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ABSTRACT

The theory of subcriticel systems in two=group approximetion is

discussed and applied to multiplicetion and neutron distrribution experiments

of untamped snd tamped systems. Cn the whols, the agreement between experiment

end Ttheory is satisfactorye
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ASYVPYOTIC NMETHOD OF SOLVING NEUTRON=DIFFUSION PROBLENS

The msthod to be discussed has its chief spplication to subcritical
asssmbliess The multiplication experiments om 25 coresl) tampsd with ¥WC or U
and the neutron distributions in such as:)embliesz) wers the original stimulus to
development of the method. As we shall see critical anc supercritical are

special cases of the treatnmente

I Critical System in Asymptotic Approximation

As the asymptotic solution to neutron diffusica involving two velocity
greups forms the basis of our caloculation, we shall discuss it firste.

Assuming spherical symmetry for our core=tampar system, we solve the
c.oupled Boltzmann transport equations for the central pointe SerberS) was the
first to apply this device to the one=velocity problemec The merit of this
anproximation is the ease with which the difficult problem of unequal mean free
path in core snd tamper can be hsndlede

The two velocity groups, fast and slow, are distinguished by subscripts

1 and 2, respectively. The tamper quantities are charecterized by an ssterisk (*)

er

ard the core symbols are uammrked» The cross sactions {(in em 1) BY® Ty Opy G4y
<p for the transport, radiative capture, inel:stic and rfission respectively.
We use H = n v a5 the neutron {lux-

The transport eguations are then for a cors of radius "e" and infinite

1)  LANS = 227 and LaMS = 250
2) 1A = 307, 14 = 402 and 34 & 42
3)  1a - 234 KA
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The angular integration has been already performed in ('.l)u Also, the possible
inequality of core and tamper mean free path (0513 are in evidenceo Te have

still to define:

oy fll.——-_-_(vl=1)of'=or'=cm). oy £,,=v, of ™
(2)
o, f12:"=v1 ofa, ; o, f22 -—_:__-:_(vzz'l) czor& '
0
whers vIEEnumber of nsutrons emitted into the fast group = JZ;dE
)
ené v, [ dE , v=total nuber of veutrons per fission-

2; fiseion spectrum and B, =energy dividing the two wvelocity groupse

The temper gquantities corresponding to equation (2) are obtained by
putting an asterisk everywherec
The core asymptotic solution to (1) can be obtained by setting
\

= Af{sin kr)/kr and 1: = aN], and a—-aoo
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Then

o, (1af. K “l+a0, £, ¥ = 0 '

‘} (3)

cl :E'zl K2 +a [ (l+f =1

where K, ==(arcten k/cl) /x

K, == (arcten x/o 2) /x

Bqu:ytion (3) determines both k and a but not A. Xk can be either resl

or pure imaginary. In fact, we write our general core solution as:

- gin kr . 8$inh k., r
Nl Al *_ET;-“- X2 A2 _.E:;.z&..

(4)
= sin k,r Sinh k.r
Nz l].lA_ - --]r;;-L — ¥ dzAz _._.E...&.&r
(For the sinh solution in {4), the arcten of Ky and I, of (3) becomes arctanh) o

For the temper ssymptotic soclution, we recall that for the one
O&
velocity theory to the characterlstlc fuection e /l( r belongs the characteristiec

-K%
value arctenh /(*/c, o Inserting N?l(- * /K* and N*’ Nl for a~3»0 in (1),
we get

¥ %% + %
Ol(l-rfll)K* -1 4+a 02 flz Kl = 0

(s)

N N Y . =
where ng._-(arctanh,’ﬂ'/o?/}{*_; K;‘ﬂarctanh/‘.' /0'2)/,{%‘; Again (5} determines /(’*‘

and o¥ but not A*_e The generel tamper esymptotic solutiom is then

N* - A* i ! ¥ » A*‘ [~ ] R‘R' r
LIRS Rt (8)
N et 5':.,,._“:.,.5 357 ¥ e

SN BN = —
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To evaluate Ays Ay A%; I:; we use the conservat.ion eguations,

which for two groups become:

2 ¢ 2 % K 2* 2
<:1f11f Nrdr + oy 11?[ Nordr + oy 11 N-;{r de + ozf-fg N2 rdr = 0O
(4 ° a o

(7)

Sz 3 ¥ .96 2 * 2 W K 2
Ty f22£N2 rdr + Glf‘ZIJ\thr ar + °2rf22 N, r ar + o.f E*r dr = O

1721
b a
The other two equetions needed are obtained by substitubing (&) and (8) into (1J-

Cur problem is now fully determinedo

In solving (3) for k, of (4) it often happens that no such value existso
This difficulty has never boen fully wmderstoode The most successful method to
date 1s the so-called "hill" method. Equations (1) and (7) are transformed into
equations appropriaste %o & subcritical system by inkroducing a parameter M which
becomes 1 for the critical system (see section IV for further details)s For )\,1‘ 0,

toth kys and k2 exist- As N increases kl and k2 chenge continucusly until =

maximum An:l is reschede. A further incrsase in A1 will give a value of k; but
no value of kyo The "hill" solution is then to use ¥, and a, correspoading to

