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Introduction

In evaluatingthe crosssectionfor.a nuclearreactionfromthe

observedvaluesof thick-targetyields,it is necessaryto knowtineenergy-

ran.gerelationfor the bombardingparticlesin the targetmaterial. It ie

the purposeof this paperto deducefrom mcl.stingexperimentalevidencethe

rateof energyloss of deuteronsin a D20 (heavyice)target,

specialcase of very low bombardi.ngenergies(lOto 100 kev).

The datamost perlAnentto our problemare contained

for the

in several

papers(l)2>3s4)by Gerthsenand his co-workers,concerningthe energyloss

of slowprotonsin variousmedia (air,hydrogenand celluloid).Theirre-

sultsare applicableto our casethroughthe followingassumptions:

(a) That the ratesof energyloss of a protonand a deuteron

havingthe samevelocityare identicalin any givenmedium.

(b) Thatthe atomicstoppingpowersof H

(c) That the molecularstoppingpower of

addingthe atomicstoppingpowersof two atomsof D

and D are identical.

D20 C= be foundby

and one atom of 0.

(d) Thatthe stoppingpowwrof D20 is independentof its

~hysical.state.

—.
‘-~”” . Althoughtherehas been no experimental. verificationof assumption

_ L.
~

~~~ (a)for low energies,it is a generalprinciplethat a protonand a deuteron.~.= o
‘=Fl
??S ~i havingthe samevelocitywill lose energythroughelectronicinteractions8$
l+=—*2—_gl

_

!i-

..-. . . .

+?r
8—.=g; (1) Chr Gerthsen Ann. d. Phys~2, 657 (1930)0
~m~(z) I! II Phya. ~ih & t$~$ (1930].
— .+ (3) i!. Mckardt Ann. d. Phys.~, 401 (1930)0

(4) W. Reusse 11 II “ J& 256 [1932) o
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equalrates,whateverthe exactnatureof the energy loss process(5}. We

shallthereforetake it thatthis assumptionis rigorouslyjustified. !&-

ceptwhereotherwisestated,valuesof energiesmentionedin the text are

thoseappropriateto protons;any relationarrivedat for protonswill be

true for deuteronsof twicethe energy.

With ~egardto assumption(b),measurementshave beenmade(6Y7S8)

of the relativetotalamountsof ionizationproducedby protonsand deuterons

in hydrogenand deuteriumgas. The resultsindicatedthat a slightdifference

existedbetweenthe totalionizationsin H2 and D2 , whichwouldinvalid-

ate the assumption. The dtiferencewas the samewhetherthe incidentparticle

was protonor deuteron. The differenceseemed,however,to ariseonly at

very low incident-particlevelocities( 6&17 cm/seccorrespondingto 2-kev

protonsor 4-kevdeuterons),Thus forprotonor deuteronvelocitiesgreater

than6.107cm/see,one may considerthe atomicstoppingpowersof H and D

to be equal.

The basisfor assumptions(c) and [d)is to be foundin a paper

(by L. H. Gray 9), wherethesemattersare reviewed. The molecularstopping ‘

power of a chemicalcompoundappearsto be accuratelyequal (toabout2%)

to the sum of the atomicstoppingpowersof its constituentatoms. More-

over,the limitedevidenceconcerningthe stoppingpowersof a substance .

in solidand gaseousformssuggeststhat there is no significantdifference

betweenthem. It shouldbe pointedout,however,thattheseresultsare

baseduponmeasurementswith alphaparticles,and at thesehigh energies
●

(5) Livingston%CBethe Rev: Xod.Phys. ~, ]?0. 3, p2.71, (1937}
(6) R. bOpS Ann. d. Physo ~, 57 (1938).
(7) G. JOOS

(8) M. Jussuf

(9) L. H. Gray

!! 1! 1! Q, 426 (1942).
1? & 435 (19&)0

p;oc.”CSM& Phil. COS. J& 72 (1944)0
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the differencein stoppingpowerdue to differencesin chemicalbindingis

expected

markedly

StOpping

on theoretical

changedat the

powerof hezvy

groundsto be lessthan 2$. The situationis

energiesin whichwe are here interested,and the,0

ice, as calculatedfrom the observedatomic stopping

powersof gaseoushydrogenand oxygen,may well be in error.

