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Preface 

The spontaneous disintegration of long-lived, naturally occurring isotopes 
provides one source of information on nuclei. However, only a limited number of 
nuclei are accessible for study by this natural process and then only under a 
narrow range of circumstances. On the other hand, nuclear reactigns can be 
induced in the myriad of pairwise combinations provided by stable or long-lived 
nuclei and over the wide range of energies provided by the accelerators in the 
physics laboratories of the world. Reactions therefore provide the greatest 
volume and widest range of nuclear data. The energy loss of a beam particle can 
be directly interpreted as an excitation energy in the target nucleus. Usually, 
however, the data acquire meaning for the structure of nuclei only after they have 
been interpreted through a reaction theory. The synthesis of such accumulated 
information into a coherent theory of the nucleus is the main subject of nuclear 
physics. There are a number of volumes on nuclear structure that review this 
ongoing process. 

This book is about the theory of direct nuclear reactions. It emphasizes the 
microscopic aspects of the reactions and their description in terms of the changes 
induced in the motions of the individual nucleons by the reaction. However, 
because collective motion can be accurately described by a few collective pa- 
rameters, we sometimes depart from a strictly microscopic description; any 
account of direct reactions would otherwise be incomplete. 

The book begins essentially at the beginning, assuming only a modest knowl- 
edge of quantum mechanics and some acquaintance with angular momentum 
algebra, and ends by describing some of the most recent topics. The principal 
results of the theory are described with emphasis on the approximations involved 
to provide a guide to how well the theory can be expected to hold under specific 

xiii 



xiv Preface 

experimental conditions and also to suggest areas in which improvements can be 
made. Applications to the analysis of experiments are also emphasized, not only 
because reactions are interesting in themselves, but because they can be used to 
measure nuclear properties. Indeed, most of our detailed knowledge of nuclear 
properties has been discovered by means of reactions. 

The goal of the book is thus to provide the novice with the means to become 
competent to do research in direct nuclear reactions and to provide the experi- 
enced researcher with a detailed discussion of the advanced topics. Topics cov- 
ered include coupled equations and the distorted-wave Born approximation, form 
factors and their nuclear structure content, the basis of the optical potential as an 
effective interaction, reactions such as inelastic single- and two-nucleon transfer 
reactions, the effect of nuclear correlations, the role of multiple-step reactions, 
the theory of inelastic scattering and the relationship of the effective interaction 
to the free one, reactions between heavy ions, the polarizability of nuclear wave 
functions during a reaction, and the calculation of components of the optical 
potential arising from specific collective or transfer reactions. 
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nuclear state vectors or wave functions (if coordinate space representation is im- 
plied or specified) for nucleus A and a, respectively they are functions of A and a, 
respectively, and of spin and isospin coordinates in general (a sometimes denotes 
a light nucleus like 3He) 
single-particle spin-orbit wave function 
state vector or wave function of the A + a many-nucleon system 

state vector or wave function of many-nucleon system as above, for which the 
boundary conditions are specified as follows: there is a plane (or Coulomb) wave 
in partition a representing the incident beam in a collision, and asymptotically at 
infinity there are outgoing waves in all open channels of all partitions; the wave 
function is a function of the coordinates of A + a nucleons, which in the center 
of mass frame are taken as A, a, r, 

the integration (jY:YL) carried out over all position coordinates and the sum- 
mation carried out over all spin and isospin coordinates 
as (Ya /Ye)  but the relative coordinate is not integrated (unless otherwise defined); 
the bracket, therefore, is a function of r, 
a spin and isospin summation ( ~ Y , * Y h )  unless otherwise defined 

8, 4 polar angles of r 
relative coordinate between nuclei A and a 
kinetic energy ( -(hZ/2m,)Vz) of relative motion in channel a 

optical potential in channel a 

shell-model potential acting on nucleon labeled i 
radial part of above wave function +ntj (this can also depend on j if the shell-model 
potential depends on spin) 
interaction other than optical potential in channel a, often a sum of two-body 
effective interactions 

statistical weight of direct integrals contributing to the amplitude of a 
nucleon transfer reaction see (5.32) 
nucleon spin eigenfunction (or isospin if 5 replaces u) 

two-particle spin eigenfunction with eigenvalues Sz = S ( S  + l), S = 0 or 1 and 
S ,  = M 



Chapter 1 
Introduction : 

Direct and Compound 
Nuclear Reactions 

A. THE OBSERVABLES 

The nature of the experimental observation is the following: A beam 
of particles, such as protons, deuterons, alpha particles, or heavier nuclei 
(referred to as heavy ions), is accelerated to a desired energy and then 
deflected so as to strike a target of known isotopic composition. The energy 
and scattering angle of some of the products of the collision are measured. 
For example, in a reaction initiated by protons, the proton itself will some- 
times emerge, deflected in angle but having the same energy in the center- 
of-mass system. This is elastic scattering, and (as we shall discuss) the 
measurement of this cross section is important because its analysis yields 
the parameters of the optical potential. 

Sometimes the proton will excite the target nucleus from its ground to 
some higher-energy state, thus losing some energy and at the same time 
being deflected in angle. This is an inelastic event. The cross section for 
such an event yields information on the spin and parity of the nuclear 
transition and, in a way that will be described more fully, is sensitive to 
the wave functions of the nucleons that are excited. When the detector angle 

1 
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Fig. 1.1. Schematic proton spectrum from proton-nucleus scattering showing a few 
resolved levels near the beam energy, unresolved, but discrete, levels, and the compound- 
nucleus continuum. 

is fixed and the energy of the scattered protons plotted, the result is typically 
a spectrum such as that schematically illustrated in Fig. 1.1. 

One observes discrete groups of protons. The group that has the same 
energy as the incident proton constitutes the elastically scattered particles. 
At somewhat lower energy are discrete groups corresponding to the excita- 
tion of low-lying levels in the target nucleus. These are labeled by the spin 
and parity of the excited nuclear state. At still lower energy, corresponding 
to a region of closely spaced and higher-lying nuclear states, the protons 
cannot be resolved into discrete lines because of the imprecision in the 
measurement of the detected proton’s energy (counter resolution) and the 
spread in energy of the accelerated protons (beam resolution). At still lower 
energy is a continuous spectrum of energies that corresponds not to the 
direct reactions but to compound nucleus reactions. 

Finally, in addition to the incident proton, other outgoing particles (such 
as a neutron, deuteron, or triton) may emerge from the collision. These are, 
respectively, charge-exchange, or knockout, reactions and single- and two- 
neutron pickup reactions. The charge-exchange and single-neutron pickup 
reactions yield information similar to inelastic collisions, whereas the two- 
neutron reactions yield, in addition, information on the correlation of 
neutrons in the nucleus. 

All of these matters will be discussed fully later in this book. 

B. DIRECT AND COMPOUND NUCLEAR REACTIONS 

Each state of a nucleus corresponds to a particular state of motion of 
all of the nucleons. The shell model of the nucleus provides a useful language. 
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In lowest approximation, the ground state of a nucleus is a degenerate state 
having all of the lowest single-particle levels filled. The low-lying excited 
states are very similar to the ground state in the sense that most of the 
nucleons are in the same state of motion. Only one or relatively few nucleons 
are in different states. An ideal example is 209Pb, which has a doubly magic 
number of neutrons and protons. The lowest few levels differ from each other, 
to good approximation, only in the state of the odd neutron. A deformed 
nucleus like ls4Sm is an example in which the intrinsic structure of the lowest 
levels are, to good approximation, identical. The different energy states corre- 
spond merely to different rates of rotation of the whole nucleus. Excited 
states such as these, which differ so little from the ground state, can easily 
be excited by a projectile. In the case of 'O'Pb, the projectible has only 
to interact with the odd neutron, changing its quantum numbers, to produce 
one of the low excited states. In the case of the deformed '54Sm nucleus, 
the projectile can scatter coherently from all the nucleons, setting it into 
rotation. Such reactions, in which there is very little change between initial 
and final states of the nucleus, are referred to as direct nuclear reactions. 
They occur as a result of the interaction of the projectile with a specific 
degree of freedom, either of a single nucleon or a collective coordinate, 
causing that single degree of freedom to change. The projectile thereupon 
escapes without further change to itself or the target. 

At the opposite extreme are compound nuclear reactions. These are 
reactions in which the incident particle interacts successively with a number 
of nucleons until most of its energy has been shared among many nucleons. 
In this extreme, the incident particle initiates a cascade of collisions. The 
first nucleon struck successively strikes others, and so on, until the random- 
ness introduced by many collisions involving many nucleons causes loss of 
memory of what type of particle brought in the energy that is now shared 
throughout the nucleus. 

The compound nucleus has too much energy to be stable. However, be- 
cause the energy of the projectile is now shared among many nucleons, it 
will survive for a relatively long time compared with the duration of a 
direct reaction, which is approximately the transit time of the projectile 
-2R/v,. Eventually, however, in the random course of events, one or more 
nucleons will acquire sufficient energy to escape. Low-energy neutrons are 
the most probable decay mode because, unlike charged particles, they experi- 
ence no Coulomb barrier. The state in which the nucleus is left after this 
will probably be quite different from the ground state because of the fact 
that many nucleons shared the projectile energy. In fact, the randomness 
of the process suggests that one factor involved in predicting the energy 
of the residual nucleus is the level density in the residual nucleus. The 
other factor is the penetration factor or the probability that a particle of 
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given energy can escape from the compound system. This is clearly an 
increasing function of decay energy. No single state will be strongly popu- 
lated by the reaction because of the competition with other states, but the 
energy region populated will be at higher excitation where the energy levels 
are dense. The two factors taken together lead to the broad peaked distri- 
butions shown in Fig. 1.1. 

The large number of collisions and the randomization of the energy over 
many nucleons, imply that the energy of the compound nucleus is its main 
characterization. The manner in which it was formed is largely immaterial. 
For example, all reactions such as 

p + L - l A N  + ‘CN, d + L - l ( A  - l )N- l  - ‘CN, etc., (1.1) 

at energies that lead to the same energy of C produce essentially the same 
distribution of compound states in C. The subsequent decay of C is thus 
seen to be independent of the particular way in which it was formed. 

‘CN -+ p + ‘-IAN 
+ n + ’AN-’ 

+ d  +‘-‘(A - I ) N - ’ ,  etc. 

The initial and final states of the system are decoupled by the multiplicity 
of collisions that produced the intermediate compound nucleus C .  The two 
phases of reaction (1) and (2) are independent. 

This decoupling of the formation and decay of a compound system is in 
stark contrast with the direct reactions, in which the final state is produced 
in a single interaction of the projectile with a degree of freedom describing 
the target nucleus. The cross section is governed, therefore, by a matrix 
element between the initial and final states and, consequently, involves an 
overlap between their wave functions. This is what makes direct reactions 
so useful to the nuclear spectroscopist. The cross section is directly related 
to the diflerence between the final and initial nuclear states and does not 
involve the states of all the other nucleons. 

The two extremes of nuclear reactions have been described. Clearly, there 
are intermediate situations. A direct reaction is a “doorway” leading to- 
ward compound nucleus formation. The compound nucleus is formed by a 
sequence of collisions leading to increasingly complicated rearrangements 
of the target nucleus. But if the projectile escapes early in the sequence, 
then the reaction can be described as a direct one. The difference in the 
time scales has already been mentioned. There is also a difference in the 
region of the nucleus where the two extremes dominate. Clearly, a peripheral 
collision (one in which the projectile passes through the diffuse surface of the 
nucleus) will most frequently lead to a simple collision, whereas when the 
projectile passes into the interior of the nucleus, it is more likely to suffer 
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a number of collisions. We therefore expect that direct reactions are localized 
dominantly in the nuclear surface, whereas compound nuclear reactions are 
localized in the interior. 

The spatial localization can also be stated in terms of an angular 
momentum localization. Obviously, for a beam of projectiles of given energy, 
those with high angular momentum relative to the target have large impact 
parameters. Thus, very roughly speaking, particles with angular momentum 
L less than some critical value P, will more often than not form a com- 
pound nucleus, whereas those with L greater than P, will usually scatter 
elastically or directly. 

C. COMPETITION BETWEEN DIRECT AND COMPOUND 
NUCLEAR REACTIONS 

In principle every nuclear state populated in a reaction can be produced 
by both of the extreme reaction mechanisms previously discussed, as illus- 
trated in Fig. 1.2. Therefore the extreme pictures of direct and compound 
nuclear reactions would not be so useful were i t  not for the fact that one or 
the other mode is usually much stronger than the other. 

The low-lying levels are expected to be populated dominantly by the direct 
reactions for several reasons. The low-lying levels are most closely related 
to the structure of the ground state, having only some minor rearrangement 

(P,P)  elastic 

( p , p '  I i n e l a s t i c  

( p , d )  pickup 

(p,n) charge exchange 

\ 
h t c .  

Fig. 1.2. Depiction of the processes that are typical of proton-nucleus interactions. 
(Adapted from P. E. Hodgson, 1971.) 
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in the state of motion of the nucleons. That is why they are lying in energy 
close to the ground state. In contrast, most levels at high excitation involve 
major rearrangement of nucleons. Therefore the former can be populated 
strongly by direct reactions, whereas the latter can be populated only 
through small components in the wave function by this reaction and are 
therefore weakly populated by the direct reaction. 

The compound nuclear reaction is not expected to populate any state very 
strongly, but it is expected to populate the region of high excitation. The 
reason is simply that at typical reaction energies of tens of million-electron- 
volts (MeV) there are many open channels, implying that none of them 
individually is strongly populated. The total cross section cannot exceed the 
“geometric” cross section. Therefore, the more channels that are open, the 
smaller (on the average) will be the cross section to any particular one of 
them. The compound nucleus, because it is itself a highly excited state with 
the energy distributed over many nucleons, is more likely to decay to a 
complicated and therefore high-lying state of the residual nucleus. Moreover, 
because the density of such levels grows rapidly with excitation energy, the 
decay of the compound nucleus will populate the high-energy region more 
strongly than the low. Thus, by choosing the energy to be sufficiently high, 
one can assure that the compound nuclear reaction to low-lying states will 
be small. 

D. HISTORICAL NOTE 

The largest part of the reaction cross section is taken up by compound 
nuclear reactions (Fig. 1.1). The nature of this type of reaction was clarified 
through the work of Niels Bohr (Bohr, 1936; Kalckar and Bohr, 1937) and 
was elucidated in subsequent papers by Feshback and Weisskopf (1949) 
(continuum theory) and Breit and Wigner (1936), Kapur and Peierls (1938), 
and Feshback, Peaslee, and Weisskopf (1947) (resonance reactions). It was 
much after Bohr’s clarification of the compound nuclear reaction that S. T. 
Butler (1950, 1951) recognized clearly that a distinctly different mechanism 
came into play in accounting for the forward-peaked structure observed in 
the data of Burrows, Gibson, and Rotblat (1950) and of Holt and Young 
(1950). Subsequently, Bethe and Butler recognized the immense importance 
that this type of reaction would play in nuclear spectroscopy (Bethe and 
Butler, 1952; Butler, 1952). 



Chapter 2 
The Plane- Wave Theory 

The difference between direct and compound nuclear reactions has been 
discussed. In the direct reaction, the incident particle interacts with the 
target nucleus only several times at most. Therefore the change produced in 
the target must be a simple rearrangement of one or several nucleons or 
collective degrees of freedom. Because of the conservation laws, the change 
produced in the nucleus must be reflected in the energy and angular momen- 
tum carried by the outgoing particle. 

The spectrum of protons emitted at a fixed angle was illustrated in Fig. 1.1. 
If the counter is moved successively to various angles, and the cross section 
to each energy group is recorded, then the angular distribution or differential 
cross section to specific states is thereby measured. The angular distribu- 
tion of particles that have produced a specific nuclear level reflects the 
angular momentum and parity that was exchanged between the scattered 
particle and the nucleus in making the transition. This is because the particle 
must scatter in such a way as to obey the conservation laws, including 
angular momentum, and this imposes a restriction on the directions which 
it can scatter. 

To illustrate how this comes about in a more quantitative way, let us 
consider the plane-wave Born approximation. The use of plane waves to 

7 



8 2. The Plane-Wave Theory 

describe low-energy reactions is not considered accurate enough to be reli- 
able for most direct reactions, but the corrections introduce quantitative 
rather than qualitative changes. 

Consider a direct reaction such as the (p, d) reaction, referred to as pickup, 
and the inverse stripping reaction. Let us denote the wave function for the 
initial and final states of the system in the center-of-mass (c.m.) frame by 

(2.1) 
[initial) = exp (ik, - rp)CDA+ 

Ifinal) = exp (ikd ' rd)@A@d(r), 
corresponding to the reaction 

p + (A + 1) + d + A. 
Here CD denotes a nuclear wave function, the subscript denotes the atomic 
number, and k, and k, denote the relative momenta. 

In the Born approximation, the amplitude for the reaction is given by 
the matrix element of the interaction responsible for the transition between 
these two states. This must be V(r, - r,), and so 

T cc (finallVlinitia1) 

= s exp (- ik, . rd)CD)d*(r)CDXV(r) exp (ik, - rp)CDA + d 3(A + 1)  (2.2) 

(see Fig. 2.1 for coordinates). Most of the integrations are trivial because 
only the proton and neutron change their state of motion. In the case of 
the ideal shell model description, the integral is very simple. In that case all 
nucleons fill the lowest shell model states, and the only difference between 
CDA and @ A + 1  is that the latter has one more neutron, say, in the shell- 
model state 4nej. So by the orthonormality of the commonly occupied states, 

Now we have for the amplitude 

T = exp (- ikd - r,)CD~(r)V(r)~,,ej(rn) exp (ik, - r,) dr, dr,. (2.4) 

Now observe the following vector relations between coordinates from 
Fig. 2.1: 

s 
1 rd = r, - 

A (2.5) 
r =- 

P A + i r n P r >  
from which 

kp.r, - (k, - (kp - tk,) - r 
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n 

Fig. 2.1. A coordinate for the reaction 
A + 1 (p,d)A or its inverse rd connects the cm 
of A and deuteron, and rp connects cm of 
nucleus A + n and proton. 

A 

so 

T = exp ( - iK - r)fbz(r)V(r) dr x exp ( - iq - r,)$nlj(r,) dr,. (2.7) 

Thus the amplitude in this approximation is given by the product of two 
Fourier transforms; one of the deuteron wave function and the interaction, 
and one of the nuclear wave function of the neutron. It is the second one 
that interests us most because the first one would be the same no matter 
which neutron was picked up from the nucleus A. 

The angle integrals can be performed easily by noting that the expansion 
for a plane wave is 

s s 

exp(iq r) = 471 C iLjL(qr)Yy(tj)Yy(P), (2.8) 
LM 

where 4 denotes the direction of the vector q and j ,  is a spherical Bessel 
function. Also, we note that the shell-model wave function is the product 
of a radial function and a spherical harmonic 

1 

(Because the aim of this discussion is not to calculate the cross section down 
to the last factor, but to illustrate the physical ideas, the intrinsic spin of 
the nucleons has been ignored.) 

The angle integrals in the second factor of T now can be done because 
of the orthonormality of the spherical harmonics: 

r 
4 

T = 471iCeG(K)Y7(q) IOrn j,(qr)un8(r) dr, (2.10) 

where G(K),  denotes the Fourier transform of the deuteron wave function, 
that is, the first integral in (2.7). 

At this point we introduce a physical approximation corresponding to 
the fact that we believe that direct reactions occur on the periphery of the 
nucleus; that is to say, when the projectile penetrates the nucleus, it is more 
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likely to interact many times, forming a compound state, than to undergo 
a single interaction. Therefore in the preceding integral we reject the con- 
tribution from the interior and evaluate 

This can be done by recalling the radial Schrodinger equations satisfied by j 

d 2  t(t+ 1) + ~ - q 2 )  rj,(qr) = 0, 
r2 

(2.12) 

(-- 
where h2t2/2m* = B is the binding energy of the neutron in the nucleus 
A. If we multiply the first of these equations by u and the second by rj 
and subtract them, we obtain 

The contribution at r = 00 vanishes because of the vanishing of the bound 
state wave function u. 

Recall the definition of q, which is the momentum carried by the picked-up 
neutron. The magnitude of q depends on the scattering angle. Thus the 
argument qR of the Bessel functions varies rapidly as 8 changes (Fig 2.2). 
Moreover, the Bessel functions jt(qR) have different oscillatory patterns, 
depending on the value of t. For example, 

(2.14) 

This is in agreement with our earlier observation that the outgoing particle 
must scatter in such a way as to reflect the conserved quantities, including 
angular momentum and parity. We find, in fact, a quite sensitive dependence 
of the angular distribution. The cross section of this reaction is proportional 
to [TI2 and is illustrated in Fig. 2.3 for several values of t. This shows 

Recall the method of separation of variables, which in this case are the radial and angular 
coordinates, see the appendix or Messiah (1962). 

and u:‡

‡
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Fig. 2.2. The initial k, and final k, momenta, and the 
momentum transfer q = k, - k,. 

k P  

0 20 40 60 80 
Angle of Scattering (Deg) 

Fig. 2.3. Plane-wave calculation of the cross section by S. T. Butler (1957), showing the 
strong dependence on the angular momentum of the transferred neutron in the (d, p) reaction. 

the dependence of the angular distribution on the angular momentum t that 
is transferred in the reaction. 

It is instructive to consider the following argument. Let the momenta of 
the incident proton be Akp/(A + I), the outgoing deuteron hk,, and the 
picked-up neutron hq. Energy conservation specifies the magnitude of k, as 
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where Q is the energy removed from the nucleus. Momentum conservation 
requires that 

A 
~ = k , - -  

A +  1 kp' 

Finally, if the neutron is removed from the orbital angular momentum state 
L' at the point R,  then 

This classical argument clearly imposes a condition on the scattering angle. 
For example, if L' > 0, the scattering angle must be greater than 8 = 0. In 
fact, the minimum scattering angle increases with t. This qualitative argu- 
ment agrees with our previous calculation of the Born amplitude. However, 
it also serves to clarify the fact that, because there is no fixed radius R at 
which the pickup must occur, there is at this point a degree of uncertainty in 
our theory that needs to be addressed. Our assumption in the Born calcula- 
tion, that the stripping occurs only for Y > R, must be replaced by a more 
realistic treatment in which this condition would be fulfilled in a natural 
way, a way that is governed in part by the actual radial distribution of the 
particle in the nucleus. 

A second shortcoming of the plane-wave Born approximation is the 
assumption of straight-line trajectories before and after the single collision 
event. For example, the Coulomb field can cause an elastic deflection of the 
charged particles, permitting the pickup event to occur on such a deflected 
orbit. These defects are remedied in what is called the distorted-wave Born 
approximation. 

Notes to Chapter 2 

S. T. Butler, in 1950-1954, in his theory of stripping reactions was the first to recognize 
direct reactions. A number of people contributed to the early understanding of direct reactions 
in the plane wave Born approximation including J. A. Spiers, G. R. Satchler, A. B. Bhatia, 
K. Huang, R. Huby, H. C. Newns, B. B. Daitch, J. B. French, N. Austern, D. M. Brink, 
J. S. Blair and H. McManus. References to the early literature can be found in the works 
of Austern (1970), Glendenning (1963), Hodgson (1971), and Jackson (1970). 



Chapter 3 
Scattering Theory 

and General Results 

A. MOTIVATION 

The discussion of the plane-wave Born matrix element for a direct reaction 
taught us that these reactions are sensitive to the spins and parities of the 
nuclear levels and to the radial distribution of particles in the nucleus. 
Although the point has not been stressed so far, the whole discussion also 
implies that a careful analysis of these reactions must yield information on 
the degree to which particular levels are simple shell-model states and the 
degree to which they have more complicated structure. In addition, we shall 
later discuss reactions in which several nucleons are transferred and see how 
they depend very sensitively on the correlation of nucleons in the nucleus. 
For these reasons, direct reactions have proven to be the principal means 
by which the detailed microscopic structure of nuclei can be discovered. This 
provides us with the motivation for improving and developing the theory in 
the many ways that will be discussed in later chapters. In this chapter we 
begin by considering some of the useful but more formal results of scattering 
theory. 
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B. THE NUCLEAR SHELL MODEL 

The nucleus is a complicated A-particle system for which the exact wave 
function is unavailable. However, it has been shown (and known for an even 
longer time) that the properties of the nucleon-nucleon interaction, namely 
its short-range repulsion and relatively weak attraction, taken together with 
the Pauli exclusion principle, conspire in such a way as to make a nuclear 
shell model a fairly good approximation for some purposes. Specifically, the 
shell model should give a reasonable account of few-particle operators and 
especially one-particle operators. These are what we deal with in direct 
reactions. 

The shell model of the nucleus has for its Hamiltonian 

where Ti = -(ti2/2mi)V: is the kinetic energy operator, U i  = U(ri )  a central 
potential acting on a single nucleon, and “;i = V(r, - rj) a phenomenol- 
ogical two-body potential that is well behaved. It does not have the short- 
range repulsion that would be required to account for the behavior of the 
nucleon-nucleon phase shifts at high energy. Instead, it is to be thought 
of as representing the long-range part of that interaction after the average 
potential representing the effect of A - 1 nucleons on the remaining one has 
been absorbed into the central field U i .  For this reason, r/li is often referred 
to as the residual interaction. The central potential U i  can be thought of as 
a Hartree-Fock potential, although in most shell-model calculations this 
degree of sophistication is not practiced and is perhaps not warranted. In 
practice, the central field is usually represented by a harmonic-oscillator 
potential. In this case, the single-particle wave functions have very con- 
venient mathematical properties. An alternative and more realistic choice 
for the central field, although less convenient mathematically, is a Woods- 
Saxon potential. This more closely approximates the form of the nucleon 
density, being roughly constant in the interior and, within a distance 
comparable to the range of the nucleon-nucleon interaction, falling to zero 
at the nuclear surface. The wave functions of the oscillator and Woods- 
Saxon potential are similar in general form except in the exterior region, (at 
the nuclear surface and beyond). Because of the unbounded nature of the 
oscillator potential, its wave functions have an incorrect asymptotic behavior 
exp (- 1/2vr2). Conversely, the Woods-Saxon potential can be adjusted to 
yield the separation energy for at least one state, and its wave functions 
decay exponentially, as they should for neutrons. This difference is 
unimportant in the calculation of shell-model energy levels but is a 
decided disadvantage in direct reactions, which generally (as already 
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discussed) are mainly surface reactions. Therefore special care (see Chapter 
7) has to be taken when a shell-model calculation that has employed 
oscillator single-particle wave functions is used in a subsequent calculation 
of nuclear reactions. 

The reader who is keeping track of the number of coordinates will notice 
that the shell model, which assigns to each particle its coordinate measured 
from the shell-model center, has one (vector) coordinate too many. The 
structure problem should deal with the relative nucleon coordinates with 
the c.m. held fixed. In practice the shell-model description is applied to a 
few valence nucleons, with the others left undescribed as forming an inert 
core. Relative energy levels are then calculated. The notation (DA will fre- 
quently be used to denote an A-particle nuclear shell-model wave function. 
Let us agree to understand by this that, although the conventional shell- 
model description may be adopted for the valence nucleons, nonetheless 
there are A - 1 independent relative (vector) coordinates, and an integration 
over them will be denoted by dA. 

C. REACTION CHANNELS OR PARTITIONS 

Suppose that two nuclei or perhaps one nucleus and a nucleon collide. 
We wish to calculate the cross section, and having recognized that reactions 
are a principal source of information on nuclear structure, we wish to cast 
the results (so far as possible) in terms that exhibit the dependence on the 
nuclear structure. We call the projectile a, which also stands for the atomic 
number. The target nucleus is denoted by A. The Hamiltonians for these two 
nuclei we denote by Ha and H A ,  which are usually to be thought of as 
shell-model Hamiltonians, as in Eq. (3.1). The corresponding Schrodinger 
equations are 

Here QA is a wave function that depends on the coordinates of the nucleus 
A and for which a number of quantum numbers, including its total angular 
momentum J A ,  and parity zA, would need to be specified, while E A  is the 
eigenvalue. The mention of all such labels is suppressed except when it is 
necessary, for clarity, not to do so. 

The relative coordinate between the two nuclei will be denoted by 
1 "  1 A + a  

r a = - C r i - -  C T i ,  
a 1 

(3.3) 
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and the corresponding kinetic energy operator by 

where ma is the reduced mass 

aA 
- mamA m a = - - -  

m a + m A  a + A '  (3.5) 

The two nuclei interact with each other through the two-nucleon interaction, 
which will be denoted by y j .  It may or may not correspond to the shell- 
model residual interaction. In any case it is, in practice, an effective inter- 
action for many reasons, which will become clearer as we proceed. Thus the 
potential energy of the two nuclei is 

v, = c K j .  
i s a ,  j s A  

The total Hamiltonian, excluding the c.m. energy, is thus 

H = Ha + H A  + T, + V,, (3.7) 

where Ha + H A  refers only to the intrinsic structure of the nuclei, which 
is written as 

H a  = H a  -t H A .  (3.8) 

For brevity in notation, it will often be convenient to denote the intrinsic 
state of the two nuclei by a single function, namely, 

@a = @ a @ A ,  (3.9) 

which obviously satisfies 

( H a  - &,)ma = 0, E, = E, + & A .  (3.10) 

Finally, T,  + V ,  refers only to their relative motion. 
As result of the interaction V,  between the two nuclei, if they come close 

enough in the collision, one or the other or both nuclei may be excited to 
an energy level above the ground state. This channel will be denoted by (Da. 
with energy E,. . Alternatively, one or more nucleons may be transferred be- 
tween the nuclei, producing a different partition of the system of a + A 
nucleons. Let these new nuclei be denoted by b and B and denote this 
channel by 8. The different nuclear combinations, a + A, b + B, etc., of the 
original system are referred to as partitions or channels, whereas different 
excited states within the partition arc referred to as different channels. If the 
kinetic energy of relative motion E, between the original nuclei a + A, called 
the entrance channel, is large enough to produce a given partition c + C,  
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that is, if 

E > E,,  (3.1 1)  

then this partition is said to be open. In general, at energies of typical tandem 
or cyclotron accelerators, many channels of both types (inelastic and transfer) 
are open; and the complete wave function of the system, call it Y ,  must carry 
the information on all of these possibilities. A moment's reflection reveals 
that an accurate calculation of the complete wave function Y at energies 
where many channels are open is a horrendous task. It involves solving the 
many-body scattering problem. Our first task is to find a way of calculating 
the parts of Y that are needed to describe the direct reactions in which we 
are interested. The general methods for achieving this goal are now outlined. 

D. INTEGRAL EQUATIONS AND THE SCATTERING AMPLITUDE 

The Schrodinger equation of the entire system of a + A nucleons can be 

( H  - E)Y  = 0, (3.12) 

where H can be written in terms of any of the partitions of the original 
nucleons 

(3.13) 

corresponding merely to a regrouping of terms in H .  If the entrance channel 
is a, then we label Y by this to remind ourselves of the initial state of the 
system. Equation (3.12) is then reordered as 

( E  - H ,  - T J Y ,  = V,Y,. (3.14) 

If there were no interactions V ,  between the nuclei, then the Schrodinger 
equation would be 

( E  - H ,  - T,)4, = 0. (3.15) 

Its solution is easy to write in terms of the nuclear wave functions (3.2), 
because the Hamiltonian is separable into the coordinates a, A, and the 
relative coordinate r, .  The eigenfunctions of the kinetic energy operator T, 
are just plane waves. Therefore 

4, = exp(ik, * r N , ,  (3.16) 

written as 

H = H ,  + T,  + V ,  = H ,  + T,  + V,, etc., 

where 

A2k:/2m, = E,  = E - E, (3.17) 

is the kinetic energy of relative motion. 
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Consistent with our goal of seeking the parts of Y that describe the 
reactions of interest, we project onto one such channel CI by multiplying (3.14) 
by 0, and then integrating the internal coordinates. Because T, does not act 
on the internal coordinates, the result of this may be written as 

( E a  - T A Q a  3 V a l  = (@a 3 K y a )  (3.18) 

where we use parentheses to denote that the integration is only over all 
internal coordinates. The bracket notation will be used frequently, with 
the convention 

(a,, Y,) = (a, I Yu) = r a,,*'?, d(interna1 coordinates), 
J 

($m, Y,) = (4, 1 Y u )  = j4:'€', d(a1l coordinates). 

Both brackets are thus functions only of the remaining coordinate r,, and 
we denote 

$AL) = P a 7  Y U ) ?  (3.19) 

which is a wave function that describes the relative motion when the system 
is in the channel CI. Then, 

( E ,  - T,)$, = (a,> KYU). (3.20) 

A useful transformation of this equation can be achieved by using the Green's 
function. It is a solution of the corresponding equation where the source is 
a delta function: 

( E ,  - T,)G:(r,, rh) = 6(r, - r&). (3.21) 

By direct substitution one can see that a solution to (3.20) can be written 

$a(ru)  = j G,O(ra 3 C X Q ~  9 V,YJ d r ~ .  (3.22) 

This is, however, not the most general solution, because we can add a 
solution of 

( E ,  - T,)exp(ik, - r,) = 0, (3.23) 

and still have a solution, which is obvious. Thus 

(3.24) 

The situation we wish to describe is one in which the two nuclei a and A 
are initially in a plane-wave state. As a result of the interaction, the nuclei 
are scattered, causing spherical waves to emanate from the scattering site. 

+a(ra) = ~ X P  (ika . r a )  + 1 G,O(ra, r;)(@ix> K'UJ d r a .  

(*)



D. Integral Equations and the Scattering Amplitude 19 

A solution to (3.21) is 

2m, exp(ik,lr - r’l) 
4zh2 Ir - r’l 

GE(+’(r, r’) = -~ 
(3.25) 

2m, exp(ik,r) -- __ exp( - ik:, - r’), 
r + w  (4zh2) r 

where k, is a vector directed along r with length k,.* This result for the free 
outgoing Green’s function may be well known to the reader. Therefore, we 
shall not interrupt the main line of argument to derive it. We will derive it in 
Chapter 6, while in Chapter 5, we shall derive the Green’s function in the more 
general case of a potential, of which (3.25) is a special case. The Green’s 
function (3.25) is referred to as outgoing because the quantum-mechanical flux 
associated with exp (ik,r)/r is directed radially outward. The incoming Green’s 
function has i + --i everywhere, that is, it is the adjoint of the outgoing one. 

Introducing the value of the Green’s function (3.25) into (3.24) we have 
the desired solution, possessing the properties required to describe the 
physical situation: 

(3.26) 

The amplitude of the scattered wave in the direction ki is called the scattering 
amplitude, 

(3.27) 

The angle between k, and k& is denoted by 8. The (+) sign that appears 
on the Green’s function (3.25) and on our desired solution (3.26) is used 
to denote the outgoing wave condition at r + 00, whereas a ( - )  sign 
would be used to denote an incoming wave. Two subscripts aa appear on 
f(0) to indicate that the entrance channel is a and that we have looked 

* The limit in (3.25) can be evaluated as follows: 

Ir - r’( = [(r ~ r‘) . (r - r’)]’’2 = r 1 - ~ + - ( 2r r * r‘ r‘2”‘2 r2 
--t r - r - r’jr, for r >> r’ 

Define kh = kar/r. Then 

1 
exp(ik,jr - r’l)/r --f - exp(ik,r) exp( - ik; . r’) 

r 
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at the same channel as exit channel. So far we have calculated nothing 
more than the elastic scattering amplitude. 

The generalization to an inelastic or a reaction channel is straightforward. 
Clearly, instead of the projection (3.19), we want, for a reaction, the 
projection 

(3.28) 

which, with reference to (3.14), is governed by the equation 

( E ,  - T,)+p = (@L?> V,Y,). (3.29) 

We leave the label a on Y because the initial partition is still a + A. Now 
we must compute an expression for the amplitude of 

a + A + b + B .  (3.30) 

The Green’s function for this problem is similar to (3.25). Now, however, 
there is no incoming wave in the channel p, only outgoing ones. Con- 
sequently, our desired solution, for large r,, has the form 

$b+)(r,) + -- ma exp(ikprD) iexp( - ik, - r)(@,, V,Yr))dr, (3.31) 
2xh2 r, 

from which the scattering amplitude is 

(3.32) 

Again, the scattering angle is denoted by 0, being in this case the angle 
between k, and k,. 

Frequently the 9- matrix is used in place of the scattering amplitude, 
which, under the physical conditions of equal energies in all channels, is 
simply the integral in (3.32). Referring to the notation (3.16), it is 

(3.33) 

where the angle brackets are used to denote integration over all coordinates. 
This is sometimes referred to as the transition amplitude, and the whole 
collection of such amplitudes for various a, fl is referred to as the transition 
matrix. Frequent usage employs the terms interchangeably. 

E. ASYMPTOTIC FORM OF THE COMPLETE 
WAVE FUNCTION 

The complete wave function ‘Pa, a solution of (3.12), must contain the 
description of all possible events associated with the collision of a and A. 
We have performed several projections of the intrinsic nuclear states onto 
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this function. The results can be summarized by the following expression, 
which gives the behavior of Yu when it is examined in the limit in which 
the relative coordinate in any two-body partition becomes very large: 

Y a  + 03, (3.34) 

rs .+ 00. 

The three terms correspond to the elastic, inelastic, and transfer channels, 
respectively. These manipulations have given us a concise expression for the 
scattering amplitude, or, equivalently, the F matrix (3.33). We have not 
solved the scattering problem in the sense that our expression for F contains 
the unknown complete wave function Y. However, as soon as we make an 
approximation of Y ,  (3.33) tells us how to calculate the corresponding 
amplitude, from which, as will be shown shortly, the cross section can be 
calculated. 

F. THE FIRST BORN APPROXIMATION 

The crudest possible approximation for Y in (3.33) is to neglect the effect 
of the scattering altogether; that is, drop the right side of (3.14). Then we 
obtain (3.15). Hence, we are taking 

y u  = 4 u .  

F p a  N ( 4 p l V p l 4 u >  = (exp(ikP * rp)@Plvplexp(iku * r a ) @ u ) .  

Then, from (3.33), 

(3.35) 

This is known as the first Born approximation and corresponds to calcu- 
lating 9 as the matrix element of the interaction between unperturbed 
wave functions-obviously the lowest-order approximation that we can 
make. This is the approximation that we used in Chapter 2 for the (p, d) 
reaction. 

G. CROSS SECTION 

The incident beam of particles is represented in (3.34) by the plane wave, 
and the outgoing spherical waves in the various channels represent the 
scattered waves arising from the interaction of the incident beam with the 

sly
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target located at the origin. The differential cross section of particles 
scattered in the direction 0 is defined as the flux of scattered particles through 
the area dA = r2 dR in the direction 8, per unit incident flux. The quantum- 
mechanical current associated with a wave function $ is 

h 
2mi 

j = ~ ($*Vt,b - *V**). (3.36) 

From (3.34) the scattered flux passing through dA in the channel b, for 
example, is obtained from the radial component of j. (The other two 
components vanish at large distance from the scattering site.) The radial 
component is 

(3.37) 

where the second term vanishes as rp  + m.: The incident flux passing 
through unit area, which is along the axis, is obtained from the plane wave 
part of (3.34) as hk,/m,. Thus the differential cross section is 

or, written in terms of the F matrix, 

(3.38) 

(3.39) 

This is the differential cross section for the transition a -, p. We have not 
specifically spoken of spin angular momentum as yet. Naturally the spins of 
the nuclear states a, A and b, B are included in the labels a and p in addition 
to their z components. Usually, in an experimental measurement, the pro- 
jectile a is unpolarized, and the target A is unaligned. Typically, the final 
spin orientations of b and B also are not measured. The cross section corre- 
sponding to this type of measurement is therefore an average of the preceding 
one over the initial angular momentum projections of J ,  and J A ,  and a 
sum over the final projections of J ,  and J,. Thus 

(3.40) 

The Q value of a reaction is defined as the change in kinetic energy 
between final and initial partitions. The convention universally adopted is 

* Throughout this book, a vector with a caret, e.g., i, is used to denote a unit vector in the 
direction r. 
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that a positive Q denotes an increase of kinetic energy in the final state. 
From (3.17) it can be written as 

Q = Ep - E ,  = ED - E, = ~b + EB - I ,  - E A  (3.41) 

Notes to Chapter 3 

The nuclear shell model is discussed by Bohr and Mottelson (1969, 1975), de Shalit and 
Feshback (1974), de-Shalit and Talmi (1963), Eisenberg and Greiner (1976), Preston (1962), and 
Preston and Bhaduri (1975). An account of scattering theory can be found in many textbooks. 
Two that are readily accessible are “Quantum Mechanics” by Messiah (1962) and “Introduction 
to the Quantum Theory of Scattering” by Rodberg and Thaler (1967). 



ChaDter 4 
A 

The Phenomenological 
Optical Po ten tial 

A. RATIONALE FOR THE OPTICAL POTENTIAL 

In the last chapter the amplitude for a transition of the system from 
one partition to another, 

a + A + b + B, 

was derived. The general result is 

y p a  = ( 4 p l  Vply(,+)). 

This depends on the exact wave function Y'h+' that, being exact, contains 
a description of all processes that can occur at the given bombarding energy. 
Even if it were possible to compute Ya, and hence to compute the overlap 
for Fpa, this would be an inefficient procedure. However, we cannot 
compute YE in any case. For these practical reasons, an approximation of 
the amplitude would be useful. Equation (3.35) showed the crudest possible 
approximation, which formed the basis for the earliest work on direct re- 
actions. In this first Born approximation, the relative motion of the two parts 
of the system is represented by a plane wave. We now seek to lay the 
groundwork for improving the calculation in this respect. 

24 
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The central potential U of the shell model (3.1) is used to represent 
the average field of all the nucleons on a particular one, and the corrections 
to this average are calculated by taking into account the residual interaction 
K j .  In much the same sense, we understand intuitively that two nuclei, as 
they approach each other, are deflected by the field generated by the mutual 
interactions of all nucleons in one nucleus with those of the other, both 
before and after any specific interaction exchanges energy or nucleons 
between them. 

Thus we introduce a potential U(r,) that depends only on the relative 
coordinate between two nuclei in the partition a. This potential is therefore 
intended to describe the relative motion in this channel. Intuitively, we 
would be motivated to choose U in such a way that it would describe the 
elastic scattering as accurately as possible. The direct reactions are then 
thought of as a perturbation on the elastic scattering. Indeed, most reaction 
cross sections are small compared with the elastic cross section. Because the 
same function U cannot be expected to account for the elastic cross section 
in every partition, we are prepared to define potentials U,, U,, . . . for each 
partition that we wish to consider. 

Although the motivation for the optical potential has been presented from 
the point of view of improving the description of direct reactions, as an his- 
torical note, it was first introduced for the purpose of describing the elastic 
scattering of nucleons from nuclei; and it was from this perspective that the 
experimental data motivated and justified the concept of an optical potential 
(Feshback et al., 1954; Levier and Saxon, 1952; Melkanoff et al., 1956; 
Woods and Saxon, 1954). 

The Schrodinger equation, if U ,  alone were the whole interaction between 
a and A, would be 

(4.1) 
In contrast to (3.14), this Schrodinger equation is separable into the nuclear 
coordinates contained in H a  and the relative coordinate contained in U,. 
The solution can be written as a product of the nuclear wave functions 
(3.9) and a relative wave function Xa(ra), which satisfies the Schrodinger 
equation 

( H a  + T,  + U ,  - E)'P = 0. 

(Ta + u a  - EJXa(rJ = 0, (4.2) 
as direct substitution of Y = @J, into (4.1) shows. We shall often refer to 
this as the optical-model Schrodinger equation. Because U depends only 
on the relative coordinate, it can produce no change in the nuclei and so can 
only describe elastic scattering. 

An important remark should be made at this point. At very low bom- 
barding energy, charged nuclei can only scatter elastically. As the energy is 



26 4. The Phenomenological Optical Potential 

raised, inelastic and reaction channels open. Thus some flux is removed 
from the elastic channel. Indeed, to assure that the direct reaction mechanism 
dominates the production of low-lying levels of the product nucleus, a 
sufficiently high bombarding energy must be chosen so that the compound 
nucleus formed at that energy will, as a result of the competition of the 
many open channels, decay to such levels with negligible probability. At 
such energies there is a very significant reaction cross section and, con- 
sequently, a large removal offzux from the initial or elastic channel. 

This discussion implies that U ought to be complex, because a real poten- 
tial conserves flux. This can be proven with reference to the Schrodinger 
equation (Levier and Saxon, 1952). The one governing X* is obviously 

(T,  + u,* - E,)Xa* = 0. (4.3) 
Multiplying (4.2) by I,* and (4.3) by X, and subtracting leads to 

Recalling the definition of the quantum-mechanical current, this equation 
reads 

(4.4) 

Integrating this over a volume containing the scattering center, we find that 
if U ,  is real there is no net change of flux, whereas if Im U ,  is negative 
there is a loss. 

Consequently, for U to describe accurately the elastic cross section when 
nuclear reactions can also occur, it must be complex with a negative imag- 
inary part. Later in this chapter we shall describe the parametrization of 
the optical potential, and in Chapter 8 we shall describe its theoretical 
structure. The explicit calculation of certain components from its theoretical 
structure will be discussed in Chapter 14. 

-ihV * j = (U;  - U,)X,*X, or tiV - j = 2p Im U,. 

B. PARTIAL WAVE EXPANSION, THE RADIAL WAVE 
FUNCTION, ITS ASYMPTOTIC BEHAVIOR 

The Schrodinger equation (4.2) for the optical model represents one of 
the simpler scattering problems. However, except for several special cases 
such as a square potential and a pure Coulomb potential, analytic solutions 
are not known, and the Schrodinger equation must be solved on a computer. 
The equation is in three dimensions, However, because the optical potential 
is usually regarded as a function only of the separation r,  = Ira] between the 
centers of mass of the two nuclei, the equation can be separated into radial 
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and angular parts. The separation is still possible for a potential that depends 
on the vector r, ,  but the radial equations are more complicated. A con- 
sideration of this situation, pertinent to deformed nuclei, is deferred to 
Chapter 13. 

The kinetic energy operator (3.4) in (4.2) can be written in spherical 
coordinates using the results stated in the Appendix for the Laplace operator 
and the spherical harmonics YF(0, 4). It is then straightforward to show 
that one solution of (4.2) is 

1 
$ t m ( r u )  = ~ f 4 k a  > ra)yln(@, $1, (4.5) 

k 2 - U  

provided that the radial function fe(k, ,  r,) satisfies the one-dimensional 
differential equation 

( E ,  - T,, - U,)f,(k,, r,) = 0, T ae = . (4.6) 

Also, any linear combination is a solution. Because of the azimuthal sym- 
metry of the scattering about the direction k, of the incident particle, the 
desired solution will depend on the angle 8 between k, and ra but not 
on 4. We write this solution as 

1 
= ~ (2d + l)ieei"f,(k,, r,)P,(cos 8) 

kd-, e 

(4.7) 

where in the last two lines relations from the Appendix were used. This is the 
partial wave expansion of the wave function. The particular factors with 
which the solutions (4.5) arecombined were chosen for convenience, as will 
be seen shortly, and, of course, merely effect the normalization of the radial 
functionsf,. Although (4.7) is a general form of the solution, in the placement 
of (+) as a superscript on 1, we have already anticipated the particular 
physical situation that is to be described. This denotes that the radial 
solutions fe will be chosen in such a way that 1 has outgoing spherical waves 
at infinity, as must be the case if we are to describe a scattering state. The 
factor exp iae may seem mysterious at this point. It is absent for uncharged 
particles but otherwise is inserted in accord with the convention used for 
Coulomb wave functions. This will be discussed more fully at a later point 
in the chapter. 
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It is worth noting at this point that if the potential U ,  were zero, then 
eqs. (4.6) would be satisfied by the spherical Bessel functions j, and n,: 

F,(kr) = krj{(kr), 
Ge(kr) = - krn,(kr), 

if U = 0. fe(k, r) = { 
In this case, along with the regular solutions J,, we find from (2.8) the plane 
wave 

x,(r,) = exp(ik, - r,), if U = 0. (4.9) 
If, on the other hand, U is the Coulomb potential alone, then two indepen- 
dent solutions of (4.6) are the regular and irregular Coulomb functions 

(4.10) 

y = m,Z,Z,e2/(k2k), 

if U = Z,Z,e2/r; and G, in (4.7) is the Coulomb phase shift 

G? = arg T ( t  + 1 + iy). (4.1 1) 

It is also helpful to note the asymptotic behavior of these solutions as 
r +  m: 

F,(kr) + sin Be, 

G,(kr) + cos Qr,  (4.12) 

0, = kr - 9 In(2kr) - /z/2 + a, 

Of course any convenient combinations of solutions are also solutions. 
which also gives the behavior of krj, and krn, by letting y = G, = 0. 

Such combinations are 

(4.13) 

because they represent incoming and outgoing waves. In the absence of the 
Coulomb field, the same notation of I and 0 will be used. 

Returning to a consideration of the partial wave expansion and the 
equation satisfied by f, we note that, in the region of large r where U has be- 
come zero (or purely Coulombic), f’must become a linear combination of 
solutions to the Bessel (or Coulomb) equation: 

f#,, r,) + A F ,  + BG,, (4.14) 

where A and B are as yet undetermined constants. They can be determined 
by the physical circumstances to be described: there ought to be a plane 
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wave representing the incident beam of particles and an outgoing spherical 
wave representing the effects of the collision. We have just learned that F ,  
and 0, are the radial functions that correspond to plane wave and spherical 
outgoing wave, respectively. The physical situation demands, therefore, that 
fe behave like 

ft(ka, r a )  + Fe + TAG, + iFe). (4.15) 

When this is used in (4.7), one sees that the first term reproduces the plane 
wave exp(ik,. r,) (if the Coulomb field is absent), whose expansion was 
written in (2.8). The second term has the desired outgoing wave character 
with an as yet undetermined amplitude. It is usual to write T, in the partic- 
ular form 

T - - Gsinh,, (4.16) 

because, referring to the asymptotic forms of (4.12), 

f d ( k a ,  Y,) --$ eidi sin (kara - ln/2 + 6,). (4.17) 

Here 6, is referred to as the phase shift. Its value is determined by the require- 
ment that the wave function!, be regular at the origin. In practice this can 
be achieved by numerically integrating the Schrodinger equation from the 
origin with initial value zero and finite slope, to R, a point beyond which 
the nuclear potentials have become negligible, and there matching it to the 
asymptotic form (4.17) to determine 6,. 

C. ELASTIC SCATTERING AMPLITUDE 

We have found the asymptotic form of the radial functionf: Upon substitu- 

xh+)(k,, r,) + exp(ik, - r,) + exp(ikara) c ( 2 L  + 1) eidi sin 6, P,(cos 0). (4.18) 

The coefficient of the outgoing wave eikr/r is called the scattering amplitude 

(4.19) f(e) = - 1 (2L + 1) eid< sin 6, P,(cos 0). 

tion into (4.7), it leads to the result 

k a r a  c 

1 

k, e 

The outgoing scattered current is obtained from the second term as 

(4.20) 

n ft
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compared with the incident current of the plane wave, which is hk,/m,. 
Comparing the ratio of flux through r2 dS1 and the incident flux, we find for 
the cross section 

dg/dQ = (4.21) 

D. COULOMB AND NUCLEAR POTENTIALS 

In all but the case of neutron scattering, the Coulomb potential is present 
in addition to the specifically nuclear potential. This does not present any 
real problem. The mathematical treatment of the Coulomb potential has 
been carried out carefully in various texts (see Messiah, 1962 or Rodberg 
and Thaler, 1967), so we shall not reproduce that material but rather quote 
the needed results. However, it is important to understand the peculiar modi- 
fication by the Coulomb potential of the preceding discussion of a short- 
range potential. What puts the Coulomb potential in a class by itself is the 
slow l/r fall off. As a consequence, there is no solution of the Schrodinger 
equation that asymptotically has a plane-wave part, as in (4.18), when the 
Coulomb potential is present. Instead, it can be shown (preceding references) 
that to leading order, the regular solution behaves asymptotically for large r 
as 

xc(r) --f e i Ikz  f t l  In k( r  - z)] + 1 &kr - q In 2 k r )  
fC(& r 

(4.22) 

where the incident beam direction k is chosen to coincide with the z axis. The 
Coulomb scattering amplitudefc(8) has the explicit form (i.e., the partial wave 
expansion can be summed) 

(4.23) 

Comparing (4.22) with (4.18) we see that both the incident and scattered 
waves are affected even in the asymptotic region. The Coulomb potential 
causes scattering, however small, even at  infinity. However, the current of 
the scattered wave is still directed radially outward so that the interpretation 
of the second term of (4.22) as a scattered wave is still valid. Indeed, the cross 
section, defined in the usual way, is 

dg,ldQ = lfc(@l2, (4.24) 

to leading order for large r .  
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As implied earlier, with the introduction of the regular and irregular 
Coulomb functions F,(q, k r )  and G/(q, kr),  it can be proven that the regular 
solution of the Schrodinger equation with a Coulomb potential has the par- 
tial wave expansion 

(4.25) 

We are now in a position to discuss the combined scattering of a Coulomb 
and nuclear (or other short-ranged) potential. In the asymptotic region, 
beyond the range of the nuclear potential, the Schrodinger equation reduces 
to the Coulomb case previously discussed. Therefore, as in the discussion of 
the pure nuclear potential, the regular solution (4.5) can be expressed in the 
form (4.14), in the asymptotic region. The particular constants in (4.14), how- 
ever, must be chosen so that the solution differs from (4.22) only in the out- 
going spherical wave part. To allow the modification of the incoming wave 
part of (4.22) would violate the situation to be described, namely, an incident 
wave from the accelerator impinges on the target, giving rise to scattered out- 
going waves. These conditions, as before, are expressed by (4.15). Another 
way of expressing the same thing is to note that Fe(q, kr)  in (4.25) can also 
be written in terms of outgoing and incoming waves as 

The only modification allowed by the physical situation is that the amplitude 
of 0, is altered by the nuclear potential. that is,fe in (4.5) asymptotically 
behaves like 

instead of like (4.26). The connection between (4.15) and (4.27) is 

S, = 2iT, + 1 = e2idc. (4.28) 

Returning to the main line of argument, with the recognition that in the 
asymptotic region the regular solution must behave as in (4.15) with F and G 
understood to be the Coulomb functions, then in view of (4.25) we find 
immediately that 

1 

kr e 
x?)(r) + x,(r) + - ie (2t  + l)eiucTfOf(q, kr)P,(cos 0) (4.29) 
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Referring to the asymptotic behavior of xc and 0, given by (4.22) and (4.13), we 
have, finally, 

(4.30) x,)(r) ~ e i [ k z + q  In k ( r - z ) l  + f & ( k r - q  In 2 k r )  f (O), r 

8 sin G1Pt(cos 6). (4.3 1) 
1 
k t  

f ( e )  = fc(e) + - 1 (2e + 1)ei(20c+6 ) 

The scattering amplitude now consists of a pure Coulomb amplitude and an 
amplitude in which the nuclear and Coulomb potentials are inextricably 
intertwined. 

The Coulomb phase shifts are given by the closed form expression (4.1 1). 
The additional phase shift 6, can be found, in general, only by numerical 
integration of the Schrodinger equation, as discussed earlier. The boundary 
condition at large r,  (4.15) or equivalently (4.27), when expressed in terms of the 
phase shift, reads 

ft(k, r )  4 eidc sin (kr - q In 2kr - t71/2 + be + hl), (4.32) 

as follows from (4.13) and (4.28). Because the nuclear optical potential is a 
complex function, the phase shifts 6, are also complex. 

E. PARAMETERIZATION OF THE OPTICAL POTENTIAL 

Consider the scattering of a light particle like a proton or alpha particle 
from a nucleus. Because the density p of nucleons in the nucleus is fairly 
constant in the interior and falls smoothly to zero beyond the nuclear radius R 
(see Fig. 4.1), it is reasonable to adopt the same shape for the potential U acting 
between particle and nucleus because the nucleon-nucleon potential is short 
range. A convenient parameterization is the Fermi distribution, which, in the 
context of the optical model, is referred to as the Woods-Saxon form (1954). 
Thus we suppose that U has a radial dependence similar to 

1 
f(r) = 1 + exp[(r - R)/a]' 

(4.33) 

Fig. 4.1. Nuclear density as a 
function of distance from center. 
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As already discussed, U ought to be complex. Thus a suitable form is 

(4.34) 

Usually, the nuclear radius is expressed in the form 

R, = r,A1I3. R, = r,A1I3, 

Some authors prefer to introduce an imaginary potential that is peaked in 
the nuclear surface by using the derivative off as the form factor for the imag- 
inary part, instead off itself. 

In the case of the charged particles, a Coulomb potential is added to this. 
The potential corresponding to a uniform distribution of charge for r < R, 
and zero for r > R, is 

(4.35) 

F. ELASTIC SCATTERING OF ALPHA PARTICLES 

As a example of the elastic scattering of spinless particles for which the 
optical potential described so far would be suitable, consider the scattering of 
50-MeV alpha particles from the four isotopes of samarium shown in Fig. 4.2 
(0. N. Jarvis, personal communication). The corresponding optical model 
parameters are shown in Table I. This sequence of cross sections is unusual in 
the sense that there is quite a rapid evolution among neighboring nuclei, 
because of the increasing collectivity of the excited states of these nuclei, which 
span a transition region from spherical to deformed nuclei. This matter will be 
taken up again in Chapter 13. 

G. SPIN-ORBIT INTERACTION AND NUCLEON 
ELASTIC SCATTERING 

Just as the central potential in the shell model is believed to have a spin - 
orbit interaction because of the energy splitting of spin-orbit partners j = 
e k $ observed in odd-mass nuclei, so too one might expect that the optical 
potential of particles having spin and, in particular, nucleons should have a 
spin-orbit part. Agreement with data is improved thereby. The form of this 
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Fig. 4.2. The elastic scattering of 50-MeV alpha particles from samarium isotopes that span 

the spherical (A = 148) to deformed (A = 154) region. Note the systematic trend to weaker 
oscillations and steeper slope of the envelope of maxima with increasing collectivity. Solid lines 
are elastic optical-model calculations of the cross section by Jarvis et al. (1967). 
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TABLE I 

Optical-Model Parameters for 50-MeV Alpha Particles 

Isotope V W rv = r ,  a, = a,  rC 

I4'Srn -65.5 -29.8 1.427 0.671 1.4 
'54Sm -34.6 -29.4 1.404 0.819 1.4 

part of the optical potential is usually taken to be 

US,(r)(2C - s) = (KO + iKo) (4.36) 

where fs,(r) is given by (4.34) with a radius and diffuseness parameter that 
may be different from those of the central part. In (4.36), L is the orbital 
angular momentum of relative motion of the scattered particle and the 
nucleus, and s is its spin. 

In the presence of a term like (4.36) in the Schrodinger equation (4.2), the 
partial wave expansion has to be generalized. Because the potential now 
depends on the spin orientation, the radial function must also be sensitive to 
this. It is most convenient to work with eigenfunctions of the total angular 
momentum j of the scattered particle and to use, instead of (4.7), the partial 
wave expansion 

(4.37) 

where the square bracket denotes the vector coupling of orbital angular 
momentum L and spin; t o j  and projection m. Some of the elements of angular 
momentum algebra are given in the Appendix, and a familiarity with that 
material will ultimately be needed to follow the derivations in this book. The 
preceding bracketed term can be written in terms of the  Clebsch-Gordan 
coefficients that produce an eigenfunction of j = C + s out of a sum of 
products of eigenfunctions of e and s: 

[ &(t)xl,2(b)]jm = 1 C;(:q& Yf(o)x:/;qJ). (4.38) 

To determine the expansion coefficients A in (4.37) we recall that beyond 
the region where the potential is finite, f e j  should equal the spherical Bessel 
function (krlj,(kr) as in (4.8) if there is no Coulomb potential, and should 

P 
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equal the regular Coulomb function (4.10) otherwise. In any case, 

x?+) + C [4421+ 1 ) I l i 2 j e i e A t i / 2 j m  C C p ( m - p ) m  ( 1 / 2 )  j y p x m - p  i j 2  . e 
j B 

(4.39) 

Now, outside the potential region we want this to be X1;2 exp(ik, - r,) in the 
absence of the Coulomb potential and to be the product of the spin function 
and the Coulomb generalization otherwise. The desired asymptotic form of 
xu will be realized if the linear combination is taken with the coefficients 
A chosen as 

(4.40) 
because 

(4.41) 

To find the differential equation that the radial functions ftj satisfy, we 

e ( 1 / 2 ) j  
4 1 / 2 ) j r n  = CO m rn, 

C c L ( 1 I 2 z ) J  ct ( 1 / 2 )  j = 8 
j 

0 m m p ( m - p ) m  PO’ 

substitute 
1 

kr - h j C U ’ 3 x i / ~ ( ~ ) l j ”  

into (4.2) and using (4.6) find 

[Em - Tat - U ( r )  - u s o ( r )  2f . ~ l f t r ( k a ,  r )  C & ( @ X 1 / 2 ( 0 ) I j ”  = 0. 

We can evaluate the action of Z! * s on the bracket by noting 

2 f .  s = j 2  - f 2  - s2 = j ( j  ’ + 1) - f(e + 1) - 3/4 

so that the j = .t k 3 functions obey the following differential equations: 

{ E n  - Ta, - u ( r )  - l u s o ( r ) ) . h + ( k u y  r) =O, 

(Eu - T a ,  - u ( r )  + (1 + l ) U s o ( r ) ] h - ( k a >  r )  = 0- 
(4.43) 

As an example of the elastic scattering of nucleons calculated with an 
optical potential having a spin-orbit interaction, see Fig. 4.3 (taken from 
an analysis by Satchler, 1967a). This figure shows remarkable agreement 
with the experimental data over the entire angular range for several nuclei. 

Generally speaking, the optical model is not as successful in accounting for 
the elastic scattering of more massive spin-) particles like He3 and the 
triton, although Fig. 4.4 shows He3 scattering at several energies from 58Ni, 
and the agreement is quite good over the range of the data (see Gibson 
et al., 1967). For the mass-3 particles the spin-orbit interaction is weaker 
than for nucleons, whereas to rough approximation, the central part is three 
times stronger (Abul-Magd and El-Nadi, 1966). 
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8,, (deg) 
Fig. 4.3. Elastic scattering cross sections for 30-MeV protons and optical-model calculations 

from Satchler (1967). 

H. ELASTIC SCATTERING OF HEAVY IONS 

The optical potential can also be used to parameterize the elastic scattering 
of one nucleus by another. It is plausible that as two nuclei approach, each 
of whose densities is such as that depicted in Fig. 4.1, their mutual interaction 
can again be represented by a nuclear potential that becomes effective as the 
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Fig. 4.4. Elastic-scattering cross sections for tritons 58Ni (h, h) at several energies. Optical- 
model calculations by Gibson et a[., (1967). 

distance r between their centers approaches the sum of their radii. Generally, 
the same form as (4.23) is used except that the radius of the potential should 
now be taken as the sum of the radii. 

Of course, it would not be physically reasonable to assume that the inter- 
action of two complex nuclei could be described solely in terms of a potential 
acting between their centers once the nuclear surfaces overlap appreciably. 
In this case new degrees of freedom must come into play in describing their 
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Fig. 4.5. Elastic-scattering cross sections 
of I3C and 40Ca. Optical model calculations by 
Bond et al., (1973). 

Elob:40 MeV 
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relative motion. Indeed, we cannot easily imagine that two nuclei could 
overlap strongly without destroying each other. Consequently, we can antic- 
ipate (and it is true) that the phenomenologically derived optical-model 
parameters for nucleus-nucleus scattering will be such that no flux corre- 
sponding to appreciable interpenetration remains in the elastic channel 
(Glendenning, 1974; Satchler, 1967b). 

The cross section for elastic scattering of two nuclei from each other 
is shown in Fig. 4.5 for a range of energies (Bond et al., 1973). The 
cross section becomes more forward-peaked at higher energy, as is easily 
understood. 
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1. THE IMAGINARY POTENTIAL AND MEAN FREE PATH 

At this point it is appropriate to relate the magnitude for the imaginary 
part of the optical potential to the decay length (or mean free path) of a wave 
propagating in the presence of such a potential. For simplicity consider a 
particle of mass m incident on a semi-infinite slab of nuclear material whose 
effects on the particle are described by an optical potential 

U = -(V + iW), (4.44) 

where V and W are positive real numbers. As expressed in (4.4), the imag- 
inary part of U has to be negative to account for absorption. Intuitively, 
we expect that as W increases the decay length will decrease. Let us see 
the exact relationship in the idealization of a slab (which therefore neglects 
the curvature and diffuseness of the nuclear surface). In the presence of a 
constant potential, the wave function in the medium can be written down 
immediately as 

? (4.45) q, = e i K z  

where K is the wave number in the medium. If E is the incident energy, the 
wave number is evidently given by 

2m 
h 

K 2 = ~ ( E +  V + i W ) .  

Assuming W to be small compared with E + V ,  we evaluate K as 
2m(E+ V )  1 i2  

K = ( hZ 
)1‘2(1 + i&) 

(4.46) 

(4.47) 

Therefore, the amplitude of / $ I 2  decreases as the particle penetrates the 
medium according to e - z i f ,  where 

(4.48) 

This shows an inverse relationship to W ,  but the scale, so to speak, is set by 
[ (E + V)/rn]li2. Thus a value W = 10 MeV corresponds to twice the absorp- 
tion of an alpha particle compared with a nucleon, for the same E + V. 

Using the optical-model parameters of Table I for I4?3m, we calculate a 
mean free path for 50-MeV alpha particles of -0.8 fm. On the other hand, 
for nucleons of the same energy, using the average parameters for nucleons 
shown in Fig. 4.6, we find a mean free path of -4.5 fm. Not unreasonably, 
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3 Fig. 4.6. Schematic behavior of real and 
imaginary parts of optical potential as a 
function of energy. 
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alpha particles are more strongly absorbed from the elastic beam than are 
neutrons. Consequently, direct reactions involving alpha particles are more 
strongly localized on the nuclear surface than in the case of nucleons. This 
is also true for nucleus-nucleus collisions. 

J. SYSTEMATICS OF THE PARAMETERS 

The parameters of the optical potential usually vary smoothly with energy 
and are similar for neighboring nuclei. The origin of any rapid evolution 
or erratic variation of the parameters for different nuclei can be traced to 
differences in their structure, especially in collective states, as will become 
clear in Chapter 8. Figure 4.6 shows the energy dependence of nucleon 
optical-model parameters (averaged) (Bowen et al., 1961). The abscissa is the 
bombarding energy for neutrons. For protons it should be understood to be 
the bombarding energy in excess of the Coulomb barrier energy 

(4.49) 

The radius and diffuseness parameters are 

R = roA113, ro = 1.25 fm, a = 0.65 fm. (4.50) 

For a best fit to individual nuclei, all parameters can be varied. 
The fact that IWI increases with energy corresponds to the opening of more 

channels that drain flux from the elastic channel. That \V\  decreases slowly 
with energy can probably be attributed, in part, to the properties of the 
nucleon-nucleon interaction. This interaction is repulsive at short distance. 
At low energy it is the long-range attraction that is mainly contributing to the 
optical potential. As the energy increases, the repulsion at short distance in the 
primary nucleon-nucleon collisions partially overcomes the attractive con- 
tribution. 
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K. NONLOCALITY OF THE OPTICAL POTENTIAL 

In addition to the previously mentioned dependencies on energy, the 
theoretical structure of the optical potential (which will be discussed in 
Chapter 8) exhibits an explicit energy dependence and a nonlocal character. 
A nonlocal potential can be replaced, at least phenomenologically, by a local 
but energy-dependent one. To  say that U is nonlocal implies that the 
Schrodinger equation is 

( H ,  + T, - E)Y(r) + Un(r, r’)Y(r’)dr‘ = 0, (4.51) 

instead of (4.1). If the “range” of the nonlocality is not too long, then we can 
expand Y(r’) via a Taylor series about r: 

i’ 

1 
2 

Y(r’) = Y(r) + (r’ - r) - VY(r) + - (r’ - r)2V2Y(r) + . . . . (4.52) 

Replacing V = p/ih and noting that the odd terms in r’ - r will average to zero, 
we see that the nonlocal term reduces to the form 

(4.53) [U,(r) + U,(r)p2 + . . .]Y(r). 

This exhibits the energy dependence of which we spoke. So, in fact, we fully 
expect (and it is indeed so) that the local phenomenological potential depends 
on the collision energy. 

Phenomenological representations of a nonlocal optical potential have 
been investigated (Perey and Buck, 1962), but no special features in the 
calculated elastic cross sections are attributable to the nonlocality (Perey, 
1974). There is one possible effect of significance, however. The wave functions 
of a local and nonlocal optical potential, which are arranged to yield the same 
elastic cross section, differ from each other inside the potential region, 
although, of coursc, they must be asymptotically the same if they yield the 
same cross section (Perey and Saxon, 1964). Although the nonlocality has no 
particular importance for elastic scattering, it could affect cross sections for 
other processes such as stripping and inelastic scattering. This is because these 
processes also depend on the scattering of the particles in the optical potential 
of the nucleus and, as well, on an additional transition density, which depends 
on the nucleus and the particular reaction under discussion. The wave 
function of relative motion, which depends on the optical model, will in 
principle overlap differently with the transition density, depending on whether 
a local or nonlocal optical potential is employed. When the nonlocality is 
taken into account, an approximate scheme is usually employed (Perey and 
Saxon, 1964). 
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L. CONVERGENCE OF THE PARTIAL WAVE SUM 

Although the sum on t i n  the scattering amplitude extends from t = 0 to co, 
convergence of the cross section is obtained for a finite number of terms, which 
depend on the collision energy and the range of the interaction. This can be 
understood in terms of the behavior of the solutions of (4.6). When this is 
written as 

(4.54) 

it is readily seen that f e  at first increases as re+' for r very small, because 
everything on the right side can be neglected except the l / r 2  term. It has an 
inflection point at the value of r = r c ,  for which the right side is zero (called the 
classical turning point). Thereafter, it reaches a maximum and then begins to 
oscillate. Beyond the range of the interaction the wavelength of the oscillations 
is A = l /k,  k = (2rn,E/k2)1'2. The solution is sketched in Fig. 4.7. The inflection 
point r c ,  and hence the maximum, moves to larger values as t increases. 
Therefore, for some sufficiently large value of t, the wave function f e  is 
unaffected by the interaction, that is, when r , ( t )  is larger than the range of the 
nuclear part of U(r). Of course, it is always affected by the Coulomb force, but 
the solutions are known in the region where the force is purely Coulombic. 
Thus if R is a point where 

U,(N = 0, (4.55) 

then the maximum needed t value is given roughly by the zero of the right side 
of (4.64): 

(4.56) 

Fig. 4.7. Schematic depiction of radial wave function. 
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and R is the maximum radius to which the solutions need to be integrated. If 
the Coulomb force is unimportant (e.g., neutrons), then 1 N kR. In numerical 
calculations, one can check whether a large enough value of R has been chosen 
by varying it. If the answer is insensitive to R, then it is large enough. 

Notes to Chapter 4 

A discussion of the optical potential and its parameters can be found in the work of Bohr 
and Mottelson (1969, 1975) and in Ilodgson (1963, 1971) and Perey (1974). The theoretical 
justification for the optical model is reviewed by Feshback (1958). A familiarity with some 
of the results and theory of angular momentum algebra is necessary in nuclear physics. Some 
of the essential results can be found in Appendix A. Two excellent monographs are by Brink 
and Satchler (1968) and by Edmonds (1957). Brink and Satchler use a different convention 
for reduced matrix elements than Edmonds. In this book we use the convenction of Edmonds, 
which is the original 1942 convention of Racah. They differ simply by a factor. 