=1

- A R
}‘m anal.landalfor = 1

As a test of our method we will give & numerical example and compare it

to other reliable methcdss The case :thosen is a criticel 25 core with an infinite

4)
ViIC tampsrs This problem had been zlresdy soived by the spherical=harmonic msthod o

The critical radius as obtained by the asymptotic method described above is
Oya = 1.2757: By tha spherical-harmonic msthods the valus of gie is 1.2841 for
the R5 approximation. lastly we give the value obtained by the Feynman method:

gy = 1.2767- We see that thess three estimates of the critical radius are im
good agreemente Im Fig 15, we s hefe u‘ Dip{. 003 neutron flux nv iu cors and tamper

°
rY EV R X S ¥ Y I ..M. (1] 00

&) .14 - 235, Fige 7 e 2% 4% b

oo ¢ o o . ;:-;..;,4. -
. -L r-..ji I\SE?HEB _—
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for the two velocity groupse A comparison tihere is made of the sphericsle
harmonic solution to' our asymptotic method- Away from the core=tamper interface,
the two methods agree fairly wells At the interfece the ssymptotic msthod gives
its typical discontinuous jump in neutron fluxs If a smoothisg process is used
on the asymptotic solution, quite good neutron distribution curves are obtained,
iveo the agreement betwswen the asymptotic amnd spherical—-harmonic methods becomes

surprisingly goode

IY Multiplication Theory for Untamped Svherese

Suppose that we have sn untemped sphere of =zctive materisl of critical
sisee Xn neutrons are introduced into the sphere distributed in the normal mode,
then thess neutrens will produce enough neutrons to compensa’;:e for those that legk
out, and the n neutrons will be maintaeined in the normsl mode. 1In this stationary
process the n neutrons produce aa infinite number of neutrons which leak out
(neglecting depletion of the materiall.

We define the multiplication, I, a8 1 ¢+ the total number of neutrons
produced by <ach neutrene For the critical cass the multiplicetion is infiniteo

If the sphere is sub=critical, and n neutrons are introduced, they will
not maintinin themselves, but will leck awey. The totel aumber produced is not
sufficient to compensate for the leakeger The leakage will continue until no
e utrons are left in the sphere. The process tekes a finite time and a finite
numbe¢r of neubtrons have been produced: The multiplicstion is finitao

The reciprocel of the mul'tiplicationo l/M, is always finite, being 1
for a bare source and gzero for the criticel sizec I has beer found that the
graph of 1/ vso the radials & ‘ﬁhe '53t§ve-m:=terlal is for 25 metal snd 49 metal
very closely a streight liﬁgrQ ‘Bheiude® ot this it ie pcssible by measuring the

.  In the cese of 49 th& Zvi:n'e ”D.
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multiplication of a few sub=criticel sizes Lo extrapolate eccuretely to tha
critical size.

The expariment is usually cerried out by putting a stéady source at
the center of the sphere and measuring with a flat counter the total number of
neutrons that emerges The retic of the total number that emerge to the total
number introduced by the source in the seme time intervel is the multiplicatioa
of a centrel source.

We will now show how this quantity mey be calculated in the approximstion
that the spectrum of neutrone can be taken in the form of two monochromatic
groupse

Let the position vector of any point relative to the centar of the
sphere be denoted R, and let / R/ = r> lst C(R) be the nmumber of collisions
per sec per writ volume at the point R« In order to carry out our two=group
calculation, we represent ( (R) by a one volumm matrix with the elements CI(R)
and Cg(R)o Gl(R.) is -to represent the density of collislions per secc by fast
neutrons, and 02(1_2) the seme quantity f'o'r slow neutrons: The transpose of
C, C¥, will bs & one-row matrix with the elsments Cy and Cye  In symbols we have

c(® C’ %%3) CH®) =T <R3 o

..-...-..-

The sum ¢f the elements of eny row or columm matrix, ¥, will be denoted G;I':Mo
Consider for the present the general type of source distribution, S(R)-

S(R) is again a one~columm matrix, and its two componments give the number of fest

and slow neutrons produced by the source per unit volums at R per sece The order

of tha components is the same as in C(R/o

Vs can now wrl‘cé.nrzl’rcs E?nf;sﬂfugc‘: quation which describes the preduction
L] [ ] [ 1] [ ] [ X ) L I
[ ] [ ] [ ] ® o
+ ®® 000 000 S0 0o oo
P —
(X (21X ] [ 00 o o [
® o o e & o ® & o o
® o o [ [ ] [ X X ) [ ]
® o oo [ ] [ ] L N ) [ ]
® & o ® o o o o o
L X ] [ 1 X [ ] [ ] [ ] L X ]
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and diffusion of neutrons in our system e
C(R) = \K(R,R") {FC(Rv) + s(m)} dR? (8)

This inhomogensous integral equation expresses essentinlly the conservation of

neutrons« F and K are square matrices of the second order FC(R') is the sourcse

of neutrons due ;o the collisions taking place at Rf. K(R.R') is known as the

keranel and represents the density of collisions at R dus to a neutron producad

at Rfc 7The integration is over the active material and dR' is the slement of

volumess It is now clsar that this equaition states that the collisions at R are

due to'the neutrons produced by the source shd to those produced by collisioms
throughout the sphere which trevel to R and mzke a collision there.
=, Rw ]
0 o™ [
rg 0
“&Q-ORJR-R”}