Withthisbriefpreamblewe will proceedto a surveyand analysis

of the experimentsof Gerthsen,ickardtand Reusse. .,

~e Loss of liner=& SlowProtonsin Ma.ttero

The experimentson the loss of energyof protonsin mattercan

be classedintotwo types,integraland differential-.In the firsttype of

expertient,the totalrangein a gas of a protonof giveninitialenergyis

measured0 This is the experimentdescribedby Gerthsen(l).His results

are shownin Figure1. for the case of protonsin air. The ranges R are

expressedin cms of air at 1 mm pressureHg, and the protonenergies M

in kev. Gerthsenfound (cf.Figure1) that R as a functionof d could

be very closelyrepresentedby the formula

(he

the

R

have applieda least-squares

resultsare betterfittedif

. _3/4 (1)

analysisto his data,and have foundthat

the power of & is 0.773;this difference,

however$is scarcelysignificant).Now the quantityof interestin deter-

miningthe cross sectionfor a nuclearreactionis -&3/dx,the energyloss

per unit distancein the targetat a givenenergy. If we acceptGerthsen’s

formula,we have:

- dd/dx=_&d~ = constx v~. (2)
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dE/dx as a functionof val.ocityis plottedifiFigure2.

in

is

In the differentialexperiments,the loss of velocityof protons

traversinga very small.quantityof matteris directlyobserved. This

the type of experimentdescribedbytikardt(3)and Reusse(4)o A proton

beamwas passedthroughcelluloidffimsof variousthicknessesAx. For

a given film,the energyloss Ad in passingthrough

a functionof the initialenergy d. The resultsare

By consideringthe resultsfor the variousfilms,one

tude of &/dx as a functionof Ax for a Siven &

tweenthem is foundto be 13near,of the form

.& . as - bg~x
Ax

By extrapolatingthe lineto zerofilm thickness,one

it w?18 measuredas

shownin Figure30

can findthe mn@i-

‘fherelationb+

(3)

findsthe value of

dE/dx at the initialenergy ~. By performingthis anlysisfor a series

of valuesof M, one can obtain dE/&xas a functionof velocity. We have

treated

squares

relation

all of the data of Ackardtand Roussein

solutionsthroughout,and findthat they

.CIE=
2..

@(v - V*)
Ux.

This is plottedin Figure4.

The discrepancybetweenthe

and Reusseis very striking. Fromthe

this way, usingleast-

are consistentwith a

resultsof Gerthsenand of Ackardt

one experimat one findsthat d@dx

is proportionalto the velocity,fzxxmthe otherto its squareroot. It is

truethat the valuesof @&x, obtainablefrom the measurementsof dckardt

(4)

and Reusse,lead r,oredirectlyto a valuefor d~dx than do GerthsenUs

measurementsof totalrange,but both experimentsare open to criticismand
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.meritmore detailedconsideration.

The AxperLmentof rfir~hsen

A protonbeam generatedin a canal-raytube was magnetically

analysedand passedthrougha thin c~~~~loid windowsituatedat the radius

of curvatureof a hemisphericalionizationchamber. The thicknessof the

windowwas 60 ~ (1mfi~ 20-6mm =10 A.U.). The ionizationchambercould

be filledto any desiredpressure(upto a few cms Hg) with air or H2. The

positiveions producedby the protonsin ~raversingthe chamberwere collected

on an electrodewhichwas made negative‘withrespectto the wallsof Lhe

chamber~ The chargecollectedin a giventirewas registeredon an elec-

trometer;a secondelectrometerrecordedthe chargecarriedby the primary

protonbeam enteringbhe chamber. The ionizationcurrentwas foundto in-

creasesteadilywithincreasinggas pressureup to a certaincriticalpres-

surepc, and thereafterremainedconstant. At the pressurepc the protons

are justfailingto reachthe wallsof the chamber,so that for this and higher

pressurestheylose tkeirwholeenergyin the gas. If the radiusof the ch,mm-

C
ber is , the protonrange r at unitgas pressureis pP.Q

