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ABSTRACT

By use of’a theory %hich has given exoellent results for the

oritical masa of spheres boti untampcd and with infinite tampereO formulas are

developed for more aomplioated configurationsO Finite tumyer89 several

8ucGes13ivetaqerso air Spaoea between core and tamper, tandholes in ‘Mo

zaotive”materialare treatedo The formulas obtaimd are found to be m.mh

simplar

remalt6

than those

and graph8

given by any other theory

are given for the various

of similar accuraayO lhmrioetl

casee treated.
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MULTI-MEDIUM CRITMJUAAMS PROBLR%S

harmonio method and yet gives critical radii %tithan error of lees than

1)
1 per owt (after appliutitionof a owal.1oorreotion fader )0 The x:dn

obstacle in app3yixagtho spherioal-harmonicmethod in its higher approximations

to mora oom~liaated critioal.maas problems is the a$se of the determinants

whioh uuaa~be aolvedO MnQe this now method elimixuxtesthe prohibitive amount

of coqxdation involvd in the polynomial method~ it would seem to be ywtioularly

useful in obtaining critxhml tcaa8e8for complicated tsa8aa0 In this report

applications

a)

b)

0)

d)

of the method we =de to i&e following problems:

Aobive material surrounded by n tamper of finite ~hickness.

Aotive mterial surrounded bya tamper of’finite thioknoss whioh

iR turn io 8urroundedby another taqer, which may be of either

fin%te or infinite thicknesaO

Aoktve material is mparated from w infinite tamper by an air

tqxt~e~

Aotive material is arranged in the form of a spherioal shell with

an eMp@ hole insideo The ease of a tamper extending to iafini~

istreated 88 well

X) See”Y&2*
●✍ 9 ● *

● 9*
● O ● *9 ● *9

aa the untampe3 o~seo

will not be developed by fitting the integral
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1301tzmaruaequatiion)we will Justify the method ueing

Method

For complioatod or5tioalaaa8 probloma MS

of fitting the $~tegral equation UNXJtbe modifiod in

straight-forward

order to avoid FA

Imthod

oertain

ambiguity whioh iariaeewith re~peot

‘lo8Q0 the mibi~ui%y lestU8 examine

tQ the proper choice of neutron deu8ity~

tho wthodo The problem of nn twtive ooro

infinite temper is attacked by first assuming the neutrons in

have the same spatial dependence aa in x infinite medium of

(For the core this ia (sin ~alr)~~lr and for ths ~mp~~

Iierethe C6S are the reaiprocraltransport mean free paths.

Subsoriplx 1 and 2 refer to oore and tamper rmpectivdyo

and v = number M neutrons oodng off por fissiono

+-f =
2

k#an~1k2

@ere f2 I=. (c3 )/02capture

Theao solutions are then required to

matron density at the oenter of the

satisfy the integral equation for the

oorao

(1)

This yields one equation oonneeting A and Me oritioal radiu8 (a) Of the We.,
●8* ●*O ●0

To obtain a seoond oqwt~s;~;h~oso~u~%on~ @e required to satisfy the law of
99*** ● *

●- ●9* ● 99 ●** 8** ●0
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cokmmmtion of neubronso This 8ay8 that the number of neutrons absorbed in

the tamper must equal the net xnunberproduced in We core. Stat@ msthanatioally

this 5.8:

%*1 ! ‘dv ‘-a2$2 1
ndv

a m &per “
(2)

Combining tha two equations gives m equation for a. Ambiguity ariBee when

W8 bveo for exempleo a sequence of one f~nite ~qw fol~wed W an id ini~

one. U5hg the above prooedlme the oore dansity is assumed a8 ;

inthe finitetimper the danaity ie

[
“%%5 +. B3k2”& ]/aer= Ae

%

and in the infinite tampero

a3 = Ce-k3’’3r/a5r

Fitting We integral equation and m ing the coneervatim law then gives M

only ho equations for the four quantitieaO A, B, C, and a o Wnoe amze more

assumptions would have to be made about ‘Ae neutron densitiesa !iW3ambiguity

is oontained”in ?&t these assumption should beo Another example of the

trouble one runs into is the problem of,the central hole. To f%t the integral

equation at r =

in %ho hole~

These

O would require some ad hoo hypotheses about the neutron density

ixoubles can be avoided, however. by reformulating what aotually

has been done in the ease where they do not ocour~ First let us examine

equation (2)o Sinoe for the steady state the net number of neutrons produoed

in the oore must equal @.#~ll#wi&~ @~ ~~ the aoreO the Ieft-hmd side of the
● 000 9***

● :0
●O .:*:00 ●00

~ ‘Jyt[ASS/●*b*a●*O
● **●m...
● ** ● *
● 000: ● 00.***●0:● om
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equation must be the total flux of nrmtrons across the surfaoe

Similarly. since the n~ber of nwkro~a

to that flowing into it. the right==hand

twnper~

wbsorbed in the taaper

side must be the total

of the core.