Chapter 5 
A 

Distorted- Wave Born 
Approximation 

A. INTRODUCTION 

In the last chapter, the introduction of the optical potential was motivated 
as a means of describing the average field experienced by the colliding nuclei. 
The direct nuclear reactions are then viewed as being caused by a weak 
interaction that induces a transition to occur between two channels, in each 
of which the relative motion is described by an optical potential. In this 
chapter, we shall derive an approximation of the transition amplitude that 
corresponds to this interpretation, which is known as the distorted-wave 
Born approximation (DWBA). This approximation is without doubt the 
most useful one in direct nuclear reaction theory and is valid as long as 
the reaction is sufficiently weak. For stronger transitions, the coupled- 
channel formalism offers the most useful means of going beyond first order 
in the interaction causing the transition. We shall come to this method 
in Chapter 8. 

We shall derive the DWBA from a general transformation of the transition 
amplitude due to Gell-Mann and Goldberger, (1953). They introduce an 
arbitrary auxiliary potential, which is supposed to present a solvable prob- 
lem. They then transform the transition amplitude so that it depends on 

45 
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the solution of this solvable problem. In our context, the auxiliary potential 
will be the optical potential. 

This chapter will be devoted to the general problem of deriving the 
DWBA. The application to specific nuclear reactions will be taken up in 
Chapter 7. 

B. DISTORTED-WAVE GREEN’S FUNCTIONS 

Recognizing that the scattering of nuclei from each other through the effect 
of their central field can be accounted for by an optical potential whose 
parameters can be adjusted to reproduce the elastic and reaction cross 
section, we are able to isolate for special attention the weaker interaction 
causing the minor rearrangements called direct reactions. Return, therefore, 
to Eq. (3.18), and subtract from both sides a common term (@,, U,Y,) to 
obtain 

where $,, defined by (3.19), describes the relative motion in channel a. 
Because U ,  depends only on the relative coordinate r,, whereas @, depends 
only on intrinsic coordinates, then obviously 

(@a, UuYa) = UU(@,, Y,) = u,*,. ( 5 4  

The formal solution to Eq. (5.1) follows along similar lines to the develop- 

(5.3) 

ment in Chapter 3. The corresponding Green’s function satisfies 

( E ,  - T,  - U,)G,(r,, rh) = 6(r, - rh). 

Then a general solution of (5.1) can be written as 

where x is a solution of (4.2) and A a constant. The physical conditions 
to be described, of course, are what determines A and the particular Green’s 
function. 

The Green’s function satisfying (5.3) cannot generally be written in closed 
form because we are allowing ourselves freedom in the choice of U,. How- 
ever, we can construct it from the solutions of (4.2), whatever the choice 
of U,, and (4.2) is merely a differential equation, which can be solved on 
a computer if not in closed form. In the process, we shall obtain the field-free 
result (3.25) as well. The construction of the Green’s function is simple in one 
dimension, so we seek an expansion of G in spherical harmonics. 



B. Distorted-Wave Green's Functions 47 

First, note that because of the closure and orthonormality of the spherical 
harmonics. we havef 

S(i' - i) = c Y;*(i')Y;(i), 
em 

(5 .5 )  

where i denotes the polar angles 8 and (p of the vector r. From this it 
follows that the three-dimensional 6 function is 

6(r' - r )  
6(r' - r) = ___ 1 Y;*(i')YF(f). 

rr' ern 

Hence, it follows from (5.3) that 

1 
G(r, r') = 1 ge(r, r')Y;*(f')Y,"(i), (5.7) 

(E, - Tat - U,)g,(r, r') = 6(r  - r'). 

YY ern 

where ge satisfies the equation corresponding to (4.6) and (4.7): 

( 5 . 8 )  
We have already exhibited one solution (4.17) of the homogeneous equation 
that is a regular solution. Another independent solution is therefore an 
irregular solution at the origin, which we denote by hk+)(k,r), with the 
boundary condition that 

(5.9) h(+) , (k ,  r )  -+ 0, = G, + iF, + exp[i(kr - 3Sn)]. 

Clearly, from these two solutions, g can be constructed as 

Se@, r') = Nefe(r < )hkf )(r > 1, 
(5.10) 

This satisfies (5.8) for r # r', as can be seen by direct substitution. It has the 
desirable property of being the outgoing-wave Green's function. From the 
singular point we learn the normalization. Integrate (5.8) over an infinites- 
imal interval around r' and find 

r <  = lesser of r,  r'. 

d r  - (r ,  r') = - ge(r, r') 1;::: r ' + 6  d 2  - 2m 
- h2 - La dr2 gd dr 

= N,[f,(r')hkf)'(r' + 6) -f;(r '  - S)h$+)(r')] 

+ 6-0 NeWCfe(r'), hk+)(r?l. (5.1 1) 

The prime on h or f denotes differentiation, and W denotes a Wronskian. 
The Wronskian' is independent of the value of r at which it is evaluated. 
This can be easily proven with reference to the Schrodinger equation satisfied 

* Simply check that 18(?-f)Y!(?') di', evaluated with the right side of (5.5) substituted for 

9 The Wronskian of two functionsf and h is simply f h '  - hf'. 
the 6 function, yields Y$(f), as it should. 
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by f and h. We find 
f Teh - hTe f = 0. 

Integrate between two arbitrary points, a to b, to obtain 

0 = dr[ fT ,h  - h T e f ]  jab 

which proves that W has the same value no matter where it is evaluated. In 
particular, we can evaluate it for large r using (5.9) and (4.17): 

W[fe ,  hk+’] = - k,  

which shows that the one-dimensional Green’s function is 

Now the desired three-dimensional Green’s function is formed: 

(5.12) 

(5.13) 

where 
471 
kar‘ 

$)*(K, r’) = - i -y l (ka ,  r’)YF*(f’)Y$k). (5.14) 

This is the partial wave expansion, analogous to (4.7), for the wave function 
with incoming spherical waves. Here k& has the magnitude of k, and the 
direction of r in (5.4). The (-) sign on (5.14) indicates, as is clear from the 
asymptotic form of (4.15), that x(-) has incoming spherical waves, in contrast 
to x(+) and x(-)*. [If there is a Coulomb potential present, then the phase 
eiuc should be inserted into (5.14).] If U = 0, then x becomes a plane wave, 
and (5.14) becomes (3.25). 

C. THE GELL-MANN-GOLDBERGER TRANSFORMATION 

Employing the Green’s function derived above we can write the particular 
solution of (5.1) that describes an incident wave in channel a and outgoing 
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spherical waves. It is 

In an entirely analogous development, if we look at a projection of the wave 
function Ya onto a different channel p that is not the entrance channel, we find 

(5.16) 

Note that x:) has an outgoing wave, so that the scattering amplitude, or T 
matrix, has two parts. The amplitude in x:’ can be written immediately from 
the rule (3.32) or (3.33), namely, 

(ex~(ikD, * ra)lumlxb+’>. 

Thus we may write the entire T matrix as 

FpN = (exp(ik, a r,)lUa(Xh+))bap + ($)Qb1Vb - U,lYl:)). (5.17) 

No approximations were made in obtaining this expression. Therefore it is an 
alternative expression to (3.33), known as the Cell-Mann-Goldberger trans- 
formation (see Gell-Mann and Goldberger, 1953). (Note that k; differs from 
k, in direction, as in (3.25)) 

From definitions (4.7) and (5.14) one can find the connection between 
distorted waves having incoming and outgoing spherical waves, namely, 

(5.18) x(-)*(k, r) = x(+)( - k, r), 
where use is made of 

Y$) = (-)eye“( -G), 
and -k^ means the reflected direction of c, that is, (Q,  6 --f n - 8, 6 + n). 
Relation (5.1 8) establishes that X‘-)(k, r) is the time reversal of the wave 
function f+) (k ,  r). 

D. TWO-POTENTIAL FORMULA 

The preceding results can also be used to obtain the two-potential formula. 

H = T + V , + V 2 ,  (5.19) 

where T + V, is a Hamiltonian for which we can obtain the solution (as for the 
optical potential, for example), whereas V, poses too difficult a problem and we 

Suppose 
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would be content with an approximate solution. The Schrodinger equation is 

( E  - T - V1)Y = V2Y. (5.20) 

As supposed, we can solve the simpler problem 

( E  - T - V1)x = 0. 

From the results of this chapter it is clear that 

(5.21) 

F = (exp(ik’ - r)/Vllx(+)) + (,y-)lV21Y(+)). (5.22) 

By supposition, the first term is known and the second must be approximated. 
For example, Y(+) N x(+), which follows from (5.15). 

E. THE DWBA TRANSITION AMPLITUDE 

The preceding results can be used to obtain the distorted-wave Born 
approximation (DWBA) of the amplitude, exact expressions of which are 
given by (3.33) and (5.17). As previously noted, the exact expressions cannot be 
solved because the exact scattering solution to the many-body problem Y 
appears in them. However, in (5.15) we have a valuable result that incorporates 
at least the effects of the scattering of the optical potential U through the first 
term x. This is a solution of the solvable optical-model problem, which is 
solvable because it is a simple one-body problem. 

Recalling the definition of I) as a projection onto Y, we learn from (5.15) that 
an approximation of Y is 

Yh+) N @,xL+)(ku, ru). (5.23) 

This is an approximation that describes the motion in the entrance channel 
due to the optical potential U,. It does not have all the other components of 
other channels that are actually there. 

Inserting the approximation of Y into (5.17), 

FDa N (exp(ik, - r,)lU,lxht))Sup + (xbp)ODll/p - U,/O,x~’) .  (5.24) 

We are interested in this expression for the nonelastic amplitudes for which the 
first term is absent. The DWBA is therefore 

YDWBA Pa = (xb-’ODlVD - u,/@,x:+’), (5.25) 

where xu and xa are obtained from solvable optical-model problems in 
channels CI and j?. This is analogous to the first Born approximation (3.35), 
but it contains more of the physics-the description of the relative motion 
in channels CI and j?, as effected by the overall potential scattering and 
absorption. Figure 5.1 compares the plane-wave theory of Chapter 2 with 
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0 $0 20 30 4 0  50 60 70 

Bcm (deg) 

Fig. 5.1. The plane-wave theory for inelastic scattering of 43-MeV alpha particle that excites 
the 2 - : Q  = - 1.45 state in 58Ni is compared with several DWBA calculations with various 
distortion potentials U .  [From Rost, (1962).] 
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distorted-wave Born approximation calculations (Rost, 1962). The calcula- 
tion makes it clear that the distortion in the wave functions of relative 
motion, caused by the interaction between the colliding nuclei, is very strong. 
However, the dependence on the multipolarity is very distinct, as Fig. 5.2 
makes clear (Buck, 1962). In this case the calculation is more complicated 
than described so far because it includes higher-order contributions than the 
first-order Born approximation, and this emphasizes the point being made. 

F. DISCUSSION OF THE APPROXIMATIONS 

Two exact expressions for the T matrix or scattering amplitude have been 
derived: (3.33) and (5.17). Both contain Ya,  the exact solution to the many- 
body scattering problem. As such, Y ,  if it were available, contains information 
on all the processes that can take place; elastic, inelastic, particle transfer, and 
many-body channels. It is not available, but its presence in the exact amplitude 
emphasizes the approximate nature of any practical application of the theory. 
Let us emphasize this point by noting that the T matrix for nonelastic events 
(5.17) can be written as 

.Tpa = <$)@plV'p - UplY'h+') = C($'@plVb - Up\@&,+)), (5.26) 
Y 

where the completeness relation has been used as 

c l@y)(@yl = 1. (5.27) 

This tells us clearly that the transition a + p  is affected by all the other 
channels. In going to the DWBA (5.25), we are making two approximations 
immediately. Of all the terms in the sum on y, we select just the entrance 
channel, because it is most important generally; and having made that 
restriction, we approximate t,ba by the first term in (5.15). 

Therefore the DWBA assumes, first of all, that the final channel j is 
reached directly from the entrance channel a. Processes that, for example, 
excite the entrance channel to a' and then undergo the final reaction to  ß 
are neglected, as are intermediate transfer channels y. Intuitively one feels 
that this neglect may be frequently but not always, justified. Later we shall 
extend the treatment to include such multiple-step processes by the coupled- 
channels method. 

The DWBA additionally assumes that the distorted waves xa and xp are 
used to represent the relative motion in these channels. Although the optical 
potentials may be adjusted so that the elastic and total reaction cross sections 
are accurately reproduced, this only assures us that and xp are asymp- 
totically correct, that is, they have the correct phase shifts as seen at infinity. 

Y 



54 5. Distorted-Wave Born Approximation 

Hence there are ambiguities in these wave functions in the region of the 
nucleus, which is just from where the contribution to the matrix element 
comes. This ambiguity is further compounded when a represents a channel in 
which both a and A are complex nuclei. 

implies that the reaction is treated in 
first order only in the interaction causing a + j3. This is often justified by the 
fact that many other reactions have small cross sections compared with elastic 
reactions. 

Finally, the approximation $a N 

G. ANTISYMMETRIZATION 

So far we have not mentioned the fact that the wave function for the system 
ought to be antisymmetric upon the interchange of any pair of like particles. 
Of course we may assume that the wave functions @a and CDA for the sepa- 
rated parts of the system, which are stationary solutions to a shell-model 
problem, are already antisymmetrized. All that remains is to take account of 
antisymmetrization between them. In this case an antisymmetric function is 

(5.28) 

where P is a permutation operator. For example, if there are only three 
nucleons, 

1 
(5 = - 14(1)4(2? 3) - 4(3)4(1, 2) + 4(2)4(3, 111 & 

is totally antisymmetric. If the isospin formalism is used in constructing @a 

and iD,, then we do not distinguish neutrons from protons. Otherwise 
the antisymmetrization is done separately for neutrons and protons. 

The normalization constant is 

(5.29) 

that is, the number of ways of selecting the a nucleons from A + a. Now, to 
examine the consequence of antisymmetrization for (5.25), 

In the sum there will be direct integrals and exchange integrals. We illus- 
trate this for a four-particle system and a one-particle exchange reaction. 
Then + (&,(1)bB(2, 3, 4)V4a(1, 2)4,(3,4)) is a typical direct term and 
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- (4b(4)&,(1, 2,3) V4a(l, 2)+,(3,4)) is a typical exchange term. In the former, 
particle 2 has been removed from a and added to A to form b, B. In the 
exchange integral, the same was done to particle 2, but in addition, particle 
1 was interchanged with particle 4. The exchange integrals are expected to 
be smaller than the direct ones because of poorer wave-function overlap. We 
defer discussion of an approximate method of taking exchange into account 
until Chapter 12. 

Therefore we shall consider only the direct integrals, noting, however, that 
all of them must be counted. This is easy. Returning to the general example, 
suppose we are dealing with a stripping reaction (a > b, B > A), which we 
denote by 

a + A + ( a  - x) +(A + x) E b + B, (5.31) 

where x is the number of transferred particles. Each of the N u  terms in the 
sum over permutations of (DamA will form (3 direct integrals, all of which 
are equal. Therefore there are N&) equal direct integrals. Together with the 
normalization in (5.28), this means 

1 
T + exchange 

= [ (:) ( : ) ] ‘ I 2  F + exchange. (5.32) 

The statistical weight in front of F will sometimes be denoted by W. 
As implied in the derivation of (5.25), F denotes a single amplitude 

computed without antisymmetrization between nuclei. The meaning of the 
statistical weight is fairly obvious. There are (:) ways of selecting x nucleons 
from the projectile, and each such x nucleons can be distributed in (3 ways 
among the nucleons in B. Therefore, there are altogether (3 (3 indistin- 
guishable ways of directly transferring the nucleons, all of them with ampli- 
tude equal to F. There are, in addition, the exchange type of integrals. 
They are usually not computed on the grounds that the greater the degree 
of rearrangement the smaller the integral. 

Austern (1970) has written a more general expression than (5.32), arrived 
at by a somewhat different argument, which keeps track of both direct and 
exchange integrals. His result can be written as 

(5.33) 

The number of direct integrals in this expression is given precisely by W. To 
see this, note that of the N u  terms in the sum over permutations, (3 of them 
are equal direct integrals. For example, in a schematic notation for the 
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sum, involving for simplicity four nucleons, 

(5.34) 

The second term is found to be identical to the first by interchanging 2 and 
3 in (PB in the second term and relabeling these two coordinates of integra- 
tion. Similarly, the third term is equal to the first. The last three terms are the 
exchange integrals. The first three are direct integrals. There are (;) such 
terms in cPa, or, in general, (9, corresponding to the number of ways 
x particles can be selected from B to form a and A. Thus in (5.33) the weight 
of the direct terms is 

(5.35) 

as was to be proven. 
If the isospin formalism is not employed in the construction of the nuclear 

wave functions, then the product @a@A must be separately antisymmetrized 
with respect to neutrons and protons. The corresponding weight W is the 
obvious generalization of the preceding, being a product of two such weights, 
one for neutrons and one for protons. If the calculations are all carried through 
correctly, the end results should be identical. 

H. MULTIPOLE EXPANSION OF THE TRANSITION AMPLITUDE 

In applications of the distorted-wave Born approximation of the transition 
amplitude [(5.25) and (5.32)], a certain pattern having to do with the angular 
momentum couplings will emerge each time. The particular factors that go 
into this, of course, depend on the type of reaction under consideration, 
some examples of which we shall examine in Chapter 7. At this point we 
can anticipate the general form that will be taken by the amplitude (5.25) 
and at the same time make it a little more explicit. The brackets in (5.25) 
denotes an integration over the position coordinates of all nucleons and a 
sum over spin (and isospin if used) coordinates. There are (A + a) nucleons, 
so there are 3(A + a) spatial coordinates. We choose three of them to be the 
c.m. coordinates and work in this sytem. The remainder are relative 
coordinates. For a rearrangement collision (5.3 1) a convenient set of such 
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Fig. 5.3. For a transfer reaction of x 
nucleons, part (a) shows coordinate relations. 
The channel coordinates ra and ro connect the 
cm’s of A and a, and B and b, respectively, 
whereas R and p connect the c.m.’s of A and x, 
and b and x, respectively. For elastic and 
inelastic scattering part (b) shows the channel 
coordinate r. connecting the cm’s of A and a. 5 b  A A 

relative coordinates consists of the 3(A - l), 3(x - l), and 3(b - 1) intrinsic 
coordinates of A, x, and b together with R and p ,  as shown in Fig. 5.3, which 
comprise the correct number 3(A + a) - 3 of relative coordinates. For a 
reaction in which no nucleons are transferred, such as inelastic or charge- 
exchange reactions, the intrinsic coordinates of the two nuclei of the par- 
tition, together with the channel coordinate r,, comprise a convenient set 
of relative coordinates. A zero-range approximation is sometimes employed 
in nucleon-transfer reactions, especially when a is a light nucleus like a 
deuteron or triton. The interaction in this case is taken as a delta function 
on the coordinate p. This is convenient because it reduces the number of 
integration variables. Moreover, the distorted waves depend on the channel 
coordinates ra and rp, which in terms of R and p are given by 

(5.36) ra = R - (b/a)p, r, = (A/B)R - p. 

In the zero-range approximation, 

ra-’R, r,-(A/B)R, if p - 0 ,  (5.37) 

so that the channel coordinates are conveniently proportional. If the 
zero-range approximation is not made, then it is most convenient to 
transform R and p to r, and rp because the distorted waves are only known 
numerically as solutions to the optical-potential Schrodinger equation of 
Chapter 4. The transformation involves a nonunit Jacobian 

dp dR = J dr, dr,, (5.38) 

where J is a 6 x 6 matrix, indicated symbolically by 

(5.39) 

which relates the volume elements in the two coordinate systems. Let us 
denote by 
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the integrations over the intrinsic coordinates, where d A  denotes a 
3(A - 1)-dimensional integration, etc., and the curly brackets denote a spin 
integration. Then (5.25) and (5.32) can be written as 

In some of the examples the intrinsic matrix element appearing here will be 
evaluated, and then one can see the following expansion emerge in an explicit 
way. At this point we can make a general argument about the form that these 
explicit evaluations will take (Satchler, 1964 and Austern et al. 1964). The 
reaction, either by virtue of particle transfer or particle excitation, will 
generally exchange angular momentum and parity between the relative 
motion and the internal states of.the system. 

Let us denote the following angular momenta transfer: 

j = JB - JA, s = Ja - J,; (5.42a) 

and 

8 = j - s .  (5.42b) 

The symbols chosen are arbitrary. Denote the angular momentum of a partial 
wave in the expansion of the distorted wave in channel c( by e, and in channel 

by e,. Conservation of angular momentum reads 

J, + JA + 8, = J, + J, + 8, 

8, - L‘b = J, - J A  + J h  - Ja = j - S = 8, 

(5.43) 

(5.44) 

or, rearranging, 

which shows us that L‘ denotes the angular momentum transferred to the 
relative motion. These angular momentum relations can be declared by 
expanding the bracket in (5.40) in a multipole series. Thus 

Note that the summations memsmj have only one term each because the first 
two z projections in C must equal the third. 

Remember that QB is an abbreviated notation, which carries the labels 
J B M B ,  and similarly for the other wave functions. This expression simply 
declares by construction the vector relations previously stated. The factor G 
depends either as shown on rs and r ,  or on R and p, which are related by 

é
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(5.36). The inverse relationship can be derived by the orthonormal properties 
of the Clebsch-Gordan coefficients. Thus 

f ;“sj“’(rp 3 ‘ a )  

c J(@13@bl vo - ufl[@A@a) c ~ ~ , ~ ~ ~ p ,$ 2 -  - -- 
jaj, M e M n M b M a ,  msmj 

(5.46) 
where ? = 21 + 1. 

One may wonder what advantage results from having made the preceding 
definitions, for indeed nothing has been calculated. In our examples in later 
chapters, the form of (5.45) will emerge in the calculation quite natur .lly. How 
could it be otherwise? It is simply an expression of the conservation of angular 
momentum and their z projections. These expressions do, however, underline 
the common features of all direct reactions. 

Let us insert (5.45) into (5.41b). We then find 

ypa = 1 ‘ M A m , M B  J A  j J B  C MbmsMaCmem,m, J b  S Ja e s j $iCBIrij, (5.47) 
t s j , m r m s m J  

where 

The cross section is given by (3.39) for the transition 

JAMAJaM, -+ J B M B J b M b .  (5.49) 

Generally, the incident beam is unpolarized and the target unaligned, and one 
counts the outgoing particles irrespective of orientations. Therefore we want 
to average over the orientations M A ,  Ma and sum over M , ,  Mb. The ordinary 
cross section therefore is 

(5.50) 

Note that the sum over 8, s, j is incoherent. However, if there were a spin–- 
orbit interaction in the optical potential, then, as discussed in Chapter 4, the 
partial waves would become dependent on spin orientation and its coupling 
to the orbital angular momentum. In this event, only j would be incoherent, 
and there would be interference terms between different L and s. 

-In the final expression of (5.50), the sums over magnetic quantum numbers 
have, through the properties of the Clebsch-Gordan coefficients, eliminated 
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all cross terms among lsj that otherwise would occur in the square. It would be 
instructive to the reader who is not already practiced in evaluating sums on the 
geometrical factors of angular momentum algebra to confirm this result, 
referring to the Appendix for the relevant orthogonality and symmetry 
properties of the Clebsch-Gordan coefficients. It is usually easier in carrying 
out such evaluations to substitute the 3-j symbols for the Clebsch-Gordan 
coefficients according to their relationship, because the 3-j symbols have 
simpler symmetries. Both symbols are used in this book, with the Clebsch- 
Gordan coefficients usually employed for vector coupling, for convenience. 

Notes to Chapter 5 

The DWBA was first discussed by Mott and Massey (1933) in their famous book, “The Theory 
of Atomic Collisions.” Other early developments of the theory are due to Gibbs and Tobocman 
(1961), Glendenning (1959), Horowitz and Messiah (1953, 1954), Levinson and Banerjee (1957a, 
1958). Tobocman (1954, 1959), Tobocman and Gibbs (1962). and Tobocman and Kalos (1955). 
A review of much of the literature prior to 1970 is provided by Austern (1970). 



Chapter 6 
Operator Formalism 

A. INTRODUCTION 

In the preceding chapters, we have used the coordinate-space represen- 
tation for wave functions and operators. It is a familiar representation and 
one in which the scattering amplitude can be extracted by examining the 
asymptotic behavior of the wave function. 

Although the results of Chapter 5 were obtained straightforwardly, in some 
situations the coordinate-space representation can be awkward. There is 
another symbolic, or operator, formalism that is very powerful when applied 
to the derivation of general results and relationships. This formalism dispenses 
with many of the labels that are needed to specify the wave function in 
coordinate space and that would tend to obscure the meaning and hinder 
certain manipulations. Once having derived a new result in the operator 
formalism, in which the manipulations are very easy and transparent, one 
typically takes the coordinate-space representation to extract the scattering 
amplitude and to carry out numerical calculations. 

In this chapter we shall rederive some of the earlier results to establish a 
familiarity with the formalism and derive some new results that will be useful 
and will also deepen the understanding of some of the material encountered in 
later chapters. Among the new results is a generalization to rearrangement 
collisions of the Gell-Mann-Goldberger transformation that we encountered 
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in the simpler case of an optical potential or a one-channel problem in the last 
chapter. The other new result of note is Watson's multiple-scattering series. 

We shall not rigorously justify the manipulations of this chapter nor review 
in any detail the representation theory of quantum mechanics, which is 
discussed very elegantly by Dirac in his textbook on quantum mechanics. 
(Dirac, 1947) Simply recall that the Schrodinger equation 

( E  - H ,  - T, - %)Y = 0, (6.1) 
which we have tacitly assumed to be given in a coordinate representation, has 
meaning independent of any particular representation. A particular represen- 
tation can be achieved by selecting a maximal set of commuting observ- 
ables for the system under discussion, whose simultaneous eigenfunctions 
we can denote by In), where n denotes collectively a set of eigenvalues 
of the observables. The complete set allows us to write 

lw = c In>(nl'Y>. (6.2) 
n 

This is analogous to a vector with the numbers ( n l Y )  representing the 
coordinates on the axis In). The sum can be discrete or continuous or both, 
depending on the eigenvalues. We refer to I Y) as the state vector and to its 
coordinate space representation (r l ,  r 2 , .  . . [Y)  as the wave function, where 
Y will be used to denote either one for notational simplicity and the content 
will determine which is meant. 

The operator multiplying Y in (6.1) can be described as a matrix once a 
particular representation is chosen and is otherwise an operator. Thus we may 
write 

C (nl(E - H ,  - T, - V,)ln')(n' lY) = 0, (6.3) 
n' 

wherein we see the matrix elements of the operator. We can, therefore, think of 
the manipulations in the next section as matrix manipulations, in which, 
however, we shall not always specify the basis. 

B. LIPPMANN-SCHWINGER EQUATlON 

Let us rewrite (6.1) by taking VY to the right side: 

( E  - Ha - Ta)Y = V,Y. (6.4) 

Multiplying through on the left by the inverse operator ( E  - Ha - Tg) - l ,  
which is a matrix operation if we choose a representation, we have 

CY. 1 
E - Ha - T,  

Y =  
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This is analogous to (3.22). We can add to this a solution of 

( E  - H ,  - TJ4u = 0, (ru14a) = a, exp(ik, r,), (6.6) 
and still have a valid equation. [Recall the notation established in Chapter 3 
(3.2)-(3.13)]. Thus, more generally, 

still satisfies (6.1). However, there are other solutions. The one of interest in 
scattering problems has outgoing waves at infinity. This is prescribed by 
adding an infinitesimal positive imaginary part to the energy. Thus 

in which it is understood that the limit e + O  is taken after a particular 
representation has been chosen and the calculation made. To prove that this 
prescription produces the desired boundary condition, one can examine the 
coordinate-space representation of the inverse operator in (6.8). We are 
considering here a many-particle system, that consists of two separate bound 
systems (two-body channel), and the eigenfunctions of Ha can be used 
immediately to reduce the problem to one of looking at the behavior with 
respect to the relative coordinate Y. Consider the following matrix element. 

1 1 
Ir') daar. (6.9) 

E - Ha - T,  + iE Irl, Q,,) = (r( E ,  - Ta + ie 
This is now most easily evaluated by going to the momentum-space 
representation, because T, is known there. 

We shall use the normalization conventions 

(rlr') = 6(r - r'), (klk') = ( 2 ~ ) ~ 6 ( k  - k'), (6.10a) 

with corresponding completeness relations 

j Ir) dr (rl = 1 = (hp3 Ik) dk (kl, (6.10b) 

having the consequence that the transformation function has normalization 
unity: 

(r I k) = exp(ik - r). (6.1 1) 

We can now evaluate (6.9): 

(6.12) 
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Now 

where we define k, by 

E, = h2k,2/(2m,). 

We now have, writing R = r - r‘, 

(6.13) 

(6.14) 

(6.15) 

dk 
exp(ik - R) 1 1.’) = 2 ( 2 q 3  1 (‘1 E ,  - T,  + is k: - k2 + is 

k2 dk d (cos 0) dd = 2m, (2.1-3 1 exp(ikR cos 19) 
h k,2 - k2 + is 

k dk 
2% 271 cu exp(ikR) - exp( - ikR) 

= ~ ( 2 q 3  h2 iR j 0 kz - k2 + is 
k dk. (6.16) 

Represent is by setting k, + k, + 2. Then we see that the integrand has two 
singularities at 

k = +(k, + iA). 
The integral can be evaluated using Cauchy’s theorem: 

f ( z o )  = $f”’ dz. 
271i z - zo 

(6.17) 

By choosing the contour to be on the real axis and to be closed in the upper 
plane, we then find, after more algebra, 

m, exp(ik,lr - r’l) . (6.18) 
E,  - T, + is 2zh2 Ir - r’l 

This should not be a surprising result, corresponding as it does to the free 
Green’s function (3.25). Its asymptotic value as r --f co does indeed have the 
desired outgoing wave, indicated in (3.25). This completes the proof that + ie in 
(6.8) yields outgoing waves. 

It will now be recognized that the 0, projection of (6.8) is our operator way 
of writing the integral equation (3.24). This equation is known as the 
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Lippmann-Schwinger equation (see Lippmann and Schwinger, 1950). Its 
usefulness, as compared with the Schrodinger equation, lies in the fact that it 
incorporates both boundary conditions, corresponding to the initial state of 
the system and to the outgoing wave nature of the scattered waves. 

C. FORMAL SOLUTION 

Now note that we can rewrite the integral equation 

1 
E - H ,  - T,  + ie Y p  = (#la + V,YL+’ 

as a series by repeatedly using the definition of YL’) in the right-hand side. 
Thus 

1 
E - H a  - T,  + ie Y?’ = (#la + K 4 a  

1 1 + v, K(#la + . . . (6.19) E - H a  - Ta + is E - H a  - T,  + ie 
This Born series can also be summed by observing the operator identity 

1 1 1  1 1  1 
= - (B - A) - = - (B - A) -. 

A B A  B B  A 
(6.20a) _ - -  

This identity can be iterated to yield, 

1 1 1  1 
A B B  A 
- = - + - ( B  - A )  - 

1 1  1 1  1 1 
B B  B B  B B 

= - + - ( B  - A )  - + - ( B  - A )  - ( B  - A )  - + . . ’ . (6.20b) 

Thus putting 

A = E - H a  - T,  - V,  + is 
B = E - H a  - Ta + i&, 

we see how the series in (6.19) can be summed to yield 

1 
E - H ,  - Ta - V,  + is Va(#lE. yh” = 4 a  + (6.2 1 a) 
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Alternatively? the identity can be used directly in (6.8) to obtain the same result 
by following the steps below: 

1 
B 

Yh+) = 4, + - vY:+) 

= 4u + - - - ( B  - A ) -  V,'€':+' [: : B 'I 

This is (6.21a). 

a way of writing its solution in operator form. We can also write it as 
Whereas (6.8) is the integral equation for Y,, (6.21a) is its solution, or at least 

(6.21b) 
1 

E - H + i s  

where H is the total Hamiltonian (3.13). The operator multiplying 4, is 
sometimes called the Moller operator and denoted by Q+:  

'€'Y) = Q'4 a a .  (6.21~) 

The same result could have been obtained differently. From (6.1) and 
(6.61, 

( E  - H ,  - T,  - V,)Y, = (E  - H ,  - T ,  - K)4a + V,4,, 

from which (6.21a) follows by multiplying through by the inverse operator on 
the left and then inserting the boundary condition prescription ie. This is not a 
derivation, as was the passage from (6.8) to (6.21a) by means of (6.20). It is 
simply a fast way of recalling the answer. 

D. TRANSITION AMPLITUDE 

Recall from Chapter 3 that a general and exact expression for the transition 

q, = <4p lVp l%+)) .  (6.22) 
amplitude is 
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This can be rederived as before. We take a projection on the channel of 
interest, say a', go to the coordinate-space representation for the relative 
coordinate ra in this channel, and examine the asymptotic behavior as r, 
tends to infinity, 

(r,, @dI%+)) 

= aura exp(ik, r,) 

The limit as r, -, 03 can be taken as in (3.25), with the same result, namely, 

zTa = jdr;  exp(-ika- r;)(r&, @,.I v,Y~+)) = ($,,\KJY~+)). 

What we have learned, quite generally, from these manipulations on the 
operator equation ( 6 4 ,  is that when the free Green's function operator 

(6.24a) 

appears in an expression like (6.8), the transition amplitude to an eigenstate of 
H a  can be read immediately as (4a,l acting on whatever vector appears to the 
right of G:. In the particular case of (6.8), it is .&,. Symbolically we may write 
this as 

(6.24 b) 

where k, = Krdr, and X is any vector. 
The rearrangement amplitude can also be obtained from (6.8) after some 

manipulation. The object of such manipulations must, of course, be to bring in 
the appearance of the free Green's function in channel /3: 

(6.24~) 
1 

E - H ,  - TD + is' Go(') a 



68 6. Operator Formalism 

To accomplish this, use the operator identity (6.20) to rewrite (6.8) as 

V,Y(X+) 
1 1 

E - H ,  - T ,  + i E  E - H p  - T,  + is 
is 1 by:+). (6.25) E - Hp - Tp + i E  4, + - - 

E - Hp - Tp + is 

We shall now prove that, if b # CI, the norm of the first term vanishes in the 
limit E + 0. The norm is 

where E = E,, + h2k2/2mp and we inserted a complete set of energy states in 
channel p. The first factor in the integrand is one of the many representations 
of the &function (see Messiah, 1962, Vol. I, Appendix A): 

E 
lim = Kh(E - E), 
E + ~  ( E  - E)* + E 2  

Hence, N(E)  is the product of E and a factor independent of E, and it therefore 
vanishes in the limit. Consequently, in the limit E + 0, we find (Lippman, 
1956; Gerjuoy, 1958) 

(6.26) 

This is to be contrasted with (6.Q which has a homogeneous term representing 
the boundary condition. Clearly, such a term cannot be added to (6.26) and 
still have Yh') satisfy the Schrodinger equation. If (6.26) were solved, one 
would have to take care that the boundary condition is satisfied. On the other 
hand, (6.26) makes physical sense. The inverse operator is the free outgoing 
Green's function in the partition j?. Going to the representation rp, Qp, we find, 
according to the analog of(6.24b), that (6.26) possesses only outgoing waves, as 
should be the case, and their amplitude is given by (6.22), as was to be 
proven. 

ø
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E. TRANSITION OPERATOR T 

Use (6.21) in (6.22) to obtain 

(6.27) 

The operator 

1 
E - H + i E  Tpa = v, + v, K (6.28a) 

could be referred to as the transition operator. Its matrix element with respect 
to the unperturbed or asymptotic states of the system provides the transition 
amplitude. We shall see that it has another form. Notice that 

- K ( + a >  = (+pl(H - Hp - - ( H  - Ha - Ta)l+a) 

= ($@\(Ha + T a )  - (Hp + Tp)IcPa). 

According to (6.6), because da and 4fl have the same energy (by conservation) 
this vanishes, giving 

( 4 p I V p l 4 a )  = ( 4 p l  Kl+a>. (6.29) 

We can therefore write the symmetric form 

or an asymmetrical form in the sense opposite to (6.28a) 

1 
E - H + i E  Tpa = v, + vp K 

(6.28b) 

(6.28~) 

This latter form, when used in (6.27), yields a result of interest: 

where H and I/ are assumed to be Hermitian. The bracket in this expression 
has the same form as (6.21), so that we may write 
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which is the solution to (6.1) having incoming waves at infinity and a plane 
wave in the channel p. We now have two ways of writing the transition 
amplitude, 

y p a  = <’rb-’I 614,) = <4plvp/BIyh+)). (6.32) 
These are sometimes referred to as prior and post forms of writing K 
According to (6.29), the equality of the two forms also holds in the first Born 
approximation. 

Note that the transition operator T, according to (6.21) allows one to 
express Y as a matrix element between plane wave states 4. That is to say, 

V’ya = T p a 4 a .  (6.33) 

Integral equations can also be derived for the T operator. Using the 
operator identity (6.20) and, variously, (6.28) and (6.29), we can obtain the 
following results: 

E - H + i e  
Tp, = Vp + v, 

E - Hp - Tp + i E  

(6.34a) 

or 

1 
E - H a  - T,  + i E  v,=v,+Tpa v,. 1 

E - H a  - T, + is T p a  = V, + T p a  

(6.34b) 

We can also derive several series expansions for T by iterating the integral 
equation (6.34b). Thus, for example, 

1 
E - Ha - T, + is 

1 1 K 

Tp, = Va + V, v, 

V ,  + . . . (6.35) 
E - H a  - T,  + ie E - H a  - Ta + i E  + K  

and a similar series with a-+B everywhere on the right side. This is an 
important equation. If V ,  is a potential that can be treated in perturbation 
theory, then the series provides a way of calculating Ypa to any desired order in 
V,. However, the free nucleon-nucleon interaction is not such a well-behaved 
potential that this expansion can be used for that purpose. The reason for 
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writing the series is to show explicitly that the scattering operator invovles all 
orders of the interaction, corresponding to single, double, triple, . . . scattering 
by the potential I/: 

F. GELL-MANN-GOLDBERGER TRANSFORMATION 

It is frequently the case in scattering problems that an interaction can be 
divided into two pieces, V = V, + V,, such that one of them poses a solvable 
problem. The solution to this problem can then be used in an approximation 
scheme for handling the entire interaction. Direct nuclear reactions can be 
made to fit this scheme by the artifice of writing V = U + ( V  - U) .  In the last 
chapter, this device was employed to introduce the optical potential, a 
phenomenological interaction whose parameters can be adjusted to yield the 
observed elastic scattering rather well, as we saw in Chapter 4. The optical 
potential that we have discussed so far is a one-body potential that is 
independent of all internal nuclear degrees of freedom. However, many nuclei 
have certain collective states that are strongly excited in reactions. It is 
important to develop a scheme that treats such collective inelastic transitions 
on a comparable basis with the elastic scattering. We shall therefore consider 
the division V = U + ( V  - U )  as one that separates out the part of the 
interaction U that is responsible for elastic and inelastic transitions. We 
suppose that this part of the problem can be solved “exactly.” The remaining 
interaction ( V  - U )  is regarded as weak and is responsible, say, for the nucleon 
transfer reactions, which typically have smaller cross sections than the elastic 
or collective inelastic transitions. In a more general context, we simply regard 
U as an auxiliary potential introduced to represent an important part of the 
scattering. In the development of this section, which is a generalization of the 
Gell-Mann-Goldberger transformation to rearrangement collisions, we shall 
not make any special assumptions about U ,  other than that it differs from 1.: In 
general, then, it can cause elastic, inelastic, and rearrangement scattering. It is 
important to notice that, whereas the equality 

H = H ,  + T,  + V ,  = H ,  + T,  + V’= . . .  

corresponds merely to a rearrangement of terms in the Hamiltonian, as 
discussed in Chapter 3, no such equality exists for the auxiliary Hamiltonians 

H # H ,  + T,  + U ,  # Hp + Tp + U,. 

We shall retain the notation of Chapter 5 in denoting the state vector 
corresponding to U ,  as x,. However, in Chapter 5, U ,  was a one-body 
potential in the channel coordinate, so the problem separated into one 
involving the relative motion and one involving the intrinsic nuclear degrees of 
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freedom. In this case factorization does not occur, so that xu denotes the state 
of the entire system. It is solution to 

( E  - H ,  - T, - U,)x, = 0. 

We can also write (6.1) together with (6.36) as 

( E  - H ,  - T, - U,)Y, = ( V ,  - U,)Y, + (E ,  - H ,  - T, - U,)X, 
or 

(6.36) 

1 
E - H ,  - T,  - U ,  -k ie 

y;+, = x u  (+)  + (V,  - U,)Y:”. (6.37) 

This is the integral equation (5.15).* Its ‘‘solution’’ can be obtained either by 
using the identity (6.20) or by observing that 

( E  - H ,  - T,  - V,W, = ( E  - H ,  - T, - &)Xu + K - ~ , ) x , ,  
from which 

(6.38) 

The F matrix can also be written in terms of the “distorted waves” x, which 
are solutions of (6.36). In other words, we can rederive (5.17) using these 
operator techniques. Use (6.38) for Yh” in 

fpa = (#plblY‘h+)) 

= (4pI5 - V ,  + u,lxh+’> + (q-q& - U,lXh+)>, (6.39) 

where (6.31) was used in the last step. An alternative derivation of this last 
result is given by Messiah (1962, Vol. 11, Ch. XIX, Sect. 20). Note that in the 
case of no rearrangement, that is to say, simply elastic or inelastic scattering, 
the two potentials Vp and V ,  are identical and only U ,  is left in the first term. It 

‘This was not a derivation but a fast way of “guessing” the answer. It can be derived from (6.21) 
using the identity (6.20) and the solution of (6.36) analogous to (6.21). Alternatively, by direct 
substitution of (6.37) into (6.1) with the aid of (6.20), we find 

- is 

E -  H , -  T , -  U a + i s  
( E  - H)’I’r) = (V, - UJY:+). 

In the same way as the is term of(6.25) was studied, the square of the norm of the right side is found 
to vanish as E + 0. 
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then has the traditional form of(6.22). But for a rearrangement collision # a
the first term of (6.39) has an unfamiliar form. Why? Before providing the 
answer, note that (6.39) was obtained by substituting an expression for Y(x’
into the general result (6.22). Of‘ course, we should be able to obtain it by 
looking at the asymptotic behavior of Yr), in the same way that (6.22) was 
derived. It will prove very instructive to do so. We start this time with (6.38). 
Using the operator identity (6.20), the standard procedure is to extract the free 
Green’s function. For the rearrangement channel p, we can write 

(V ,  - U , ) X ~ ’ .  (6.40) 
E - H + i e  

YL+) = xh“ + 
E - H ,  - T,  + ie 

Going to the coordinate representation we find, in the by now familiar way, 
that the transition amplitude to @, in the second term is given by 

This is the expected term in (6.39). Of course, xh” may also have a scattering 
amplitude. Let us note that the integral equation and solution corresponding 
to (6.36) are 

(6.41a) 

and 

(6.41b) 
1 

u a 4 a  2 E - H ,  - T,  - U ,  + ie xL+) = 4, + 

respectively. From the integral equation we recognize the free outgoing 
Green’s function in channel a and can write immediately 

r u m  ,‘a = (4,,lu,l~l+’>. (6.42) 

This is the alternative derivation of the first term in (6.39). What about the 
rearrangement amplitude in x?)? Rewrite the Schrodinger equation for X, as 

( E  - H ,  - Tp)x$+’ = (t$ - V ,  + U,)xh’). 

Hence, 

1 

E - H ,  - T ,  + ie 
xt” = (V, - V, + U,)xh+). (6.4 1 c) 

The same result could be derived more rigorously from (6.41), just as (6.26) 
was derived. Also, just as in the case of (6.26), we cannot add a homo- 
geneous solution 4, to this, for then it would not satisfy the Schrodinger 

é
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equation. Again in the usual way, the amplitude for outgoing scattered waves 
in the channel 0, can be read from (6.41~). It is precisely the first term of 
(6.39). 

Had we been careless, we might have said that the amplitude for the 
rearrangement transition a+  /?caused by U is (4, I U ,  I x?)), in analogy with 
(6.22). This would be wrong although (6.22) is perfectly correct. The point is 
that the eigenstates defining the partitions a, /?, . . . are eigenstates of the true 
interactions vj of the problem and not of the auxiliary potentials U,, 

As can be imagined, there is an alternative form of (6.39) that involves the 
exact solution Y with boundary conditions corresponding to the initial 
channel, that is, Y c ) ,  rather than the final channel. However, because in many 
applications of these results the auxiliary potentials are non-Hermitian optical 
potentials, we must adopt a convention concerning the use of U and Ut. 
Having written the outgoing wave solution Yh+) in terms of xh’) in (6.38), then 
physically it makes sense that x?) should be calculated from an absorptive 
potential. Because x, satisfies (6.36), we shall associate absorption (negative 
imaginary part) with U,. We have already derived one expression for the 
T matrix corresponding to the auxiliary potential U,, namely (6.42). 
Substituting (6.41 b) in that expression, we have 

1 
= ( ( I  + E - H a  - Ta - U ,  - ie 

Note the appearance of U J  because we are not assuming the Hermiticity of U , .  
Also note the incoming wave boundary condition - k. This suggests that we 
define 

(6.44a) 

which satisfies 
( E  - H ,  - Ta - UZ)$’ = 0. (6.44b) 

With this definition we then obtain the equality corresponding to (6.32): 

y a’,, Ua = <xh;’lUal4a> = < 4 a , l u a l x h + ’ ) .  (6.45) 

Thus (6.32) holds for non-Hermitian Hamiltonians if the convention (6.44) is 
adopted. 

Having defined what we mean by an incoming wave solution for a non- 
Hermitian Hamiltonian, we can derive, analogous to (6.39), the equation 

(6.46) F,, = (xb-’lK - V, + U,l4,)  + (xb-’lV, - UpIYI”). 
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Equations (6.39) and (6.46) are generalizations of the Gell-Mann-Goldbergerr 
transformation for a reaction involving two partitions, i.e., a rearrange- 
ment reaction. 

The result derived above is completely general, and holds true for any choice 
of potential U .  Of course, it is a useful result only if U is chosen so as to pose a 
solvable problem whose solution represents some of the essential features of 
the physical situation. The simplest case is the one already treated in Chapter 
5,  where U was assumed to be a one-body optical potential whose parameters 
were chosen so that the elastic cross section was well described. In Chapter 17 
we shall take up the subject of inelastic contributions to particle transfer 
reactions. In this more general case, U will be assumed to have properties that 
induce elastic and inelastic scattering, and can be referred to as a generalized 
optical potential. In either of these cases, U does not cause rearrangement 
reactions. Consequently, the first term of (6.39) vanishes if /3 is different from 
the entrance channel ct.$ 

At this point note that there is an equation analogous to (6.38) for ‘Pi-). It is 

(6.47) 

where, in accord with the convention adopted for non-Hermitian potentials, 
xb-’ satisfies 

( E  - H ,  - ‘T, - UB)xb-’ = 0. (6.48a) 

That (6.47) is a solution of (6.1) can be proven in several ways. For example, by 
direct substitution into (6.1) we obtain, 

The norm of the right side can be proven to vanish in the limit E + 0,just as was 
done for a similar object earlier in the chapter. Alternatively, note the integral 
equation and solution corresponding to (6.48a): 

(6.48b) 

(6.48~) 

This is clear for example from (6.40). If U ,  is an optical potential, then xr ’cannot  contain any 
outgoing waves in channel f i .  Therefore x r ’  can have no rearrangement amplitude. Formally, the 
first term of (6.39) can be proven to vanish by rewriting V, - V ,  + U ,  = ( H ,  + T, + U,) - 
( H 8  + Tg). Hermiticity can be proven in the case in which U is an optical potential as in the last 
section of this chapter. Consequently the first term of (6.39) vanishes on the energy shell. 

‡
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Inserting (6.48~) into (6.47) we reproduce, after some manipulation, the 
solution (6.21). 

G. DISTORTED-WAVE GREEN’S FUNCTION 

There is another Green’s function of interest beside the free one (6.24). It is 
the distorted-wave or optical potential Green’s function, which was explicitly 
constructed in the last chapter (5.13). We can deduce a result similar to (6.2413) 
for the distorted-wave Green’s function. First, however, note a trivial 
difference in definition. Usually, the distorted-wave function x concerns the 
relative motion only, as in Chapters 4 and 5 and throughout most of the book. 
However, in this chapter the auxiliary potential, for most of the development, 
was allowed to be more general-a sum of two-body interactions just as V,  
but simply constructed from different potentials. Consequently, in the 
Schrodinger equation, the relative and intrinsic degrees of freedom do not, in 
general, separate. Thus, contrast (6.36) and (4.2). In this and the last section, 
however, we have derived results explicitly for an optical potential. We 
continue to use the notation of this chapter. The relationship is obviously 

(6.49) 

where the notation of this chapter (in coordinate space) is written on the left. 
The Green’s function operator corresponding to the optical potential U, is 

fi)(ra, A, a) = X(*)(r,)@,(A, a), (if U = optical potential) 

G:-) = (GY))+. (6.50a) 
1 

E - H a - T , - U , + i e ’  
G:+) = 

In the convention of the last chapter, the nuclear Hamiltonian H ,  would be 
absent. The Green’s function operator of the last chapter is simply the matrix 
element of the present one: 

(U = optical potential) (6.50b) 
1 

E , -  T,- U ,  + i s  (a,, I Gh” [ @,) = ha‘,, 

This is diagonal because U ,  is now supposed to be a one-body optical 
potential. 

We can use the identity (6.20a) to extract the free Green’s function from 
(6.50): 

1 
E - Ha - T, - U ,  + ie 

1 
(l.,, E - H a  - T,  - U ,  + ie E - H a  - T, + ie 

- - 
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Now take the representation ra@, of GL+’ acting on an arbitrary vector X ) .  

( ramar I G r  ’ X )  

- m, exp(ik,r,) 
2nk2 r,  

- -- ( xL; ) lX )  (U =optical potential). (6.51) 

Thus the appearance of an operator like (6.50a) permits us to extract the 
scattering amplitude in terms of distorted waves, just as the appearance of the 
free Green’s function operator permitted its extraction according to (6.24b) for 
plane waves. 

H. DISTORTED-WAVE BORN APPROXIMATION 

We can use (6.38) in (6.46) to replace the exact wave function Y, by solutions 
x, of the auxiliary problem defined by (6.36). In practice, U is chosen as an 
optical potential such as was introduced in Chapter 4, or as a generalized 
optical potential that can cause both elastic and inelastic scattering. Let us 
now restrict U to be an optical potential. Then the first term of (6.46) is 
diagonal and we have, 

r f i a  = (xL-’lUal4,> J a ,  

Similarly, (6.47) can be used in (6.39) with the result 

y p a  = <#,(uajxk+’> 6afi 

We obtain the distorted-wave Born approximation by neglecting the second- 
and higher-order terms in Eqs. (6.52a) and (6.52b). Depending on whether 
we use (6.52a) or (6.52b), we obtain, for the first distorted-wave Born 
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approximation, 
y D W B . 4  - 

pa(post) - <xi-’[ ual$a> a,, + <Xb-’[ V, - Up[Xh+’?, (6.534 

(6.5 3 b) 

These two formulas are referred to as the post and prior forms of the 
distorted-wave Born approximation. They are equal to each other as will be 
shown. It is, therefore, a matter of convenience which formula is used. 
However, though equivalent as they stand, subsequent approximations can 
lead to different results. 

The first terms in (6.53a) and (6.53b) were already proven equivalent in 
(6.45). To see that the second terms are also equal note that because 

and 
y D W B A  - , ,a(prior) - <Cpa(ua(&+’? + <x$-’~K - Ual~‘,‘’). 

H = H , + T a + V , = H p + T p +  Vp, 
then 

Vp - V ,  = H a  + T,  - (Hp + Tp) 

Consequently the difference between the second terms of (6.53) can be 
rewritten, 

xb-’I(Vp - Up) - (V ,  - ua)lx‘,‘’> 
= (x$-’l(Ha + T ,  + u,) - ( H ,  + T ,  + U,>Ix‘b+)). 

By virtue of (6.36), the Hamiltonian in the first parenthesis on the right can 
be replaced by E .  We shall prove in the last section of this chapter that 
H ,  + T,  is Hermitian in the above context. Therefore by virtue of (6.48a) the 
quantity in the second parenthesis can also be replaced by E. Therefore, 

<x$-’lvp - U,[x:+’? = <xb-’lv, - u,lxh“>. (6.54) 

Thus, as asserted (6-53a) and (6-53b) are equivalent. 
Finally, we add a note on the relationship between x(+) and x(-), which was 

derived in Chapter 5. We can rederive it by noting the solutions (6.41b) 
and (6.44a). Thus, because Cp, has a plane wave part exp(ik;r,), we have 

and 
1 

E - Ha - T, - U: - iE 

from which it follows immediately that 
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I. SECOND DISTORTED-WAVE BORN APPROXIMATION 

The expressions (6.52) recast the problem posed in (6.39) or (6.46). In the one 
case the exact wave function appears in the expression for the amplitude. In the 
other, the exact Green’s function appears. It can be expanded in a variety of 
ways, by using the identity (6.20a). Clearly an expansion in terms of an optical 
potential Green’s function is interesting, since the optical model is solvable. In 
(5.13) we have an explicit construction of such a Green’s function. Let us 
denote by y any channel, which could be CI, or p, or some other one. Use the 
identity (6.20a) to write the exact Green’s function as 

1 
E - H y  - T y  - U ,  + ie 

- - 1 
E - H + is 

Let us denote the exact Green’s function by 

1 
E - H + i &  

G ( + )  = 

Then the above identity can be written 

(6.56) 

G(+)  = G(+)  , (1 + (6 - Uy)G‘+’) (6.57) 

and can be iterated in a number of ways, 

G(+)  = G(+)  + G(+)(p‘ - u )G(+) + . . . 
Y Y Y  Y Y  

= GI+’ + G\+’(Vy - U,)GB+’ + . . . (6.58) 

etc., where y and 6 are any two-body channels, which could be chosen as CI 

or fi or as any other channels. If summed to infinity, all such expansions are 
identical. However, this is not possible in practice. The optimum choice must 
therefore depend on the physics of the situation at hand. 

We obtain series expansions of the transition amplitude when such 
expansions for G ( + )  are used in (6.52). If we terminate the series for the 
amplitude we obtain 

y ( 2 )  Pa = F ( 1 )  Ba + y ( 2 )  Pya 

g ( 1 )  pa = ( x “ I  p ( I/ p - up)lxh+’> 
y ( 2 )  BYE = (pi B ( p‘ B - U,)GY(v, - Ua)lx:+’> 

(any Y )  (6.59a) 

(6.59b) 

(6.59~) 

Ss” is just the DWBA amplitude. I call it by this new name to systematize 
the notation of this section. It obviously describes the direct transition from 
initial to final state. The second term represents two-step processes passing 
through the intermediate channels of partition y. Interestingly the two terms 
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can be combined into a single one. For y # c1, notice 

(V,  - U ,  - v, + U,)xa = ( H ,  + T,  + U ,  - H a  - T,  - U J x ,  
= ( H ,  + T ,  + U ,  - E)x,. 

Therefore 

G$+’(V, - U J x r ’  = GF’(V, - U,)xr’ - xr ’ .  
Hence, 

y ( 2 ’  Bra = -F(l) pa + ( f ’  p ICVp - Up)G:”(vy - uy)lxh+’>* (6.60) 

Using this result in (6.59a) yields 

Y$) = (xb-’I(k$ - Up)G$”(V, - U,)lxr’)  (6.61) 

This second order amplitude is in fact the sum of the first- and second-order 
processes described above and was obtained first by Kunz and Rost (1973). 
In fact, the result can be generalized to any order, as Nagarajan (pers. com. 
1982) has shown. Thus, for example, 

F ( 3 ’  - T(1’ + 9 2 )  + Y ( 3 ’  
pa = pa Pra Pyda  

= (xb-’I(Vp - UB)GY’(Y - U,,)GL+)(& - U,)lxr’) (6.62) 

These formulas are very compact in appearance, but before they can be used in 
an actual calculation, the full implication of the notation must be realized. 
Generally a calculation is performed in coordinate space. It will be useful at 
this point to recall the material of Chapter 5 Section H ,  especially the 
discussion of relative coordinates. To give more precise meaning to (6.S9c), as 
an example, we must use the completeness relation for the channel wave 
functions 0, on both sides of the Green’s function G,. Note that it is diagonal 
(6.50b). The coordinate space representation of (6.SOb) was obtained in (5.13). 
Thus we can write 

y ( 2 )  /?,a - - - (2m,/h2) c p r ,  dr, dr, dr; XB*‘-’(kp, ‘a) 
Y 

x (Qpl vp - Upl@y)rpryfty(ry < P $ ; ) ( r y  > )Mk,ry > r y  

x Ye,(?,) . YeJyy)(QylV, - UaIQa)r;rbXb+’(ka, r a )  

Here r ,  < and r , ,  mean the lesser and greater of the radial coordinates r ,  and r;, 
The coordinate dependences of the nuclear matrix elements are indicated as 
subscripts, and we have reverted to the notation of Chapter 5 as concerns the 
product wave function (6.49). The sum on y is over the nuclear states QY and 
relative angular momentum t,. 
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J. MULTIPLE-SCATTERING SERIES OF WATSON 

A very elegant and powerful formalism was developed by K. M. Watson 
(1953), which achieves a formal solution to the general scattering problem. In 
effect, what Watson succeeded in doing was rearranging the terms in the series 
(6.35) so that the first term in his series sums an important set of the terms in 
(6.35) to all orders. Such a rearrangement plays a central role in Breuckner’s 
many-body theory of the nucleus. It will be important to us in later chapters, 
where the actual two-nucleon interaction is related to nucleon-nucleuss 
scattering, to have an acquaintance with Watson’s theory. 

Instead of deriving Watson’s solution to the integral equation for Y(+) and 
then deriving the multiple scattering series for the T operator from it, we derive 
the latter directly, so as to exhibit the most important result for our purpose 
first. Later we shall prove Watson’s solution for the state vector. 

Recall the integral equation for the T operator for the channel CI is (6.34): 

T .  (6.63) 
1 

E - HA - T, + ie 
T = V + V  

Because we consider only a single channel, as is appropriate for elastic and 
inelastic scattering, we do not label V. Recall that the channel interaction V,  
in case the projectile is simply the nucleon i, is 

v =  1 K j .  
j e A  

(6.64a) 

We usually discuss the theory in the context of nucleon-nucleus scattering, in 
which case a is just the projectile nucleon. This specialization is not necessary. 
In either case, we seek to express Tin terms ofelementary quantities involving 
the projectile and individual target nucleons, of which one is given the label j. 
Call this interaction V,, where 

if a is a nucleon 

Consequently, we write (6.64a) as 
A v =  1 vj 

j =  1 

(6.65) 

(6.64b) 

Remember that T is an operator that acts in the space of A + a nucleons. We 
can write (6.63) as 

T = V(1 + g‘+’T) = q(1 + g‘+’T), (6.66) 
j 
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where we define, for convenience, the Green's function 

(6.67) 

(This is the same as (6.24a). Here we simplify the notation.) 

and j is given by (6.63) with HA absent: 
The t operator corresponding to the scattering of two free nucleons labeled i 

(6.68) 

where T, is the relative kinetic energy operator.* The corresponding operator 
if the nucleon j is bound in a nucleus A is 

(6.69a) 

In the notation of (6.65) and (6.67) 

z j  = 6 + q g ( + ) z j  = v,(l + g(+)z j ) .  (6.69b) 

Now define a two-body operator oj by the identity 

q(l + g ( + ) T )  = z J LO. 3' (6.70) 

This is motivated by the fact that the left side is one term in the sum that 
appears in (6.66). Thus (6.66) can be rewritten as 

A 

j =  1 
(6.7 1) 

To find out what oj is, substitute (6.69b) into the right side of (6.70) to obtain 

1 + g ( + ) T  = (1 + g '+ 'z j )w j .  (6.72) 

Now rearrange this as 

oj = 1 + g'+'T - g ' + ' z j o j .  (6.73) 

In view of (6.71), we now have 

oj = 1 + g ( + )  1 zkok. (6.74) 
k # j  

This can be iterated to obtain 

(6.75) 

No confusion need arise by the use of T as a Toperator and T as a kinetic energy because the 
latter will occur, as in (6.68), in the denominator. 

‡
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When this is inserted into (6.71), the very important result for T is obtained: 

which expresses the many-body operator in terms of a sum of two-body 
operators. This is Watson’s multiple scattering series, which is of fundamental 
importance in nuclear physics. We give a preview of why this is so. First, it is a 
series in terms of z j  not 5. Thus at each order in the series (6.76), the full 
scattering sequence between projectile and target nucleonj enters, represented 
by the series 

z. J J  = v. + 5 g ( + ) 5  + I/. Jg ( + ) 5 g ( + ) q  + . . . . (6.77) 

This follows by iterating (6.69b). Thus (6.76) is a remarkable reordering of the 
series that one obtains by iterating (6.63), namely, 

A 

(6.78) 

Both (6.76) and (6.78) are exact. However, for a singular interaction such as the 
nucleon-nucleon interaction (6.78) is of no use because in the matrix element 
for the amplitude (6.27) it diverges term by term. In contrast, (6.76) is written in 
terms of the two-body z operator. The operator is nonsingular, even though 5 
is singular. There are several ways of understanding this. One is simply by 
noting that the scattering amplitude, which is perfectly well defined even for 
scattering by a hard-core potential, is given by the plane-wave matrix element 
of T.* Another way of making the same point is by manipulating (6.69b) to the 
form 

z j  = (1 - yg(+))-15. (6.79) 

The ratio of numerator and denominator remains finite even in the region of 
the hard core! Thus (6.76) is a series development in terms of a well-behaved 
operator. Second, Watson’s series represents the successive scattering of the 
projectile from different target nucleons. The first term represents the complete 
scattering from any single nucleon in the target, summed over all target 
nucleons. The second term represents the complete scattering of the incident 
nucleon by any two different bound nucleons: first by nucleon k,  its 
propagation in the nucleus until it scatters from nucleon j and then emerges, 
and such events summed over all pairs. The third term represents the complete 
scattering from three different bound nucleons, and so on. 

Thus Watson’s series is a very powerful reordering of the T matrix series, 
which, at the first term, sums a subset of the infinite series of (6.78) and, 

* The Schrodinger equation for scattering by an infinite repulsive potential is easy to solve. 
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moreover, does it in such a way as to achieve a nonsingular operator at each 
term. Such a reordering plays a central role in Breuckner's many-body theory 
of the nucleus. 

At this point we mention a basic assumption that underlies the development 
of scattering theory in the preceding chapters. We know that the vacuum 
nucleon-nucleon interaction is singular, possessing strong (if not infinite) 
repulsion at short distance. It is certainly not possible to construct a 
meaningful perturbation theory based on such an interaction. The matrix 
elements, taken with respect to uncorrelated wave functions, would be infinite 
in the case of a hard-core potential and otherwise would lead to divergences for 
a strongly repulsive interaction. Therefore, we have assumed that there exists 
an effective interaction that is well behaved and for which the perturbative 
approach can converge. The DWBA is of course based on a power series in the 
interaction. In Chapter 8, using Watson's theory, we shall prove that the 
concept of an effective interaction has more than phenomenological meaning. 
It exists as a formal theoretical construct, and it can be developed, as in 
Watson's series, in terms of the nonsingular two-body z matrix. 

The preceding results are the main ones as far as we are concerned. 
However, for completeness, let us derive Watson's solution for the state vector, 
which satisfies 

1 
E - H A  - T,  + i E  

Y p  = 4, + I/,Y'h+'. 

Earlier we derived the formal solution 

(6.80) 

(6.81) 

Using the identity (6.20a) it is trivial to rewrite this in terms of the T operator as 

(6.82a) 

or in the preceding abbreviated notation as 

'Pa = ( 1  + g'+'T)4,. (6.82b) 

Use (6.72) in this to obtain 

Y, = ( 1  + g ( + ) Z j ) o j 4 0  = (1  + g ( + ) Z j ) $ j + ) ,  (6.83) 

where we define 

(6.84) 
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We used (6.74) to rewrite w j  in the derivation. From (6.70), (6.83), and (6.84), 
note the relation 

‘.;.Y‘h‘) = r J J  .$(.+ ), (6.85) 

which is analogous to (6.33). Consequently, 

yay:) = c ‘.;.$‘h‘) = c Ti$$+). 
j j 

Insert this into the right side of (6.80) to obtain 

(6.86) 

Equations (6.84) and (6.86) are Watson’s solution to the integral equation of 
YY), written in terms of the two-body z k .  He used them to derive the multiple 
scattering series, which we obtained directly. 

K. GREEN’S THEOREM AND THE HERMITIAN H 

The proof that the Laplacian operator in H is Hermitian involves the use of 
Green’s theorem. In scattering theory, however, the very existence of a 
nonvanishing transition amplitude depends on the non-Hermiticity of H with 
respect to its matrix element between a plane-wave state and a scattering state. 
This fact, is worth emphasizing. For example, consider 

(4,JK - V,J$a> = (+pJ(H/I + TB) - ( H a  + T a I 1 4 a ) .  (6.87) 

Here 4m and 4, have the same boundary condition; they are both plane waves 
in relative motion. The Hamiltonian H ,  + T,  is Hermitian, and the preceding 
result is zero on the energy shell. This was the proof of (6.29). 

Now consider, by contrast, the general expression for the transition 
amplitude, and rewrite the potential in terms of the Hamiltonians: 

<4plbIy:+)) = <4# - ( H ,  + q?)[%+)). (6.88) 

If we assume that H ,  + T,  is Hermitian here, we obtain zero for the ampli- 
tude. Either our theory is nonsense or H ,  + To is not Hermitian in this con- 
text. The latter is of course true. This Hamiltonian is non-Hermitian if 

( W p  + T,)4,l~‘l+’> - (4plHp + qph”) z 0. (6.89) 

We now prove explicitly that the difference is finite. The angle brackets of 
course represent integrals over the 3(A + a - 1) relative coordinates 
5 ,  . . .  5 A + a - 1 .  The potential terms drop out of the difference if they are 
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Hermitian, which we assume to be the case, leaving only the kinetic terms. The 
difference is therefore 

where y is summed over all the relative coordinates and my is the reduced mass 
for this coordinate. Let the region of integration by initially bounded by a 
sphere in each coordinate. Later we let the boundary go to infinity. Consider a 
typical term in the sum. The integral on the y relative coordinate can be 
converted into a surface integral on the boundary. The surface element is 
R:dQ,, where R, is the radius of the sphere and 0, the solid angle. There 
remains of course the volume integral on each of the other coordinates. Denote 
this by d%. Then the 7th term in the sum is 

Now recall that 

The second expression is the standard asymptotic form of a scattering 
state with a plane-wave state in channel a and an outgoing wave in open 
channels, which we saw in (3.34). The plane-wave part contributes nothing. 
This follows because it is proportional to (a>, I a>J evaluated on the surface 
ry = R,. As R, --f 00, 0, --f 0 because OD is bound in all relative coordinates 
except ra . Therefore, any contribution must come from the outgoing wave 
parts of (6.92). In (6.91) these involve the overlap D,,), which again 
vanishes in the limit R, + co unless y = j. Therefore, all terms D ,  vanish 
except D,, which is finite if /3 is an open channel, that is, if fpa # 0. 
Therefore, (6.90) is 

We have already anticipated R, --f co by setting 

To take the radial derivative of the plane wave it is useful to have the following 
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asymptotic form: 

271 
r + m  ikr 

exp(ik -,r) - [6(fir - i&) exp(ikr) - 6(Qr + f i k )  exp( - ik r ) ] .  (6.94) 

The 6 functions are two dimensional over the polar coordinates. This limit can 
be derived by examining the spherical harmonic expansion of exp(ik - r) and 
using the closure property of the spherical harmonics. Carrying out the 
derivatives now and letting R, + co, we find 

(6.95) 

Thus 

(4,Iq?lV) = (4,IH - ( H ,  + T,)I%+)) 

2Zh2 

m, 
which proves that (4,Iq?,lYc)) does not vanish if the channel is open and is 
proportional, as expected, to the scattering amplitude in this channel. 

We can prove (6.54) by Green’s theorem under the stated condition that U ,  
and U ,  are optical potentials that cannot cause rearrangement scattering. The 
key point is that they do not possess any common channel in such a case. First, 
note that 

V, - V ,  = H ,  + T,  - ( H ,  + 7’6). (6.97) 

= E(d,IYh+)) - E(4pIYh+’) - ~ f,,(C,)> (6.96) 

To determine if H ,  + T, is Hermitian examine 

((Hp + T,)xp/xb+’) - (xb-’IH, + T,]xY’) 

Because there are no common channels in x, and X, and because, 

(6.99) 

the difference (6.98) vanishes. As a consequence H ,  + T, is Hermitian in this 
context. Therefore 

<xb-’p$ - Up) - ( Y ,  - u,)lx:+’> 
= <$’/(Ha + Ta + Ua) - (HP + T,  + U,)lxb+’> 
= E(~b-’Ix;+’) - ( ( H ,  + Tp + UJ)xb-)/xlf’) 
= o  (6.100) 

The equality to zero holds on the energy shell. This proves (6.54). 
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Notes to Chapter 6 

Representation theory in quantum mechanics is due to P. A. M. Dirac and a complete account 
of it can be found in his book “The Principles of Quantum Mechanics” (1947). For a briefer 
account see Rodberg and Thaler (1967). For a rigorous treatment of scattering theory using wave 
packets, see Chapters 3 and 4 of Goldberger and Watson (1964). The original derivation of the 
distorted wave Born approximation was performed in the famous book “The Theory of Atomic 
Collisions” by Mott and Massey (1933). 



Chapter 7 
Calculation of 

the DWBA Amplitude 

A. INTRODUCTION 

In the preceding chapters, we derived an expression for the transition 
amplitude for a general rearrangement reaction involving two channels. This 
involves the complete (and therefore unattainable) exact wave function. The 
foundations for a very useful approximate scheme were then laid, which in- 
volved first the optical potential that describes the relative motion in the 
elastic channel. The direct reactions are regarded as a perturbation on this. 
The resulting approximate transition amplitude, involving as it does the dis- 
tortion (from plane waves) of the wave function of relative motion in incident 
and outgoing channels, is known as the distorted-wave Born approximation 
amplitude (DWBA). It has proved enormously useful in the interpretation 
of experimental data. Whereas closed-form expressions for the cross sections 
can be obtained in the plane-wave approximation, this is not the case for 
the DWBA amplitude. Its calculation requires a large-scale computational 
effort that is practicable only on fast electronic computers. Such compu- 
tations have been possible for many years. The general strategy of the cal- 
culation is common to all direct reactions. The elastic scattering data in 
the initial and final partitions at or near the energy of the direct reaction 

89 
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are needed for the purpose of determining the optical-potential parameters. 
The distorted waves are the solution to these two optical-model problems. 
This describes the wave functions of relative motion. The other ingredient 
of the transition amplitude is a nuclear overlap function whose form de- 
pends on the particular reaction under consideration. It was denoted by 
(@,I V, - and involves an integration over all intrinsic nuclear coor- 
dinates and spins. It remains a function of the two channel coordinates ra 
and rB. The DWBA amplitude is then the integral of this nuclear overlap 
function with the distorted waves. 

Various techniques are involved in the evaluation of the nuclear overlap 
function, depending on the nature of the reaction under consideration and 
on the nuclear description. The object of this chapter is to make explicit the 
ingredients of the distorted-wave amplitude for a few reactions, which at this 
stage are chosen to be fairly simple. 