GerthsenQsexperiment consistedin measuring pc for air and H2

for severalvaluesof E between27 and 57 kev. He foundthatthe range

in H2 at all energieswas 2.50timesthe correspondingrange in air} so

that the sameform of the energy-rangerelationmust hold for protonsin air

and in H20,It is necessaryto pointout thatthe value of G was measured

beforethe protonspassedthroughthe celluloid“~do\~O Gerthsenass~ed

that the windowwas equivalentto the samethickness#of air at all ener-

Giee,and calculated by consideringth~ celluloidto be composedof hydro-

t!air-~ke~tatO.MSogen and In this lattercategoryhe placedLhe C, N and O

atomswhichcoimposed?4..!+$of the celluloidby weight. d’was then addedto
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each observedvalueof r to give the total range R. &as about10% to

20% of R, so that any errorin its valuecouldmateriallyaffectthe final

resultso

Theresxlstsan additionalway of evaluatingdE/dxfrom Gerthsengs

experiment,whichhe himselfdescribes(2~. When the pressurein the ioniza-

tion chsmberwas very low,the ionizationcurrentwas foundto be a linear

functionof pressuree The slopeof the currentvs. pressurecurvein this

regiongivesdirectlythe numberof ion pairs,per mm pressureof gas in the

chamber,producedby the wholeprotonbeam. Sincethe primaryprotonbeam

was simultaneouslyrecorded,it is possibleto statethe number,n, of ion

pairsper cmof path,in gas at 1 mmpreasure,producedby

energyE“, whereEO is the energyof a protonafterit has lost energy

4Eintraveraing the celluloidfoil. Withthe assumedvslue ofd’$AE

and themxE’couldbe calculatedfor variousvaluesof &

g!o translate n into a rateof energyloss,it is necessarytO

know the mean energy,W, requiredto producean ion pair in the gas at the

energyEa. Gerthsencouldnot determine W at a singleenergy,but by

dividingthe saturationcurrentin the ion chamberby the currentof primary

protons,he coulddeterminethe total number N of ion pairsproducedbya

singleprotonof energy E’. The quotientd~/Nthen gavethe averagevalue

of W over the energyrangeO to J3Q+ ‘Thisratiowas foundto be independent

of the valueof W; it was thereforeassumedthat W

of energy,and equalto the constantquotient13~/N.

the datawe find W =38 ev~ Gerthsengives W =35

itselfwas independent

(Fromour evaluationof

SV,but we have cause

to suspect

then given

the valuesof E* on whichthis is based-- see below).

The rate of energyloss,- dlV/&c,of aprotonof energyE~ is

by the productnW (kevper cm of path at 1 mmpreseure).
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Supportfor the assumedconstancyof H is to be fOUKld in a

paper of Joo9~7J0 He quatesan experimentin whichthe ratioE~/Nfor

protonsin Hz is foundconstantfor energiesfromk to M kev.

As Gerthsenhas publishedhis results,tho valuesof dE/dx

derivedby this secondmethod

from its valuesas derivedby

appearsto be proportionalto

Upon carefulreevaluationof

from his one experimentare very different

the firstmethodmentionedearlier. (dJ3/dx

v, rickto V* as requiredby equation(2)).

the results,we foundthat his valuesof

Ati, and henceof Eq, were at variancewith the integralenergy-range

relation.[equation1). It wouldappearthatthe discrepancymay have

arisenthrough

foundthatthe

of evaluation

numericalerrors;in our owntreatmentof the data we have

valuesfor dE/dxare essentiallythe sameby eithermethod

and satis& the relationexpressedby equation(2). In

determining~, we took the

methods. The firstwas that

differfromhis, and satisfy

man of valuesobtained by threedifferent

(1) (althoughour results “used by Gerthsen

the energy-rangerelation);the secondmethod

was to assumethat the loss of veboity, &, in the celluloidYoU. was

independentof the energyof incidence E (a resultfoundby Eckardtand

Reusse~v. inf.) and to acceptGerthsen’svaluefor the air equivalent&

