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ABSTRACT

The Fokker-Planckequationis reducedto a formthat is useful

from the viewpointof doingpracticalcalculationsof problemsinvolving

configurationspaceas well as velocityspace. The basic techniqueis

a sphericalharmonic’decompositionin velocityspace that reducesthe

numberof independentvariablesby two. As an example,we showhow to

applythismethodto a problemwith theta-pinchgeometry.
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1. INTROIXEl?ION

Realisticcalculationsof tie plasma baavior In the theta-pinch

and otherdeviceshave been undertakenin the magnetohydrodynsmics

1’2’3 In comparisonstudieswith the Scylla-IVtheta-approximatione

pinch,3we find that the dynamicsof the plasma occur so rapidlythat

the assumptionof ion-ioncollisionequilibriumcannotbe expectedto

be validthroughoutmuch of the cal.ctiationwhereplasmatemperatures

are high,althoughit is validat the beginningstages. In fact,for

very hi@ temperaturesat peak compressionof the plasma,we suspect

that the plasmamay even act somewhatlike a collisionlessplasma.

Therefore,ideally,we shouldstudythe llolt~ equationinsteadof

theMHD equations,so thatwe can operatein the regionswhere the

collisionterm is relativelyunimportant,in the regionWhere the

collisionterm dominates,and in the transitionregionsbetweenthe two.

Becauseof we relativeunimportanceof large-anglecollisionsin the

fullyionizedplasma,we feel justifiedin usingthe Fokker-Planck

approximationto the collisiontenne

The purposeof thispaper is to rigorouslyreducethe Fokker-Planck

equationto numericallytractableform. The procedurethat allowsus

to do this is the sphericalharmonicexpansionin velocityspace.

Rosenbluth,MacDonald,and Judd have shownhow to write the Fokker-Planck
4collisionterm in sphericalcoordinatesin velocityspace. They assume

symmetryaboutthe sphericalharmonicaxis,so that theirazimuthal

angledropsout of consideration.We cannotassumesuch symmetry;how-

ever,the expressionobtainedbelowwith the azimuthaldependenceincluded

is not much more complicated.They then expandtheircollisionterm in

Legendrepolynomials.Becauseof our lowersymmetry,we must use

associatedLegendrepolynomials.Krookhas used the sphericalhamonic

expansionin connectionwith a methodinvolvingvelocitymoments.5 Our

method,in additionto beingnumericallytractable,is rigorousin that

we includeas many spherical.harmonictermsas

7
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anticipatethat therewill be many situationsin which the numberof

sphericalharmonicsrequiredwill be quitereasonable.

In practicalcalculationswe will, amongotherthings,be interested

in the developmentand propagationof shockwaves as they occurin plasma

dynamics,for example,in the thet-pinchproblem. The transPofitheory

of shockwaves is far fromhavingbeen completelyexploited,although

5-10 The procedureoutlinedin thispapergivesmuch work has been done.

the means to applythe Fokker-Planckapproachto the nonequilibrium

aspectsof shockwaves and relateddynsmicalphenomenain plasmasfor

variousconfigurationspacegeometries.

11. TH.EBOLTZMANN

Let us considera

transportequationfor

gas composed

thiS pxmblem

TRANSFORMEQUATION

of n components.

can be writtenin

b=l ‘ab

where the symbolon the left-handside standsfor the

The Boltzmann

the followingway:

(2.1)

phase-spacevelocity

derivativeor, in otherwords,the transporttenu;and the symbolon the

ri@t-hand side standsfor the collisionterm. In this sectionwe will

discussthe transportterm,and in SectionIII we will discussthe

collisionterm. Becausethe transportterm involvesonly one subscript,

a, we will.omit it in the remainderof this section. Therafore,we write

(2.2)

whereV is the velocity,and a iS the accelerationof an individual

particle. We assumethat the acceleration~ is thatof a chargedparticle

movingin an externalelectromagneticfield:

(2.3)

.
I
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The natureand originof the electromagneticfieldappearingin (2.3)

will be discussedin more detailin SectionIv, The averagevelocity

~ Is givenby

ylc,t) = J~f’ (:@ dy (2.4)

We can definethe specialvelocityvby

~(x,t)= ~ - y(lc,t) (2.5)

However,we preferto introducean extrageneralityintothe theoryby

definingy(~,t)in ternsof an arbitraryvelocityfunctiong(~,t):

V(x,t)= v - U(x,t)-w -w (2.6)

Thus, we can.go through the

wish, imposethe condition

formalismjustas easilyand later,if we

l#:,t)= ~(:,t) (2.7)

