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ABSTRACT

approximateicn isThe theory of subcritical systems in two-group

and neutron distribution experimentsmultiplicationdiscussed and applied to

of wtamped and k~mped syskw@so Cn the whole. the agreement between experiment

and theory is satisfactory”
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AS~~~ IC M31’HODOF SOLVING NEUTRON-DIFFUSION PROBLEMS

The nwthod to be discuss~d has its chief application to subcritical

asswnblies~ The multiplication experiments on 25 cores
11

tamped with WC or U

2)
and the neutroa distributions in such as~emblies were the original stimulus to

development of the method. As we shall see critical and su?ercritical are

special cases of the treatment~

X Critical Systerilin Asymptotic .Approximation

AS the asymptotic solution to neutron di.ffusim involving two velocity

gyc’.?ysforms the basis of our calculati.onowe shall discuss it firsto

.4ssumingspherical symmetry for our core-temper system~ we solve the
.

coupled Doltzmann transport equations for the central point. ~t?rber’)was the

first to apply this device to ‘&e onemelocity problem The merit of this

approximation is the ease with which the difficult problem of unequal mean free

path in core and tamper can be handledo

The two velocity groups~

1 and 29 respectivoly~ The tamper

and the core symbols are unnmrked~

fast and slov[~are distinguished by subscripts

quantities aro characteri.ze~by an asterisk (~~)

.-f for the transports radiative cspture, inel~+sticand fission

w use N = n v as the neutron fluxe

The transpofi equations are then for a core c)fradius

d JAI;,.I-c’- 227 ~d LAMS - 230

respectivelyo

“u!’aridinfinite

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



.

.

tamper:

● 0 ● 90 ● *
●.o e”.: ●°0 ,
● m***9 ● @*
● *O ● ● ● bb ●
● ,00909 ● ***
8* .** ● ● ** ● ●

. . ● 9. ● . . .** ● -e . .
● 0 **0
● *:* .*::

● :0 9*● : ● .*
● ●:0 : ●:* ● 90 ● O

The amgular integration hss been alresdy performed in (1)0 Also, the possible

inequality of core and tamper mean free path

still tO define:

*2 ‘12=”1 ‘fL ; ‘2

~

~.

‘= fisElioIIspectrum and E. eenergy di.widin-gthe two velocity groupso

The temper quantities corre~pondtig to equation (2) are obtained by

putting am asterisk everywhere.

The core asymptotic solution to (1) can be obbeined by sett~g
1

i
.— _ .. .

-.?
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1 21 ‘2

+a
[
02 (l+f22’1R-2-1] = o

Eqw;tion (3)

or pure imaginary In

Nl -aA
1

dotermties both k and a but not

fact, we write our g+neral core

sin k~r ~ A sinh k=
klr - 2 kur

(Fortha sinh solution in (4). the arctan of K1and~>

(3)

Ao k can be

solution as:

either real

(4)

of (3) becomes arctanh)o

For the tamper ssymmotic solution, we recWL that for the one
● .x$

velocity theory to the characteristic function e /~% belongs the characteristic

% * = A%”~%/x?? aud l?~. aKN~ for a+ O in (l),value arcte.nh~ /o~ 0 Inserting N1
X*

we get

(5)

—
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To evaluate AIS A20 A19 A28 we use the conservation equationsD

two groups become:

& d m

s J s %?
N1r2dr + U2 f12

J

*.** 2+j$*2N2r2dr + U1 fll
%*11 Nlr d:?+ c$2f12 N2 r dr s O

0 0 a o
(7)

[

a

J

a. a

J
1

w
m2f22 +s

‘2 ‘Zd= + ‘lf21 %r2dr + ~r% #r2dr + ~~fzl l!l~dr . 0

t a a
two equations needed are obt~ined by substituting (4) and (6) into (1~~

Cur problem is now fully determined

m solving (3) for ~ of (4) it often happens that no such value exists.