of the foil;the thirdmathd waa to find directlyfrorathe data of .%lsardt

and Reussethe loss of energysufferedby a protonof variousenergies E

in passingthrougha celluloidfoil of 60 ~ thickness.

The outcomeof Gerthsentsexperinumtwouldthus appearto be that

overthe range20 to 60 kev the rateof loss of energyof protons.in air or

hydrogenis proportionalto the squareroot of the velocity. The actual

magnitudeof this10SS$in kev per cm of path in

followsdirectlyfrom the experimentalresults.

. .

eithergas at 1 mm prest$ur6$
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The Experimentsof Eckardtand Reusse

A protonbeamgeneratedin a canal-ray..

throughan additionalpotentialdropand was then

Protonsor H2+ ions of a specifiedvelocitywere

of protonenergiescoveredwas from4 to 50 kev.

thin celluloidfihthe protonswere subjectedto

tube was accelerated

magneticallyanalysed.

thus selected. The range

Afterpassingthrougha

a furthermagneticanalysis

in orderto determinetheirvelocityupon energenceo Therewas of coursea

spreadof energy in the emergentbeamabut the velocityat the peak of the

disbibutionwas measuredas the significantone. The expertientwas re-

peatedfor celluloidfilmsof variousthicknesses(from20 to 330 ~).

It maybe notedthat the celluloidfilmswere extremelythin$the

thickestbeingonly about3000 A~U. Tinusit was impossibleto measurethe

thicknessthroughthe use of interferencefringes$and the methodemployed

was to note the changeof interferenceCO1OW when one of the thin films

was placedovera relativelythickfilm of cellul.oid~Unfortunatelyno

detailsof the procedureare givenin any of the published

accuracymust remainopen to question.

The resultsgivenby Eckardtand Reusseare (a)

incidentvelocity~the loss of velocityin passingthrough

tional

energy

may be

to itsthickness,and (b)that in passingthrougha

loss is a linearfunctionof the incidentvelocity

expressedby the followingequations:

-~v=a.Ax

==’LM=bov-c

It ~~~11be notedthat equations(j.)are not iho

papers,and its

thatfor a given

a foil is propor-

give.nfoil,the..

v. Theseresults

sameas the

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



.

-1o-

equations(3)and (4)whichwe have usedin evaluatingdE/dxas a function

of velocity. The two setsof equations

Supposethat the rate of energylos8 is

Then

“ g = f(v)

i.e., -mv . dv =

Ax

Xf we acceptequation

Consequently,

So that

llifferentiating(g),

Nowwemaywrite

VTAV

= “m

[

V d-v
m

. .

may, however~

givenby

be readilyrelatedo

(6)

f(v) . &c, wherem = maas of proton.

7
(7)

-1

L -1=+m p(v) - @(v +Av) say J
1Av, and hencethe identit~(5a),we have Ax s E--
a

[ 1=m y(v) - (p(vi-4v) - -R@(v). 4%+- - -

g= -amv
dx

from (7)

f

.
($) and (9) becomes

(54

, whichby

(8)

(9)
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or .*$ = ti~v“

Equation(10)may be seenat

.

-=xl-

. . . . . . . . . ,.

onoeto correspotito equations(3) and (5b)

(tothe formerwhen v is fixedand ~ x varies,to the latterwhenAx is

fixedand v varies)~

The followingtablesets out some

41v/J# aAo(2 as we havecalculatedthereby

eqerimefialdata of Eckardtand Reu8se:

.

5 kev

508

44

4p
kev/squof cellulotd

0.0395 tOoO062
.,

0.0621 *000040

0.0890 20.0059

0Jy3 1000061

m.

valuesof dlv(= -dE/dx),

a least-squaresanalysisof the

000195* 0.0013 0.00019 ~omoo3

0s0160 tOeO031 040009 *0000001

000198 20.0009 I o’Jooo17zo.cOool

The factthat41 and ~2

be seen.

In comparing

are eseentiaXLyindependentof velocitymay rwiily

equation (8) vlth equation(4),we seethat they are.

in agreementonly if V. is set equalto zero. mo. dimrepancy ?~pab~y

arisesbecausewe havemade a more carefulana3ysisof the data,using

least-squaressolutionsthroughout,than did Eckardtand ReusseO k this