Alternatively,we keep in mind the possibilitythatwe may find it

convenientto interpretu(x,t)in someotherway.4U.
Our purposeis now to regardf as a functionof (~,~,t). However,

we must keep in mind thatv is a functionof (:,t)and write

f =
( )

f X,v(x,t)yt.w-

Thereforejh (2.2)we must make the followingsubstitutions

$3.13):

(2.8)

(Ref.U,

(2.9)
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~“w”vf-Wr”v (Vvf) “ [(~ “ v):]

a “Vg+:”vvf

(2.10)

(2.11)

!l!hufi,(2.2) can be writtenin the form

()D%
$y=~ +~”vf+(vvf)” ~-~ -(vvf)”c(y”v)d (2.12)

where

(2.15)

(compareRef. 11, page 50).

We will restrictour configurationspacecoordinatesto be an

orthogonal,curvilinearsystemdenotedby

(2.14)

All vectorscanbe expressedin terms

local,orthogonalbasisvectors~i of

systemwe write the gradientoperator

of theirprojectionsalongthe

the systems(ql,q2,r15)*In this
a8 12

(2.15)

We observethe summationconventionfor repeatedindicesreferringto

coordinatecomponents.Here

.

.

hi ‘hi(q) “(2.16)
.
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In termsof thesecoordinates,(2.12)and (2.13)are written-licitly

as follows:

(2.17)

(2.18)

Usingthe local,orthogonalbasisof the curvilinearcoordinatesas a

basis for a systemof rectangularvelocitycoordinates(v v v ) we12 2> 3 ~
proceedto transformto a systemof orthogonal,curvilinearvelocity

COO@hL3tC?S (~1,~2,~5)e ~US, we will have

f= f(llijEi)t) (2.1$?)

and

where

gi = &3#J)

(2.20)

(2.21)

We must be carefulto note that the

the basicvectors~i of (2.15). We

basicvectors~i are differentfrom

may now write (2~17) in the fOrm

For our syst~ ~i we choose,in particular,the sphericalcoordinate

system. Thus,we may write ,

‘1
=vsinOcosQ

1

‘2 =vsin#sinq

‘3
=Vcoso

(2.23)

11



We use the scriptcharacters9 sad~ for the anglesin velocityspaceto

distinguishthem from the angles0 and Z in configurationspace. Actually,

we find it more convenientto work with the cosw equalto cos 4 instead

of to % ‘l?hus, n defineOIM sYs&n ~i W

*

E&v = Cos 0

‘3=q’

and write the traasfomnationin the form

(2.24)

J

‘2
d=Vl -w2sin Q

‘3
=Vw

.

.

For conveniencewe will sometimesuse the ~i notation,althoughwe actually

referto the specificsystem(v,w,q)as impliedby (2.24).

We now writeout (2.22)explicitlyin termsof our sphericalvelocity

coordinates.In additionto (2.3),(2.6),and (2.25) we will need the

followingrelations: .

.
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~
=Kn%xl, $=-”~’..,

2 v

at? 1-W2~=-v-

(2.26)

$ sin=-

‘1

‘1

Vm

2- ‘12 = vi% ‘2”2
9-=0
‘3 J

substitti~ (2.3)f (2.6)md (2.25)-(2.26) - (2.27) tit. (2.22), we get

a% ?L-~ ~v(l - W2) COS2 ql - : ~ ~v(l - W2) sinq)cos q

13



1.—

‘2

v -3%+{-(%-2)V{::2)qB2 (1- w’)
+—
m.

.

.

.
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+(%2)v*+~$=&y-+~~*-

+L % w

i 2v*-&2 ‘7s’—s~q).—
h3 % V(1. W2)

~ au2
w qBl

w qB2
—cosq)+ m-- WCos q + my sin q)- q ~ V(l-W2) V(l-W2) V(l-W2)

where

(2.28)

uXB

y= g+”==
c

We now introducea sphericalharmonic

(2.29)

expansionin velocityspace:

(2.30)

Becausethe Yh are

thoughthe complete

completelyin terms

complex,we will have complexcomponentsf
Z,alleven

functionf is real. In orderto write our result

of real quantities,we introduce

‘Im
‘+if-

= ‘Im fm (2.31)

where #& are both real. Substituting(2,30)and (2.31)into (2.28),

multiplyingon the leftby Y*~y and integratingover the solidangle



dfl = dwdq,we obtain

(2.52) “ ‘

where

+(%2) (2%: a?”)

