, 159 
depressurization  355 
diffusely emitting and reflecting  

walls  653 
diffusion controlled collapse  410 
diffusion controlled evaporation  385 
diffusion mass flow rate at macroscopic 

surface  592 
diffusion velocities for algebraic slip 

models  109 
dimensional analysis for small scale 

motion  250 
direct contact condensation of pure 

steam on subcooled droplet  581 
direction cosines  645 
discrete ordinate method  645 
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discrete ordinate radiation transport 
method  644 

disintegration of the continuum  189 
dissolved inert gases  361 
distorted bubble regime  34, 37 
distorted particles  34, 37 
distribution parameter  120 
distribution parameter for annular  

flow  127 
Dittus-Boelter equation  505 
donor cell scheme  650 
down flow of vapor across horizontal 

tubes  632 
drag  110 
drag coefficient  32, 41, 115, 121 
Drag coefficient for single bubble  32 
drag forces  31 
drift flux correlation  121 
drift flux models  119, 138 
droplet evaporation in gas mixture  589 
droplet growth  572 
droplet mass conservation equation  200 
droplet pulsation velocity  170 
droplet size after the entrainment  161 
droplets in turbulent liquid  257 
droplets-gas system  39 
dry out  513 
duration of fragmentation  189 
dynamic friction velocity  610 

  
effective kinematic viscosity of 

turbulence  252 
efficiency of coalescence of  

bubbles  262 
emissivity and absorptivity for carbon 

dioxide  660 
empirical flow map  18 
entrainment  149 
entrainment from liquid film for very 

high gas velocity  285 
entrainment velocity  150 
entrapment  311 
entrapment triggers  309 
equation of Kelvin and Laplace  344 
equilibrium droplet concentration  154 
equilibrium steam mass flow rate 

concentration  507 
Ergun’s equation  47 
evaporation of saturated droplets in 

superheated gas  587 

evaporation of saturated film in 
superheated gas  613 

evaporation of the entire droplet  587 
external condensation on horizontal 

single pipe  631 
external triggers  307 

  
family of particles in continuum  35 
Fauske  322 
film boiling  22, 507, 529 
film boiling heat flux  541 
film boiling heat transfer coefficient  

499, 554 
film boiling in horizontal upwards-

oriented plates  500 
film boiling model and data base  556 
film boiling on a horizontal  

cylinder  501 
film collapse dynamics  312 
film flashing  475 
film flashing bubble generation  475 
film thickness  13, 155, 556, 625 
film to fine dispersed flow  

transition  517 
film velocity  141 
film-gas force  51 
film-gas interface in the multi-phase 

flows  599 
film-wall force  50 
final fragment velocity  219 
fine dispersed flow  516 
finite differential form of the RTE  649 
finite volume representation of the 

radiation transport equation  648 
Fiveland scheme  652 
flashing in adiabatic pipes  471 
flashing inception pressure  360 
flow boiling  428 
flow pattern transition criteria for non 

adiabatic flow  20 
flow patterns  1, 2, 187 
flow regime transition  4 
Flow regime transition criteria  1 
forced convection  487, 552 
forced convection boiling  505 
forced convection condensation  631 
forced convection DNB and DO 

correlations  515 
forced convection film boiling  507, 

509, 511 



forced convection film boiling at vertical 
plate  560 

forced convection film boiling in 
channels with very low mass  
flux  501 

forced-convection film boiling data  552 
Fourier equation  578 
Fourier series  578 
fragmentation  189, 207 
fragmentation and coalescence  187 
fragmentation frequency  190 
fragmentation mechanism  275 
fragmentation modes  216 
fragmentation of melt in coolant  297 
free falling droplets in gas  12 
free falling sphere  112 
free particles regime  41 
free path of a steam molecule  573 
free rising bubble velocity  475 
free settling velocity  112, 138 
frequency of bubble departure  448 
frequency of coalescence of single 

bubble  197 
friction coefficient of turbulent  

flow  408 
friction pressure drop  83, 135 
friction pressure loss coefficient  83 
frictional pressure loss  102 
full-range drift flux correlations  128 
fully developed steady state flow  201 

  
gas jet disintegration in pools  289 
gas jet in a turbulent liquid stream  257 
gas side averaged shear stress  610 
gas-to-liquid velocity ratio  138 
Gauss-Seidel method  651 
generated nuclei  571 
geometrical film-gas characteristics  599 
geometry definition to film boiling at 

sphere  547 
Gibbs number  349, 570 
gradually applied relative velocities  215 
Groeneveld  510 
group of particles  119 