B. THE (d, p) STRIPPING REACTION 

The stripping reaction and its inverse, the pickup reaction, are among the 
most important, especially for nuclear spectroscopy. The spins and parities 
of an enormous number of nuclear states have been determined through the 
analysis of these reactions. They were instrumental in confirming the shell- 
model description of nuclei, and they provide a direct measure of the single- 
particle character of nuclear states, as will become evident. 

The existence of a direct reaction mechanism, which is distinct from com- 
pound nucleus formation and decay, was first recognized by Butler (1950, 
1951), based on his interpretation of data on the (d, p) reaction. The early 
estimates of the distortion effects made by Horowitz and Messiah (1953) 
and by Butler and Austern (1954) were soon followed by Tobocman's (1954) 
complete formulation and extensive numerical calculations. 

The general form of the DWBA amplitude to which we must now give 
explicit meaning is 

where W is the statistical weight of the direct terms (see Chapter 5). The 
reaction is denoted by 

d + A + p  + ( A  + 1) = p + B. (7.2) 

From the definition (3.6) we have 
A 

v, = V,, + 1 vpi = V," + Vp*, 
i = l  

(7.3) 

Uß|ø )
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This full interaction is seldom if ever evaluated. One may argue that VpA 
should have the general effect that is described by the one-body optical 
potential Up and that the difference 

<vp, - up> = 0 (7.4) 

may therefore be neglected. From the meaning ascribed to @a and OD, they 
take the particular forms 

where A refers to the nucleon coordinates and spins, X denotes cpin wave 
functions, (T, and oP denote neutron and proton spin coordinates, and 
(bd denotes the deuteron radial function (assumed to be a triplet S-state). 
Finally, r = rn - rp is the relative coordinate on which the deuteron wave 
function depends. 

With approximatiorl (7.4), we recognize that the remaining interaction 
does not depend on the A coordinates, so that we can consider separately 
the integral 

j @:(A, rn)@yL(A) d~ (7.7) 

It is customary to introduce a fractional parentage expansion of the nuclear 
wave function, which for the present purpose would be a single particle 
parentage, namely, (see Macfarlane and French, 1960; Glendenning, 1963). 

@?(A, rn) = 1 PjAB, A W  [Q~,.(A)4ntj(rn)I2, (7.8) 
A’jl 

where d is an antisymmetrization operator [see (5.28) for its form]. The j 
are generalized coefficients of fractional parentage, and their value depends 
on the detailed structure of the nuclear wave function. In principle there 
would be a sum on the radial quantum number n in (7.8) and (7.13). However, 
the shell model tells us which radial state is in question. As a particularly 
trivial example, suppose B is a closed-shell nucleus plus one neutron. In that 
case, 

‘z(A, rn) = -pe(@~(A)(b~~j:ej(rn))6jJB6mMB. (7.9) 
In expression (7.8) the square bracket denotes vector coupling: 

[@J.4j]J” = 1 c;,i$Dy’dy, (7.10) 
M‘m 

and dnlj denotes a spin-orbit function for a shell-model state: 

4,”ej(rn, o n )  = C(bnArn)Xl/2(on)ljmt (7.1 1) 

dy‘(rn) = unArn)Y?(fn) (7.12) 
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Here un8 is the radial wave function. Now we have from (7.8) 

(7.13) 

Note the very important property that the parentage amplitudes accessible 
to study by the direct single-step transition are those for which the core 
nucleons A are unchanged by the reaction. In general there are of course 
many other amplitudes in the wave function (7.8). 

The square of the amplitude p is often called the spectroscopic factor 
(MacFarlane and French, 1960; Glendenning, 1963) 

s"::' = pej = SdAdr, @ 2 * ( A  + 1)d[@J,(A)q5,ej(rn)]~ 

We shall discuss this important quantity later in the chapter. 
Recall that the statistical weight of the direct term is to be understood in 

the sense as described in Chapter 5. Thus, if the neutrons and protons are 
distinguished, as in this example, then 

(7.15) 

where v and 71 are the number of neutrons and protons transferred. 
Combining these results in (7.1) leads to 

J A  j JB ~(1/7-)(1/2)(1)ct (1/2) j 
<d(JAMApd --* J,MB&) = 1 'h'fAmjhfB p p  pn pd m i  pn mj 

e j  

x i'(2L + 1)1i2BFs"j/2 (7.16) 

where 

B,"c(kp > kd) 

= i - e ( 2 /  + 1)-(1/2) 1 xb-)*(kp, rp)4$(rn) Vnp(r)x!:)(kd? rd)4d(r) drn drp. 

(7.17) 

The cross section is (3.39) 

(7.18) 
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where ??zd and mp are the reduced masses. Usually one does not measure 
the spin directions ,upMB, and additionally the target and projectile are 
unoriented. Therefore the cross section that is usually measured is a sum over 
all final orientations produced by an average initial orientation, (see 5.50) 

(7.19) 

This expression exhibits a division into two factors: 9 e j ,  the spectroscopic 
factor, which is determined solely by the properties of the nuclei; and a 
factor IB12, which contains all of the kinematic dependence through the wave 
functions of the relative motion and their overlap with each other. In 
addition, it contains the nuclear wave function of the transferred neutron. 
Together these factors, the distorted waves, the bound-state wave function, 
and the interaction, control where the reaction occurs, or more aptly stated, 
its radial distribution. 

As a condition that the Clebsch-Gordan coefficients in (7.16) should not 
vanish, the following selection rules on t and j must hold: 

(7.20) JB =JA + j = J A  + 8 ++. 
In addition, the parities are connected by 

nB = EA(-)e, (7.21) 

From the discussion in Chapter 2, we anticipate that (BFclZ will have an 
angular dependence that depends on t and that by a comparison with experi- 
ment the value o f t  can be determined. In this event, the selection rules give 
explicit relations between initial and final angular momenta and parity of 
the nuclear states, such that, if those of the initial state are known, then 
those of the final state can be inferred. This is a most important application 
of reactions. 

To calculate the cross section, we must still calculate Br.  This was done 
for plane waves in Chapter 2. The task is now much more difficult because 
a six-fold integration is involved. Several mathematical methods for dealing 
with this six-fold integration have been derived,* and this subject will be 
taken up in Chapter 16. However, many of the calculations and analysis of 
experiments reported in the literature employed a range approximation. This 
is what we now consider. 

See Austern et al., 1964; Sawaguri and Tobocman, 1967; Charlton, 1973; Robson and Koshel, 
1972; and Glendenning and Nagarajan, 1974. 

‡
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C. ZERO-RANGE APPROXIMATION 

To render the integral defining the amplitude BF more tractable, we now 

D(r) vpn(r)#d(r) = D06(r). (7.22) 

There are several possible ways of estimating the magnitude of Do. If a 
Hulthen wave function is employed as the deuteron wave function, one finds 

Do = r2Vnp(r)#O(r)dr N 1.5 x lo4 (MeV2fm3)'/2. (7.23) 

Alternatively, it can be evaluated using effective range theory; the result is the 
same (Austern, 1970). 

We are assuming that the dueteron exists only in the S state. There is a 
small D-state component, and its effects have been investigated by several 
authors (Johnson and Santos, 1967 and Delic and Robson, 1970). They are 
small but may be more important for transfers involving high angular 
momentum C than for low values. 

With reference to the coordinates in (2.5) one can see that the effect of the 
zero-range approximation is 

consider the approximation 

s 

A 
rd +rn ,  rp+- A + 1 rn7 

(7.24) 

so that B becomes 

B" e -  - i-e(2/ + 1)-(1/2)Do #d"*(r)xQ"(kd? r)dr, (7.25) 

which is now a three-dimensional integral. The two angle integrals can be 
done very easily be introducing the partial-wave expansions for the distorted 
waves (4.7) and (5.14) and making use of well-known results of angular 
momentum algebra (see A1 l), with the result 

where 

To summarize, the zero-range approximation has allowed the reduction to 
a single radial integral. That integral involves the bound state radial function 
and the radial functions for the distorted waves that are solutions to the 
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optical-model wave equation (4.6) and (4.7). That involves, as discussed, the 
complex optical potentials Up and U,. Except for square-well potentials, 
the solutions can be obtained only by numerical integration of the com- 
plex Schrodinger equations. This is done quite routinely on an electronic 
computer. 

D. EXAMPLES 

Before the theory can be applied to an analysis of data, it is necessary to 
obtain satisfactory optical-model parameters for both initial and final 
channels of the reaction. They are chosen, as discussed, to reproduce the 
elastic scattering at the same energies as the reaction under consideration 
or, if such elastic data is not available, then under the approximate condi- 
tions of the reaction. Any deviation at this point introduces an inaccuracy 
into the subsequent analysis. 

The analysis of the 

56Fe(d, p)57Fe, Ed = 15 MeV 

reaction affords a good example. In a case such as this, where the target is an 
even nucleus, then only one value o f t  and j is consistent with conservation 
of angular momentum and parity. In a shell-model interpretation of the 
nucleus, these define the shell-model state into which the particle is stripped. 
There may be other components in the wave function. For example, 

Q(57Fe) = P I  m0(56Fe)4nej(rn) + B 2 [ ~ ) 2 ( 5 6 F e ) ~ n , , , j ' ( ~ n ) l  j 

is a possible wave function. The reaction can, to the order we consider, pop- 
ulate only the first component and thus provide a measure of Pf or the spec- 
troscopic factor as it is frequently called. Figure 7.1 shows four transitions of 
two different shell-model states in 57Fe. Both the data and the theory 
illustrate the dependence of the angular distribution on L. In particular, the 
qualitative rule obtained in Chapter 2 from the consideration of angular 
momentum conservation and also the expectations based on the plane wave 
theory are born out. 

To achieve the agreement between theory and data, one calculates the 
cross section using shell-model wave functions 4ne with various values of / 
until the shape of the cross section is found to agree. The factor by which 
theory must be multiplied to achieve agreement in magnitude provides the 
value of the spectroscopic factor 9. 

The agreement of the shapes of the angular distributions of the zero-range 
theory with the data is quite convincing. Thus one feels that the identification 
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0 10 20 30 40 50 60 70 80 
8,-, ( d e g )  

Fig. 7.1. The DWBA stripping theory corresponding to neutron transfer into states with 
G = 0, 1, 2, 3 are compared with data for 56Fe(d, p)”Fe, Ed = 15 MeV (Cohen et a/., 1962.) 

of the spins and parities t, j ,  ( -)t are quite sound. However, the normaliza- 
tion by which the spectroscopic factor Ylj is determined may be incorrectly 
estimated. A comparison of the zero-range theory with a full finite-range 
calculation is usually reassuring (Drisco and Satchler, 1964) for the (d, p) 
reaction. 
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E. IMPROVEMENTS WITHIN THE FRAMEWORK 
OF THE DWBA 

The basic expression for the T matrix with which a DWBA calculation 
begins is given by Eq. (7.1). Even this expression is not trivial to compute. 
Various assumptions, depending on the particular reaction, are often made 
in evaluating the DWBA amplitude. These are in addition to the basic as- 
sumptions discussed in Chapter 5, which underly this amplitude. For exam- 
ple, in the application discussed in this chapter, it was assumed that 

(1) the optical potential is local, 
(2) there is an average cancellation of the optical potential against the 

(3) V,, is the interaction responsible for the reaction, 
(4) Vpn is of zero range, and 
(5) the neutron is removed from a shell model state of the nucleus. 

The last point may not appear to be an assumption because, in principle, 
the parentage expansion (7.8) exists. In practice it is not known (see Philpott 
et al., 1968). To know it would be tantamount to having the solution of the 
(A + ])-body problem. However, in regions of closed shells one feels confi- 
dent that it is dominated by a few terms that can be approximated by shell- 
model wave functions, and that the single-particle wave functions are 
approximately eigenstates of a potential well. 

A review of how some shortcomings have been handled can be found in 
the work of Glendenning (1975b) and can be used as a guide to the original 
literature on the subject. The finite range of the interaction is the subject of 
Chapter 16. 

proton-nucleus interaction, 

F. SPECTROSCOPIC FACTORS 
FOR ONE-NUCLEON TRANSFER 

A quantity of great importance in one-particle transfer reactions is the 
spectroscopic factor, which is the square of the parentage amplitude /J defined 
in Eqs. (7.Q (7.13), and (7.14). The reason for its importance is evidently that it 
measures the degree to which a state populated in a transfer reaction is a 
single-particle state. In the ideal shell model, the low-lying states of an odd 
nucleus would be pure single-particle shell model states. This situation is 
realized to a high degree near doubly magic nuclei such as '08Pb. The addition 
of one neutron or proton would form '09Pb and '09Bi, respectively, whose 
lowest states are good examples of nearly pure single-particle states. The 
removal of a neutron or proton likewise produces nearly pure hole states. 
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However, in nuclei removed from such a special situation, the single-particle 
nature of the ideal shell-model state is spread over several, or even many, 
nuclear states. This is already implied by our parentage expansion (7.8), in 
which many states of the nucleus (A + 1) can share a fraction of the single- 
particle orbital labeled by ntfj. 

Expression (7.14) for the spectroscopic factor, written in terms of wave 
functions, can also be written as a reduced matrix element of a particle creation 
operator. This provides a concise statement and is particularly useful in the 
quasi-particle picture for treating the pairing interaction in nuclei. Thus, from 
its definition (7.14), we may write 

f l t j ( B ?  A) = ('2 I - . e [ ' J ~ 4 j 1 2 >  

(7.28) 

where aJm denotes a creation operator for a particle in the state nejm. The 
Wigner-Eckart theorem (Appendix) for its matrix elements reads 

Using the symmetry and summation properties of the 3-j coefficients, we find 

(7.30) 

Thus we see that Btj  is independent of any projections of angular momentum. 
T.he phase is of no consequence because the sum on j is always incoherent 
in the cross section. Note that ujm is correctly treated as a tensor operator 
of rank j and projection m because it creates a particle state having these 
quantum numbers. The destruction operator ajm is not a tensor operator with 
the indicated projection. However, ( - )muj , -m and ( - ) j ' m a j , - m  are tensor 
operators that satisfy the rules, mentioned in the Appendix, by which a tensor 
operator Tj" is defined. To avoid a complex phase we can adopt the definition 

zt i m  = ( - ) j - m a .  - . e m .  (7.31) 

This operator can be called the hole-creation operator. The other choice of 
phase, ( - ) j + m ,  is equally possible. The operators so defined simply differ by a 
sign. 

Useful sum rules can be obtained from the Wigner-Eckart theorem and 
the anticommutation relations satisfied by the particle operators at and a. 

P t j ( B ,  A) = ( - 1 2 j  ( J B ~ ~ ~ ~ ~ ~ J A ) / ~  . 
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From (7.29) and (7.30), 

(7.32) 

Multiply this equation by its adjoint. Thus we may write 

= (JBMBla]m(JAMA) (JAMAlajm(JBMB). 

(7.33) 

In stripping reactions (7.2), JA is the target ground state and J ,  any state in 
the final nucleus that can be reached by the reaction. We now obtain a rule 
for the sum of spectroscopic factors of these final states. Sum first over M ,  
and m. The 3-j symbo1,sums to jil. Then sum over JB. This gives 

(jB/JIA)P:j(B, A) = (JAMAI 1 ajma!m~JAMA)~ 
JB m 

where the completeness relation 

C I J B M , ) ( J B M B I  = 1 (7.34) 
JBMB 

was used in the first line in the right side of (7.33). Now use the anticommu- 
tator 

a .  Jm at Jm = 1 -a t  .im a .  Jm . (7.35) 

Then we find 

C (jB/jA)Ytj(B, A) = 2j + 1 - nj(A), (7.36) 
JB 

where 

n j ( A )  = (JAMAI 1 a]majmlJAMA) (7.37) 
m 

is the target ground state expectation value of the counting operator for 
particles in the shell-model state j .  That is, nj is the number of neutrons 
occupying the shell j in the target ground state. 

On the other hand, the pickup reaction 

p + B = p + (A + 1) + A  + d (7.38) 

populates states in the nucleus A that are built on the ground state of B. 
Again from (7.33) we obtain a sum rule. Sum first over m and M A  and then 
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sum over J,. The second line on the right of (7.33) then yields 

where now 

(7.40) 

is the number of neutrons occupying the shell j  in the ground state of nu- 
cleus B. 

It might appear at first sight that the number operator matrix elements 
depend on the M projection. Physically, the expectation for occupying the 
shell-model orbital j cannot depend on the orientation of the nucleus. To 
prove that this is so, note that we can write 

1 at .im a.  Jm = c ( - ) j + m u J m i i j t - m  = -(2j + l )yuJzJ]; ,  (7.41) 

where the special value of a Clebsch-Gordan coefficient (A19) was used. 
Therefore, the counting operator is a scalar, as it must be. By the Wigner- 
Eckart theorem, 

m 

is independent of projections. 
A comprehensive study of sum rules such as (7.36) and (7.39) has been 

provided by Macfarlane and French (1960). Here we discuss only a few 
simple examples. In certain cases, such as in the neighborhood of closed 
shells, the single-particle character may be concentrated in one nuclear state. 
However, in general it will be shared by a number of states, and then the sum 
rules can be employed to determine when all states sharing a certain single- 
particle character have been found. The reason that individual spectroscopic 
factors Ytj(B, A) can be determined in many cases, and their sum, (7.36) or 
(7.39), formed to compare against the sum rule, is the following. In (7.19) we 
have an expression for the cross section. In case the target nucleus has spin 
zero, only one value of j is allowed according to the selection rules (7.20). 
As has been emphasized many times, the angular distribution of the reaction 
is very sensitive to the angular momentum transfer e. One can guess the 
angular momentum and then test whether the guess is correct. 
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Corresponding to the orbital angular momentum 8, the other two quan- 
tum numbers of the orbit, n and j, can usually be inferred from the level 
ordering of the shell model. In any case, the ambiguity j = G & f is not 
serious because the radial wave function of the orbital unlj(r) depends only 
weakly on j through the presence of the spin-orbit interaction. The radial 
function satisfies a Schrodinger equation like (4.43), with U the shell-model 
central potential. The behavior of unlj(r) for large r is most important for 
direct reactions because the absorption of the optical potential tends to con- 
centrate the reactions on the surface. The appropriate asymptotic behavior 
can be ensured by adjusting the depth of the shell-model potential to yield 
the separation energy as determined by the measured Q-value of the reaction. 
Thus, the radial function entering the transfer amplitude B?, given by (7.17), 
is known with little uncertainty. The distorted waves can be determined 
through an analysis of the relevant elastic scattering, as described in Chap- 
ter 4. thus completing the determination of the ingredients of BP. Once this 
has been calculated and the assumed value of G is confirmed by comparison 
with the experimental angular distribution, then a comparison of (7.19) with 
the measured cross section yields the spectroscopic factor Yt j (B ,  A). 

In certain cases, theory can predict the spectroscopic factors. Then com- 
parison with experiment can be made on the basis of individual spectroscopic 
factors, not only their sum. Let us first consider several simple shell-model 
examples corresponding to closed shells plus several additional nucleons in 
the same orbital n8j. For a stripping reaction on an even target, the nuclear 
wave functions would therefore be 

@A(A) = dA[@o(A - n ) @ ( j n , o ( l , .  . . ?  n ) ] ,  
(7.43) 

OB(A + 1) = cOe,[@o(A - n)@(jn+,)JB(l,.  . . , n + I)], 
where dA and dB are the antisymmetrization operators of (5.28) and 
CDo(A - n) denotes a wave function of (A - n) nucleons occupying closed 
shells and therefore having zero angular momentum, whereas Q0(jn) and 
@.,,(jnti) describe the valence nucleons in the shell j .  The parentage ampli- 
tude from (7.8) is 

P t j R  A) = <@J",a I d[@JA@jIJ",a) 

where in the second line the (A + 1)st particle occupies the + j  wave function. 
Each of the terms in the sum on permutations implied by d is equal to the 
typical one written. Remember that @.,,(A + 1) and @.,,(A) are always 
assumed to be antisymmetrized wave functions. For our special case of a 
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common core we have 

(7.45) 

The multiplying factor is obtained by correctly counting the number of non- 
vanishing equal overlaps when (7.43) is used in (7.44). We can work with 
either the first or second line of (7.44). Writing out the second line, it is 

(PB[@O(A - n)@( jn+ ' ) J e l  1 PA[@?o(A - n ) @ ( j n ) O ] # j ( n  + 
This is a sum over the indicated permutations. Each of the (t) terms in the 
P A  sum has nonzero overlap with only one term in the sum over the P,  
permutations on the left, namely the one in which the same group occupies 
the core. All of these nonvanishing overlaps are equal because each of the 
wave functions 0 is itself antisymmetric. Thus the factor multiplying one of 
the typical elements is 

as was to be proved. Because in applications of the shell model one usually 
employs an antisymmetrized wave function for only an active subset of the 
nucleons, (7.45) is an important result. 

To proceed with the evaluation of (7.45), we now introduce the coefficients 
of fractional parentage (cfp) first employed by Racah (1942) and reviewed by 
deShalit and Talmi (1963). These are coefficients that permit the partitioning 
of a function such as Q J ( f ' + ' ) ,  which is antisymmetric, into two subsets, each 
of which is internally antisymmetrized. Thus 

@ ( j m + ~ ) ~ J  = z, [( j")a 'J ' , j ;  Jl)(jn+')ctJ][@,j,),, , .(l, .  . . , n)4j(n + l ) l J .  (7.46a) 

A label a, in addition to J ,  has been appended because J is not always suffi- 
cient to specify a j .  configuration completely. The main point of (7.46) is that 
a specific particle coordinate occupies the wave function 4j ,  but nevertheless, 
the coefficients of fractional parentage are constructed so that the sum of 
such unsymmetrized products is totally antisymmetric. Having written the 
coordinate dependences so they can be understood, we can now use a more 

a J  
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concise notation for the preceding: 

I ( j"+')aJ)  = [( j")a 'J ' , j ;  Jl}(j"")aJ]l(j")a'J',  j ;  J ) .  (7.46b) 

The comma and semicolon on the right signify that J' and j are coupled 
to J .  

Equation (7.45) can now be written immediately in terms of the cfp as 

a'J' 

P&j(aJ,O) = Jn+l[( j . )o>j;  J / ) ( Y + ' ) ~ J I ,  (7.47) 

or more generally, if the j" configuration is coupled to J ' ,  

Bej(aJ, a'J') = Jn+l[( j" )a 'J ' , j ;  J l ) ( jn+ 74. (7.48) 

In a number of cases there are simple explicit formulas for the cfp. For 
example, 

for states 

[(Y)J,j; Ol)(jn+ '101 = 1, n = odd, (7.50a) 

of the lowest seniority. Thus 

1 - n/(2j + l), n = even, (7.49 b) 
n = odd. (7.50b) 

Y C j ( n  + 1, n) = 

In these special cases there is only one spin state possible for B and one for 
A, respectively, corresponding to (7.49) and (7.50). The rules (7.36) and (7.39) 
agree with the preceding results, as they should. 

For most nuclei, removed as they are by more than a few nucleons from 
closed shells, the shell model does not provide a simple means of calculating 
the spectroscopic factors. In such cases, experiments have exhibited a high 
degree of fragmentation of the single-particle strength. The 60Ni(d, p)61Ni 
reaction (Fulmer et al., 1964; Cohen and Price, 1961) is a good example. 
There are approximately 40 levels in 61Ni that share the d3/2 and dSl
strength (which were not distinguished from each other). The spreading of 
the single-particle strength is illustrated in Fig. 7.2. The nickel nuclei have 
a magic number, 2 = 28 of protons, and the valence neutrons occupy the 
shell-model states beyond the N = 28 magic core. The nickel isotopes such 
as s9Ni and 61Ni are therefore not expected to exhibit a simple single-particle 
structure. 

A convenient theory for describing the structure of single-closed-shell 
nuclei with a few valence nucleons will now be briefly touched on, for it per- 
tains to such nuclei as Ni. The sum rules yield values for the sums of spec- 
troscopic amplitudes. It is, of course, desirable to have theoretical estimates 
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Fig. 7.2. Relative strengths of transitions in the (d, p) reaction showing the fragmentation 
of the shell-model levels and their spreading over many states. (From Fulmer ef a/., 1964.) 

for individual spectroscopic amplitudes, which our simple consideration of 
the shell model does not provide in regions removed from closed shells. 

G. PAIRING THEORY IN NUCLEAR STRUCTURE 

In regions of the periodic table that are removed by more than several 
nucleons from closed shells, the ordinary shell model becomes very cum- 
bersome. Nuclear wave functions would have to be described in terms of a 
number of valence particles occupying a number of shell-model states. The 

spins, such as are found near the ground state of even nuclei. The conven- 
tional shell model would therefore involve diagonalizations of large matrices. 
Although this can be done, for many purposes, considerable physical insight 
is gained, as well as a great simplification, by considering an alternative 
solution to the interacting shell-model problem. This involves the recog- 
nition of the prominent part played by the large pair interaction of an 
angular momentum zero pair ( j j )O.  Such a state is a superposition of pair- 
wise occupation of states having opposite projections of angular momentum 

m 

(7.51) 

The mathematical methods for solving a many-body problem in which the 
pair interactions between particles in conjugate states are especially impor- 
tant were developed by Bardeen et al. (1957), Bogolyubov (1958), and Valatin 
(1958) in connection with the theory of superconductivity. Perhaps the main 

number of configurations having the same spin becomes very large for low
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point to emphasize is the possibility of a phase transition in which the ground 
state is considerably lowered in energy relative to the normal state by a struc- 
tural change in the wave function. The normal state in this context is under- 
stood to be a quasi-gaseous state or shell-model state, with the typical 
correlation or configuration mixing that can be treated in the shell model. A 
phase transition cannot be treated as a perturbation on such a state. Bohr 
et al. (1958) observed that, in nuclei, the energy of the first excited state 
(exclusive of collective states) lies at considerably more than twice the excita- 
tion energy in odd nuclei, suggesting that the ground state possesses special 
correlations that lower the energy by more than the interaction of a pair in 
a given shell-model state. At a fundamental level, theory ought to demon- 
strate that, for the nuclear forces, such a phase transition takes place. A 
criterion for superfluidity has been established by Cooper et al. (1959) and 
Mills et al. (1959), who show that, in nuclear matter, the (Gammel-Thaler) 
nucleon-nucleon potential leads to a superfluid ground state at the normal 
density of nuclei, but not much above. The pairing theory has been formu- 
lated by several authors for nuclei (Belyaev, 1959; Migdal, 1959; Kisslinger 
and Sorensen, 1960). In many applications it has been assumed from the 
beginning that the ground state is superfluid. In such cases the parameters of 
the effective pairing Hamiltonian are fitted to observed data. 

The theory is capable of describing not only particle excitations but also 
collective vibrational states (Baranger, 1960). Yoshida (1961) employed the 
pairing theory to obtain the spectroscopic amplitudes for individual states, 
as well as for vibrational collective states. His results for single quasi-particle 
states are 

q j ,  0) = u; 
Z(0,j) = (2j + l)V?, 

(7.52) 

where Vj’ is the probability that the orbital j in the even nucleus is occupied 
and U j  the probability that it is empty. These probabilities can be calculated 
from the theory extracted from the experiments through (7.19), in which Y 
is treated as an unknown, while the transfer probability \BPI2 is calculated. 
In the special case of a pure configuration, they reduce to our previous 
results. Note, however, that in the pairing theory the even nucleus is not 
assumed to be a degenerate pure state. Instead, a number of valence orbitals 
are occupied with varying probabilities V?. 

The interpretation of (7.52) is straightforward and sensible. For the re- 
actions 

Y = ujz, even (d, p) odd 
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the cross section for depositing a nucleon onto the even target in the orbital 
j is proportional to the probability that the orbital is empty. The time- 
reversed reaction must involve the same quantity. For the reactions 

Y = (2j + l)Vi”, 
even (d, p) odd 

the cross section for picking a nucleon in the even nucleus out of the orbital 
j is proportional to the number of nucleons in that orbital. 

H. INELASTIC EXCITATION OF SURFACE VIBRATIONS 

It was discovered in early direct reaction experiments that the so-called 
vibrational states in spherical nuclei had larger cross sections than were 
otherwise observed in the low-energy spectra of either even or odd nuclei. 
(see Cohen, 1957; and Cohen and Rubin, 1958.) The existence of vibrational- 
like states was inferred by Bohr and Mottelson (1975) because certain energy 
levels, connected by fast electric quadrupole transitions, had equal energy 
spacings suggestive of a quantum-mechanical oscillator. Such states are 
associated with the coherent motion of many nucleons and are therefore not 
particularly simple to describe by a wave function of the nucleons. The 
collective picture provides a simple description that we can use for the 
inelastic excitation of such levels if, for the time being, we forgo a description 
in terms of the nucleonic motion. We suppose, therefore, that the nuclear 
density can undergo shape oscillations corresponding simply to variations in 
the position of the nuclear surface about a sphere, with the density as mea- 
sured from this moving surface retaining a constant profile. The equation 
for the surface can be written as 

r 1 

(7.53) 

For R to be real, a,, must have the same transformation properties as Yap, 
namely, 

a+ 2, - - (-),a,-,, (7.54) 

In the quantized theory of vibrations, the amplitudes a of the surface vi- 
bration are associated with phonon creation and destruction operators c:, 
and cap (Bohr and Mottelson, 1975). 

The scattered particle interacts with the nucleus through the optical po- 
tential U ,  which follows the nuclear density as discussed in Chapter 4. In 
the case of the vibrational modes, the scattered particle can excite a phonon 

odd (p, d)  even
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through its interaction with the nucleus, and the distance of the scattered 
particle from the deformable surface is the crucial quantity. We can expand 
this interaction in a Taylor series about the equilibrium position of the 
surface, thus 

dU 
dr 

dU 

U ( r  - R )  = U ( r )  - 6R - + . . . 

(7.55) = U(r )  - R ,  dr anPYTP(P) + . . . . 
The first term has only diagonal matrix elements between nuclear states. 
However, the second term, being linear in the amplitude, can connect vibra- 
tional modes differing by one unit in the number of phonons. Thus the transi- 
tion amplitude in the distorted-wave Born approximation in (5.25) becomes, 
in this case, 

dU 
9 = - (NfJfM f X, I NiJiMi) Jxrp’*(kf, r)Ro Yn~(~)~!+)(ki, r)dr,  (7.56) 

corresponding to the nuclear excitation 

NiJiMi + NfJfM,, (7.57) 

where N is the phonon number of the nuclear state. For the ground state of 
an even nucleus, Ni = 0. Note that the spherical part U(r )  of (7.55) is can- 
celled in the matrix element of (5.25) but appears in the distorted waves x. 

It is convenient to express the nuclear matrix element in terms of the zero- 
point amplitude f in ,  defined as the root mean square of a:$ 

P: = (01% * anlo) = c (Ol~,,4,jO). (7.58) 

This is easily evaluated by inserting a complete set of oscillator states be- 
tween the operators a. Because they have nonvanishing matrix elements only 
between states differing by one phonon, we obtain 

P 

(7.59) 

where Ilp) denotes a one-phonon state with angular momentum and pro- 
jection A and p. Using the Wigner-Eckhart theorem (Appendix A39), 

The scalar product of two tensors denoted by the dot, is defined in the appendix, A.38. ‡
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Thus 

fin” = I<111.tllo>12, (7.61) 
so the transition amplitude for exciting a vibrational state 2, in an even 
nucleus is 

dU 
dr 

y = -1-10 1 XI--’*(kf, r) PAR, - YAp(i)XI+)(ki, r)dr, (7.62) 

and the cross section is given by 

(g) = (L)2 k,wT 1j$)*(kf,r) dr dU Y:(i)XI+)(ki, r)dr 
o + L  2nh2 ki 21 + 1 

The potential U ,  being the optical potential, is complex valued. The real 
part of dU/dr is concentrated on the nuclear surface because U is of the 
Woods-Saxon form. The imaginary part of U is either of   Woods-Saxon 
form, or the derivative thereof, so that the imaginary part of dU/dr is also 
concentrated on the surface. These arc illustrated schematically in Fig. 7.3 for 
the nuclear part of the interaction. The derivative “form factor” dU/dr is 
often referred to in this context as the collective form factor. 

The multipolarity of the lowest-lying vibration is 1, = 2, that is, a 2’ nu- 
clear excitation. Higher-order terms in (7.55) can cause a direct transition 
from the ground state to a two-phonon state. However, this would be of the 
same order in f i L  as the two-step transition going through the one phonon 

Fig. 7.3. Woods-Saxon form factor for 
optical potential and its derivative form factors 
for a nominal 10 fm radius and 0.5 fm diffuse- 
ness. 

RADl US 
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Fig. 7.4. Cross sections for collective states calculated as vibrational levels for the reaction 
*'Ni(a, a') with E ,  = 43 MeV. Two calculations for each level correspond to the use of a purely 
real and a complex form factor. (From Broek et al., 1965.) 

state 0 + 11 -+ 21. Thus both such processes would need to be considered 
together in second or higher order in Pa.  In later chapters we shall study the 
coupled-channels formalism, which is suitable for calculating such higher- 
order processes. 

In Fig. 7.4 is shown a typical calculation for the excitation of a collective 
2' state in a spherical nucleus (see Broek et al., 1965). It is free of adjustable 
parameters save for the amplitude P a ,  corresponding to the zero-point mo- 
tion, the parameters of the optical potential having been determined from 
an analysis of the elastic cross section. By comparison with experiment, this 
characteristic quantity of a vibrational nucleus can be determined. It can 
also be determined from other types of experiments, such as the electric 
quadrupole transition rate, either by decay of the state or by Coulomb 
excitation. The phase relations between the oscillations in cross section to 
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even and odd states is particularly striking in Fig. 7.4 (Blair phase rule, 
Blair 1959). 

We have not explicitly mentioned the role of the Coulomb force. It also is 
a part of the interaction between the target nucleus and a charged pro- 
jectile. It is included as part of the optical potential and should be included 
in (7.63). In Fig. 7.3 we have shown only the nuclear part. The Coulomb part 
can be obtained by expanding the Coulomb potential about the equilibrium 
position of the surface. We shall take up a similar problem in greater detail 
in connection with deformed nuclei in Chapter 13. For the present, we state 
the result in lowest order: 

- r'/R:+', r < R,, 
R:/r"+', r > R,, 

(7.64) 

where R, is the radius of a uniform nuclear charge distribution, ZZ' the 
product of the projectile and target charges, and U ,  the nuclear part of the 
optical potential. 

1. INELASTIC EXCITATION OF NUCLEAR 
ROTATIONAL LEVELS 

The excitation of rotational levels of permanently deformed nuclei can be 
described very similarly to the excitation of vibrations because they both in- 
volve the interaction of the projectile with the target through its deviation 
from sphericity. The shape of a permanently deformed nucleus having a 
quadrupole distortion and axial symmetry is given by (7.53), with alp = 

Pad,,, and with 8,4 replaced by 8' and &, which refer to a coordinate system 
fixed in the nucleus with z' axis along the symmetry axis of the nucleus. The 
DWBA amplitude, which is of first order in the deformation, is identical to 
(7.56) with the nuclear matrix element replaced by Pi. However, for perma- 
nently deformed nuclei, Pa is of such a magnitude that expansion (7.55) must 
be taken to higher order. At the same time, to treat the problem consistently, 
second-order transitions passing through intermediate states must be taken 
into account. This requires that we go beyond the DWBA. In Chapter 6 we 
gave an expansion of the transition amplitude that could be used to compute 
second- or higher-order contributions term by term. However, the problem 
can be solved to all orders in a given subspace of nuclear states by solving 
the coupled equations that can be derived from the Schrodinger equation. 
This method of solving the scattering problem will be taken up in the next 
chapter, and the explicit treatment of the very important problem of scat- 
tering by deformed nuclei will be given a detailed account in Chapter 13. 
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J. INELASTIC EXCITATION OF SINGLE-NUCLEON STATES 

It is natural to expect that an incident projectile can excite a nucleon in 
the target from one single-particle state to another through their mutual 
interaction. The cross section for such a reaction was calculated by Austern 
et al. (1953) at a very early date in the development of the theory, employing 
the plane-wave approximation for spinless nucleons interacting through a 
zero-range surface interaction. The reader might find it profitable to repeat 
their calculation because, as in Chapter 2, it can be carried through in ana- 
lytic form and will illustrate the characteristic strong dependence on the 
angular-momentum transfer. The first distorted-wave Born calculations were 
carried out soon afterward (see Levinson and Banerjee, 1958; Glendenning, 
1959). 

For simplicity, consider an odd nucleus with one nucleon outside of closed 
shells. We shall defer the general case to Chapter 9. Denote the scattered 
nucleon by the label 1 and the nucleons in the target by 2, 3,. . . , (A + 1). 
The antisymmetrized nuclear wave function has the form 

@i(A) = d[@i(2)@0(3,4,. . . , A + I)] 
= A-“’ 1 (-)‘P[4i(2)@0(3,4,. . . , A + l)], (7.65) 

where d is the antisymmetrization operator defined by (5.28) and (5.29), cbi 
the wave function of the odd particle state and Q0 that of the closed shell 
core having, therefore, zero angular momentum. We shall need matrix ele- 
ments of the interaction between the scattered particle and those of the 
nucleus. The nuclear matrix element is 

P 

(7.66) 

The orthonormality of the wave functions has required that the coordinates 
occupying 4f and +i be the same as the nuclear coordinate in V. The nor- 
malization factor has been cancelled by the A equal terms in the sum over the 
target nucleons. The optical potential term of (5.25) vanishes identically be- 
cause of the orthogonality of 4, and chi. 

In the distorted-wave Born approximation, the free nucleon is represented 
by a distorted wave in the relative coordinate between scattered nucleon and 
target and by its spin and isospin function 

(7.67) 
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It is trivial to show that the antisymmetrization between projectile and target 
nucleons can be achieved by inserting the factor 1 - P,,  in the matrix ele- 
ment, where P,,  interchanges all coordinates of particle 1 and 2. Thus the 
transition amplitude is 

= < $ ! - ) ( ~ ) ~ A ~ ) I V I Z ( ~  - P12)l4i(2)$$+)(1)) 
= <$!-)(l)&d2)/ V1,/4i(2)$1+)(1)) - 

(7.68) 
The first matrix element is referred to as the direct and the second as the 
exchange amplitude. The latter is sometimes said to be nonlocal with respect 
to the distorted waves because (for the moment dropping reference to spin 
and isospin) Y could be rewritten as 

1 

= s dr dr; XI-)*(r ,)F(r ,, ri)x{+)(r\). (7.69) 

We will soon see that it is possible to reduce the direct term to a two- 
dimensional radial integration, whereas the exchange integral cannot be 
reduced (without approximation) from a six-fold coordinate-space integra- 
tion. For this reason the early calculations neglected the exchange integral, 
on the expectation that it would be smaller than the direct one. This expec- 
tation was based on the orthogonality that should ideally hold between 
the bound and scattered states, This would not make it vanish identically 
because of the presence of the interaction but might make it small because of 
poor overlap. The neglect of exchange turns out often to be unjustified, but 
for the present we calculate only the direct amplitude. In Chapter 12 we shall 
discuss an approximation that can be used to reduce the exchange amplitude 
to the form of a direct one, with a suitably redefined interaction. Then, we 
can apply our knowledge about calculating the direct amplitude to the 
exchange amplitude. 

The interaction that we use in (7.68) should ideally be related to the free 
interaction, but in general it should not be the free interaction itself. There 
are several reasons for this, including a very practical one: The free inter- 
action is believed to have a strong repulsive core, and thus any perturba- 
tive treatment based on uncorrelated wave functions that do not tend to zero 
in the core region will fail. Second, and also very important, the scattering 
of two nucleons in the nuclear medium cannot take place as in free space, 
if for no other reason than that some of the momentum states into which 
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the particles might scatter are already occupied. The medium is therefore 
said to polarize the interaction. These are subjects that we shall take up in 
greater detail in later chapters. For the present we take the interaction to 
be a phenomenological effective interaction, having a general central form. 

The central interaction can have different strengths in the four different 
states of relative motion of two nucleons. These four states could be charac- 
terized as singlet even and odd and triplet even and odd, referring to the 
total spin and the even or odd character of the wave function of relative 
motion under interchange of the spatial coordinates. Alternatively it can be 
written as 

V(r)  = Voo(r) + Vlo(r)al * a2 + Vol(r)zl - z2 + Vll(r)al - 02z1 - z2, (7.70) 

where o and z are the Pauli matrices for spin and isospin. Some authors use a 
different notation for the potentials in the four terms, namely, V,, V,, V,, &.. 
There are other ways of writing (7.70). For example, the spin and isospin 
products could be represented in terms of the exchange operators, 

P" = (1 + 6 1  * 02)/2, P' = (1 + 71 * z2)/2, (7.71) 

which have the eigenvalues 
-1, s = o  

P U = {  $1, S = l ,  
(7.72) 

when acting on a two-particle state with spins coupled to S = 0 or 1. The 
various ways of writing the four-component character of the general central 
interaction are most convenient depending on the context. For our purpose 
(7.70) is a convenient characterization because we now show how to write 
it in terms of spherical tensors in orbital and spin angular momentum which 
are useful in characterizing the exchange of angular momentum between the 
relative motion and the nuclear states. To do this we need to express (7.70) 
as products of two operators, one acting on the nuclear coordinates and 
one on the coordinates of the scattered particle. We now seek such a rep- 
resentation. 

Because the potentials V ( r )  are functions of the distance between the two 
particles, 

r = Ir, - r2( = (r: + ri  - 2r1r2 cos ep2 ,  (7.73) 

the complete set of Legendre polynomials P, (cos Q) can be used to represent 
it: 

(7.74) 

The scalar functions uL can be obtained by inversion of this equation. For 
certain functional forms of V(r) they have closed forms (Levinson and 
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Banerjee, 1958; Glendenning, 1959) or can be obtained through recursion 
relations. 

The Legendre polynomial can be expressed in terms of spherical harmonics 
depending on the directions i, and i, (see A9): Thus 

(7.75) 

By virtue of the phase relation (A8), the complex conjugate sign can be placed 
on either of the spherical harmonics. It is also sometimes convenient to use 
the scalar product notation (A38) 

YL(t1) - Y,(P,) = c ( - ) M Y 3 f 1 ) Y y ( t 2 ) .  (7.76) 

One can also easily verify, using the special value for the Clebsch-Gordan 
coefficient 

M 

c&k: = (-)"-M(2L + l ) - y  

YL(P1) - YL(P,) = ( - ) L J r n  1 cb-k: Y,M(il)Y,M(iz) 

(7.77) 

that 

M 

= (+J2LI;-i[ YL(il)YL(f2)]:. (7.78) 

This expresses the scalar product in terms of a tensor product with coupling 
to angular momentum zero. Definition (7.76) and relation (7.78) hold quite 
generally for spherical tensors, not just for the spherical harmonics. In 
particular 

6 1  * 6 2  = -J?[olb2]:. (7.79) 

Consequently, when the expansion in (7.74) is employed in (7.70), the prod- 
ucts of spherical harmonics and spin matrices will appear. Using the tensor 
product notation we can write 

YL(f1) - Y,@,)a, - 0 2  

= (-F+ ' J 3 o ~ ~ L ~ ~ l ~ ~ L

= (- I L +  J 3 0 " Y L ( ~ , )  YL<f,)l:c.1.21:1: 

= ( - ) L + ' J ~ ~  1 1 0 [ [ Y L ( i , ) 6 , ] J [ y L ( i 2 ) ~ 2 1 ~ 1 : .  (7.80) 
J J J O  r = OI 

In the second line on the right we have expressed in terms of a sum over 
coupled states (A14), of which, in this case of zero angular momentum, there 
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is only one term. In the last line we then used the recoupling coefficients 
(A33) to obtain an expression involving the product of two operators, one 
acting on particle 1 and the other on particle 2. Define, for convenience, the 
tensor 

T L l m  = [YL(fI)~ll ,M> (7.81) 

so that the spin-independent terms in (7.70) can be written in a unified 
notation. Define also 

T L o m  = YF(f1) (7.82) 

or, alternatively, define 

6 1  S = l  
1 ,  s = 0, Xs= { (7.83) 

with 

(7.84) 

Inserting the value of the particular transformation coefficient in (7.66), we 
can write 

YL(fi) * YL(f2)oi = C ( - ) L + l + J T L i . d l )  * TLi.,(2)* (7.85) 

Now, if we employ a common radial form for each term in (7.70), we can write 

L + S + J + M T  - M t  TLSY = [YLXSIY = (-1 L S J  ' 

J 

I/ (r 3 r 2 ) T L S J ( 1 )  . T L s J ( 2 ) j  (7.86) L + S + J  471 ~ o o + I / , 0 ~ 1 . ~ 2 =  c (-1 2 L + 1  so L 1 LS J 

and similarly for the zl . z2  terms. 
We have achieved in (7.86) what we sought, the expression for the inter- 

action that has the transformation properties under rotations expressed as 
a scalar product of two tensor operators acting separately on the spaces of 
particle 1 and 2. This can be referred to as the multipole expansion of the 
interaction. 

Return now to the evaluation of the direct term of the transition matrix 
(7.68) 

y D  = <K)(1)4&)1 V, 2 14i(2)$1+'( 1)) 
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IrnrM,) = X72(21)X$(Z2) (7.88) 

1nt.M) = +,,Y 
= ~ , , ( ~ 2 ) C Y , ( ~ Z ) X l , 2 ( ~ 2 ) 1 ~  (7.89) 

Im> = X&(Cl). (7.90) 

Equation (7.89) represents a shell-model spin-orbit wave function with radial 
wave function unG(r). The transition amplitude corresponds to the reaction 

(mirnJl(MiMJ2 + (mfmtr)l(MfMtr)Z 7 (7.91) 

where the doublets (mrn,), etc., denote the spin and isospin projection of 
scattered particle 1 and nuclear particle 2. 

Equation (7.87) is now fact0rized.h a very convenient way. The isospin 
matrix element is trivial. If both scattered and bound nucleons are alike, 
then it yields an effective interaction, 

(7.93) 

The nuclear matrix element can be expressed, through the Wigner-Eckart 
theorem (A39), in terms of a reduced matrix element that is independent of 
magnetic quantum numbers as 

(nfefjfMf/uLTLsY(2)InieijiMi ) 

that is,

whereas if they are unalike,

that is,
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We can for convenience define 

where the large bracket is a 9 - j symbol. (This particular one is related to 
the transformation coefficients from jj to LS coupling.) It is convenient to 
define the quantity 

471 
2L + 1 PiiJ(rl) = ~ (nftfjfl IoL(rl, r2)  TLsJ(2) I Inifiji) 

= 471Rk(ri)( jfll T L s J l l j i )  (7.98) 

as the single-particle form factor for the indicated transition. We have used an 
obvious abbreviation to denote (7.97). For our simple example of single- 
nucleon excitation it corresponds to promotion of a nuclear particle from a 
single-particle state n i t i j i  to nft f j f .  We shall find that the corresponding form 
factor for a general nuclear transition induced by a one-body operator (such as 
is the interaction with the external particle) is simply a linear combination of 
such quantities as (7.98). How could it be otherwise? Thus our special example 
is much more instructive than might have been thought. 

The last matrix element in (7.87) is the spin matrix element for the scattered 
particle. We evaluate it as follows: 

x <+pscl) l l+> Y Y W .  (7.99) 

More generally, if the projectile is a composite particle with spin si and sf, then 
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(sfllCsllsi> = bsisJiCF1)(2si + 11, (7.1 00) 

as was derived in the appendix (A54). The phase ( -)11’ -mf should in this case 
be replaced by ( - ) S f - m r .  

Assembling these results, 

x 1 $’*(kf, r l ) ~ ~ ~ J ( Y 1 ) Y ~ L ( 3 1 ) X ! f ’ ( k i ,  r l )dr l .  (7.101) 

Note that this has the structure discussed in Chapter 5 for the multipole 
expansion of the nuclear matrix element, as it must. 

In the calculation of the cross section the magnetic sums eliminate the 
cross terms, just as in Chapter 5, and we find 

1 - -  - % - ( 2:’)2 kk: (25, + 1)(2si + 1) 

This three-dimensional integral can be reduced to a sum ol one-dimensional 
radial integrals by introducing the partial wave expansions for the distorted 
waves and then doing the angular integrals over the spherical harmonics 
analytically as in (7.26), which is precisely in the same form as (7.101). This 
then is our final result, because further evaluation would require numerical 
integration over the radial functions of the distorted waves, as in (7.27). 
We shall defer a detailed discussion and application of these results until 
Chapter 9. 

For the present, let us merely observe that the angular distribution of the 
scattered particle is determined, as always in direct reactions, by integrals of 
the form (7.103). We further observe that this integral over distorted waves of 
the scattered particle is weighted by the form factor F(r) (a property of the 
nuclear states and the interaction), that its multipolarity is defined by the 
orbital angular momentum L, and that the orbital, spin, and total angular 
momenta L, S ,  J correspond to the transfer of these quantities between the 

where we have defines
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target nucleus and the relative motion between target and projectile. Through 
the properties of the angular momentum factors appearing in the nuclear form 
factors (7.97) and (7.98) we can infer 

The parity of the initial and final state are 

xi = (-)6ix0, nf = (-)%co, (7.105) 

where no is the parity of Q0, the unaltered state of the closed shells. The first 
equation (7.104) connects L to the change in parity induced in the nucleus by 
the reaction, because the left side is the change in parity of the nuclear states. 
Therefore we expect to be able to infer, through observations made on the 
scattered particle the parity and angular momentum transferred in the 
reaction. 

K. CHARGE-EXCHANGE REACTIONS 

The interaction between the projectile and scattered particle was written 
in (7.70). Alternatively, it can be written in terms of the spin and isospin 
exchange operator (7.71) as 

V(r)  = w o o  - VlO - Val + Vll) + W l O  - V1,)PU 
+2(VO1 - V,,)P7 + 4VllPUP' (7.106) 

Because this is written in isospin variables, the wave function on which it 
acts is assumed to be antisymmetrized. Therefore, the product of space ex- 
change P' and spin and isospin exchange must yield - 1, so we could sub- 
stitute 

p' = -pap=. (7.107) 

When written as in (7.106), the four terms are often referred to as Wigner 
(Vw), Bartlett (VJ, Heisenberg (- VH), and Majorana (- VM), respectively. 
This is most useful for the discussion of charge-exchange reactions such as 
(p, n) or (He3, t). It was pointed out by Bloom et al. (1959) that the charge- 
exchange reaction is analogous to inelastic scattering in the sense that the 
charge exchange parts of the interaction will yield a transition amplitude of 
precisely the same structure as the direct amplitude of inelastic scattering. 
The only difference, an important one, is that a different combination of the 
components of the force are projected by the isospin matrix element in (7.87). 
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In the charge exchange case it is 

V = 2(VO1 - Vll) + 41/,1P" = 2VO1 + 2Vl1al.a2, (p, n), (7.108) 
which enters the direct integral, compared with (7.92) or (7.93) for inelastic 
scattering of like or unalike nucleons.* Thus the different reactions can in 
principle be exploited to disentangle the components of the effective interac- 
tion. The cross section corresponding to the direct (i.e., charge exchange) 
amplitude of the (p, n) or other charge exchange reactions, can be calculated 
precisely as in the last section, with V, given in this case by 

Vo = 2vol, Vl = 2V11, (p, n). (7.109) 

The direct amplitude for (p, n), calculated as described, corresponds to the 
incident proton exchanging its charge through the interaction with a neutron 
in the nucleus. The exchange amplitude corresponds to the neutron being 
knocked out and the proton captured. Direct charge exchange reactions were 
expected to be especially strong for ground-state transitions between mirror 
nuclei because the other quantum numbers of the nuclear state remain un- 
changed. 

L. DISTORTED-WAVE IMPULSE APPROXIMATION5 

As the bombarding energy increases, the mean free path of a nucleon 
in nuclear matter becomes longer and its de Broglie wave length becomes 
shorter. Under ideal circumstances, in which the mean free path is long 
compared with the nuclear size and the wavelength is short compared with 
the average distance between nucleons in the nucleus (- 2 fm), the scattering 
of a free and bound nucleon would take place as though both were free. For 
example, at 1000 MeV the mean free path (Chapter 4) is -7 fm and the 
wavelength is II  = 2z/k - 1 fm. 

The free nucleon-nucleon scattering can be described by the matrix ele- 
ment between plane-wave states of the T matrix, which was discussed in 
Chapter 6. For the scattering of two nucleons, this will be called t. Recall 
that it sums the scattering caused by the two-body potential to all orders. 
Thus, even if the nuclear potential were one that could be treated in perturba- 
tion theory, we would want to use t, not v, under conditions where we believe 
that the scattering takes place for free nucleons. 

In practice we do not know the vacuum interaction, but we have con- 
siderable knowledge of the t matrix. This is provided by the phase shift 

The same result can be obtained from (7.70) by writing T, . T~ in terms of raising and lowering 
operators t' = tX itY and noting T, . T~ = 2(t:t; + t;tl) + 4t;t;.. 

See Kawai et a/.,  1964, and Haybron and McManus, 1964. 

‡

‡
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analysis of nucleon-nucleon scattering data (Stapp et al., 1957). We suppose 
therefore that such a matrix (k l ,  k2(tlkl, k2) is available in the desired 
energy and momentum-transfer region. As far as possible, we want to use 
this as the interaction for our transition amplitude. 

We follow closely the formulation of Kawai et al., (1964) in what follows. 
Being a physical quantity, momentum is conserved by t, so we can write 

(k;, k;ltlk,, k2) = (k; - k',ltOlkl - kz) 6(k; + k', - k1 - k2). (7.110) 

Moreover, at high energy the momentum of the nucleon (say, 2) in the nu- 
cleus is small compared with the other. Therefore 

( k 1 ,  k;ltlk,, k2) N (k;ltolk,) 6(k; + k; - k, - k2). (7.111) 

The scattering matrix (k'l tolk) is an operator in the spin space of the two 
nucleons and will be written explicitly later. For the present this need not 
concern us. We seek instead a coordinate representation to use in our theory. 
In its unapproximated form it is nonlocal in free and bound particle coor- 
dinates 1 and 2: 

(r;, riltlr,, r2)  = (27-c)-I2 j d k l  dkidk, dk, 

x exp(ik, er;) exp(ik2-r',) (klk;ltlklk2) 

x exp(-ik,.r,) exp(-ik2.r2) (7.112) 

N (2n)-12 jdk;  dk, dk, exp(ik;. r;) 

x exp[i(k, + k2 - k;).r',](k;ItO(k,) 

x exp(-ik, - r l )  exp(-ik,.r,) 

= ( 2 ~ ) - ~ 6 ( r ,  - r;) dk; dk,exp(ik; .r;) s 
x exp[i(k, - k;).r;](k;Itolkl) exp(ikl .rl). (7.113) 

Now, in accordance with our high-energy assumption, the momenta kl  and 
k, should never differ much from their asymptotic values k, and ki, respec- 
tively. For example, when the preceding result is substituted for the interac- 
tion in F, we shall obtain factors 

(jdr; exp(ik; -r>)X$-)(kf, r'J) " ( jdr ,  exp(ikl .rl)Xl+)(ki, rl)). 

If x were a plane wave, which is an approximation that improves at high 
energy, these integrals would yield 6(k; - k,) 6(k, - ki). Therefore, instead 
of using the local values of the momenta, we may use the asymptotic values 
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k; --f kf and k, -+ ki in the preceding t matrix to obtain, upon setting 

K = +(ki + kl), q = k, - k;, (7.114) 

the result 

(r i ,  r;ltlrl, r2> = ( 2 ~ ) - ~  6(rz - ri) (kfltolki) Jdkdqexp[-iK-(r, - r;)] 

x exp[ - iq - [$(TI + r;) - r;] 
= ( 2 ~ ) - ~ 6 ( r ,  - r;)6(rl - r\)6(rl - rz)(kfltolki). (7.115) 

Thus our approximations have yielded a local interaction of zero range, with 
a strength (kfltolki), which depends on energy and the momentum transfer 

q = Ik, - ki[ = (k; + kf  - 2k,ki cos 6)l” N 2ki sin 6/2.  (7.116) 

The most general form that (kf(to[ki) can take, consistent with charge inde- 
pendence and invariance under space and time reflection (Wolfenstein, 1956; 
Dalitz, 1952; Clegg and Satchler, 1961; Kerman et al. 1959), is 

(kfltolki) = a + ha, . fia, - fi + c(al + 6,) - fi + eal - &rZ lj +fal - Qa, - Q, 
(7.117) 

where 

q = k i - k , ,  Q = k i + k f ,  n = q x C ,  (7.118) 

and 4, 0, and fi are unit vectors. Each of the coefficients a, b, . . . , fa re  func- 
tions of energy and scattering angle and also of isospin, thus 

a = a , + a , z , . z , .  (7.1 19) 

This spin dependence is more general than we have treated earlier, contain- 
ing spin-orbit and tensor components in addition to the central part. These 
are fairly straightforward to handle in the preceding approximation (See 
Kawai et al., 1964; Haybron and McManus, 1964). A less severe approxima- 
tion, which retains a finite range for the interaction, will be taken up in 
Chapters 11 and 12. 

Approximation (7.1 15) has been employed both in the plane-wave ap- 
proximation (Kerman et al., 1959) and in the distorted-wave approximation 
(Kawai et al., 1964; Haybron and McManus, 1964) of the transition ampli- 
tude. In this latter case the approximate transition amplitude is referred to as 
the distorted-wave impulse approximation. We avoid use of the designation 
“Born” because this term refers to a calculation of first order in the potential. 
Use of the free t matrix implies that the free potential has been summed to 
all orders. This must be so because there is nothing in the observation of the 
scattering that prevents successive interactions, and t is taken directly from 
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observation. In the last chapter we saw this in a formal expansion of t in 
terms of V(6.35). 

M. COULOMB EXCITATION 

Coulomb excitation refers to inelastic scattering in which the Coulomb 
interaction, rather than the nuclear interaction, is principally responsible 
for the excitation. In the sense that the Coulomb interaction is better known 
than the nuclear, this can have some advantage as far as the measurement 
of the electric multipole moments of nuclear states is concerned. It is at low 
energy that the Coulomb interaction dominates. To understand why, note 
that the optical potential, which describes the average interaction between 
two scattering partners, has a nuclear and Coulomb part which are given 
typically by (4.34) and (4.35). The nuclear part is attractive and of short 
range, following as it does the nuclear density, whereas the Coulomb part is 
repulsive and of long range. As a consequence, the optical potential is repul- 
sive at large distance and attractive at shorter distance. The maximum in the 
potential between these regions is called the barrier energy. A classical par- 
ticle with energy below this value cannot enter the nucleus. Of course, there 
is a finite but small quantum-mechanical probability for penetration. How- 
ever, it is true that at a bombarding energy below the barrier, the main 
interaction between the scattering partners must be the Coulomb interaction. 
If the product of charges is small, then the cross sections for all inelastic and 
reaction processes will simply be small. However, if the product of charges 
is large, there may be appreciable inelastic cross sections. The excitation of 
vibrational or rotational states, which involves the coherent participation 
of many nucleons and therefore appreciable charge, is a good example in 
which the cross section can be large and nearly purely Coulombic. Such pro- 
cesses are often referred to as Coulomb excitation. The quantum-mechanical 
theory for excitation of surface vibrations, discussed earlier in this chapter, 
is quite general, applying at energies above or below the barrier. Therefore, 
nothing need be added to the theory developed so far, if the first-order 
treatment is adequate. 

There are, however, practical differences in the numerical calculation of 
the cross section. Because of the repulsion of the optical potential under 
circumstances in which the Coulomb interaction dominates, large partial 
waves, which are only slightly scattered by the repulsive field, scatter to 
forward angles. Small partial waves, which are strongly repelled, scatter 
to large angles. Therefore a large number of partial waves may be needed 
to obtain convergence for small scattering angles. To describe accurately the 
cross sections for angles 8 greater than 8,, one would need all partial waves 
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up to the value corresponding to classical scattering at 0,. This is 1, = 
q cot(B,/2) = 2q/B0, where r]  is the Coulomb parameter (4.10). For low energy 
and large charges, q can be of the order of 100. Therefore, lo can be very 
large. Although fast electronic computers can be used to perform such calcu- 
lations, semiclassical methods were first developed for handling Coulomb 
excitation (Alder et al., 1956; Alder and Winther, 1966). The classical descrip- 
tion of elastic scattering should be valid if the wavelength 1 associated 
with the relative motion is small compared with the distance of closest 
approach of the classical orbit. For the Coulomb potential this can be 
translated into the condition q >> 1. Under such circumstances the Coulomb 
process can be approximated by calculating the classical trajectory of the 
scattering nuclei. Along such a trajectory the electromagnetic field between 
them is changing. The time variation of the field at the location of one of 
the nuclei can excite it. This is calculated in time-dependent perturbation 
theory. Norenberg and Weidenmiiller (1976) give a nice account of classical 
scattering and the Coulomb excitation process and references to the more 
detailed literature. 

As the bombarding energy is raised to the vicinity of the barrier, usually 
called the Coulomb barrier, the nuclear interaction becomes effective. Its 
opposite sign can partially cancel the effect of the Coulomb field for a 
certain group of orbits, giving rise to what is referred to as nuclear-Coulomb 
interference or a reduction in cross section near the classical scattering angle 
corresponding to these orbits. When the energy is at or above the barrier, 
the classical deflection function ceases to be a monotonic function. It be- 
comes multivalued. In such cases the interference between trajectories that 
have the same scattering angle becomes an important feature. These matters 
are discussed in greater detail in connection with heavy-ion scattering 
(Chapter 18). 

Notes to Chapter 7 

A review of transfer reactions can be found in Austern’s (1970) book and in the review 
of Glendenning (1963, 1975b). 



Chapter 8 
A 

Coupled Equations and 
the E f e  c t ive In t er ac t ion 

A. COUPLED EQUATIONS FOR INELASTIC SCATTERING 

In Chapters 3, 5, and 6 we derived exact expressions for the F matrix, 
and we also discussed two approximations, one based on the Born series 
and one on the distorted-wave Born series. The DWBA is a very valuable 
approximation which is widely employed in the interpretation of data from 
direct reactions. It is valid for transitions that are not too strong, although 
it is difficult to give a quantitative measure to this statement. Generally we 
know that transitions involving collective states are too strong to be treated 
in first order. The series expansions of the transition amplitude, whether 
the Born (6.35) or distorted Born series (6.52, 6.58), are not convenient as a 
means of calculating higher-order corrections, generally speaking. Each 
order is increasingly more cumbersome. There is an alternative to summing 
the series term by term that consists of developing the Schrodinger equation 
as a system of coupled equations. Then, subject to the approximations with 
which this system is obtained, its solution accounts for the interaction to all 
orders. 

As in Chapter 3, denote by H a  the intrinsic nuclear Hamiltonian(s) 

Ha = H A  + Ha. (8.1) 

125 
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Denote the kinetic energy operator of relative motion by T ,  and the interac- 
tion by V.  (Because we discuss only elastic and inelastic scattering, the 
channel subscript a is not needed on T and V.) 

Suppose that we have model Hamiltonian(s) for the target HA (and pro- 
jectile Ha) and we wish to use scattering experiments to test the appro- 
priateness of the model. In other words, the solution to 

( H A  - EA)@A = 0 (8.2) 

(and the corresponding equation for a) is known from a nuclear model. 
The Hamiltonian for the entire system, including relative motion and 

interaction between target and projectile, is 

H = H , +  T +  V. (8.3) 
The potential V is a sum of two-body interactions between particles in the 
projectile and those in the target, as in (3.6). At this point, qj is still regarded 
as a well-behaved potential of a phenomenological character and is not 
the vacuum nucleon-nucleon interaction. The connection with the vacuum 
interaction will be alluded to later in this chapter and taken up in greater 
detail in Chapters 11 and 12. 

To embed our model solutions into the problem it is natural to expand 
the solution to the Schrodinger equation 

( E  - H)Y = 0 (8.4) 
in terms of the model wave functions 

where 

@a = @A@a (8.6) 

denotes our model nuclear wave functions. Insert the expansion into (8.4), 
multiply by @a and integrate on internal coordinates, to obtain 

where 

K a O )  = (@a[VI@af)  (8.8) 

is a matrix element over the internal coordinates. There is clearly one 
such equation for each state a, CI’, . . . , and they are coupled by the terms 
on the right-hand side. It is important to notice that all of the transitions 
represented on the right of (8.7) contribute coherently. 
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The solution of these equations for the $’s would provide us with the 
solution to H in terms of the model wave functions. Although in principle 
the model wave functions are a complete set, in practice we cannot solve 
the infinite set of equations implied by (8.7). Therefore we must recognize 
that, at best, a practical calculation is a truncated and therefore approximate 
one. 

B. TRUNCATION AND EFFECTIVE INTERACTIONS 

We recognized previously that a straightforward derivation of coupled 
equations leads to an infinite set. This is just a manifestation of the fact 
that we are dealing with a many-body scattering problem. A generalization 
(Glendenning, 1969a) of Feshbach’s (1958, 1962) discussion of the optical 
model permits a reformulation so that the problem of solving an infinite 
set of coupled equations is replaced by that of solving a finite set with a 
modified or effective interaction. 

We recognize that the cross sections to only a few of the many channels 
that are open in a typical cyclotron or tandem accelerator experiment can 
be resolved from each other. Therefore, the amount of precise information 
available is always limited. We shall now build a theory that places an 
emphasis on the limited data that can be obtained. Accordingly, let P refer 
to the elastic and a few inelastic channels that can be resolved and that 
are open, and let Q refer to all the others, which could be tens of thousands 
in a medium to heavy nucleus at tens of mega electron volts bombarding 
energy (see Fig. 8.1). Also, let P and Q denote operators that project onto 

Fig. 8.1 Schematic level diagram of nu- J 
cleus and a division into included and excluded 
levels P and Q. 

1 
t p  
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the included and excluded parts of the wave functions, so that PY asymp- 
totically contains only the P channels. Clearly 

P + Q = 1 .  (8.9) 

(8.10) 

Therefore (8.4) can also be written as 

( E  - H ) ( P  + Q ) Y  = 0. 

( E  - HQQ)(Q’V = H Q P ( P Y L  

Project from the left with Q to obtain 

(8.1 1) 

where 

HQp = Q H P ,  etc. (8.12) 

This equation, regarded as an operator equation, can be solved formally as 
in Chapter 6: 

1 
E - HQQ + ie Q Y  = H Q P ( P Y ) ?  (8.13) 

where, as usual, is yields the asymptotic boundary condition on the Green’s 
function that there are outgoing waves. The solution to the homogeneous 
equation ( E  - HQQ)x = 0 has not been added because any solution of the 
homogeneous equation has zero net flux through any closed surface about 
the origin and, hence, violates the conditions we wish to describe, which cor- 
respond to outgoing waves only in all but the target channel. 

Similarly projecting from the left with P yields 

( E  - Hpp)(PW = HPQ(QW (8.14) 

Inserting the preceding expression for QY yields, upon rearrangement, 

HQp ( P Y ) = O ,  (8.15) 1 1 
E - Hpp - 

H~~ E - H,, + is 

which is the equation that is satisfied by that part of Y in which we are really 
only interested, namely, P Y .  It contains all the information necessary for cal- 
culating transitions among states belonging to P. We denote it more con- 
veniently by Y ( P )  = PY. 

We then rewrite (8.15) as 

( E  - H ,  - T - ‘V)Y(P)  = 0, (8.16) 

where 

(8.17) 
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Here we have used the obvious fact that PQ = QP = 0. Because T 
commutes with P and Q (it acts only on the relative coordinate), then 

Moreover, if we agree henceforth to solve the Schrodinger equation only 
in the P space, then we can drop the outer projection operators defining Y ,  

HP, = V P Q .  

v = v + v  v. 
E - H + i E  

From the identity Y = PY + QY and Eq. (8.13), 

E - H + i &  V)Y(P). 

(8.18) 

(8.19) 

Also from the general result (3.33), 

%,, = ( & l (  KIT:+)) = (4 , ! I~ l%+) (~) ) .  (8.20) 

This is an important result. It tells us that theformally exact expression for 
the parts of the T matrix referring to transitions between states a and a’, both 
belonging to the included channels P,  can be calculated from the truncated 
Schrodinger equation of Eq. (8.16) (Glendenning, 1969a). However, this trun- 
cated problem contains not the original interaction V ,  but an effective one 
Y ,  which is to be used in the space P. Although the problem is still no easier 
to solve exactly, it has been cast into a form that is more suitable for making 
the approximations that lead to a tractable problem, that is, a finite number 
of coupled channels. It also suggests, as will be discussed, some of the ex- 
pected properties of the effective interaction Y that is to be used in the trun- 
cated space. 

We have referred to the transformed Schrodinger equation (8.16) as trun- 
cated because it leads to a truncated set of coupled equations. If the steps 
leading to (8.7) are repeated with Y replacing I/ in (8.3), then the resulting 
coupled equations are the finite set referring explicitly to only the subset P 
of all states. 

This clearly informs us that it would be wrong to truncate Eq. (8.7) without 
at the same time using the effective interaction Y instead of V. We now 
discuss this very important effective interaction. 

C. THE EFFECTIVE INTERACTION 

Whereas the original scattering problem, governed by H = H ,  + T + I/ 
led to an infinite set of coupled equations corresponding to all channels, a 
modified problem governed by 2 = H ,  + T + V,  which is to be solved only 
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within a finite subspace of channels, can be defined so that it leads to the 
same Y matrix elements between channels of the subspace (Glendenning, 
1969a). Of course this is a statement that is only formally correct because we 
have not discussed how to calculate V .  We would need the complete spec- 
trum of HQQ to do so. At the energies of interest to us, there are millions of 
open channels in medium to heavy nuclei so that an exact calculation of V 
is not feasible and approximations would have to be made. Important pro- 
gress is being made in this direction.* Nevertheless it is a very important 
conceptual result because we can make certain statements concerning the 
nature and behavior of V.  For example, the usual optical potential for 
elastic scattering corresponds just to the case in which P projects on the 
ground state alone. Only the elastic channel is treated explicitly, all other 
entering channels are treated implicitly through V .  Although we cannot cal- 
culate the optical potential from first principles, it can be parametrized very 
successfully. From its definition [Eq. (8.18)], V is explicitly dependent on 
the energy, is complex valued, and is nonlocal. The second term makes a 
large contribution to diagonal matrix elements but is probably small for off- 
diagonal ones. This can be seen by introducing the eigenstates of HQQ in a 
typical diagonal matrix element 

where Yc  is intended to denote the wave function for the A + a system and 
Qa the intrinsic wave function of the nuclei. The parentheses denote integra- 
tions over the intrinsic coordinates and remain functions of the remaining 
coordinate r .  The sum on C runs over the space of Q and includes continuum 
and discrete states. The numerator is positive definite and the denominator 
changes sign only once. There is therefore little chance that the sum is small. 
However, the individual terms in the second part of V generally will be very 
small because they involve matrix elements connecting the two parts of the 
space P and Q, whose states will usually be of quite a different structure be- 
cause the latter lie at higher excitation in the nucleus A. 

This means that the sum, which is over an enormous number of terms [a 
continuum built on each state C of the A + a particle system], is not domi- 
nated by any particular one of them as long as no states of Q are strongly 
coupled to any of P. With the proviso that the effect of such strong coupling 
be removed from Y by treating them explicitly in P, then the sum C in Eq. 
(8.21) will be dominated by the high-excitation region because of the high- 
level density. From this fact we see that Vaa will be slowly varying from 

See von Geramb (ed., 1979), especially the work reported by and references to the Liege 
Group (Jeukenne, Lejuene, and Mahaux), the Orsay Group (Vinh Mau and Bouyssy), and the 
Oxford Group (Brieva, Kidwai, and Rook). 
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nucleus to nucleus and that the diagonal matrix elements in the space P will 
be similar. We do know that the optical-model treatment of elastic scattering 
is generally satisfactory. This suggests that we treat the diagonal matrix ele- 
ments of (8.18) by a similar phenomenological parametrization. 