This difficulty has never been fully waderstoodo The most successful method to

date is the so-oalled “hill~’method~ Equations (1) and (7) are transformed into

equations appropriate to a subcritical system by introducing a parameter A which

beoomes 1 for the critioal system (see section IV for further detailsl~ For A-l= 00

-1
koth kl, and ~ exists As A increases kl and k2 chango continuously until a

-1
maximum Afil is reachedo A further increase in A‘1 will give a value of kl but

no va3ue of k o
2

The “hill” solution is then to use ~ and a2 corresponding to
=1

Am and kl andafor~=lo1

AS a test of our method we will give a numerical exsqule and compare it

to other reliable nethods~ The case :hosen is a critical 25 core with an hfinite

*L)
WC tamper~~ This problem had been already solved by the spherical=harmonicmsthod o

‘Thecritioal radius as obtaimed by ths asymptotic method described above is

o a = I02757c
1

!3yths spherical-harmonicmethod~ the value of ala is 102841 for

the P3 approximation~ Lastlywe give the value obtained by the Feynman method:
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for the -twovelocity groupso A comparison t:~ereis made of the s@erical-

harmonic solution to’our asymptotic msthod~ Away from Whe core-tamper interface

the two methods agree fairly well. At the interface the asymptotic msthod gives

its typical discontinuous jump in neutron flux.> If a smmthh.sg process is used

on the asymptotic solution. quite good neutron distribution ourves are obtained.

i.eo the agreement between the asymptotic and spherical-harmonicmethods becomes

surprisingly good.

H Multiplication‘Theoryfor ?Mamped SpheresO

Suppose that we have an untamped sphere of active material of critical

size. ?fn neutrons are introduced into the sphere distributed in the normsl modes

then these neutrons will produce enough neutrons to compmsatei for those that leak

out, and the n neutrons will be maintained in the

process t:hen neutrons produce ad infinite number

(noglecki.ngdepletion of the material)o

‘hedefine the multi.plioation~I& as 1 +

normal modeo In this stationary

of neutrons which leak out

the total number of neutrons

produced by t~,achneutron. For the critical case the multiplication is Miniteo

If the sphere is sub-critical, and n neutrons are introduced~ they till

not maintlzinthemselwssO but will la~k a~-iayo‘Thetotal aumber produced is not

sufficient to compensate for the Iea?csgeo The leakage will continue until no

neutrons are left in the sphereo The process takes a finite time and a finite

number of neutrons :havebeen produced, The multiplicatim is finite.
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multiplication of a few sub-critical sizes to extrapolate accurately to ths

critical size*

The experiment is usually w.rried out by putting a steady source a+

the center of the sphere and measuring with a flat oounter the total number of

neutrons that emergeO The ratio of the total number that emerge to the total

mmber introduced by the source in the same time interva?.is the multiplication

of a oerrlxmlsource,>

He will now show how this quantity may be calculated in the approximation

that the spectrum of neutrons can be taken in the form of two monoohromwtic

groupso

Let the position_ of any point relative to the center of the

II
sphere be denoted RO and let R = ra 1st C(R) be the rranberof collisions

per sec per Wit volume at the point R<I M order to carry cut ow two-group

calculati,m$we represent (’(R)by a one tioh.um matrix with the elements C1(R~

and C2@~0 Cl(R~ W to represent the density of collislona per seco by fast

n.eutrons~and C2(R) -thesane quantity for slow neutrons. The transpose of

c, C+, will be a one-row matrix with the elements Cl -d C20 IU s~bols We have

The sum et’ the elements of

Consider for the

S(R) is again a one-column

and S3.CWneutrons prcduced

/

eny row

present

matrixz

/——————%

or column matrix~ MO will be denoted$h%

the general type of source distributiom,oS(R).

and its two components gtw the number of fcst

by the source per unit voluma at R per sece ‘l’haorder

of th ccmpomwts is the same as in C(R)o

. :“~:” :-&L~~~qwtixm wiclh describes the productioni]bCSU llOW WTl+i?o~“~%’%~!’!t.c,~zb
●

● ● ****O*
● : ● 9

● 0 ● O* :** ●:0 :@* ● 0

● e bob ● bb ● b
● ● 9 ●** ● ● ● ●am
● 00 ● ● ** ●
9**. : ● *9
● *O ● 0:000
● * ● *O ● ● ● . .
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and diffusion of neutrons in our system~

This inhornogeneous integral equation expresses essentially

newbrons~~ F and K are square matrices of the second order

● ☛✘ ● ✘
●
● e ::
● .*
● .0
● *9 ● m

(8)

the conservation of

FC(Rc~ is the source

of neutrons due ;O the collisions taking place at RQo X(R,RS) is known as the

kernel and represents the density of collisions at R due to a neutron produced

at RQ. The integration is over the active material and dR@ is the element of

VoIumeo It is now clear that this equa%i.onstates that the collisions at R are

due to the neutrons produced by the source akd to those produced by collisions

.
throughout the sphere which trmel to R and make a collision

expressions for F and E are

(

II
-a RWRG. G/e ~

~~&;&2) ~(RoRO~ = .~,,~,~

o

We see that K is a diagonal matrix. It follows that x+= K.