¢ 4n lR-R'I 2

The explicit
oxpressioms for F and K are

7

F nCl-i-fll flg ) K(R,aR") = én,R"'Rt_

S

Toy  L4tpg

Wie see that K is a diagonal matrixe It follows that K“= Xo We alsc have the

rolation K(R,R” = K(R? ,R) joee K is symmetric in R end Rfv We alsoc note that
in general F* § Fo

We will show presently that the solution of ej. (8) reduces to finding
o sets of characteristic fumctiors and veluss dsfined by two homogensous inmtegral

sguations obteined from (B)o The first set of charscteristic funtioms and values

is defined by ths squatiom

L9
U R - Aijx(R,RG FU, (R*) dRe i=1,2, 3, ceoeoo_

%e cail the U,'s the direct fumctioysy,, They do not form an orthogonal sot as
e ——*:v:mvto : e ® : : -

o L4
.’ : (34 ¢ se : :

. e o
.00 0:0 008 €00 o9e *°
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in the case of the one=group theorysa We obtain what is called a bi-orthogonal
set with another infinite set of functioms which we call the adjoint funtions.
The adjoint funtions are def'ined by the equation7)o

(20)
Vi(R) s AiJNK(R°Rn) F*Vi(Rc) dr* $ = 1,2,3, *°°°°,

Bquations (9) and (10) possess the same set of eipgenvalues since the Fredholm

determinents sre the same for the two equationse It is now possible to show

quite easily that the U's and V's do form a bi=orthogonual set, ices that we have

the relaition

jvaf’ (R FU () aR =& 31 ' (10

To'do this we first take the transpose of eqo (10) for the jth eigenfunctiono

This gives

+ ) = A + ] ] , 4
v (R jfvj (rR*) FX(R,R% dR _ (122'

Now we maltiply eqe (9} by Ljvs(R) F from the left and subtract from this ege (12)

multiplisd by AiFUi(R) from the righte Then we integrate over the active materials

Vs have
("j=’*i)J V; (R)' FU (R} dR = Mh, [ ngdRVV; (RIFR(R,R®) FU; (Re) = |[aRaReV(Re) FR(R,R)

FU, (R)}

S8ince K is symmetric, and the names of the variables dc not malter, the right side

vanishes. Assuming no degenerescy, that is for ° 4 J hi_% st wa ©ind that .

6)o Cf. LA 465

7). In the general case, the definition of the adjoint is V, (R) iji+(R°,R)F+Vi(R°)
This reduces to (10) qn.nv” ntzu°°" ! R

2000,
o000

Y et0 s so0 tee oo
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)
jvj* (RIFU,(R) 4R = 0o For i = j we msy normalize the integral to wity® o

By means of the bi=orthogonal set we can Fourier analyze any density

function in berms of normal modes. However, the usefulress of the set goes

further then fhate For it is also possible to analyze cuy 'square matrix (of

second order) in terms of the direct and adjoint functionse In particular we

easily find thet

K(R,RY} ..-Zui(R) 7\3:{ (2*) (13)

This is easily checksd by substitutiag the series for X in eqgs (2) o The series

for K is called the bilinmear series for the kernel. It will be found very

usefuls

We now go back to the solution of ego (8}o The experiment which we
are considering has a central source which let us say emits q, fast neutrons and

45 slow neutrons per second where qy + g3 = lo It is useful to define thes matrix

TN
Q" =q, gy We have them that
N -
8(x
) - Ly 2
' S(R (r)
Aty

e cen now perform the integration of the kernel over the source in eq» (B)o We

obtain two expressions, ome by using the matrix for X and tho other by using the

Pilineer series for Ko We have

ST (14)
s¢ (@) = k@) saodant of 1 7*';‘""" DU R (V) (0)Q)
RN s o T g

We note that (Vj'_" (0)Q) is a scalar quantityo To solve eqo (8) expamd C(Ras

an infinite series in the Ui‘so

R o e eoe ..o ooo oo
8. Te this way there rer!aélh's an arol’crar}ness in the way the U's and Vg are
. wnermalized separate*y :‘Hw .... GE -‘,4 . tucroance as in the applications it

is always bhe product $ifs% o P
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Substituting ix eqe (8/ and using eqe (6) wa have

(v () vy » €0,

%C =
o e *
i A A,

i 3 i

This equation can be soclved for the C's by multiplying by V'F from the left and

integrating over the sctive materiale We find thet

v (e vy (oe V5 (olg )
Using eq» (14), we have as the final solution of eq- (8}
q,0 3.:2’._: S
. [ eory . (v (0l Q) qi(R)
o BT ______,: A (=1
9% i
4ny &

In this form of the solution, the first collision which is singular has been
separated from the imfinite sum: Im this way the convergence of the seriss is
made more rapid and fewer characteristic functions and vaiuves have to be calculateda

The total aumber of collisioms which take place in a sphere of radius

{16

8
f* a3 (3=-e°°‘ =) (e JLI v, (RV4R
° ~2( e aa A.(}\.nly
iv s
i
The totel number of fissions teking pl ace in the sphere is (o‘,’ /a ) (o., /c& deR,

aud the multiplication is 1 +JJ(F‘—-I3 f CdR. Here I stunds for the ide if,stoy wr
. 10
unit mat:ix(o 1

+

I1To Multiplication Thsory of Temped Spheres.