MX8t be eqiid

flux into the

Thuo equation (2) merely states that the total flux ie mntinuou8

/ aoroas the oore=tamper interfacuo ~8iI’43the fact tkt the assumwi OolutioKbs

(3)
,.

and the divergence theoremO we trmmform equation (2) into~

From the

the flux

ses that

eurfaoe suri’aoe

above disousaion tindthi6 equation we me that (2) mmunts to equatiag

per unit area (i?) in the two regions at the boundary surfaae~ We also

F for a medium i8 gimn by:

F = (-I fl grad n)/k2a

Generalizing ib cm be said thut at the boundary between twa media the flux

should be equatedG

Substituting the aasumed neutron density for the two=mmdium problem

in (1) yield6:
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which jue% oanaela the k On tha Id% Of equution (~)0 Performing this opemationo
1

multiplying through by e%e and transposing terms puts (5) in the form~

or (6)

.

.

‘.

.

..

Lot N{r,p) be the nuuiberof neutrons per unit volume who8e velodty

-1
motor makes an angle cos pwith the radiu8 veotor corresponding to a denetity

~

00 -c(r’-rln(r~)dr, .
distribution n(r). Now oonsider the expression? c(I + f) e

a

Exoept for the Iaok of a faator representing the attenuation of the neutron

beam from

di8tanot3a

in angles

r h O this ie the density of neutrons at the origin ooming from

qreater than r away. Since the density

thst ooming from any one solid angle i8

[dl + f)lh~(: e---r)drt)ti$
But the density at the origin ooming h from a unit

at the origin i8 uniform

solid angle from all

r and O is just N(r.-l)0

UIVCUSSIFIED
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Comparing this with equation ((5)we 6ee that it merely says:

= @2(a0401)

N2(a9d)
(7)

we have used(and will henoetorth use at all boundaries

between two media) is that the flux ooming in radially be oantinuous.

The integrals for the N(r,-1) can be written in fairly simple form.

Here we iricsludea trebleof thi8 funotion for all the densi~ distribution we

2)
8ha11 need in t“tis report 3

2) The difficulty Wi180n encountered in treatihg the cosine term ariaes from
failing to notice that this is an asymptotic, not an exaot, solution of the
1301tzmam equation. If the Boltzmann equation with a point sourae (to whioh
the problems in which the cosine wow more or less correspond) i8 solved
one obtaim5 the (sin ~a#lr %mm, and in addition, a linear combination
of (008 k2u#)/a2r and

Aaymptotioally thi8 gives the 00S %alr/alr term. “

●✝☛
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Here Ei(x) skands for
x

mara8 ‘real p% oftio

.:. : * +jOe:.o:0”

’10see wimt to do with a free surface let w exawim how thca

sphere is treated by fitting the integral eqwtiouo Qn aubatituting

Imtaulpd

~(r)=(aink3alr)/”lr in the integral equation and going through th~ samo

manipulstiona as before one arrives at equatioa (6) except ttit the right w

integral is not present. ‘limethe formula is

m vze’am

inwardo

fA’hovethis means NI(a,.l) =Qj i.e. theme is no flux soming radially

The procedure for attaoking more oo-nplicatodproblams should nowbe

dear. In eaoh of

den6iQ is aawm?d

material. Thus in

the regions of different neutron properties the neutron

to be that corresponding to an infinite medium of the

a solid cctive core a neutron density n = (8in k,uQr)/a.r

is usedo For an ini’i.nitetemper the

.4 e“k2”2r/.2r
b case the aotive material does not

used in the aotive material i,st

AA 1.

solution is taken as:

extend to the oenter the neutron density

+13(ooa klG#$,r

For a finite tamper 801UlXkOINSof the form:

[

‘-k a
nmAe ““’r] \.&2~-t-Be

are takenO
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Theme’ solutions are then required to 8atiafy corwin boundary

oonditionae At a free surfaue the c&dition will be N(raP - 1) =00 Ata

wrfaoo separatin~ two media N(r@fl1) and the flux F will be taken oontinuouao

These co~ditiona certainly ho~d for ths corroot eolutitxis of the problomo Howovoro

iti ia no% immediately obiiaiasthat

solution will yteld good reeultiao

indioates that t’tdoes.