For the off-diagonal matrix elements of (8.18), on the other hand, the 
numerator of the second term is not positive but will fluctuate in sign from 
term to term so that in general we may expect it to give a small contribution 
in comparison with the first. 

D. NONLOCALITY 

To demonstrate the nonlocal nature of the second term of Y,  which for 
convenience we call W ,  we examine the coordinate representation of W, 

(r, A, alWlr’, A‘, a’) 

(r, A, a~V~O(C]V~r’ ,  A‘, a‘) 
E - E, + is = c  C 

V(r, A, a)Yc(r, A, a)Yz(r’, A‘, a’)V(r’, A‘, a’) =c 3 (8.22) E - Ec + iE C 

where we have used 

vc(r, A, a) = (r, A, a 1 c> (8.23) 

to denote a wave function of H, ,  for the A + a particle composite, and the 
fact that V is local (i.e., diagonal in the coordinate representation), 

V(r, A, a) = (r, A, alVlr, A, a). (8.24) 

We can now write the effect of W acting on the wave functions we have 
been using. In a coordinate representation, we have 

1 dr’ dA‘ da‘ 
E - E, + is (r, A, alwl’h, a) = V(r, A, a)”&, A, a) 

C 

x Yz(r’, A‘, a’)V(r’, A‘, a’)$(r’)@(A’, a’). (8.25) 

E. MULTIPLE-SCATTERING SERIES FOR 
THE EFFECTIVE INTERACTION 

In Chapter 6 we derived Watson’s multiple-scattering series for the T 
matrix. We emphasized that it is of fundamental importance in nuclear phys- 
ics. Now we shall see why this is so, using the results of Chapter 6 to derive 
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an analogous series for the effective interaction, in terms of a nonsingular 
two-body t matrix. This two-body t matrix has the same significance for 
scattering theory that the Breuckner G matrix has for nuclear structure 
theory. In fact, aside from the boundary condition, they obey the same kind 
of equation. 

Use the operator identity (6.20) to rewrite (8.18) as an integral equation 
for V :  

v. (8.26) Q Y = V + V  
E - Ha - T, + is 

(We have replaced the channel label a on the kinetic energy T.) This integral 
equation is precisely the same as (6.63) except for the occurrence of the 
projection operator Q. Therefore, the results of Chapter 6 can be directly 
transcribed simply by multiplying the propagator (6.67) by Q. Equation (6.76) 
therefore tells us at once that 

where 

(8.28) 

and z j  is a two-body operator acting between the projectile and the j th  target 
nucleon. Similarly, vj is the interaction between these two particles, and was 
written in (6.65), and z j  is given by 

z.= J v.+ J V. Jg (+)zj. (8.29) 

This is a nonsingular operator, as discussed in Chapter 6, even though vj 
is singular. However, the z defined here is different from Watson’s (6.69) be- 
cause of the projection operator Q. This is a significant difference. In the for- 
mulation of this chapter, certain low-lying levels, especially collective ones, 
are treated explicitly through the coupled equations. All other levels belong 
to the Q space. This suggests that there are simplifications possible in the 
calculation of (8.29), which otherwise would not be viable. One could con- 
sider, for example, introducing plane-wave states of appropriately high 
momentum as an approximation to the noncollective highly excited states of 
the nucleus, in a nuclear-matter approximation of 2. 

We discussed the virtues of series like (8.27) in Chapter 6 but will briefly 
mention them again. The successive terms in (8.27) give rise to events in 
which the projectile scatters from one, two, three, etc., different target nu- 
cleons. Each such scattering is represented by z, not V, so that the full 
scattering sequence in each collision is accounted for [see (6.77)]. 
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The actual nucleon-nucleon interaction 5 is highly singular, rendering 
invalid any perturbative theory based on it. For this reason we have assumed 
from the beginning of this book that we can introduce a well-behaved effec- 
tive interaction and develop a perturbative theory. Now we have the justifi- 
cation for this approach. We have a formal operator V that allows us to 
obtain a formally exact solution to the scattering problem in a subspace 
chosen at  our convenience. The full effective interaction in the subspace can 
be developed in a multiple-scattering series (8.27) in terms of the nonsingular 
operator. This is the operator for scattering theory that corresponds closely 
to the Breuckner G matrix. Indeed, Breuckner was inspired by Watson's in- 
genious reordering of the series to define the G matrix. 

In (8.27) we see how the full effective interaction is to be constructed from 
z. In practice it may suffice to retain only the first term. This would cor- 
respond to the assumption that the nucleus is a dilute system, and therefore 
that the likelihood that the projectile will strike more than one different 
target nucleon is small. Direct reactions are of such a nature as to emphasize 
just such events. The replacement of Y in (8.16) by the first term in (8.27) 
retrieves just such a theory as was laid out in Chapter 3. 

In Chapter 11 we shall discuss the operators z and G again. They are not 
easy to calculate, of course, but considerable progress on these problems, 
especially on the bound-state problem, has been made. 

F. PARTIAL-WAVE EXPANSION 

For clarity in introducing the concept of truncation and the corresponding 
effective interaction, we did not separate the radial from the angular coordi- 
nates in the coupled equations (8.7). In any practical calculation this is done 
because the angular integrations can be performed in closed form through 
the well-known properties of the spherical harmonics. Therefore we now 
develop the truncated coupled equations corresponding to the problem of 
Eq. (8.16) in partial-wave components. 

Several different coupling schemes could be employed. For example, if the 
projectile a is a nucleon or light nucleus (say, up to the alpha particle), then 
the spin-orbit coupling scheme is a convenient one. For this case we define 
spin-orbit functions 

where i is the angle direction of r (the relative coordinate between a and A) 
defined in Chapter 3 and OJe the wave function of the projectile. Here we 
have explicitly written its spin quantum number, which has only been 
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implicitly implied until now. In the case is which a is simply a nucleon, then 
97 is obviously the usual spin-orbit function 

gYlnsj = [Y,(f)X1/2(6)17* (8.31) 

The description of the angular momentum coupling is completed by con- 
structing the channel functions 

$El(', a, A) = [gtJ,j@JA(A)]F. (8.32) 

The parity 71 of this partial-wave channel is clearly 

71 = ( -)'n,ZA, (8.33) 

and I denotes the total angular momentum 

I = j  $- JA = & + J, + JA. (8.34) 

Alternatively, one could employ what is referred to as the channel-spin 
coupling scheme. In this case the two nuclear wave functions are coupled to- 
gether first and then they are coupled to the angular momentum of relative 
motion d: 

c Y,(')[@Ja@J*lSIF. (8.35) 

The two schemes can be transformed, one into the other, by the techniques 
of Racah algebra 

C & [ @ . f a @ J A l s l ~  = C ( (dJa)j ,  JA; zld, (JaJA)s; I)[[ Y ~ Q J , ]  j@JJY 3 (8.36) 

where the transformation bracket is related to the Racah coefficient, or 
alternatively, the 6-j symbol. 

.i 

(8.37) 

where?= 2 j  + 1. Any calculation performed in one can, by these relations, 
be expressed in the other. 

The spin-orbit scheme is most convenient for nucleons because the matrix 
elements of the spin-orbit term in the optical potential (i.e., diagonal ele- 
ments of V )  can be written immediately as 

28 - SYesj = ( j 2  - d 2  - s2)Yesj = [ j ( j  + 1) - / ( d  + 1) - $]Ytsj; (8.38) 

this is the scheme we shall use. 
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In terms of the channel functions 4 defined by (8.32), a state Y of the 
total system with parity and angular momentum rcI can be expanded as 

y,"nr = l / r  C U:T'(r)4a,nr ,  (8.39) 

which is our partial-wave expansion corresponding to (8.5). However, we are 
economizing on subscripts by understanding, as suggested by the right side 
of Eq. (8.32), that when a is used as a channel subscript or superscript 
in these partial-wave expansions it stands for the collection of quantum 
numbers 

a' 

a = JaJA/j. 

Inserting this expansion into the Schrodinger equation, we find 

where 

(8.40) 

(8.41) 

E, = E - E,= E - E, - & A  (8.42) 

k,2 = (2ma/h2)Ea, v, = hka/ma (8.43) 

v i a , ( r )  = ( 6 a z n l l v l 4 a , n I ) ,  (8.44) 

where the parentheses denote integration over all coordinates except r. Thus 
Via. is diagonal in rc and I and independent of M if V is scalar. As 
already discussed, the diagonal elements of Y will be parametrized as a 
phenomenological optical model in practice. 

The superscripts a d  on u and these same subscripts on Y serve to remind 
one that the incident partial-wave channel is described by these quantum 
numbers. 

Because of the importance of interference phenomena we stress again that 
the right side of (8.40) represents a sum of coherent contributions to the 
channel a' from all other, a", that have finite matrix elements Vara,, and 
that are included in the calculation. The direct transition from the ground 
state a' -+ a is represented by the Yazau, term. Indirect transitions through 
intermediate states a" # a are represented by the sum of other terms Va,a,
It is because the channel a" # a is not initially populated that such terms 
are called indirect. Sometimes the transitions they represent are referred to 
as two-step transitions, because the lowest-order process contributing to 
them is a +a"+a ' ,  which is of second order in non-diagonal matrix ele- 
ments of $/. 
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G. BOUNDARY CONDITIONS 

The solutions to second-order differential equations require the specifi- 
cation of two boundary conditions in order that they be uniquely defined. 
One of these is imposed at the origin. The function must be everywhere 
finite which, taking into account Eq. (8.39), implies that u(0) = 0. In a small 
neighborhood of the origin the solution can be thought of as related to 
the spherical Bessel function rj,(Kr), with K suitably defined by the relation 

K 2  = (2mu/h2)[E,  - V,,(O)]. (8.45) 

This fact can be employed as a starting value for numerical integration. 
The second boundary condition is applied at some large value of r,  where 

the interaction has vanished or become purely Coulombic (in the case of 
charged particles). Hence 

U, -+ AF, + BG,, 

where F and G are the Coulomb functions, defined in Chapter 4, that are, 
respectively, regular and irregular at the origin. 

As already discussed in Chapter 4, it is convenient to introduce the com- 
binations I and 0: 

I ;  = 0, = G, + iF,  + exp{i[kr - qCn(2kr) - !7r/2 + crF],\. (8.46) 

Now the boundary condition for large r can be precisely stated. In the 
entrance channel CI there are both incoming and outgoing spherical waves 
at infinity corresponding to the physical fact that there is a plane wave 
representing the incident beam and outgoing scattered waves. In all other 
channels, however, there are only outgoing spherical waves. Hence 

The particular way we chose to write the coefficient of 0, allows us to 
refer to S as the S matrix, being the ratio of outgoing flux in channel 2’ 

to incoming flux in channel a. The requirement that the solutions to the 
coupled equations satisfy the preceding boundary conditions provides the 
numerical values of Sa,a from which the cross sections can be calculated. 

To see explicitly how S is specified, we note that, in general, the integrated 
solutions, found by starting the integration at the origin in such a way as to 
obey the initial values, will have both incoming and outgoing waves in all 
channels at infinity. Therefore a linearly independent set of solutions must 
be generated. Let the channels a, a’ , .  . .  be denoted by I ,  2 , . .  . , N with 
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1 denoting the entrance channel. We now place two subscripts on each 
function u, say, u,,, where n denotes the nth channel and m denotes one of 
the various N boundary conditions for which solutions will be found. Suit- 
able initial conditions are (see Chapter 4, L) 

(Kr)""+'/(2/, + I)!! for n = m 
for n # m, 

(8.48) 

with the corresponding derivatives. By solving the coupled equations N 
times with m = 1, .  . . , N ,  we generate N independent solutions, some linear 
combinations of which can be found to satisfy the condition of (8.48) at 
large r .  This is expressed by the linear algebraic equations at Y = R: 

~ 1 ~ 1 1  + a2u12 + ' .  ' + u N u ~ N  + S,O&, = I , ,  

(8.49) 

a l U N l  + a 2 u N 2  + . ' + UNU" + S N O , ,  = 0 .  

These, together with the derivatives of these equations, provide 2N equations 
that can be solved for the constants a , ,  . . . , u,, S , ,  . . . , S, .  

H. DISTORTED-WAVE BORN APPROXIMATION 

It should not be surprising that the distorted-wave Born approximation is 
the first-order solution to the coupled equations. To first order, the coupled 
equations (8.40) become 

(E ,  - Tat - U,)U," = 0 
(8.50) 

(Ear  - Tat - Ua)u,. = V,.,u," 

where Vua is represented by an optical potential U ,  which is taken to be the 
same (generally) in all inelastic channels. 

The second of these can be solved in terms of the Green's functions con- 
structed from the regular and irregular solutions u,", , 0,. , of the correspond- 
ing homogeneous equation, just as in Chapter 5. One finds that 

(target channel) 

(excited channels), 

(8.51) 

Taking account of definition (8.47), one can read the DWBA expression for 
the inelastic S matrix elements: 

(8.52) 
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1. CROSS SECTIONS 

The preceding development in partial waves was made for a particular 
state of total angular momentum I and parity n: of the system. The incident 
beam in the entrance channel, with momentum hk directed along the z axis, 
is represented by a plane wave (if there is no Coulomb force): 

(8.53) y m , M  = M i k z  
0 @Ya@,Ae . 

It is a superposition of all angular momenta (2.8) 

(8.54) 

Therefore we need the particular linear combination 

which has the plane-wave part (8.53) when examined as r --f co. In view of the 
boundary condition (8.48) that the radial parts of YuzI (8.39) satisfy, it is easy 
to verify that if the amplitudes are chosen to be 

(8.56) 

then (8.54) becomes precisely (8.53) if the interaction is turned of€(S,., = d,,,). 
The proof involves merely noting the coupling scheme implied by 4anI, out 
of which YUzI (8.39) is constructed. In the case of a Coulomb force, the plane 
wave in (8.53) must be replaced by a Coulomb wave function. The only mod- 
ification that needs to be made is the insertion of the factor e iud  into (8.55) 
and the replacement 

F,(kr) + eiurFe(y, kr)  

in (8.54). Then, in the absence of any additional interaction, S,,, = 6,,,, and 
(8.55) becomes the Coulomb wave function 

From the discussion in Chapter 4 on Coulomb scattering, we know that 

1 1 
exp(i[kz - y t n k ( r  - z)]] + ;A($) exp(i[kr - ~(8n2kr)l)  , 

(8.58) 
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where fc is the Coulomb scattering amplitude given in Chapter 4. Therefore 
the boundary condition (8.47) leads to the following result for (8.55): 

(8.59) 

Here recall that subscripts a mean 

a J , J A t j j .  

We replaced i by I? in the asymptotic region. The current associated with 
(Va/ua,)1i2Fa,aeik'r/r is ualF12/rZ so that the flux in direction f' through solid angle 
dR is r2 dR times the current. Thus 

&(a, m, M + a', m', M' )  = IF,.,(k')/i dR. (8.61) 

As in (5.50), the usually measured cross section involves an unpolarized 
beam and unoriented target, and the final spin orientations are not measured. 
This cross section is the average over the initial orientations m and M and sum 
over the final m' and M', 

(8.62) 

In this section we have gone through the tedious details of showing how the 
scattering amplitude (8.60) is constructed from the S matrix elements under 
very general circumstances. 

where the scattering amplitude is given by



ChaDter 9 
A 

Microscopic Theory of 
Inelastic Nucleon 

Scattering from Nuclei 

A. THE RICHNESS OF NUCLEAR STRUCTURE 

The richness and variety in nuclear structure and in the reactions be- 
tween nuclei arise because the nucleus is a self-bounded, saturated system 
of nucleons that is held together, not collapsed or crystallized, by a com- 
plicated interaction between the nucleons. The interaction acts differently in 
the various states of relative motion available to two nucleons and possesses 
central, spin-orbit, and tensor components. 

The wave functions of nuclear states are the eigenfunctions of a Hamil- 
tonian, which are solutions to the Schrodinger equation (in the nonrelativistic 
approximation) corresponding to N particles. They must be exceedingly 
complex, more so than we will ever know, for this problem can only be 
solved in an approximate way. Nevertheless, however complex nuclear states 
may be, they could have been even more so; for through a delicate balance 
of several factors, nuclei are fairly dilute systems that can be described in 
lowest order as an almost degenerate gas. 

The next corrections to this approximation involve the pairwise inter- 
actions of nucleons. The factors that lead to this relative simplicity are 
the repulsion in the nucleon-nucleon interaction at short distance, the rela- 
tive weakness and long range of the attraction, and the Pauli principle 
(Gomes et al., 1958). These factors permit an approximate description of 

140 
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nuclear states in terms of a shell model with residual pairwise interactions 
(Haxel et al., 1949; Mayer, 1949). The interactions are usually taken into 
account only with respect to the nucleons in the outer shells. Even so, the 
appoximate wave functions can be exceedingly complicated. 

The richness and complexity of nuclear structure are emphasized, in part, 
as a cautionary note against interpreting the success of nuclear models 
in accounting for nuclear spectra and other properties as evidence for their 
too literal truth. Any interpretation in nuclear physics must be tempered by 
the permanent veil that exists between us and the exact solutions of the 
many-body problem. 

Nuclear reactions are an extremely valuable means of probing the struc- 
ture of nuclei; and, having introduced some of the basic ideas of the theory 
in the earlier chapters, in this and many of the subsequent chapters, special 
attention will be given to the manner in which the structure of nuclei can 
be exposed to analysis by reactions. The theory has been developed to 
facilitate this goal. 

The microscopic theory of inelastic scattering was formulated almost 
simultaneously and independently, with the goal stated in the preceding 
paragraph, by several researchers, both in the distorted-wave Born approx- 
imation and in the coupled-channel Born approximation.* In this chapter, 
to provide a general framework and to illustrate more concretely the devel- 
opment of the previous chapter, the theory will be developed in the CCBA, 
of which the DWBA is the first-order solution. The goal of the development 
is to cast the theory into a form that makes it convenient to employ nuclear 
wave functions in the description of the scattering process, however compli- 
cated they may be, and thus to expose them to the test of consistency with 
scattering data. Along the way it will be pointed out how various scattering 
probes involve various combinations of the effective nucleon-nucleon inter- 
action and, as a consequence, tend to populate various types of states selec- 
tively. This is a subject that has turned out to be particularly fruitful and 
will be the subject of Chapters 11 and 12. 

B. DISCUSSION OF THE INTERACTIONS 
IN THE COUPLED EQUATIONS 

As discussed in the preceding chapter, the scattering process is described 
by an infinite set of coupled equations because of the need to use a complete 
set in the expansion of the wave function of the entire system. On the other 

For distorted-wave Born approximation, see Glendenning and Veneroni, 1965, 1966; 
Madsen and Tobocman, 1965; Haybron and McManus, 1965; Johnson et al., 1966; Satchler, 
1966; and Madsen, 1966. For coupled-channel Born approximation, see Glendenning, 1968a, 
1969. 

‡
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hand, information on only a few low-lying resolvable levels can be obtained. 
Thus a description in terms of all channels, even if it were possible, would 
be superfluous. Truncating these equations as they stand would be even less 
justified than the truncation employed in shell-model calculations. There, 
at least, one can invoke the argument that levels that are distant in energy 
from the region of interest may not have a strong effect. However, at the 
bombarding energies of interest in scattering at cyclotron energies, the 
nucleus may be excited into any one of millions of levels, and each of these 
states of the system corresponds to the same total energy. Therefore, there 
is no reasonable truncation of the original system. However, we showed how 
to transform the problem to a finite set of coupled equations in which the 
original interaction is replaced by an effective interaction. The usefulness of 
this transformation of the problem lies in the fact that the effect of the 
enormous number of open channels on those few of real interest is now 
carried by a potential operator rather than an infinite set of equations. 
Although we cannot exactly calculate the effective interaction because that 
would be tantamount to solving the many-body scattering problem which, 
even were it possible, we wish to defer or avoid, we can infer certain of its 
properties from its defining equation and seek a parametrization of it. 

We observed from the structure of V that its diagonal elements are ex- 
pected to vary very slowly from one nuclear state to another and, in general, 
from one nucleus to another. For the elastic channel we are familiar with the 
success of the phenomenological optical model. Therefore, for the diagonal 
elements, we shall adopt a common phenomenological parametrization: 

V,.,.(r) = (@,.lVl@,,) = U,(r), a' E P, (9.1) 

where U ,  is an optical potential as discussed in Chapter 4. It is energy 
dependent as is known from phenomenological analysis of elastic data and 
as it should be from the structure of V. 

The nondiagonal elements are a different story. We argued, on the basis 
of the fluctuating signs in the sum over states Q in the second term of 
V", that that term would be small and that 

V,,, = V,,,, a' # a. ( 9 4  

A word now about the nucleon-nucleon interaction K j  from which Vis 
constructed, 

v =  1 K j .  (9.3) 
ioa ,  j o A  

In connection with the discussion of the shell model in Chapter 3, we alluded 
to the problems arising from the singular behavio  of the free nucleon–
nucleon interaction. The Brueckner Hartree-Fock theory provides the 
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means of transforming the problem to a large shell-model basis in which 
the short-range correlations and the singular interaction causing them are 
replaced by a smooth well-behaved interaction called the bare G matrix. 

A second possible step involves a further truncation of the large basis 
of the shell model to a small-model basis in which a renormalized G matrix 
is the shell-model effective interaction (Kuo and Brown, 1966, 1968). This 
second step is accomplished in a parallel manner to the development in the 
last chapter and is often referred to as core polarization because what is 
often involved is the effect on valence nucleons of the core nucleons (Love 
and Satchler, 1967; Petrovich et al., 1977). 

For the scattering problem, we saw in the last chapter that the first approx- 
imation to the effective interaction is the z matrix. The z and G matrices 
have formally similar integral equations and are therefore related. Chapter 
11 will be concerned with these matters. For the present, we adopt a phenom- 
enological view as far as applications are concerned, but the theoretical 
development is general. 

Taking into account the discussion of the diagonal and nondiagonal ele- 
ments of V ,  the coupled equations that describe the elastic and inelastic 
scattering can now be written as 

(9.4) 
Because we deal here only with inelastic, not particle-transfer channels, it is 
not necessary to carry a subscript on the optical potential U .  We reserve 
the unprimed symbol a to refer to the ground state, whereas a‘, a”, . . . 
refer to excited states. The results obtained for scattering of nucleons by a 
nucleus can be very easily extended to the scattering of ’H, 3He, and 4He, 
and with obvious extensions to nucleus-nucleus scattering and the possible 
mutual excitations. The specialization leads to a simpler notation. 

C. MATRIX ELEMENTS OF THE EFFECTIVE INTERACTION 

We specify more precisely the interaction V in the preceding coupled 
equations as 

where r is the coordinate of the free nucleon and ri belongs to the nucleus A. 
Suppose that I/ is central, 

V r ,  Ti) = (vo + Via * ai)g(lr - rill, (9.6) 
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where V, and V, may in turn depend on the isospin z - x i  and 

V, = v,, + volx * Ti. (9.7) 

The radial function g can be expanded in multipoles as 

where we use the dot product to denote 

Y,(P) * YL(Pi) = 1 Yp(f;)Yp*(P,). (9.9) 
M 

The functions 

uL(r, ri) = 3(2L + 1) 1 g(lr - ril)P,(cos o) d cos o (9.10) 

[where cos o = (r - ri)/(rri)]  can be obtained in closed form for some radial 
forms of the two-body potential, as is known from shell-model theory (
de-Shalit and Talmi, 1963). 

To treat the spin-dependent and spin-independent terms in a unified way, 
introduce the spherical tensors (see Appendix) 

(9.11) 

where the square bracket denotes vector coupling. Now we can write 

where 

This quantity carries the transformation properties of the nuclear part of 
the interaction, whereas TLsj does so for the free nucleon. 

The matrix element of V can now be evaluated by the use of Racah 
algebra. The relevant results are contained in the Appendix. We find, by 
straightforward application of (A40)-(A46), 

efa4 = (4%] q + Y , * I )  

( [ ~ ~ ’ s ~ . ~ , , , , ] ~ ~ V ~ [ ~ ~

(9.14) 

(9.8)

(9.12

(9.13)
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where C is a purely geometrical factor 

D. SELECTION RULES 

The 3-j, 6-j, and 9-j symbols, as discussed in the Appendix and in the 
reference books on angular momentum, vanish unless their arguments 
obey certain relationships. They automatically enforce angular-momentum 
and parity conservation. These conservation laws, as has been emphasized in 
Chapter 2, are reflected in the angular distribution of reactions, and because 
direct reactions tend to be localized in the nuclear surface, the angular 
distribution is usually very characteristic of the angular momentum trans- 
fered in the reaction. At this stage, we can read from (9.15) and (9.16) the 
selection rules connecting the angular momentum. The 6-j symbol, among 
other relations, imposes the vector relation 

J = J' + J", (9.17a) 

or, written more explicity, 

IJ' - J"I I J I J' + J". (9.1 7b) 

The 3-j symbol implies a parity selection rule, because it vanishes unless 

el + L'" + L = even (9.18a) 

[see (A20)J. Because a transition of the scattered particle from the orbital 
angular momentum el to t" implies a parity change given by (-)"+"', we 
see that L gives the change in parity 

(_)"+t" = (-)". (9.18b) 

The 9-j symbol vanishes unless each row and each column satisfy a vector 
relationship. Most especially, 

f l " = L ,  i + $ = S ,  j ' + j " = J ,  L + S = J  (9.19) 

which can be written more explicitly as in (9.17b). 

(9.15)

(9.16)
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Through the conservation of angular momentum and parity for the total 
system, the change in the nuclear state must compensate the change in the 
state of the scattered particle, or, more precisely, the state of relative motion. 
We have seen how the changes in angular momentum and parity of the 
scattered particle are connected to L, S, and J .  Next we shall see how 
the change in the nucleonic motion in the nucleus is connected to these 
quantities. 

E. NUCLEAR FORM FACTOR 

The development of the theory has placed all information about the struc- 
ture of the nucleus in the reduced matrix element of the operator of Eq. (9.13) 
that appears in Eq. (9.14). This is called the nuclear form factor: 

FK’(r) = ( ~ , J , ( A ) l l ~ ~ s J I I ~ J , , ( A )  1. (9.20) 

It involves an integration of all intrinsic nuclear coordinates and is a function 
of the separation between the scattered particle and nucleus. 

If we neglect exchange effects arising from the Pauli principle, the structure 
of F is particularly simple. The neglect can be partially justified on the 
grounds that the exchange integrals may be smaller than the direct ones.$ 
We make this simplifying assumption here. Relaxation of this approximation 
can be found in the literature (Petrovich et al., 1977) and will be discussed 
again in Chapter 12. 

With the neglect of exchange, the scattered particle behaves like a one- 
body operator acting on the nuclear coordinates. Thus, however complicated 
the nuclear states J‘ and J” may be, the nuclear form factor can be expressed 
as combinations of single-particle form factors 

F%T(r) = (($a(r’) IIFLS.dr? r? I I (Pb(r’)), (9.21) 

where 4a and (Pb are shell-model wave functions. This is, of course, the 
form factor for the promotion of a single nucleon from b to a. We use the 
abbreviation a = naeaja and write the linear combination in the form 

F:ij‘(r) = 1 Sgb(J‘Y‘)F$Jr), (9.22) 
a.b 

* In the limit of an infinite-range force, they are in principle zero. In practice, because the 
bound and scattered waves are calculated in different potentials, they will not be precisely 
orthogonal but will at least have small overlap. For zero range, the direct and exchange 
integrals are equal. Thus both limits are simple. The actual situation lies between but more 
toward the short range. Therefore the principal effect of exchange is to amplify the cross 
section. 
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where the amplitudes depend on the particular structure of the nuclear states 
J’ and J“. They are illustrated explicitly for a few simple situations later in 
this chapter. 

F. SINGLE-PARTICLE FORM FACTORS 

We have seen that the nuclear form factor is a linear combination of single- 
particle form factors that would be relevant to scattering from an odd nu- 
cleus. Let the shell-model wave function be written as 

(Pa(r) = ~ ~ ~ ~ ~ ( r ) C ~ ~ ( ~ ) X ~ , ~ ( ~ ) l j ~ ,  (9.23) 

where X is a spin function and u the radial wave function. From the definition 
of 9, the single-particle form factor can be written as 

F%J(r)  = ( ~ a ( r ’ ) l l ~ L ~ J l l ~ b ( r ’ ) )  = 4n R~b(r ) ( ja l lTLSJl l jb> .  (9.24) 

The radial factor appearing in (9.24) denotes 

(9.25) Rf;,(r) = fu0(rr)uL(r,  rf)ub(r’)r’2 dr‘. 

This can be evaluated in closed form as a polynomial if the potential V(r, r’) 
is Gaussian and the radial functions of the shell model are taken to be har- 
monic oscillator functions (Glendenning and Veneroni, 1966; Glendenning, 
1959, 1968a). 

The short range of the force suggests that the form of R is strongly 
governed by the product of the wave functions. For example, if the force 
range is zero, then 

1 

2L + 1 1 
V L ( Y ,  r’) = ___ 6 ( r  - r‘) - 4.n rr” 

1 
RLb(r) = - u,(r)ub(r). 471 

(9.26) 

The radial form factor R,, is illustrated for several transitions and force 
ranges in Fig. 9.1. 

Because of the appearance of the reduced matrix element of T L S j  in the 
single-particle form factor (9.24) the same discussion given earlier in con- 
nection with (9.16) applies to the connection of the excited nuclear particle 
in its initial (l,+ja) and final (&&) states, with the transfer angular mo- 
menta LSJ. In particular, 

This makes clear why we refer to LSJ as the transfer angular momenta. 
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Fig. 9.1. Shapes of several single-particle form factors that contribute to excitation of 2' 
states in nickel isotopes are shown for several force ranges of the direct interaction. The oscil- 
lator parameter v = mw/h = 0.25 fm- '. Force range: (. . .) 0 fm; (----) 1 fm; (-) 1.85 fm. 
(From Glendenning and Veneroni, 1966.) 



H. Shell-Model Configurations 149 

Moreover, because the change in parity of the nucleon motion 
must indicate the change in parity between the initial and final nuclear states, 
we have 

71’“’’ = ( - ) L ,  (9.28) 

where 71‘ denotes the parity of the initial nuclear state. 
We give this very detailed discussion of the selection rules imposed by 

angular momentum and parity conservation because these rules are central 
to the application of direct reactions to nuclear spectroscopy. This is, of 
course, only one aspect of the role that is played by direct reactions in the 
study of nuclear properties. We proceed now to others. 

G. NUCLEAR STRUCTURE AMPLITUDES 

It has been shown that the nuclear form factor can be written as a linear 
combination of single-particle form factors. The particular linear combina- 
tion, expressed by the amplitudes ,S:b defined implicitly by (9.22), depends 
on the structure of the nuclear states. They are the distillation of the nuclear 
structure information as it is needed to describe inelastic scattering and 
electromagnetic transitions. (The difference between these processes enters 
in the definition of the single-particle form factors.) We illustrate with a few 
examples how they can be calculated if the structure of the nuclear wave 
functions is assumed to be known (Glendenning, 1968a, 1969a). 

H. SHELL-MODEL CONFIGURATIONS 

For an even-even nucleus with two nucleons beyond closed shells, the 
simplest assumptions that can be made for the wave functions are 

QJ = I(j’)J> (9.29) 

or 

@J = JqJw> 
= 1 / JZ[ l (~ l ) i (2)  1.0 - I(j(2)j’(l) ~ 1 ,  (9.30) 

where JZZ is an antisymmetrization operator. Note that the first wave function 
is automatically antisymmetric if J is even, as can be proved by directly 
writing out the Clebsch-Gordan sum and examining its properties. Accord- 
ing to the notation introduced earlier, the nuclear form factor corresponding 
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to a transition between these two states is 

The last line is obtained by use of Racah algebra and the definition of the 
single-particle form factor (9.21.) 

1. PARTICLE CREATION AND DESTRUCTION OPERATORS 

It is useful to introduce at this point the notation of particle creation and 
destruction operators. Let b!m create a particle in the shell-model state jm. 
The adjoint is a destruction operator. For fermions, they obey the anti- 
commutation relations 

It can be demonstrated that 
j!m and ( - ) j - m p j - m  (9.33) 

behave like irreducible tensors Tj”. Recall that such a tensor is defined as one 
that satisfies the commutation relations (Appendix) 

(9.34) 

where J is the angular momentum operator and J ,  = J ,  f iJ,. 
The import of the preceding statements is that 

* p.  Jm = ( - ) j - m p .  - J - m  (9.35) 

carries angular momentum j and projection m (not - m). 

(9.31)

(9.32)
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In terms of the particle creation and destruction operators, one can write 
a general one-body operator as 

TY = ( jrnlTYlj’rn’)PJm/lj.,. 
jmj ‘m’  

(9.36) 

where we have used Edmonds’s definition of the reduced matrix element 
( jllTJllj’). The square brackets denote, as always, vector coupling 

(9.37) 

From the defining equation (9.22) for.the structure amplitudes it follows that 

(9.38) 

is the way that S can be defined in terms of creation operators. 

J. PARTICLE-HOLE CONFIGURATIONS 

In lowest approximation, the vibrational states in closed-shell nuclei may 
be described as a superposition of particle-hole excitations. The closed-shell 
ground state, in lowest approximation (i.e., no ground-state correlations), 
can be written as the so-called vacuum state of the A particle system: 

(9.39) 

where 10) is the particle vacuum. The state 10) is intended to be one in 
which all shell-model states are filled in order of their energy and in which all 
shells are closed. Excited states consist of one-particle, one-hole states and 
then at higher excitation 2p, 2k states, etc. The former can be written as 

@.J” = I J M >  = 1 C p h [ P ~ ~ h h l ? l o ) ~  (9.40) 
p.h  

where k is summed over levelsj, rn below, and p over levels above those that 
are occupied by the ground state lo). The amplitudes Cp,  are obtained as 
a solution to the nuclear problem. 

The structure amplitude for transitions between the ground state (spin 0) 
and one of these multipole vibrational states is to be obtained from our 

(w> = Pi  . . ’ Ph(0>, 
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general expression (9.38) as 

The reduced matrix element of the operators must be evaluated: 

<ol[flt!%lJ”IIIbtfihhlJ” I w> = 1 C ~ ~ , ” , ~ C ~ p ~ ~ h ; l , ~ W ~ ~
m‘s 

= C & & ~ C ~ p , h , . ~ { 6 p b 6 a h  - < w I f i ! P ~ % ~ h l O > )  

= 6 p d 6 a h ( - )  (9.42) 

The last term obviously gives zero. Also from the definition of reduced 
matrix element, 

j a +  j b  - J 

(9.43) 

(9.44) 

SJPh(0, J )  = 0. (9.45) 

from which 

Slt”(0, J )  = ( _ ) j h + j P  - J +  1 c p h .  

Similarly one finds 

The amplitude for transitions between one p-h state and another are much 
more involved to derive but can be found in Glendenning (1968a). 

K. QUASI-PARTICLE CONFIGURATIONS 

One method of approximately solving the nuclear many-body problem 
consists of isolating the pairing effects of the residual interaction by the BCS 
method. This corresponds to transforming from the real nucleons of the sys- 
tem to quasi-particles which, as far as the pairing effect of the interaction 
is concerned, are approximately diagonalized in the quasi-particle represen- 
tation. This means that the quasi-particles behave almost like noninteracting 
particles. The transformation between particles Pt and quasi-particles at is 

/3Jm = ujaJm + VjGjm,  (9.46) 

where U and V are coefficients of the Bogolyubov-Valatin transformation. 
With the assumption of phases for spherical harmonics that are known as 
the Condon-Shortley phases (used also by Edmonds) such that 

&-, = (-)my,*, ,  (9.47) 

(9.41)
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then, for the state of minimum energy, 

UV(  - ) t  2 0, (9.48) 

and the normalization of the BCS wave function implies also that 

u2 + V 2  = 1. 

The remaining part of the interaction is treated approximately by a diag- 
onalization within the subspace of two-quasi-particle configurations. In this 
approximation, excited states are of the form 

(9.49) 

I J M )  = 4 dhAJM(ab)(w>, 
ab  

where 10) denotes the BCS vacuum or ground state and 

(9.50) 

is a pair-creation operator. In the preceding expression for the wave function, 
the sum on a, b is unrestricted as to order (i.e., terms ab and ba occur). 

The expression of a one-body operator S in quasi-particle terms is ob- 
tained from (9.38) by use of the transformation between particles and quasi- 
particles and is found, after manipulation, to be Glendenning and Veneroni, 

where the phase (T depends on the property of the particular operator T,M 
and is defined by 

(all T,llb) = ( - )ja -jb +,( bll TJI la). (9.53) 

In the present application to the amplitudes S of (9.38), we find from (9.16) 
that 

(T = L + s + J .  (9.54) 

(9.55) 

The operator N is 

NJ,(a, b) = - [rxf~?~]y = ( -)ja-jb+M NJ-M(b, a). 

The nuclear structure amplitudes appearing in expression (9.22) are the 
reduced matrix elements of the S;b operator. In the case of a transition from 
the BCS ground-state vacuum to a two-quasi-particle state, 

(9.51)

(9.52)

1996)
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It can be readily proven that 

(olAA,(ab)AX.,.(a'b')lo) = b A A f b p , ~ ( b a a r & , z  + (- )ja -jb+a 6ab'bba'), 

from which 
Sjb(J, 0)  = -$[U,V, + ( -)L+sKJ,]qib. (9.56) 

For transition between a pair of two-quasi-particle states, by reference to 
(9.52), one. sees that it is the U U  - VV term that contributes. The algebra is 
involved; the result is in Glendenning, 1968. 

We have seen how the nuclear structure information enters the coupled 
equations for scattering through the reduced matrix elements of an operator 
S&, which is implicitly defined by (9.22) or explicitly by (9.38) in terms 
of particle operators, or (9.52) in terms of BCS quasi-particles. Its calculation 
is several specific examples was illustrated, and other cases can be found in 
the literature. No exhaustive list can be made because we cannot anticipate 
the novel forms that future theories of nuclear structure may take. In any 
case, the corresponding amplitudes can be calculated from the general 
definition of S. The examples were chosen to illustrate a variety of cases. 

L. RECAPITULATION 

The coupled equations representing the elastic and inelastic scattering of 
two nuclei a and A are given by (9.4). Once the physical ingredients, the 
optical potential U ,  and the off-diagonal matrix elements of the interaction 
causing transitions VI&,.) are defined, the problem is then merely a com- 
putational one. 

The parameters of the optical potential are frequently closely related to 
those that describe the elastic cross section alone in the absence of coupling 
to excited states (Chapter 4). However, if the coupling to some of the excited 
states is particularly strong, as for collective rotational levels especially, and 
to a lesser degree, vibrational levels, then the optical potential needed in the 
coupled problem will have different parameters. This can be understood in 
terms of the structure of the effective interaction of (8.18) and will be dis- 
cussed in greater detail in Chapter 13. 

The other, and most interesting, physical ingredients are the matrix ele- 
ments of the direct interaction between the nuclear wave functions (9.14). 
Any scalar two-body operator or sum of two-body operators acting on 
different parts of a physical system (e.g., the projectile and target) can be 
written as a sum of scalar products of tensor operators whose transformation 
properties refer to the two parts of the system, 

V(1, 2) = 1 FJ(1) ' TJ(2). (9.57) 
J 

ø
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This simply means that the powerful angular-momentum algebra developed 
by Racah can be used in the evaluation of the matrix element. For our 
special case, the preceding representation of the interaction was explicitly 
obtained and given in detail in (9.5)-(9.13). The matrix elements (9.14), with 
respect to product states of the two parts of the system, can be written 
immediately, by application of Racah algebra (see Appendix), in terms of 
purely geometrical coefficients (3 - j ,  6 - j symbols, etc.) and the reduced 
matrix elements of FJ(l) and TJ(2). In the example treated (nucleon-nucleus 
scattering), the reduced matrix element of the nucleon part is itself purely 
geometrical (9.20) and therefore of no particular interest. The interesting 
physics is in the nuclear reduced matrix element referred to as the form 
factor (9.17). Still seeking the very heart of the matter, this was expressed 
in terms of a superposition of shell-model single-particle reduced matrix 
elements, or single-particle form factors (9.21). Shell-model states are pre- 
sumed to be known. They are the eigenstates of some appropriate shell- 
model Hamiltonian. The actual detailed structure of the nuclear states enters 
the scattering theory through the structure amplitudes S;"J'J'') of (9.22), 
which specifies what superposition of shell-model form factors is needed. 
This was written in terms of creation and destruction operators in (9.38), 
namely, 

a = n,/,j, (9.58) 

There are a number of approximate solutions to the nuclear structure 
problem beginning with the shell model with a residual interaction and 
more general extended shell-model theories, such as those that employ the 
Bogolyubov-Valatin transformation to isolate the pairing effect of the 
nucleon-nucleon interaction followed by a diagonalization of the residual 
quasi-particle interaction in the so-called Tamm-Dancoff or random-phase 
approximation. The point is that whatever theory is proposed to describe a 
particular set of nuclear states-any one of the preceding or some as yet 
undiscovered theory-all that is needed to test such a theory concerning 
scattering data, is to provide the reduced matrix elements of S;b. All the 
rest is geometry and the numerical solution of coupled differential equations. 
The scattering theory here presented (Glendenning, 1968a, 1969a) has iso- 
lated the content of any nuclear structure theory in the specification of the 
preceding amplitudes! 

Strictly speaking, this statement is true only if exchange arising from 
the Pauli principle and the nature of the interaction is neglected. Even so, 
approximate ways of accounting for the exchange terms preserve the pre- 
ceding structure (Petrovich et al., 1977), as will be shown in detail in 
Chapter 12. 
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M. THE DIRECT INTERACTION AND ITS SPIN DEPENDENCE 

The central part of the interaction between the scattered particle and the 
nucleons in the nucleus can be written as in Eqs. (9.6) and (9.7): 

w 1 2  r2) = voo + vOl(71 * 72) + W l O  + Vl&l * 72)1(Cl - 02) .  (9.59) 

There are other ways of writing this same interaction, which for some pur- 
poses are more convenient. Because 

we can construct projection operators of spin-singlet and -triplet states as 

P; = +(l - bl * 62) ,  PY = 9(3 + bl * b2), (9.60) 

and similarly for isospin-singlet and -triplet. Because the two-nucleon wave 
function involving spin, isospin, and space parts must be antisymmetric, we 
can construct out of products of the two spin and two isospin singlet and 
triplet projection operators, projection operators for states that we can refer 
to as singlet or triplet in spin and even or odd under interchange of the 
space coordinates rl c) r2. Referring to these operators as PSE, PsO, PTE
PTo for singlet-even, singlet-odd, etc., we can write the interaction as 

V(rl ,  r2)  = I/SEPSE + I/SOPTO + VTEPTE + VT0PTO, (9.61) 

and a little algebra yields the connection among the four potential strengths 
in each representation. The latter form is useful in the analysis of two- 
nucleon scattering data. 

Depending on the circumstances in a nucleon-nucleus scattering problem, 
various pieces of the interaction will be effective in one case and others in 
another. Consider, for example, the scattering of protons from a nucleus like 
nickel. The valence nucleons are neutrons, and the low-lying states will be 
composed mainly of neutron excitations, the proton magic shell of 28 being 
closed. The isospin operator z1 - z2 yields the value + 1 when acting on two 
like nucleons and -1 when acting on a neutron-proton pair. Recall that 
we can write 

(9.62) 

where 

z+ = zx * iP, (9.63) 

and it is the Z component that has diagonal expectation values. Conse- 
quently, in terms of the first representation of the interaction (9.59), the 
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proton-neutron interaction for inelastic scattering takes the form 
(9.64) 

On the other hand, if neutrons were scattered from the same nucleus, we 
would need the neutron-neutron interaction, which is 

K-” = w o o  + VOA + ( K O  + vll)al ‘ 6 2 .  (9.65) 

Thus, according to the strengths of these combinations, protons and neu- 
trons will interact differently with respect both to the (spin) scalar and 
vector parts of the interaction. 

Carrying out the algebra connecting the two representations of the inter- 
action, we find 

(P-n), (9.66) 
Vo = Voo - Vol = $(3TE + 3 T 0  + SE + SO) 

V, = V1, - V,, = &(TE + TO - SE - SO) 

Vo = Voo + Vol = i(3TO + SE) 

Vl = Vlo + Vll = $(TO - SE) 
n-n or p-p. (9.67) I 

At the time that the microscopic theory of the inelastic scattering was 
developed, the knowledge and treatment of the effective interaction was 
rudimentary. Consistent with low-energy scattering data and shell-model 
calculations for certain nuclei, the interaction has the approximate character 
(as shown in Table I) 

SE N 3TE = attractive, 

TO N SO N 0, 
(9.68) 

TABLE I 

Comparison of Strengths of Various Real 1F Range Yukawa “Equivalent” Interactions’ 

Force voo v,o vo, v11 vpop V j P  V i n  v:. Ref. 

A -36.2 6.30 17.8 12.1 -18.4 18.4 -54 -5.75 Kalio and 

B -43.8 4.30 18.3 13.6 -25.5 18.0 -59.1 -9.20 Slanina and 
Koltveit, (1964) 

McManus, 1968 

1969 
D -40.5 6.80 20.2 13.5 -20.3 20.3 -60.7 -6.70 Glendenning and 

Veneroni, 1966 
E -41.1 7.40 20.0 13.7 -21.1 21.1 -61.1 -6.30 True,1963 

Ball and Cerny, C 130-401 111-271 1211 1171 - - - - 

All values are in mega electron volts. A is the K-K force, B the impulse at EL,, = 60 MeV, C 
the interaction determined by Ball and Cerny, D the interaction of Glendenning and Veneroni, 
and E the interaction of True. (From Petrovich, 1970.) 

a
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which yields, in units of the strengths of the triplet-even attraction, 

V, =+$, v, =k> (P-4, (9.69) 

v, =*, v, N -+, (n-n or p-p). (9.70) 

Based on these results one can conclude that protons and neutrons can 
have different cross sections for exciting the same nuclear state and that 
by comparison, the role of the spin-independent and spin-dependent parts 
of the interaction can be studied (Glendenning and Veneroni, 1966). Note 
that a different nuclear form factor S = 0 or 1 in (9.20) is involved in the 
two cases. 

In recent years, the role of correlations in nuclear states induced by various 
pieces of the interaction and their excitation by various probes has become 
a very fruitful area of study (Goodman et al., 1980; Petrovich and Love, 
1981). This was made possible by important advances in understanding and 
handling the interaction. Spin-orbit and tensor components can now be 
handled, and contact has been established with the free nucleon-nucleon 
scattering data (Bertsch et al., 1977; Love and Franey, 1980). We shall look 
at those important topics in Chapters 11 and 12. 

N. SELECTION RULES AND THE DIRECT INTERACTION 

The general expression for the nuclear form factors was discussed earlier 

C G ‘ ( d  = ( ~ J ‘ ( A ) I I ~ ~ s J I J ~ J ’ , ( A ) )  (9.71) 

Clearly, for transitions between any pair of nuclear states J’ and J”, several 
such form factors are involved, corresponding to possible combinations of 
L, S, and J .  Their values are constrained by angular momentum and parity 
conservation: 

and is defined by 

(J’ - J”( 5 J I J’ + J”,  

J = L + S ,  

(- ) L  = K’”’, 
(9.72) 

S=O or 1. 

As an example, consider explicitly transitions from the ground to a state of 
spin J and parity (-)-’: 

0 +  + J ( - ) J .  (9.73) 
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(Such states J (  -)J are referred to as natural parity states, O + ,  1 -, 2+, 3- ,  . . . .) 
Then one readily confirms that two combinations of L S J  are possible for 
natural parity states, namely, 

J O J  i J 1 J  
L S J  = (9.74) 

It is convenient to refer to the form factors as being scalar if S = 0 and vector 
if S = 1. The latter is responsible for spin-flip transitions, according to 
Eq. (9.6). 

On the other hand, another set of selection rules apply to L S J  for transi- 
tions to unnatural parity states in an even-even nucleus 

O +  - + J ( - ) J + I .  (9.75) 

Then, according to (9.72), the allowed combinations of LSJ  are 

J - 1  1 J i J + 1  1 J 
LSJ = (9.76) 

The excitation of an unnatural parity state requires that S = 1. Thus, accord- 
ing to (9.6) and (9.11), the spin-dependent part of the interaction alone is 
responsible for exciting such states. Thus, we begin to see how various pieces 
of the interaction are responsible for exciting specific types of nuclear states. 
It is worthwhile emphasizing this more strongly by quoting results obtained 
in the distorted-curve Born approximation for several probes (Glendenning 
and Veneroni, 1966). In particular, for spinless particles (alpha), nucleons, 
and spin 1 (deuteron), the cross sections for exciting natural parity states 
have the form 

alpha 
(9.77) ("""' V;oJoJ + $V:oJIJ,  deuteron 

do 
- [O+ -+ J(-)'] = + V~o,,,,  nucleon dC2 

In the case of the nucleon, V, and V, are related through (9.64) and (9.65) 
to the various spin and isospin pieces of the interaction. In the case of the 
composite particles, V, and V, can be related to the interaction (9.50) after 
its diagonal matrix element with respect to the wave function of the com- 
posite particle is performed (Glendenning and Veneroni, 1966). As one might 
expect, the ranges of the resulting potentials are somewhat larger than the 
original nucleon-nucleon potential because of the finite size of the compos- 
ite. Details can be found in the Appendix to Glendenning and Veneroni, 
1966. 
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For the excitation of unnatural parity states, the corresponding results are 

alpha 
1 J 1 , l . J  + oJ+l,l.J), nucleon (9.78) r %v:(oJ-l,l,J + oJ+l,l,J), deuteron. 

do 
dQ 
- [O' 3 J (  -)J+l] = V2(o - 

These results are written here in DWBA to display the parts of the inter- 
action and selection rules that come into play in the direct (lowest order) 
transition. They were obtained in Chapter 7 for nucleons. The results for 
alphas and deuterons can be inferred from the development there. In any 
case, the definition of a,,, in (9.77) and (9.78) is 

(9.79) 

where m is the reduced mass of the projectile, k and k' are its initial and final 
wave numbers, and B, according to (7.103), is 

where the form factor 9 is given by (9.20) in general and, for particular 
examples of nuclear wave functions, was worked out in subsequent sections. 

0. APPLICATION OF THE THEORY 

The theory has been applied to various nickel and tin isotopes (Glendenning 
and Veneroni, 1966; Glendenning, 1969a. Faessler et al., 1967). These are 
vibrational-like nuclei having a closed shell of protons and an open shell of 
neutrons. The structure of these nuclei has been the subject of several theo- 
retical studies. In one of them, the Bogolyubov-Valatin transformation was 
calculated to extract the pairing effects of a phenomenological residual in- 
teraction in the open shells of neutrons (Arvieu and Veneroni, 1963; Arvieu 
et al., 1963, 1964). In the second step the remaining interaction was diagonal- 
ized on a basis of two-quasi-particle states. The structure amplitudes for just 
such a theory were among those illustrated earlier. 

The scalar form factor for the transition from the ground to the first 2' 
state is shown in Fig. 9.2 based on such wave functions. The single-particle 
transitions, together with their phases and amplitudes, are also shown. For 
this lowest 2' state each contributes constructively to the nuclear form fac- 
tor yielding the large (compared with single particle) peaked function shown. 
This has become a well-known property of collective transitions. 

((9.80)
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Fig. 9.2. Scalar form factor for the lowest 2' state in 60Ni is shown together with the single- 
particle form factors that contribute to it. They all have such phases that they add constructively 
for the lowest 2' but must therefore be destructive for all other 2' states. (From Glendenning 
and Veneroni, 1966.) 

The scalar form factor for the transition to the second 0' state is shown in 
Fig. 9.3 and is an example of a noncollectiue transition. The interference 
between the various single-particle transitions is destructive, leading to a 
small-amplitude oscillatory form factor. Clearly the incoherent transitions are 
much more sensitive to the details of the nuclear wave functions than the 
coherent or collective transitions. 
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Fig 9.3. The monopole single-particle form factors that contribute to the O f  states of 60Ni 
are shown with magnitudes and signs appropriate to the first excited 0' stated labeled 0,. Here 
they interfere destructively to give the small form factor for the nuclear state shown by the heavy 
line labeled 0; (Glendenning and Veneroni, 1966). 

In Fig. 9.4 the scalar and vector form factors for transitions to three 2' states 
in 60Ni are shown together with cross sections calculated in DWBA at two 
energies. One sees again the larger form factor of the lowest 2+ state in 
comparison with the incoherent transitions that lead to inhibited form factors. 
The cross sections reflect the difference in the form factor in magnitude as they 
must, and for the higher energy, they also more sharply reflect differences in 
shape. This is so because the higher the projectile energy, the shorter its 
wavelength and therefore the greater its spatial resolution. 

It is worth commenting on the relative magnitudes of the scalar and vector 
form factors. For the lowest 2' state the scalar form factor is about five times 
larger than the vector. This reflects the dominant role of the singlet-even part 
of the interaction in inducing the coherent correlations in this state. Recall 
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Fig. 9.4. Scalar (-) and vector (---) form factors for 2' states in 60Ni are shown in 
(a). The absolute values are plotted, and oscillations are indicated by (+) and (-). Corre- 
sponding cross sections at 1 1  MeV in (b) and at 40 MeV in (c) are shown for proton scattering 
calculated in the distorted-wave approximation ((a) from Glendenning and Veneroni (1966), (b) 
from Dickens, et al., 1963, and (c) from Stovall and Hintz, 1964). 

that, according to (9.68), the interaction is attractive in the even states and 
weak or repulsive in the odd states and, for like nucleons, which comprise the 
outer shell nucleons in Ni, the available states are the antisymmetric space- 
spin combinations SE and TO. In terms of the alternative representation of the 
interaction (9.70), Vo is attractive and V, repulsive, so that in a low-lying state 
the correlations will be such as to exploit V, and to minimize the effect of 
V,a, * 6 2 .  

On the other hand, one can anticipate that other parts of the interaction will 
tend to induce correlations in levels lying elsewhere in the spectrum. After all, 
the wave functions must be orthogonal. Indeed, these qualitative predictions 
have turned out to be valid (Glendenning and Veneroni, 1966). 

The distorted-wave Born approximation may be fairly reliable for moder- 
ately collective states of a nucleus, for which the direct transition from the 
ground state dominates, but is not too strong. However, for weakly excited 
states, for which the direct transition is hindered, indirect transitions through 
intermediate states may be of equal or more importance. In such cases the 
interference between several transition amplitudes may lead to major correc- 
tions to DWBA. This is illustrated in Fig. 9.5, where DWBA and coupled 
channel calculations are compared (Glendenning, 1969a). 



6,, (deg) 

Fig. 9.5. Coupled-channel (- ) is compared with the optical-model calculation of elas- 
tic and distorted-wave calculation of inelastic proton scattering (---) for 60Ni. Note that the 
elastic cross section is barely affected by the additional coupling. Although several cross sections 
are only slightly changed others are significantly modified (From Glendenning, 1969). 
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Fig. 9.6. Cross sections and polarizations for 17.8 MeV protons from 60Ni. Curves are 
coupled-equation calculations using microscopic description employing a surface delta inter- 
action (- ) and a volume finite-range interaction (---). Direct interaction parameters 
are V, = -55 MeV, V, = 0, and u = 1.85 fm. (Data from Jarvis, et al., 1967; calculations by 
Faessler et al., 1967.) 
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Because of the greater sensitivity of noncollective states to the detailed 
accuracy of the nuclear wave functions, they are not as well accounted for by 
the theory as the collective states, as can be seen in Fig. 9.6, which com- 
pares a coupled-channel calculation with experiment (Faessler et al., 1967). 
The calculated polarizations are also shown, though none were measured at 

' cm 'c m 
Fig. 9.7. Cross sections and polarizations for 17.8 MeV protons from '"Sn, measured at 

Berkeley. Solid lines represent coupled-channel calculation based on microscopic theory with 
Vo = -45 MeV, V, = 0, and u = 1.85 fm (Data from Jarvis et a/., 1967; calculations by 
Glendenning (1969)). 
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the time that the calculations were performed. The same situation holds in 
the tin region as Fig. 9.7 suggests. 

A common problem in all cases concerned the strength of the transitions. 
Although relative magnitudes and shapes, especially for the collective transi- 
tions, were reasonably well reproduced, the absolute magnitudes were under- 
estimated by a factor of -2 by a direct interaction having a strength that 
seemed reasonable in terms of a phenomenological representation of the 
vacuum interaction. Recalling the discussion at the beginning of this chapter 
of the bare and renormalized G matrix, we are reminded of the possibility 
that the nuclear structure calculations were performed on a basis that was 
too severely truncated. In the next chapter we shall discuss how corrections 
referred to as core polarization can be made for effects of the truncation. 

Notes to Chapter 9 

General references to the microscopic theory of nuclear structure can be found in various 
texts and review articles such as those by Bohr and Mottelson (1969, 1975), Preston and Bhaduri 
(1975), Brown (1971), de Shalit and Feshbach (1974), Jean (1969), Baranger (1963) and Lane 
(1 964). 



Chapter 10 
Core Polarization 

In the introduction to Chapter 9, it was mentioned that a discussion of 
nuclear reactions may, in general, require corrections arising both from a 
truncation of the channel space in which the scattering problem is solved as 
well as from the truncation of the configuration space in which the nuclear 
problem is solved. The general formulation of effective operators within a 
truncated shell-model space would parallel the development in Chapter 8. 
However, instead we now discuss a simple model, introduced by Love and 
Satchler (1967), that is a particular case of the general theory. 

It is well known that spherical nuclei possess certain collective states for 
which electromagnetic and inelastic transitions are enhanced. Such states 
have often been regarded as consisting of surface vibrations of the nucleus. 
This is the Bohr-Mottelson collective model (Bohr and Mottelson, 1969 
and 1975). The shape of the nucleus is defined to be 

R ( o , ~ )  = ~o [ 1 + 1 a , M y t M ( ~ ,  (10.1) 
L M  

where the uLM are dynamical variables describing the oscillations of the 
surface. For small-amplitude oscillations, they obey the quantum-mechanical 
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oscillator equation. The spectrum of such a system consists of equally spaced 
energy levels characterized as having 0, 1, 2 , .  . . phonons of excitation ho,. 

Consider now an external particle with coordinate r in interaction with 
such a nucleus. We have already postulated that the average effect of the 
nucleus on the scattering of such a particle can be represented by an average 
potential, which in the case of bound nucleons is the shell-model potential, 
whereas for free particles it is the optical potential. Furthermore, it is reason- 
able to assume, as follows from the short range of the nucleon-nucleon 
interaction, that the shape of the potential follows closely the nuclear density 
shape. If V(r)  denotes the equipotentials in the case of a spherical nucleus, 
then the equipotentials for a nucleus having the shape as in Eq. (10.1) are 

(10.2) 

Supposing that the vibrations always have small amplitude, this can be 
expanded in a Taylor series: 

(10.3) 

It is a property of the oscillator that the matrix elements of aLM between 
states of the oscillator Hamiltonian exists only if the states differ by a single 
phonon. Thus the interaction of a particle with the oscillator can, through 
the second term, change the state of the oscillator by one phonon. 

Now consider a nucleus with, say, two particles beyond a spherical closed 
shell of nucleons, referred to as the core. Suppose further that the nucleus 
corresponding to the core has a vibrational-like spectrum. Then, in the 
absence of any interaction between the particles and the core, the spectrum 
of states of the nucleus would have the form 

lj2, N L ) ,  and N L ) ,  

where N L  denotes the number of phonons of multipolarity L. In this case 
the spectrum would look like that shown in Fig. 10.1. We do not mention 
the angular momentum to which the particles are coupled, nor the vibra- 
tional angular momentum, for simplicity of notation. Otherwise we would 
write, for example, 

I(j”)J, N,R; I > ,  
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Fig. 10.1. A shell-model truncation to the states P that omits the collectivity carried by states 
in the omitted space of states Q. 

where 

I = J + R, J = j + j 
(and R = 0 if N ,  = 0, R = L if N ,  = 1, and in general R is the angular 
momentum carried by the phonons). 

Suppose now that we wish to describe the scattering of a nucleon from 
such a nucleus as that described; one with two valence particles outside a 
vibrational core. Suppose further that we consider explicitly only nuclear 
states having zero phonons present, such as j 2 ,  jj ', jf ', etc., all with N L  = 0. 
We recognize that this is a drastic truncation because the interaction term 
in Eq. (10.3) acting between the valence nucleons and the core will admix 
one-phonon components into the zero-phonon states and vice versa. Yet for 
ease of handling the scattering problem we want to insist on dealing with 
only the simple states. As in Chapter 8, the effect of the truncation can be 
embedded in the effective interaction, acting between the scattered nucleon 
and the valence nucleons. 

To do this we first note, in accord with Eq. (10.3), that the interaction 
between the scattered particle and the core V,, and between the valence 
nucleon and the core V,, can be written as 

Vpc(r) = -k&) C a,MY2M(P), 
L M  

(10.4) 

where 

k,(r) = r aupr, k,(r) = r avjar. (10.5) 

Here U is the optical potential for nucleon-nucleus scattering and V the 
shell-model central potential. 
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In first-order perturbation theory it is simple to write the corrections to 
the wave functions in the subspace P. To this order the corrected wave 
functions are, respectively (see Fig. lO.l), 

(10.6) 

Notice that we are using a very abbreviated notation in which Ij2, 0) means 
that no phonon is present and Ij2, L )  means that one phonon of multipo- 
larity L is present. In this example no higher phonon states are considered. 
Notice also that, for brevity, we do not explicitly mention the angular mo- 
mentum to which the particles are coupled. Clearly all three components 
of I M )  have the same total angular momentum. All of these details can be 
simply filled in, and must be at the end to actually carry out the numerical 
work. Finally, to simplify the notation and make clearest the physics arising 
from the admixture of core collective motion into the valence nuclear wave 
functions, we ignore the splitting of j 2  and jj’ in their different angular 
momentum states 0, 2, . . . , etc. 

The interaction between the scattered particle and the total nucleus is 

(10.7)

(10.8)

Corresponding to a transition between the two correlated states, we want
the matrix element (to lowest order in the admixed configurations),
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In the last four terms, the Vpv term vanishes identically because the core 
configuration is different on opposite sides of the matrix elements and V,, does 
not act on the core. Similarly the Vpc term vanishes in the second and fourth 
terms because the valence configurations are changed, but Vpc does not act on 
valence nucleons. Therefore 

(a’lVpv + Vpcla> = (jj’lVpv[j2) 

- 1 (j j’ ,  OIVpcljj’, L)(jj’, L[ Kcl jz ,  O ) / ( A o ,  + E )  

- c (.if, O1V:,[j2, L>(.?, LIVPcI j2, O)/(ho, - E). (10.9) 

L 

L 

For the four matrix elements we have 

(j j’ ,  o / v p c / j f ,  L )  = -kp(r)(o[aLMILM) YtM(P), 

( j j ’ ,  LIKClj2, 0) = -C ( j f ~ ~ , ( r i ) Y L ~ ( ~ i ) I j 2 ) ( ~ M ~ a Z ~ ~ O ) ,  

(jj’, 0lVLlj2,  L )  = -C ( j f l ~ ” ( ~ i ) Y ~ M ( P i ) l j 2 )  C (Olq&M), 

i 
(10.10) 

I LM 

(jzLI VpClj2O) = - k,(r) 1 ( L M [  4 , lO)  Y,,(P). 
LM 

(We have used the fact that EM a,,Yt, is real in several of these equations.) 
From the vibrational properties of the core (Bohr and Mottelson, 1969 and 

1975), 

(Ol~LMlLM) = (LMl~ZMIO) = &Gim, (10.11) 

where C ,  is a constant and hw, is the phonon energy. Putting this together we 
find 

x (jj’lc kv(r i )y3f i ) l . j2 ) .  (10.12) 
i 

This is the desired result. It is a matrix element between the two simple statesj2 
and jj’  of an effective operator differing from the original interaction V,, by the 
second term. Each term V,, and V,, of V,, is replaced by 

Eff(r - ri) = V(r - ri) - C - (hwL)2 k,(r)k,(ri)Y,M*(i)Yf(ii). (10.13) 
L c, (AOL)’ - E 

Moreover, because V is negative for an attractive interaction and the second 
term is also, the effect of the polarization of the core is to increase the strength 
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Fig. 10.2. Cross sections for 18.8-MeV protons inelastically scattered to produce the 2' and 
5 -  levels in 90Zr. The effect of core polarization (C) on the direct (D) cross section computed in 
DWBA is shown. [From Love and Satchler (1967).] 

of the direct interaction. This is, of course, entirely analogous to the treatment 
of effective charges for electromagnetic transitions. 

An example is shown in Fig. 10.2 of the large enhancement of the cross 
section due to the polarization of the core. The effect is so large because of 
the severe truncation of the shell-model space, which fails to describe the 
collectivity of the state. In Chapter 9 we learned that collective enhancement 
can be very large because it corresponds to the constructive superposition 
of many single-particle transitions. Of course the alternative to calculating 
core polarization effects is to enlarge the shell model basis, and this model 
calculation can be interpreted as providing a motivation for doing so. This is 
not always practicable, however. The fact that neutrons carry an effective 
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charge that is appreciable indicates that even in single closed-shell nuclei, it is 
necessary to incorporate the polarization of both neutrons and protons to 
properly account for such effects. 

The core polarization, which was calculated here in the framework of the 
collective model as a simple illustration, can also be carried out in a 
microscopic scheme, and much progress has been made in recent years on this 
problem (Petrovich et al., 1977; Brown and Madsen, 1975). 



Chavter 11 
EfSective Interactions 

and the Free 
Nucleon-Nucleon Force 

A. INTRODUCTION 

The two-nucleon interaction is known to have a strong repulsion at short 
range. Consequently, a perturbative approach to scattering theory or the 
bound-state problem cannot be based directly on the free interaction V. 
Early applications of the theory of direct reactions therefore substituted 
a nonsingular phenomenological interaction. One justification for this ap- 
proach can be understood as follows: Recall from Chapter 6 that Watson 
(1953) and Frances and Watson (1953) achieved a reordering of the Born 
series for the T operator so that each nucleon-nucleon interaction is repre- 
sented by the z matrix rather than V. The z matrix is just the two-body t- 
matrix defined for scattering in the nuclear medium. It describes the complete 
scattering sequence, iterating the effect of V to all orders. As such it is well 
behaved even though V may be singular. In Chapter 8 we carried out a 
further development in which the space of target nuclear states was divided 
into two classes, denoted by P and Q. The P space includes the ground and 
other low-lying levels of interest, but especially collective states. The Q space 
refers to all the other states. We saw that a formally exact solution can be ob- 
tained in the truncated space P, provided that the interaction V is replaced 
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by a new interaction operator Y.  This new interaction is a many-body oper- 
ator and does not have the form of a sum of two-body operators, such as 
the formulation of the theory of rearrangement collisions assumes. However, 
it can be developed in a Watson-type series in which the z operator satisfies 
the integral equation, 

(11.1) 

where H ,  is the nuclear Hamiltonian and Ti the relative kinetic energy of 
the projectile. This has a possible practical advantage over Watson's original 
formulation, in that the presence of the projection operator Q may allow ap- 
proximations to the spectrum of intermediate states that enter the second 
term of (11.1) that would not be tenable if the full spectrum, including low- 
lying and collective states, were needed. The multiple scattering series for Y 
is 

(11.2) 

where we denote the Green's functions in (1 1.1) by g(+). The series is arranged 
in a hierarchy of ever more complex interactions. Alternatively, a series based 
on a generalization of the Brueckner G matrix can be developed. By the very 
nature of direct reactions, an early truncation of these series is plausible. If 
the series is truncated at the first term, we obtain a theory based on a sum 
of nonsingular two-body interactions, just as has been assumed throughout 
the development of the theory of direct reactions. 

Therefore, the phenomenological interactions that have been employed so 
frequently in applications of the theory can be regarded as a substitute for 
z, which in a more basic approach would have to form part of the calculation. 
Although, from its defining equation, z is complex, in practice a real phe- 
nomenological interaction is usually substituted. 

In early applications, the parametrization of the interaction was chosen 
to reproduce the effective range and scattering length of the low-energy nu- 
cleon data and to account for some of the energy levels in selected nuclei 
near closed shells (Glendenning and Veneroni, 1965, 1966). In some other 
work of the same era, the parameters of the direct interaction were simply 
adjusted to individual transitions, with the hope of establishing some system- 
atics (Satchler, 1967). 

The choice of a simple phenomenological interaction was adequate for 
confirming the broad outline of the theory of inelastic scattering and for 
illuminating certain aspects of nuclear structure, such as how the coherent 
contribution of single-particle excitations could build up collective form 
factors for transitions to vibrational states (Glendenning and Veneroni, 
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1966). It was also perceived in the early work that the nucleon-nucleon in- 
teraction, being different in the various states of relative motion, could give 
rise to many types of collective states in nuclei and that comparisons between 
neutron and proton scattering from nuclei ought to contribute to the identi- 
fication and elucidation of their character. 

However, to address these and other interesting questions quantitatively 
and to place the theory on a secure foundation, a quantitative link between 
the direct interaction and the free nucleon-nucleon interaction is essential. 

In this respect, much more progress has been made on the bound-state 
problem than on the scattering problem, The theory of Brueckner et al. (1954, 
1955), Bethe (1956), and Goldstone (1957) for nuclear matter and its appli- 
cations to finite nuclei has established a quantitative link between nuclear 
properties and the two-nucleon interaction. Therefore, we now briefly discuss 
the free interaction, the Brueckner method for deriving an effective interac- 
tion for nuclei, and the corresponding problem for nuclear scattering. At suf- 
ficiently high energy, the effective interaction for scattering should approach 
the free t matrix, so that two energy regimes can be identified, one in which 
the medium effects are predominant and one in which they are negligible. 
Finally, we shall touch on recent progress in relating the optical potential to 
the free interaction. In the following Chapter we shall then take up the 
technical matters involved in incorporating the realistic interactions derived 
from the free interaction into the theory of inelastic scattering. 

B. THE FREE-NUCLEON-NUCLEON INTERACTION 

It has been understood since the work of Yukawa that nuclear forces arise 
through the exchange of quanta. However, Lagrangian field theories, which 
attribute the force to the exchange of mesons with various quantum numbers, 
have never yielded unambiguous results for the nonrelativistic potential. 
Currently, the basic exchange quanta are believed to be the quarks and 
gluons. Because of the unsolved problem of confinement, the derivation of a 
nucleon-nucleon potential from this theory is even more remote. Neverthe- 
less, over distances that are not too small, the exchange of the basic quanta 
can be simulated by the exchange of the lighter mesons, especially the pion; 
and the theory can then be used to suggest the form of the potential, if not 
all its details. The one-pion exchange potential has long been valuable as 
a constraint on the long-range part, whereas the data are used to deter- 
mine the phase shifts or a phenomenological potential corresponding to the 
shorter range part. The work of the Yale (Lassela et al., 1962) and Liver- 
more (MacGregor et al., 1969) groups is important in connection with phase 
shift analysis of data. Such work is devoted to characterizing the scattering 
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in terms of a set of phase shifts which, of course, are functions of energy. The 
work of Hamada and Johnston (1962) and of Ried (1968) are early examples 
of potential models that are designed to yield the energy dependence of the 
phase shifts as best as is possible within the limitations of the potential model. 

Recent research of the Paris group is based on a more fundamental ap- 
proach to the potential problem (Vinh Mau, p. 151, 1979). It avoids the per- 
turbative calculation of the potential from a specific Lagrangian model and 
instead relies on unitarity, dispersion relations, and crossing symmetries 
to calculate the contributions of one-pion, two-pion, and omega exchange, 
while treating the short-range part phenomenologically. It has been quite a 
fruitful approach, which reproduces the empirical phase shifts very well. 