analysisthe parameter V. appeared,but it iB doubtfulthat the e~ertients. . .. . .. . . . .. . .

in themselve6are accurateenough‘togive V.
., ..- .-,- ....... .

it is clearthatthe energyloss cannotcease

any 8@nificenceo h 811YC&60
,.

at and below Vo, as equation

—
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[4) wofid demnd. (v.-0.2 kev protonenergy).

The resultof the experimentsof Mckardtand Reusse5.stherefore

that,for protonstraversingcelluloid,the rate of energyloss,- dE/dx,

is a linearfunctionof velocity. The resultis of use to our problemonly

M we can derivefrom it the absolutevalueof the rate of energyloss in air

or in hydrogen,and thus,usingour initialassumptions,find~he energy10SS

in a layerof Ice. It is importantto attsn@ this conversion,since the cel-

luloidmeasurementsextendto

ments on air and H2. We will

#

The linerp~Leesin Ice

much lower energies(4 kev) than do the m.?asure-

thereforeconsidorthis matterin the ner~ section.,

As was statedat the beginning,we derivethe rate of energyloss

in D20, in eithervapouror solidform,by addingthe ratesof energyloss

(whichare directlypropotiionalto the stoppingpowers)of two atoms of H

(or one moleculeof H2) and one atom of O (orhalf a moleculeof 02)~ That

is:

(’),20=($H2+$($!! (U)

Sinceno data existat low energiesfor the energyloss in 09~ we havetaken

a reeult(lO)whichholdsfor alphaparticlesnear the end of their ranges

namely:

(d(3J?4 = 1.07
(1

g s where
0

~
. dx
02 air %ir

refersto one l’molecul.et’of air. Now Gerthsentisobservationthat the range

in H2 ia always 2.50 times the corresponding range in air leads at once to

the relation
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0Q ()“1 dE—. ()= 0040 * .
dxH2= 2.50 dx air dx

air

Usingthe abovetwo equation8,(Il.)becomes

‘A’iththe aid of (X2),Gerthsentsvaluesfor (cU/dx)am (cf.Figure2) can at

oncebe convertedintothe correspondingvaluesfor heavyice.

TO convert(@~)ce~fioid into (u/@D20s two alternative

methodsare possible. The firstmethodis brieflyas follows: Over the

smallrange of velocitiescoveredby Gerthsen,the plot of (dE/dx)tirvs.

v does not departby more than about3.0%from the linearrelationexpressed

by equation(4). If onethereforedrawsa straightline throughthesepoints,

with an interceptat V. on the v axis,its slopeis not likelyto be in

errorby more

corresponding

the numberof

than about ~10%. By comparingthis slopewiththe slopeof the

line for the energyloss in celluloid(cf.Figure4), one finds

cms of air at 1 mm pressurewhichare equivalentto 1 m
&

celluloid. The raa.iltof this comparisonis:

[)d.E-— ~. (oo40tooo4)(v xlo-8-oo18) ;
dx

air
(u)

where v is in cm/secand (dE/d.x)tiris in kev per cm of air at 1 mm pressure.

The conversionto (d.E/dx)D20then followsfrom (u).
“

The secondmethodof convertingthe celluloiddata into energylosses

that celluloidmay be consideredas a tom=in D20 is to assume,with Gemthsen,

bination of air and hydrogen~ That ie:
— ——— -

(10
‘Rutherford,Chadwick& Ellis,%Mihtions fronifidioactiveSubatancc81’

Cambridge 1930,p. 970
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(1Qdx el.lul.oi.d‘o ‘@&r+ ‘(%)H~(A+””4B)*Ar

The constants A and B may be evaluatedfrointhe compositionand densityct. . ,.

celluloid. For the density,whichis not statedby Eckardtand Reusse$:we ,

have assumeda valueof 1048 gin/cc,whichliesmidwaybetweenthe accepted

limitsof 2035and 1~60~ We thus subjectourselvesto a possibleerrorof

~10%. Our estimate of (dE/dx)ati bythismean8 is

(u)

The strikingagreementbetween (13) and (U) must of coume be considered

fortuitous.

EnergyLossesBelow20 Xuv

The outcomeof the aboveis that, overthe energy-rangewhichis

commonto both setsof experiments(20to 50 kev),the valueof (dE/dx)D~
2

calculatedin variousuays 5.sse~-consistentto about~l@O The matter