*
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()J(of)* = ‘e Y;m (~) dn
Im Im

.# ‘m’
2 gm = &a Jlm at‘m’ W$$:dw

# ‘m’ J d$
3 Im = ‘lalmal‘mt W(l-W2) P; — dw

dw

# ‘m’
7 tm

f-

= mn’atmal,m, +/S l’;P:: dw

f’m’
811m J

= mn’almal,mt
J+

(2.35)



f ‘m’

J

q:

1311m = ‘ialmal‘m1 W2(1-W2) ~ —dw
dw

I’m’

J

$:

1411m = ‘ialmat‘m1 (1-W2)2 P; — dw
dw

and

alm

mSo

(2.36)

In (2.36)we have used the Condonand Shortleyphase convention.13 In

summary,let us pointout what we have accomplishedup to thispoint. For
each componentof the gas (a=l,.... n) we have expandedthe transport

21



quantity&fa -definedin (2.2)-in termsof sphericalharmonicsand taken

the projectionson a givensphericalhaxmonic. At the expenseof in-

troducingthe (L,m)indices,we have removedtwo of the velocityvariables.

The independentvariablesof our problemare now (~,v,t). To complete

the projectwe must treatthe collision

is done in the next section.

III. THE FOKKER-l?LANCK

term in the same

COLLISIONTERM

manner. This

As mentionedin the introduction,we treatthe collisionterm in

the Fokker-Planckapproximationand restrictour considerationsto the

fullYionizedplasma. Therefore.we write the collisionterm in the
fom5J4 -

~ afa(:,x,t)

A: at

where

.

()=4+L1 fa(x,y,t)fb(~,v,t)
ab

-( )m afa(~,v,t) aS&v,t)a—- 2m
‘i ‘vi

(s.2)

(3.3)

(3.4)

.
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(3.5)

Here em is obtainedby settingthe @act parsmeterequalto the Debye

length(seeRef. 14, page 175). Our plasmahas two components,so we

let a andb run over the nunibers1 and 2, where 1 refersto -for example-

the electrons,and 2 to the ions. Next,we intxmducethe spherical

harmonicexpansionof Sb and ~

Tb(:,y,t) =z (Xv,t) Y1m(w,Q)Am ‘b,tm-’

Also we separateinto realand imaginaryparts

+

‘b, lm = ‘b,lm+ i ‘bj#m

We obtain

(3.6)

(3.7)

(3.8)

(3.9)

23



~ ~(x,v,t)= - + r24/+1 ~ q$v’) S;,h(:,v’)t) ~‘2 dv’ (3.11)
9-

where

gl(vjv’)=

(vv
#+1 Y V>v’

(3.12)

Now,let us write (3.1)tia~~sof sphericalvelocitycoordinates.

First,we transformthe factor#i ~ to sphericalcoordtites:

where

USing (2.27),we obtain

afa asb afa aSb
q ay=

~jk
qq (3.13)

(3 .14)

Ask. b Ad
jk .

(3.15)

.
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‘where

*1
=1, A2==, A3= 1

#2 V2(1-W2)
(3.16)

Hence,

(3.17)

whereAk andAZ are givenexplicitlyby (3.16),and Bzb and Dk4 are

definedby

The first-order

27 second-order

partial

partial

#cnl .

~kf .

U

derivativesare given

derivativesare given

C_J

\

explicitly

explicitly

in (2.27)0The

as follows:

25



(w2-l)sinq
2

Cos 9
v ‘*=

PQ2-w l-w Cos
v +=

3ir(l-w2)sin(p Cos 9 >:v

(3W%)A7 Cos p
2

v

2

3%%
.

11

2

&
=

12

&=

2
sin2p - Cos

V2(1 - W2)

o

(W2-1) sin(p
2

Cos 9 *(1- W2) sin Q Cos a2 . sin2ql 2q
‘ *= ‘+

-Cos
v ~2 )V

1 V2(1-W2)

2
w2sin q)+ Cos

2
~, ~& = WC(2- 3W%.?12Q-COS2Q1 , ~~ = *

v

a2w .
%%

._&=4&_!2, a+=
v

m(w2-1)
V2 ‘

(3s1)0 Cos
2

V2 ‘~+
=0

(3$%1)X7s--~~”o
v

2

*
= o

3 ‘3

.

. (3.21)

By using (2.27)and (3.21),we now obtainexplicitexpressionsfor B
#Uml~d

~kl.
●

.