Invariance principles can be used to derive the most general form that 
the free two-nucleon scattering amplitude can take (Wolfenstein, 1956). A 
potential, linear in velocity, can have only central, spin-orbit, and tensor 
components, which can act differently in the four states of relative motion. 
The fact that the S wave phase shift in nucleon-nucleon scattering changes 
sign around 250 MeV, signaling a change from attractive to repulsive interac- 
tion, is interpreted as indicating that the two-nucleon potential is repulsive at 
short distance. The phenomenological analysis of the scattering phase shifts 
indicates that it has to be strong. In some work, such as that of Hamada and 
Johnston (1962), it is represented by an infinitely strong repulsion, referred 
to as a hard core. Ried (1968), on the other hand, employs a soft core, mean- 
ing that the repulsive potential has a finite magnitude. 

C. THE BRUECKNER G MATRIX 

The means of solving the nuclear many-body problem was found by 
Brueckner and elaborated and clarified by Brueckner et a/., (1954, 1955), 
Bethe (1956), and Goldstone (1957). The theory is based on an analogy with 
the multiple scattering theory of Watson (1953) and Frances and Watson 
(1953). Watson achieved a reordering of the Born series so that each nu- 
cleon-nucleon collision is represented by the finite z matrix rather than the 
singular free interaction. The z matrix contains the nuclear Hamiltonian. Be- 
cause the scattering theory of the earlier chapters was developed in terms of 
model nuclear wave functions for the purpose of exposing them to the test of 
consistency with scattering and reaction data, the appearance of H ,  in z is 
appropriate. On the other hand, the fundamental problem of nuclear struc- 
ture is to calculate the ground-state energy from the free interaction. From 
this perspective, the nuclear wave function is unknown. Therefore it is con- 
venient to introduce, as in the shell model, a one-body potential that defines 
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unperturbed single-particle states in the nucleus. The nuclear Hamiltonian 

is rewritten as 

HN = Ho + U ,  

A 

H, = 2 (Ti + Ui), v = 1 ui j  - 1 Ui. 
i =  1 i<j i 

(11.3) 

(1 1.4) 

The single-particle Hamiltonians Ti + U i  define the standard independent 
shell-model wave functions, a typical one of which we can denote by $ p ( ~ l ) ,  

where p denotes the single-particle quantum numbers. The unperturbed nu- 
clear ground-state wave function is 

@ = 4-dp(~>)dq(%)~  . . d h - A ) 1 2  (11.5) 

where the levels p ,  q, . . . are filled in the order of their energies. Let us denote 
the sum of single-particle eigenvalues by E,, so that 

( E ,  - H,)@ = 0. (11.6) 

A solution to the Schrodinger equation 

( E  - H)Y = 0 (1 1.7a) 

can be written in terms of @ by rewriting (11.7a) as 

( E o  - Ho)Y = (V - E + E,)Y, (11.7b) 

from which we infer that 

( U  - E + E,)Y. Qo 
Eo - H ,  

Y = @ +  (11.8a) 

Here the operator 

Qo 1 - (@)<@I (11.8b) 

projects out the ground state. The solution (11.8a) can be verified by acting 
on it with E ,  - Ho.  After rearranging terms and using (11.7a) we find that 

( q v  - E + E,(@) = 0. 

However, from (11.8) we also find 

so that 
(11.9) 

(11.k) 
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Iterating (1 1.8a), we obtain the Rayleigh-Schrodinger series. For brevity, 
call 

9 = Qo/(Eo - Ho). (11.10) 

Then 
m 

@ = C [g(u - E + EO)]'@ 
f l = O  

E - Eo = (@(~l@) + (@(Vg(u - E + EO)I@) 
+ ( @ l U g ( V  - E + Eo)g(v - E + Eo)I@) + . . . 

= (@luI@) + (@IusuI@.> 
+ (@,lugugul@) - (E  - E,)(@,lugzul@) + . . . . (1 1.1 1) 

In the last term on the right, substitute the series for E - Eo to find 

E - Eo = (@,luJ@> + (@lvguJ@) 

+(@,lvgugul@) - (@luJ@)(@,lug2ul@) + . . .. (11.12) 

The wave function @ is the A body unperturbed ground-state wave func- 
tions, whose occupied particle states constitute the Fermi sea. The potential 
u is the sum (11.4) over pairs. The expansion (11.12) is not useful as it stands 
because of the singular character of V. A reordering of the summation is 
therefore desirable, so that each two-body scattering is represented by a non- 
singular operator that sums the effect of V to all orders. In Watson's theory, 
the free particle was treated as distinguishable from the bound ones. Here 
we explicitly deal with antisymmetrized states (1 1.5). The reduction is most 
easily accomplished by introducing a graphical method. The graphs are a 
convenient way of cataloging the two-body matrix elements of F j ,  and the 
one-body matrix elements of Ui, that actually occur in the matrix elements 
between the unperturbed many-body ground-state wave functions in (1 1.12). 
A very clear exposition on the use of diagrams is given by Day (1967), and we 
will not go into it here. 

However, several essential elements can be mentioned. Notice that there 
are two types of third-order terms in (11.12). The second of these can be 
shown by graphical methods to cancel certain types of graphs in the other, 
which are unlinked. One can appreciate from the derivation that it would be- 
come increasingly difficult to recognize this cancellation in higher orders. 
Goldstone has proven a theorem that shows that the cancellation does 
indeed occur at each order. Another important element is the choice of one- 
body potential. The choice is arbitrary. However, if U is chosen to be a 
Hartree-Fock potential, defined in terms of the G matrix discussed later, 
then certain higher-order graphs in G are cancelled by graphs containing a U 
interaction. 
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By the graphical method one can see how, in the expansion (11.12) for 
E, whole classes of graphs in I/ can be summed to yield an expression for 
the energy that is given in terms of a quantity called G instead of V. The G 
matrix is defined by the Bethe-Goldstone equation 

Gij(E) = F j  + cj- Qo Gij (E) .  E - Ho 
(11.13) 

This has a formal similarity to the equation defining the z matrix but differs 
in several important respects. First, for the bound state problem, G is real. 
Second, the Hamiltonian in (1 1.13) is the unperturbed Hamiltonian (1 1.4) 
for the pair (i,j).  Third, the expression for the ground-state energy in terms 
of G is not the same as Watson's series for the Toperator. 

To get some insight into Gi j ,  consider the problem defined by two particles 
embedded in a nuclear medium in which they each experience a potential U 
and interact through K j  (Preston and Bhaduri, p. 253, 1975). Let the wave 
function defining this pair be $pg, where p and q denote the states of H o  
to which t+hpg is asymptotic. The wave function for the A particle system so 
defined is 

y p q  = - 4 & q ( r i ?  r2)4*(r3) . ' . 4s(r.4)1. (11.14) 

Of course GPq(l, 2) is orthogonal to all of the other occupied states, and it 
satisfies 

(Epq - 7-1 - Ul - T2 - u, - V,2)$,, = 0 (11.15) 

We can write its solution 

(11.16) 

where Qo rejects any states r, s, . . . that are occupied in (11.12) except p and 
q. Now define G,, by 

G i 2 b P 4 ,  = V12t+hpq. (11.17) 

Multiply (11.16) by V12 and use (11.17) to find 

where H ,  = Ho(l) + H0(2). The preceding equation shows that the operator 
G that accomplishes (11.17) is the same as (11.13). Now (11.17) is a familiar 
type of equation. The T matrix in scattering problems satisfies such a rela- 
tion. The wave function is the solution to (11.15). Suppose that V,, has 
a strong short-range repulsion. Then t,hpq will be small in the region of the 
repulsion. The product I/,,$,, is well behaved even though V,, may be 



singular. The product wave function + p + 4 ,  of course, has no such com- 
pensating property. Therefore G12 does not possess the singularity of V 1 2
Hence a series expansion for the energy, which diverges term by term, can 
be converted into one, all of whose terms are finite. Consequently, such a 
series constitutes a viable means of calculating an approximate energy and 
systematically improving it. 

We can exhibit the interactions that G sums by iterating the Bethe- 
Goldstone equation ( l l. 13): 

G(E)  = V +  V- Qo V+V-V- Qo Qo V + .  . .  . (11.18) 
E - H, E - H o  E-Ho  

If we take two-particle matrix elements of G and insert a complete set 

(11.19) 
For states k above the Fermi sea, this could be drawn as: 

Thus G is often said to be the sum of ladder diagrams, where each dashed 
line represents V. Each term diverges by itself for a singular interaction. 
However, the sum is finite as already remarked in connection with (11.17). 

The left side of equation (1 1.20) is often represented diagrammatically as 

(k,k21Clk3k4) = “Hk2, (11.21) 

k3 k4 
with the G interaction represented by the wavy line. The contribution to the 
energy of the system, represented by diagonal elements of G summed over 
occupied states, is 

= +i: + (----D --- + _ _ _  + ’ .  .}. (11.22) 

(In this case the ends of the diagram in (11.22) are closed because it is a 
diagonal matrix element with respect to the unperturbed ground state.) Of 
course, W is only the lowest-order estimate of the binding energy in terms 
of G .  However, the essential point is that the series is in terms of the non- 
singular G, so that it can be evaluated term by term. In principle the energy 
of the many-body system can thus be calculated to any desired accuracy. 

(11.20)
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between operators, then
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However, the actual calculation of G is very difficult. For example, there 
is a double self-consistency condition imposed by the choice of the one-body 
potential U as a Hartree-Fock potential based on G. The action of the Pauli 
operator also is difficult to implement in finite-nucleus calculations. For this 
reason, G is sometimes calculated for infinite nuclear matter so that the inter- 
mediate states are plane waves. A very interesting and important develop- 
ment called the separation method was published by Moszkowski and Scott 
(1961, 1960). It provides a simple estimate of G and a prescription for 
systematic improvements. They divide the free two-nucleon potential into 
short and long-range parts, 

V = V , + &  (1 1.23) 

so as to achieve a particular end. The short-range part contains the repulsive 
core and some of the attraction. The separation distance d at which V is 
divided is chosen so that the wave function II, of a pair interacting through 
V,  will join smoothly at the distance d to the free wave function 4. At 
distances greater than d, it is as if V,  were absent. Of course, the separation 
distance must depend on the relative momentum of the pair. Even so, it is a 
fortunate feature of the N-N interaction that the short-range part involves 
strong attractive and repulsive pieces such that, in the region where 4 and II, 
differ, the latter has a high curvature. Its Fourier components lie automat- 
ically, to good approximation, in the space Q, so that the Pauli operator is 
essentially unity with respect to V,. At the same time, V, is smooth and non- 
singular and consequently its contribution can be calculated perturbatively. 
To see the form that G takes under this separation, return to the series (1 1.18), 
writing for brevity, 

9 = Qo/(E - Ho). (11.24) 

Rearrange the terms of 

G = (V,  + &) + ( V ,  + V,MK + &I 
+ (V ,  + & ) d K  + & M K  + &) + . . ' (1 1.25) 

as 

G = & + &g& + &g&g& + . . . + V,  + V,gV,  + V,gV,gV, + . . . 
+ V , g & +  V , g V , g & + . . . +  q g V , +  & g V , g V , + . . .  

= G, + G, + Gsg& + I/gG, + . . . . (11.26) 

We have selected terms from the series in an obvious order. The G matrices 
with the subscripts 1 represent the series 

Gi = & + KgV, + &g&g1.; + 
(1 1.27) 
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Because v is a smooth function dominated by low Fourier components, the 
matrix elements connecting low-lying states to those of Q will be small. Con- 
sequently, the series will converge rapidly, and to lowest approximation, 

G, N v. (11.28) 

A similar argument suggests that the cross terms linking 1 and s in (11.26) 
are small. 

The series definition of G, is analogous to that of G: 

G, = V ,  + V,gV,  + V,gV,gV, + .  
(11.29) 

Now employ the preceding claim that V,  generates Fourier components that 
lie dominantly in the subspace Q, so that, to good approximation, the Pauli 
operator can be replaced by unity. In such a case, 

1 
G, N G,O = V,  + K- G,O . 

E - Ho (11.30) 

With this approximate result, it can be shown that, with the choice of 
separation distance previously defined (Moszkowski and Scott, 1961, 1960), 

Gg = 0. (11.31) 

In that case we have, for a rough approximation to the complete G matrix, 

G N K  (11.32a) 

or, in next approximation,$ 

G N r/; + q g q .  (11.32b) 

This is a remarkable result, which shows that to first approximation the G 
matrix, which is a complicated operator defined by the Bethe-Goldstone 
equation (1 1.13), can be represented simply by the long-range part of the 
potential. Many authors have calculated G to better approximation. How- 
ever, the Moszkowski-Scott separation method shows how the approxima- 
tion can be systematically improved. 

For a more complete description of the theory and its applications, the 
interested reader is referred to some of the excellent reviews and references 
therein (Baranger, 1969, p. 511; Brown, 1971; and MacFarlane, 1969). 

* The tensor force makes a large contribution in the second-order term of (1 1.32b) for triplet 
states (see Brown, 1971). 
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D. BARE G MATRIX AND CORE POLARIZATION 

The calculation of the G matrix is the first step in relating the free inter- 
action to the properties of nuclei. It provides a well-behaved operator in 
place of the singular free interaction. 

Needless to say, all calculations of G are approximate. The many-body 
problem cannot be solved exactly. For nuclear matter the sum over inter- 
mediate states in the Bethe-Goldstone equation is over plane-wave states 
with momenta above the Fermi momentum. The density of nuclear matter 
is, of course, characterized by the Fermi momentum k ,  because the density 
is 

(1 1.33) 

Here 4 is the spin-isospin degeneracy of each momentum state. In finite, 
nuclei, the problem is much more difficult. Frequently the calculation of G 
is done as though each region of the nucleus was locally like nuclear matter. 
Because the density varies with distance from the center, such a calculation 
would, if this variation were taken into account, provide a density-dependent 
G matrix. Sometimes the separated long-range part of the potential is used 
as the G matrix (11.32). In any case, the G matrix is defined with respect to 
a free propagator. This makes sense from a calculational point of view. 
Otherwise one would need to know the nuclear spectrum to calculate G. 
However, as a consequence the long-range correlations in the nuclear wave 
function that are induced by the force must enter in higher order in G. The 
corresponding large-basis shell-model problem with G as interaction could 
be truncated as in Chapter 8 for the scattering problem. In the truncated 
space, a new effective interaction or renormalized G matrix would have to 
be used. This alteration of G is sometimes referred to as core polarization 
(Kuo and Brown, 1966), and the original G can be referred to as the bare G 
matrix. 

E. EFFECTIVE INTERACTION IN SCATTERING 

In lowest order, the effective interaction that is appropriate for a scattering 
problem might be z from (11.1) or the generalization of the G matrix to the 
case where one particle is free. In principle this means that the outgoing-wave 
boundary condition must be inserted into (11.13) in the form of +i&. The 
two approaches can be related through the identity that relates two op- 
erators obeying integral equations like (1 l.l), namely, 

= T ,  -k Tb(G, - G,)Tb -k ' ' ' . 
T ,  = Tb + Tb(G, - G,)T, 

(11.34) 
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The first alternative, in the form presented in Chapter 6 has been the basis 
for applications to high-energy scattering (Kerman et al., 1956; Haybron and 
McManus, 1964; Kawai et al., 1964). So far this alternative in the form (1 1.2) 
has not been pursued. At low energies only the second alternative has been 
considered in any detail. The first important steps in this direction were taken 
by Slanina and McManus (1968), Petrovich et al. (1969), and Love and 
Satchler (1970). The separation prescription (1 1.32) was used in these works. 
Of course, the renormalization of G due to long-range correlations must also 
be considered for the scattering problem (Petrovich et al., 1977). The proper 
treatment of the many-body aspects of this approach has been carried out 
by Mahaux (1979) and Rook, Brieva, and von Geramb (1979). 

F. LOW-ENERGY DOMAIN 

At low bombarding energy, the scattering of the incident nucleon by a 
bound one inside the nuclear environment will be strongly effected by the 
presence of other nucleons. The de Broglie wavelength is not small compared 
with the average nucleon spacing. Moreover, the possible final scattering 
states of the interacting pair are severely restricted by the Pauli principle. 
In the low-energy domain, these difficulties cannot be evaded. The appro- 
priate interaction appears to be the G matrix, which incorporates the Pauli 
principle correctly. It should be calculated with one particle in the contin- 
uum (i.e., with the outgoing wave condition inserted in the denominator). 
Frequently, however, a simpler interaction has been employed, such as the 
bare bound-state G matrix, calculated in one way or another (Slanina and 
McManus, 1968; Petrovich et al., 1969; Love and Satchler, 1970). One 
approximation is provided by (1 1.32), according to which the long-range 
part of, say, the Hamada-Johnston potential is used to approximate G. 
This is not quite as straightforward as it may seem because, in the odd states 
of relative motion, the bare interaction is only weakly attractive or even 
repulsive, in which case the separation method is not applicable. One alter- 
native is to derive the matrix elements in various states of relative motion 
directly from the N-N phase shifts, which is claimed to be similar to the 
separation method (Elliott et al., 1968). Alternatively, the bare G matrix can 
be calculated for a less singular potential, like the Reid soft-core potential. 
Bertsch et al. have fitted Yukawa forms to bare G matrix elements calculated 
by all three methods (Bertsch et al., 1977). These forms can be easily used 
in a computer program for calculating the transition amplitude 5. Such 
programs are generally constructed to accept the effective interaction as a 
superposition of local Yukawa potentials in configuration space. 
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G. HIGH-ENERGY DOMAIN (E > 100 MeV) 

In the high-energy domain, the bare G matrix is frequently approximated 
as the free two-body scattering amplitude. This is known as the impulse 
approximation (Kerman et al. 1956) and when the transition amplitude F for 
nucleon-nucleus scattering is calculated using this approximation for the 
effective interaction and distorted waves are used for the scattering states 
of the reaction, the combined approximations go under the name of dis- 
torted-wave impulse approximation (DWIA) (Haybron and McManus, 1964; 
Kawai et al. 1964), which was discussed in Chapter 7. 

H. MICROSCOPIC CALCULATION OF THE OPTICAL POTENTIAL 

In the high-energy domain, the optical potential might be approximated 
by “folding” the nuclear density distribution with the interaction 

(11.35) 

where p(r’)  is the ground-state density distribution of the target nucleus and 
f is t(r)(l - P12) averaged over the spin and isospins of the target nucleons 
(Kerman et al. 1956; Slanina and McManus, 1968). This approximation at- 
tributes the complexity of the optical potential solely to the complexity of the 
free-scattering matrix, whereas the rationale for the imaginary part of the 
optical potential (Chapter 4) attributed it to the absorption out of the elastic 
channel into other reaction channels. The derivation in Chapter 8 of the 
effective interaction appropriate for a truncated space was quite explicit in 
this respect. That discussion was given in the context of a nonsingular two- 
body interaction, which we now understand to be related to the bare z or G 
matrix. So far, a unified calculation of the optical potential has not been 
performed, although this very difficult problem has been attacked in two ex- 
tremes. The work of Vinh Mau and collaborators and Madsen et al. empha- 
sizes the structure of the low-lying nuclear states that belong to the excluded 
space of the optical potential (i.e., all excited states) but employs a purely 
phenomenological interaction (Vinh Mau, 1970; Vinh Mau and Bouyssey, 
1974, 1976; Bernard and van Giai, 1979; Osterfeld et al., 1981). Two other 
groups have concentrated on the calculation of the bare G matrix in the case 
in which one particle is in the continuum at positive energy and the others lie 
below the Fermi sea (Mahaux, 1979; von Geramb, 1979). This is implemented 
in finite nuclei through the local density approximation and accounts for the 
decay of the original state (particle in continuum + nuclear matter) into a 
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multitude of states of the same energy but with the incident particle scattered 
out of its initial state. Use of the local density approximation for nuclear 
matter neglects the particular structure of individual nuclear states, the col- 
lective ones of which can give rise to appreciable contributions to the optical 
potential (Glendenning, 1969a; Glendenning et al., 1968). According to our 
earlier argument, it is an approximation that is expected to improve at higher 
energy. Otherwise, it could be regarded as the smooth average optical po- 
tential on which corrections arising from the particular structure of indi- 
vidual nuclei should be superimposed (Glendenning, 1969a; Glendenning et 
al., 1968). A calculation, in the local density approximation, of the real and 
imaginary parts of the central part of the average optical potential is shown 
in Figures 11.1 and 11.2, respectively, for 58Ni (von Geramb, 1979). At low 
energy the real part has a profile similar to the nuclear density, whereas the 
imaginary part has a tendency to peak on the surface, corresponding to a 
volume + derivative term in the phenomenological optical potential. At high 
energy the imaginary absorption goes over to the shape of the nuclear 
density, but the real part takes on a rather unusual form, becoming very 
weak at about half the nuclear radius. All this behavior is attributable to 
the density dependence of the nuclear matter G matrix and not to the struc- 

Fig. 11.1. Real part of the optical poten- 
tial of "Ni calculated from a local density ap- 
proximation to the G matrix and based on 
the Hamada-Johnston potential. (From von 
Geramb, et al., 1979). 
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Fig. 11.2. Imaginary part of the optical 
potential of 58Ni calculated from the local 
density approximation to the G matrix (From 
von Geramb et al., 1979). 
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ture of individual nuclear states, which is neglected in this calculation. 
Clearly, a consistent treatment of the high momentum states, which are an 
essential ingredient of the Bethe-Goldstone equation as concerns the treat- 
ment of the singular part of the interaction and the peculiar aspects of the 
structure of the nucleus under consideration, is a very difficult problem. A 
consistent treatment must, of course, address the nonorthogonality of the 
two sets of intermediate states that are presently emphasized in the two 
extreme approaches previously mentioned (Osterfeld et al. 198 1). 



Chapter 12 
Further Developments 

in the Theory of 
Inelastic Scattering 

A. INTRODUCTION 

In the preceding chapter the relationship between the effective and the free 
nucleon-nucleon interaction was discussed. The relationship is complicated 
by the strong repulsion of the free interaction at short distance and by the 
severe truncation of configuration space in the shell model. Breuckner’s 
method of handling a singular interaction in the many-body problem is to 
reorder the perturbation series to replace the free interaction by the non- 
singular G matrix. At sufficiently high energy, a calculation of the G matrix 
can be avoided because i t  should approach the free nucleon-nucleon t 
matrix, about which there is considerable empirical information. At lower 
energy, the G matrix must be used if contact with the free interaction is to 
be made. In practice, the G matrix is often approximated by the bare G matrix, 
corresponding to, say, a nuclear-matter local-density approximation in the 
intermediate states. Sometimes it is simply approximated by the long-range 
part of the separated potential. In principle, the bare G matrix should be 
renormalized if the configuration space in which the nuclear wave functions 
are calculated is a severely truncated one. A model for such a renormaliza- 

I90 



A. Introduction 191 

tion was discussed in Chapter 10 and references to more recent approaches 
were cited. 

The free t matrix t(k, k )  is derived from the data as a momentum-space 
operator, whose from follows. It is nonlocal, as can be seen from 

t(r, r’) E (rltlr’) = C (r I k) (kltlk) (k’ I r’) 
kk’ 

= ( 2 ~ ) - ~  dk dk’ eik “t(k, k’)e-’“‘. ”. (12.1) 

The G matrix, in principle, is also nonlocal unless it is approximated by the 
separated long-range part of a potential, such as the Ried or Hamada- 
Johnston potentials. The nonlocal potentials can be employed in a distorted- 
wave calculation of the amplitude for nucleon-nucleus scattering. However, 
it is more convenient from several points of view to have a local approxi- 
mation to the interaction. First, it is much easier to gain insights from a 
local interaction. Second, a local representation can be employed more easily 
in computer programs that calculate the amplitude for nucleon-nucleus 
scattering in the distorted-wave approximation. These are both strong moti- 
vations for finding an equivalent local potential. 

Bertsch et al. (1977) and Love and Franey (1981) have implemented a 
method for matching the antisymmetrized Fourier transform of a local 
potential to the momentum-space representation of the free t matrix or G 
matrix, as the case may be. The direct interaction, when so related to the 
data (tmatrix) or a calculation of the Gmatrix, is often referred to as a 
realistic interaction or as an effective interaction. We shall show in detail 
how the preceding relationship can be made in the case of the t matrix. 

Such a local realistic interaction can be easily used in calculations of the 
distorted-wave amplitude for nucleon-nucleus scattering. Early work using 
phenomenological interactions frequently neglected the exchange contribu- 
tion arising through the exchange nature of the force and the antisym- 
metrization of the wave functions. In general, such contributions are not 
negligible* and should be accounted for in a quantitative theory, which is 
what we here pursue. In addition to the central components, the realistic 
interaction has tensor and spin-orbit pieces. These also need to be incor- 
porated into the calculation (Raynal, 1967; Love and Parish, 1970; Love, 
1971). 

There are computer programs available that can calculate the distorted- 
wave amplitude using the full complexity of the realistic interaction (For 

See Amos et a/., 1967; Agassi and Schaeffer, 1968; Atkinson and Madsen, 1968, 1970 
Schaeffer, 1969; Satchler and Love, 1970. 

‡
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example, R. Schaeffer and J. Raynal, computer code DWBA 70, un- 
published). Not surprisingly, because of the exchange integrals, the general 
formalism is not suited to gaining insights into the selectivity for particular 
nuclear excitations possessed by various pieces of the interaction and the 
evolution of this selectivity with energy or momentum transfer. It is, of 
course, extremely valuable to develop such insights both for the interpreta- 
tion of data and the design of new experiments. We therefore display a 
formalism developed by Petrovich and collaborators (Petrovich, pers. 
comm.; Petrovich et al., 1983) that, through the use of momentum-space tech- 
niques (Petrovich, 1975) and a factorization approximation for exchange, 
achieves the desired transparency of the theory. Following these develop- 
ments, a few applications that illustrate the power available in the theory 
will be discussed. 

B. GENERAL FORM OF THE TWO-BODY AMPLITUDE 

The two-nucleon scattering matrix (related by a factor to the amplitude) 
has a most general form allowed by invariance principles (Wolfenstein, 
1956). There are several possible representations of the general form. One of 
them is 

t12(kf, ki) = u + b ~ ,  - f i ~ ,  - fi + c(al + 0 2 )  * fi 

+ eo, - ij az * ij + fal - Q a2 - Q, (12.2) 

where the coefficients a, b, c, e, f are themselves functions of the c.m. energy, 
scattering angle, and isospin, 

a = a, + alzl - z2, etc. (12.3) 

The three unit vectors, 6, fi and ij form a right-handed Cartesian coordinate 
system, oriented with respect to the initial and final momenta of one of the 
nucleons, ki and k, in the c.m., so that 

Q = ki + k,, q = ki - k,, n = q x Q, where lkil = Ikfl. (12.4) 

The preceding form oft  can also be written in terms of the projection oper- 
ators P; and Pp for singlet and triplet spin states and the tensor operators 

Pp = *(3 + 6 1  - 6 2 )  (12.5) 

S,,(tI)= 3a,*bo2-t I -a , .a2,  (12.6) 

p“ * - - 1 4(1 - 6 1  * 62), 

namely, 

tI2(k,, ki) = a’Pb, + b’Pp + c(al + c2) .  n + e’S,,(ij) + f’S12(Q). (12.7) 
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The relationship between the coefficients is 

The coefficients a’ and b‘ are connected with the central part of the interac- 
tion, as in earlier chapters, the c is associated with the spin-orbit, and the 
e‘ andf’ coefficients are connected with the tensor parts of the interaction. 

C. LOCAL COORDINATE-SPACE REPRESENTATION 
OF G OR t 

The G matrix is, in general, nonlocal in coordinate space, as is the coordi- 
nate-space representation of t(k,, ki), which we wish to use in the high-energy 
domain (according to the discussion of the previous chapter). 

The nucleon-nucleus scattering problem has generally been treated by 
seeking a local coordinate-space representation for the interaction, which can 
then be used in standard computer programs (R. Schaeffer and J. Raynal, 
computer code DWBA, unpublished) for calculating the transition amplitude 
in the distorted-wave approximation. Bertsch et al. (1977) and Love and 
Franey (1981) have carried out a program of representing the nonlocal t or 
G matrix by a local operator in each N-N channel (singlet-even, singlet- 
odd,. . .), having the form 

t(r, P) = tc(r) + t,,(r)L - s + tT(r)S12(f) 

S = f a ,  d = b l + 6 2 ,  

L = r x p, r = r l  - r2, p = +(p, - pz), (12.9a) 

and referring to central, spin-orbit, and tensor components. The central part 
itself has four components due to the spin-isospin dependence, and t,, and 
t ,  are both isospin dependent, 

tc(r) = to@) + tma, - a2 + t,(r)z, - zz + tar(r)cl - 02z1 - z2, 

t,(r)- = t:(r) + t;(r)z, - z2, x = LS or T. (12.9b) 

The longest range part of the potential is constrained (see Bertsch et al., 
1977; Love and Franey, 1981) to have the behavior of the one-pion ex- 
change potential. Otherwise, the potential functions t(r) are represented as 
the sum of Yukawa potentials of various ranges for the central and spin- 
orbit components, for example, 

to(r) = 1 V:e-(r’rn)/(r/rn), (12.9~) 
n 

(12.8)
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or sums of r2 x Yukawa functions for the tensor components. The strengths 
and ranges for each component can then be adjusted so that the momentum- 
space representation of the local interaction is equal to t or G within the ac- 
curacy allowed by the local representation and its parametrization. 

We now exhibit in more detail the transformation of the interaction (12.9) 
into momentum space and the identification of t(k,, ki) with the form (12.7). 
This will be very useful for appreciating the connections among the interac- 
tion, its dependence on energy and on momentum transfer, and the type of 
nuclear states that can be excited by various pieces of the interaction. 

An interaction of the form (12.9) is intended for use as the direct interac- 
tion in a distorted-wave transition amplitude with properly antisymmetrized 
wave functions between projectile and bound nucleons. It is easy to see 
that the use of antisymmetrized wave functions and the interaction t(r, p) 
is equivalent to using an unsymmetrized wave function with the interaction 
t(1 - P,,), where PI, is the operator that interchanges all coordinates of 
particles 1 and 2, so denoted 

f(r, P) = t(r, P)(l - PI,). (1 2.10a) 

The antisymmetrization of the spatial coordinates achieved by the space 
exchange part P" of PI,, 

causes the most difficulty in calculations. The other two operators are the 
spin and isospin exchange operators, 

(1 2.12) 

P,, = P"P"P', (12.11) 

P" = (1 + 6 1  - 6,)/2, P' = (1 + 21 - 2,)/2. 

It is easy to verify that (12.11) can be rewritten as 

P,,  = PX C ( - )S+TP;P; ,  
ST 

(12.13) 

where Pg is the spin-singlet (S = 0) or-triplet ( S  = 1) projection operator 
(12.5), with an analogous definition of P;. 

Therefore, if we separate t into pieces that act on singlet or triplet states in 
spin and isospin 

(1 2.14) 

then 
f(r, p) = C tST(r, PI[ 1 + ( - 1 + + 1PXlP;P'T. (12. lob) 

ST 

Define t D  and tE  by 

(12.15a) 

tE(r, p) = - C (-)S+TtST(r, P)P;P;. (12.15b) 
S, T 
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Then 

f(r, p) = tD(r, p) + tE(r, p)P". (12.15~) 

So far this is nothing but a trivial definition of tTS and a rewriting of f For 
a two-particle spin-isospin state IS, T ) ,  the projection operators simply 
select out the relevant part of *t, 

FIS, T )  = [tST(r, p) + (-)s+T+ltST(r, p)P"]IS, T ) .  (1 2.16) 

We can now concentrate on P", which introduces the greater difficulty. 
Our problem at this stage is to identify the components of *t(r, p) with the 

free-scattering matrix t(k,, ki) given by (12.7) through the correspondence 

t(k,, ki) A 1 exp( - ik, - r)t(r, p) exp(iki - r) dr 

= J'exp(-iki - r)t(r, p)(l - P12) exp(iki - r)dr 

= 1 exp( - ik, - r)[tD(r, p) + tE(r, p)P"] exp(iki - r) dr. (12.17) 

The symbol A denotes that t(r, p) is to be chosen to best reproduce the 
experimentally determined left side. As remarked in connection with (12. l), 
there is no local operator that satisfies a strict equality. Through such an 
identification, the local operator t(r, p) can be constructed so that its antisym- 
metrized Fourier transform approximates the free t matrix. 

From the last line of (12.17) we define the Fourier components of direct 
and exchange parts of P(r, p), 

tD(q, ki) = exp( -ik, - r)tD(r, p) esp(iki . r) dr J' 
= exp(iq - r)tD(r, ki) dr, (12.18a) 

tE(Q, - ki) = J' exp( - ik, - r)tE(r, p)P" exp(iki - r) dr 

= J' exp( - iQ - r)tE(r, - ki) dr, (1 2.18b) 

so that (12.17) becomes 

t(k,, ki) tD(q, ki) + tE(Q, - ki). (12.19) 
We now evaluate the Fourier transforms of each of the three components of 
f(r, p) separately. 

Central 

Because the central interaction has no operators that act in the coordinate 
space and depend on r = Irl only, it is very easy to evaluate the preceding 
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Fourier transforms. Use the plane-wave expansion (2.8) for the exponential 
factor in 

Iexp(iq - r)t,D(r) dr = 471 C iL jL(qr)YL(P) * YL(4)t,D(r)dr 
L s 

= 4z&YO(4) j jo(qr) tg(r)rz  dr,  (12.20) 

where we have introducted unity into the r integral in the form of &Yo(?) = 
1, in order to do the P integral. In an entirely analogous fashion, the exchange 
transform can be evaluated. The results are 

ki) = tcD(q) = 4n j”io(4r)t,D(r)rZ dr,  

&Q, - ki) = $(Q) = 471 jo(Qr)tg(r)r2 dr. 

(12.21 a) 

(12.2 1 b) 

For a representation of t,-(r) as a sum of Yukawa potentials (12.9c), the 
s 

momentum functions in the preceding equations are 

tcD(4) = 471 1 W,3/[1 + (qrn)21, (12.22) 
n 

with a similar expression for tE(Q). It is through correspondence (12.17) that 
the parameters V ,  and r,  for the various components of the force are deter- 
mined, for the central force the correspondence is 

t&, ki) A tcD(4) + &Q) 
= 1 [t;’(q) + ( - ) “ “ “ t ~ ’ ( Q ) ] P ~ ~ ~ ,  (1  2.23) 

where we used (12.15) in the last step. Referring to (12.7), we have the cor- 
respondence 

ST 

T + 1  OT C [tgT(q) + (-) t ,  (Q)]P;. = a’ = + u ; ( T ~  * TZ), 

b‘ = Yo + b;(z1 * ~ 2 ) .  

T (1  2.24) 
C [thT(q) + ( -)TthT(Q)]P$ 
T 

These are the equations through which the central part of the local t(r) can 
be related to the scattering amplitude. 

Tensor 

For the tensor components of (12.17) it is convenient to notice that the 
tensor operator can be written as the scalar product of two spherical tensors, 

(12.25)
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where 

(12.26) 

is the vector-coupled product of the two vectors a, and a2 to form a rank-2 
tensor (see Appendix for the spherical components of a vector). Again 
making the plane-wave expansion, the angle integration can be performed. 
For example, 

TT(a,, 0 2 )  = [a,, a2]T = c G ; G y f i c ; m - P m  1 2  

P 

( 2 4 ~ / 5 ) ~ ”  1 eiq.’t#)Y2(i) - T,(a,, a2) dr 

=(24n/5)”*4~ 

= - tTD(q)S12(4), (12.27) 

iL /jL(qr)tD(r)YL(f) - YL($)Y2(P) - T,(a,, o,)dr 

where 

Thus, 

t,”(q, ki) = - tTD(q)S,2($), (12.29a) 

t%Q, -ki) = - t f ( Q ) S 1 2 ( Q ) .  (12.29b) 
The tensor force acts only in spin triplet states. Referring to (12.15), (12.29), 

and (12.7), the correspondence with t is 

t&) = 1 t+T(q)P+ = -el = -(eb + e; z1 . z2) 
T 

(12.30) 
t f (Q)  E C ( - )Tt lT(Q)Pk A -f’ = -(fb + f; z1 * z2) 

T 

Spin-Orbit 

we have 
We come now to the calculation of the spin-orbit part of (12.17). Here 

t&(q, ki) = exp(iq - r) &r) r x ki - S dr, (1 2.3 1 a) 

(12.31b) 

The integrals contain the vector r. Using the spherical representation of r, 
whose rnth component (see Appendix) is 

rm = (4n/3)1’2rYy(f). (12.32) 

t d Q ,  E -ki) = - 1 exp( - iQ - r) t&(r) r x ki - S dr. 

(12.28a)

(12.28b)
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We note 

exp(iq - r) t&(r)r, dr = ( 4 ~ / 3 ) " ~  J' exp(iq - r) &r)rY;"(P) dr 

= (471/3)'12 471 

= (4n/3)1/2471i j,(4r)tFs(r)r3 dr Y;"(h) 

iL jjL(qr)YL(P) - YL(i$tFs(r)r Y;l(i) dr 
L 

(12.33) 

Similarly, the exchange integral can be calculated. Let us denote the trans- 
forms of tLS(r) by 

tFS(4) = -471q J i l ( v ~ t ~ s ( r ) r 3  dr, (12.34a) 

t%Q) = - 471Q ji1(Qr)tL(v)r3 dr. (1 2.34b) 

These are defined to have the dimension MeV-fm3 when t(r) is in MeV. 
Then 

t d q ,  D ki) = -(i/q2)tk(q)q x ki * S, (12.35a) 

s 
= 471i(qrn/q) J i ~ 4 r ) t ~ ( r ) r ~  dr. 

t L ( Q 9  -ki) = -(i/Q2)tL(Q)Q X ki . S 
= (i/Q2)t&(Q)q x ki * S. (1 2.35b) 

For the spin-orbit interaction, correspondence (1 2.17) therefore reads 

or in terms of (12.7), 

-% { &(q) - (a)' &Q)] = c'. 
4 

(12.37) 

Complete Amplitude 

transform of a local coordinate-space representation of the interaction, 
Gathering together the preceding results, we can write, for the Fourier 

tD(q, ki) = J' exp(iq . r)tD(r, ki) dr 

= ~ 3 4 )  - (i/42)tEd4)q x ki . S - tTD(4)s,,($), (12.38a) 

(12.36)
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tE(Q, - ki) = exp( - iQ . r)tE(r, ki) dr s 
= &Q) + (i/Q')tL(Q)q x ki . S - ~RQ)SIZ(Q). (12.38b) 

The momentum functions on the right side can be expressed in terms of 
the local potential (12.9) through such expressions as (12.22). The potential 
parameters V ,  and rn are then varied to achieve a best fit to the free t 
matrix (or a calculated G matrix, depending on the energy domain) through 
the correspondence (12.17). 

D. ENERGY AND MOMENTUM DEPENDENCE OF 
THE EFFECTIVE INTERACTION IN 
THE HIGH-ENERGY DOMAIN 

As discussed in Chapter 11, an approximation to the momentum-space 
representation of the bare G matrix in the high-energy domain is the free 
nucleon-nucleon scattering matrix t .  For the convenience of inserting this 
free-scattering data into the nucleon-nucleus scattering problem, a local 
coordinate-space representation was sought in the previous section. 

Love and Franey (1981) have carried out such a program of representing 
the currently available free data by constraining the long-range part of 
t(r) by the one-pion exchange potential and searching on a Yukawa param- 
etrization of the inner region to satisfy correspondence (12.17). They have 
tabulated their results for the real and imaginary parts of t (r)  at selected 
energies from 100 to 800 MeV. This tabulation of the parameters representing 
t(r) would be used in the calculation of nucleon-nucleus scattering in this 
energy range in the approximation G N t. 

To provide a qualitative impression of the energy and the momentum- 
transfer dependence of these results, Petrovich and Love (1981) and Love 
et al. (1983) have plotted the absolute values of the various components of 
t(q). In Fig. 12.1, the volume integrals [t(q = O)] of t,, as given in (12.9b), 
are plotted as a function of energy. Figure 12.2 shows the spin-orbit and 
tensor forces corresponding to the decomposition into isospin-independent 
and isospin-dependent components (l2.9b) at a typical value of momentum 
transfer q = 1.5 fm-'. Finally, at one particular center-of-mass energy E = 

140MeV, the momentum dependence of all components of the force are 
shown in Fig. 12.3. Figure 12.3a corresponds to the parts that can give rise 
to spin transfer (i.e., the central components with the operator t ~ ,  - oz and the 
tensor and spin-orbit forces). In Fig. 12.3b are shown the spin-independent 
components of the central force. The spin-orbit interaction L - S = L . S, + 
L - S, has one piece that can transfer spin to the target nucleus and one that 
cannot. For this reason, the coefficient of L - S is shown on both sides of the 
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i 
Fig. 12.1. Energy dependence of the magnitude of 

the of the volume integral of the central components 
of the N-N f matrix (Love et al., 1983.) 

'0 200 400 600 600 
Ep (MeV) 

figure. The selection rules for natural and unnatural parity transitions have 
been discussed in Chapter 9. Recall that for normal parity, the S = 0 and 
S = 1 components can contribute, although the former dominate. Only the 
S = 1 components are responsible for the excitation of unnatural parity 
states. The two halves of the figure therefore correspond to unnatural and 
natural parity excitations. 

I I I I 1  1 I 

420 - 
200 300 403 500 600 700 800 

E,(MeV) 

Fig. 12.2. Energy dependence of the magnitude of the spin-orbit (-) and tensor 
(- - -) components of the N-N t matrix at q = 1.5 fm-' (Love et al., 1983.) 
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I I I I I 1 I 

q (f rn-'1 
(a) (b) 

Fig. 12.3. At a fixed energy of 140 MeV all components of the N-N t matrix are shown 
as a function of momentum transfer q = 2k, sin Q/2, where C(-), LS(- ~ -), and T(- -). 
(From Love et al., 1983.) 

For the central and spin-orbit terms in Figs. 12.1-12.3, the direct and 
exchange contributions as prescribed by (12.38) are shown together with 
the exchange contributions evaluated at the fixed value of Q corresponding 
to forward knockout (Q = ki + kf). Because the direct and exchange parts 
of the tensor force are associated with different operators, only the direct 
tensor part is shown. 

A discussion of the way in which these various components and their 
energy and momentum transfer dependence manifest themselves in specific 
nuclear excitations will be deferred to the end of this chapter. For the present 
we merely comment on the strong dependence on E and q exhibited by some 
of the components. 

E. EFFECTIVE OPERATOR FOR 
THE EXCHANGE CONTRlBUTlON 

In the formalism for inelastic scattering that was developed in Chapter 9, 
the exchange integrals arising through the exchange nature of the force and 
the Pauli principle with regard to projectile and target nucleons were ne- 
glected. In this section, following Petrovich et al. (1983), we seek an operator 
whose direct matrix element will approximate these exchange contributions. 
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Once this has been achieved, the interaction between projectile and target 
will once again have the form of a sum of one-body operators in the target 
space. As a consequence, a general nuclear transition can be written as a 
superposition of single-particle transitions, and all the methods discussed 
in Chapter 9 for calculating the nuclear form factors will apply. 

In addition to incorporating the exchange contribution approximately, the 
full complexity of the force, including the central, spin-orbit, and tensor 
components, will be retained. In the preceding sections we have discussed 
how a local coordinate-space representation of the force can be matched to 
the free t matrix or the G matrix, depending on the energy domain in 
question. The momentum dependence of the exchange operator will turn 
out to be given by tE(Q, - ki), derived earlier. We may therefore regard it 
as a known operator. 

According to Chapter 5,  the distorted-wave approximation to the tran- 
sition amplitude is a matrix element of the interaction between initial and 
final states in which the relative motion between the scattering partners 
is described by distorted waves that are solutions of a one-body Schrodinger 
equation containing an optical potential. We do not refer to the approxi- 
mation as a Born approximation because the interaction is now taken to 
be the complex G matrix or the t matrix, which iterates the two-body inter- 
action at each scattering site to all orders [see (11.18)]. 

The following notation can be used for the initial-state wave functions, 
with the appropriate analogs for the final state: 

(12.39) 

( P M i A 1  = &niE;(r2, oz )~$(r2 ) .  

The x(+) is the distorted wave of Chapters 4 and 5, and 4,,ej a single- 
particle spin-orbit state such as that encountered in Chapter 9 [e.g., (9.23)]. 
The XljZ are spin and isospin functions. We can simplify the problem to 
one that corresponds to an excitation of a single target nucleon ji + j ,  
because, as previously discussed, once we have found the operator whose 
direct integral approximates the exchange integrals, then a general nuclear 
excitation is just the superposition of single-particle excitations. 

The antisymmetrization of the amplitude is achieved by using the reduced 
form of (12.10) contained in (12.15) for the effective interaction in the ampli- 
tude, that is, 

where we have additionally streamlined the notation by suppressing refer- 
ence to spin and isospin coordinates in xT, #, & i ,  and xi. To see the approx- 

(12.40)
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imation of Petrovich and co-workers (1983) for the exchange amplitude in 
the most transparent way, it is best to transform the amplitude to momentum 
space. 

Recall the conventions of Chapter 6 for Fourier transforms, 

f(r) = ( 2 ~ ) - ~  

f(k) = 1 exp( - ik - r)f(r) dr, 

exp(ik - r)f(k) dk, 

and the representation of the delta function, 

6(r - r') = (27c-j exp[ f ik - (r - r')] dk. s 
Introducing these into the integral in (12.40), we obtain 

%i = (2X)-'2 x T ( k , ) ~ T ( k 2 ) ~ i ( k , ) X i ( k 4 )  

x {jexP[-i(k, - rl  + k2 - r2)l [tD(r, P) + tE(r, PP"1 

x exp[i(k, - r2  + k, . r,)] dr, dr, dk, dk, dk, dk,. I 
To do the coordinate-space integral, transform to the coordinates 

r = r l  - rz  and R = 1/2(r1 + rz). 
Then, 

%i = (2n)-1z 1 x f * ( k 1 ) ~ T ( k Z ) ~ i ( k 3 ) X i ( k 4 )  

x {jexp[-i(k, - k2) * r/21 [tD(r, P) + tE(r, P)P"] 

I x exp[i(k, - k3) r/2] dr 

(12.41) 

(12.42) 

(12.43) 

(12.44) 

x {jexp[-i(k, + k, - k, - k2) .RdR dk,dk,dk,dk,, (12.45) I 
which reduces to 

%i = (2X)-9 j 1(:(k3 + k4 - k 2 ) ~ T ( k 2 ) ~ i ( k 3 ) X i ( k 4 )  

x {i exp( - ik, - r)[to(r, p) + tE(r, p)P"T] 

(12.46) 
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with 

k, = +(k, - k2), ki = $(k, - k,), 
Q = ki + k,. q = ki - k,, 

(12.47) 

The integral over r for the direct and exchange pieces can therefore be written 
as 

t”(q, ki) = !” exp( - ik, - r) tD(r, p) exp(iki - r) dr 

= exp(iq - r) tD(r, ki) dr , (1 2.48) 

where the momentum operator conjugate to r, namely, p = -iV, acting on 
the plane wave, replaces p by k i .  Similarly 

tE(Q, - ki) = exp( - ik, - r) tE(r, p) exp( - iki - r)dr 

= exp( - iQ - r) tE(r, - ki) dr. (1 2.49) 

In this case, the space-exchange operator P” changes the sign of the expo- 
nential on the right in the first line. Recall that these Fourier transforms 
were worked out in detail in an earlier section of this chapter, with the object 
of choosing the local coordinate-space operator so that its Fourier transform 
agrees with the G or t matrix according to the energy domain of interest. 

s 

At this point we have 

%i = (2n)p9 [Xf*(k3 + k, - k2)+f*(kZ)~i(k3)Xi(k4) 

x [tD(q, ki) + tE(Q, -ki)] dk, dk3 dk4, (1  2.50) 

where of course q, Q, and ki  are given in terms of k, , k 3  , and k4, as described 
previously. In particular, q = k2 - k, .  We can change the variables of 
integration from (k2 ,  k,) to (q, k,). Then 

qi = (2n)-’ j X T ( ~ ,  - ~ ~ ( k . 3  + q)+i(k3)~i(k,) 

x [t”(q, ki) + tE(Q, -kJ] 4 dk, dk,, (12.51) 

where now Q = k, - q - k, .  
Now we make an approximation that tE(Q, -p) varies slowly with Q. We 

could think of making a Taylor expansion, for example, around a chosen 
constant value. At high energies, k, is approximately the incident momen- 
tum, which is much greater than q and k, for angles at which cross sections 
are typically measured. We look only at the constant term with Q N k, .  With 
this approximation, Ffi will look like a direct matrix element in coordinate 
space. 
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To transform the amplitude back to coordinate space, for the central and 
tensor parts of t ,  which do not have ki in them, we can use 

S 4:(k3 + q)4j(k3) dk3 = (2711, S 4T(r2)4i(r2) exP(iq . '2) "2 9 
(12.52') 

j ~T(k4 - q)~i(k4) dk4 = ( 2 7 ~ ) ~  S XF(rI)Xi(rl) exP(-iq * '1) "1. ('2.5'') 

For the spin-orbit part of t ,  which has the vector ki and depends on k, and 
k4, we need the integrals 

S 4 ~ ( k 3  + q)4i(k,)k3 dk3 

= S 4T(r2)4i(r3) exp[i(k3 + 9) ' r2] exp(ik3 ' r3)k3 dk3 dr2 dr3 

= S #F(r2)4i(r3) exp[i(k, + q) - r2]i V, exp( -ik, - r,) dk, dr2 dr, 

= -S (bT(r2)[iV3 4i(r,)] exP[ik3 * (r2 - r,)] exP(iq . r2)dk3 "2 "3 

= (2.1, J 4 ~ ( r 2 ) [ ~ 2 4 i ( r 2 ) 1  exp(iq * r2) dr2. (12.53) 

An integration by parts was done in going from line 3 to line 4 in the right- 
hand side. Likewise, we need 

j ~ ~ ( k 4  - q)~i(k4)k4 dk4 = (2x1~ j ~ ~ ( r 1 ) [ ~ 1 ~ i ( r 1 ) 1  exp(-iq * '1) "1. (12.54) 

Using these results in Ffi we now have 

5 i  = J ~~(rl)#f*(r2)2(r, p ~ i ( r ~ ~ i ( r 1 )  dr1 dr22 (12.55a) 

Jdcl exp[-iq * (rl - r2)] [tD(q, P) + tE(Q, -P)], (12.55b) 

where the momentum operator acts on 4 i ~ i  because p = i (p ,  - p2). 
By executing the integral in (12.55b) we obtain a coordinate-space re- 

presentation of the interaction that includes exchange in an approximate 
manner. Recalling (12.38b) for the central and tensor parts of the exchange 
contribution to f we obtain an Y dependence d(r), whereas for the spin-orbit 
part, because of the q x k i - S  dependence on q, we obtain for the Y 

dependence 

(2z)-, S dq exp(iq - r)q = i V 6(r). (12.56) 

Therefore the q integral in t^ yields for the exchange contribution, under the 
constant+ approximation, an effective operator, 

f@, P) = 

cE(r, P) = [@Q) - t%Q)si2tQ)I d(r) - (1/Q2)&Q) V d(r) x P * S, (12.57a) 

whose direct matrix element approximates the exchange contribution to Ff

(12.
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The direct terms under the q integration, of course, yield the original t(r, p) 
of Eqs. (12.9a) and (12.9b). Therefore the complete effective operator 6 which 
includes all terms in the interaction and exchange in an approximate way, is 

(12.57b) 

Only the direct matrix element is to be computed in calculating Ffi. This 
is of course a great simplification and one that is reasonably accurate, as 
numerical comparisons have shown (Petrovich, pers. com., 1982; Petrovich 
et al., 1983). 

F. MULTIPOLE EXPANSION OF THE INTERACTION 

In the preceding section a local interaction possessing central, tensor, and 
spin-orbit components was incorporated into the properly antisymmetrized 
distorted-wave approximation to the transition amplitude. An approximation 
was made in the evaluation of the exchange terms, which led to an effective 
contact interaction in these terms. Consequently, under this approximation 
the entire effective interaction, including the Pauli exchange, is to be eval- 
uated as a direct amplitude only. The full effective interaction is represented 
by (12.57). 

This is a greatly simplified version of the calculation. In particular, under 
this approximation the scattered particle plays the role of an external one- 
body operator acting on the target nucleons. In that case any inelastic 
nuclear transition can be written as a superposition of single-particle tran- 
sitions from the orbital j to j’ with amplitudes Sp(Jf, Ji), as derived in 
Chapter 9. In fact, the entire discussion of the way in which nuclear structure 
information is to be embedded into inelastic and charge-exchange reactions 
carries over, provided only that we perform a multipole expansion of the 
interaction. 

We saw how to construct the multipole expansion of a general central 
interaction in Chapters 7 and 9. There, the Legendre expansion was em- 
ployed as the means of effecting a separation of angular coordinates into 
a scalar product of spherical tensors acting separately, one on the target 
and one on the projectile. Here we shall employ the Fourier transformation 
(Petrovich, 1975) as an alternative means of effecting the separation, as 
described in Petrovich et al. (1983). In either case, the multipole expansion 
provides the transformation properties of the interaction as regards its struc- 
ture in the projectile and target coordinates. As a consequence, it provides 
a way of stating the conservation of the angular momentum that is trans- 
ferred between target and projectile, as discussed in Chapters 7 and 9. 
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The starting point of the derivation is the Fourier transform of the 
effective force in (12.55). The momentum components are given in (12.38) 
and are related through such Bessel transforms as (12.21) to the original 
interaction (12.10)-(12.15). Because we now want to separate the interaction 
into products of operators acting separately on particle 1 and particle 2, 
we must display these dependences. The isospin is not coupled to the rotation 
properties in space and can be left implicit. The spin dependences can be 
displayed explicitly, in the central force for example, by writing 

tcD(4) + &Q) = &o(% Q) + rcl(q, Q)ol - c2 .  (12.58) 
The tilde sign - over the t’s on the right signifies that the direct and 
exchange contributions are contained therein. 

For brevity we introduce the factor 

FLS(~? Q) = $ C ~ L S ( ~ )  - (q2/Q2)tLs(Q)I, (12.59) 

so that the spin-orbit force is 

( - i / q 2 ) L ( q ,  Q)q x P - 6. (12.60) 

Thus the effective force (12.57), which is just the Fourier transform in (12.55), 
can be rewritten as 

f(r, P) = ( 2 j T 3  i’dp expL-4 - (rl - r2)1 CLAq, Q) + L ( 4 ,  Qbl * 6 2  

- ( i / q 2 ) L s ( ~ ,  Q)q * P x 6 - t,”(q)siz(il) - t%Q)siAQ)l. (12.61) 

There are two ways in which we could proceed. One is to write the 
exponential as the product of two plane-wave series and employ the re- 
coupling techniques of angular momentum. There is, however, a more direct 
route to a convenient representation, in terms of transverse and longitudinal 
components. For this purpose, note the two identities 

representing components that are parallel and perpendicular to q. 

the direct part of the tensor can be combined as 
With these identities the spin-independent part of the central force and 

At the same time, note that 

qexp[-iq-(r, -r2)] = i V ,  exp(-iq-r) = -iV,exp(-iq-r). (12.64) 

(12.62)

(12.63)
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Define 

zLSJ(qr) = jL(qr) TLSJ(p? a), (1 2.65) 

where TLsJ was defined in (7.84). Making the plane-wave expansions (2.8) of 
the exponentials, we can write 

(2z)-3 jexp(-iq T, t(q)dq = (2/z) 14' dq t(q)TJOJ(l) . zJOJ(2) .  (12.66) 

Using these results in (12.61), we find 

vl[zJOJ(1)'zJOJ(2)1' PZ--bZ v2[zJOJ(1)*zJOJ(2)1  ' P l l  . 

(12.67) 

The product a, - a, with the operators zJoJ can be written according 

i 
to (7.85) as 

L f l + J  
(ai * aJzJOJt1) * "JoJ(2) = C (-1 z i A 1 )  * zLiJ(2). (12-68) 

The problem of carrying out the gradient operations remains. Here one 
can employ a number of useful results having to do with vector spherical 
harmonics and the curl of such objects. The reader is referred to Edmonds 
(1957, Sections 5.9 and 5.10) for this material. The vector spherical harmonic 
is defined as 

YJML(f) = [rL(f)eIY = C CMLpM L 1Jy LMLep, (1 2.69) 

where ex, e,,, e, are orthogonal unit vectors and ep are its spherical com- 
ponents (see Appendix). Also define 

JE(d = jL(4dYJML(f). (12.70) 

Both of these expressions represent vectors, whose spherical components are 
given by the coefficient of ep. One scalar product of interest to us is 

6 * JE =jL(qr)[YL(f)a]JM = TL~JM. (12.71) 

L 

MLS 
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The divergence of zJOJ can be found from Edmonds [1957, Eq. (5.9.17)] and 
by using the properties of spherical harmonics, with the result that 

V 7 J O Y  = 4 C x J L  JJF,  (12.72) 
L 

where the coefficients xJL are given by 

With these we can now write 

(01  . Vi)(oz * VZbJoA1)  * 7Jo.Q) = q2G11(1) ~ " ( 2 ) ,  (12.74) 

which is one of the terms in (12.67). The operator appearing here is a longi- 
tudinal spin operator, 

(12.75) M T ~ L  = C X J L Z L ~ J ,  L = J & 1. 
L 

We also need the transverse spin operator, 

(12.76) 

where 

The apparatus is now available for evaluating 

(12.78) 

The tensor exchange force is expressible in convenient form by defining the 
operator 

QLIY = C~LOLCY~(O)~~I~IY (12.79) 

1 1 
( 0 1  ' 0 2 - 4 2  0 1  .v i  0 2  . v 2  T J o J ( 1 ) .  T J o ~ 2 ) = ~ 1 ( 1 )  * G W - Z J ~ A ~ )  TJiJ(2).  

and its longitudinal and transverse components 

QYM = 1 x J L Q L ~ Y ,  (1 2.80) 

Q;M= 1 YJLQLI'Y. (12.81) 

L 

L 

One then finds 

s12(0)TJ0J(1) * T J O J ( ~ )  = Q J I J ( ~ )  * ~ J I J ( ~ )  - QY(1) * C "  - Q:(l) * 7;". (12.82) 
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The first spin-orbit term can be written as 

(12.83) 2 es 1 
al  v l [ z J O J ( l ) '  zJOJ(2)] . P1 = q zJ ( ) - zJOJ(2), 

where the superscript 8s refers to the spin-orbit tensor, 

M (12.84) &(l) = 7 Vi zJOJ x pi '01 
1 

4 
There remain the spin-orbit terms of the type, 

(12.85) 

The curl of JJL can be evaluated from Edmonds [1957, Eqs. (5.9.18)-(5.9.20)] 
and by using properties of the spherical Bessel functions. The results are 

6 - V x J$ = iqz?', 

Now, by defining the (transverse) current operators 

(1 2.86) 

(12.87) 

we can write 
2 a 1  

bl x vl[zJOJ(l) - ZJOJ(2)] ' P2 = -4  ['J (l) ' d.d2) + 'JlJ(l) * z%2)1. (12'88) 

These are all that are needed to write the multipole decomposition of the 
force. It is useful to group the terms according to whether they lead to normal 
(N) or abnormal (A) parity transitions and according to whether or not spin 
is transferred to the projectile, indicated by 1 or 0. Thus 

tNo(r, P) = c 1 q2 dq K A ~ J O J  SzJoJ) 
J 

+ + L ( z j o j  $) + fLt,(zeJ * z.,iJ)> 

tN'(r,p) = ( 2 / 1 1 ) ~ 1 q 2 d q ( - [ [ i , l  J + t?](zJIJ.zJIJ) 

-tRQJiJ * ~ J I J )  + !&LS(~JIJ. z;) + $TLS(T? * 7~0,)) (12.89) 
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are the parts of the force that are responsible for exciting normal parity states 
in the nucleus. Such transitions were discussed in Chapter 9. The superscripts 
1 and 0 denote whether spin is transferred to the projectile or not. We have 
streamlined the answer by omitting the arguments of the t's on the right side 
and by employing the convention in an operator product z(1) * ~ ( 2 )  that 
particle 1 always comes first. For the abnormal parity transitions, 

2 -A0 t (r, p) = - 1 1 q2 d q  KS(ZL - G'), 
7 1 5  

2 
tAl(r, p) = - 1 j q2 d q  - 75J) 

Z J  

+ [T& - 2t,D](~z" - T ? " )  + tT(QJ * z:") 

+ [ F I  + t : ] (~:' ,*  z;') + tF(Qf * z;')> (1 2.90) 

The preceding formulas provide a desired multipole decomposition of the 
force into terms that consist of the scalar product of spherical tensor opera- 
tors that act separately in the space of the target and the projectile. In 
Chapter 9 the advantages of having such a decomposition were discussed. 
Briefly, the multipolarity and structure of the operators denote the angular 
momentum and parity exchanged between the target and projectile. 

The terms were arranged into four groups because in the plane-wave 
approximation there is no interference between them (Petrovich, pers. com., 
Petrovich et al., 1983). This will be seen in the expressions for the plane- 
wave differential cross sections to be presented. 

To further discuss the properties of this decomposition of the force, note 
that it has the general form 

(12.91) 

where toa denotes the Bessel transforms ?,., iLS, . . . appearing in (12.89) and 
(12.90) and T denotes the various operators. 

The distorted-wave amplitude for inelastic scattering can be written, in 
view of (12.9 l), as 

y f i  = (2/n) 1 ( - ) M  j q2&t ' (4 .  Q)<XflT$, -MIXi)(@?t T ? . M ( i ) l @ t i ) .  
aPJM i =  1 

(12.92) 

Remember that tincludes an approximation to the exchange integrals in the 
form of an effective operator that is to be computed as a direct integral. This 
has the great advantage that the scattered particle acts like a one-body 
operator in the space of the target nucleons, whereas the exchange integrals 
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do not have this character. In such a case, as shown in Chapter 9, the nuclear 
matrix element for a general nuclear transition can be written as a linear 
combination of single-particle transitions. Thus, for the reduced matrix ele- 
ment in the target space, we may write, in general, 

A 

(12.93) 

The reduced matrix element on the right corresponds to the single-particle 
transition j -+ j '. The amplitudes with which they are summed are given by 
(9.38) 

(12.94) 

They can be computed, given model wave functions for the nuclear states 
in question. We presented numerous examples of such calculations in 
Chapter 9. 

G. TRANSlTlQN DENSITIES 

In Chapter 9 we referred to the nuclear reduced matrix elements in the 
multipole expansion as form factors. Because of the way the decomposition 
was performed there (through the Legendre expansion), they still carried a 
dependence on the radial coordinate of the projectile. The present decom- 
position achieves a total separation of target and projectile coordinates. The 
reduced matrix elements will therefore be referred to as transition densities. 
We now discuss their properties. There are seven different operators in t that  
refer to the target space and three additional ones in the projectile space. 
They are listed in Tables I and 11, together with the associated parity change, 
a notation for the corresponding transition density (or distortion function 
in the case of projectile), and a suitable name connoting the nuclear prop- 
erty that is probed. To understand the first entry in the table, note that the 
nucleon density at the point r can be found from 

A 

p(r) = l Q * ( r l ,  r2, . . . rA)  1 6(r - ri)@(rl, r2,  . . . , r A )  dr, . . . dr,, (12.95) 
i = l  

so that we can call 

(12.96) 

the nuclear density operator. In nondiagonal elements, as encountered in 
transitions, we can refer to (12.95) as the transition density, and we could 
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TABLE I 

Operators Acting in the Target Space" 

Operator An Density Type of density 

TJOJ (-IJ P J  Matter 
T J I J  ( - I J  &J spin 
T:" ( - I J  P? Spin-current .: ( - I J  P: Transverse current 
TJ"" ( - ) J + 1  p;ll Longitudinal spin 
T$L ( - ) J + 1  P ; l  Transverse spin 
4, ( - ) J + 1  T:J Current 

a This list includes their associated parity and transition 
density. The same operators and corresponding distortion 
functions are associated with the projectile. 

place superscripts pJrJi(r) on it to denote the transition referred to, although 
we will not do so for reasons of notational convenience. Substitute into 
(12.95) the multipole expansion of the 6 function, 

(12.97) 

and use the Wigner-Eckart theorem to obtain 

where 

TARIX I I  

Operators Acting in Projectile Space" 

Distortion 
Operator An function Type of distortion 

Q J I J  ( - I J  UY Tensor 
Q?' ( _ ) J + l  DJV" Longitudinal tensor 
Q: (-)J+ 1 04' Transverse tensor 

(12.99) 

" I n  the projectile space, all the operators in Table I act in 
addition to those listed here. 
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This is the reduced matrix element of the j th  multipole of the density 
operator. We refer to it in brief as the matter transition density. 

Now note that the Bessel transform of the transition density, 

is simply the reduced matrix element of the first of the operators listed in 
Table I, which occurs in the multipole decomposition of the force. This 
operator is therefore associated with the particle transition density. 

Similarly, the operator 

(12.101) 

is a spin density for the p (= - 1,0, 1) spherical component of cii. Again 
using (12.97) it can be written as 

TLiy(Pi, bi) (-)""c,",;tY,""(P). (12.102) 1 6(r - ri) 

The quantity in brackets can be referred to as the LJ multipole of the 
spin-density operator and its reduced matrix element as the spin density, 

(1 2.103) 

The Bessel transform in this case is 

Not surprisingly, zLIJ is associated with the spin density and, in the com- 
binations (12.75) and (12.76), with the longitudinal and transverse compo- 
nents of the spin density. [The decomposition into those components was 
achieved through the identities (12.62).] 

Operators (12.84) and (12.87) containing derivatives p = - i V are currents; 
and (12.84), because it also contains 6, is associated with a spin current. 

Having discussed the interpretation of the nuclear matrix elements that 
occur in the decomposition (12.92), we turn now to the projectile matrix 
elements. These we refer to as distortion functions, 

D$M(e, 4) (XflT$,,IXi). (1 2.105) 

They depend on the scattering angle 8, on momentum q, and, of course, 
on the projectile energy. We can get a rough impression of the form of these 
functions by looking at the plane-wave approximation. Examine the one 
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corresponding to particle density. It is 

(1 2.106) 

Therefore, we expect D to be peaked around the momentum transfer. 

obtain 
Let us now assemble the previously developed information into (12.92) to 

(12.107) 

This has a very simple and instructive form. The plane-wave result for the 
distortion function suggests that it will peak near q = (ki - kfl. In any case, 
the integrand is a product of three factors, the other two being the Bessel 
transform of the force and the various transition densities. The momentum 
dependence of the force, at higher energy where the impulse approximation 
becomes valid, is reasonably well known from the free N-N data. This was 
discussed earlier in the chapter. The transition densities p; can be calculated 
with the aid of (12.93), once model nuclear functions have been calculated. 
Alternatively, it is possible to deduce them in certain cases from electron 
scattering experiments, as will be mentioned again in connection with one 
of the examples. 

H. CROSS SECTIONS 

Finally, for completeness, we present the differential cross sections for
0+… J    normal and abnormal parity transitions in the plane-wave approxi-
mation (Petrovich, pers. com,; Petrovich et al., 1983).
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Here mN is the nucleon mass, 

and 
f(6) = (kz /q2)  sin 6 (1 2.109) 

(12.1 10a) 

(1 2.1 lob) 
44  = fed49 Q), 
C(d = f f d q ,  QX 
B(d  = &cl(q, Q )  + tTD(4 + GQ), (1 2.1 10c) 

E ( 4  = fci(47 Q )  - 2tTD(q) + t%Q), (12.110d) 

F ( d  = fci(4, Q )  - tTD(d - 2t%Q). (1 2.1 10e) 

These are just the results presented by Petrovich and Love (1981) and Love 
et al. (1983), written in terms of transverse and longitudinal densities with 
the tensor exchange included. These were first obtained without the target 
current terms by Kerman et al. (1959) whose derivation is more direct than 
that of Petrovich et al. (1983), which has been discussed here but is not 
amenable for extension to distorted-wave calculations. 

A brief study of (12.108) bears out the lack of interference between the 
terms in the multipole decomposition that were separated in (12.89) and 
(12.90). Additional separations are also clear, such as the lack of interference 
between longitudinal and transverse terms, which one might have expected. 
Before going on to the discussion of some application of this formalism, we 
note that isospin dependence, which has been kept implicit in all of the 
preceding, is easily made explicit in (12.108) by replacing Ap,  by IT A,pT, 
etc.; where the T = 1, interaction components are those that multiply Ti . z,, 
and the isospin transition densities contain the factors 1 and 7, for T = 0 
and T = 1. 

1. APPLICATIONS 

The immediate goal of the theory of nuclear reactions is to formulate and 
then confirm the theory. The broader goal is, of course, to employ reactions 
as a probe of the structure of nuclei. The proceedings of several conferences 
will serve to illustrate some of the achievements in this latter respect. Here 
we draw on several examples that serve to illustrate and confirm some of 
the features of the effective interaction that were discussed earlier in this 
chapter. 

We look first at the energy dependence of the central force, as illustrated 
in Fig. 12.1. Note that in the energy range from 50 to 200 MeV, to and t, 
are decreasing rapidly, whereas to, is nearly constant. The energy dependence 
of the t, and t,, components can be singled out for study by the (p,n) 
reaction. In particular, the so-called Gamow-Teller transitions, such as 
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Fig. 12.4. The forward angle excitation functions for the reaction 9oZr(p,n)90Nb at three 
bombarding energies. Excitation energy of nuclear states runs from right to left. The Gamow- 
Teller transition is marked by an arrow in each figure. Its rapid rise above the background 
as the energy increases is attributed to the rapid decrease of to  and t ,  while to,, which is 
responsible for the Gamow-Teller transition, remains roughly constant. (From Doering et a)., 
1975; Bertsch et al., 1977; Goodman, 1980; Love and Franey 1981; Petrovich and Love, 1981; 
Love et a!., 1983; Petrovich, 1983.) 
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(O', T = 0) + (l', T = l), are caused by the t,, part of the interaction. This 
can be understood as follows. The change in charge of the projectile 
obviously requires the 7 part of the interaction. The fact that the parity is 
unchanged in the Gamow-Teller transition requires that the orbital angular 
momentum transfer L be even (recall Chapter 9), whereas the change in total 
angular momentum 0 + 1 in the preceding transition requires that J = 1. 
Consequently, S = 1 and L = 0 or 2. Therefore the operator L acting on the 
nuclear state that is needed to effect such a transition is Y,oz. Figure 12.4 
shows the forward angle (p, n) cross section on "Zr at three different energies 
(see Goodman, 1980 and references cited therein.) At the low energy, 
according to Fig. 12.1, the t, and t,, strengths are comparable, so that states 
excited by one or other of these components will have comparable cross 
sections. However, as the energy is raised, the t ,  strengths fall dramatically, 
whereas t,, remains about the same. Corresponding to this, the 1 + 7  T = 1 
state rises dramatically in cross section in comparison with neighboring 
states. In particular, the analog state, O', T = 0 ( 5  MeV), which is prominent 
at the low bombarding energy, becomes relatively insignificant at higher 
energy. This is a single dramatic confirmation of the trend of the energy 
dependence of the interaction. It also shows how different types of excitations 
can be selected by the choice of experimental conditions. For a comprehen- 
sive study of Gamow-Teller transitions see the proceedings of the Telluride 
conferences (Goodman et al., 1980; Petrovich et al., 1983a). 

The early work on inelastic scattering referred to in Chapter 9 employed 
a central force. It is therefore interesting to learn whether other components 
of the force play a role in the excitation of nuclear levels. 