Finite Tampars

merely racy.xiringLhesa of bh.e approxkunte

Exparienoe with tamped end untampd spheres

Here the proklcxnis to find tho oritioal radius for a sphere of active

material ombeddod in a tamper of Inner radiua a and outer radius bO The COr8 “

solution will be @ken as (sin a k r)/~ r and the tamper solution as:
11 1

Subscripts 1 refer to core oonstants~ 2 to &per oanst~nts~ Plaoing

N2(b0-1) =0, equating I?1(E40.1)to N2(a,-1) and setting

gives ua three equationa for AS B* and ao

following formula for the oritioal radius

nuclear oondxdx:

)= (f#22a& grad n2 ~

Eliminating A and B gives us the

(a) h tarms of b and the various

(9)

=0 ● ☛✎ ● 9** ● O, ● *
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As a cheek cm this met!~odcomparison were m~de with some calculations

wade by Group T.k on finite tampernO In the @ix cases uheoked the agreement waa

well within the aoourauy to whiah the two sdx of computation had been oarriod~

cent 250 hi unitsof the oore man free.pth the critionl radius with an

infinite WC tamper cane out lo~~~ With 6H Ml thie. was l.~JO - R di.fferenae

of 205 per oent in r&diu8 m’ 705 per oent in ,mas80

Double ?mpers = One Infinite

By double tamporo one infinite we mean a configuration inwhioh a

apherioal oore of active natorial of radiu8 s (region 1) iu w.mrounded by

tmnper materialextending t~ radius b (region 2)5 from b b m there is some

other tamper material (r9gion ~)p

previous

The sc)lutionataken in regions 1 and 2 are the mxne as those in the

‘a5k3r/~yr0 TO determinemction~ In region ~ we take n(r) = Ce

and a I;hereare the four equations ob’tined by eqgating flux and

APPROVED FOR PUBLIC RELEASE
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-k2u2b
,,1-(k2u2b + 1)e ‘+ 1 Ei(a2b -f-a#2b)

e‘202b(k2a2b - 1) - X Ei{a2b - 02k2b)

For tlw case of no absorption 5JJregion ~, X simplifies to $

+ fJ eaab

Figure I shows the eriticul radius (for an 80 per cent 25 core

followed by W und then by infinite Fe) ‘as& function of the NC thiokness*

liftera thioknoss of about ~n no particular gaio is qohie’vedby i.nureasing

the mount of W2~ The flat minimum at SW is due to the oi?feutfiof the

favorable proper~ of Fe9 namely its lack of absorptio~ overcoming the bad,.

effeolxiomsed by its small aros8 aeutiobo

Figure 11 @ & similar curve with tho Fe replawd by BoO.

Replaoing thel?C by BIO and the Fe by W gives the curves shown in
●

Figures 111 and IV. This is the problan encountered in considering the effeot

of surrounding the plug of the gun with B for safety in fabr$oation or
10

shippingo Compwison with the results described below for an empty shell

between core and tamper 6howa that the insertion of the B~0 greatly inoreases

tho”eafety f~ctoro Thus in the case of aolztvematerial followed by an air

spaoe of equal volume ad then by an infinite WC tamper one can only insert

1.36 W tanqpd orit8 of material before reaching the oritical stateO
‘f ’10

is present instead of the air about 108 arits can be present without being

● ☛☛
✎✎ n***

.’* ●
●00:, :00 ●

● ● 9**.00 ● m.:::**.
● ** .e.

● ● *
● 0 .*9 ● ●
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‘l?heauboron oalculmtiona were made assuming 100 pm cent BIO

L@ rOUgh Va~UM of the CX’08S 13@Oti O?.00 When the 6cRtioring data on B
10

DOUMOFinite ‘lumperss

H’the seoo.od‘tzmpermaterial (region”3)dxmdsonly ‘~ a radius

o instead of to hfinity~ we have double finite tamper$~ In the region 3 we

c

-a IL/r
3) + Deg3k3r]/..3r while

now take the neutron dexis%tyto be: n(r) = Ce

in regions 3 and 2 it is taken as betore~ At a and b the same Ixmmdary

equation for a is the ixma as above abept that Iimat be replaced by

(11)

Tho single ease oaloulated with this formula was that of 80 per wmt 25

followed by 6“ wc and then by 6* Fea Hero a = 195730 Z@ instead Of’cl-it

1dj*fj with infinite Kce fihowbg I&t we Iooe about 302 per cent in mm

~ having the WC -per finite even if Fe is added. “

A& Spree between Core and Infinite T=

Here the uore of awtive material is assumed to extmad to a radius a

●
✎ ✎ 0:0

be .**
***
● **

:::9

● m W**
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-“2J=2’,g:o Sinoetho owe is: ~ (’sinolklr)/clr and in the tamper n2 = Ae

the total flux of neutrons urossing the surfaoe of the active naterial mwt

equal that croming the Mner surface of the tamper we mxrt have

/

Equating N2(b,-1) b N1(a,.1) givcJ8the seoond of the t% equations neoes8ary

to determine a and A ~ a ia given by t

(12)