  
Hagen and Poiseuille law  84 
heat and mass transfer at the film-gas 

interface  599 
heat conduction due to turbulence  606 
heat flux as a function of superheat   

428, 451 

heat flux as a function of superheat for 
saturated water  452 

heat flux as a function of the wall 
superheating  440 

heat released during the  
condensation  575 

heat transfer across droplet  
interface  575 

heat transfer between interface  
and gas  601 

heat transfer coefficient  506 
heat transfer coefficient on the surface 

of moving solid sphere and water 
droplets  576 

heat transfer coefficient on the surface 
of solid sphere moving in a  
liquid  399 

heat transfer from the interface into the 
bulk liquid  613 

heated channels  20, 100 
Helium II  381 
Henry and Fauske  322 
heterogeneous nucleation  350, 360, 471 
highly energetic collisions  238 
homogeneous local vapor volume 

fraction  501 
homogeneous nucleation  350, 357, 570 
homogeneous nucleation  

temperature  500 
homogeneous turbulence  

characteristics  249 
horizontal or inclined pipes  63 
hydraulic diameters  67 
hydrodynamic stability theory  513 
hydrodynamic theory of boiling  514 
hydrodynamic theory of critical heat 

flux  453 
  

inclined pipes  135 
inert gases  332 
inertially controlled bubble growth  347 
initiation of the visible nucleate  

boiling  489 
initiation of visible boiling  487 
inner scale or micro scale of  

turbulence  250 
instability of jets  275 
interaction of molten material with  

water  660 
interface solidification  308 
interfacial area density  51, 149 

688      Index 



Index      689

interfacial disturbances  542 
interfacial instability due to bubble 

collapse  314 
inverted annular flow  59, 516 
isolated bubble boiling  427 
isotropic turbulence  607 

  
Jakob number  574 
jet atomization  274 
jet disintegration due to asymmetric 

waves  274 
jet disintegration due to symmetric 

interface oscillations  274 
jet fragmentation in pipes  287 
jet of molten metal  282 
jets causing film boiling  282 

  
Kelvin-Helmholtz instability  208 
Kelvin-Helmholtz gravity long wave 

theory  15 
Kelvin-Helmholtz instability  542 
Kolmogoroff  250 
Kutateladze  5 
Kutateladze terminal velocity  12, 117 

  
laminar condensation on vertical  

wall  628 
laminar film  625, 632 
Lanzenberger‘s solution  665, 679 
Laplace and Kelvin equation  345, 569 
Laplace constant  101 
Laplace number  219 
large scale eddies  249 
large scale motion  249 
larger bubble sizes  5 
Lathrop’s diamond difference  

scheme  652 
lava-water interaction  529 
lean systems  302 
Lellouche  122 
length scale  1 
Levich equation  255 
lift force  67 
liquid-liquid system  222 
liquid and gas jet disintegration  275 
liquid boundary layer  538 
liquid droplets  567 
liquid jet disintegration in pools  287 
liquid-liquid systems  257 
Liu and Theofanous  559 
local drift velocity  120 

local vapor film thickness  559 
Lockhart and Martinelli  95 
look-up table for critical heat  

flux  519 
  

Mamaev  13, 135 
Marangoni effect  323 
Martinelli-Nelson method  102 
Martinelli and Nelson  98 
Martinelli factor  505 
mass concentration of droplets  170 
mass flow rate  507 
mass transfer coefficient  636 
maximal achievable superheating  357 
maximum duration of the bubble 

collapse  410 
maximum packing  35 
maximum packing density  3 
maximum superheat  357 
mean free path  170 
mean site-to-site distance  482 
mechanical fragmentation  297 
mechanism of the thermal  

fragmentation  312 
melt  297 
melt with water and vapor enclosed 

inside  661 
mercury droplets in air  209 
micro-convection velocity  423, 448 
Mikic  378 
minimum film boiling temperature  307, 