The importance of the spin-orbit interaction is confirmed in a study of 
natural parity states of 208Pb (Adams et al., 1980; Petrovich et al., 1980a). In 
this study the nuclear transition densities pJ were inferred from electron 
scattering experiments and are shown in Fig. 12.5. The feature of particular 
importance is that the peak of the densities moves to larger momentum 
transfer as the multipolarity increases. When this fact is compared with the 
momentum dependence of the interaction (Fig. 15.3), one can infer that the 
low-spin states will be dominated by the central interaction, but the high 
states ( J  > 8) will be dominated by the spin-orbit interaction. Figure 12.6 

10 ' 
Fig. 12.5. Proton transition densities of 

various multipolarities, as inferred from elec- 
tron scattering experiments (From Petrovich 
et al., 1980a; Petrovich and Love, 1981 and 
Love et al. 1983.) 
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B " 
Fig. 12.6. Differential cross sections for proton inelastic scattering to various natural parity 

states in zosPb at 135.2 MeV. The solid curve (-) depicts the calculations corresponding 
to the central plus the spin-orbit parts of the interaction of Fig. 12.2. The dashes 
(- - -) correspond only to central. The shift in importance from central to spin-orbit inter- 
action can be understood in light of Fig. 12.2 and the momentum dependence of the inter- 
action [From Adams et al. (1980); Petrovich et al. (1980a); Petrovich and Love (1981); Love 
et al. (1983).] 
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8,, (deg) O,, (deg) S,, keg) 
(a) ( b) (C) 

Fig. 12.7. Showing the role of the tensor force in inelastic scattering in ''Si(@; p') at 134 MeV 
for; (a) 5 - ,  T = 0, 9.70 MeV; (b) 6 - ,  T = 1, 14.35 MeV; and (c) 6 - ,  T = 0, 11.58 MeV, [Adams 
et al. (1980); Petrovich et al. (1980a); Petrovich and Love (1981); Love et al. (1983)l. 

confirms this inference. Note in particular the change from a weakly oscilla- 
ting angular distribution for the low-spin states to a bell-shaped distribution 
for the high-spin states. 

Although the role of the tensor force in inducing a D-state component into 
the wave function of the deuteron has been well known for many years, its 
relevance in heavier nuclei has generally been somewhat obscure. The recent 
studies of high-spin unnatural-parity states of stretched configuration have 
remedied this situation and provided definitive information about the 
high-momentum components of the tensor force (Adams et al., 1977; 
Lindgren et al., 1979; Petrovich et al., 1980b; Yen et al., 1981). Figure 12.7 
supports the contention that the tensor force, as deduced from the free t 
matrix, gives a reasonable description of the cross sections for these levels. 

As a final example concerned with the theory of the reaction mechanism, 
we look at very interesting evidence for the density dependence of the 
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Fig. 12.8. For E = 135 MeV, the central part of the interaction appropriate to normal 
parity transitions is shown for the free t-matrix in part a (Bertsch et al., 1977; Love and 
Franey, 1981) and for a local density approximation to the G-matrix in part b (Brieva and 
Rook, 1977, 1978). In the latter case, the local density is indicated by the value of k ,  (From 
Kelley et al., 1980). 

effective interaction (Kelley et al., 1980). Recall from the discussion of the G 
matrix that the intermediate states involved in its evaluation are usually 
approximated as the plane-wave states of nuclear matter that lie above the 
Fermi energy as defined by the local nuclear density. The latter is, of course, 
a function of the position in the nucleus. This is referred to in this context 
as the local density approximation and causes the G matrix, in applications 
to finite nuclei, to be a function of density or, equivalently, position. In Fig. 
12.8 the central part of the interaction is shown as a function of momentum 
transfer, as extracted from the free t matrix, and as calculated by Brieva and 
Rook in the local density approximation to G. In the latter case it is labeled 

Fig. 12.9. The differential cross section at 
E = 135 MeV for the l6O(p, p') reaction with 
1 -, T = 0, Q = - 7.12 MeV calculated using 
the free t matrix, denoted by IA (for Impulse 
Approximation), and using a G matrix cal- 
culated in the local density approximation, 
denoted by LDA (From Kelley et al., 1980 
Petrovich and Love, 1981; Love et al., 1983). 
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by various values of k,. Corresponding to these two interactions, Fig. 12.9 
shows calculated cross sections for the 1 -, T = 0 state in l6O. Only a quali- 
tative agreement with the data is achieved when the interaction is approxi- 
mated by the free t matrix. However, much better agreement is obtained 
with a density-dependent G matrix. The bombarding energy is E = 135 MeV, 
and we may infer that the neglect of the Pauli blocking, implicit when 
the t matrix is substituted for the G-matrix, is not fully justified at this low 
an energy. 

In this kind of analysis we see the possibility of directly probing the prop- 
erties of the G matrix through a careful analysis of the inelastic scattering 
data. 



Chapter I 3  
Scattering from Deformed 

Rotational Nuclei 

The scattering of alpha particles from deformed nuclei, although not di- 
rectly related to microscopic theories of reactions, is important for several 
reasons. Historically it provided the first convincing evidence for higher- 
order components in the deformation of nuclei, and it also provided evidence 
that a few collective states by themselves contribute important components 
to the optical potential. The calculation of contributions to the optical poten- 
tial arising from specific transitions has recently become an area of active 
research, so it is worth understanding the empirical basis that provided the 
initial motivation. Finally, the collective description of the inelastic transi- 
tions provides a very important basis for the understanding of transfer reac- 
tions between deformed nuclei (which is treated in Chapter 15). 

A. WAVE FUNCTIONS OF DEFORMED NUCLEI 

Strongly deformed nuclei are those that have an energy spectrum cor- 

(13.1) 

responding to a rigid rotor 

E, = E ,  J ( J  + 1). 

223 
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This relation is obeyed with considerable accuracy by the first few states 
of many nuclei. In addition, the electromagnetic transition rates are en- 
hanced over single-particle rates, and the relationship of the quadrupole 
transitions connecting consecutive members of a band are consistent with 
this interpretation. Of course, the nucleons are not frozen in place. There- 
fore, the rotor spectrum implies that the nucleon motion within the deformed 
nuclear potential is frequent enough, compared with the rotational fre- 
quency, so that the intrinsic structure is not disturbed by the rotation. It is 
able to readjust adiabatically to the rotation. This implies that there is a 
rotational band based on each of the various intrinsic states of nucleonic 
motion (Bohr and Mottelson, 1965 and 1975). 

The wave functions for the rotor are the rotation matrices DjlfK (denoted 
by Messiah by R), which are functions of the Euler angles defining the 
orientation of the rotor (Edmonds, 1957). They are eigenfunctions of angular 
momentum 5’ and the projection of J on the space-fixed Z axis and on the 
body-fixed 3 axis (denoted by 3 to distinguish from Z),  

0 = (5’ - h’J(J + 1))DLK = ( J ,  - hM)DLK = ( J ,  - h K ) D L g .  (13.2) 

The ground state of even nuclei have K = 0, that is, the rotation occurs 
about an axis perpendicular to the nuclear symmetry axis. In this case the 
total nuclear wave function can be written as 

(13.3) 

where X,(A) describes the internal nucleon motioc. The factor in front nor- 
malizes the wave function. 

B. MULTIPOLE EXPANSION OF THE INTERACTION 

The nuclear shape is parametrized by 

R(6,  4’) = R, 1 + 1 YAK(#’, 6’) R,  + 6R, (13.4) 

where 6 and 4’ are the angle coordinates corresponding to the body-fixed 
axis. Unlike the case for vibrations, the alK are constants, rather than dy- 
namical variables. In order that R be real, 

[ ,%K 1 
(1 3.5) 

As already discussed, the interaction of a particle with the nucleus in which 
the intrinsic state of the nucleus is not changed can be represented by an opti- 
cal potential. In the case of a deformed nucleus, the potential is expected to 
follow closely the same shape as the density. The nuclear part of the optical 



B. Multipole Expansion of the Interaction 225 

potential can be expanded about the spherical shape through Taylor's 
theorem as 

(13.6) 

where U has, for example, the parametrization in terms of the Woods-Saxon 
form mentioned in Chapter 4. 

By use of the addition theorem for spherical harmonics we are able to write 

I X ~ ~ Y : ~ ( ~ ' @ ) ]  = c 6tiY:K(f3'4'), (13.7) 
LX 

where 

(13.8) 

Hence 

(1 3.9) an m 

N L K 0 . 1  = c ~ ~ 5 t h ~  [Unuc(r - R,,)]. 
n = l  n! 

Because the deformation parameters are small (a 5 0.3) for typical nuclei, the 
convergence is rapid. 

The Coulomb potential due to a charge distribution p(r) is 

(1 3.10) 

where the coordinates are referred to the body-fixed frame. Using the 
expression 

we find, upon carrying out the integrations and further algebra, that 

Koul(r') = v c o u l ( r )  + c c L K ( r ) y x e ' ?  4% ( 1 3.1 2) 
LK 
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where 

I , ,  = 0, 

o,, = 0. 

n = l  n! ( L  - 2)! 

n!(L + 3 - n)! OLK = z1 
We have assumed a uniform charge distribution that, for the sphere, has 
radius R, .  The volumes of a sphere of radius R ,  and the spheroid having a 
shape defined similar to (13.4) are different. The ratio of the corresponding 
densities defines C,,  and R ,  and R2 are the minimum and maximum values 

The potentials arc still expressed in the body-fixed coordinate system, 
whereas in the scattering problem they arc needed in the laboratory fixed 
frame. The transformation is achieved through the rotation functions 

of R ( 4  4). 

YLK(Q'4') = C DLMKYLM(Q, 4). ( 1 3.14) 
M 

Adding together the nuclear and Coulomb parts of the potential we find 

U [ r  - R(6',4')]  = U(r - R,) + 1 YZM(Q, 4 )  C 
LM K t O  

(13.15) 

where use was made of the easily proven fact that ULK = U L - K  and 

( 1 3.1 6) ULK = NLK + CLK, U = u n u ,  + Vcoui. 
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C. COUPLED EQUATIONSf 

The coupled equations that describe the scattering of an alpha particle 
from a deformed nucleus are a special case of those discussed in Chapters 8 
and 9. In this case the truncated space consists of the lowest few levels of 
the ground-state rotational band. The excluded channels include the higher 
members of the ground band, as well as the intrinsic excitations and rota- 
tional states built on them. The effective interaction is supposed to carry the 
effects of this excluded space on the retained channels. Because, within the 
truncated space, all matrix elements are diagonal in the intrinsic coordinates, 
it is parametrized as a complex deformed optical potential, whose expansion 
in the deformation parameters is given in the preceding equations. 

The channel functions, defined in analogy with Chapter 8, are 

4,"e = [ &(?)@,]7, 
bafe = [ &,(f)QJ,];, 

ground state, 

excited state. 
( 1 3.1 7) 

Note that because both alpha and the nucleus have zero spin in the entrance 
channel, the total channel angular momentum is I = e. The coupled equa- 
tions take the explicit form 

= c ( ( b 3 e p ( r  - R)p;r8)u;i+-). ( 13.18) 

In the nondiagonal matrix elements that appear on the right side, the spheri- 
cal part does not contribute. On the left side, only the monopole ( L  = 0) part 
of (13.15) contributes to the diagonal elements, which we denote by U,, 

a" #a'  

1 
U,(r) = U(r - R,) + ~ Uo0(r). 

& 
( 1 3.1 9) 

The matrix elements are a special case of those already evaluated, 

where 

(13.21) 

* See Glendenning (1969a) and Tamura (1965). 
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In our case, in which only the ground band is considered, and K = 0, 

(1 3.22) 

This result follows from (13.21) according to the properties of the D functions 
(see Appendix). Finally, the geometric factor is 

D. RELATION BETWEEN OPTICAL POTENTIAL 
OF SPHERICAL AND DEFORMED NUCLEI' 

The excitation of rotational states of the ground band of a deformed 
nucleus is exceptional in the sense that only the diagonal intrinsic matrix 
elements of the effective interaction are involved, in contrast to vibrations 
or other nuclear states where one state is distinguished from the other by dif- 
ferences in the nucleonic states. Of course, such excitations of a deformed 
nucleus also exist. 

As discussed earlier, the elements of the effective interaction V that are 
diagonal in the intrinsic structure are very effectively and conveniently pa- 
rametrized as an optical potential 

Referring to Chapter 8 for the theoretical structure of V ,  we are able to write 
schematically, for the elastic optical potential, 

where Q is summed over all other channels. For spherical nuclei these include 
all the intrinsic excitations, whereas for deformed nuclei they include the 
rotations as well. 

The elastic cross sections and corresponding optical-model parameters for 
alphas scattered from several spherical and deformed members of the sa- 
marium isotopes were shown in Chapter 4. It should be especially noted that 
the optical potential parameters of the deformed and spherical nucleus are 
markedly different. We shall now demonstrate that this difference arises be- 
cause, in addition to the intrinsic excitations that all nuclei possess, deformed 
nuclei possess rotational states built on them. It is the strong transitions in 
the ground-state band that produce the difference in parameters. Extracting 

See Glendenning (1969a) and Glendenning et a!., (1968). 
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Clearly, this latter quantity Usph is the optical potential that would be appro- 
priate if there were no rotational states, that is, to a spherical nucleus, where- 
as the sum on R in Uopt is the additional contribution to the optical potential 
arising from the rotations in the case of deformed nuclei. 

Now, the key point is that if the coupling to the rotational states is ex- 
plicitly included in the scattering calculations in the manner of the previously 
described coupled equations, then the rotational terms R ought not to appear 
in the corresponding optical potential of the coupled equations. This leaves 
Usph. In other words, the optical model parameters V, W,  r, ,  r,, a,, and a, 
for a deformed and spherical nucleus ought to be essentially the same when 
the strong collective rotational excitations are explicitly coupled to the elastic 
channel. Indeed, this was found to be the case. A convenient region in which 
these ideas can be tested is one that spans a transition from spherical vibra- 
tional nuclei to statically deformed nuclei. The collectivity is only moderate 
in the former but strong in the latter. The samarium isotopes are a good 
example. Their spectra for the first several levels are shown in Fig. 13.1, illus- 
trating the characteristic level spacing of vibrator and rotor at the extremes. 

Fig. 13.1.   Energy levels of samarium isotopes showing the vibrational spectrum in 148Sm
and the rotational spectrum fully developed in 152Sm and 154Sm.
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Fig. 13.2. Elastic and inelastic scattering of 50-MeV alpha particles by the spherical '48Sm 
(a) and deformed ls4Sm (b) nucleus. Solid curves are coupled-channel calculations of cross 
sections based on a vibrational description of 148 and a rotational description of 154. In 
each case the same optical potential was used (Table 1) even though the elastic cross sections 
are different. Shape parameters pi for each nucleus are: for (a) p, = 0.11; for (b) pz = 0.225, 
b4 = 0.045, b6 = -0.015 (from Glendenning et al., 1968). 

The results of two calculations, one for the spherical 148Sm nucleus and one 
for the deformed 154Sm nucleus, are shown in Fig. 13.2, and the optical- 
model parameters are shown in Table I. The calculation was actually per- 
formed with an additional refinement. The collective vibrational 2' state of 
148Sm was also included explicitly, thus eliminating its contribution to the 
optical potential for this nucleus. It is found that the same potential can be 
used for both nuclei when the coupling to the collective states is included, 
even though the elastic cross sections, because of the coupling, are markedly 
different. When the elastic cross sections alone are calculated, thus requiring 
the optical parameters to account for the different cross sections, then as 

TABLE I 

Optical-Model Parameters for 
the Woods-Saxon Shape Used in the 

Coupled Channel Calculations. 

V W rv = r ,  a, = a, 

-65.9 -21.3 1.440 0.631 
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seen in Table I of Chapter 4, the elastic optical parameters are markedly 
different in the deformed case but show little difference in the weaker vibra- 
tional case. 

In this way we have seen that a few strongly collective levels can make 
significant contributions to the optical potential, which otherwise accounts 
implicitly for the enormous number of open channels in a typical situation. 
In the following chapter we shall discuss how the contribution of a specific 
collective level to the optical potential can be calculated. 

E. ALPHA SCATTERING FROM DEFORMED 
RARE-EARTH NUCLEI 

The deformed rare-earth nuclei are believed to have symmetry about their 
intrinsic 3 axis, so that the deformation parameters alk exist only for k = 0. 
We use the conventional abbreviation 

Alpha particles are an excellent probe of the nuclear surface and hence the 
nuclear shape. This is so because they tend to be broken up if they enter 
the nucleus, and therefore, alpha particles that survive a collision must have 
interacted predominantly in the nuclear surface. Moreover, their wave num- 
ber k = (2pE/h2)”’ is twice as large as for a nucleon of the same energy, 
so that it carries twice the angular momentum for a surface collision and 
has half the wave length. The higher angular momentum is useful in probing 
higher multipoles L in the interaction. The short wavelength gives radial 
sensitivity. 

First, it is established by Fig. 13.3 that the DWBA is inadequate to account 
for the cross sections. In this approximation only the direct excitation from 
the ground state is calculated. The square of the deformation constant Dl 
scales the magnitude of the cross section but has no effect whatsoever on the 
angular distribution in the distorted-wave Born approximation, as is seen 
explicitly in (7.63). This is so because the approximation is of first order 
in the transition interaction. The sign of j3 cannot be determined at this 
order. In contrast, when the coupling of the channels is taken into account, 
the cross section to any particular channel becomes a coherent sum of all 
amplitudes for processes that lead to it.§ Thus, for example, the 4’ level 

See Glendenning (1969a) and Hendrie et al., (1968). 
We use the language of perturbation theory for convenience. The solution to the coupled 

equations automatically and implicitly sums all orders of the interaction. 
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Fig. 13.3. Distorted-wave calculation with optical parameters that fit the elastic cross 
section as shown (listed in Chapter 4). p2 = 0.3, p4 = 0.15, p6 = 0.075. DWBA, '54Sm (from 
Glendenning, 1969a). 

can be excited directly from the ground state through the term in the inter- 
action proportional p4Y4 [see Eqs. (13.6) and (13.7)] or indirectly by a cas- 
cade transition through the 2' state. The 0' + 2' transition involves pz, 
whereas the 2' + 4' involves p 2 ,  p4, or p6.  Thus, this particular cascade 
transition involves p;, p2p4, and D2p6 in lowest order. The coherent de- 
pendence on all amplitudes leading to a particular state can drastically alter 
the cross section of that state. This is indeed found to be so for rotational 
levels, for which the coupling is strong in this sense. Figure 13.4 shows 
the excellent agreement obtained when all possible couplings among the 
rotational levels are included (with all expansions computed to convergence). 
The deformation parameters that were adjusted to achieve the agreement are 
listed in the legend. The optical-model parameters need not be regarded as 
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Fig. 13.4. Cross sections for 50-MeV alpha-excitation ground-state rotational band of 
lS4Sm. Curves are coupled-channel calculation as described in text. The data were taken at the 
Berkeley 88-in. Cyclotron. o2 = 0.225, p4 = 0.05, p6 = -0.015 (from Harvey et al., 1967; 
Hendrie et al. 1968; calculation by Glendenning 1969a). 

adjusted parameters because of their determination as parameters of the 
nearby spherical nuclei, as discussed in the preceding section. The rationale 
of that section therefore provides very convincing evidence for the accuracy 
with which the deformation constants are determined. 

The sensitivity of the calculation to the deformation parameters is illus- 
trated in Fig. 13.5. It is clear that the wealth of precision data on several 
levels permits on accurate reading of the deformation parameters. The anal- 
ysis of some other nuclei is shown in Fig. 13.6. In cases where the 8' 
cross section was measured, p6 could be determined. (Truncation at L + 2 
allows accurate determination of P L . )  These analyses provided the first evi- 
dence for the existence of a significant hexadecapole ( L  = 4) component 
in the nuclear shape. The p4 values for a number of nuclei are shown in 
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Extreme sensitivity of 2+, 4' and 6' to sign and value of /j4 is indicated in 
50-MeV alpha scattering from 154Sm. Values of /j4 are: 0.05 (solid curve); 0.0 (dashes); -0.05 
(dots) (from Glendenning, 1969a; Hendrie et al., 1968.) 

Fig. 13.5. 

Fig. 13.7. The nuclear shapes associated with both signs of p4 are illustrated 
in Fig. 13.8. 

These very precise data (Harvey et al., 1967; Hendrie et al. 1968) and 
their analysis as detailed here permitted the first confirmation and deter- 
mination of hexadecapole deformation in nuclear shapes. The 2 = 6 defor- 
mation is less precisely determined, but its presence is also established. 

Further corroboration of the physical interpretation just given was ob- 
tained through similar measurements made at other energies (Aponick et al., 
1970). At these energies, however, the data for the vibrational state in 
l4*Srn were not available. The optical potential parameters were determined 
for the elastic cross section and therefore carry the burden of implicitly 
describing the effect of the collective state on the elastic cross section. How- 
ever, we saw in the case of the 50-MeV data that this did not have a large 
effect for the spherical nucleus (compare Table I with Table I of Chapter 4). 
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Fig. 13.6. Coupled-channel calculations of the differential cross sections for 50-MeV alpha particles of three nuclei, exhibiting, respectively: positive, 
zero, and negative values of PA, are compared with the data. The shape parameters in each case are exhibited in the figure (From Hendrie et al., 1968). 
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Fig. 13.7. Solid lines indicate the values of p4 calculated in first-order perturbation theory 
based on the Nilsson scheme. The values of /I4, multiplied by (r0/1.2), that were obtained from 
an analysis of the scattering data are shown by solid dots. The error bars indicate our feeling 
of the precision with which the parameters can be extracted (from Hendrie et al., 1968). 

The elastic data and calculated cross sections are shown in Fig. 13.9 for 
three energies around 30 MeV and the optical potential parameters are listed 
in Table 11. 

The differential cross sections for one isotope, '54Sm, are shown at two 
energies in Fig. 13.10, again with the optical potential determined by the 
analysis of data on the spherical nucleus 14%m. Here too the Coulomb 
excitation is important. However, separate parameters corresponding to the 
charge could not be extracted from an analysis of the data because any 
set consistent with the quadrupole moment was compatible with the data. 

I 
I I 
I I 

Fig. 13.8. Illustration of two nuclear 
shapes for R = Ro[l + pzYzo + p4Y40 + .  .I. 
On the left p4 = 0.2, on the right p4 = ~ .02 = 

- P * .  



E. Alpha Scattering 237 

20 4 0  60 80 100 I20 140 
8 ( d e g )  

Fig. 13.9. Elastic cross sections for '48Srn (a, a*) at three energies and the optical- 
model cross sections (from Aponick et al., 1970). 
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TABLE I1 

Optical-Model Parameters for Elastic 
or-Particle Scattering from '4SSm 

V W rv = r ,  a, = a, rcoul 

50 11.2 1.492 0.6049 1.45 

2 0  40 60 80  I00 120 140 

ecrn 
(a) 

Fig. 13.10. Cross sections to the ground state rotational band of '.54Sm (a. a) at 
(a) 27.50 MeV and (b) 32.50 MeV energies. [From Aponick et al., 1970.1 
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The deformation parameters determined at these lower energies are con- 
sistent within small errors with those corresponding to the 50-MeV data. 

Thus, a very consistent picture has emerged. As discussed in Chapter 8, 
once strongly coupled excited states have been explicitly included in the 
coupled-channel description of the scattering, their effect on the optical 
potential is removed and the residual optical potential should be dominated 
by the high density of levels at high excitation. It should therefore be largely 
independent of the peculiarities of any particular nucleus and consequently 
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should vary smoothly over large regions of mass. This has had the important 
consequence in the present situation of separating the determination of the 
nuclear shape from the determination of the optical potential, thus per- 
mitting the first measurement of higher-order components in the optical 
potential. In a broader context it is an important concept and one that 
will facilitate attempts to calculate the optical potential from first principles. 

Notes to Chapter 13 

Rotational nuclei are discussed in great detail in the two volume by Bohn and Mottelson, 
(1969, 1975). 



Chavter 14 A 

Calculation of SpeclJic 
Components of the 
Optical Potential 

A. INTRODUCTION 

The optical potential plays a vital role in any discussion of direct reactions, 
because it was learned at an early stage that the scattering in the average 
field acting between target and projectile distorts the relative motion before 
and after the direct reaction. Although the optical potential was introduced 
originally as a phenomenological potential (which is complex to account for 
the partial absorption out of the elastic channel), its theoretical structure, as 
described in Chapter 8, was later to be appreciated. Moreover, it was even 
learned (see Chapter 13) that in those nuclei where there are very strong 
transitions, their contribution to optical potential can be very specific and 
identifiable (Glendenning et al., 1968; Glendenning, 1969a). In this chapter 
we discuss recent work aimed at calculating those components in the optical 
potential that arise from a particular inelastic mode. The possible advantages 
lie in the fact that, for the most part, the optical potential receives small con- 
tributions from an enormous number of channels at typical collision energies. 
Because of the exponential growth of the density of nuclear levels with 
energy, the potential, for the most part, is dominated by the multitude of 
levels at high excitation. We expect that the higher excitations of neighboring 
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nuclei are basically similar; that the spectra differ principally in the low- 
energy region. The conclusion is that if the optical potentials of neighboring 
nuclei differ very much from each other, they do so because of strong collec- 
tive transitions that are different in the two cases (Glendenning et al., 1968; 
Glendenning, 1969a). It is therefore interesting to isolate their contributions, 
because the remaining optical potential should be a smoothly varying func- 
tion of mass and energy, for which systematic variations in the parameters 
can be identified. 

B. POTENTIAL COMPONENTS OF A SINGLE LEVEL' 

Suppose we have truncated the scattering problem to two levels, the 
ground state and one excited state. In this case the effective interaction, 
and in particular its diagonal nuclear matrix element which is parametrized 
as an optical potential, carries the effect of all the eliminated channels on 
the two remaining levels. For simplicity of notation we consider the scat- 
tering of two spinless nuclei, say, an alpha with an even-even nucleus. The 
coupled equations have the form (Chapter 13) 

(14.1) ( E O  - Tt - u)u$O(r) = c ( [ & ' ( P ) @ J ' [ t l  '11 &(i)@Olt)u$'J'(r)? 
e. 

( E j ,  - T f ,  - U ) U $ , ~ , ( Y )  = ([Y,(P)@,,[~I Vl]  X@)@J,]f)t&(r), for each /'. 
(14.2) 

The range of L" is given by angular momentum and parity conservation to 
be those that satisfy 

(14.3) 

As always in this. context, the matrix elements denote integration of the 
nuclear coordinates and the angle coordinate P of r, leaving a function of 
r. Also note that the matrix elements can be written quite generally as 

([ & ' @ J ' l t l  v l [ % @ O l t )  = c ci(J', o)F:o(r), (14.4) 

which follows from the general theory of Chapter 9 [Eq. (9.14)] or the 
development appropriate to our specialization here of Chapter 13. Here C 
is a purely geometrical factor and 9 the nuclear form factor. This form arises 
because we can always write (see Chapter 7, Section J) 

V = 1 TLsJ . %.sJ, 

IJ' - el I f I J' + 8> ( -)8'7c5. = ( - ) t 7 c 0 .  

L 

(14.5) 
LSJ 

See Rao et al. (1973); Coulter and Satchler (1977); and Baltz et al. (1978, 1979). 
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where F and T are spherical tensors acting on the nuclear coordinate and 
on the scattered particle, respectively. 

Now, consistent with our purpose, we want to calculate the contribution 
to the elastic optical potential of the level J’. This can obviously be done 
by eliminating the channels referring to this level. In Chapter 5 we derived 
the Green’s function corresponding to the homogeneous counter-part of 

(14.6) 

(14.7) 

(14.8) 

From its definition (13.23), 

(14.9) 
0 0 0  

Thus 

(14.10) 

Equations (14.8)-( 14.10) embody the solution to the problem. Equation 
(14.8) is the one remaining equation for the elastic channel after all other 
channels have been eliminated. We can use a simpler notation in this case, 

(Eo - Te - uj)ue(r) - 1 Ue(r, r’)u,(r’) dr‘ = 0, (14.11) 

where the are the radial functions of a partial-wave expansion. 

Eq. (14.2), i.e., (5.8). It is

Now the solution to Eq. (14.2) can be written as

This in turn is substituted in the right side of Eq. (14.1) to obtasin

ewher
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The contribution to the optical potential U of the eliminated J' level is the 
nonlocal angular-momentum-dependent potential U&, r'), which is also ex- 
plicitly energy dependent through k .  

As a concrete example, consider the vibrational or rotational states. To 
first order in the deformation, we find from Chapter 13 that 

for the nuclear and Coulomb contributions to the transition potential. 
Sometimes the Coulomb part is expressed in terms of the B(EL7) of elec- 

tromagnetic transitions, where our symbol stands for the 0' + 2' transition 
2 

B(E27) = 5 1671 e2Qg = (& 2eR:fl;) , (14.13) 

and where we have used 

Then for quadrupole transitions, (14.12) can be written 

(14.14) 

C. TRIVIALLY EQUIVALENT LOCAL POTENTIAL 

Although nonlocal equations can be solved numerically, it is sometimes 
useful to define the local equivalent potential 

Obviously the Schrodinger equation 

(EO - Te - U - U6)ue(r) = 0 (14.16) 

is equivalent to Eq. (14.11). Of course, to evaluate this potential Ue exactly, 
one needs to know the solution u, itself. Equation (14.16) is circular, but it 
can be used as the basis for an iteration scheme to find solutions of the 
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nonlocal problem. As the first step in the iteration, solve 

(Eo - T, - U)U$’) = 0 

and evaluate 

Next solve 

(Eo  - T,  - U - U$’))u$” = 0 

and evaluate 

Continue this iteration until consecutive solutions u$?’)(r) and up)(r) are 
sufficiently close to each other. Assuming that convergence is obtained, one 
then has a numerical solution to the nonlocal Schrodiager equation, and one 
also has the trivially equivalent local potential U,(r). 

D. LONG-RANGE ABSORPTION DUE TO 
COULOMB EXCITATIONf 

Perhaps one of the most dramatic contributions to the optical potential 
is due to the Coulomb excitation of a collective state. In the first place, 
collective transitions are strong. In the second, the Coulomb multipole po- 
tentials have a long range, namely, l / r L + ’  [see Eq. (14.12)]. Thus particles 
can be removed from the elastic channel at long range through the Coulomb 
excitation of collective states. Noting Eq. (14.14), the nonlocal potential in 
the elastic channel arising from such a process involving a 2’ excited state 
is 

2m 471 1 1  
U,(r, r’) = -__ - B(E2T)(ze)2 - - 

k’h2 25 r3  rt3 

At this point we have replaced the radial functions f and k by their counter- 
parts when the Coulomb force alone is present. The neglect of nuclear dis- 
tortions in the propagator will be most valid for energies below the Coulomb 

* See Balk et a/., (1978, 1979). 
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barrier or for high partial waves whose classical turning point lies outside 
the range of the nuclear force. 

Now we calculate, in the spirit of a perturbation theory, a local equivalent 
potential: 

1 1 dr’ UXr, r’)Fe(r‘) 

(14.18) 

The last two terms, which are real, are small because G and F oscillate out 
of phase in the asymptotic region (4.12). Their insignificance compared with 
the first has been verified by computer calculation. Therefore they will be 
neglected. This leaves a pure imaginary potential. Writing out the sum on 
el and neglecting the excitation energy so that k‘ = k, 

In the semiclassical approximation, 8 + 5 + Z and 
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There are closed forms for the integrals that in the same approximation, are 
(see Baltz et al., 1979, for more detail) 

1 k 2  1 
dr F,, 2(r) - Fe(r) = - 7 r3 6 L 2  + q2' 

1 k2 1 
dr F t -  2(r) 3 F,(r) = - - r 6 d 2  + q 2 '  

1 
dr' Fe(r) - F,(r) = 

r3  I I  

Now we have 

(14.21) 

(14.22) 

The recurrence relations for the Coulomb function can be used to obtain 

This yields the remarkable result 

2m .n 
Ue(r) = - i ~ - (Ze)'B(E2?) 

kh2 50 

3Z2 + q 2 )  qk2 
- ~ arctan I )  L 

P ( Z 2  + q 2 ) Z  z3 v r3 

(8' 2e'4 + q 2 ) 2  7 'I ' 4qkZ2 1 + -  - +  - (e2 + q2)2 r4 

(14.23) 

(14.24) 

Thus the locally equivalent contribution to the optical potential arising from 
the Coulomb excitation of a collective quadrupole state with B(E2) is speci- 
fically angular-momentum-dependent and has a simple radial dependence 
with terms l/r3, l/r4, and l/r5. 

Love et al. (1977) have carried out the evaluation of the corresponding po- 
tential neglecting both the Coulomb distortion and the nuclear distortion. 
In this approximation the potential has a simple l/r5 dependence and is 
independent of angular momentum. We have compared this approximation 
with our /-dependent potential in Fig. 14.1. Interestingly, their approximation 



R ( fm) 
Fig. 14.1. The /-dependent potential of “0 + Is4W, at 90 MeV plotted for several values 

of G (-). The Love-Terasawa-Satchler 8-independent potential (---) tracks it near the 
classical turning points indicated by the arrows (From Baltz et al. 1979.) 

I I I I I I I 

Fig. 14.2. The elastic cross section for l8O + ls4W at 90 MeV, where /-dependent potential 
(-), LTS potential (- - -), and no long-range adsorption (-.-), compared with the theory. 
It is the long-range absorption that causes the fall off prior to the Fresnel peak, which is usually 
a fluctuation above 1. (Data is from Brookhaven, Calculations by Baltz et al., 1979). 
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resembles the L' dependence of ours near the classical turning point of each 
L-wave. In other words, it is the best possible approximation to an t- 
dependent potential. It should be noted that the l/r5 term in our potential 
dominates as L' -+ co, not the l/r3 term. Thus the range is essentially l/r5. 

In semiclassical approximation it turns out to be possible to evaluate in 
closed form the contribution to the phase shifts of the potential Ul(r). Em- 
ploying Frahn's strong absorption formula for elastic scattering, a closed 
form can be obtained for the cross section (Baltz et al., 1978, 1979). 

Alternatively, U,(r) can be added to the usual optical potential and the 
corresponding scattering problem solved on a compter. 

In Fig. 14.2 we compare the elastic cross section for the scattering of "0 
from ls4W, in which the long-range absorption due to the quadrupole exci- 
tation of ls4W was incorporated through the trivially equivalent local po- 
tential U&). The most remarkable aspect of the data, its strong deviation 
from unity before the Fresnel peak at 80" is reached, is very well reproduced. 



Chapter I5 
Two-Nucleon 

Transfer React ions 

A. CONTRAST BETWEEN ONE- AND TWO-NUCLEON 
TRANSFER REACTIONS 

One-nucleon transfer reactions probe the single-particle structure of nu- 
clear states. The angular distribution is sensitive to the orbital angular mo- 
mentum of the state into which the nucleon is transferred. The magnitude 
of the cross section determines the spectroscopic factor, which measures the 
degree to which the nuclear state is a pure single-particle state. For two- 
nucleon transfer reactions, the angular distribution again is sensitive to the 
angular momentum transferred in the reaction. This must always be so when 
the direct single-step transition dominates a reaction, according to the 
general arguments given in Chapter 2. It is a reflection of the conservation 
of angular momentum. However, here the angular momentum is carried by 
a pair of nucleons, so that it does not directly reflect the angular momentum 
of the single-particle states into which the nucleons are transferred. Only to 
the extent that the two single-particle angular momenta must sum to the 
transferred angular momentum is there a constraint. Obviously, the angular 
momentum of the pair generally can be shared between them in many dif- 
ferent ways, and nothing in the measurement of the transferred angular 
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momentum distinguishes between these. Therefore, all such ways that the an- 
gular momentum can be shared, consistent with the structure of the nu- 
clear states connected by the reaction, must contribute coherently to the 
reaction. This coherence can produce large cross sections in states for which 
it is constructive and very small ones in states for which it is destructive. 
The coherence depends on the correlation between the two nucleons-the 
degree to which it is similar in the two nuclear states between which they 
are transferred. Correlations in the motion of a pair of nucleons inside a 
nucleus depend on two factors. The angular momentum and parity of the 
nuclear state impose a certain minimum correlation because the motion of 
the nucleons must be consistent with these conserved quantities. We refer to 
this as a static correlation. In addition to this, the nucleon-nucleon inter- 
action will induce spatial and spin correlations. We refer to this as dynamical 
correlation. In the language of the shell model, it is the interaction that 
is responsible for configuration mixing in the nuclear wave functions. 
Consequently, the two-nucleon transfer reactions provide a means of testing 
nuclear wave functions in details not accessible to single-particle transfer 
reactions. The role of correlations, an important feature of multi-nucleon 
transfer reactions, will be taken up again later in this chapter. Some of the 
early work on two-nucleon transfer can be found in the literature,' Here we 
shall use the development by Glendenning (1963, 1965). 

B. TRANSFER FROM A LIGHT-ION PROJECTILE 

Nucleon transfer reactions in general are a valuable spectroscopic tool 
because the angular distribution is a rather direct signature of the angular 
momentum transferred in the reaction. In addition, two-nucleon transfer 
reactions have the special feature of being very sensitive to pair correlations 
as discussed above. These reactions were discovered by Cerny and Harvey 
to be highly selective, populating only a few nuclear states with appreciable 
cross section (Harvey and Cerny, 1960; Cerny et al., 1962; Harvey et al., 
1962). The selectivity depends, of course, on the similarity of the pair corre- 
lation in the nuclear states that are connected by the reaction. Because one 
knows the nature of the correlation in light ions rather well, reactions that 
involve a light ion as one of the reaction partners are especially important, 
for in such cases one learns which of the states in the heavy nucleus possesses 
this correlation. 

In this chapter we shall concentrate our discussion on those cases in 
which one of the reaction partners has mass number 4 or less. The general 

See El Nadi (1957), Newns (1960), Glendenning (1962, 1963, 1965), Yoshida (1962), Henley 
and Yu (1964), and Lin and Yoshida (1964). 
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case is similar in most ways but is deferred to a later chapter, where it will be 
used as an example in handling a finite-range direct interaction. 

We denote the reaction by 

( b + 2 ) + A + b + ( A + 2 ) .  
” Y 
a B 

( 1 5.1 a) 

With the restriction a I4, the nucleus a must be 4He, 3He, or 3H, in which 
case b is a deuteron, neutron, or proton. The amplitude for the reaction 
(15.1) or its inverse are, of course, trivially related. We now calculate the 
amplitude for the transition 

(JaMaTapa) + (JAMATApA) + (JbMbTbpb) + (JBMBTBpB), (15.1b) 

where J denotes the total angular momentum and T the isospin with 
projections M and p, respectively. According to Chapter 5, the distorted- 
wave Born approximation of the amplitude is 

(15.2b) 

where the curly braces denote an integration over all spin and isospin 
coordinates. Recall that W counts the number of direct integrals that occur 
because of the total antisymmetrization of the wave functions. The integral 
in (15.2a) is a typical direct one, referring to a specific distribution of nucleon 
coordinates in the wave functions. We label the transferred pair 1 and 2. The 
integration is over the relative coordinates, which were discussed in Chapter 5 
in connection with the multipole expansion of the amplitude. Recall that b and 
A denote the 3(b - 1) and 3(A - 1) intrinsic coordinates of b and A, r is the 
intrinsic coordinate of the transferred pair, and R and p are the convenient 
additional coordinates needed to make the complete set of 3(A + a - 1) 
intrinsic coordinates. These coordinates are illustrated in Fig. 15.1. The direct 

A 

Fig. 15.1   Coordinates for the p,t reaction.
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interaction in the amplitude is 

(15.3) 

To carry out the evaluation of the amplitude, we make a two-particle 
parentage expansion for the heaviest nucleus B: 

Here @ ( j l j 2 ) J T  denotes a two-particle shell-model state. Equation (15.4) is 
analogous to the parentage expansion that was used in the evaluation of the 
one-nucleon transfer amplitude. The d denotes the antisymmetrization 
operator. The parentage amplitudes /? can be derived explicitly if shell-model 
wave functions for the nuclear states are available. In some cases they would 
be simply the configuration mixing amplitudes of a shell-model expansion 
for the two-particle configuration described by @ ( j l j z ) j T .  Generally speaking, 
each nucleus is a special case for which the parentage amplitudes can be 
derived from an assumed or calculated nuclear wave function. Later in the 
chapter some examples will be discussed, and others can be found in the 
literature (Towner and Hardy, 1969; Asquitto and Glendenning, 1970b). 

With the aid of the parentage expansion, the brace in (15.2) takes the form 

F(R, P )  (@B@b[ vI@A@a) 

= w { dA db dr {@,@,I v / @ A Q a )  

(15.5) 

The bracket { 1 denotes an integration over spin-isospin variables, as usual, 
and 

f(R, P )  (@(j l j2)%(’? 2)@blvl@a) 

= jdbdr {@(j l jz)?$(’? 2)@blvl@a). (1 5.6) 

The integration over b, the internal space coordinates of b, is over r34 for 
a = 4, and otherwise is absent because there is no internal space coordinate 
for the nucleon, here regarded as a fundamental particle. Notice that the 
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TABLE I 

The rms Radius and Size Parameter for 
Light Nuclei“ 

Variable 4He 3He 3H 

(rZ)’/’ 1.61 1.97 1.68 
‘? 0.233 0.206 0.242 

The unit of length is fm = cm. 

integration over A has selected out of the expansion (15.4) only those parent 
states in which the “core” nucleons A are in the same state before and after 
the reaction. This is because the interaction V does not contain any of those 
coordinates. This is a very important selectivity. 

To evaluate (15.6) it is necessary to choose a particular description of the 
light ions a and b. The nucleons in the light ions He4, He3, H3, and d are 
dominantly in the lowest G = 0 state (S-state) of relative m0tion.I The wave 
function is therefore symmetric in the spatial coordinates and consequently 
must be antisymmetric in the spin-isospin coordinates. It is a product, 

a,, = @,,(space)@,(spin-isospin). (1 5.7) 

For the space part we choose a normalized Gaussian wave function in the 
relative coordinates, which can be conveniently expressed as a product of 
harmonic oscillator functions (Glendenning, 1963, 1975a), 

@,,(space) = N exp( - y2 1 r?j, 

The parameter y~ is obviously related to the size of nucleus a and can be 
chosen so the rms radius implied by the wave function agrees with the value 
determined from electron scattering experiments, for example. Such values 
are shown in Table I. (See Appendix for properties of oscillator functions.) 

The antisymmetric spin-isospin functions for three or four nucleons is 

@.,(spinpisospin) 

= 1 AST[XS(cl, c 2 ) X J b ( o ) l ~ [ X T ( Z 1 >  Z 2 ) x T ~ ( Z ) 1 k ,  (15.9a) 
ST 

* (Spectroscopic notation refers to I = 0,1,2 as S, P, D; the superscript refers to the value of the 
spin degeneracy 2 s  + 1.) 
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where 

2 
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(15.9b) 

(15.10) 

X,, is similarly defined. One can verify that this spin-isospin function is 
antisymmetric under the exchange of any pair of spin-isospin coordinates 
and that it is normalized to unity. 

The wave function for the light nucleus b is assumed to be 

The deuteron is known to have about 95% probability of being in the S 
state, with the remaining probability being the D state. So we assume with 
high accuracy, that 4 d  is an S-state function. 

We can now continue the evaluation of (15.6). In Chapter 16 we shall do 
this in the general case in which V is a spin-dependent and finite-range 
interaction. However, to bring out most clearly the main physical features 
of two-nucleon transfer reactions, we assume here that V has zero range. As 
it turns out, the angular distributions are affected very little by this assump- 
tion, although relative cross sections are moderately changed. For the 
present we make the simplifying assumption that 

v = gd(P)- ( 1 5.1 2) 
This zero-range assumption has the effect that 

R, for p+O. ( 1 5.1 3) A 
r a + R ,  rg+- 

A f 2  
Then (1 5.6) becomes 

f(R, P)  = Qbg6(P)410(J4a-8qp) ASTc”M,”Mb,”Mcf,fZ 
ST 

x J d r  { Q ( j l j 2 ) E ; f ( r )  R ) I ~ , , ( & v ) x , M ~ ( ~ ~ ,  ~ Z ) X Y T ( ~ ~ ,  ‘211 ,  

( 1 5.14a) 

where we have shown @ ( j , j z ) J T ,  a function of r l  and rz,  as transformed to r 
and R. We shall discuss the details shortly. Also, we defined 

which is an overlap of the spatial wave function of nucleus b with the 
corresponding part of the wave function of a. 
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TABLE I1 

Consequences of Spin-Isospin Antisymmetry 
~ ~~~~ 

Reaction Spin (S) Isospin (T) 

C. SPIN-ISOSPIN SELECTION RULES 

The selection rules on S and T follow readily from (15.14). The Clebsch- 
Gordan coefficient on isospin projections requires 

= pa - p b .  

The antisymmetry of the spin-isospin function (15.9b) requires that S + T = 
odd. The consequences are listed in Table 11. 

D. FORM FACTOR 

The two-particle shell-model wave function Qjlj2(1, 2) for a pure two- 
nucleon configuration is a function, of course, of the two space coordinates 
rl  and r2 of the neutrons (as well as their spin-isospin coordinates). A 
transformation can be carried out to the relative and c.m. coordinates rand R 
of the pair. When this is done, clearly the r integration in the bracket of Eq. 
(15.14a) can be performed. It remains a function of R, which we denote by 

F,j,j,)J”sMS+(R) = J { ~ ( j r j 2 ) ~ 1  ~ I , ( J V ~ ) X , M S X % )  dr. (15.15) 

The DWBA integral is thus seen to be a certain sum of integrals of the form 

( 1 5.1 6) 

We now calculate this F(R) in detail. The meaning of QUlj2) is 
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This is a fully antisymmetric two-nucleon shell-model wave function in spin, 
isospin, and space. The Cp on the right side of (15.17) is 

C p ( j 1 j 2 ) Y  = C ~ n i e , j , ( l ) ~ n z e 2 j * ( ' ) I J M ,  (1 5.19) 

To prepare for the integration over spin coordinates in F ,  use can be made 
where Cbnej is a shell model spin-orbit wave function [see (7.89)]. 

of an angular momentum transformation (see Appendix) 

I ( ~ I ~ I ) ~ I ,  ( t 2 ~ 2 1 j 2 ;  J >  = c LZ s2 j 2  l(ele2)L, (s1s2)S; J ) ,  (15.20) 
LS [: 1 ':I 

where the square bracket, denoting a transformation coefficient, is related 
to the 9 - j symbol. The bracket notation of (15.20) is a commonly used 
one when many angular-momenta couplings are involved. The wave func- 
tion on the right is sometimes referred to as an L-S function, as contrasted 
with that on the left, called a j - j  function. In more detail, 

l ( f l e 2 ) L  ( ~ 1 ~ 2 ) s ;  J M )  CCCpnlelCpn2e,lLCXs1Xs2ISIJM. 

At this point the Talmi-Moshinsky transformation from individual to 
relative and c.m. coordinates can be performed (Talmi, 1952; Moshinsky, 
1959; Brody and Moshinsky, 1960). This can be done exactly if the single- 
particle states dnej are harmonic-oscillator wave functions in their radial 
part (see Appendix). Otherwise it can be done approximately by expand- 
ing the wave function in a finite number of oscillator wave functions 
(Glendenning, 1965). The transformation reads 

rl  = rl  - r2, 2R = rl + r2.  

This is a very useful and important transformation in nuclear physics because 
nuclear wave functions are typically expressed in terms of the coordinates 
of the nucleons, whereas potential interactions are a function of relative co- 
ordinates. The summation is restricted by a condition that follows from the 
fact that the energy associated with an oscillator state doe( ,.&) for a particle 
of mass rn is 

[2(n - 1) + L' + 3]ho,  o = hv/m, n 2 1. 

Therefore energy conservation implies that 

2(n1 + n2)  + Ll + f 2  = 2(n + N )  + ,I + A, (1 5.224 

vr)
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and parity (see A8) implies 

In terms of these transformations, the two-particle wave function can now 
be written as 

x &, 3 j ,  (n/ZNA;L[n,L,n,tf2; L )  

(1 5.23) 

Throughout, for spin or isospin two-particle wave functions we use the 
notation 

X Y ( L  2) = ~ ~ 1 / 2 ~ ~ 1 ~ ~ 1 / 2 ~ ~ 2 ~ 1 Y  = XY(01,  0 2 ) .  (1 5.24) 

The integration over r, as well as over spin and isospin in the expression 

L J rJ 
[ 4 n I ( m r ) & N A ( f i R ) I  L 7 xS( 9 2)]y. 

for F [Eq. (15.15)], can now be performed and the result expressed by 

where the radial part of the form factor is 

f j L ” ; ( ~ )  = 1 ~ j i j 2  N L ~ J u N J J ~ V R ) ,  (1 5.26) 

and the coefficients G are referred to as structure amplitudes for two-particle 
transfer reactions. They have been tabulated for the entire range of quantum 
numbers that occur in nuclei (Glendenning 1975a) and from the preceding 
development are defined by 

N 

(1 5.27) 

Note that the assumption (true to very good approximation for light nuclei, 
a 5 4) that the relative motion in the triton is S state and that the direct 
interaction is zero range in the coordinate between the separate fragments of 
the projectile (15.12), has projected the /Z = 0 terms in (15.23). This causes 
the c.m. coordinate to carry all the orbital angular momentum A = L. The 
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Talmi-Moshinsky bracket enforces the parity selection rule that (-)" has to 
equal the parity carried by the transferred nucleons ( which is of 
course equal to the parity change between initial and final nuclear states. 
The A = 0 projection also has the effect of allowing only those F with S + T 
being odd to have finite values, as (15.25) shows. 

E. INTERPRETATION OF THE FORM FACTOR 

From (15.5), (15.14), (15.15), and the results of the last section, we learn that 

F(R) = P j l j z J T ( B ,  A ) F ( j , j , ) y ? T ( R ) .  (15.28) 

The meaning of this function is clear. The right side of the bracket of the 
defining equation (15.15) for F contains the part of the wave function of 
nucleus a that defines the state of motion of the two transferred nucleons in 
that nucleus. The left side of the bracket, taken in linear combination with 
the parentage factors p, defines their state of motion in the nucleus A + 2. 
The overlap projects out of this state of motion that part corresponding to 
the motion they possess in the nucleus a. Therefore, we reach the important 
conclusion that the reaction proceeds to the extent that the correlation of 
the pair in the nucleus A + 2 is the same as it is in the nucleus a, and at 
the same time the remaining A nucleons in A + 2 are in the same state as 
they are in A. The last part of the conclusion was remarked on following 
Eqs. (15.5) and (15.6). Note specifically that the correlation is singlet S state 
with a range specified by the size parameter y. Also, F is, so to speak, that 
part of the neutron-pair c.m. wave function when the preceding projection 
has been made. 

We note further from Eq. (15.25) that the radial wave functions for the 
c.m. of the pair, when they possess this correlation, are given by 

the amplitude contains the following linear combination, 

j1j2 

F. TRANSITION AMPLITUDE AND CROSS SECTION 

(1 5.29) 

The bracket in the transition amplitude (15.2) was evaluated through the 
sequence of results (15.5), (15.6), (15.14), (15.15), (15.25), and (15.29). As- 
sembling these, we obtain for the transition amplitude between magnetic 
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(1 5.30) 

(15.31) 

and the kinematic amplitude 

x Xr)(ka,  R) dR. (1 5.32) 

The cross section corresponding to unaligned target, unpolarized pro- 
jectile, and the observation of all magnetic substates produced is given by 
(3.39) and (3.40). The sum over magnetic substates can be accomplished as 
in Chapter 5 by using the properties of the Clebsch-Gordan coefficients. The 
answer can be put in a convenient form by defining 

which is a property of the light ions, and 
TATTB 

cST = b S T C p ~ p  PB 

Then we can write 

(1 5.34) 

(15.35) 
mamp k J^  

- - a AB (QbDO)z CzTIB%[2> 
do 

dQ,,, ( 2 7 ~ h ~ ) ~  k ,  J ,  L S J M L  

which is the stripping cross section. It is an incoherent sum over L S J .  
Whereas in single-particle transfer, these quantum numbers belonged to the 
transferred nucleon, here they refer to the pair. The sum over the pair con- 
figurations that contribute to a given set of L S J  appears coherently in the 
form factor or projected wave function 6 that appears in I?,,,. This is in 
accord with the discussion of coherence in the introduction to this chapter. 

The various light-ion reactions can be conveniently compared by tabula- 
ting the numbers bST, which give the weight with which spin singlet and 
triplet transfers contribute. This can be done for a more general case than 
the spin-independent interaction (15.12) that we have used so far. More 

substates (15.1b),

where we define
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TABLE 111 

Values of IbsTI for Listed Reactions and 
Their Inverse 

261 

generally, let V have a zero range as before, but a spin dependence 

Y j  'V gS(P) C V , T P L  (1.5.36) 

where PgT is a projection operator for the total spin-isopin S and T of par- 
ticles i andj.  Of course, i refers to one of the transferred nucleons, 1 or 2, and 
j to any nucleon in b. The integration over spin and isospin is now more 
complicated than before. It can be facilitated by the use of recoupling coef- 
ficients. This is done, for example, in Chapter 16, where the force is also 
allowed to have a finite range. Here we simply state the result as follows. 
The quantity b,, of (1.5.33) is replaced by 

S T  

a l/Zg- 1 / 2 C T T b T a  P P b P a  c AS&Ŝ I m y  bs, = ( 2 )  
S'T' 

Table I11 lists the values for various reactions where 

a, =avo, + $KO,  
a,  = tv,, + iv,,. 

(15.37) 

(1.5.38) 

G. CORRELATIONS* 

From the preceding development we learn that two features of nuclear 
structure govern the strength of a two-nucleon transfer reaction. Both in- 
volve a question of parentage. How much does the state of A + 2 in question 
look like the ground state of A plus two additional nucleons, and how much 

See Glendenning (1968b, 1975~). ‡
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is the motion of these two nucleons in A + 2 correlated in the same way 
that they are in the light nucleus in which they reside? 

If one of the partners in the reaction is a light nucleus, such as the triton 
in a (t, p) reaction, then the correlation is in the angular momentum state 
d' = 0. In the (t, p) reaction the neutrons have their spin coupled to S = 0 so 
as to be antisymmetric. The correlation is therefore referred to as singlet S, 
or 'S in spectroscopic notation. 

That the ground states of light nuclei are predominantly S-state, and in 
particular, that the like particles are in ' S  states is not an accident. Like 
nucleons can exist in only the singlet-even and triplet-odd states. The former 
is attractive and the latter is weak and possibly repulsive. Therefore, in the 
lowest energy state two neutrons will be correlated mostly in the lowest 
singlet-even state, namely, the ' S .  

A similar argument holds for any nucleus. However, it is important to note 
that the residual interaction is weak compared with the central field of the 
nucleus. (Two-particle matrix elements are of the order of 1 MeV, whereas 
nucleons are bound in a nucleus by the order of 10 MeV.) Therefore, like 
nucleons tend to be correlated in the singlet-even states to the extent con- 
sistent with the shell structure, the Pauli principle, and their interaction 
with the unlike nucleons. The interaction between unlike nucleons can take 
place in all four states of motion, of which the triplet-even is strongest, 
followed by singlet-even. The odd-state interactions are weak or repulsive. 
Therefore a neutron-proton pair tends to be correlated in the triplet-even 
states. The lowest-lying state of given spin and parity possesses more of these 
favored correlations than any other such states in the nucleus. That is why 
it lies lowest. This statement is locally true, that is, in any given neighbor- 
hood of levels falling within the energy interval of the order of the interaction 
energy, it must be true. It need not be true over a much larger energy interval, 
only because the interaction between nucleons is a small perturbation on the 
shell-model central interaction. If this were not so, nuclei would not possess 
a shell structure. 

The form factor (15.28) is a measure of the degree to which the parentages 
of A + 2 and A are favorable and to which the pair is correlated as in the 
light nucleus from which they are removed. In particular, for the (t, p) re- 
action on an even-even target nucl,eus, it is 

FJ(R) = + 2 ) l ~ O ( A ) ~ ~ O ( ~ r ) x O ( ~ ~ ~ Z ) ) ,  (1 5.39) 

for which a detailed reduction was previously carried out [Eqs. (15.25)- 
(15.28)]. Corresponding to a shell-model description (True and Ford, 1958) of 
'08Pb and z06Pb, its radial part is shown in Fig. 15.2. (Glendenning, 1968b). 
Not only does this illustrate that the correlation is concentrated in the 
ground state but also that it is concentrated in the nuclear surface region. 
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Fig. 15.3. For 'O'Pb the pure and
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Fig. 15.2. The radial probability distribution [r&r)]' of the ' S  correlation in the ground 
and 0, state for zOsPb(p, t). Note the concentration in the surface for the enhanced ground 
state transition, beside the fact that the total probability for it is much higher (Glendenning, 
1968b). 

Figure 15.3 shows the various O+ levels of 206Pb formed on the left from 
the pure configurations at the energies prescribed by the single-particle en- 
ergies of 207Pb, and on the right after the residual interaction has mixed the 
configurations and changed the energies. The percentage with which the 
dominant configuration is represented in the wave function is also indicated. 
The percentage of ' S  correlation for pure and correlated states is shown also. 

b
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Fig. 15.4. Calculated angular distributions corresponding to 40-MeV protons in 208Pb(p, t)- 
'06Pb are compared with the Minnesota data of Reynolds et al. (1967), calculation by 
Glendenning (1967). 
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Fig. 15.5. Calculated angular distributions corresponding to 40-MeV protons in *"Pb(p, t)- 
206Pb to states ranging from spin 0 to 9 are compared with the MIT data of Smith et al. 
(1968). 

The residual interaction has clearly redistributed the correlation so that the 
lowest 0' levels possess most of it. A similar situation holds for any other 
group of neighboring levels of the same spin and parity. 

The cross sections, at two energies, were calculated (Glendenning, 1967, 
1968b) in DWBA for the levels in 'O'Pb using shell-model nuclear wave 
functions (True and Ford, 1958) and are compared with the data in Figs. 
15.4-15.6. The calculation was normalized to the data. For the states shown 
in Fig. 15.6, the relative normalizations are shown in Fig. 15.7. Overall, the 
agreement between the theory and experiment is remarkably good, sug- 
gesting the appropriateness of the nuclear wave functions and the reaction 
mechanism. 

b
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Fig. 15.6. Calculated angular distributions corresponding to 22-MeV protons for "'Pb(p, t) 
reaction are compared with the Yale data of Bromley et a!. (Calculation by Glendenning 1968b). 
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denote calculations based on True and Ford wave functions for '''Pb (From Glendenning, 
1968b). 
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H. PARENTAGE AMPLITUDE FOR TWO NUCLEONS 

The discussion of parentage amplitudes for two nucleons is in many ways 
similar to that given in Chapter 7 for the one-nucleon transfer reactions. One 
major difference, however, is that the sum rules are of little use for two- 
nucleons transfer reactions. The reason for this difference is that the ampli- 
tude for one-nucleon transfer, BF of (7.17), involves the radial wave function 
of the orbital ntj. Once the angular momentum of the orbital is identified, 
which is easy to do, characterized as it is by the angular distribution, the 
transfer amplitude can be calculated with little uncertainty. The shell-model 
informs us of the likely values of the n and j quantum numbers, and the Q 
of the reactions tells us the separation energy which dictates the asymptotic 
behavior of the wave function. The solution of the radial Schrodinger equa- 
tion with, say, a Woods-Saxon potential then provides the radial wave 
function. An analysis of the relevant elastic scattering provides the distorted 
waves. These are all the ingredients of B,“. The spectroscopic amplitude can 
therefore be extracted as the only unknown quantity in a comparison with 
the data. 

The analogous transfer amplitude for two nucleons (1 5.32) contain the 
function & o J ,  which is not a particle wave function nor the product of two 
of them, but a projection onto a pair wave function-a projection involving 
the relative motion in the light nucleus from which the pair is transferred. 
As previously discussed, depending on the two-particle correlations in the 
nuclear state, the radial distribution of $LoJ(R) may be concentrated in the 
nuclear surface or not, and it may be large or small in comparison with a 
product of two single-particle wave functions, depending on the coherence 
in the nuclear state. A measurement of the angular distribution and Q value 
provides the multipolarity and the pair separation energy, but otherwise 
leaves 6 completely unspecified. Therefore, although it would be possible 
(though more difficult) to derive sum rules, the experimental determination 
of the spectroscopic amplitudes entering the sum is not possible, in general. 
The value of two-nucleon transfer, as already stressed, is of a different nature. 
These reactions, being so sensitive to correlations, provide a rather severe 
test of nuclear wave functions that have been calculated from a nuclear 
model. 

From Eq. (15.4) the parentage amplitude BjI j zJ(B,  A) can be written, in 
terms of particle creation operators, as 

Pj,j,J(B, A) = C (1 + A,z)-”zCC”,A,~~~(J,M,/[a~,a~2]~J*M*), 

- 

(15.40) 

where A I 2  is unity if the two orbitals n,L, j ,  and n,L, j ,  are the same and 
zero otherwise. This factor enters because otherwise the identical configura- 
tion would be counted twice in the .wave function. As in (7.31), ajm creates 

M A M  
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a nucleon in the orbital nL'jm, and 

creates a hole. Both transform as an irreducible tensor of rank j and pro- 
jection m. Some authors use the phase ( - ) j+m.  Because j is half odd integer, 
the operators so defined differ by a factor - 1. 

The Wigner-Eckart theorem (A.39) can be employed to show that does 
not depend on magnetic qantum numberss. We find immediately that 

This is a concise statement of how the parentage amplitude is to be calculated 
from the nuclear wave functions. The phase, of course, can be dropped be- 
cause here it is always + 1. We have left it in for comparison with the single- 
particle parentage amplitude of Chapter 7. There we needed the reduced 
matrix element of the particle creation operator and here of the normalized 
pair creation operator. To complete the picture, the amplitude for inelastic 
scattering was derived in Chapter 9 and is 

Here we see a particle destruction operator ii (or equivalently, a hole creation 
operator) and a particle creation operator ut corresponding to the pro- 
motion of a particle from the orbital j ,  to j ,  or the creation of a particle-hole 
pair ( j ,  j,), depending on the language one prefers to use. These three ampli- 
tudes provide a clear and concise statement of what the nuclear-structure 
theorist must calculate to make his theory accessible to the experimental 
tests provided by one- and two-particle transfer and inelastic scattering. 

Of course, in certain simple situations, such as several nucleons beyond 
closed shells, special and simple means are available for calculating the 
parentage amplitudes. Let us consider several examples. It is usual to cal- 
culate the structure of a nucleus in terms of a group of active or valence 
nucleons, which for the present we shall denote by the symbol I/. The core 
nucleons are assumed to be in a degenerate state occupying the lowest shells. 
How does this affect our counting factors in connection with antisymmetriz- 
ation, which should be correctly included in any case? From (15.4) we can 
write in abbreviated notation, 

where the combinatorial factor comes from the normalization of the anti- 
symmetrization factor in (15.4). We obtained (15.43) by taking the projection 
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of (15.4) with a particular permutation of particles among OA and Q j ,  say, 

@A(1,2,. . . , A)@j(A + 1, A + 2). 

[Note that, in the expression for the DWBA amplitude, the counting factor 
W for the direct terms contains precisely the same combinatorial factor 
(Chapter 5).] Suppose now that both A and B are described in terms of a 
core plus valence nucleons in the general form 

@B(A + 2) = .Pe,v[@c( 1,2, . . . , C)@v(C + 1, . . . , A + 2)], 

@,(A) = dcv,[@,c(l, 2 , .  . . , C)@v,(C + 1,. . . , A)], 
(1 5.44a) 

where 

(15.44b) 

are the normalized permutation operators. Consequently, 

x c 1 (-)'""(-)P""'(PcvQc(l, 2 , .  . . , C) 
pcv PCV' 

x Qv(C + 1, .  . . , A+2)1 
x PcV@c(I, 2 , .  . . , C)[@v,(C + 1,.  . . , A)@j(A + 1, A + 2)]jB). 

Consider a particular permutation on the right side of the overlap. Through 
the orthonormality of the wave functions, it has a finite overlap with precisely 
one term in the sum over permutations of the particles in the left side of the 
overlap, namely, the one having precisely the same particles in aC. However, 
there are (t) permutations of the particles on the right, each with such a 
single finite and equal overlap. Therefore, 

(1 5.45) 

where V = A + 2 - C and we have renamed the active nucleons. Equation 
(15.45) tells us how to count correctly when we deal with only V active 
nucleons. 

Consider several simple shell-model examples now. Suppose A has closed 
shells and B is described as a configuration-admixed state 
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Then (1 5.45) gives us 

p . .  = c  . 31325 ( j t 3 z ) J ’  

Next, suppose that again we have closed shells of neutrons and protons plus 
n neutrons in the shell j in the nucleus B and n - 2 neutrons in the nucleus 
A. Then 

@B = @ol(jn)O>, 

@* = @ol(jn-2)vJ).  

The symbol v denotes the seniority of the state and is needed because, for 
iz > 2, J does not always uniquely specify a j n  configuration. Racah (1942, 
1943) introduced the fractional parentage amplitudes precisely to deal with 
such wave functions. In terms of his fractional parentage coefficients we can 
write 

The coefficients are so constructed that the wave function remains totally 
antisymmetric, although the partition on the right is a definite one with 
respect to particle labels. Equation (15.45) yields, in the present example, 

Of course, the usefulness of the fractional parentage expansion is that the 
coefficients can be written explicitly in many cases. Thus 

Many other explicit results could be cited. (See de-Shalit and Talmi, 1963.) 
Let us turn now to the BCS pairing theory, which was briefly mentioned 

in Chapter 7. It is a theory that is relevant to single closed-shell nuclei, 
with a few nucleons of the other type beyond closed shells. The heavier nickel 
or tin isotopes are examples. For such a situation the pairing effects of the 
residual interaction can be approximately diagonalized by transforming to 
quasi-particles. The remaining interaction among quasi-particles is weak and 
can be treated through a diagonalization in a two quasi-particle basis for 
even nuclei. The transformation to quasi-particles, a creation operator for 
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which is denoted by a+, has the form 

ajm t - - U.a? j jm - I/.&. j jm, (1 5.46) 

with E having a definition just like that of 5. The ground state is the quasi- 
particle vacuum lo), and excited states are two (or four) quasi-particle states, 
such as 

[ J M )  = -3 C tljljZCajlaj2IYlo). (1 5.47) 

In terms of quasi-particles, the two particle operator (15.40) can be written as 

j 1 j 2  

[a]aJ]y = u 1 u 2 [ a1a2lY t t + vlv2cE1~2lY 

- u, v2[aIE2]J” - VlU2[Ela;],M 
+ ~ 1 ~ 1 ( ~ 1 ) 1 1 2 ~ 1 2 ~ J 0 .  (1 5.48) 

The calculation of the parentage amplitudes now involves use of the fermion 
anticommutation relations and angular momentum algebra. In some cases, 
this is easy and in others it is tedious but elementary. Many results of interest 
have been derived in the literature (Yoshida, 1962; Asquitto and Glendenning, 
1970b). 

We cite below results for the parentage amplitudes connecting vibrational 
states, which would be needed for two-nucleon stripping and pickup re- 

pji j20(OA + OA + 2) .  (1 5.49d) 

Of particular interest is the opposite sign for the amplitudes connecting 
ground and excited states in the two reactions. This sign would be of no im- 
portance if the reactions were dominated by the direct transition. However, 
for reactions, just as for inelastic scattering (Chapters 8, 9, and 13), indirect 
transitions passing through intermediate states can sometimes compete in 
strength with the direct transition. We will take up this subject in Chapter 17. 
However, we can anticipate its importance and some consequences here by 
noting that the direct transition for stripping, 0, + 2A+2 and the indirect 
transitions 0, -+ 2, --+ 2, + and 0, -+ 0, + -+ 2, + will interfere with oppo- 
site sign compared to the direct and indirect transitions for the pickup 

actions.
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Fig. 15.8. Cross sections are compared for the pickup and stripping reaction leading to 
collective 2' states in neighboring nuclei. Solid dot is 74Ge(i80, 160)76Ge(2+, 0.562) at 75 MeV 
and open dot 76Ge(160, i80)74Ge2 ', 0.597) at 77.6 MeV (data from Bond et al. 1977). 

reaction. If the direct transitions dominate, then the stripping and pickup 
cross sections to the collective 2' state in neighboring nuclei will be similar 
and proportional to the square of (15.49b) and (15.49c), whereas if the in- 
direct transitions have comparable strength with the direct, the differential 
cross sections will be quite different because of the opposite sense of the 
interference. The theoretical prediction of this sensitivity (Ascuitto and 
Glendenning, 1973b) was subsequently observed in experiments (Scott et. al., 
1975 and Bond et al., 1977), as illustrated in Fig. 8. The differences between 
the two cross sections is precisely of the nature anticipated (see Fig. 18.16). 



Chavtev 14 
1 

Finite-Range Interaction 
in Transfer Reactions 

A. INTRODUCTION 

The calculation of cross sections for one- or several-nucleon transfer reac- 
tions involves the evaluation of multidimensional integrals. This is compli- 
cated by the fact that the integrands consist of products of wave functions 
and a potential that depends on a number of vector coordinates. However, 
only several of them are the independent variables of integration. For light- 
ion reactions such as (d, p) reactions (Chapter 7) and (t, p) reactions (Chapter 
15), the direct reaction causing the transition is often approximated by a 
zero-range potential. This is partially justified by the small size of the light 
nucleus (the deuteron or triton in the examples cited) in comparison with 
the size of the other nuclei. (Remember that direct reactions are dominantly 
surface reactions). In addition, the de Broglie wavelength associated with the 
relative motion is not small compared to the neglected distance (range of 
the potential). For a deuteron of say 10 MeV, it is 

X = k ‘ = (2rnE/h2)- ’/‘ = [2rnc2E/(hc)’] N 1 fm, 

where rn is the reduced mass of the deuteron and kc = 197 MeV fm. As a con- 
sequence, the reaction does not have a great sensitivity to distances of this 

273 
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order. The zero-range assumption results in a great simplification; the argu- 
ments of the distorted waves become proportional to each other [see (15.13)], 
and the DWBA integrals reduce to an integration over a single vector coor- 
dinate, for which the angle integrals can be done in closed form. There then 
remains a one-dimensional integral (or rather a sum of such), which must 
be performed numerically because in general the distorted waves are not 
analytic functions but are obtained numerically as solutions to differential 
equations. The details of this reduction have been given in detail in the 
chapters previously referenced. 

The assumption of a zero range for the interaction does not have any im- 
portant consequences for the physics of the reaction mechanism in light-ion 
reactions. In particular, the discussion of the role of correlations in two- 
nucleon transfer reactions is unaffected. However, it is possible that the cross 
section and, to some extent, the angular distribution calculated under this 
assumption would be in some error. Therefore the magnitude of spectro- 
scopic factors deduced by comparison with one-nucleon transfer data would 
have an error associated with this approximation. However, the angular 
momentum transfer would rarely be misassigned. 

The situation is quite different for reactions between heavy nuclei (referred 
to usually, and somewhat inappropriately, as heavy ions because accelerators 
operate on ions of the nuclei). The large size of the nucleus from which the 
nucleon is transferred, together with the small wavelength associated with 
the relative motion, makes the zero-range approximation a poor one. The 
wavelength is small because the mass is large. Therefore, the reaction is sen- 
sitive to behavior of the wave functions on a short distance scale and renders 
approximations involving the vector coordinates less reliable than in the case 
of light-ion reactions. There is one approximation that has been frequently 
used, called the no-recoil approximation. It makes certain approximations 
to the vector arguments in the integrals, which simplifies their evaluation 
and at the same time retain’s the finite range of the interaction (Buttle and 
Goldfarb, 1966, 1968; Schmittroth et al., 1970; Ascuitto and Glendenning, 
1972; Baltz and Kahana, 1972; Roberts, 1972). In some cases this is adequate 
for mapping out the phenomenology of reactions and their general behavior. 