One of the most’ umpoman’t?rré;.s'.;raments made by the project was the
determination of the crltit:sal'sfzeé. of.éamped spheres of' 25 and 49- The principal

>
T
§
e



APPROVED FOR PUBLI C RELEASE

L]

[T XX}
(I XX
[T X X!
[ )

[ )

tampers used wers tungsten carbide and tuballoye Ths critical size was approached

by measuring the multiplication of sub=critical spheres. It was predicted
theoretically and checked experimentally that the graph of 1/H vso the radius
of the sphere is a straight line from reasonable large radii to the critical
radiuse

In ordsr to messure the mﬁltiplication of tamved spheres, it is
necessary to place small folls in the active material Ltselfe In this way ome
usually obtuing the total number of fissions teking pluce in the sphers. This can
then be converted into the multiplication by comparing the totel number of fissions
and the multiplication im the case of unbamped spherasg)o

The calculestion of the multiplicetion of tamped sub=critical spheras
is very similar to the calculatiom for the untamped spheres, particularly in
somo of the more formal aspects. There are neverthaless some instances where the
theory requires important elnboration-

We consider a spherical core of radius a, wilth a unit source at the
center surrounded by an infinite tampere let us imtroduce the matrix G wﬁich
plays the same role in the tamper as F does in the core- The inhomogeneous
irtegrai equatiom which describes the production and diffuslon of neutrons in our

assembly now becomes
7
c(r) -jK(R,R*) {FC(R“) + s(Rv)} dR*® .;jK(R,,RB)Gc(R-)' dR?
c t

In this equation C{R) i® +he density of collisioms per sece at any poimt in
the core cr tamper. The letters ¢ end t under the intograsl signs indicate thet

the integrations are to be token over the core and tamper respectively. G is a

square matrix of second die}. c:s iqanb. :
QQ 0.0 eee oo oo LX)

7) LA et TR B
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G = oK %

) Kl Q
The kernel T{R,R*) A0 X, where
N ]
X t) =

Tho inbogrebicn ia tho cxpement iz to be vaken along the straight line between

R end R~ This complexity of the kern:l is necessitated by the fact that the

core and tamper ere in general of different trsnsport meen free pathe

iet us integrate ege (17) over all spacec Using the fact that
f K(R,R*dR = 1, we have
C+t
(F-1) f C(R)AR + f S(RdAR = =(c-1) f ¢ (RVdR (19}
c c t

This is the stetement of the comservation of neutroms in two groups.

It is possible to *.rite ege (17} in s foum in which the tamper never

appears explicitly as suggested by Re Feyumano

Por that purpose we introduce the
kemelé%f (R,R*) which is defined as follows:

A RR% = K(RRY + ﬁ/K(R,Rl)GK(ngR')de ]j’x(ngal)sy(a SRAER(RE, RV AR 4 cosu (@1
ot

Is this equatior R and R® are rsstricted to the core-» What does this kermel

reprasen"c? It represents the density of collisioms at a point R in the core duse

‘to a neutror released at a poimt R? im the core- Ths successive terms in the

infinite series are just the deunsity of collisions at R when a neutron goes from

R? to R making raspectively 0, 1, 2 eoq cq}l,;sa.ons in ths tampore

2y Iz o move formal
. ..
. .
Tashion ons is led to def:me *u.lrv . kﬁ:rf-. y® woplyiag the method of successive
.. ..Q [ 24
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iteration toc eq- (17) in the following way. As a first approximatioa for C(R)
neglect the second term, ioec ths integrel over ths tampere. Then substitubte this

for C(R) in the tamper integrale This gives the second spproximstion for C(R) as

follows

c@® = { {K(R,R") +j R(R,R"GE(R" ,R?) aR" { reire) = S(rV)F aro
g t

If this process is continued cne is led to the integral equation

C(R) = [oR(R,RY) From) . s(R“)JZ aRs (21)
C

whereJ‘( (R,,R') is given by eqo '(zo)a Ir this form, the equation for the tampsd
assembly is the same as for the untamped assembly, eqe (8o Indeed all the theory
of solving the imhomogeneous equation alreedy developed can xnow be taken over to

the tamped casec 1st us just look & 1'ttle into the mew kernele We consider

<«
it as a sum of kemelséﬁ,"n(n,,m) 1080 SRR = Z,;% (RoR%) where jzfl(aom) K(R,R?)
1 2 -2 po - - -
andj{n(RaRﬁ) sf«oojK(RpR )GK(ngR )GoouK(Rn an I)GK(Ru 19Rl)deoooo an 1o
t

' ;7 { is called the n th iterated kermel. Jt_{ig not symmstric in R and R?, mor is