499, 500 
minimum heat flux  499 
mirroring walls  654 
mixed convection film boiling  553 
mixed-convection film boiling at 

spheres  547 
mixed-convection film boiling on 

vertical walls  546 
mixture of gas, film and droplets  140 
mole weight  573 
mono-disperse  188 
moving bubble  399 
multi-group approach  189 
mutual interaction of the growing and 

departing bubbles  429 
  

natural convection  551 
natural convection film boiling  499 
natural convection film boiling at 

vertical plate  559 



natural convection film boiling on a 
sphere  502 

natural-convection film boiling  499 
nearest-neighbor distance  366 
net evaporation  491 
net mass flow rate of the spontaneous 

evaporation  584 
Newton’s regime  40, 42 
Nigmatulin  172 
Nikuradze diagram  15, 93, 94 
non solidifying droplet  353 
non-averaged source terms  404 
non-condensable gases  332, 615 
non-condensing gas  409 
Non-oscillating particles  3 
non-stable liquid  344 
nucleate boiling  439 
nucleate boiling heat flux  505 
nucleate boiling heat transfer  

coefficient  506 
nucleate pool boiling  439 
nucleation  567 
nucleation energy  344 
nucleation frequency  571 
nucleation in liquids  343 
nucleation in presence of non-

condensable gasses  361 
nucleation kinetics  350, 453 
nucleation sites density  423, 427 
nucleation theories  354 
nucleus capable to grow  345 
Nukiama-Tanasawa law  406 
Nukuradze diagram  62 
number density after the  

fragmentation  190 
  

onset of the condensation  530 
optimum marching strategy  651 
oscillating particles  3 
Oseen equation  33 
over-entrained regime  153 
oversaturated  320 
oxidation  331 

  
particle production rate  229 
particle production rate during the 

thermal fragmentation  326 
particle production rate in case of 

entrainment  198 
particle sink velocity in pipes  188 

particle size after thermal  
fragmentation  325 

particle size formation in pipes  198 
particle size in the steady state flow  200 
particles in film boiling  22 
partitioning of the absorbed energy 

between the bulk and the surface  658 
penetration length  285 
permeability coefficients  48 
Pilch  219 
pipe forces  481 
pitting of the surface  311 
Planck’s spectral distribution  655 
Poiseuille flow  47 
Poisson distribution law  447 
pool boiling of saturated liquid  455 
pool flows  2, 3 
porous media  21 
positive scheme  653 
potentially explosive mixtures  298 
Prandtl-Nikuradze  86 
pressure drop  83 
primary breakup  231, 233 
probability of capture  584 
probability of departure from the 

averaged state  571 
probability of escape  584 
probability of origination of a single 

bubble  350 
probability of origination of single 

nucleus  571 
production rate  190, 229 
propagation velocity  317 
pulsation velocity  608 
pure liquid  35 
pure natural convection  536 
pure steam bubble drifting in turbulent 

continuous liquid  407 
pure steam condensation  623 

  
radiated specific power of the cloud  680 
radiating sphere concentrically 

surrounded by vapor and water  665 
radiation from the sphere  550 
radiation transport analysis  643 
radiation transport equation  644 
Raleigh-Taylor wavelength  4, 843 
Rankine and Hugoniot equation  499 
Rayleigh equation  313 
rectangular channels  67 
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reduction of the driving forces of the 
evaporation  592 

relative permeabilities  49 
relative permeability multipliers  50 
relative velocity  118 
resistance of the non-condensable  

gases  637 
resisting force between film and gas  66 
Riccati  220 
Richardson and Zaki  114 
Richardson-Zaki  119 
rippled film-to-micro film transition  21 
rod bundles  23 
roll wave regime  63 

  
Sakagushi  138 
saturated liquid boiling  516 
scattering phase function  644 
self condensation stop  574 
shear stress at the wall  609 
shear stress in the film  610 
sheet stripping  217, 219, 231 
single bubble terminal velocity  115 
single particle terminal velocity  118 
single-phase flow  83 
single-phase liquid convection heat  

flux  505 
sinuous jet breakup  274 
size initialization by flow pattern 

transition  216 
size of the entrained droplets  149, 161 
size of the ligaments  277 
slightly contaminated liquid  35 
slip  138 
slip models  138 
slug bubble diameter  113 
slug flow  10, 22, 24, 39, 50, 117, 135 
slug flow in a tube  125 
slug-to-churn flow transition  21 
small bubble sizes  5 
small scale motion  250 
Smolin  517 
Smoluchowski  194, 252 
solid particles  40, 41, 45, 143 
solid particles in a gas  40 
solid particles in bubbly flow  43 
solidifying droplet  318 
Souter mean diameter  233 
space averaged beam lengths for the 