26



F (3.22)

+11 . ~ #3 . ~

~122 = W2-1

7

~121 =0

~133.
+
v (w -1)

#2 . 0~131=0

*212 SW*-1
~3

~213 =0*’al =0

B
222 W(W2-1)

‘~
B221 = 1-W*

~3

B223=0

~233 . w
v (1-W2)

~313= 1

3(W -1)

B323= w
v (1-W2)

~333= o

’21

B231. 0

B311= o

B332= ~B331 . 1

V3(1-W2)

+3 =0 ‘

(3.23)

,

“D33= 222
V4(1-W )

D32 .0

27



using (3.15)throu@ (3.23) ~d (2~27)Y we~ite (301)

follows:

explicitly

+

+

+

+

+

1
afa

= T)— - 1 f=fb
m

ab

-( )[

m afa a% (1 -W2) afa as
;2—- = w+ ~2 -w =+ V2(1:W2) T

[

a2fa a%b (1- W2)2 a2f, a%b ~ a2fa a%b
++ — —+7 g —&2 av2 aw2‘v%- W2)2 g aq)2

2(1-w2) a2fa

.2 =

(3.24) . I

28
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When the collisionsinvolvelikeparticles,the secondterm dropsout,

if that is any consolation.Thereis one shplifying feature,however.

None of the coefficientsin (3.24)dependsoncp. Thiswill greatly

simplifythe sphericalhamonic integrals.

Next,we substitutethe sphericalharmonicexpansions(2.30),(3.6)

-d (3.7)in-to(3.24),multiplyon the leftby y*&~ and integrateover

the solidangledl =dw@. We obtain

where

29



‘ pm”
6 mm’m”

4v

f%a,l’m’

&-b,l”mn
~ )

aT-b, l“m”
va)

(f+
& %f+ -

a,f’m’‘b)l“m” a,l’m’‘b,t‘ht’
)

v’

*

‘b,l”m”

,

.



.

)( 11’4”af:,l, m,
f+ - +T% - 23rmm‘m”
a,l‘m‘ ‘b,ltim” b,t’m’‘a,l”m” -

2 ~ T:,lI,m,,

& + * T
‘b,l’’m’’+Tb,m’m’‘a,~’’m’’%fa,ilmt~-,~’~”
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(3.28)
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‘lm T -
(1-W2)2

are all real. In equatingthe

d~ J
transportterm to the

we must remedberto multiplythe expressionsin (3.26)

These integrals

collisionteti,

byAa. We now have a rigorousreductionof the l?okker-l?l.anckeqpation.

We have not indicatedexplicitlythe variousb-functionsand vanishing

integralsthat are obtainedwhen we carryout (3.28),but this is best

takencareof by doingthe algebraof theseintegralcoefficientsauto-

maticallyon a computer. The problemis stillquiteformidablefor

generalthree-d3mensionalconfigurationspacedependence.However,there

are many interestingproblemswhichhave a high degreeof configuration

spacesymmetry.An exampleis givenin SectionV.

IV. THE SELF-CONSISTENCYCONDITIONS

In orderto discussthe self-consistencyconditions,we must first

definesomevelocity-integratedquantities.The spacedensityof particles

is definedby

Na(~,t) =Jfa(x,v>t) d~ (4.1)

33



Substitutingthe expansion(2.30)into (4.1),we obtain

Na(~,t)= &J ~,oo (~,v,t)V2 dvf+
o (4.2)

The averagevelocityis definedby

()

1
la= N- f

Vifa(4,v,t)d~ (4.3)

Makinguse of the separationin (2.6),we obtain

() ()‘i ~ = ‘a,i + ‘i (4.4)
a

where

() 1
v.1 = NV Jvifa(~,v,t)d~

a

Substitutingthe expansion(2.30)into (4.5),we obtain

7

J
m

+ 11,-1 f+a,t,-1

J

(~,v,t)#dv
o

()
[-

‘!

w
1

‘2a= -r (x,V,t) # dv
ai 111 ‘a,ll -

0

J

m

- 12,.1 f-a,l,-1

1

(~,v,t)V3 dv
o

()
‘J

m
+

‘3a=N~1 110 ‘a,lo(~,v,t)v3 dv

o

.

,

(4.5)

(4.6)
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where

’10 J=2xa40 w

The ah are givenby (2.36).

In the presentformalism,~a(~,t)

\

1(4.7)

% *

is arbitrary. If we set ~a = O,

then our distributionis givenin termsof the absolutevelocity. If we

want ~a to be the averagevelocityaccordingto (2.7),thenwe must in-

cludethe self-consistencycondition,

This is optional,of course.