.% a symmatric matrixe These propsrbies are lost in going from the wmbamped to

the tamped case: A useful recursion reletiomship for the iterated kernelz is tho

following

."/'f{ {R,R%) = [75 (R,R")GK(R",R%) dR" (22)
"'t [

A more general recursion relationship is the following

% (Rgr.v = f%{wop )r;ﬁf(n" aR"

° :.. ..o 000 "
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We have seen thet in the untamped cese, the imhomogensous equation

could be solved once we had found the bi=orthogonal set of the homogenéous equatiome

The equations we had to solve were eqso (S) and (J.O)o The kernels im these

equations are essentially Milne kermels which we kmow how to treat (see below
IV)o Hence the problsm is essentially solvedo

In the tamped case the homogsneous equation fer the direct [unctions and
the characteristic values is

Ui(R) = Aif%(R,R")FUi(Re) dR* i =1, 2000 (28

This equation mow takes the place of egqgo (9)0 Here]ﬂ is no longer o Milne-

type kernel and we must now ssy how the characteristic fumctioms amd values of

this kernel are to be found.

We now assert that the characteristic functions and values of 8qe- (23)
can be found by solving the equation

Ui(R) = hil’x(aam)mi(nc) aR* +bf' K(R,R')GUi(R') dR* =1, 2 cooo  (24)

To prove that this is so, Pirst substituts the series forJg(RgR“)o We havs

Now substitubte the solution of eqo (24} into this equation o QOaimg

the recursion relation eqo (22) we have

t
hJT @ROFO, (R aRe |
1.3 i ‘Ji(R):7fé7%;(RJIE')CHJi(R¢) dR?

e ooe ff o:o :0. :o.

NS N S
LN A T S
e0 000 oo oee 000 o0
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If we now sum over 2ll n, we seo thet all the terms cancel except Ui(R)“

If ege (24) be integreted over all spece, we obtein the comservation

law for the cheracteristic funcitions

(AF = I{!Ui(a') dR = =(¢ = I)‘[ Ui(B) dR (28)

The adjoint system of characteristic functions is defined by the

integral squation

+
V(R) = A {(R*,R) P’V (R%) aRe i =1, 2 seon 26)
3 j‘{%{ j( 3 (

In this way 1t follows im a menner completely snalogous to the untemped
case that
N
V.(R/FU_(RJ -
J v;®IFU (R ar £
<
This is true of course provided the direct and adjoint sst of funetions possess

tho same set of charscteristic valuss as ig written into sgo (26} > That the two

sets of characteristic values sre the same can be seen in the following way. Let

us write eqe (24} in the form

Ui(R) = f K(R,RV LRV U _(RVART
o4t *
where L(R'} equals )‘iF in the core snd G in the tamper. Consider now an adjoint

equation defined in the following way- Ui(R) ='f L+(R)K(R!,R) Ui(nt)dﬁt. The

cit
direct end adjoint egquetiom possess the seme set of characteristic values since

they have ths same I'redholm determinanmte The adjoint equation cen now bhe transformed
into our adjoint cqueticn by iultiplying by %(R",?) and integrating over all Ro

This proof and the proof in the case of the untamped sphere are not completely

vigorous since our kernels "ste .ncbualiy }ob&r’athmically singuler for r = r*s This

oo ecs soe ees oo°

oo .
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can be remsdied by always comsidering the average of the kernel over a small

region in setting up the determimentse Im this way all tha quantities are finite.:

It is now necessary to look imto the nature of the kemeléyf;(m ,R)o

¥e have thst '
¢ K o) o s g
7 (R?,R) ;Z\JZQ/(R',R) andﬁg (R*,R) =] o0 JRE"Y,R) 6 RED )MG *z(re,rY)
/ ¢ ¢
arlar®"?

We can now ses that the equation we must solve for the adjoint characteristic

function is

Vj'(R> = "jfx(nﬂ.R’I"*Vj(RN) dRr* +J‘}:(m,n)e“vj(a') ARY  J=1,2 eoo (27
¢ t

For if ws now evmploy the method of iteration o remove the tampar term, we are led
to equatiom (28)c

It is of course possible to prove directly that the U's and V's form a bi=
orshogonal set from sgse (24) ard (27) which conteinm the tamper terms explicitly.
Te do this mulbiply eqe (24) by A 3V+(R)F from the left end then subtract from this
the transpose of eqo (27) muléiplied by :'\iFUi(R) from ths righte Then integrate

both sides of the resulting equation over the corse We have

(ajcxi) ! vaf I«‘UidRJ\j}\i {‘Z;[ aRdev; (R)FK(R,R')FUi(R*): Js&mﬂvg(ac)m(R°,R)~Ni(w} ’
v (R) FE (R RY) )i "arovt(me ;
% hjéjdné'cm v (R)FX(R,RY 6T, (R0 4&1{2 ARV, (R )GK(Re,R)mi(R)

The first two terms on the right ceancele To show that the last two terms om %the
right cancel wo rewrite them changing the orders of integratiom in each term and

substituting from egse (24) end (27). We have for these terms

de* {vg(w)wjv;(g")cx(n",R:@ .;;2’}3«:11 YRi)- ﬁ:ﬁcv (R‘)GiU (r*) fx(R'.R")GU (&™) dR"}
¥ t ¢

oo 080 09° oo “
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It is now clear that these terms also cancelo We have thew that if }‘jﬁhi that