rslakiom K(R,R9) s K(R$~R) i,.eoK is symmetrio in R and Rto

iY.1general F+ ~Fo

thereu The explicit

o

‘)

II~&e-o% R-R’

4n lR-R’~2

We also have the ‘

We also note th~t

We will show presently that the solution of eq~ (8) reduces to finding

two sets of characteristic functions and values defined by two homogeneous imtegral

equation!~obtained from (8)0 Tha first set Of c~ract~~istic f~ti,o~s ~d ~luos ‘

is defintgdby the equation

(

J

49)

Ui(R) mAi X(R4Ri) FWi(R’) dR@ i = 1, 2, 3,”..’.00.0

h-ecall ths U+9S the direct funct\~gs~OO~h~y do not form an orthogonal set as.- —---WV;*: ● “ ● .
● *a6:* ● *

● ●
● ●0::

@
cc ,:. :00 c:. :9s SQ

● *@
● *O ● ● ●

● 0 bee 9 :,: . _
.*9

●
●

● *O
:.

.**
:::. ● ● .**.9:.

● 9 ● 9* ●

A.
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(3)
in the case of the one-group theory ~ We obtain what is called a hi-orthogonal

set with another infinite set of ihnctions which we ca11.the adjoint funtionso

7)The adjoht funtions arc defined by the equation ~

J

(10)
Vi(R) = Ai K(R,R”~ F%i(RO) dRV i - 1,2*3, ““”””o

Equations (9) and (10) possess the same set of ei.genvaluessince the Fredholm

determinmts are the same for the two equations It is now possible to show

quite easily that the U’s and VUS do form a bi=orthogonul set, ioeo that we have

the relatioa

To”do thi8 we first take the tran8pose of eqo (lCd for ‘thejth eigenfunctiono

This giVOS

V; (R)

Nowwe maltiply eqo (9) by
tJJ

multiplied by Aiwi(~ from the righto Then we integrate over the active matei-ialn

“:;8have .

J(Aj=hi) “V; {R) FUi(R) dR - AjAi
[J J

dRdRcVj+(R)FK(R,R’)Fui(RQ) - dRdRtV;(R~)FK(R=R~j

J
FUi(R)

Since K is symmdricg and the names of *he variables dc no% matter= the right Side

6) e cf. X.& 465

‘i’) o
r

In the general CaSe9 the definition of the adjotit isVi(R) sAi K+(R’,R)F+Vi(R’~
This reduces to (10~ ia.ovr m:.~~””:“c
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● ☛ ● ☛☛
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.’* ●
,000
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..** .**
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=-n-

JTj+(R)FUi(R) dll= 00 For i
8~= j we nay normalize the integral to unity LJ

By means of ‘thehi-orthogonal set we can Fourier analyze any density

fuuc%ion in terms of normal modeso However, the usefulr.essof the set goes

further thaR $hatc For it is also possible to analyze any square matrti-(of

second order) in terms of the direct and adjoint functions~ In particular we

easily find that

zK(R@RU~ =
Ui(R) V~ (Ra)

~ A
.!. ~

(13)

This is easily checked by substituting the series for X in eqo (2)~ The series

for k is called the”bili.nearseries for the kerneb It will be found very

usefulo

We now go

are considering has

back to the solution of eq~ (8)0

a central source w’hichlet us say

qz slow neutrons per second where ql + qz = 10 It is

Q+ =~>20 We have then that

</ ,/,

()

,.::::.)*,.

S(IJ =
~, S (J
d ~ti

The experiment whichwe

emits ql fast neutrons and

useful to define the matrix

i% can now perform the irkegration of the ‘kernelover the source in eq.a(8)0

obtain two expressi.ons~oae by usi.igthe matrix for K and tho other by

bilinear series for K* We have
,

We

JSC(R)= K(RORO)S{Ru)dRS =

t:.%)$’’’~’o;;’

note that (V; (0)Q) is a scalar quantity. To solve eqo @ expand

iafimite series in the U~~sU

We

using the
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Substituting in eqo (8) and using eq~ (Cd we have

This equation can be solved for the C0s by multiplying by V+F from the left and

integrat?.ngover the active materia10 We find that

Using eqi~(14)s we have as the final solution of eq. (8J

M this t’ormof the sohztion$ the first collision which is singular has been

separated from the infinite sum In this way the comwrgenoe of the series is

msde more rapid and fewer characteristic functions and vaiues have to

The total munber of collisions which take plsce in a sphere

a is

The told number of fissions taking place ia

and the multiplication is 1 +
J

O~FUI) ;dR.