of its absoluteaccuracyis of courseanotherquestion.

In evaluating(dE/dx)D20forlowerenergies (from5to 20 kev),

the problembecomesmore difficult one must attemptto decidewhat is the

form of the energy-~sngerelationin this regionof low velocities.Xt is
I

truethat the measurementsof mkardt and Reusseare

carriedout in this’region,and leadto the relation

(4) j but the limitedvalidityof any one formulafor

energyrelationshouldbe recognized.

the onlyones actually

expressedin equation

expressingthe range-

To discussthis timore definiteterms,supposethatthe ran&-

— —.
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energyre&tion is describedfor a specifiedvelocity v by the equivalent

formulae

(15)

For regionsof high energy,the well.-knomGeigerlaw assertsthat m =30

Gerthsen$sexperiment

correspondto m = 1.

ly changingexponent,

gives m = 3/2. The resultsof Eckardtand Reusse

It wouldthere$oreseemlikelythat m is a continuous-

and that althoughequation(4)may represent-dE/dx

adequatelyoverthe range4 to 50 kev, it may well fail for higheror lower

energies. In fact it almostcertainlymust. We have alreadyremarkedthat

equation(4)can scareelyconti.nueto hold down to the velocity V. ~. At

the high-energyend it is equallyunsafeto extrapolateit. For proton

energiesof 200 kev or more,dJ3/dxcan be calculatedwith someassurance

on theoreticalgrounds(5)~In this r?gion =+LS/dxis decreasingwith in-

creasingvelooity,so that between50 kev and 200 kev a maximum(corres-

pondingto m = 2 in equation(15))must occur. Thus at this higherenergy
. . .. . ----- .

end Gerthsenos reeult,with m ~3/2, shouldperhapsbe givenacme,weight.

In the lightof the foregoingconsiderationswe have decidedthat~

in the region5 to 20 kev, -d@dxisprobablybest expreas~ by combining

.

equations(13)and (U), with the provisothat,at the smallerenergies~

the rate of energy lossthus derived may be somewhatlowerthan the-true

value. For energiesfrom 20 to 50kev$ we thinkit best to take the mean

& the v&Luesobtainedfromthe two experiments.In Table2, whichfollows,

()
-- 1+nt the v~ues of - ~ for variousprotonand deuteronenergies$

* n.~’

~-
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whichcomefrom following thisprocedure:

%3
Proto~ en-

ergy km

5

10

ls

20

25

Jid
Deuteron
?nergykev

10

20

30

l+o

50

<1Q
dx #

kek/cm

0.29

0.43

0Q55

iQ72

0.78

“<
Proton en-
ergykev

30

35

40

45

50.

Q
Deuteron
energykew

60

‘m

80

90

100

k&/em

00$4,.
0089

0.94

009$

2.03

()Theseare plottedin Figure5~ * &~ is here expressed in kev per cm
~YD20

of D20 vapour at 1 m pressure at about 15°C. (Weassumethat 15° was the

approximatetemperatureat whichGerthsencdnductedhis expertientson air

and H2)o Now one cc of D20 vapourunderthese conditionsweighs1.11micro-

gram, so that if one acceptsour initialassumption (d),the lossesof

energylistedaboveare thoseoccurringin a layer of heavy ice of thicknem

1o11 pg/cll?o h this formthey are immediatelyapplicableto the results

of thicktargetyieldsin the D+ D ~eaction~

Conclusion

We have offeredwhat we considerto be a reasonableestimateof’the

energyloss of slowprotcm or deuterorisin heavyice. If one takesinto w%=

countthe extremedifficulty of performingexperimentsin this energyregion$

the differencesbetweenclifferenttypesof experimentare not excessive. It

3.s abundantlyclearthatthe problemdemandsmuch closerinvestigationthan

it has hithertoreceived,and that untilthis has been done any statements

on tha energy-loss processare boundto be largelyconjectural.

~-

Nevertheless
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we hope that this accountmay prove a usefulsummaryof the work that has

so far been donein this field.
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