. .
IVJFUidR = 0 For i = j; )\5. = A this irtegral can be normalized %o umityo
<

3
.ol(R) 0
Iet us defime the metrix o(R) = o oy(@ [ end let us demote by

O, and oL this metrix wher it is evaluated im the core and tamper respectivelye
From &ge (18) and the definition of K(R,R“) we ses thal we have the following
metrix relation o(RIK(R*,R) = o(RVE(R,R)e Lot us now multiply eqo (27) by o(R)

end then integrate over all spaces, Wy obbain ths oonservation law for the adjoint

functionse
A . ) = = ¥ - y
oc( jF Iﬁj(R) ar c.vt(cr 1 vj(m aR (28)

We see that this relaetion has a slightly diffez-ent structures from the
conservation law for the direct functions, eq- (25):; Specifically there ig an
"extra" g, on the left and an "extra" o, on the right side of the equation. ILet
us look into this m littleo We go back to eqe (24), the integral equation for the
direct functioms. This equation has direct physical mweaning as follews: Ui(R') dR
is the number of collisions in dR'e 1In each collisiom MF meutrons come off in the
core and G in the tamper. A neubtron so prcduced makes K(R,RV)dR collisions in
dRe And the integral equaticn is the conditiom that the system is then maimbainedo

It is then immediately clear without the process of integrating over all space

that the conservation law is just ege (25)9 Iet us now tura to the edjoint functioms
defined by eqe (27)0 As the equation stends, it has no direct physical meanings

The veason is that K(R? ,R) says that the collision is made at R' snd not at Re

Ve will now write eqe (27). 80 that one can interpret ite Multiply eq. (27) by

o(R) and use ths relation that O(B)K(B.' ,,.al o K(RnR‘ﬁo(P.") Now introduce between

F* and V(R*) and between G"'and V:('f{"}-;(,n;; u}xyb matrix q°L(R¢)°(Rc) Fors Gml{R‘)

4 .
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denotes the reciprocal of o{RY. This is permissible since }o(R“)/%oo We
obtain the following equation

*

G(R)Vj(R‘) JK(R,R')O(R‘)F"' 1(R:)rc(RV)v (R')]dRH- K(R,R%)a (R a% "L (RY)
<

T E(Ro)v (R')]dR“

This equation can be interpreted in thes samws way as eqo (24) ‘Wle see however
that o(m)ovj (R') plays the role of U,(R*), hjc(aﬂ)F*o’l(Rﬂ) the role of AP and

G(R") G* a"*(R®) the role of Go With this interpretation we write down the
sonservation law immsdiately

(M50, F* oy =1) 5%vj () dR = ={g,6% o -T) J o Vs (®) @R
¢ T

This is exectly eqe (28) if we teke o, aud o, from under the integral signs as

we may and put these metrices in frogtof the respective oracketse The physical

interpretation of the adjoint equation is necessary when we depend on solving an

integral squation by intuitive rather than formal methodse

The bilinear series for the kemelyg(R,R“} has the same form as in
an untamped caseo

75(1191?-”) = Z\ Ui(R)Vi\R")

=1 A i

and the solution of the inhomogeneous integral equatiouns '17) end (21) is given

by eqe (18) + 2 :
03 7 (00 Q)
¢ - C' 1 v, (®) 42( SRR ,
7\ », D) ‘ -

:0 QEO :00 (X 14 :oo :o
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The first sum on the right is due to neutroms making their first collisiom in
the coreec The second term contains all the higher collisionse The first term

contains the singular pisce
=0T

(-]
ql 0'1 4111'2‘

S (R) =

Q a5 2
2 Y2 Incd
This is the contribution of true first collisions as distinet from first

collisions in th2 core- It is again useful to separate thié oute We have then

for ths final solution of the inhomogeneous integral equation !l

<

Vs (0)Q 7 (0g
CR) = s (R *Z{r}zx;:;) * lh »ﬁ; (R°)FS‘(R°)dRi)}U” ® (29)
T i s 1

a
The maltiplication is 1+‘T(F~I)‘£ ¢ dr
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IV, Characteristie Functions apd Values

We still have to determine the U,, V, and )\1 of (16) and (29)> These
characteristic functions sxnd valuee aro determined by the integral equations
(9) and (12) for the untamped casej (2L), (25), (27) and (28) for the temped caseo
If we reomember that G1 = 101 and c = N202 apd that ¢ = 0 for an untamped
core, then (9) and (2) beoome, if evaluated for the central point (R = 0), the,
same a8 (1) except that the F matrix of the core is multiplied by the characteristis
value hio A similar relation exists between the conserwation equations (25) or {28)
and (7)o Thue we cbscrve that the transport and comservatiom equations for any
cmrac'bor;atic mode diffors from the eorresponding critinal equations in that the
F quantitlies of the core are multiplied by A, e

1
is: given for the lowest end only mode that A, = 1, we seok the value of the

The problem of the oritical system

sore radiuvs "a" teo satisfy our fundamentsl equations. Oa the other hand, the
subsritical problem ia: given the core radius "a", we wish to determine 7\137-2,,”.:0 ,,

Vo shall erder the characteristic wanlues by taking 7\1 < ?xa {_ 55000 For a sub=

[

oritieca} system ‘)\i 5 1lo We give a physical argument for this assertion. %hen

the system iz suberitical, the values of 1 + fll“ f3.2” etes entering F aro not

sufficlently large to maintain the system criticals But the suboritical equations
for a mode are essentially critlcal equations with 1 + fllp f129 csceo changed inte
)\1(1 + fll)o )kiflaoooooooo Thus 7\1 > 1.