Next,we write the mass

() =0&

and chargedensities:

paoc,t) = maNa(~,t)

pea(~,t)= ~Na(~,t)

The currentdensityin emu is givenby

()- a)Pea(& + v
Q@t) =

c

For the totalquantities,we sum over components.Thus,

N(~,t)‘~ Na(~,t)
a

P(*,t)=~pa(:,t)
a

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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PJx>t) =~PeJC,t)
a

(4.14)

Usiu (kelk) and (4.15)

Maxwelltsequations,

The self-consistency

agreewith the fields

As an exsmpleof

(

for the appropriate

v“lJ=41Tpe

V“IIJ=O

sourcedensities,we solve

(4.16)

(4.17)

~ ag
-TX (4.18)

(4.19)

~onditionon the solutionsE and B is that they

appearingin (2.33).

v. THETA-FINCH GECMETRY

how to applythe almremethodto a realphysical

problem,we considerthe plasmadynamicsof the theta-pinchin one con-

figuration-spacevariable. We assumeaxialsymmetryso that only the

radialindependentvariable(q3s r) occursin the probl~. Becausethe

averagevelocitieswill be in the radialdirection,we chooseour velocity

sphericalhamonic axis to be alongthe radialconfiguration-space

direction.Therefore,we make the correspondence,

t=~1 = -1 g

1

1(5.1)

.

.

.

.



Inamuch as chargeseparationwill occuronly in the radialdirection,

we will have an electricfieldonly in tie radialdirection:

The prima~ magneticfieldunderconsideration,which is in

producesthe theta-pinchand penetratesto a certainextent

finedplasma. However,the electricfielddefinedin (5.2)

(5.2)

the ~-direction,

intothe con-

givesrise

to a radialcurrentdensity~ Thiswill producecomponentsof B in the
A
e and: directions.Therefore,we have

B= (5.3)31B1(r)t)+ ~>2(ryt)

The effectivefieldE* appearingin (2.33)is givenaccordingto

(2.29)by
gXB

g* =g +_..& (5.4)

USiXW (5.2), (5.3), and (5.4)andtiefact Mat Me -we velocities

will be in the radialdirection,we

f = $1()‘3B2
c

obtain

(5.5)

‘rhus, we see that all tiree.cownents ~ (5o5)are~n-v~ishiw> even

in this simplegeometry.

For this problem, then, (2.33) reduces to the f’ollo~w eci~tion:

.
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@l
*— (~1’,m+lf+ - _#\m-1f+
mcv 5 lm I’,m+l 5 Im 1\m-1)

‘B2 / #\m+lf*+— + ~1’,m-lf*
mcv \5 Im I’,m+l 5 Im 1!m-1)
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.

Again,we have used the fact that the

direction.The expression(2.18)for

averageveacity is

D/Dtreducesin the

to

in the radial

presentcase

(5*7)

The collisionterm discussedin Section111 will be the sanefor all

configuration-spacegeometries.In principle,(5.6),coupledwith the

collisionterms,is sufficientto do a good job of representingthe

dynamicsof the theta-pinch,both in the equilibriumand non-equilibrium

situations.However,we shouldpointout one complicatingfeature.

With the electricfieldsand chargeseparationin the problcxn,the

equationswill give a detailedtreatmentof phe~ena suchas plasma

oscillationsthat occur in timesshortcomparedto the timesrequired

for the main theta-pinchdynamics. Therefore,a machineprogrsmwill

spendmuch time calculatingdetailsthat are not ho importantin the

mainproblem. Thus,we may anticipatea calculationof excessivelength.

It is likelythatpreliminarysimplecalculationswill have to be done

with (5.6)in orderto learnhow to unscramblethe variousrelatively

Ufferent typesof phenomena.

VI. GENERALCCtMENTS

We have outlineda difficultapplicationin the previoussection.—-
Howeverjoux equationscan forma pointof departurefor a multitudeof more

simple,but stillinteresting,problems. The effectsof chargesepara-

tionon shockwave propagationin a plasmahavebeen recentlyinvestigated

15 It maybe of interestin theMHD approximationby Jtifrinand Probstein.

to applytransporttheoryin a similarinvestigation.

Anotherpropertyof thismethodis that it formsthe basisof a

separationof depax&res fromtheMaxwell-Boltzmanndistributioninto two

types:1) departuresof the dependenceon the velocitymagnitude,and
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2) departuresfmm isotzmpy. In the firstcase,we keep only the Ym

temnsbut calculatefm from the resultingintegro-partialdifferential

equations. In the secondcase,we assumea form for ~tianddo asphericel

harmonicanalysisof the anisotropies.For simplicity,we may do such

problemswith a uniformspace-dependence.

We can investigatethe transportcoefficientsin the near-equilibrium

region. In particular,we wouldlike to determinethe resistivityin the

transitionregionbetweenweak and strongmagneticfields. Isolated

investigationsof thesevariousphenomenamay allowsigdficant improve-

ment in ourMHD treatmentof the theta-pinch.
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