Figure Y shows how the oritical mass vmries as a funotion of a/b~

It is important for the gun to note that with a geometry of oore, epaoe of

t3qualVolume. and then tamper one oan put in at least 1016 wits and still

subaritioalo Sinoe the gun plug ha6 a still lees favorable oonfigurationn

be

one

mn safely put more than Id? orits

Calouhxbions OL’oritioal

simple using the graphs of LA=23&
.

the terms in the above equations

into ito

radii from the above formulas are very

These give plots of what are essentially

By suooessive guessing and reading frcsu

the graphs rapid computations oan be madee

Comparison fith results obtained by

method for a/b ~1 shows es8en%5ally oonplete

Central Spherioal Hole in Aotive Material

For the sake of the implosion and

81rable to know the effeot of oentral hole6

Ghiuber with the apherioal harmonio

agreement with this method.

the integral experiments it is d-

on the oritioal rcAs8 of both tamDed
.** ● ☛☛ ● ☛

✎

..ae. *m ●

.OO::. O
●

8 *:*.8
●

,.. :* i,~Jft,hQQ,r,rn
,, ,:C ● 00 ●

● * .OO:.**m ● 00 ●
. . . .
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and untamped sphsreso

Let us take the radius of

aotive material b. For tho neutron

.

the holeto be

den8ity in the

radiue of

asame t

nl(r) =
{ )‘in ‘Iklr + A Coa ‘IV ‘al=

At b the boundary conditions are Nl(bO.l) and F continuovtin the ease of arl

infinite tamper. At the edge of the hole (a) the oonditjcm oS’

imposed, iOeO .

)gradn =0
8

For an untampod sphere the formula for b is:

J..L

For a tamper extending
.kar

= Be 2 %2r)i61
‘2

J.A

h infinityIiw 00rrOSpondiAg

zero flu% i8

= o

formula

I

[

a2b*2a2b
o k22(l + f2)a22 e

1
/f2(l +k2a2b) Ei(02b + a2k2b) = O

.

.
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To check the validity of the formula for 8mall holes a perturbation

theory was U8Sdo For the umtamped ease with 100 per oent 25 and a hole of

radius OJ mfp the perturbation theory gave an iroreaae of the radius b over that
●

whioh “Wuld be obtained with no hole of 000009 mfp 0 The above formla gave

000006 mfp a satisfactory ch~~

From this we aee that khis method gives good results

In this region it also agreea with volumetric theory. For larger

that (14) wil1 give too small a m ES~ Applying what in the light

for small holee~

holes we know

of experienoe

“(of.LA-2%) would seem to be reasonable corrections gives a curve whioh again

agree8 with volumetrto theoryo Moreover, ohecking volumetric theory in the 1imit

of very large holes (whiah oan be done by comparison with a properly ohosen

plane slab problem) again shows it to be ocrreoto Thus, instead of (4) the

following 8-pie receipe oan be UE40 To oalculate the critical mass with any

6ize central hole, merely assume tho active material to be uniformly distributed

in a sphere of radiuo the same as that of the outer radius of the shell of

aotive material. Our experience indicates that this should give the critical

mass oorreot to

Conclusions3

In

withina fewper oento

oonolusion it oan be said that this method serves to solve the

more complicated aritioal-mass problems rather conveniently In an approximation

whioh ia probably fairly good as long as one stays away from axtreme cases(suoh

as very large holes and very thin shells or tampers). However, for holes we

advooate the use of volumetric theory instead of this method~ In the above work

no use was made either in the formulas derived or in the results quoted of the

..*.,09*
enpirioal fact that OVer ~oQ~f~~@d~r~~+ $or which the oorrect answers are

!!:- ;::dcu~y,F,ED.** ●*O ●● 00:: ● **:::0 9**.O:O se K
●e ..0 ●
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known this method give~ oritioal radii which

adda this 2 per cent to all radii caloulal%d

results oorreot lx} 1 or 2 per cent should be

effeots such as the

stillnot infinito~

are about 2 per cent to6 Iowa If one

from the formulas in this report

obtainableo Moreovero relative

per ‘cent inorease in oritical mass duo ti using a thickO but

tamper should be given very aacuratoly O

.
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