For sn assumed value of A,, the asymptotic cjuwetions can be written

ib
as in {3)o (Of course F hap now become A;F)o For a given value of Ay, we then
get two values of ko It is more convenient to plot 3/\ against K2, When * be-

somes negative, d.eo, k is pure imaginary, the arctans of {3) are changed inte

ayotanhs as has been pointed mgt'fi'nsseiiioizf'ﬁ'- #We sketoh in Figo 2 a typical

case of these curveso Curve A %’ﬁe'ifpﬁ&i’ ‘o‘x’aﬁbno starts from k° = o, /A=0

(X J (XX ) [ ] o0
[

o000
[ ]
[ )
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e’ See e 200 o2 % b
and rises monotonically to VA = aﬁ::fc.:%. :?.z. §-:O‘.;.§.o ??urve B likewise ascends smoothlys
The surves are not extended to the .lei‘:c. c;f‘ ké.;.z.;.cxéi.as nolconsietent theory has yeot
been evolved fox k2< uaeio (Wo have assumed S < 0'20)

A

=Gy © 0 2 ~?
Figo 2

With the ald of Fig. 2, we can discuss the general behavior of the
charseteristio modes for any suberitiecal systemc Lot us start with‘ an oxtremely
emall eore redius {a -» 0)s Then 3&1 -p 60 Or 1/7\1 «2 0. in Figo 3, ‘we draw the
iines for %191\2,, st3o We soe that values of e for )\10 }\29 otes arc all positiveo

Honoo feor this case, the eharacteristie functions of each mode will have solutions

of tho form (L) with the sinh (k,r) there changed to a sin (Kyr)e
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As the radius of tho core is increased, Ay deorcases. As an inters
mediate cass let us take the situation iandicated in Fige Lo For the lowest mode
(7\1) the valuee of k2 are positive and negativeo TFor this mode the cheracteristie
functions have the form (L))o The higher modes Aos }\3 have the valuss of ka bath
pogitive and therefore their charscteristic functions will be linear combinations of

(ain kir)/(klr) and {sin k2r)/{k2r)o

1/A
ot \ A
‘\._B \
=i A=y
ALY Ay
- 2

Pig. L

We discuss a further exsmple (Fige 5)c The core has besome still
larger. The value 11 has now reached is such that no value of x° exists on the B
curveo This is certainly an anomalous situationes No satisfactory solution is yot
knowno We have in the meantime adopted the "hill" apuroximation, i.e. that
ldzz = aag, or that we use the nearest value of 1/A which gives a solution, namely
the point H, the highest point on the curve Bo The wvalue of ki always exists and

is hers pozitivec This typs of solution was disoussed at the end of sectlion Ie

The higher modes behave properly. The second mode is here a mixed sin and sinhe

The third mode is a sin ané sin combinstion ebeo

.E [
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The final example is that of the critical case, The lowsst or

fundemental mode is usually of the type indicated in Fige S50 The higher modes
need not be considered as their contribution to the multiplication or neutron
density is negligiblaeo The mathomatical explanation is the presence of ()\iol)al
in these expressions end Ay -y 1 a8 oriticality is epproached. See (16) and (29).
In practico to find the lowest characteristio valuec 7\1 for a sube
critleal system, wo guess a value of A, (ef course higher than one), and the
larger, the smaller the core radius. With this wvaluc of Ays we then £ind
K.; a; and K; s ag
are dotermined from (5)c¢ The charscteristic fuactions are thesn of the form

kyo ay and ky, ap from the revised (3) (F—» AsF)c

®

(L) and (6) or variations of them as outlined abeve. When tus latter funotions
are substituted in the Uransport snd conservation equatione (2L) and (25) or (26)

and {28), we get four equations «ftwe fege the smtamped; (9) or (22)).

Eliminating

the arbitrary coefficients A; e A-é;

...» : ® o o
bi 3-!‘.5-3 **> got & determinant, A, which
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should vanisho By evaluating several values of A fer the corrosponding

assumsd valuss of “)slp we can finally interpolate to the correet wvalue of )\1

to any accuracy. Onoe the lowest mode ‘(7\1) is obtained, the trial A is inoreessedo
The noxt higher value of A\ to give a solution to our equations is called Ay In
this vay a8 mepy modes as desired oan be caloulateds L few such modes usually
suffiao.