()

10, 0

‘it ‘t~”h o ?.

L AJA5-==1)

be calculated.

of radius

{16)
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tampers used were tungsten carbide and tuballoyo The oritical size was approached

by memsuring the multiplication of sub-critical spheres. It was predicted

theoretically and checked experimentally that the graph of l/Mvso the radius

of the sphere is a straight line from reasonable

radius0

IF1 order to measure the multiplica~ion

large radii to the critical

of tamped spheres~ it is

necessary to place small foils in the active

usually

then be

end the

is very

some of

ob+xins ttietotal number of fissions

converted into the multiplication by

material itselfO In this way one

taking place in the sphere. This Call

comparing ths totei number of fissions

:))
multiplication h the caae of untamped spheres .

The calculation of the multiplicatio~ of tamped sub-critical spheres

similar to the calculation for the untamped spheres. particularly in

the more formal aspectso There are nevertheless some instances where

theory requires important ekborwtiono

We consider a spherical core of radius a~ with a unit source at the

center surrounded Iv an infinite tampero I&c us introduce the matrix G which.

plsys the same role in the tamper as F does in the cores The inhomogeneous

integral.equation which describes the production and diffusion of neutrons in

J \ J
c

In this equation C{R~ i~the density of collisions

the corelm tamper. The letters c and t under the

the intclgrationsare to be taken over the core and
● .ea ●

.*O9**..
● m● 9::

square matrix of second “cA&@?@ t@l~~s~ ;
● ,, ●@o o@@ ●.* ● ** ●*

~~
?). qdf

,.*b ● ●
●* ●** .9*. ..00.00 ..0 ●.00:::::0 ...

● **●*:* .0
●0 .*9 ●

khe

our

J
t

per sec. at any point in

integral signs ind<cate that

tamper respectively. G is a
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is to be taken along the straight lime between

R and Rho This complexity of’the kerl%}lis nacessitated by the fact that tho

core and tamper are in general of diffaremt transport mcw.nfree path.

~t us integrate eqO (17) over all spaceu UstiLgthe fsct that

J K(R,RB~dR = ~, We have

c~t

(M~JC@)dR +~S(R)dR =+df C(R)dR
c c t

This is the statement of the comservatiou of neutrons in two groups..

It is possible to ‘rite eqO (17) in s fo~m in which the tamper never

appears explicitly as suggested by R~ FeyanO For that purpose we introduce the

kernel~(R9Rq) which is defined as follows:

1
~ (R,R~) =X(R,RU) +-K(R,R1)GX(R1,Rt)~l+

J
K(RsR1)GK(R1~R2)GK(R2$R9)&\3dR2 4 *O~U(Zf~;

i’%

W this equation R and R* are restricted to the core.>

zwpresenti?It represents +Ae deasi~ of collisions at
a

to a neutron released at a point RO h the core. The

infimite series are just the density of collisions at

N%a.t dces this kernel

a point R in the core due

successive terms in the

Rwhen a neutron goes from .
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iteratio~ to eq~ (2.7)in the following wayo As a first approximation for C(R) .

neglect the second term~ iOeO the integral over the tampbrO Them substitute this

for C(R) in the tamper titegra10 This gives the second approximation for C(R) as

follows

C(R) = f{K(R,R9~ +~K(R.R’’)GK(R’’,)dR~[l ~V(Rg)g) +S(R’)~dRO

z t

Ii!this prooess is continued one is led to the integral ocpation

Jc(Rl = ~(R,RO) /m(Rw) + ,(Ray (ill, (21)

wbr~ (l$ZDRt)is givln by eq. (20)= lE this forms the eqwati.oufor the tamped

assesiblyis the same as for the unixwnpedassemblyO eq. (8). Indeed all the theory

of solving khe Momogeueous equation already develo~=d can Mow be taken over to

the tamped caseO I& us just look a 1~.ttletito the new kerr.ml, We comsider

it as a sa of kernels~~ (RORO) iOeO~(R,R~) . ~~~’,~,) where,~l(R,ROj ~(~,~~]
a t

3< +sh
is called the m iterated kerne10* Jd

n
is not qmmetrie h R and RR, nor i6

x a symetrio matrim “Thoseproperties are lost in going from the uutamped to

the tamped case,, A useful recursion relationship for the iterated kernels is tk

following

~ OLRQJ.[y~(R8R’’)GK(R~,RO) dRfl
% ‘~

A more general recursion relatimehip is the followtig

.