concentric spheres radiation  
problem  666 

Spalding mass transfer number  592 
spectral absoption coefficient for water 

as a function of the wavelength  655 
spectral absorption coefficient  655 
spectral absorption coefficient of  

water  655 
spectral absorption coefficient of water 

vapor  660 
spectral averaged absorption  

coefficient  661 
spectral averaged emissivity  

coefficient  661 
spectral extinction coefficient  645 
spectral radiation intensity  644 
sphere interface temperature during film 

boiling  555 
spherical cap  117 
spherical cavity of gas inside a molten 

material  660 
spinoidal line  570 
spontaneous condensation of pure 

subcooled steam  567 
spontaneous evaporation of the 

superheated film  613 
spontaneous flashing of superheat  

liquid  375 
spontaneous flashing of superheated 

droplet  583 
stability criterion for bubbles in 

continuum  255 
stable particle diameter after the 

fragmentation  189 
stagnant bubble  397 
static contact angles  443 
statistical theory of turbulence  407 
steam condensation from gas-steam 

mixtures flowing perpendicular to 
horizontal internally cooled  
tubes  636 

steam condensation from gas-steam 
mixtures inside pipes  636 

steam condensation from mixture 
containing non-condensing gases  634 

step difference scheme  650 
stochiometric  320 
stochiometric liquid volume  

fraction  321 
Stokes regime  3, 36, 39, 41 
stratified flows  13, 14, 60, 64, 135 
stratified horizontal flow  134 
stratified wavy flow  13, 16, 18 



stratified-intermittent transition  18 
stripping of droplets  218 
stripping of the ligaments  218 
strong disturbance on the film-to-small 

ripples transition  21 
sub cooled boiling  100 
subcooled nucleate boiling  20 
suddenly applied relative velocity  215 
superheated steam  384 
surface entrainment effect  315, 326 
surface tension  569 
surface tension of water  344 
surface vectors  647 
surfactants  333 
suspension volumetric flux  138 

  
Taylor bubble  11, 126, 843 
temperature correction factor  571 
temperature profile in the vapor  

layer  534 
terminal speed of a spherical particle  112 
the Taylor bubble velocity  15 
thermal controlled bubble growth   

390, 747 
thermal controlled collapse  410 
thermal fragmentation  325, 328 
thermal resistance inside the drop  583 
thermo-capillar velocity  324 
thermo-capillary flow in the drop  324 
thermo-mechanical fragmentation  301, 

307, 324 
thick and thin vapor film  298 
thin thermal boundary layer  377 
three phase flow  141 
three velocity fields  140 
three-dimensional flow  36 
three-phase disperse flow  45 
three-phase flows  102 
threshold pressure  307 
time-averaged coalescence rate  192 
total absobtion depth in three phase 

particle-vapor-water flow  680 
total solid angle  646 
transition boiling  309 
transition boiling in tubes  511 
transition conditions  20 
transition criteria  13 
transition to annular flow  18 
transition to bubble flow  19 
transition-boiling correlation  512 
transparent wall  654 

transport enhancement factor  585 
tubes  519 
turbulence dissipation rate  250 
turbulence induced droplet 

fragmentation in channels  259 
turbulence induced particle 

fragmentation and coalescence  249 
turbulence Reynolds number  249 
turbulent diffusion constant  170 
turbulent film  629, 632 
turbulent fluctuation velocity  474 
turbulent gas pulsation  169 
turbulent length scale  611 
turbulent viscosity  151 
two parallel plates  14 
two-phase friction pressure drop  95 

  
umbrella mode  218 
under-entrained regime  153 
undersaturated  320 
undisturbed particles  34, 37 

  
vapor collapse  298 
vapor thickness in film boiling  299 
vapor-coolant instability  297 
varicose mode of water jet breakup  278 
vertical flow around rod bundles  510 
vertical rod bundle  24 
vibration breakup  216, 218, 229 
Vierow and Shrock  637 
violent explosion  311 
virtual mass coefficient  49 
viscous limit  250, 251 
viscous regime  33, 37, 39, 42 

  
waiting time  449 
wakes behind particles  261 
wall friction force  115 
wall-gas  66 
wall-liquid forces  66 
Wang and Dhir  351 
wave crest striping  217 
wave crests stripping  233, 235 
wavy film  629 
weighted mean velocity  119–120 
weighting factors  650 
Wigner cell  668 
work reduction factor  353 

  
Zaichik  152 
Zuber and Findlay model  120 
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