The determination of 2\1, Uﬁ.’ V3 can thus be carried oute A chesk of
the method should be that ?\i obtained 1‘.‘rozn"0i is the same as that from Vio Howra
ever, & siight discropancy ﬁny exist between the two values dus te the fact that
the characteriséio funetions employed are only approximate and not exact solutions
of our equationso |
Vo Resulth

Vie shall first report our results for the muitiplication experiments
on 3::1/2" and lw1/2" diemeter 25" spherss untamped or tamped with WC or U A
brief acoount of these experiments has already been given in LAMS 227 Theoretical
csurvea were caloulated on both the one-group snd twoogroup theories for 75% 25
of density 1800 gm/emao When the rociprocal muitiplication {l/l-i) is plotted apain:
the core dlamster, the curves shown in Fige 6 ara found to be remarkably straights
A sorreotion (here emll) was made for the presence of the central hole and finite
size of the source, As seen from Figo 6, the experinental points it the theoreti
curves wellc The ome group and twe group methods give essentially the same result
This was found to be true for both 25 and L9 corss watamped or tempedo In faot th
practical procedure is to determine the oritical mass from a two group ealeculatior
and ’shen a.d;just the one groulp r‘cnsta.nts.'co.e;ive the same crit::.ca.l mss. Thoree

after the ons group theory dan I&z hsed‘tetabta“n the remainder of the multiplicat:

[ (XX ] [
e o
[ ]

e oo
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ourves As a matter of record, the § phase L9 calculations of LAMS 253 were done
in this manner. Elaborate twowgroup a phase 49 calcuiations were already come
pleted when it wes decided to use the § phasé as the core materials Rether tham
repeat the computations fcfr the 6 phase 49 on the twe=group method, one group
was thought sufficiently accurate as bused om eur experience with the clese
check between the two methods applied to seversl different cases. A detailed
.disoussion of 25 and L9 ml’ciplication experiments is given in a recent reporst
LA=L&4o

Anocther class of ea:periments was performed in which the radial neuiron
distribution as detected by 25, 28, and 37 small fission chambers were measured
threugheut the core and tamper of various suberitical assemblies. The experimentel
information is contained in LA<307 and I.Aq»).(Zl for a mock-f'ission source ard in
1A-402 for a thermalefission souroecs The former work ’will henceforth be convene
jently roferrod to as Manley®s snd the latier as Anderson?se.

As the overall multipllicetion was excellently verifi;od by the theory,
it vas decided that the mul’ciplicaﬁon which can be alse calculated from the
experimental neutron curves obtained with a 25 chomber should be normalized (if
noed be) te give the multiplication correctly. A4s a watter of fact, Andsrsﬁn’?a
mult:.plieat:.on values agreesd with Williams 910), very well. Howover, the
multiplication as computed from Manley's curves secmod te be a little low (about
52):» The difference we attribute to the perturbation due to the finite size of
the detector. In any case we adjustéd the theoretical and cxperimantal noutron
digtributions detsoted by 25 folls to have the sams neutron source strength and
further that the multipiication in the core (after the multiplication due to the

direst source is subtracted 'oﬁf).sﬁeuld axso.égreco Thus for the 25 detectors,

® ... ... ... .Q. ..

the neutron distributions in .the core are only te be checked for shape, byt not

12) 1al6)
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fer absolute magnitudeo Ae we see from Figse 7, 9, 11, 13, the core distribution
for 3-1/2" and l;=1/2" diameter cores with WG or U tampers is as good as can be
hoped foro Im order te remove the l/r2 singulerity near the source, we have
plotted r2F ageinst ¥» F is the number of fissions per se detected mat the radial
distance ro The titles of the figures are'to be interproted as folleows: (a) the
dlameter size of the core (3-1/2" or L-1/2") (b) the temper {(WC or U) (o) the
detector (25, 28, or 37) and finally (d) the location (vore er tamper). The
theoretical curves are drawn ag soldd lires and the experimental peints of
140307 and 74421 are indicated es Manlsy, and the cerrosponding points of LA-40R
are put in as Andersonc

The temper distributions with 25 detectofs are, we wish te stress,
29 longer normalized or interfered with in any wayo In the tamper, far eway from
the source, we revert to the usual F against » pl?to The tamper distributions are
eompligated by the presense of iron at a gertain distanse ou%o A rough one group
ealenlation vas made to take account of the iromo The thus corrected distribution
is shown as a dotted line in these figuresc We noted that the neutron flux die-
tribution (Fige %) hes en abrupt transition at the core-tomper interface. These
distributions as well as the fission cross sooctions entering the expressicn for F
wore made smooth in the transition zone betwsen the cere and tamper. When weo
think of the complications involved in the solution of these problems, we may say
that the agreoment between the theory and experiment it goodeo

Wo now turz to the distributions measured with the 28 detectorss Only
one adjustment ves mado, namsly, thot the experiment should have the samo numbsr of

fissions per ca near the souyeps:*Wp hayv sk ©mysence calibrated the welght of the

[ ] [ ] (1] [ ] [ X ] ® o

... .:. :.. .:. :.. :'.
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28 foil-dotectors in thiz way.

(X R
[ )
[ IR T

«20=

[T 2 X
L

[T 2 2

®

®

Those who know the difficulties that have been

engsountered with 28 foils would, we thinlk, say that the zgreement between theory

and experiment is oot as bad as could have been imaginedo

Exactly the same procadure wes follewed for the 37 foils as wms de-

serited for the 28 foils aboveo
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