(22)
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WCJham see~ that im the untxmped case, the inhomogeneouseqtiti,bn

could be solved omce we had fouad the bi-orthogonal set of the homogeneous equation~

The equstioas we had to solve were eqso (5) and (10.)o The kernels in thase

oquations are essentially lkllnekernels which we kaow how
.

IV)o Hence the problem is essentially sd.ved.

In the tamped case the homogeneous equ~tion fcr

the oharaoteristic

to treat (see below

IAe direot .humtions and

i. x 1, 2 .0000 (23)

This

type

this

kerael and we must noVJ’ say huw the characteri.stio functioas and values of

kernel are to be fouud.

We now assert that the characteristic functions and values of eqa (23)

can be f’oundby solving the equation

To prove that this is so, first substitute the series for~(R=RU) o We have

Now

the

substitute the solution of eqe (24) into this equatioq o

In q

recurs ion relation eq. (22) we hava

J“h-
i= (M?’hi(ddw m

Ui(d -~~~(R,R’)GUi(RC) dRCI

.00●t .**9**●*
● *.OO O::: ● e

● *● 0:*:
●*::

900 0:0 ● D* ● 00 :.0 ● 9

.. ****
● 9 ● ,*. ●** ●
● m*

:.: ● ●
●

.00::

9000
.**

.00 ●-0 9 ● **

9* ● e
.* .00

GUi(R’) d.R’J xi%!

Ed
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If we now sum over all n, we see that all the terms cancel e%cept Ui(R~O “

law for the cheractwristic functions

The adjoint system of

integral equation

r
dR ==(G - 1)~

*

characteristic

U (R) dl? (2$
i

functions is defined bytke

Vq(R) = A f~~’’,R) F+V (R*] dRE* . j = 1, 2 aeeo (26)

In this way it fo130t~sin a manner completely Aua30gous to the?untemped

case that

This is true of course provided the direct and adjoint set of functions possess
.

the same set of oharacteristio values as is written into eqo(26)u That the two

set~ of characteristicvalues sre the same can be seen M the following way. Let?

us write eqe [24) in the Corn

Ui(R~ =
f

K(R,R’~L(R~)U (Rl)dR’
c+* i

whore L{R*) equals Al? h ‘thecore ond G in the tamper- Consider now an adjoint
1,

equation defined in the following way~ Ui(R) =
s

L+(l?)K(R~,R~Ui(R$)dR~.The
Ci-e

direct end cdjoint equeticn pos6ess the same set cl?characteristic values since

they

into

This

have the same J’redholmdeterminent~ The adjoint equation cen nowbe transformed

our adjoint oquoticn by multiplyhg by K(Rt’,l?~and integrating over all RC

proof and the proof A the case.~~o~~.euntampedSphere are not completely
. ●e. ● . - . .

● ✍
✛

vigorous since our kernels”a;e!e.ckual{y:20g~&.thmic~llysingular for r = r’.
‘e..:0:*. ●*e ● ** ●*

This

90 ● 00
● .* 9 9 ●

.O. ● :.:● ●.**
●

●
.m*
:::9 :.

● *@

9*.● 0:0 ● 0
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can be remedied by always consMering the average of the kerne1 over a small

region h setting up the determinantso “n this way all tha quantities are f.’initee.

It ,is now necessary to look into tha nature of the kernel~(R’ ,R).

dR1dRaO>

We oan now see that the eqnation vJe must solve for the adjoi.ntoharaeterktic

full!YtiOni8

For if we now employ the method of iteration to remove tho tamper term$ we are led

ho equatio~’(26)o

It is of course possible to prove direotly that tk U?s and Vls form a bi-

or-thogonalset from eqs. (24) arxi(27) which contaim tho tamper terms explicitlyo

To do this multiply eqO (24) by A$V+(R)F from the left e~d then subtract from this

the transpose of eqO (27) multiplied by hiMi(R) frozuths righfm l’hari integrate

both sides of the result @g equation over the coreo Viehave

Ths fiss%two terms on the right cancelo To show that the last two terms on tha

right cancel WCIrewrite them chenging tho order6 of titegratiou in each term and

substituting from eqs. (24) and (27). We have for these term
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3% is now clear that these terms E&o canoe10 We haye

J’+VR =‘0 Fori=j, Ai= ‘j this &tegral cm be
c

(a. (R) o

.-:. - _. .-—- -

then that if Aj+~i that

normalized to unity.