A number of approaches have been proposed and implemented for calcu- 
lating the finite-range DWBA amplitude, and it would be difficult to say 
whether one is superior to another in general. One method uses the Monte 
Carlo technique to evaluate the six-dimensional integrals (Bayman, 1974). 
The other methods in one way or another achieve transformations of the 
functions in the integrands to others that depend on the independent 
coordinates of integration (Austern et al., 1964; Sawaguri and Tobocman, 
1967; Robson and Koskel, 1972; Charlton, 1973; McMahon and Tobocman, 
1973; Glendenning and Nagarajan, 1974). When this is accomplished, the 
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angular integrations can be performed in closed form, leaving only a double 
radial integration to be performed numerically. 

In the following sections we shall outline the problem to be solved, in- 
troduce parentage expansions of the wave functions, and then specialize the 
general case to two particular cases that serve to illustrate the kinds of 
manipulations involved. These examples are the two-nucleon transfer (t, p) 
reaction and heavy ion reactions. We use two of these methods in achieving 
the goal of reducing the amplitude to two-dimensional integrals. 

B. THE DWBA AMPLITUDE AND 
ITS COORDINATE DEPENDENCES 

Denote the reaction by the atomic numbers of the participants, 

A + (b + x) + (A + x) + b, -+ 
a B 

(16.1) 

where x denotes the transferred nucleon or group of nucleons. In specific 
examples we shall consider at most two-nucleon transfer, but at this stage 
the notation can be left more general with no loss of clarity. The DWBA 
amplitude, including the statistical factor (5.32) which counts the number of 
direct integrals, has the form 

(16.2) 

At this stage, the approximation sign indicates only that the exchange inte- 
grals introduced by antisymmetrization are neglected for the reason dis- 
cussed in Chapter 5. The expression in (16.2) is an integral over the position 
coordinates and a sum over spin and isospin coordinates that is denoted by 
{ }. There are A + a nucleons, so there are 3(A + a) coordinates, three of 
which can be taken as the center of mass (c.m.) of the system in which we cal- 
culate. There remain 3(A + a) - 3 relative coordinates, which are denoted 
by 5 in the integral. A particular and convenient set of relative coordinates 
consists of 

A, x, b, R, P, (16.3) 

where A, x, and b denote 3(A - l), 3(x - l), and 3(b - 1) relative coordinates 
for the nuclei A, x, and b, respectively, and R and p denote relative vectors 
between A and x and x and b, as shown in Fig. 16.1. The channel coordinates 
appearing in the distorted waves, which connect A to a and B to b, are related 
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A b 
Fig. 16.1. On the left a convenient set of coordinates for describing the transfer of x from 

nucleus a to B. On the right, if x consists of two nucleons, the individual coordinates relative 
to A and b are shown. 

to R and p by 

ra = R - (b/a)p, rB = (A/B)R - p. (1 6.4) 

Of course, it will not be convenient to regard the channel coordinates as 
dependent variables (appearing as they do in the distorted waves, which can 
be obtained only by numerical integration of the optical-potential scattering 
problem). Therefore we shall ultimately want to carry out the integration 
with these as variables of integration. The volume elements are related by a 
Jacobian 

dpdR = Jdradrp, (16.5a) 

where J is a 6 x 6 determinant 

We now write (16.2) as 

where the nuclear overlap function is, 

(@)B@blVP - UB[@A@a) = W SdAdbdx {@B@,,[Vp - UpI@A@*).  (16.7) 

Because the integrand is a function of 3(A + a) - 3 coordinates but is in- 
tegrated only over the internal coordinates shown, it remains a function of 
the two additional coordinates in the set (16.3). We do not mean to imply 
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that these are the coordinates that naturally appear in the wave functions 
but only that such coordinates can be expressed in terms of these two, 
namely, R and p ,  or through the inverse of (16.4) in terms of ra and rp. That 
is to say, 

F(ra> ‘p) (@B@blvp - uB[@A@a). (16.8) 

The object is to obtain the explicit expression for the function F of the in- 
dicated coordinates. This function also depends on the angular momenta of 
the nuclei and their projections. We shall often suppress some or all of such 
labels on the left side of the equation. 

C. PARENTAGE EXPANSIONS 

We have already introduced the concept of the fractional parentage expan- 
sion. Recall that it is a way of writing a wave function for, say, y1 nucleons 
in terms of products of partitions of n - z and z nucleons, for example. 
Fractional parentage coefficients were first used in shell-model calculations 
for atoms by Racah, where they expressed a partition of a pure configuration. 
An excellent exposition in the context of the nuclear shell-model is given by 
de-Shalit and Talmi (1963). A generalization of the parentage expansion is 
expressed by 

where, as usual, the square bracket denotes vector coupling and dB denotes 
an antisymmetrization operator 

(1 6.10) 

Here P is an operator that permutes particles between the two @ as discussed 
in Chapter 5, and the combinatorial factor normalizes the result to unity. 
The generalized parentage amplitude B should contain such labels as are 
necessary to completely specify all the states, and the sum includes all labels 
appearing only on the right side. The states of A are said to be parents 
of the state B. For concreteness we have specialized the discussion to two- 
nucleon transfer. The coordinates r l  and r2 are measured from the nucleus 
A and are appropriate for describing their motion when they are in the 
nucleus B (see Fig. 16.1). When they are in nucleus a, we shall denote the 
coordinate of the same nucleons measured from b as r’, and r)2. 

Recall from (15.17) that the function OJT(rl, r2) represents an antisym- 
metric two-particle shell-model wave function, and that it can be transformed 
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to relative and c.m. coordinates. From Fig. 16.1, the c.m. coordinates re- 
ferring to A or b are, respectively, R and p ,  whereas the relative coordinate 
is 

r = rl - r2. (16.11) 

The transformation to these coordinates is shown in (15.23). If a is also a 
“heavy” nucleus, a similar parentage expansion can be made for it. The shell- 
model wave functions in this case will be centered on b, just as in the shell 
model description of B they are centered on A. 

D. THE (t, p) REACTION 

Light-ion reactions are a special case of the preceding general formulation 
in the sense that the wave functions of the “heavy” nuclei and the light ones 
in 

t + A + p + (A + 2) + 
B 

are expressed in different ways. The triton wave function is better expressed 
directly in terms of intrinsic relative coordinates as in (15.8). On the other 
hand, the heavier nuclei, A and B, are usually represented by shell-model 
wave functions for which a parentage expansion like the preceding one can 
be used. The two transferred nucleons occupy shell-model states in B that are 
centered in the nucleus A. By contrast, in a “heavy ion” reaction all nuclei 
would be represented by shell-model wave functions, and two parentage ex- 
pansions would be employed. 

As in Chapter 15, the overlap function (16.8) corresponding to this reaction 
is evaluated first by introducing the parentage expansion for the nucleus B in 
terms of the parent states of A, and then integrating over the intrinsic co- 
ordinates A. The result can be written [see (15.5)] as 

(16.12) 

where 

Notice that because the intrinsic coordinates A do not appear in V, the 
integration selects only the parent terms that leave the nucleons in A just as 
they were in the target nucleus. We have declared, by writing the func- 
tional dependence off as Rp, R, ,  that these are the coordinates in which we 
want to express the result of the integration, although the two unintegrated 
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coordinates are R and p. This corresponds, then, to the transition from (16.2) 
to (16.8) previously discussed. 

The interaction in V, according to an argument similar to that expressed 
by ( 7 4 ,  is the interaction between the particles in the light ion that are 
separated in the reaction 

(1 6.14) 

We allow V to have both a finite range and a spin dependence, which we 
write in the form 

V(rij) = C VsT(rjj)pfP$ (16.15) 

where Pf ( S  = 0, 1) is the projection operator for spin singlet and triplet 
states of particles i, j .  In terms of the Pauli spin matrices, 

(16.16) 

which provides the connection with other representations of the interaction. 
Recall from Chapter 15 the wave functions appearing in (16.13). Their 

symmetry under the interchange 1 t, 2 can be exploited to simplify the cal- 
culation. We obtain 

I/ = V(rlp) + V(rzp), r lp  = rl  - rp. 

ST 

pij 0 - - (1 - bj - G j ) / 4 ,  Pi’ 1 - - ( 3  + b i  * G j ) / 4 ,  

f ( R p t  Rt)  = 1 A S ’ T * B n h V A L S J ” T C & ~ ~ s ~  

x (x%1, ~ 2 ) x : ~ 2 ( z p ) l p ~ 1 [ x T ,  b1, zZ)x1/2(zp)llf;2) 

x (x,”s(ol 3 0 2 ~ ~ ; ; ” , ~ ~ p ~ l ~ ~ p ~ c ~ s ~ ~ ~ l  3 oAX1,2(o,)l;;t,> 

x {[~JA r ~ N , ( J 2 v  R ) I ~ / v ( ~ ~ J  + (-)’VV(ri,)I~,(space)) 
(1 6.17a) 

The last bracket is an integral on r. The coefficient A S f T ,  comes from (15.9) 
and is defined by 

(-)S’ 1 - ( _ ) S ’ + T ‘  

Jz 2 ’  A S , T ,  = __ (16.17b) 

whereas B is the coefficient in (15.23) obtained by rewriting the shell-model 
wave function of the two neutrons in nucleus B in relative and c.m. coor- 
dinates 

x [“: L S J  
(n;lNA; Lln,L,n,L‘2; L) .  (16.17~) 
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We first show how to do the spin matrix elements. They are most easily 
evaluated by employing the recoupling algebra presented in the Appendix 
and discussed in greater detail by Edmonds (1957). Because the projection 
operator P acts on the pair 2, p, we want to recouple so that this pair is 
coupled together. Thereupon the action of P is immediate. We note that 

IIIXS,(Ol ~2)X1/2(~,)1Y;2> 

= l(1 1)s 1.1 
2 2 > 29 2mt) - 

To accomplish the similar recoupling on the left side of the spin matrix 
element, we must first express the product in terms of states of total angular 
momentum. Thus 

IX,MS(~I 9 ~2)XY;bp)) 

S 112 Q 1 
= C C M ~ ~ , M Q I ( T  5; Q M Q )  

Q M Q  

(16.19) 

Hence we obtain 

The isospin matrix element has the same structure and can be written imme- 
diately using this result. 

We turn now to the radial matrix element in (16.17a). A possible triton 
wave function was given by (15.8) as. 

@,,(space) = 4 1 0(2?P)4 1 o ( f i v r ) .  (16.21) 

The coordinates are shown in Fig. 16.1 where, in this case, b = p. Notice that 

(16.22) 
r lp  = jp + $1 = (p’ + +r2 + pr cos @)I/’, 

rZp = Ip - Trl = (p’ + ar2 - p r  cos $)I/’. 
1 
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Therefore, V(r2,) is a function of the lengths p and r and the angle between 
the vectors p and r, 

cos 0 = r - pjrp. (16.23) 

Consequently, as in Austern et al. (1964), V(r2p) can be expanded on a com- 
plete set of Legendre functionsf 

where the coefficients can be evaluated by inverting this equation, using 
the orthogonality relation 

(16.25) 
2 j: ~ , ( c o s  d)Pk(cos 8) sin 8 d8 = ~ 

2k + 1 '". 
Thus 

~ i ~ ( p ,  r )  = 2n: Pk(C0s o ) ~ T ( r ~ ~ )  sin 8 do. (16.26) 

The advantage of this expansion is that Pk(C0s 0) can be written as a product 
of spherical harmonics depending on 6 and i [see (A9)]. Thus 

(16.27) 

C 

VsT(r2p) = c m p ,  y ) y k ( B )  * 
k 

The integration on r in (16.17) can now be done with the result 

( [ ~ , 2 ( ~ r ) ~ N A ( J 2 . R ) l ~ I V ( r 2 p )  + (-)"V(rl,)I~,(space)) 
= uNA( f i R ) f i T ( P ) [  yA(6)yA(R)l?, (16.28) 

where we have defined 

f f?(~)  = (610(2q~) j r 2  dru,A(&r)F!T(p, r)Cplo(&p-). (16.29) 

In these equations uNA and unz. are the radial parts of the wave functions 
of Cp, as in (15.8). Gathering together the results so far, we find 

* The same expansion holds for VsT(rIp) if we insert a factor ( - ) k  on the right side [because 
of (16.22) and Pk(x)  = ( -)'Pk( - x ) ] .  
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At this point, all internal coordinates and spins have been integrated. 
The task that remains is to transform the function of R and p in the last 
line to a function of R, and R,. There are several ways of doing this. One 
method is to employ an addition theorem (Moshinsky, 1959; Austern et al., 
1964) for solid spherical harmonics, which is a method that was first imple- 
mented for (d, p) reactions (Austern et al., 1964) and is widely employed. 
Another method is to use an addition theorem for a product of a spherical 
Bessel function and a spherical harmonic of which the addition theorem for 
solid spherical harmonics is a special case (Glendenning and Nagarajan, 
1974). The more general addition theorem is 

where 

(16.32) 

and 

r = ar,  + pr2. (16.33) 

The special case for solid spherical harmonics is 

To use the first of these addition theorems we would have to expand 
uNA(f iR)  and f z ( p )  in a Fourier-Bessel series over a finite interval (Glen- 
denning and Nagarajan, 1974), say, from 0 to R,,,, where R,,, is a radius 
outside which the contribution to the reaction has fallen to zero. To use the 
second addition theorem, we note that 

(16.35) 

can be inverted to give R and p in terms of R,, and R,, and cos o = 
R, - R,/(R,R,), whence the Legendre expansion can again be made on 

P-”R-AIF(p)uNA(R) = 1 uF(Rp>Rt)&(Rp) * &(R1) 
k 

= J2k+l( - ) k ~ F ( R , ,  R,)[Y,(R,)&(R,)]~ (16.36) 
k 

just as (16.24). In the last line we reexpressed the scalar product as a tensor 
product of rank zero (i.e., vector coupled the Y’s). 
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Notice that in this application, the expansion (16.36) is valid for the func- 
tion on the left because the left side is well behaved at the origin. This is 
so because, for small arguments, 

f , A ( P )  --f Pa, UNA(R)  RA* ( 1 6.3 7) 

In some cases the inverse powers that one would have to introduce in using 
the solid spherical harmonic addition theorem would not be cancelled, and 
then the general addition theorem would be an appropriate vehicle for 
proceeding further. 

Continuing the development, call the coordinate part off ,  Eq. (16.30), 

GfL(Rp, Rl) U N A ( f i R ) f : : ( P ) [  yA(b) yA(R)l?* > (16.38) 

where we have suppressed mention on the left of some of the indices, as we 
have done before. It can now be written as 

P = a1Rp + PlR,, 

R = a2RP + B2Rl. 
(16.40) 

At this point we recouple the spherical harmonics, so that those of the same 
argument stand together, and then we use (A1 1) in the form 

The angle part of (16.39) can thus be rearranged to yield 

where         and           are defines in terms of the masses through the inverse …
of (16.35),



284 16. Finite-Range Interaction in Transfer Reactions 

Hence, 

1-8 tf 1 k k 0 

Ip l tApAt  pir ;: :I[:.. :t :] 
c(l - l ) ( A  - e ' ) l , C ~ e ' l ~ C k l p A p C k l , l \ t  

x u F T ( ~ , ,  R,) (E,  R , ) ~  - e ( ~ l ~ , ) e ( ~ , ~ p ) A  -!' 

( p 2 R t ) e ' [ y A p < R , ) y A t < R t ) l ~ .  (16.43) 

This is the required form. When assembled into f(R,, R,), (16.30), and then 
into (16.12), which in turn goes under the integral (16.6), we then have an 
integral of the form 

B?(k,, k,) = i-L(2L + 1 ) - ' I 2  1 xb-)*(k,, R,)GLM"(R,, R,)xi+'(k, , R,) dR, dR,. 
(16.44) 

This can be reduced to a two-dimensional radial integral by expanding the 
distorted waves in partial wave series as in (5.14) and doing the angle inte- 
grals by a repetition of the preceding methods. In particular, there will occur 
a sum over a spherical harmonic from both entrance and exit channels that 
can be coupled together 

(1 6.45) e e'Y Y?;(fip) Y?(fiJ = 1 C,.p,:&[ ye,(fi,) 5Lfit)X. 
Y4U 

Now the angle integrations in (16.44) can be easily done. We obtain from 
the orthonormality of the spherical harmonics a set of delta functions 

~ ' Y L J A M ~ ~ , A , S G ~ A ~ .  (16.46) 

There remains only a two-dimensional integral, which was our goal. It is as 
far as we can go by analytic means. 

The differential cross section is obtained by inserting the transition ampli- 
tude 9 into (5.50), with the result that the cross section will be an incoherent 
sum over the amplitudes (16.44) 

This calculation was carried through for the (t, p) reaction. However, it is 
trivial to obtain the amplitude for (t, n), (He3, p), or (He3, n) from these 
results. It involves merely assigning the appropriate isospin properties in the 
Clebsch-Gordan coefficient in (16.30). As an example for the (He3, p) reac- 
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tions, the He3 has isospin projection -3 compared with +$ for t. Hence the 
Clebsch-Gordan coefficient Ct- ;\;- t!; should replace the one in (16.30). 
This demands that p = 0 and hence that T can be either 0 or 1. 

At this point we can contrast the relationships between angular momenta 
in the zero-range approximation with the finite-range results obtained here. 
Additional values of transfer angular momenta are allowed by the finiteness 
of the range of interaction and its spin dependence. In particular, for the (p, t) 
reaction the isospin T of the pair of nucleons transferred to nucleus B must 
have T = 1, as is required by the Clebsch-Gordan coefficient in (16.30). 
This is true for both zero and finite-range interactions. However, because of 
the spin-isospin dependence of the the finite-range interaction, the value 
of isospin T' associated with this pair in the triton need not equal T. Referring 
to (16.30), if ff? did not depend on S, T, then the sum of these spins could 
be performed, and the orthonormality of the 6 - j coefficients would yield 
&Tf6ss,. In the spin-independent case, T = 1 would thus require S = 0 for 
antisymmetry of the triton wave function. In case the interaction has spin 
dependence, then S = 1 is also allowed. In addition to this, the angular 
momentum L is constrained by a parity selection rule in the zero-range 
approximation but not for the finite-range interaction. This can be inferred 
from (16.43). To see that this is so, note that in zero-range approximation 
the directions Rp and R, become the same. In this case, Eq. (16.43) would 
contain 

[ 'AP(Rp) 'AL(R~)]?~*, 

which, according to the 3 - j symbol of (16.41), will require that 

( _ ) A p + A t  = (-)" (zero-range) (16.47) 

The other four C coefficients in (16.43) can be used to show that 

(16.48) 

Recall now that through (15.21) the parity carried by the transferred particles 
is related to A + A, namely, 

( - ) / I  + e 2  = ( - I A  + A, (1 6.49) 

( - )A+A = Ap+dr - A p + A t  (-1 - ( - I  . 

whence 

( = ( -)", (zero-range) (16.50) 

which agrees with the assertion that in zero range (-)" must agree with the 
parity change. From (16.47) and (16.48), it also follows that in zero range 

( _ ) t P + t l  = (-)". (zero-range) (16.5 1) 

an
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On the other hand, for a finite-range interaction, L is not connected as in 
these last two equations (16.50, 16.51), and the loss of this connection proves 
to be very important in heavy-ion reactions. 

For light-ion reactions, however, and in particular the (p, t) reaction, the 
terms that dominate (16.43) are the ones that obey the zero-range selection 
rules. This can be understood as follows: Recall from our previous discus- 
sion that, for a finite-range spin-dependent force, S = 0 and S = 1 are both 
allowed. Now recall also that the coefficient B in (16.30) is given by (16.17c), 
and it requires that 

1 + S + T + 1 = even. (16.52) 

For the (t, p) reactions, the isospin projection on the Clebsch-Gordan coef- 
ficient with T in (16.30) requires T = 1. Therefore 

1 + S = even. (16.53) 

This is an expression of the Pauli principle for the transferred neutrons. 
There are two physical effects that favor small values of 1 (the smallest being 
1 = 0). First is the dominance of the S state in the triton, which in zero-range 
approximation would project on 1 = 0 alone. Second is the small size of the 
triton, which through (16.29) would favor small 1. Third, the strong absorp- 
tion of composite particles like the triton favors surface reactions. This selects 
states of large angular momentum A for the center of mass of the transferred 
pair and consequently, through (15.22a), small relative angular momentum 
1. Therefore we expect the largest contribution to come from 1 = 0 = S .  
When 1 = 0, note that it follows automatically from the Moshinsky bracket 
in the factor B of (16.30) that it has the connection to the parity quoted in 
(16.50) and (16.51). 

For these reasons it is not surprising to find that calculated cross sections 
that retain the finite range of the interaction are virtually identical in their 
angular distributions to those obtained with the zero-range approximation. 
Figure 16.2 shows such comparisons (Takimasa et al., 1979) for the same 
reaction that was also considered in the last chapter. An incorrect assign- 
ment of spin and parity would not be made on account of the zero-range 
approximation. The calculations are, however, independently normalized to 
the data, and differences of up to 30% occur between the finite-range and 
zero-range calculations regarding the magnitude of the cross section. This 
is, of course, significant for testing the correlation properties of nuclear wave 
functions. Similar calculations of Takimasa et al. (1979) are shown for the 
Zr reaction with similar conclusions (see Fig. 16.3). Nagarajan and collab- 
orators (Werby et al., 1980; Feng et al., 1981; Nagarajan, 1982) have been 
especially careful in their treatment of the triton wave function, allowing 
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Fig. 16.2. Angular distributions (indepen- 
dently normalized to the data) for normal 
parity states calculated in zero-range approxi- 
mation (---) and compared with the finite- 
range (-) calculation for 206Pb reaction 
at 40 MeV. [Finite-range calculation from 
Takimasa et a/. (1979); data from S. M. Smith, 
et al. (1968); zero-range calculation by Smith 
et al. (1970)l. 

for mixed symmetry and retaining self-consistency with the interactions em- 
ployed. Their results generally confirm the situation previously described. 
Of course, the reward for the careful treatment is excellent agreement with 
the data in a calculation free of adjustable parameters. Their work therefore 
confirms the general theory of the reaction mechanism. 
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Fig. 16.3. Comparisons of zero-range (---) 
and finite-range (-) calculations for 94Zr 
reaction at 20 MeV from Takimasa et al. (1979), 
(Data from Flynn, 1974.) 

XEL 825-9476 

E. TWO-NUCLEON TRANSFER BETWEEN HEAVY IONS 

As another example, we specialize to two-nucleon transfer between heavy 
ions. Some of the features of reactions that are peculiar to heavy ions will 
be taken up in a later chapter. We have already alluded to the fact that for 
these reactions the zero-range approximation would be poor, and that is 
why it is in this chapter that these reactions first appear as an example. 
The general development of scattering theory in the preceding chapters, of 
course, applies to these reactions as well as to light-ion reactions. 

Let us look now at the direct interaction Vp - U p .  Separating out the 
two nucleons that are transferred and giving them the labels 1 and 2, we can 
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write 

(16.54) 

As in the case of the (d, p) reaction, we assume that the optical potential U ,  
on the average cancels the last term. Then 

(16.55) 

where the right side is the sum of interactions of the nucleons in b with 1 
and 2, the two nucleons that are transferred in the reaction. 

Let us look ahead now. We plan to use the parentage expansions such as 
(15.4) in (16.7). There will then occur the factor 

(16.56) 

which is embedded with the other wave functions and integrated over all 
coordinates. The primes on the wave function on the right occur through 
the parentage expansion of Qa. However, because vl and q2 are one-body 
operators as concerns nucleus b, the two states of b can differ by at most 
one nucleon and, in such an event, the interaction of the transferred nucleons 
1 and 2 must be with that nucleon. However, for the diagonal elements, 1 
and 2 (can interact coherently with each nucleon in b. For this reason we 
approximate (16.56) by its diagonal element and write 

J”db+*(b) 1 (vl + qz)@(b) = [u(r;) + u(r;)]djbjL . . . . (16.57) 

We use the prime coordinates because, according to Fig. 16.1, these refer 
to b as a reference point. From this definition of v(r;)  it is a potential 
experienced by particle 1 in the field of the particles of the nucleus b. This 
would be typically represented by the shell-model potential of nucleus a 
with b as core. 

Because none of the coordinates of A occur in the potentials, the integra- 
tion on A will select out the J a  = J ,  term in the parentage expansion for 
mB when it is used in (16.7). Thus we will obtain 

i s b  

W e ,  r p )  = 1 BJT(B, A)PJ*T,(a, b) 
JTJ’T’ 

where 
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(Recall that in the specialization to two-nucleon transfer, the integration d x  
becomes dr.) By a succession of manipulations like those described for the 
(t, p) reaction, this can eventually be expressed in the form of a sum over 
such forms as 

[ G b ( f a )  Y,O(Pp)lFL, (16.60) 

embedded in a function analogous to (16.43). Again, upon making a partial 
wave expansion of the distorted waves one can do the angle integrals in 
closed form. All integrals can thus be performed analytically except for a 
two-dimensional radial integral that has to be performed numerically. Be- 
cause the manipulations are rather similar, we do not repeat them. 

Whereas in light-ion reactions like (p, t) the zero-range approximation is 
rather good, for heavy-ion reactions it is very poor. Because of the large 
number of partial waves typically needed in heavy-ion calculations, approxi- 
mation methods that at least retained the finite size were sought. 

From the vector relations (16.4), we can derive 

(16.61) 

By neglecting the last term, the arguments of the distorted waves become 
proportional and their directions identical. The simplification in (16.43) is 
immediate and similar to the zero-range approximation yielding the same 
selection rules, which we refer to as “normal selection rules.” Such approxi- 
mations go under the name of no-recoil approximations (Buttle and Gold- 
farb,l966, 1968; Baltz and Kahana, 1972; Roberts, 1972). 

However, the neglect of the last term in (16.61) is a poor approximation 
if the de Broglie wavelength of the relative motion between the nuclei is 
small compared with the neglected length (with p N radius of a). Dodd and 
Greider (1969) particularly emphasized the considerable effect on angular 
distributions that recoil approximations have. As already mentioned, the 
no-recoil approximation restricts the angular momentum transfer to the 
“normal” values. Because the kinematics of heavy-ion reactions generally 
favor large angular momentum transfer, if the “normal” values are smaller 
than those allowed in the general theory, then the no-recoil approximation 
can be especially poor (Kovar et al. 1973). 

Nevertheless, because so many partial waves are needed in heavy-ion 
reaction calculations, approximation schemes were invented that treated the 
neglected quantity in first or second order (Nagarajan, 1972, 1973; Baltz and 
Kahana, 1974), thus achieving considerable economy. However, complete 
calculations (Bock and Yoshida, 1972; Devries, 1973; Devries and Kubo, 
1973) were also carried out, and they demonstrated the very dramatic con- 
tributions of the nonnormal angular momenta (Devries, 1973; Devries and 
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Kubo, 1974). Figure 16.4 shows how, for the l2C(I4N, l3C)I3N reaction, the 
angular distribution corresponding to only the normal selection rules (in 
this case 8 = 0) is strongly oscillating, which is in disagreement with the data. 
However, the additional angular momentum (t = 1) admitted by the full 
calculation yields an angular distribution that is out of phase with the nor- 
mal, and together they yield the featureless cross section observed. 

The recoil effects are not always so dramatic, and many qualitative in- 
sights into the heavy-ion reaction mechanism can be gained by ignoring 
them. It is clear, however, that for accurate microscopic analysis they cannot 
be ignored. The subject of heavy-ion reactions will be taken up again in 
greater detail in Chapter 18. 

8 =,-,, (ded 

Fig. 16.4. The recoil effects in a heavy ion reaction for 12C(14N, 3C)'3N reaction at 78 MeV. 
The top halfshows DWBA with recoil (-) with t = 0,1 and DWBA without recoil (- - 
-)with/ = 0.LowerhalfshowscomponentsofDWBAL = 0(-.-)and/ = 1 (---)from 
Devries and Kubo (1973). 

and from



Chapter 17 
Higher-Order Processes 

in Particle Transfer 
Reactions 

A. BEYOND THE DWBA 

The three principal assumptions underlying the DWBA were discussed in 
Chapter 5. They are as follows: 

(1) The transfer is assumed to take place directly from the initial to final 
state. All particles except those actually transferred are assumed to remain 
in their original states. 

The wave function for the relative motion between the partners in 
the reaction is assumed to be correctly described by the optical potential 
model, even in the interior region, which enters most crucially for reactions. 

(3) The reaction is assumed to be sufficiently weak that it can be treated 
in lowest order. 

Clearly there are conceivable nuclear states for which the cross section 
would vanish under the first assumption. Figure 17.1 illustrates, in an ideal- 
ization, just such a situation. The first two states of the nucleus A + 1 can 
be reached by transferring a particle into the single-particle states j and j ’ ,  
respectively, whereas all other nucleons remain in their original state. The 
third state, however, cannot be produced in this way. Instead, it can be 

(2) 

292 
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A A+ I 
Fig. 17.1. Lower two states in A + 1 can be reached by stripping a particle into the j and 

j’ orbital. The third state can be reached only by a second or higher order process involving 
excitation of the core as well. The two squiggly arrows show the strong inelastic transitions. 

produced only if the core nucleons A are excited either before or after the 
transfer. More generally, if its structure is aQ2(A)Qj(1) + bQ,(A)Qj, then it 
can be reached both directly through the component in the wave function 
with amplitude b and indirectly by the two paths indicated in the figure 
through the component in the wave function with amplitude a. Because there 
is no way of distinguishing between the various paths by which a given level 
is produced, the total amplitude will be a superposition of all of them. De- 
pending on the phases and kinematic factors of each amplitude, the inter- 
ference of the subamplitudes can be of any degree from constructive to 
destructive. The cross section, therefore, can be larger or smaller than that 
for any one of the transitions or even larger than the sum of all individual 
transitions, and the angular distribution also can be radically altered from 
that of an individual path. Of course, as remarked, the cross sections of indi- 
vidual paths cannot be measured experimentally, but they can be isolated 
in our calculations, and this frequently helps in understanding the process. 
The interference among several transitions is a new element in our discussion 
of transfer reactions. Although it does make the analysis more difficult, a 
successful analysis of such a situation would yield more information about 
the nuclear wave function through such an interference between several 
amplitudes in the wave function. 

In this chapter the theory will be developed to take account of possible 
indirect transitions. At the same time, as will become clear, the second ap- 
proximation concerning the wave function for the relative motion will be 
improved. The method that relaxes the first two assumptions is known as 
the coupled-channel Born approximation. Finally, under those rarer circum- 
stances for which the transfer amplitudes are large, we must relax the third 
assumption. The method for doing so is known as the coupled-reaction chan- 
nel approximation. 

Figure 17.1 makes it clear that, in general, transfer reactions involve not 
only the actual transfer of particles that are indicated by the diagonal arrows 
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but also inelastic transitions of both initial and final nuclei. Obviously, 
transition paths having an inelastic transition will be more important in 
cases where such a transition is itself collective. In Chapters 8,9, and 13, the 
coupled equations for scattering among channels within a given partition 
were derived and analyzed. In Chapter 5, the amplitude for a reaction 
leading from one partition to another was derived. A generalization is now 
needed in which scattering among channels of the initial and final partitions 
and reactions connecting the different partitions are simultaneously treated. 

6. COUPLED-CHANNEL BORN APPROXIMATION 
(GENERALIZED DWBA) 

The desired generalization is analogous to Eq. (5.17). In the derivation of 
(5.17), we assumed that the potentials U ,  and U ,  are optical potentials 
depending only on the relative coordinates r,  and rP in the two partitions. 
In such a case they can cause neither excitation within a partition nor 
reactions from one partition to another. However, if, instead, we allow U to 
depend also on the nuclear coordinates, then such transitions are possible. 
Denote these more general optical potentials as 0. More particularly, sup- 
pose that 8, is defined in such a way that transitions only within the 
partition a are possible, and similarly for oP. An example is the vibrational 
or deformed optical potential of Chapters 7 and 13. These are very appro- 
priate examples because we anticipate that the higher-order transitions can 
compete with the first order only if there is an enchancement involved in the 
former, a suppression in the latter, or both. 

The generalization of the Gell-Mann-Goldberger relation derived in 
Chapter 6 provides the basis of the coupled-channel Born approximation 
(CCBA). Recall that (6.39,6.46) were derived without the aid of any partic- 
ular assumption about the nature of the auxiliary potential U ,  other than 
that it is different from V. Thus those results certainly apply now to our 
generalized optical potentials 0, and 0,. We can restate the result in terms 
of 0, and 8, as 

fpa = (Yplv, - 0,Ijy) = ($'lV, - O,[Yh"). (17.1) 

This is still an exact result.* We have denoted the solution to the Schrodinger 
equation containing OJ by xb-).$ It satisfies, 

(E - H, - T, - 8i)$)(rP, B, b) = 0. (17.2a) 

3 Since 0 causes no rearrangement collision by assumption, the first term of 6.39 and 

Recall the convention of Chapter 6. If U is complex, then f ) '  satisfies the Schrodinger 
6.46 vanishes. 

equation containing Ut, whereas that for x ( + )  contains U .  
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This can be expanded in terms of the nuclear states that 0, can excite 

ib-)(r,, B, b) = ~x$$-) (r ,J@,@,  b), (17.2b) 

where the $, obey coupled equations as in Chapter 8. Two indices are 
needed on 25.; the superscript denotes the original state of the system as 
being the channel p of the partition B + b, and the subscript denotes a 
possible other channel p’ in the same partition that can be reached because 
of the interaction 8,. The amplitude for the elastic or inelastic transition 
induced by 8, is given, according to the general result (3.33, 6.32), by 

F$$ = (exp(ikb. r,)@,,lo,lij:)) = (ik7)/8,1 exp(ik,. r,)@,), (17.2~) 

where in the case of a nonhermitian potential o,, the convention described 
in Chapter 6 for the incoming wave solution ib;) is observed (c.f. 6.44). 

For the channel a and potential oa we have a similar set of equations: 

(17.3a) 

(17.3b) 

F3 = (exp(ik,, - rJDarloa[iL+)) = (iL7)]oa[ exp(ik,. ra)Oa), (17.3~) 

which describes the elastic and inelastic scattering in the partition a. These 
equations [( 17.2), (17.3)] are more general than the optical-model equations 
employed in Chapter 5. There, U was a one-channel optical potential de- 
pending only on the relative channel coordinate and therefore could de- 
scribe only elastic scattering. 

8‘ 

( E  - H a  - T,  - 8,)Rh+)(ra, A, a) = 0, 

ilr+)(rat A, a) = 1 x$+)(raPa,(A, a), 
a’ 

Recall Eq. (6.38), which allows us to write 

1 
E - H + i &  yh“ = + (v, - O,)ih+’. (1 7.4) 

We now approximate the exact result (17.1) by using the first term only for Yr), obtaining, 

grCCBA pa(post) = (ib-’lV, - o,lilr+)) = 1 (x$!-)@’p.IVp - o,lxz$+)Oa,). (17.5a) 
a’,’ 

This is referred to as the post form of the amplitude, the interaction V, - 0, 
referring to the final partition. Likewise, from Chapter 6, (6.47), 

(17.6) 

Approximating this by its first term in (17.1) gives 
g C C B A  

= (ib-)lK - O,[ih+’) = 1 (x$!-)@,,[V, - Oalx$+)@ar). (17.5b) 
a’,‘ 
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These two approximate results are equal, for if we take their difference, we 
findf 

($’lV, - v, - I, + I,112b+’) 
= ($’I(H, + T, + I,) - (Hp + T p  + Ip)lfr’) = 0. (17.7) 

The difference vanishes “on the energy shell” according to (17.2a) and (17.3a). 
Of course, any subsequent approximation can violate the equality. 

The approximation (17.5) is known as the coupled-channel Born approxi- 
mation (CCBA). The a’ = a and p’ = p in (17.5) correspond to the usual 
DWBA, although they differ in one aspect that can be significant. The func- 
tions 1, of the usual DWBA obey a single optical-model Schrodinger equa- 
tion, whereas the xz, obey a set of coupled equations. Although, as remarked 
in connection with the approximations involved in the DWBA (Chapter 5), 
the optical potential can, in general, be adjusted to yield the phase shifts that 
correctly describe the elastic scattering, this only means that the correspond- 
ing wave function for the relative motion is asymptotically correct. It does 
not ensure that the wave function is correct in the region of the interaction, 
where it is needed in the DWBA matrix element. To the extent that the 
coupled functions x;, describe the scattering in several channels, they lie 
closer to the truth. Thus the generalization allows indirect transitions, which 
the original theory did not, and it has improved the description of the relative 
motion wave functions. It still treats the transition caused by V, in first order. 

The first calculations based on (17.5) were carried out by Penny and 
Satchler (1964). However, it remained for a later development to take place 
to provide the stimulus for fully calculating such an amplitude as (17.5). Early 
work allowed for inelastic transitions a + a’ in the incident channel or p + p’ 
in the final channel, but not both (Iano and Austern, 1966; Kozlowsky and 
deShalit, 1966; Levin, 1966). Evidently a complete calculation is much more 
time-consuming than DWBA. The reason is that in either case &(r) is actu- 
ally found by making a partial-wave expansion, as in Chapter 8. Convergence 
is achieved only by carrying the expansion to emax 5 k,R, where R is the 
range of the interaction (several nuclear radii). Thus in DWBA there are tkax 
integrals of the form 

(17.8) 

to be evaluated. For the generalized result (17.5), if there are Nu and N ,  
coupled equations in channels a and p, then there are N , N , L ~ , ,  such 
integrals. 

* Recall Chapter 6 Section K for a rigorous proof of hermiticity as used in (17.7). 
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C. SOURCE-TERM METHOD 

An alternative to evaluating the generalized DWBA integrals is provided 
by the so-called source-term method (Ascuitto and Glendenning, 1969). It 
is mathematically equivalent to the generalized DWBA (Mackintosh and 
Glendenning, 1960). It was by this method that the full complexity of the 
couplings were first taken into account. From a programming point of view, 
it does have an advantage, which is possibly why a full calculation was done 
with this method before Eq. (17.5) was fully calculated. From a computational 
point of view it is possibly also more efficient whenever the cross section to 
more than one final state is desired. 

We note that the amplitude (17.5) requires the solution to two sets of 
coupled equations arising from use of the expansion (17.2) in (17.1) for the 
partition a, and similarly for p. They are 

(Ea,  - T,. - U,.)x:. = 1 V,.,..x~.., for each a’, (17.9) 
a” 

where 

and 

u, = uaa N uurar = Urn?. ( 1 7.1 2) 

Remember the earlier results and discussion (Chapter 8) that truncation to a 
finite basis implies the use of an effective interaction, and its diagonal ele- 
ments are approximately the same, and generally taken to be a common 
optical potential in closely related channels a, a‘, a”, . . . . 

The terms on the right sides of the differential equations (17.9, 17.10) are 
sources in the mathematical sense, so that, even if U were real, the flux in a 
given channel would not be conserved. That is to say, the terms on the right 
side shift flux among the channels. They represent, for channel p, the transi- 
tions indicated in Fig. 17.2 by wavy lines that touch with an arrow. In the 
sense of Fig. 17.2, the coupled equation (17.10) for p’ is incomplete. What is 
needed are terms that represent the reactions that lead to p’, such as the 
diagonal arrows in Fig. 17.2. Thus consider instead the equation 

( E D .  - Tp,  - U,.)$. = c U,,,,.x”p.. + 1 p;,.,., for each p’, (17.13) 

where a’ is summed over a, a‘, a”, . , . . This is an inhomogeneous equation, 
the homogeneous equation to which is (17.10). It should not be surprising, 

8” a’ 
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Fig. 17.2. Arrows directed to the level indicate the various ways it can be reached both 
directly and indirectly. Each such arrow is represented by a term in the coupled equations. 

therefore, that if p is chosen to have the intuitively pleasing form 

p;.,.(rp) = V, - Oplx:$ (17.14) 

Then the amplitude of the outgoing wave part of 2 in channel ,8 as rp + co is 
given by (17.5) (Mackintosh and Glendenning, 1971). The superscript a in 
(17.13) denotes the entrance channel. 

However, the aim is not to calculate the cross section by calculating (17.5). 
This would involve solving (17.9) and (17.10) and then computing the inte- 
grals in (17.5), subject to the indicated boundary conditions. Rather, the aim 
is to solve (17.9), and (17.13) and to find the S matrix simply and directly 
through the asymptotic conditions on the partial-wave solutions, thereby 
avoiding the computation of (17.5) ajtogether. These conditions are that the 
entrance channel a has incoming and outgoing spherical waves, consistent 
with there being a plane wave, representing the incident beam in this channel, 
and a scattered wave. All other channels a' # a in partition a and all channels 
p, p', . . . in partition /3 have only outgoing waves. Specifically, 

(1 7.1 6) 

In a specific example, such as the (d, p )  reaction, where we make the same 
assumptions as in Chapter 7, 

then the source term takes the simpler form 

( 1 7.1 7) 
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In practice, the three-dimensional Schrodinger equations are separated 
into radial and angular parts by performing a partial-wave expansion. This 
is done later in this chapter and in the literature (Ascuitto and Glendenning, 
1969). 

D. DERIVATION OF THE CCBA 

The coupled-channel Born approximation amplitude (17.5) and the 
source-term equations, (17.9), (17.13), and (17.14), whose solutions yield 
precisely the same amplitude (Mackintosh and Glendenning, 1971), can be 
derived in another way, which will pave the way for the derivation of the 
coupled-reaction channel equations. The source-term equations were moti- 
vated by the discussion of the physical situation depicted in Fig. 17.2. These 
equations can be derived as an approximation to the scattering problem in 
the following way: The physical system is governed by the Schrodinger 
equation 

( E  - H)Yh+' = 0, ( 1 7.1 9) 

where, as in (3.13), H can be written in terms of any partition of the system. 
Recall the customary notation, according to which the subscript a denotes 
the particular solution of (17.19) that has the incident channel a and the 
superscript (+) indicates that the solution is the one that possesses outgoing 
scattered waves in all open channels. Because Yh+) is supposed to be a 
solution to the Schrodinger equation for the total system, it embodies all 
information on all channels. It is formally possible to represent Y, on any 
complete set of basis functions (provided all continuum states are included). 
Two such representations are 

yh+) = c X:$+)(ra)@d, (1 7.20a) 
a' 

(17.20b) 

constructed of functions in the partitions a and p, respectively. 
However, the accuracy with which this can be done is clearly limited by 

the number of coupled equations for the ~ ' s  that can be solved in practice. 
Therefore it is clear that if we wish to examine Y concerning the channels 
u, we will do better to employ (17.20a), whereas when we wish to examine 
it concerning the channels b, we will do better to seek its representation by 
(17.20b). Because our goal is to derive the cross section for the transfer 

and
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reaction from a + j?, we wish to examine Y, as concerns its behavior in the 
j? channels. Therefore, we write the Schrodinger equation (17.19) in the form 
[recall (3.13)] 

( E  - H ,  - TP - Op)YjX+) = (5 - O,JYjX+). (17.21) 

The generalized optical potential 0 that can give rise to some inelastic 
scattering, say among collective states, has been subtracted from both sides 
in (17.21). In accordance with the remark concerning (17.20) we should 
choose the representation of Y, appropriate to the partition under exami- 
nation. Therefore introduce (1 7.20b) in the left side. Then multiplying from 
the left by a typical and taking nondiagonal terms to the right, we obtain 

(EP - TP - U,)x;(+’ = C UPPfx$+’ + ((I)plVp - OPl’€’r)), (17.22) 
B’ 

where UPPf and U P  are given by (17.11) and (17.12). The first term on the 
right gives rise to inelastic transitions within the partition B. The second 
term represents nucleon transfer transitions from all open channels, but 
particularly from channels in the entrance partition a. These latter transi- 
tions will generally be most important because the ground-state channel is 
occupied to start, so that they are of lowest order. Therefore, we represent 
Yh+) in the last term of (17.22) by (17.20a) to represent most accurately the 
a channels. Thus for each channel ,8 we have 

This is the source-term equation (17.13), with the last term being the source. 
The function x$+) that appears in the transfer source of (17.23) satisfies an 
equation analogous to (17.22), which can be derived in the same way. The 
transfer terms in the equation for x;, would, for the reaction a --f /3 that 
we are trying to calculate, be of second order in transfer reactions. Let us 
calculate to first order in transfer reactions. Therefore, we ignore couplings 
to other partitions, in which case x:, satisfies Eq. (17.9), that is, 

(17.24) 

As mentioned before, these equations, (17.23) and (1 7.24), which constitute 
the CCBA, are to be solved according to the physical boundary conditions 
(17.15) and (17.16). 

The approximation to the problem given here is referred to as a Born 
approximation because the transfer process is treated in first order, as is 
evident in the coupled system (17.23), (17.24) or in (17.5). The inelastic tran- 
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sitions within partitions CI and b are treated to all orders in the retained 
channels, which accounts for the designation “coupled channels,” or, taken 
together, CCBA. 

E. COUPLED REACTION CHANNELS (CRC) 

It is usually true that transfer processes have smaller cross sections than, 
say, collective inelastic transitions, so, that in such cases the CCBA scheme 
makes sense. However, it is conceivable that certain special transfer reac- 
tions are large enough to require a higher-order treatment (Stamp, 1966; 
Rawitscher, 1967; Austern, 1969; Ascuitto et al., 1971a). One such example is 
the case of a pairing vibrational 0’ state in an even nucleus. Such states 
do not have a large inelastic cross section. On the contrary, it is hindered. 
In contrast, the (p, t) or (t, p) transfer reaction connects pairing vibrational 
states with a large cross section. In this case the relative importance of in- 
elastic and transfer reactions is actually inverse to the importance given in 
the preceding discussion. The situation is depicted in Fig. 17.3, where two 
strong transfer reactions compete with an inelastic transition in a (p, p’) 
reaction. 

Situations such as the preceding example can be handled by an obvious 
extension of the source-term equations, (17.23) and (17.24), by keeping the 
transfer source term in (17.24) (Stamp, 1966; Rawitscher, 1967; Austern, 1969; 
Ascuitto and Glendenning, 1970b; Ascuitto et al., 1971a; Coker et al., 1973). 
That equation, obtained from (17.19) in a way parallel to the derivation of 
(17.22), is 

This still contains the (unavailable) exact solution Y;’). Because we espe- 
cially want to represent those parts of the last term on the right-hand side 
that represent transitions from the partition p to CI, we replace Y;’) by 

Fig. 17.3. The transfer reactions through 
an intermediate state in another nucleus can 
compete with weak inelastic transitions. 

O+ 
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(17.20b). This gives us the solvable equations 

(Ea,  - T,, - U,,)xE!+’ = C Uarurr~Z!?’ + (@,.IV, - O,l~$+)@)p.). (17.26) 
a“ P‘  

Equations (17.23) and (17.26) are the coupled reaction equations, being 
coupled to each other through their last term in each case. Whereas Eqs. 
(17.23) and (17.24) represent such transfer couplings as in Fig. 17.2 that 
go from a’ + /3’, as well as the inelastic transitions a’ + a”, + j?”, etc., 
Eqs. (17.23) and (17.26) include, in addition, the inverse transfer + a’. 
These latter equations treat all transitions, inelastic and transfer, to all orders 
among the retained channels. However, they are still approximate because, 
instead of using the complete (but unavailable) sets implied by (17.20), we 
recognize the practical limitation of solving only a finite number (indeed, few) 
of coupled equations representing the physically most interesting channels. 
The boundary conditions, again, are the physical ones (17.15) and (17.16). 

Concerning the (CRC) equations, there is a great deal of discussion in the 
literature on what is referred to as the nonorthogonality problem. This 
problem is aggravated in much of the literature by making an expansion, 
not as in (17.20a) or (17.20b), but simultaneously represent Y as an expan- 
sion in several mass partitions 

YE = 1 XE?@,. + C X p P !  + . . . . (17.27) 

In regions of configuration space where the nuclei are close to each other, 
the sets of function @a and QP are obviously not orthogonal; they are eigen- 
functions of different Hamiltonians. Therefore, (17.27) is an expansion in an 
overcomplete set. As the discussion in this chapter shows, it is unnecessary 
to introduce (17.27) and all the resulting problems of nonorthogonality as 
long as only two partitions are thought to dominate the situation. However, 
if there are physical reasons to expect that a given partition, say, y, is coupled 
to two (or more) other partitions, say ct and B, then, in the equations for 
the y channels, 

a’ P’ 

One would be tempted to insert an ansatz such as (17.27) into the source 
term. In this case, the need to address the overcompleteness of the expan- 
sion (17.27) becomes unavoidable. [Note that in our notation label a always 
refers to the definite partition a, A, and a sum over a‘ refers only to nuclear 
excitations in that partition. Some authors use a sum over a channel label 
such as a to sum over many partitions, so that at first sight the use of an 
overcomplete set (17.27) is not apparent.] 
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F. PARTIAL-WAVE EXPANSIONS AND DERIVATION 
OF THE CROSS SECTION 

Because the CCBA or CRC equations involve the three-dimensional co- 
ordinates, the task of solving them is very much simplified by using partial- 
wave expansions of the wave functions. Then the power of the angular 
momentum algebra developed by Racah and Wigner can be employed to 
deal with the angular parts. The remaining computational problem concerns 
coupled equations in the radial coordinate only, and the boundary condi- 
tions (17.15, 17.16) are then easier to apply. 

To this end we define, analogous to (8.32), channel functions 

M 
42 = [ c ~ e , ( i u ) a J ~  ~,(DJ,]~ > (1 7.29a) 

where, in context, a stands for the set of quantum numbers 

a = L,J,j,J, (1 7.29b) 

and a similar such function 6;. The two alternative ways of expanding 
Yh+) in (17.20) are now replaced by eigenfunctions of total angular mo- 
mentum and z projection, I and M ,  because these are conserved. Thus 

Y::'" = 1 ( l/ra)u:!q!la?y, (1 7.30a) 
12' 

or 

Y::'" = 1 ( l/rP)u;5j$ (17.30b) 

The superscript al on the radial functions serves to remind us of the entrance 
channel, total angular momentum and parity 71, mention of which is sup- 
pressed for brevity. In complete analogy with the derivation of (17.24), we 
obtain, using (17.30a) and the spherical coordinate representation of V2 given 
in the Appendix, 

(E,, - T8,- - U;,,,)U:!(~,) = C UL,ar,~:!,(ra), (17.31) 

P 

a" 

where 

Analogous to (8.47), we impose the boundary condition 

(17.32) 
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which can be recognized as the partial wave form of 17.15. Then a linear 
combination 

(17.34) 

with 

AF+MA = ( l/ka)C$fi:&aCkai!& + MA J m i d v i u a ,  (1 7.35) 

yields a plane wave in the entrance channel a and outgoing waves in this and 
the open inelastic channels like (8.55), as is required by the situation that we 
wish to describe. 

Now we derive the partial wave analog of (17.23). Substitute (17.30b) in the 
left side of (17.21) to obtain 

( E  - H ,  - T, - 0,)Y = (l/rp) 1 (ED. - qB, - 8,) 4,.Fu$(rp). (17.36) 

Multiply by 4,F and integrate over the arguments of this function to obtain 
8' 

(l/rp)(Ep - Ttp - q3,)u;z(r,) - (l/rp)C U;p,u"p!(rP)> 
P' 

where 

u;p, = (4,;fpP14p,F). (1 7.37) 

By the same steps, the right side of (7.21) becomes, upon using (17.30a), 

c(+ps;II vp - ~Pl(1/raK'4a,F)> 
a' 

which remains a function of r, ,  all other coordinates being integrated. Thus 
the coupled equations for given I are 

(E/? - Tt,  - U;p)u"p(r/?) 
1 

= C U i p , ~ $ ( ~ p )  + ~p 1 (4J V, - OD]; U:!~,.F). (17.38) 

Because there are only outgoing waves in the channel p for the reaction 
a + p, the boundary conditions on the solutions of this equation aref 

~i ' ( rP)  + (1/2i) (ualup) l'' s;,aOtB(kprp). (17.39) 

To find the scattering amplitude, use the asymptotic form (4.13) of the 

P' a' 

outgoing wave and examine 

(1/rp)uapl(rp)4pF. 

* The velocity is u, = hkdrn,. 
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to find the amplitude of 

It is, 

(1/2j)~;,,i-ea~i"a C c j a  J B  I ~ M B M  m a M b l c  ep p). 
J b  j s y m a ( p  

m a p  

This was computed using the function (17.30) as the entrance channel. As 
we saw previously, we actually must use the linear combination (17.34) to 
satisfy the initial condition of having a plane wave in the entrance channel 
plus outgoing waves. Thus the amplitude for the indicated transition is the 
same linear combination of these amplitudes, namely, 

F(JaMaJAMA JbMbJBMEl; fiS) 

c " J a  0 MaMa j ,  c j .  M , M A M  J A  I Cep m p M b m a  J b  j p  + M b  c j p  ma + M b M B M '  J B  I (17.40) 

Notice that i, -+ fi, as r, + co. This replacement was made in the spherical 
harmonic. The cross section, as in Chapter 8, is computed from 

To recapitulate, the CCBA equations in partial wave expansion are (17.31) 
and (17.38) with boundary conditions (17.33) and (17.39). The amplitude for 
a transfer reaction is (17.40). 

G. TWO-NUCLEON TRANSFER BETWEEN 
VIBRATIONAL NUCLEI 

The inelastic effects on transfer reactions are second or higher order (i.e., 
one order in the transfer interaction and one or more in the inelastic inter- 
action), whereas the direct single-step transfer is first order. Therefore, we 
anticipate that the inelastic effects will be most strongly seen in nuclei where 
there are enhanced inelastic transitions. The first theoretical indication that 
the effects might be not only large enough to observe but, in fact, that they 
might change cross sections by a factor of two or more, came in a study 

Ascuitto and Glendenning, 1970a). The coupled-channel calculation of the 
inelastic scattering of nucleons was briefly discussed as an example in 

of vibrational nuclei, specifically the nickel isotopes (Glendenning, 1969b;
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Chapter 8. The development of the coupled equations for the two-nucleon 
transfer reaction, including the expressions for two-particle parentage factors 
for quasi-particle states, coherent super-positions of which can be used 

represent vibrational states, is detailed in the literature (Ascuitto and 

t. M 

0 20 40 €0 80 100 120 140 160 180 
8,, (deg) 

4’ (2-phonon) 

I 6 l N  

0 20 40  60 80 100 120 140 160 180 
ec, (deg) 

Fig. 17.4. Calculated cross sections of the 62Ni(p, t) reaction at 30 MeV to ground and 
two-quasi-particle states are shown on the left, and “microscopic” two-phonon states on the 
right. Solid lines (-) include multiple-step processes. Dashed lines (- - -) show DWBA 
calculations, using optical-model parameters that reproduce the same triton and proton elastic 
cross sections as the coupled-channel calculation (From Ascuitto and Glendenning, 1970a.) 

to
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Glendenning, 1970). Typical results reported are illustrated in Fig. 17.4. Here 
we see changes in the cross section of the (p, t) reaction of up to a factor of 
five or more, caused by the indirect transitions. 

H. TWO-NUCLEON TRANSFER BETWEEN 
ROTATIONAL NUCLEI 

The first convincing evidence of strong inelastic effects resulted from an 
analysis of the (p, t) reaction data for deformed rare earth nuclei (Ascuitto 
et al., 1971b, 1972). The deformations of such nuclei, including L = 2,4, and 
6 components in the shape 

(17.42) 

was discussed as an example of the coupling of channels in inelastic scat- 
tering in Chapter 13. As discussed, the transitions in deformed nuclei are so 
strong because the intrinsic structure within a band is unchanged and dif- 
ferent states correspond merely to different rates of rotation of the entire 

o'2- 

10 
- 0.2 

0 2 4 6 8 

R (frn) 

Fig. 17.5. The projected wave functions or form factor that show the strength (determined 
mainly by the surface region) of the various multipoles for transferring a pair of particles 
between ground-state members of the rotational nuclei 176Yb and 174Yb (From Ascuitto, et al., 
1972.) 
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nucleus. For example, the charge acted on by the electromagnetic field is Ze 
rather than e in the case of a single-particle state. Thus electromagnetic tran- 
sitions are enhanced and, similarly, so are inelastic transitions. Therefore, 
strongly deformed nuclei are expected to exhibit the largest effects of inelastic 
transitions. The common intrinsic structure of the ground band was assumed 
in the calculations to be a BCS state (Ascuitto et al., 1971b, 1972). The 
calculation of the form factors for the two-neutron transfer reaction is quite 
involved, depending as it does on the calculation of the quasi-particle states 
in a deformed potential and of the parentage amplitudes for the BCS states 
constructed for such quasi-particles. The form factors are shown in Fig. 17.5. 

The calculated cross sections for the 176Yb(p, t) reaction are shown in Fig. 
17.6. There is a single normalization constant for all states (Do of Chapter 

0 30 60 90 120 150 180 
e,, (ded 

Fig. 17.6. Complete calculation for the ground-band members of 174Yb produced in the 
(p, t) reaction at 19 MeV. Calculations include all inelastic and reaction transitions connecting 
all four states in both nuclei. The O+ is normalized to the data and the same normalization 
was used for the others. [Data are from Oothoudt, et al. (1970), and the calculation from 
Ascuitto, et al. (1972)l. 
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Fig. 17.7. Two DWBA calculations are shown for 176Yb(p, t) reaction at 19 MeV. The 
solid curve (--) corresponds to proton and triton parameters adjusted to reproduce the 
elastic cross sections of the coupled-channel calculation. The dashed curve (- - -) uses the same 
parameters as for the coupled-channel calculation. The two sets of curves have the same normal- 
ization, which is reduced by a factor of three from the complete calculation shown in Fig. 17.6 
[Data are from Oothoudt er a/. (1970), and the calculations from Ascuitto el al. (1972)l. 

15). The nuclear shape was determined from c1 scattering, as discussed in 
Chapter 13, and the deformation parameters, bz, b4, so determined specify 
the inelastic form factors. The agreement of the relative cross sections with 
the data (Oothoudt et al., 1970) is seen to be very good. This is all the more 
remarkable if comparison is made with the DWBA calculations of Fig. 17.7 
which, of course, do not take into account the inelastic effects. An analysis 
of a particular cross section in terms of the individual cross sections arising 
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Fig. 17.8. Cross sections for the 2' state that correspond to the individual transfer processes 
shown for 176Yb(p, t) reaction at 19 MeV. Note that the direct and indirect routes are com- 
parable in magnitude [Data are from Oothoudt et a!. (1970) and the calculations from Ascuitto 
et al. (1972)l. 

from specific transitions reveals the enormous sensitivity to an accurate de- 
scription of all aspects of the reaction. This is illustrated in Fig. 17.8 for the 
2' state. The two indirect transitions would each lead to cross sections that 
are comparable to the direct transition in strength. No single one of these 
three resembles the data. Rather, the agreement shown in Fig. 17.7 for this 
state results from the interference of these three amplitudes, each one dif- 
ferent from the data but which, when interfering, bring about the agreement. 
This is very convincing evidence for the role played by inelastic transitions. 

1. INDIRECT TRANSITIONS IN ANALOG REACTIONS 

The excitation of analog states in charge-exchange reactions such as (p, n) 
is another situation in which indirect transitions play an important, or even 
dominant, role for vibrational or rotational nuclei (Madsen et al., 1972). This 
is to be expected in view of the strength of the inelastic transitions. The 2' 
analog state shown in Fig. 17.9 can, of course, be excited directly from the 
ground state of the target nucleus. However, in comparison with the 0' + 

O'A and 2' + 2'A transition, it is weak (Madsen et al., 1972, 1976). The 
latter require no change of structure by virtue of the fact that the transition 
connects analog states. The inelastic transitions are also very strong in collec- 
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Fig. 17.9. Typical transitions to analog states showing direct and some indirect paths 

tive nuclei. For this reason the two-step transitions can be comparable in 
strength or stronger than the single-step direct transition. 

Figure 17.10 shows a calculation (Wong et al., 1979) of the cross section for 
analog states in 14'Eu. These levels lie in the range of 12- to 14-MeV excita- 
tion, but because they are analogs of the lowest states of the 14%m target, 
they are prominent features in the spectrum of the (p, n) reaction. Additional 
transitions to those shown in Fig. 17.9 were taken into account. For the O'A 
state, the cross section is very much reduced in comparison with the calcu- 
lated cross section for the single direct transition. This indicates a destructive 
interference between the direct and the indirect transitions shown in Fig. 
17.9. In contrast, the direct transition to the 2'A is unimportant in compar- 
ison with the indirect transitions. Understanding these aspects of the reaction 
has been very important in understanding the systematics of analog transi- 
tions in charge-exchange reactions. 
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Fig. 17.10. Cross sections for analog transitions in which higher-order processes play a 
decisive role here for I4*Eu reaction at 26 MeV. In calculation (A) (-), the O', 2' and 
3-  states in the target, and their analogs in the final nucleus, were all coupled. In (B) 
(- - -), the O', 2' and 2'(2-photon) states in the target and their analogs were coupled (From 
Wong, et al., 1979). 



Chapter 18 
A 

Heavy-Ion Reactions 

A. SPECIAL FEATURES 

The development of the theory of direct reactions discussed in the pre- 
ceding chapters applies also to the collisions between complex nuclei. These 
are sometimes referred to as heavy ions, although it is the nuclear inter- 
actions that are of interest not the ions, whose charges simply provide the 
means of acceleration. 

Three special features can be noted immediately. The first is that the Cou- 
lomb force plays a major role. The second has to do with the approximate 
classical nature of nucleus-nucleus reactions which follows essentially from 
the fact that the angular momenta involved are large. This can be understood 
by noting that direct reactions between two complex nuclei surely result from 
grazing collisions in which there is very little overlap of matter from the two 
nuclei. Otherwise they would be involved in much more profound rearrange- 
ments of energy, angular momentum, and so on, than can be consistent with 
the notion of a direct reaction. The angular momentum of a grazing collision 
is 

L = k,,,R, 
R = r0(A:/3 + Ail3), ro N 1.3 fm, (18.1) 

313 
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where keff is the wave number corresponding to the energy of relative motion 
at the point of grazing. This is less than the collision energy because of the 
Coulomb repulsion. At the point of contact of the nuclear surfaces, the 
Coulomb energy is 

B N ZlZ2e2/R, (1 8.2) 

so 

keff = J(2M/h2)(E - B), (1 8.3) 

where M is the reduced mass. Introducing the approximate values of the 
universal constants 

hc N 197 MeV fm, e2 N 1.44 MeV fm, 

we find for a specific example of l8O + 12'Sn at Elab = 100 MeV that L N 60 
units of Ft. By comparison, a proton incident on Sn at 100 MeV carries 
approximately L = 12 for a grazing collision. 

The approximate classical nature of heavy-ion reactions permits a more 
intuitive understanding of the reactions than is possible for light particles. 
This view has been elaborated in review articles elsewhere (Glendenning, 
1974, 1975b) and we shall exploit only some of the notions. 

The third special feature of heavy-ion reactions is a technical one. It has 
to do with the large size of the nuclei. This renders inappropriate the zero- 
range approximation that was used in some of the examples of the earlier 
chapters. The finite size must be taken into account. Related to this is the 
so-called recoil effect, which refers to how accurately the coordinate relation- 
ships are handled in the matrix elements involved in a reaction. This effect 
is sometimes of decisive importance in interpreting the data (Kovar et al., 
1972, 1973; Devries, 1973; Devries and Kubo, 1974), although many quali- 
tative features of direct reactions between heavy ions can be understood 
without carrying the calculations to such accuracy (Ascuitto and Glenden- 
ning, 1973a, b; Glendenning and Wolschin, 1975, 1977). In Chapter 16 we dis- 
cussed how to calculate the transition amplitude without neglecting the 
finite range and recoil effects. 

B. THE POTENTIAL 

The high angular momenta and the strong Coulomb force are peculiar 
aspects of direct reactions between heavy ions. The central potential acting 
between the centers of mass of the nuclei is usually assumed to consist of 
the nuclear optical potential and the Coulomb potential. It is useful to add 
.to this the centrifugal potential in the radial equation coming from the 
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R 

Fig. 18.1. For the system "0 + '"Sn and the potential parameters (listed in Chapter 14), 
the sum of the nuclear, Coulomb, and centrifugal potentials are shown for the values of angular 
momentum indicated. The lowest curve, corresponding to G = 0, is the nuclear + Coulomb 
potential. The barrier is seen to be -49 MeV. The horizontal line marks E,, = 87 MeV, corre- 
sponding to a lab energy of 100 MeV. The turning points for various values of G are marked 
by dots. Note the discontinuity occurring at the critical Gc 5 57 (Glendenning, 1975b). 

kinetic energy operator (4.6). The real effective potential in the radial 
Schrodinger equation is therefore 

for r > R,. The Coulomb force for small radii is given by (4.35). This poten- 
tial is plotted in Fig. 18.1 for the system "0 + I2'Sn, which we shall use 
as a typical example at a typical laboratory energy of 100 MeV. The corre- 
sponding c.m. energy is 87 MeV and is marked on the graph. The classical 
turning points for the various angular momenta are marked (recall Chapter 
4, Section L). The potential parameters for the nuclear part are 

V, = -40 MeV, ro = 1.31, a = 0.45, rc = 1.2, (18.5) 
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Fig. 18.2. The variation of the penetration depth or distance of closest approach D as  a 
function of angular momentum for 100-MeV lab energy '*O + '''Sn. The nuclear potential 
parameters are V, = 40 MeV, ro = 1.31, a = 0.45, and rc = 1.2 (Glendenning, 1975b). 

and the radius R is the sum of the nuclear radii 

R = r,(AiI3 + A:'3). (18.6) 

Notice that the attractive nuclear potential is always weaker than the Cou- 
lomb potential. Therefore a classical particle in the field of such a potential 
would experience a marked deceleration as it approaches, until about 10 fm. 
The low [-trajectory particles are then briefly accelerated. 

The classical turning point or distance D of closest approach, as a func- 
tion of t ,  undergoes a discontinuity at that value o f t  = t, for which the line 
E in Fig. 18.1 is tangent to the potential (about 57 in the example; see also 
Fig. 18.2). This critical angular momentum is an important concept. Orbits 
with L > t', stay outside the nucleus; they barely touch. Those with L < L, 
plunge into the nucleus (Fig. 18.2). Several trajectories are shown in Fig. 18.3. 
Because of the large pathlength in the nuclear medium, those trajectories 
with L < t, are expected to be absorbed out of the direct reaction modes. 
The suddenness of the transition is reflected by the step-function-like be- 
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Fig. 18.3. Some trajectories in the potential (18.5) at intervals off  = 5 for 100-MeV "0 
scattered from "'Sn. The circle marks the half-value of the nuclear potential. An additional 
skimming orbit is shown by dotted line (Glendenning, 1975b). 

havior of the elastic S-matrix seen in Fig. 18.4. Note, however, that it is a 
smooth function of t .  

C. DEFLECTION FUNCTIONS, CLASSICAL CONDITIONS, 
PLUNGING ORBITS, GRAZING PEAK 

We saw some typical trajectories in Fig. 18.3, and others are shown in 
Fig. 18.5. For some purposes it is useful to make a plot of their scattering 
angle versus the angular momentum or, equivalently, the impact parameter. 
A few points on such a plot, which is called a deflection function, could be 
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P 
Fig. 18.4. The amplitude and phase (inset) of the S-matrix for elastic scattering of 100- 

MeV "0 + "'Sn corresponding to the potential of (18.5) and W = -15 MeV. The effect 
of coupling to the 2' state in Sn is included. The half-value occurs at / E 57, the critical 
angular momentum that is determined by the real potential. The dotted line corresponds to 
V, = 0 and shows, by comparison, how the real potential draws high angular momentum orbits 
into the absorbing region. The inset shows S plotted in the complex plane, its real part on the 
x axis. The points that represent it are joined by straight lines. The position of / = 55 and 
60 are marked (Glendenning, 1975b). 

read from the trajectories. We show such a deflection function in Fig. 18.6, 
which corresponds to 100-MeV laboratory-energy "0 + 12'Sn scattered 
from the potential shown at the bottom of Fig. 18.1. The location of the four 
orbits of Fig. 18.5 is marked. Three of them were especially chosen to show 
how different orbits in a potential such as that acting between heavy ions 
(Fig. 18.1) can scatter to the same angle (Ford and Wheeler, 1959). This intro- 
duces some very special features into the cross sections, as we shall discuss. 

Classically, / can have any value, integer and noninteger, but in quantum 
mechanics only integer values are allowed. We see that for oxygen the de- 
flection function is sampled at very small intervals. This is in contrast to a 
typical proton reaction in which integer angular momenta are sampled very 
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Fig. 18.5. Four classical orbits in the potential (18.5) are plotted, three of which, having 
impact parameters 1, 2, and 3 ( 3  < 2), scatter to the same angle 6. The orbit g is the grazing 
one. The circle marks the half-value of the Woods-Saxon nuclear potential. The orbits are for 
"0 scattered by '"Sn at 100-MeV lab energy. Dotted lines show pure Coulomb orbits. The 
scale is in fm. (Ascuitto and Glendenning, 1974). 

sparsely. This is a necessary condition for making sense of a classical dis- 
cussion of scattering. Only when the density of angular momentum states 
per unit impact parameter (L/b = k )  is large does the classical discussion 
become useful. We use the word "useful" to avoid implying that a classical 
description is quantitatively valid. For deflection functions like those shown, 
classical mechanics is not quantitatively valid because large changes in 0 
occur between neighboring angular-momentum states in the vicinity of t = 
t,. This means that a wave packet would be broken up by the action of the 
nuclear field near this angular momentum and scattered in all directions. 

Thus classical, or semiclassical, methods cannot be expected to be more 
than qualitatively valid whenever the nuclear force is involved appreciably 
if it is strong enough to produce sharp changes in 8,. As we shall see in 
our later discussion, elastic, inelastic, one-particle transfer, and two-particle 
transfer are sensitive to increasingly smaller distances, that is, to the region 
where the nuclear force is strong. Semiclassical calculations, therefore, 
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Fig. 18.6. Deflection function from which the classical scattering angle of a trajectory 

with angular momentum L can be read for 100-MeV "0 + '"Sn. Points on the function 
corresponding to the four orbits of Fig. 18.5 are marked. The back scattering for small L is 
caused by the repulsive Coulomb core (Fig. 18.1), which at this energy is not surmounted. 
The singularity occurs at the critical angular momentum l,. The three regions I, 11, and 
111 are discussed in the text. The grazing angle Q,, which is the maximum to which non- 
penetrating orbits can scatter, is about 43" (Glendenning, 1975b). 

become increasingly unreliable for the preceding sequence of interactions, 
except of course for energies below the Coulomb barrier. The exception is a 
drastic one because it excludes most of the interesting physics. 

Earlier, we noted the smooth behavior of the S matrix as a function of 8 
when the de Broglie wavelength is short enough. The reason for this is clearly 
connected with the density of integer angular-momentum states on the de- 
flection function. 
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We identified three classes of orbits and illustrated one from each class in 
Fig. 18.5, and we now identify the region of the deflection function (Fig. 18.6) 
to which they correspond. Region I corresponds to orbits that turn away 
from the nucleus because of the repulsive Coulomb field. However, the lower 
e orbits of this region do come into the tail region of the nuclear field and 
are not deflected to as large an angle as they would have been in a pure 
Coulomb field. The opposite effects of the two fields produce the situation 
characterized by the grazing orbit t,, which scatters to the maximum angle 
possible for nonpenetrating orbits. This orbit marks the boundary with re- 
gion 11. The nuclear attraction causes the orbits of this region to skim the 
edge of the attractive region. The critical angular momentum e,, marks the 
point where the deflection function has a singularity. Because 8, corresponds 
to the top of the barrier where the net radial force is zero, it corresponds to 
a capture (though unstable) orbit. Trajectories with t very close to t, spiral 
around the nucleus. The skimming orbits of region I1 are in sharp contrast 
with the plunging orbits of region I11 below e,, such as 3 in Fig. 18.5. The 
plot of the penetration depth D in Fig. 18.2 clearly shows the discontinuity 
between these orbits and others. 