) and let UB denote bsr

Ge and at this matrix when it is evaluated h the ;ore and tamper respeotivelyo

From eq. (18) @ the definition of K(R~RO) we see that we have the following

matrix relation @(R]K(ROJR) = o(RO)X(R~RC)o tit US now ]nu~tiply eqo (27) by a(R)

and them integrate over a11 spacea We obtain the conservation law for the adjoint

functionso

~(k&_
f J
I) Vj(R) dR = - at(G+ - 1) Vj(R! dR

us
(28)

c e
‘We see that this relation has a slightly different structure from the

conservation latifor the direct functio~s@ eq. (25). $pwcifically there is an

‘textra~rCJo on the

us look Mto this

direct i?unctionsD

left and an “extra” at on the right side of the equation. Let

a littleo ‘W go back to eqO (24)~ the integral equation for the

This equation has direct physical meaning as follcws: U+(R’) dR
4.

is the number of collisions in dR~a 3n each collision A:~Fsieutronscome off in the

core md G in the tamperO A neutron so produced nkes K{R~Ro)dR collisions in

dRO Md the integral equaticn is tx condition that the system is them ~~ta~do

1% is Wmn *immediatelyclear without the process of integrating over all space

that the conservation law is just eqo (25]Q b% us MYW *u- *Q kht) adjoint fMCti_S

defined by eq. [27). As the equation dm-nds9 it has no direct plqnsicalme=inga

TM reas~m is t~t K(RQ,R) says ~~t ~~e co~lisio~ is ~~e at R* ~d not at ~.

w will now write eqo (27) so that “one can interpret ito Multiply aqo (27) by

a(R) and use the relation that.o~(@ K@j *!) ~ .K(R~R1~a(Rc)u Nuw introduce between
● ● :::ao

I’*and V(Rt~ and between G\~w#,?\~ ~~$&.&& matrix a“:L(Rr)u(R’)~ Here (s-l(RS)
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9

denotes the reciprocal of a(R~)O This is permissible shee /o@@)/+oO

obtain the followiag equation
●

This equation cm

that a{lv) “V+(R’)

be interpreted

plays the role

the role of GO

in

of

the same way as eqo (24)o ‘We see however

Ui@~) ~ kjo(R@)F+O-l(RO) the role of hiF and

With this interpretation we write down the

This is exactly eqo (28) if vie MM u= -d at from undar the integral signs as

we may and put these matrices in frastof the respective “oracketso The physical

interpretation of the adjoint equstio~ is necesssry when we depend on solving an

integral equation by intuitive rather than formal methods~

an umtamped caseo

and the solution of the ixhomogeneous i.ntegra3equations [17) and (21) is given

by eqO (15)
;(01’+

Z[ )
cm”+—..—— Ui(R)

L ‘i

.00
● 9* ● ●

6°*::o8 ●.*:*
● ,, ,:0 ● OO .:0

● * 9** ● **
●me●.* **e.*9● *9*:.:

.00
● * .** 9 ●

● *m
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●

..*

..*
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The first sum on the right is due to neutrons

● ☛

●
●

o
. .

●

● O

::
● 0
● ☛9*

making thir first collisiom in

term contains all the higher collisions. The first termthe coreo The second

contaims the singular pieoe

This is the coatributi.on

collisions in the coreO

of

1%

true first collisions as distinct from first

is agati useful to separate this out. We have then

for the final solution of the inhoznogeneousintegral equaticm
k

.

(29)
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W. Warmtemistie Functions and Valuea

We still have to determine the U~. Vi and A3 Of (16) and (~)o These

characteristic functions and VS.lUCKIam do-torminad by the integral equations

(9) and (12) for the ~~amp~d ca~e 6 (2U ~ {%) ~ (27) and (28) for the te.mpedGaseO

If we rohomber that Cl ~ Nlal and C2,~ I&Je and that ~~=0 for an untanped

Core. thcm (9) and (2&) bcoomoO if evaluated for the ccmtral point (R =0)0 the,

same as (1) except that thcIF matrix of the core is multiplied by the characteristic

~ A similar relation cxiats between the conservation equations (25) or [28)YaluclA o

and (7)0 Thus we obacrve that tho transport and oozmermtion equations for any

oharactoriatie modo dM’foro from the oarreaponding critxloalequationa in that the

F quantities of the core are multipliwiby AIO The problem of the oritioal system

Aa: gi~en for the lowest and only mode that Ai = 10 weseek the value of the

core radius ‘an *e satisfy our fundamental equationoo 01 the othor 17arNi0tie

subaritieal problem is: given the oore radius ~al~oWe wish to determine A@..&... *

%% shall @rder the oharacteristio m+luos by taking $4 Led ..... ~ For a sub=.-

cmitim% qmtom ‘Ai> h ?% give a physicax argumcmt for this aasertiono When

the system is subcritical~ the values of 1 + f’llC,flaD ete~ entering F aro not

suffioien~ly large to maintain the syslxm critioalo But tho suboritieal equations

.tcwa mode are essentially

E’or an assumed

critioal

Thus ha

value of

equationa with 1 + fllo fW~ ..o.o changed ints

> 1.

%’
the asymptotic equations oan be written

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



.

—.

● ☛ ● ☛✌ bee ● ●
● m.. 9*. ● ● ● ●**
● ** ● * ●** ●
● 06.0 ● **
.OOOO; ● *m
● m ● 00 ● ● be

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



80
● .

::
● 9. .

8
● 0

●
●

. ● :
●

9**
● ●om9* ●

● ●
● 0:.. .

● 9* 900
● 0
● ● .
● *

●:* :

-24-

● ● O
● ●am ●

9*
: ● **.OOO:”:.. . . .
99* 900 .0

● * ● *
● ***:. . . .

As the radius of tho core ia inoreasedD As deoreasos~ An an inter-

med~ate ease let us take the situation indicated in Fig. & For the lowest mode

functions have the form (~). The higher modes ~, ~ hSVC3 the values of k2 both

poqitive and therefore their char~cteristio fwaotions will bs linear ~ombinations of

.

.

larger.

Ourveo

known.

r

-*

-a
1 Fig ● 4

‘flediscuss a further examplo (Fig. ~)~ The core has beeomo sti31

The valuo Al has now reached is suoh that no value of k? exists on tlw B

This is certainly an anomalous situation No satisfactory solution is yo%

We hawe in the meantime adopted tihe“hilln apuroximatio~ ioe~ that.

2

‘2 =
-a~D or that w use the nearest vaZue of l/A whioh gives a sol.utiono namely

the point H9 tho highest point on the curve BO The vahs af
<

aluays exists and

ie hero poa~tivec ‘Thistype of solutionwae d’ieoussedat the end of’section Ie

‘l’hohigher modes behave px’opw?ly. The second mode is hors a mixed sin and sinho

me third mode is a sinan~ sin oombinat~on dm~
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.

The final example

1:=

Fig. 5

ia W-at of the crikical oase~ The lowost or

fundamental mode is usually of the @pe indicated in Rig. ~. Th@ higher modes

need not be considered as their contribution to the multiplication or neutron

density is negligible.
-1‘The~the~tical explanation is tho prosonoe Of (~i-~)

b these

cri%ieal

0XpreSt3io?M and lily I a8 oriticaMty is approachwi~ See (16) and (29)=

lb praotice to find the lowest charaoteristio va2uo ~ for a sub-

system we guess a value of!~ (of oourse highsr than one). and tha

are dmtitutcd in the transport and conservation equations (2&) and (25) or (26]
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sheuld vanisho By wakatzi-ng several values of A fer the corresponding

5t8BUW9d Va~UCIt3 d ‘h. we can finally interpolate to the cerremt value of ~

*Q any accuracyO OnGe the lowest modo ,(~) is obtaindio the trial A is inoregsed.

The XMGSthigher value of h to giva a solution to our ecp=tions is called h2= W

Mr5s way ae many modes as destred oan be cithaht%d~ A

Suff%ou

The) determination Of A ~~ Ui, V3 cm thus b,s

few such modes USIW~~y

cuwried out. A oheak of

the method should be that hi obtained from Ui is the same as that fromV$o lleQY-

evor= a s~ight discrepancy &y cud.stbetween the two values duo te the faot that

the characteristic funotions employed are only approximate and not exaot solutions