The maximum in the deflection angle for nonpenetrating orbits, marked 
by g, is a prominent feature of the deflection function and provides an under- 
standing of angular distributions. An early explanation for the grazing angu- 
lar distribution was based on the notion of pure Coulomb orbits and is 
therefore deficient. According to that explanation, close orbits scatter to large 
angles but are absorbed, whereas distant orbits scatter forward but do not 
very successfully cause transitions because of the distance between the nuclei. 
Between these is an optimum orbit that defines the grazing peak. Instead we 
see that it is the attractive nuclear field, counterbalancing the repulsion of 
the Coulomb force, that produces a maximum scattering angle for nonpene- 
trating orbits. This we call the grazing angle. Some of the penetrating orbits 
can scatter both forward or back of this angle but suffer attenuation by ab- 
sorption, whereas more distant orbits, which scatter only forward of the 
grazing angle contribute little to reactions because of the distance between 
the nuclei. The bunching of orbits is clearly visible in Fig. 18.3. 

It might at first be imagined that the trajectories of region I11 do not con- 
tribute at all to heavy-ion reactions because of strong absorption. However, 
the absorption of such close orbits may be offset by other factors. Although 
the trajectories and deflection functions refer to classical elastic scattering, 
we consider them relevant to other quasi-elastic processes in which the ex- 
change of energy, mass, charge, and angular momentum are all relatively 
small (e.g., A E / E  << 1). Such processes include inelastic scattering and one- 
or several-nucleon transfer reactions, all leading to low-lying states. For the 
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purpose of this qualitative discussion, we suppose that the trajectory is un- 
disturbed and that the cross section for any of the quasi-elastic processes 
can be estimated from three factors. One factor is the intrinsic elastic cross 
section, as estimated here from the classical deflection function. Flat regions 
of Q(8) indicate the scattering of many trajectories to nearly the same angle 
and give rise, therefore, to a large cross section. The other two factors are 
the absorption into other channels represented in the quantum calculations 
by the imaginary potential, and finally the form factor for the particular 
quasi-elastic process. We can gain an appreciation for the various regions 
of sensitivity of quasi-elastic processes from their form factors in r space. 
Thus for inelastic, one- and two-nucleon transfer, these form factors behave, 
at large distance, as 

F,(r) + exp[ - ( 2 r n ~ ~ / f z ’ ) ’ ’ ~ r ] ,  

~ ~ ( 1 )  + exp[ - ( 4 r n ~ , / h ~ ) ~ ’ ~ r ] .  

(1 8.8) 

(18.9) 

In these expressions, P and 8, are the nuclear and charge deformations, 
respectively, R the radius of the vibrating nucleus, and B ,  and B ,  the 
binding energies of one and two nucleons. The last two expressions ap- 
proximate the behavior in the tail region. Actual computed form factors for 
two-nucleon transfer are shown in Fig. 18.7 (Ascuitto and Glendenning, 
1973a.) In the order listed, the preceding processes are increasingly concen- 
trated in the nuclear region and thus will exhibit an increasing sensitivity 
to the interaction at small distance. Although the penetrating orbits of re- 
gion I11 are subject to strong loss to other more complicated channels (for 
which we sometimes use the word “absorption,” not meaning to imply, 
however, compound nucleus formation), nonetheless, a process such as two- 
nucleon transfer to a coherent state strongly prefers the deep penetration. 
Whether or not this region manifests itself in a particular case depends on 
how the three factors balance out. 

We now make a very crude estimate of the relative contributions of orbits 
2 and 3 of Fig. 18.5 to two-nucleon transfer. To estimate the absorption 
we note that the decay length in a semiinfinite medium is given by the 
reciprocal of the imaginary part of the wave number. In this application, 
we compute a typical local value for the orbit in question and use a rough 
estimate of the path length in the absorptive region, read from Fig. 18.5. 
The wave number is 

K N [ F ( E  - V)]’”( 1 - S v ) ,  ( 1 8.1 0) 
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R (frn) 
Fig. 18.7. The / = 0 and L = 2 form factors for two-nucleon transfer in the reaction 

'20Sn(180, 160)122Sn or its inverse. Absolute value is plotted, and signs are indicated 
(Glendenning, 1975b). 

which is roughly 6(1 + $3) fm- '. Thus the amplitude decreases as 
exp( - 3r/4). The pathlength of orbit 3 is almost 8 fm. Orbit 1 is outside in the 
tail region of W(r); we give its amplitude to be attenuated by about 1 fm 
pathlength or e- ' .  From Fig. 18.7, the form factor is approximately e-' in 
the region in question, which appears squared in the cross section. Finally, 
the elastic cross section for angular momentum f is given classically by 

(18.1 1) 

The three factors for each orbit are collected in Table I. We see that for two- 
nucleon transfer the two close orbits are within a factor e in importance, 

TABLE I 

Estimate of the Relative Contribution of Orbits 
2 and 3 of Fig. 18.5 to Two-Particle Transfer 

Elastic 
Probability Transfer cross 

Orbit of survival probability section Product 
~ 

e- 10 

e- 11 
2 e - 2  e -8  1 

e 3 e - 1 2  1 
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revealing that the contribution of penetrating orbits is by no means negli- 
gible. Of course, we must rely in the final analysis on a quantum calculation. 
The quantity that will illustrate our point is the absolute value of the S 
matrix plotted as a function of angular momentum. The S matrix gives the 
amplitude in the outgoing channel to which it corresponds, given that the 
flux in the incident channel is unity. Thus, for example, the partial cross sec- 
tion for given tf is 

0, = (n/k2)(28 + 1)lS812, nonelastic. (1 8.12) 

Using the potential of Fig. 18.1 (with W = - 15 MeV) and the form factor of 
Fig. 18.7, we compute the S matrix for two-nucleon transfer to the ground 
state for the reaction 120Sn('80, 12'Sn, Elab = 100 MeV. The result, 
shown in Fig. 18.8, shows a very smooth narrow function of tf centered at 
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1 \ n . c r  t 

. \ 

100 
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P 
Fig. 18.8. The amplitude of the S-matrix for the ground-state transition in the reaction 

'zoSn('80, 160)'22Sn at E = 100 MeV. The inset shows S plotted in the complex plane, its real 
part on the x axis. Points representing S are joined by straight lines, and its position at 
e = 55 and 60 are marked. It begins and ends at the origin (Amplitude is multiplied by 509.34) 
(Glendenning, 1975b). 
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/ = 57, which is the critical angular momentum for this pontential at this 
energy, as was seen in Figs. 18.1, 18.2, and 18.6. The S Matrix at the values 
of e = 55 and 58, which correspond approximately to orbits 2 and 3 (the 
skimming and plunging orbits of Fig. 18.5), are seen to be comparable, con- 
firming the expectation formed by the preceding crude estimate. 

This case, in which the reaction region is confined to a very narrow band 
of orbits, is in marked contrast to the inelastic scattering to the collective 2' 
state in the entrance channel of the preceding reaction. Its S matrix, shown 
in Fig. 18.9, reveals the very large contribution of the high4 region, corres- 
ponding to the very slow fall off of the electric quadrupole part of the field. 
It will be noted that the S matrices for the two cases are cut off at the same 

9 
The amplitude of the S-matrix corresponding to the inelastic excitation of the 

2' vibrational state of Sn in the reaction + '*'Sn at 100 MeV. Actually, three S's occur 
for each incident C, corresponding to the three possible values of the final angular momentum 
L, C & 2. The one for d' = C is shown, being typical. The lower peak is dominated by the 
nuclear field, whereas the upper one, which extends to very high L, is dominated by the Coulomb 
field. The minimum arises from a destructive interference between the two for L in the vicinity 
of 62 (Amplitude is multiplied by 102.53) (Glendenning, 1975b). 

Fig. 18.9. 
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d1 ,2  = 54, at least for the absorption strength used here, which is consistent 
but not very well determined by elastic scattering. Nevertheless, the two- 
nucleon transfer is more sensitive to close distances, perhaps up to the pene- 
tration depth (Fig. 18.2), for This is so because the relatiue contribution 
of this orbit is bigger than in the case of inelastic scattering. 

The preceding discussion reveals that, depending on the particular reac- 
tion, we can select the sensitivity to various orbits and hence to reaction 
regions. In addition, further fine tuning for a given reaction can be achieved 
by selecting the angle region. 

D. ELASTIC AND INELASTIC SCATTERING 
AND THE OPTICAL POTENTIAL 

It is often said that elastic scattering is sensitive only to the tail region of 
the potential. Here we attempt to make this statement more precise. To do 
so we are motivated by the importance of the grazing angle, as revealed in 
the deflection function. Classically, this is the maximum angle to which non- 
penetrating orbits can scatter. Presumably, then, this is the invariant that 
is possessed by all potentials that can be found to yield the same quantum 
elastic scattering. Therefore, we focus on the penetration depth D(8,) of the 
grazing orbit t,. For the potential, listed earlier (Chapter 14), we read from 
Fig. 18.6 that 4, N 64, and from Fig. 18.2 that D(k,) N 12 fm. 

This is the distance at which we choose the real part of all our potentials 
to have the same value, which is only 0.36 MeV. The radius and diffuseness 
in each case are chosen so that in a 1 fm neighborhood of this point the 
potentials do not differ radically, as illustrated in Fig. 18.10. The deflection 

Fig. 18.10. The tail region of the real part 
of potentials that yield elastic cross sections 
that are indistinguishable. The central value 
of the depth is in each case indicated. These 
are members of a continuum of potentials. 
Here V can have any value lying between 
these curves, and possibly beyond (Glenden- 
ning, 1974, 1975b). 

10 It 12 13 
R (F)  
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Fig. 18.11. Deflection function for 100-MeV "0 + '"Sn corresponding to the potentials 

whose tails are plotted in Fig. 18.10. They are identical beyond f = 60. (Glendenning, 1975b). 

functions for these potentials are shown in Fig. 18.11 and are all seen to have 
the same form in the neighborhood of d, and beyond. They do differ radically 
for smaller t. Nevertheless, in each case an imaginary potential can be found 
that yields quantum elastic cross sections, which are indistinguishable by 
typical experiments (Fig. 18.12). We emphasize that these potentials are only 
a selection from a continuum (see Fig. 18.1 1). From this fact we conclude that 
elastic scattering at best can be used to determine the potential only roughly 
in the vicinity of the penetration depth of the grazing orbit. How rough the 
determination is can be surmised from Fig. 18.10. Were it not for the fact that 
we need to know the interaction to calculate more complicated processes, we 
would dismiss the elastic optical potential with the comment that it is a very 
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e 
Fig. 18.12. Elastic and inelastic 2+ cross sections for 100-MeV l80 + '"Sn. The two 

scales refer to the two curves. Solid curves is for V = 308 and dotted for V = 5 (Glendenning, 
197%). For the inelastic cross section, our calculation for R 5 15" is inaccurate because only 
the contributions for ip 5 215 and R 2 30 fm were computed at this energy. Cross sections 
throughout are in mb/s. 

complicated and nonunique way of generating a very simple S matrix (Fig. 
18.4). 

At this point we note, in case the hope is entertained that the cross section 
determined at several energies could be used to distinguish among the poten- 
tials, that D(t,) is almost constant, ranging from 11.6 to 11.8 fm for E between 
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Fig. 18.13. Elastic and inelastic cross sections for 160-MeV "0 + "'Sn. Solid curve is 

for V = 308 and dotted curve is for V = S (Glendenning, 197Sb). 

60 and 160 MeV. Therefore, over the range of energies from the barrier up 
to several times its value, the same region of configuration space dominates 
the elastic cross section. This is confirmed by the calculations shown in Fig. 
18.12 and Fig. 18.13 for E = 100 and 160 MeV, where elastic and inelastic 
scattering are compared for the two extreme potentials of Fig. 18.10. 

The inelastic cross sections to the collective 2' state are also shown in 
these figures. It is disappointing to note that they are hardly more sensitive 
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than elastic scattering. Moreover, the differences, small as they are, are prob- 
ably well within the uncertainty of the model for the vibrational state. 

E. INDIRECT TRANSITIONS IN TWO-NUCLEON TRANSFER, 
OPPOSITE BEHAVIOR FOR STRIPPING AND PICKUP a 

Nucleon transfer reactions were originally conceived as involving a direct 
transfer from the ground state of the target to the final state of the residual 
nucleus. More recently, we have learned that indirect transitions involving an 
inelastic transition as an intermediate step, as illustrated in Fig. 18.14, some- 
time compete in importance with the direct transition and, in certain cases, 
can strongly modify the shape of the angular distribution. Such processes 
were predicted to be strong in calculations of the (p, t) pickup reaction on 
vibrational nuclei, but their first convincing appearance in experiment was 
observed in deformed nuclei (see Chapter 17). 

Interestingly, the signature of indirect reactions connecting vibrational 
nuclei is weak for two-nucleon pickup but strong for stripping. The reason 
for this is that the parentage amplitude (15.49) connecting the ground to a 
vibrational state has opposite sign for the reverse reaction (transitions 2 and 
3 in Fig. 18.14) (Ascuitto and Glendenning, 1973b). This implies that the 
direct transition (2 or 3) will interfere in the opposite sense with the second- 
order indirect transitions for pickup as compared with stripping. It turns out 
to be constructive for pickup, such as the frequently studied (p, t) reaction, 
and the signature is therefore weak compared with the less commonly stud- 
ied stripping reactions where the destructive interference alters the angular 
distribution shape. This probably accounts for the very late discovery of 
these processes in light-nuclide transfer reactions. 

In heavy-ion reactions the effect of indirect transitions on two-nucleon 
stripping connecting vibrational nuclei is illustrated in Fig. 18.15 (Ascuitto 
and Glendenning, 1973a). There, the cross sections computed separately for 
the direct and the two second-order indirect transitions to the 2+ state are 

4 
J 

Fig. 18.14. The various direct and indirect 
amplitudes connecting a pair of states in the x- initial and final nucleus. (Glendenning, 1975b). 
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Fig. 18.15. Two-nucleon transfer cross section of 120Sn(180, I6O) at 100 MeV leading to 
the ground and 2+  collective state shown by solid lines (-). For the 2+, the direct 
transition (DWBA) is shown by dashed line (- - -). The other two curves, are indirect transitions 
calculated separately. The destructive interference produces a dip at the grazing angle and a 
generally falling cross section compared to the grazing angle peak of the ground state 
(Glendenning, 1975b). 

shown. When all amplitudes are taken together, the cross section is very 
strongly altered from the grazing peaked angular distribution characteristic 
of the direct transition. In particular, for the strength of the inelastic transi- 
tions used here, the interference produces a dip at the grazing angle. 

The ground state is affected very little by the indirect transitions because 
branches 2 and 3 of Fig. 18.14 are parts of the second-order indirect transi- 
tions leading to the ground state and, as mentioned earlier, have opposite 
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Fig. 18.16. The two-nucleon stripping (-) and pickup (. . .) reactions are compared 

for '"Sn + "0  % '"Sn + l60 at 100 MeV. Note the marked difference of the cross sections 
to the two 2' states arising from the opposite sense in which the direct transition interferes 
with the indirect in stripping compared to pickup. (Ground-state transitions would be time 
reversed if calculated at the time-reversed energies) (Ascuitto and Glendenning, 1973b). 

signs. As a result, they tend to cancel each other so that the ground-state 
transition in a good vibrational nucleus will be almost purely direct. 

The inverse pickup reaction leading to a vibrational state contrasts 
(Ascuitto and Glendenning, 1973b) sharply with the stripping reaction, as 
seen in Fig. 18.16. (The ground-state transitions would be time-reversed and 
identical if carried out at the reverse energies. Here they were done at the 
same bombarding energy.) The collective state was, for these illustrative cal- 
culations, taken to be a superposition of two quasi-particle states (Arvieu and 
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Veneroni, 1960a, b) represented by eigenstates of a Woods-Saxon potential. 
The dependence on the nuclear wave functions is amplified by the fact that 
the several transfer amplitudes are comparable in magnitude and are coher- 
ent, which provides unusual sensitivity. The predicted difference in pickup 
and stripping reactions was subsequently confirmed by experiment (Scott et 
al., 1975, Bond et al., 1977). 

F. FORWARD-ANGLE RIPPLES, UNCERTAINTY PRINCIPLE 

A prominent feature of all the two-nucleon cross sections appearing here 
are the forward-angle ripples, or high-frequency oscillations. This phenom- 
enon is likely to be very general for heavy-ion reactions, for it depends on 
a sufficiently high localization in L. Such a localization occurs in heavy-ion 
transfer reactions because the reaction in r space is a ring, bounded on the 
inner side by absorption and on the outer side by the decay of the bound- 
state wave functions. The frequency of the ripples is determined by the angu- 
lar momentum Lo corresponding to the peak in S.  The angle between ripples 
is then 68 N .n/do. We have noticed that Lo generally corresponds to the 
critical angular momentum L,. If the S matrix were a delta function 6(L - to
then the angular distribution would be given by The ripples will be 
damped as the scattering angle increases from zero according to the width 
Ad of S .  

One can support this picture by computing the angle 68 corresponding to 
an extra path length of one wavelength between two orbits scattered to the 
same angle from opposite sides of the nucleus (such as orbits 2 and 3 of Fig. 
18.5): 

68 = sin- (3,/2R) N 4 2 R  = n/KR = .n/do. ( 1 8.1 3)  

Of course, one must use the local wavelength for 3, because this refers to an 
orbit scattered through the nuclear edge (e.g., orbit 3 of Fig. 18.5). Doing so, 
one computes A6 N 3" for the E = 100 MeV case, in agreement with the 
ripples. 

Thus the frequency of the ripples, if it corresponds to t!,, provides no new 
information, the critical angular momentum being the one parameter that 
elastic scattering unambiguously provides. The existence of the ripples 
depends on the localization in d space. 

It is worth noting that in the neighborhood of 6 = 0 the first one or two 
oscillations show a dependence on the angular-momentum transfer (in our 
case L = 2). It would be hard to detect the difference in cases where the 
frequency of the ripples is so small, but at lower energy or for lighter targets it is 
feasible. 
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It is interesting to relate the width of the grazing angular distribution (Fig. 
18.15) to the width of the corresponding S matrix (Fig. 18.8). Reading these 
values at one-half the maximum value, we have A6 N 18" = 18~/180 radians 
and A8 N 10. This gives 

AOA8 N IT. (1 8.14) 

Thus we see that the grazing peak could not be much narrower and still be 
consistent with the uncertainty principle. 

0 20 40 60 80 100 Q 
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( a  1 ( b )  
For two-nucleon transfer to the 2' state for 120Sn(180, l60) at 100 MeV the 

amplitude of the S-matrix is shown together with the contributions from the direct and two 
second-order indirect routes (Fig. 18.14). The minimum near t' = 57 is produced by the destruc- 
tive interference between the two indirect terms and the direct. This is evident from the plots 

Fig. 18.17. 
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G. STRUCTURE OF THE S MATRIX, 
SPECULATIONS ON FUTURE DEVELOPMENTS 

In this section we shift emphasis from the cross sections and their depen- 
dence on the physical parameters to the S matrices underlying the cross sec- 
tions. There are several reasons why the S matrix may prove a useful entity 
to study. Rather trivially, it portrays the important regions of / space and 
therefore tells us the interaction region. But beyond this, we are motivated by 
two other possibilities. One concerns the direct parametrization of S, espe- 
cially its high4 domain. The other concerns the development of semiquantal 
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( C )  (d  1 
showing S in the complex plane. The complete S is (to high accuracy) the vector sum of the 
last three. Points corresponding to l = 55 and 60 are indicated. (Amplitude magnification: 
(a) x 4054, (b) x 5986, (c) x 3735, (d) x 3957) (Glendenning, 1975b) 
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methods of computing S (Miller, 1970, 1974: Broglia and Winther, 1972; 
Harvey et al., 1974; Fuller, 1975; Koeling and Malfliet, 1975; Frahn and 
Gross, 1976; Rowley and Marty, 1976; Brink and Takigawa, 1977; Lee et al. 
1978). In heavy-ion reactions we will sometimes be faced with the need to 
carry large numbers (perhaps thousands) of partial waves. This is especially 
so for inelastic scattering because of the slow fall-off of the electric field. It 
is also true for transfer reactions when both target and projectile are truly 
heavy and the energy exceeds the Coulomb barrier (hundreds of MeV). One 
can then imagine that it may be useful to combine a quantum calculation 
of S up to the region of the critical angular momentum, where the nuclear 
field causes rapid changes in the deflection function (Fig. 18.6), with one of 
the other methods for the high4 region, where the conditions for classical 
scattering are more closely fulfilled. In the high4 region, the phase and the 
amplitude of S are very smooth and slowly changing functions of L, so that 
the possibility of interpolating S between calculated values at  widely spaced 
intervals also exists. Although these particular calculations were no problem, 
for truly heavy projectiles the density of L points on these figures is enor- 
mously magnified, and a fully quantum calculation of each contributing L 
would be very costly. 

Nucleon transfer reactions, where multiple-step processes are important, 
present a special problem because of interference. The amplitude of S for the 
2' state produced in the two-nucleon transfer reaction is shown in the first 
part of Fig. 18.17. The minimum, occurring near L, ,  arises from the inter- 
ference of one direct and two second-order amplitudes, also shown. This 
interference produces the unusual two-lobed figure when S is plotted in the 
complex plane. (Third- and higher-order contributions are included in the 
complete calculation but are much smaller than second and first order.) The 
indirect amplitudes, which peak at a slightly lower L than the direct ones, 
plunge precipitously above the peak, but then exhibit a shoe. This mirrors the 
Coulomb excitation amplitude (Fig. 18.9) reduced in strength and cutoff 
much more rapidly by the particle-transfer process, which cannot occur with 
appreciable probability when the distance separating the nuclei is too large. 
The rapid convergence of the particle-transfer process, even when receiving 
contributions from Coulomb excitation, was correctly predicted prior to the 
calculations (Ascuitto and Glendenning, 1972) and was decisive in encour- 
aging us to carry out fully quanta1 calculations. To a high degree of accuracy, 
the complete S matrix is the sum of the individual amplitudes. (The inac- 
curacy enters at the third order of the inelastic transitions.) Using whatever 
methods seem appropriate for calculating the separate components of S and 
their low- and high4 regions, the unusual two-lobed S matrix characterizing 
the complete transition can be obtained. 
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H. SUMMARY 

We have reviewed the aspects of classical scattering that are useful in 
understanding the dependence of heavy-ion reactions on the physical quan- 
tities governing the interaction. We emphasized how classical scattering can 
be used to suggest how to choose experiments that may be decisive in 
answering specific questions. When classical scattering is used in conjunction 
with quantum calculations, we are in a position to understand reactions in 
detail not previously attained in nuclear physics. 

The structure of the S matrix, both as a function of G and decomposed into 
separate components corresponding to specific processes, provides valuable 
insights. For reactions in which many hundreds of angular momenta are 
involved, a two-part approach to the calculation of the S matrix was sug- 
gested, employing quantum mechanics for the region where the nuclear force 
is dominant and semiclassical or semiquantal methods for the high2 region, 
where the smooth behavior of S even permits an interpolation between 
widely spaced values of 6. 

One chapter can hardly do justice to heavy-ion reactions. The reader is 
referred to recent conference proceedings as a guide to the literature. 

Notes to Chapter 18 

There are a number of interesting articles and reviews other than those referred to in this 
chapter as well as conference proceedings, such as: Frahn and Venter (1963); Bromley (1969); 
Frahn (1972); Norenberg and Weidenmuller (1976); Kahana and Baltz (1977); “Proceedings of 
the International Conference on Reactions between Complex Nuclei,” Robinson et al. (1974); 
“Proceedings of the Symposium on Classical and Quantum-Mechanical Aspects of Heavy-Ion 
Collisions,” Harvey et al. (1 974); “Proceedings of the Macroscopic Features of Heavy-Ion 
Collisions,” Argonne, (1976); and “Heavy Ion Collisions,” Vol. 1 and 2, Boch, (1980). 



Chapter 19 
Polarizability of Nuclear 

Wave Functions in 
Heavy-Ion Reactions 

A. INTRODUCTION 

In this chapter we present some evidence for the polarizability of the wave 
function of one nucleus by the field of another during their passage in a colli- 
sion (Delic et al., 1977, 1978; Pruess, 1977, 1979). It is plausible that such a 
distortion or polarization can occur. However, its effects have never been 
observed during all the years that nuclear reactions initiated by light particles 
have been studied. Such reactions have been the primary tool of the nuclear 
spectroscopist, perhaps because of the very fact that they can be interpreted 
in terms of the wave functions of the isolated participants. 

Many heavy-ion reactions have been interpreted successfully in terms of 
the wave functions describing states of the isolated nuclei and the distorted- 
wave Born approximation, which yields the transition amplitude between the 
assumed states. Such reactions, which proceed in a single step from initial 
to final state, have a very characteristic angular distribution at energies 
moderately above the Coulomb barrier. They have a broad peak centered at 
an angle referred to as the grazing angle. This angle can be inferred from an 
analysis of the elastic scattering. Although the elastic cross sections do not 
carry much detailed information about the nucleus-nucleus interaction, they 

338 
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Fig. 19.1. Typical agreement of the DWBA with the data for uncomplicated single-step 
transitions involving strongly bound states. Here the reaction is 20sPb(12C, I3C ) 207 Pb at 116.4 
MeV on the left, and 77.4 MeV on the right. [From Toth et al. (1976).] 
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unambiguously determine the grazing maximum in the corresponding deflec- 
tion function. For truly quasi-elastic processes, those for which all changes 
(AEIE, AZ/Z, etc.) between initial and final channels are relatively small, the 
grazing angle in both elastic channels are equal, and the reaction has its 
maximum at this angle. When they are unequal, owing to some inelasticity, 
the reaction peaks at an angle between the two grazing angles of the initial 
and the final channel. The distorted-wave Born approximation is presumed 
to locate correctly this intermediate angle for the reaction, if the conditions 
for the validity of the DWBA are satisfied. We show in Fig. 19.1 examples 
in which the description of the reaction in terms of a direct single-step transi- 
tion between shell-model states of the isolated nuclei agrees very well with 
the experimental data (Toth et al., 1976). This is the quality of agreement 
that is to be expected if the preceding description of the reaction is accurate. 
Significant deviations are a signal that the nature of the reaction is different 
than assumed. 

By now we are familiar with some reactions that do have substantially dif- 
ferent angular distributions than those having the characteristic grazing 
maximum. These are reactions in which transitions through intermediate 
states compete with or dominate the direct transition spoken of previously 
(Glendenning and Wolschin, 1977 and references there in). In cases in 
which the final state is reached by several different transitions, the phase of 
their interference and their relative strengths are determined by the wave 
functions of the various states involved. Because the two-step transitions 
have a broad angular distribution compared with the one-step transitions, 
the distribution of reactions having both distributions will vary widely, de- 
pending on the phase and relative strengths of the contributing transitions 
(Fig. 19.2). 

There is a third body of data that appears to have the normal peaked 
angular distribution, but for which shifts of the peaks from the positions 
expected from DWBA calculations occur systematically for a number of 
levels in the same nucleus (Kovar et al., 1972). It is the systematic evolu- 
tion of the discrepancy in several levels of the same nucleus that suggests 
that some explanation must be sought other than the interference between 
direct and indirect transitions spoken of previously. 

B. THE EXPERIMENTAL FACTS 

At comparable energies of the reactions exhibited in Fig. 19.1 and for the 
same target and projectile, Fig. 19.3 shows reactions leading to six states in 
the final nucleus. A systematic discrepancy evolves from the ground to the 
highest-lying level shown when one compares the experiment with the usual 
DWBA. The data peak at  a more forward angle than expected. We note that 
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Fig. 19.2. We illustrate how, for the ground state, the interference between direct and indirect transitions alters the angular distribution, and 
how the ultimate result depends on the nuclear wave functions, as shown for the three different cases. In the graphs solid curve is for direct 
plus indirect transitions and dotted curve for direct transitions. Graph (a) for 60Ni('60, l80) at 73.2 MeV (From Berkeley), (b) For 62Ni(160, I8O) 
at 70.7 MeV (From Brookhaven), and (c) For 64Ni(160. l8O) at 68 MeV (From Brookhaven) [Glendenning and Wolschin, (1977)l. 
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I i  
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Fig. 19.3. DWBA calculations (-) become systematically out of alignment with data 
(- - -) as binding energy decreases from 3.8 MeV at the ground state for low bombarding 
energy ( E  = 78 MeV) for 208Pb(1zC, 11B)zo9Bi [Kovar et al. (1972)l. 
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Fig. 19.4. Similar reaction leading to same states as Fig. 19.2 at two higher energies at 
left 140 MeV and at right 104 MeV for 20sPb('60, 15N)Z09Bi. The discrepancy between DWBA 
( and data (- - -) vanishes at highest energy [Kovar et al. (1972)l. 
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the discrepancy appears to be correlated with how weakly the transferred 
particle is bound. The states of 209Bi are presumed to be the shell-model 
states of a single proton lying outside the magic '08Pb core. The ground 
state is bound by only 3.8 MeV, and the binding decreases for the more 
highly excited states. This is in contrast with the binding of the levels pro- 
duced in the reaction illustrated in Fig. 19.1. The ground state is bound by 
7.4 MeV, and the higher-lying levels are even more strongly bound because 
they correspond to removing deeper-lying particles from the "*Pb core. 

Figure 19.4 shows similar results for a related reaction leading to the same 
'09Bi states at two higher energies. We note a second correlation: the discrep- 
ancy appears to depend on the bombarding energy. 

The expe:imental facts can be summarized as follows: 

(1) For the weakly bound states, the grazing peak in the angular distri- 

(2) The shift grows systematically with decreasing binding. 
(3) The shifts decrease with increasing bombarding energy. 

bution is shifted forward in angle from its expected location. 

C. A POSSIBLE EXPLANATION 

As suggested in the introduction, we believe that the preceding observa- 
tions may indicate that the wave function of a weakly bound particle in one 
nucleus may be polarized by the field of the other nucleus that is partici- 
pating in the reaction and that the transition occurs to or from the polarized 
state rather than from the state of the isolated nucleus, as has been assumed. 

0 5 10 15 
R 

Fig. 19.5. Wave function along axis joining 40Ca to I6O for a pure lF,,2 state (- - -) and 
polarized state (-). The center of 40Ca is at the origin and of l6O at 10 fm. (From Delic 
et al., 1978)]. 
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In Fig. 19.5 we show a two-center shell-model wave function correspond- 
ing to a fixed distance between the nuclei. It shows how the wave function 
can be polarized from its original form and drawn toward the other nucleus. 

Whether such a polarization can occur during a reaction time depends 
on the two characteristic times, the collision time, and the single-particle re- 
laxation time, 

T(col1.) N 2R/V = 2R/J2E/mA, 

z(s.p. relaxation) >, 2R/VF = 2R/J2=, 

where A is the projectile mass number, E the bombarding energy, V, and b,, 
the Fermi velocity and energy in the nucleus (target or projectile) that is 
polarized (i.e., that has a weakly bound state). This ratio is 

Thus in typical collisions the collision time is longer than the single-particle 
relaxation time, but not much longer. Therefore, polarization may have time 
to develop, although the characteristic times are not decisive. 

D. ADIABATIC ESTIMATE 

Having satisfied ourselves that polarization may occur, we now make 
what we expect will be an overestimate of the effect. If the overestimate 
corresponds to too small an angular shift in comparison with experiment, 
then polarizability is clearly not the explanation of the anomalies described 
earlier. If it does produce shifts comparable or larger than observed, then 
we will feel encouraged to pursue a dynamical description of the reaction 
(outlined later). 

The scheme we use for our estimate can be called adiabatic, because it 
assumes infinite time for the development of the polarization at each separa- 
tion distance. In the usual DWBA amplitude, we replace the wave function 
of the weakly bound state 4 B ( ~ )  by a two-center shell-model state 4B(r, R), 
which depends on the separation distance R of the two nuclei. Schematically, 
we can write the amplitude in the adiabatic approximation as, 

(19.2) 
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Q 
Fig. 19.6. Polarized wave function represented by contours of the amplitudes A(R) in the n, 

L plane for R = 10 fm), Eq. 19.2. Conditions are the same as in Fig. 19.5. The original shell- 
model state (n = 1, e = 3) has only an 80% amplitude in the polarized state. (Asymptotic 
quantum numbers are n = 0, L = 3, j = 5, R = 4.) (From Delic et al., 1978.) 

The projection R of j on the axis joining the centers of nuclei is conserved. 
Otherwise, high components of angular momentum ?and radial nodes 6 are 
introduced by the localization in space of the polarizing source. These are 
illustrated in Fig. 19.6 by contours in the ne plane. This figure is a complete 
description of the polarized wave function for a state in scandium polarized 
by an oxygen nucleus at a distance of 10 fm. The same wave function viewed 
along the axis joining their centers is a more familiar visualization and was 
shown in Fig. 19.5. 

The preceding amplitude has been specified more precisely elsewhere 
(Delic et al., 1977, 1978; Pruess, 1977, 1979). We calculate it with a finite- 
range interaction without neglecting recoil. Two examples are shown in 
Figs. 19.7 and 19.8. The magnitudes of the forward shifts are approximately 
reproduced by our adiabatic estimate. Also, the cross section in the case of 
the Ca target is overestimated, which, as noted, might be expected from an 
adiabatic calculation if indeed the polarizability is the explanation of the 
anomalies. Thus we conclude that polarization of weakly bound states 
probably does occur in heavy-ion collisions. 
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Fig. 19.7. Dashed curve (---) is the usual DWBA multiplied by 5.6, and the 
solid curve (-) is the result of our adiabatic polarizability calculation divided by 43. 
They are compared with data (Korner et al. (1973)) for the reaction 40Ca (l60, 15N)41Sc at 
E = 48 MeV. (From Delic et al., 1978.) 

E. DYNAMICAL DESCRIPTION OF POLARlZABlLlTY 

We now outline a dynamical description of the polarization of nuclear 
wave functions during a heavy-ion reaction and show how the adiabatic 
model described previously can be theoretically justified. Suppose the state 
p produced in a transfer reaction is weakly bound. This state, because of its 
weak binding, can be easily excited to both the bound and continuum states 
of the nucleus. The many second-order transitions leading from an initial 
state cz to fl through these excited states contributes second-order terms to 
the amplitude: 

where the first term is the usual DWBA. We neglect rescattering among the 
intermediate states by replacing the interaction in H ,  by an optical 
potential, so that H ,  x T,  + U ,  is the Hamiltonian and E,. = E - &,, 
the energy of relative motion, with &,. the excitation energy of the nucleus. 
The long-range and smooth behavior of the nucleus-nucleus interaction P 
and the narrow Q window, especially at low energy, ensure that intermediate 
scattering states of H ,  with energy far from E ,  can be neglected. Defining a 
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I .  d! Q 
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in 209Bi, the usual 
compared with the 

Fig. 19.8.   At E = 78 Mev,  for the reaction populating various states in
DWBA (——) and adiabatic polarizability (———) cross sections are
data [Kovar et al. (1972)].
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projection operation P, which projects on eigenstates of H ,  with energy Ei 
such that [Ei - E,[ < I€, - € p f l ,  the Green’s function can be expanded as 

(19.4) 
1 

= P  EF’ - H P 

If we were to keep only the n = 0 term, we would obtain 

This shows that the transition is from the state CI to a polarized state fi, with 
the polarization amplitude corresponding to first-order perturbation theory. 
This is the theoretical justification for our schematic calculation. However, 
the bombarding energy dependence is contained in the n > 0 terms. There- 
fore, it is only when the full amplitude (19.3) is calculated that the dynamics 
of the reaction will be registered in the results. 



Appendix 
Some Useful Reminders 

A. LAPLACE OPERATOR 

The operator V2 can be written in spherical coordinates as 

B. SPHERICAL HARMONICS 

The spherical harmonics Y,"($, (6) are eigenfunctions of the preceding op- 
erator L2  and of L,, 

such that 
L, = (r x P ) ~  = -iha/&#~, 

L~ Y ~ ( Q ,  4) = q f  + i ) ~  y;(e, 41, 

(A31 

644) 

L,YF = mhY,". (A51 

350 



C. Angular-Momentum Coupling; Clebsch-Gordan Coefficients 351 

They are related to the Legendre functions, for example, 

IT:($, 4) = [(2L + I)/~Tc]"~P~(cos O), (A61 

where Po(x) = 1, Pl(x) = x, P 2 ( x )  = 3(3x2 - l), etc. They are orthonormal, 

J YF'(6, #)YF'(6, #) sin 8 d8d# = 8ee,hrnrn,. 

Phases used here are the so-called Condon and Shortley phases, 

Yk "(6,Cb) = ( - )" Y?*(Q, $1 
= (-)'Yye(Z - 8, # + x). ('48) 

(A91 

The spherical harmonic addition theorem states that 

P,(COS W) = 4 ~ ~ / ( 2 t  + 1) C Y7*(6, #)Ye"(@, #'), 
m 

where w is the angle between vectors pointing, respectively, in the directions 
(8, #) and (8, 4'). We often denote the angle 8, # by P, it being understood 
that 8, # are polar coordinates of the vector r. Consequently, 

cosw = P . P' = r - r'/rr'. (A101 

There is a very useful theorem for the product of two spherical harmonics 
of the same angles: 

(A1 la) 
or 

(Allb) 

where the large parentheses ( ) are called 3-j symbols (described later) and 
2 = 2d + 1. Note that the 3-j symbol with the zeros in the lower position 
requires that 

C + e' + L = even. (A121 

C. ANGULAR-MOMENTUM COUPLING; 
CLEBSCH-GORDAN COEFFICIENTS 

Let 47: and $7; be eigenfunctions of angular momentum of, say, two 
quantum systems with the eigenvalues indicated. Sometimes they are de- 
noted by 

I 6 m J  and lfzm,). 
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Denote by L, the vector sum 
L = 8, + 8,. 

Eigenfunctions of L z  and L,  with eigenvalues L(L + 1) and M are 

This is referred to as the vector coupling of lelm,) and Idzmz). The coeffi- 
cients are the very important Clebsch-Gordan coefficients, often denoted 
variously by 

( ~ , m , t , r n , j & , d ~ ~ ~ )  = C21$2h = (C,m,d,m, I L M )  

Sometimes commas or parenthesis are used to indicate associations such as 
I(G,G,)LM) or lt,e,, L M ) .  In the last line we indicate the relation to the 
3-j symbols. They are real and are nonvanishing only if 

m, + m2 = M ,  

Ie1 - 4 I L I d, + e,. 
Symmetries are easiest to state in terms of c2 $), which is 

(1) invariant to cyclic permutation of columns, 
(2) multiplied by ( - ) e 1 + e 2 + L  if two columns are interchanged, 
(3) multiplied by the preceding phase if the signs of m,, m2,  and M are 

simultaneously changed. 

They obey orthogonality relations which follow from the completeness re- 
lation CB( A I B )  ( B I A')  = dAA,,  

(A18b) 

Written in terms of the 3-j, these  appear as
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It will be noted in the text that we use both the Clebsch-Gordan and the 3-j 
symbols rather than choosing always to use one or the other. The reason is 
that vector coupling relations such as (A14a) are more concise and easier to 
remember in the Clebsch notation. However, the simplicity of the 3-j with 
regard to symmetries (which of course can be translated to the Clebsch 
notation) makes the 3-j simpler to manipulate under some circumstances. 

Ifimi>Ie2m2> = C (eiezLMI&imiezmz>le,e,LM). (A14b) 

Frequently, a square bracket notation is used for (A14a), especially when one 
wants to write a more specific notation for the particular wave functions 
involved; thus 

Using (A18a), the inverse of (A14a) is 

L M  

(A14c) 

Special values are 

and 

D. ANGULAR-MOMENTUM RECOUPLING 

The recoupling of angular momentum is an exceedingly important tool 
for the evaluation of matrix elements. The notation l ( j , j J j 1 2 , j 3 ;  J )  implies 
that eigenfunctions of j, j, j ,  are coupled in the order 

jl + j2 = j12,  j12 + j3 = J. ('421) 

l(jlj2)jlz,j3; J M )  = C (j12 ( j z j 3 ) j z 3 ;  Jl(j1Jdjlz,j3; J)ljl, (jZJ3)jz3; J M ) .  

(A221 

This is related to a different ordering through the transformation 

j 2 3  

The recoupling coefficient is related to the 6-j symbol, 

The arguments of the 6-j symbol can assume only values as are allowed by 
the vector coupling relations implied by the right-hand side. Otherwise they 
vanish. The labels connected by such vector relationships can be can be 
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indicated bv 

There exist tables of the 3-j and 6-j symbols although in applications they 
are usually computed with a subroutine in a computer. The 6-j symbol is also 
related by a factor to the Racah coefficient. The properties of these important 
quantities can be found in several texts (Edmonds, 1957; Brink and Satchler, 
1968). In particular, as transformation coefficients between complete sets of 
states, many relations between them, such as orthogonality and complete- 
ness, can be written immediately. For example, 

C <jl, ( h j 3 ) j 2 3 ;  J l ( j l J2) j12 , j3 ;  J)<(jlj2)j12,J3; 4 j 1 ,  ( j2J3 ) j k3 ;  J >  

C ( j z ,  ( j l j 3 1 j I 3 ;  Jl(jlj2)j12,j3; J ) ( ( j 1 h ) j 1 Z 2 j 3 ;  Jk l ,  W 3 ) L 3 ;  J )  

j 1 2  

(A241 

('425) 

- - 6 j Z 3 j ; 3  

312 

= ( j 2 ,  ( j1 j3) j13;  J I j l ( j 2 j 3 h 3 ;  J >  

are ways of writing CB (AIB)(BIA') = (AIA'). Substitution of (A23) yields 
relations among the 6-j symbols. An important special value is 

The symmetries are as follows. The 6-j symbol is invariant to any permuta- 
tion of columns, for example, 

and interchange of the upper and lower arguments in each of any two 
columns, for example, 

i" d e f  ?=(d a b f  "1. 
There are also relations connecting 3-j and 6-j symbols. One of them can be 
derived, as an example, from 
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which simply expresses the meaning of the symbols. Now, however, note the 
trivial relation, obtained by writing the implied couplings, 

<j1m1j2m2j3m3Ijl2 (j2j3)j23; JW 
= C (jlm1j23m23blj23, ~ ~ ) ( j ~ m ~ j ~ m ~ l j ~ j( ~ 3 0 )  

m23 

(The m23 sum is a dummy sum because the only nonvanishing value of the 
last bracket, from (A16), is the one for which m23 = m2 + m3.) Using this in 
(A29), it follows at once that 

C (jlmlj2m21.ilj2, JW (jl 2ml 2j3m31j12j3 JM) 

= C (Jl(j2j3)h3; Jl(j1j2)jlz&; J >  

m i 2  

j z 3 , m u  

X ( j 1 m ~ j ~ ~ m ~ 3 l j ~ j ~ ~ ,  JW (j2m2j3m31j2j3 j23m2.3). (A3 1) 

This yields one of the relations between 3-j and 6-j symbols, 
There are also special notations for the coupling for four angular mo- 

menta. Given j, j, j ,  j 4 ,  there are several ways that they can be coupled to a 
total angular momentum J ,  for example, 

The transformation connecting the two coupling schemes is denoted by 

The curly brace is known as a 9-j symbol. Orthogonality and completeness 
relations can be derived in an analogous fashion to the 6-j, as well as relations 
connecting the 9-j and 6-j symbols. For finite values of these 9-j symbols, 
the six vector relations (A32) must be obeyed. 

or
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Two important special values of the 9-j symbols are 

where â  = 2a + 1. The symmetry is such that an even permutation of rows 
or columns leaves the value of the symbol unchanged, but an odd permuta- 
tion of rows or columns produces a change of sign 

a b c  b a c  {; 'h :)-y['h ; 
where o is the sum of all nine arguments. 

For example, suppressing j, j, j3, etc. in (A33), we can write 
The orthogonality relation and other sum rules can be inferred from (A33). 

= C (f13jk ~Ij lz j34;  ~ ) ( j ~ ~ j ~ ~J ) ,  
j12j34 

which can now be rewritten in terms of the 9-j. 
There are other important symmetry relations for 3-j, 6-j, and 9-j symbols, 

both among themselves and connecting each other, that the reader should 
know exist (see Edmonds (1957)). 

E. SPHERICAL TENSORS 

An operator in quantum mechanics can be characterized by how much 
angular momentum it carries when applied to a state of the system. A spher- 
ical tensor T,, is a set of 21 + 1 operators p = L, A- 1,.  . . , -A, which, if 
it acts on a state of zero angular momentum, produces one with angular 
momentum 1 and projection p: 

Examples are the spinor CJ (A = 1) or the quadrupole operator (A = 2). The 
projection p is onto the z axis of a specified coordinate system. The relation- 
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ship to a rotated coordinate system is frequently of interest (e.g., laboratory 
frame and intrinsic frame of a deformed nucleus). Denote by TAP the tensor 
operators obtained from TAP by transforming the dynamical variables such 
as position and spin from the unprimed coordinate system to the primed 
(rotated) one. The functions that express the transformation are the rotation 
functions D&, 

T A P  = c T,,D;P(w)? (A351 

where w denotes the rotation (Euler angles). Unfortunately, there is very 
little consistency in the definitions of the rotations and the D functions, and 
it is important in carrying out a calculation with them to use consistently 
the properties as derived by a single convention (e.g., Edmonds). An irre- 
ducible tensor operator can be defined by the commutation relations 

where J is the total angular momentum of the system and J ,  = J ,  +_ iJ,. 
Two tensor operators U l l P 1  and V,,,, can be multiplied according to the 

vector coupling rule 

(tensor product), and the result TAP is still a tensor operator. The scalar 
product of two tensors of the same rank is defined as 

UA * VA = c (-)PUA,%, 
P 

= (-)“21 + l ) y u A v A ] : ,  

where the second line is obtained through use of (A19). 

F. REDUCED MATRIX ELEMENTS- 
WIGNER-ECKART THEOREM 

The matrix element of a tensor operator TLP has the very special property 

where the object (j’]lTAll j )  is called the reduced matrix element of TAP. It is 
independent of the value of the z projections. The dependence on these pro- 
jections of the left side is expressed completely by the 3-j symbol on the 
right. This is an expression of the Wigner-Eckart theorem. 
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G. SCALAR PRODUCT OF TWO COMMUTING TENSORS 

Let the tensor operators Uk and V, act on different parts, 1 and 2, of 
a physical system (e.g., U on target, V on projectile in a collision). If the 
angular momenta of the two parts of the system are j ,  and j ,  and the total 
angular momentum is J, then it can be proven (Edmonds) that the matrix 
element of the scalar product is 

( j > j i ,  J’M’IUk - V , l j l j z J M )  

- - (- y’i + j . 2  + J6 J J  ,6 MM, { J j ;  j >  0440) 
k jl .iZ 

As an example, consider a two-body potential V(rl - r,). It can be ex- 
panded in multipoles because of the completeness of the Legendre functions 
and the dependence on Ir, - r2I2 = r: + r i  - 2r1r2 cos w, 

V(r1 - rz) = 1 9k1, rdP,(cos 0) 
1 

where we used (A8), (AS), and (A38). In a shell-model problem, one may 
want to compute the matrix elements between two particle states, 

ez 9 L M )  u n  18 l(r1 ) u n 2 8 2 ( ~ 2 )  [ (f 1) & 2 ( f Z ) I P 7  (A421 

where we use the square bracket to denote vector coupling when it is desired 
to indicate more detail than is convenient in the angular bracket (A14a). 
From (A40), 

47L 
(f1f12, L‘M’lV(rl - r z ) l ~ l ~ z ,  L M )  = 1- R,(n>e; nifzln 1 el n J 2 )  a 2 / 2 + 1  

where
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denotes a radial integral. The reduced matrix elements of the spherical har- 
monics can be obtained from (A1 1) and (A39): 

H. VECTOR PRODUCT OF TWO COMMUTING TENSORS 

The reduced matrix element of the tensor product (A37) of two commuting 
tensors Uk and V, acting on different parts, 1 and 2, of a system is given by 

(f&'Il [ u k , ( l ) ~ ~ ( 2 ) l ~ l l j ~ j 2 ~ )  

A * *  

= (J'J"''~(~; I I uk (A461 
J' J I< 

Both this important result and (A40) can be derived by application of the 
same method used in the derivation of earlier results in the Appendix, 
namely, the straightforward application of the completeness property 

(AIB) = c <+><XIB>. (A471 
X 

1. VECTOR AND VECTOR PRODUCT 

The spherical components of a vector a are 

a, 1 = T (a, * ia,)/JZ, a, = a,. 6448) 

a, = aY;(6), a = /al, ('449) 

We may also write the spherical components as 

where, as an argument of Y, P denotes the direction of a. The dot product 
(A.38) for a vector is 

The cross product is 

1 
(a x b), = -[ab]'; Jz 
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J. REDUCED MATRIX ELEMENT OF SPIN OPERATOR 

In connection with multipole expansion of the two-nucleon potential, it 
was convenient to couple the spin operator CJ to the spherical harmonics, 
or more generally to define 

CJP,  s = 1 i 1, s=o C$ = 

where the spherical components are given by (A48). Construct the vector 
product 

T L S Y  = C Y L W .  
The reduced matrix element of this 

((f+)Yll T L s J l l ( m >  

is given by Eq. (A46) in terms of the reduced matrix elements of Zs and YL, 
the latter being given by Eq. (A45). To find the reduced matrix element of 
Cs, write the Wigner-Eckart theorem, Eq. (A39), for the operator 

and choose, for simplicity of calculation, p = 0. Note, in addition, the special 
case of the 3-j symbol: 

('455) ( ij [(2j + k)!(2j - k)!]'L2 
:) = (2j + k + 1)''' 

whence 

Note also that 

($m'lZy1+m> = (+m'lo,]+m> = 2m6,., 

(+m'111$m> = d,,,?,. 

Hence, from the Wigner-Eckart theorem just given, 

($11.114) = &> ($111114) = 3, 
or, in terms of C,, 

(+lpslli) = J20 



L. Oscillator Functions 

More general than the result for the spin 4 case is 

( ~ \ \ J I I ~ ' )  = J j ~ j  + 1)(2j + 1 V j f 9  

which can be derived in the same way. 
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('458) 

K. ROTATION FUNCTIONS 

The reader needs to be alert to the fact that there are many different 
conventions used for D functions and Euler angles. We use Edmonds's con- 
vention. Several important properties are 

L. OSCILLATOR FUNCTIONS 

The normalized harmonic oscillator function in three dimensions is 

4 n f m ( J r )  = U n X J r S r )  KY~)), ('46 1 ) 
where the radial function is orthonormal and real, 

u,,umer2 dr = an,, ('462) 
and is 

('463) unt(J;r) = N,,e(&r)ee- 1 /2vr2  L, e+ 112 (vr2) ,  

where the normalization constant can be obtained by recurring 

n 2 0, 
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and L:+”’ is a Laguerre polynomial 

n + e + +  ( - x ) ~  
L:+”’(x) = k = o (  1 n - k  >i 

which can also be expressed as 
n 

L t + l ” ( X )  = 1 T,,  
p = o  

T p = - n + L ‘ + $ - p n + l -  P T p - l ,  (A66) 
P X 

To = (- x)./n! 

Note that there are two conventions used in the literature. In one n 2 0 
and in the other n 2 1. The preceeding formulas are for the former conven- 
tion but of course can be converted to the latter by the appropriate replace- 
ment of n with n - 1. There are also two conventions as to phase. 

For nuclei, a rough value of v is given by v = A-1 /3  fm-2. There is an 
important transformation for the vector-coupled product of two single- 
particle wave functions of the shell-model type (A61), due to Talmi (1952) 
and Moshinsky (1959). It relates the particle to the relative and c.m. 
coordinates: 

[ 4 n ~ L * ( ~ r l ) 4 n 2 L 2 ( ~ r z ) 1 ~  = 1 ( ~ I N A ;  ~ l n l e , n z e 2 ;  L )  
nLNA 

[ 4 n L ( f i r ) 4 N A ( f i R ) I ? *  (A67) 
with r = r1 - r2, 2R = rl + rz .  

and parity (A4, A5, A8) and of the oscillator Hamiltonian, 
The functions (A61) are eigenfunctions of angular momentum, z projection 

(-(h2/2m)V2 + &mo2r2 - EnL)4nLm(&r) = 0 

En, = (2n + L‘ + $)hw, o = hv/m 

M. SPHERICAL BESSEL FUNCTIONS 

The Schrodinger equation for a free particle of energy E is 

[(h2/2m)V2 + ~ ] 4 ( r )  = O 

or 

(V’ + k2)4(r) = 0, k’ = 2mE/h2, 

where k is a real for positive energy (scattering states). 
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A solution is 
cp = e i k . r  = eikr cos 6 

Because of the completeness of the Legendre functions P, or spherical har- 
monics K,  this can be expanded as 

1 "  
kr e=o  

4(r) = eik.r = - C (2t  + l)ieF,(kr)P,(cos 6)) 

where we used the relations between P and Y given by (A6), and 6 in the 
angle between r and k. 

Now substitute the spherical coordinate representations (Al) of V2 and 
the properties of the spherical harmonics (A4) and (A7), to find 

d 2  t ( L  + 1) 
( - 2 7  

Defining another function j ,  by 

F,(kr) = krj,(kr), (A741 
substitution into (A73) gives the equation satisfied by j,. It is the equation 
for the spherical Bessel function. There is, of course, another solution, which 
is irregular at the origin. Call it 

G,(kr) = - krn,(kr). ('475) 
The minus sign is merely a convention, and n, is the spherical Neumann 
function. 

In the case t = 0, the solution are obvious: 

F,(kr) = sin kr,  G,(kr) = cos kr. (-476) 
Also, for very large r it is evident that for any t the solution is oscillatory, 
with wavelength 

;i = 2 4 k .  (A771 
The precise asymptotic properties are given in the text (4.12). 

comparison with t(t + l)/r2 (except for L = 0). Then we see that 
For small values of r,  k can be ignored in the differential equation by 

F,(kr) -+ C(kr)e+', Gl(kr) -+ C'(kr)-,, r --f 0. (A781 
The plane-wave expansion (A72) is often written in terms of the directions 

of k and r instead of the angle between them, as in (A72). Use (A9) for 
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this purpose to obtain 

Equation (A73) is a special case of 

+ - + ~ - k Z  d 2  2ky /(/+ 1) 
dr2 r r2 

which is the radial Schrodinger equation in the case that a Coulomb po- 
tential with y defined by (4.10) is present. The solutions in this case are the 
Coulomb functions, F,(y, kr) and G,(y, kr), which are respectively regular 
and irregular at the origin, with asymptotic behavior for large r defined by 
(4.12). 

Notes to Appendix 

For a more complete review of the theory of angular momentum algebra see Edmonds 
(1957) and Brink and Satchler (1968), as well as those references cited in the Notes to Chap- 
ter 3. 
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A 

Addition theorem 
solid spherical harmonics, 282 
spherical Bessel function and spherical 

harmonic, 282 
spherical harmonic, 35 1 

Alpha scattering 33, 159, 231-340 
Analog reactions, 3 10 
Angular distribution, 7. 22, 30 

Angular momentum, 9,  95. see also 
and conservation laws, 7, 10-12. 95, 145 

Conservation laws 
coupling, 35 1-353, see also 

critical, 3 I6 
grazing collision, 3 13 
recoupling, 353-356 

Clebsch-Gordan coefficients 

Antisymmetrization, 54-56, 201 -206 
Asymptotic behavior. 61, 13, 87, see also 

Boundary conditions 
complete wave function, 20-21 
Coulomb functions, 28, 30 
radial wave function of distorted wave, 29 

B 

Bessel function, spherical, 28, 362 
addition theorem, 282 

Bethe-Goldstone equation, 182, 184 
Born approximation, see also Coupled channel 

Born approximation; Distorted-wave Born 
approximation 

optical potential, 24 
plane wave, 7, 24 

Born series, 65 
Boundary conditions, 47, 298, see also 

Waves, incoming and outgoing 
channel, 74, 136-137 
Lippman-Schwinger equation, 63-64 
partial wave, 303-304 

Breuckner G-matrix, see G-matrix 

C 

Central field, 14, 16, see also Optical potential 
Channel 

boundary conditions, 74, 136-137 
coordinate, 57, 275, see also Relative 

coupled, 163-166. see also Coupled 

defined, 15 
entrance, 16-17 
function, 134, 303 
open, 17 
projection operator, 128 
truncation, 128-130 

coordinate 

equations 
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Charge exchange reactions, 2, 119-120, 310 
Clebsch-Gordan coefficients, 35 1-353 

angular momentum conservation, 58, 93, 

Coherence, 126, 135, 160-163, 293, see also 

Collective transitions, 160-163, 168, 173 
Coulomb excitation, 123-124 
surface vibrations, inelastic excitation, 

145 

Correlations 

106-1 11 
Compound nuclear reactions, 2-3 

competition with direct, 5-6 
Conservation laws, 10-12, 145, see also 

Selection niles 
angular momentum, 7, 10, 58 

Coordinate space representation, 62-64, 67 
Core polarization, 143, 168-174, 185 
Correlations, 2, 163 

two-nucleon transfer reactions, 25 1, 
26 1-263 

Coulomb 
barrier energy, 41, 314 
excitation, 123-124, 245 
functions, 28, 31 
phase shift, 28 
potential, 30, 33, 43 
scattering amplitude, 30 

Coupled-channel Born approximation, 
293 -30 1 

amplitudes, 295 
source term method, 297-299 

deformed rotational nuclei, scattering, 

inelastic scattering, 125-128 
partial wave expansion, 133-137, 303 

Coupled reaction channels, 293, 301 -302 
Creation operators, 98-100, 150 
Cross section, 21, 30, 59, 138-139, 260 

differential, see Angular distribution 
partial-wave expansions and derivation, 

plane-wave approximation, 215-216 

Coupled equations, 242, 297 

227-228 

303-305 

D 

Deflection function, 3 17-326 
Deformed nuclei, ree  Collective transitions; 

Direct integrals, 55, 90, 252, 275 
Rotational levels 

Direct interaction, 1 1 1 ,  113, 119, 156-160, 

Direct nuclear reactions, 2-3, 13, 45-46 

Distorted wave, 27, 72-73 

Distorted-wave Born approximation, 45-60, 

see also Effective interaction 

competition with compound, 5-6 

convention for incoming, 74-75 

77-78, 160, 252, 260 
antisymmetrization, 54-56 
charge-exchange reactions, 119- 120 
Coulomb excitation, 123-124 
coupled equations solution, 137 
discussion of approximations, 53-54, 292 
distorted-wave impulse approximation, 

(d, p) stripping reaction, 90-93 
Gell-Mann-Goldberger transformation, 

generalized, see Coupled channel Born 

Green’s function, 46-48, 76-77 
impulse approximation, 120-122 
nuclear rotational levels, inelastic excitation, 

one-nucleon transfer, 97- 104 
pairing theory, 104- 106 
post and prior forms, 78 
second, 79-80 
single-nucleon states, inelastic excitation, 

surface vibrations, inelastic excitation, 

time reversal, 49, 78 
transition amplitude, 50-53, 78 

120-123 

48-49 

approximation 

I10 

I 1  1-119 

106-1 10 

calculation, 89-124 
coordinate dependences, 275 -277 
multipole expansion, 56-60 

two-potential formula, 49-50 
zero-range approximation, 94-95 

(d,p) stripping reaction, 90-93 
Distortion function, 214-215 

E 

Effective interaction, 127, 131, 141-145, 
156-158 

energy dependence, 175-189 
for exchange scattering, 201 
and free interaction, 175-189 
multiple scattering series, 131-133, 176 
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multipole expansion, 113-1 15, 144, 154, 

non-locality, 13 1 
206 -2 1 2 

Elastic scattering, see also Optical potential; 
Scattering amplitude 

alpha particles, 33 
defined, 1-2 
heavy ions, 37, 326-330 
nucleon, 1-2, 33 

Exchange integrals, 55, 112, 201-206 
Exchange operators, 113, I19 

F 

Finite-range interaction, transfer reactions, 
273 -29 1 

distorted-wave Born approximation 
amplitude, coordinate dependences, 
275-277 

parentage expansions, 277-278 
selection rules contrasted with zero-range, 

(t,p) reaction, 278-288 
two-nucleon transfer, heavy ions, 288-291 

Flux, 26, 139 
Form factor, 307, see also Transition density 

285-286 

collective transitions, 160- 163 
nuclear, 146-149 
one-nucleon transfer, 322-323 
single-particle, 117 
two-nucleon transfer, 256-259, 322-323 

Fourier transform, 203 
Fractional parentage coefficients, 102- 103, 

270, see also Parentage expansion 
Free nucleon-nucleon interaction, 177, see also 

T-matrix, free two-body 

G 

Gaussian wave function, 254 
Gell-Mann-Goldberger transformation, 

48-99 
generalization, 71 -75 

G-matrix, 133, 143, 176, 178-185, 190-191, 
221 -222, see also Watson’s multiple 
scattering series 

local coordinate-space representation, 
193-199 

Grazing peak, 3 17 
Green’s function, 18 

coordinate space representation, 63-64 
distorted wave, 46, 76-77 
expansion, 79 
free, 19, 67, 73, 76 
outgoing wave, 19, 47, 73, 243 

Green’s theorem, 85-87 

H 

Hamiltonian, 14-15, 71 
Hermitian and Green’s theorem, 85-87 
non-Hermitian, 74-75 
partitions, 17, 71 
shell model, 14-15 

Harmonic oscillator, see Oscillator wave 

Heavy ion reactions, 313-349 
function 

elastic scattering, 37-39, 318, 326-330 
finite-range interaction, 274, 288 
inelastic scattering, 326-330 
recoil effects, 290-291 
S-matrix, 318, 324-325, 334-336 
special features, 313-314 
two-nucleon transfer between, 288-291, 

Higher-order processes, transfer reactions, 
330-333 

292-3 12 

I 

Imaginary potential, 26, 33, see also Optical 
potential 

mean free path, 40, 322 
Impulse approximation, 120- 122 
Indirect transitions, 135, 232, 271, 310, 330 

Inelastic scattering, I ,  110- 119 
higher-order processes, 292-3 12 

alpha, 23 1-240 
deformed rotational nuclei, see Collective 

heavy ions, 326-330 
microscopic theory, 140-167, 190-222 

transitions; Rotational levels 

applications, 160- 167. 2 16-222 
coordinate-space representation, 193- 199 
coupled equations, interactions, 141 - 143 
cross sections, 215-216 
direct interaction, 156-158 
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effective interaction, high-energy domain, 

exchange contribution, 201 -206 
matrix elements, 143- 145 
multipole expansion, 206-212 
nuclear form factor, 146-147 
nuclear structure, 140-141, 149 
particle creation and destruction operators, 

particle-hole configurations, 15 I - 152 
quasi-particle configurations, 152- 154 
seleciion rules, 145-146, 158-160 
shell-model configurations, 149-150 
single-particle form factors, 147- 149 
transition densities, 212-215 
two-body amplitude, 192-193 

rotational states, 110, 223-240 
single-particle states, 1 1 1 - 120 
surface vibrations, 106 
transition amplitude, 118 

199-20 1 

150- 151 

Integral equation of scattering theory, 70, 
72-73, 75, 84-85 

formal solution, 65-66 
Lippmann-Schwinger equation, 62-65 
scattering amplitude, 17-20 

Interference, 310, 340, see also Coherence 
Internal coordinates, 18, 57, 252, 275-276 
Intrinsic coordinates, 18, 57, 252, 275-276 

J 

3 - j symbol, see Clebsch-Gordan coefficient 
6 - j symbol, 134, 145, 353-354 
9 - j symbol. 145, 355-356 
Jacobian, 57, 276 

K 

Kinetic energy operator, 14, 16, 27 

L 

Laguerre polynomial, 362 
Laplace operator, 350 
Legendre expansion, 113-1 14, 144, 281 
Legendre function, 35 I 
Lippmann-Schwinger equation, 62-65 
Long-range absorption, 245 

M 

Moller operator, 66 
Momentum space representation, 63-64 
Multiple scattering series, 131-133, 176, see 

Multipole expansion, see also Partial wave 

deformed optical potential, 224-226 
transition amplitude, 56-60 
two-nucleon interaction, 113-1 15, 144, 

also Watson’s multiple scattering series 

expansion 

154, 206-212 

N 

Nuclear form factor, 275-277 
Nuclear overlap function, 90, 253, 278, see 

Nuclear potential, 43, ser also Optical 

Nuclear structure amplitudes, 146, 149-152, 

Nucleon-nucleon interaction, 177, see also 

also Form factor 

potential 

206, 212 

T-matrix, free two-body 

0 

One-nucleon transfer reaction, 2, 8, 90-106 
contrast with two-nucleon transfer, 250-25 I 
distorted-wave Born approximation 

(d,p) stripping reaction, 90-93 
improvements in framework of 

spectroscopic factors, 97- I06 
transition amplitude, 92 
zero-range approximation, 94-95 

amplitude, 90-92 

distorted-wave Born approximation, 97 

Optical potential, 45-46, 130, 142, 187-189, 
326 

alpha particles, 33 
calculation of specific components, 24 I -249 
Coulomb potential, 30-32 
deformed nuclei, 225-226 
distorted wave, 27, 48-49, 72-75 
elastic scattering amplitude, 29-30 
generalized, 71, 75, 294-296 
Green’s function, 46-48, 76-77 
heavy ion scattering, 37-39 
imaginary potential, 40-41 
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non-locality, 42, 131, 243 
nucleon elastic scattering, 33-37 
nuclear potential, 30-32 
parametrization, 32-33 
partial wave expansion, 26-29 
partial wave sum convergence, 43-44 
radial wave function, 26-29 
rationale, 24-26 
relation between spherical and deformed 

spin-orbit interaction, 33-37 
systematics, 41 
trivially equivalent local potential, 244 

nuclei, 228-231 

Oscillator wave function, 254, 361 -362 

P 

Pairing theory, 104-106, 152-153, 270 
Parentage expansion 

one-nucleon, 91, 97-106 
two-nucleon, 253, 267-271, 277 

Partial wave expansion, 26-27, 3 1-32, 
48 
convergence, 43-44 
Coulomb, 31 
coupled equations, 133-135, 303-305 
for particles with spin, 35, 39 
transition amplitude, 56-59 

Particle-hole configurations, 15 1 - 152 
Partition, 15, 21, 74, see also Channel 
Permutation operator, 54 
Phase shift, 29 

Coulomb, 28 
Pick-up reactions, 2, 8, see also One-nucleon 

Plane wave, see also T-matrix 
Born approximation, 7, 24 
expansion, 9, 364 
normalization, 63 
theory, 7-12 

338-349 

transfer reaction 

Polarizability, nuclear wave functions, 

adiabatic estimate, 345-347 
dynamical description, 347-349 

Potential, see also Coulomb potential; Optical 
potential 

energy of two nuclei, 16 
Projection operators, 127, 156, 179, 279 
Propagator, see Green’s function 
(p.t) reaction, 262-266, 278, 287-288 

Q 
Quasi-particles, 152-154, 271 

R 

Racah coefficient, 134, see also 6 - j symbol 
Rearrangement 

amplitude, 67, see also Scattering 
amplitude; T-matrix 

collisions, 71, 73, 89, see also 
One-nucleon transfer reactions; 
Two-nucleon transfer reactions 

Reaction amplitude, see T-matrix 
Reduced matrix element, 357-360 
Relative coordinate, 15, 56 
Relative motion, 16 

optical potential, 25, 7 1 , 296 
Rotation functions, 224, 227, 361 
Rotational levels, 110, 307-310 

alpha scattering, 23 1-240 
coupled equations, 227-228 
multipole expansion, 224-226 
optical potential, 228-231 
wave functions. 223-224 

S 

Scattering amplitude, see also T-matrix 
Coulomb, 30 
defined, 17-20 
elastic, 19, 29 
inelastic or reaction, 20, 129, 304-306 

Schrodinger equation, 10, 62, 299-300, 
362 

Coulomb potential, 31 
entire system, 17 
optical potential, 25, 72, 75, 294 
shell model, 15 

Selection rules, 93, 119, 145, 147, 285-286, 
290 

direct interaction, 158-160 
spin-isospin, 256 

Separation method, 183-184 
Shell model, 14-15, 149, see also 

Single-nucleon states 
Single-nucleon states 

harmonic oscillation wave function, 254, 
257, 361 



378 Index 

inelastic excitation, 11 1-1 19 
wave function, 91, 147 

Single-nucleon transfer, see One-nucleon 

S-matrix, 31, 136-137’ 
amplitude, 318, 324-325 
structure, 334-336 

Source term method, 297-299 
Spectroscopic factors, one-nucleon transfer, 

transfer 

97-106 
sum rules, 98-100 

Spherical Bessel function, see Bessel function, 

Spherical harmonics, 350-351 
spheiical 

addition theorem, 35 1 
closure, 47 
plane-wave expansion, 9, 364 

Spherical tensors, 356 
scalar product, 358 
vector product, 359 

Spin-orbit interaction, 33-36 
Stripping reaction, see One-nucleon transfer 

reaction 
Structure amplitude, see Nuclear structure 

amplitudes 
Sum rules, 98-100 
Surface vibrations, excitation, 106-1 10, 

168-170 

m 
1 

Talmi-Moshinski transformation, 257, 362 
Time reversal, 49, 78 
T-matrix, 24, 66-70, 74, 129, see also 

specific reactions 
coupled-channel Born approximation, 295 
defined, 20 
distorted-wave Born approximation, see 

Distorted-wave Born approximation 
free two-body, 120-122, 132, 175, 

191-199 
Gell-Mann-Goldberger transformation, see 

Gell-Mann-Goldberger transformation 
one-nucleon transfer, 92 
plane wave, 8, 12-13, 21 
post and prior form, 70 
scattering amplitude, see Scattering 

series expansion, 70, 79-85 
two-nucleon transfer reaction, 259 

amplitude 

Transition amplitude, see Scattering amplitude; 
T-matrix 

Transition densities, 212-215, see also Form 

Transition operator, 69-71, see also Watson’s 

Triton wave function, 280 
Truncation, 127- 130 
Turning point, classical, 43, 315-316 
Two-nucleon interaction, 16, 113, see also 

factors 

multiple scattering series 

Effective interaction 
repulsion, 83-84, 125, 178 

between heavy ions, 288, 330-332 
between rotational nuclei, 307-310 
between vibrational nuclei, 305-307 
correlations, 251, 261 -263 
form factor, 259 
parentage amplitudes, 267-27 1 
selection rules, 256, 261 
selectivity of, 25 I ,  254, 261 -262 
structure amplitudes, 258 
transition amplitude, 259-260 

Two-nucleon transfer reactions, 2, 250-272 

TWO potential formula, 49 
Two-step processes, 79, see also Higher-order 

processes; Indirect transitions 

V 

Vibrational nuclei 
indirect transitions, 330-333 
inelastic excitation, 106-1 10 
two-nucleon transfer, 305-307 

W 

Watson’s multiple-scattering series, 81 -85, 

Waves, see also Distorted wave 
175 

incoming or outgoing, 28, 31, 49, 63 
non-Hermitian Hamiltonian, 74 

Wigner-Eckart theorem, 357 
Woods-Saxon potential, 14, 32, see also 

Wronskian. 47-48 
Optical potential 

2 

Zero-range interaction, 57, 94, 255, 261, 274, 
285 