of our equatianso

Vo Resultso

W4 shall

on z=l/2”and&=l/2°

first report our rasult~ for the

diameter “21j’f

brief accmunt of these experiments

aurvea were odaaktd on both the

3@f!density iaoo gM/Qm O man

the oore diamtero the curves

A eorrsotion (here srmll) was

experiments

sphersg uwkamped or tamped with WC ax’U. A

has already been given in IA.NS2270 Tlneoretical

one-group and twbgroup theories f’or75% 25

shownin Figo 6 are found to be raaarhbly etna%ght~

made for the presence W? the central hole and finite

SAZEIIef the fiource,~A8 seen from Fig~ 6e

ourves wello The one group and two group

This was found to be true for both 2j and

the cxperinental points fit the theoreti

methods give essmxtiaZly the samo result

@ cores uxtxmpod ortimped~ h faotth

practioal prooedure is to determine the critical mas3 froma two group calculation
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the remainder of the rnultiplicat~
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cmrvoo Afia matter of record. the 6 phase 49 calculations @ LAMS 253 were done

$a thh? mannesro Elaborate Ixm=group a phase 49 oaleulntions wore already co-

pleted whe?ait was deoidod to use the d phase as the core mteriale Esther tham

ropeak the computa~ioziaf.’~rthe 6 phaso .49on *he tw%=group methodO ontogroup

was thought sufficiently accurate as ‘be.sedon our experienso with the close

cheek between the two mathods applied to several different oasese A detai~ed

.disoussionof 25 and 49 multiplication experiments is given in a reoent report

LLL4640

Another class of experiments was performcl in which the radial neutron

d$stributionas detected by 250 280 and 3’7 small fission ahambers were measured

thrrmagheutthe core and tamper of various suboritioal assemblies. The experimental

hi”ormation is oontained h L&sO~and I&&2a for a meclc=.fissionsouroe and in

S.A-@2 for a therw~fission SOUFOOQ The former work will henceforth be conven-

iently refmrod to as Mml.Qyaa and the latter as Andersonyso

As the overall multipl~oe.tionwas excelhwrtlyverifiod by the theory,

$!Mwas deeided that the multiplicationwhich canbe also calculated from the

exporlmental neutron marvm obtained witha ~ chamber should be normal~zed (&f

need be) ts give the multiplication correotly~

10)
multiplieabion values agreed witihW.lliamsQ

multiplication as computed from lhnleyQs curves

As a matter of fact. Andersonws

very welXO ,Howol?ero the

seemejdte be a little low (about

590 The difference we attribute to the perturbation due to the finite size of

the detectors In any case we adjusted the theoretical and exparimontal neutrora

distributions deteoted by 25 foils ho have the sass neutron source strength and

further that the multiplication in the core (after the multiplication due to the
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for abso3uts magnitude. As we

for 3.1/2f’ and &l/’k! ‘c diameter

hoped for. In ordar ta remove

see from Figs~ ?g 90 119 130 the core distribution

oore6 with W or U tampers is as good as oan be

the l/r2 singularity near the source~ we have

plotted r2F against r~ F is the number of fiasiona per m detected at the radial

difrbarlce r. ?!hotitles of the figures are to he 3.nterprotedas followa~ [a) the

diameter S$ZO of the core (5.1/2” or &=2/21’) (b) the tamper @C or U) (o) the

deteotor (2~0 280 or 37) and finally (d) the location (ooro amtamper)o Th@

~hcoretioal aurree are drawn ae soM.d lima and the oxpa%mwkal peintm of

LA+O~andWh21ms indicateda6 ~nl~v~ and tho WrC’~pond~g Points of ~x

are put in as AndelWonG

The tamper distributions with 25 detectors nroo we wish te stress.

ne longer normalized or inimrfomd with in any wayo lb the taxnpmo far sway from

the #sourceOwe revert to the usua~ F against F plqt~ The tamper distributions are

eemplkatai by the pressnee of iron at a certain distame outo A rough one group

ealetalat%on was made to take

is .shownas a dotted line in

acoourrt of the iron. The thus correotcd distribution

those figures. 1% noted that the neutron flux die=

tribution (FigO 1) has an abrupt transition at the core.tampe interface. These

distributions as well as tho fission cross seotione entering the expression for F

were made smooth in the transition zone between the cere and tamperG men we

think of the complications

that tho agreement between

We nowtur?a ‘to

involved in thti solution of these problems~ we may aay

the theory end experiment M good.

the distributions measured with the 28 detectorf~ Oaly

One adjustmnt ~S madc)o I.lMIO?yo that the experiment

fissions per ee near the soup$u:”~ l=yv~z~$senoe
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