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ABS!CRACT

In a previouslypublishedreport(IA-27!j0,A ProposedModification

of the AvailableMomentumRegionin Thomas-FermiTheory)a “quantum

correction”to the statisticalmodelof the atom was derivedin detail.

In the presentwork we use theseresultsand a very simpleapproximation

to the correlationener~ in derivinga quantum-and correlation-corr-

ected Thomas-Fermi-Dirac(TFD)equation. One eqects the radialdensity

distributionand potentialcalculatedfromthis equationto be @roved

overthoseon the TFD mdel, both near the nucleusand near the outer

boundaryof the atom or ion. Minimm-energy(thatis, zeroboundary

pressure)solutionsfor rare-gasatomspossessvaluesof cellradius

in goodagreementwith

latticeparamter.

AIWRTRANcode is

The authorwishes

thosecalculatedfrom experixwmtalvaluesof the

includedin an Appendixto the report.
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I. INTRODUCTION

MmY Properties of free atoms and of’ solias

siderableaccuracyby the statisticalatom mdel

are predictedwith con-

of Thomss,Fermi,and

Dirac.14 The accuracyof the methodhas probablyhelpedinspirethe

deeperinvesti~tioninto its foundations;for if one considersonly the

premisesupon whichthe originalmdel is based,he wouldhardlyexpect

more than very roughagree~nt with experimentor with the predictionsof

a nmre refinedtheory. Yet, to give some examples,the radialdensity

distributionfunctionfor a givenelementcalculatedfrom eitherthe

Thomas-Fermi(TF)or the Thoms-Fermi-Dirac(TFD)equationappearsto be,

for any but the very lightestelements,in goodagreementwith that ob-

tained from self-consistentfieldcalculations.The shellstructureis

not reproduced,but thereappearsto be a reasonableaveragingof the

relative=xima and minim. One-electronenergylevelscomputedin the

TF or TFD fieldsare renrarkablycloseto qerimental term values,and

the atomicnumberat whichelectronsof a givenangularmomentummake

their“firstappearance”are predictedcorrectlyto the nearestinteger.

The comectness of thesepredictionswouldhave to be regardedas

fortuitous,when they resultfroma theorywhichpresumesthat (1)the

potentialfieldin an atom variessufficientlyslowlythat the fractional

changein an electron’sde Brogliewave lengthA is SE1l overa distance

comparableto A; and (2)thereare a greatmany electronsin a region

havinga volumeof the orderof A3. However,F~nyesshowedthat the TF

energyand densityexpressionsfollowfrom quasi-classicalargumentsas

well as froma strictlyclassicalviewpoint.5 Later,March and Plaskett

succeededin derivingthe TF energyeqpationfroman integralof the
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WKB eigenvaluesovera particularregionof the quantum-numberplane.6

Thus,the validityof the statisticalmodelseemsto dependupon that of

the WKB approxi~tion,and Langershowedthat the WKB phase integral,

at leastin one dimension,is applicableunder quitebroadconditions

on the potentialeven for smallqyantumnuuibers.7

Sinceit is knownthat the statisticaltheoryrestson mre than

the classical arguments, i% appears well worthwhileto attemptthose

improvementsthat can be madewith littlecomplicationof the equations

to be solved. The derivationof Marchand Plaskettp?ovidesthe basis

for a “quantumcorrection” 8,9of the statisticalmdel reportedearlier

and outlinedbelow.

We have stressedthe generalsuccessof the TF and TFD equations.

Thereare,nevertheless,someareasin whichthe calculationsdo not

agreewell with experiment.A very apparentdiscrepancyis in the total

bindingenergyof the electroncloud. The electrondensitypredicted

at the nucleusis infiniteon eitherthe TF or the TFD model;consequently,

the calculatedbindingenergyis considerablytoo large. The previously

derivedquantumcorrectionmodifiesthe densityin the regionnear the

nucleusand producesbindingenergiesin mch betteragreementwith ex-

perimentalvaluesand with thoseobtainedfrom self-consistentfield

calculations.

A ftutherarea for attemptingimprovementis suggestedby the rather

largeerrorsin the calculatedpressure-compressioncurves. Theserela-

tionshipsare influencedmainlyby the outermst partsof the electron

distribution.In this region of low densitythe correlationenergy, ne-

glectedin the originalnmdels,becomes~rtant.

In the presentwork we incorporatethe quantumcorrectionand a very

simpleformfor the correlationenergyin the derivationof an easily

appliedquantum-and correlation-correctedTFD equation. One expects

the densitydistributionand potentialcalculatedfromthis equationto

be improvedoverthoseon the TFD model,both near the nucleusand near

the outerbuundaryof the atom or ion.

8
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The numerical procedures used in obtaining solutions of the equation

are discussed, and a few calculational results are summrized. It iS

foundthat the inclusionof the correlationenergyshouldnot greatly

changethe pressure-congmessioncurvesfor mst elements. However,mini-

mm-energy (thatis, zeroboundarypressure)solutionsfor rare-gasatoms

possessvaluesof cell radiusin goodagreenumtwith thosecalculated

from~erimental valuesof the latticeparameter. These resultssuggest

the interpretationof minhum-energysolutionsas representingisolated

atoms,ratherthan atomsin crystals,sincethe rare gasesare knownto

be bound in crystalsby the very weak van derWaals forces.

Numericalwork ws performedon ~ Im 7030 co~ter. A ~

code,version“F4’’,islistedin theAppendix,but we shouldcautionthat

certainchanges,mainlyin the Input-Outputstatements,tighthave to be

madebeforeusingthe codewith othercomputersystems. Also, it is

necessaryto carrymme than eight-figureprecisionthroughoutthe cal-

culationsin orderto obtainaccuratelythe solutionspossessingmimi-

mm energy. We have attemptedto carryour calculationsto aboutthir-

teen figures,and whilethe 7030 word size is equivalentto about16

decimaldigits,it wouldbe necessaryto performthe calculationsin

double-precisionarithmeticon a smallermachine. Eight-fi@u?epre-

cisionis certainlysufficient,however,to obtaingeneralsolutions

correspondingto arbitrarydegreesof compression.

II. A QJMNTUM-ANDCORREIATION-CORRECTED TFD EQUATION

A. The TF andTFD Equations

A variationaltechniquecan be used to derivethe TF equation,and

an extensionof this methodprovidesan often-usedand simplemeansof

addingcorrectionsto the statisticalmdel. Thus,we can writethe

Fermikineticenergydensityof a gas of free electronsat a temperature

of zerodegreesabsolutein the form

9



where

cf.” (3/lo)(311w3.*

The electrostaticpotemtialenergydensityis the sum of the electron-

nuclearand the electron-electronterms. We can writethis as

u SU;+ue=
P

-(vn+ve/2)p,
P

whereVn is the potentialdue to the nucleusof chargeZ; Ve is the po-

tentialdue to the electrons;and the factorof 1/2 is includedin the

electron-electronterm to avoidcountingeachpair of electronstwice.

With x denotingdistancefromthe nucleus,the totalener~ of the

sphericaldistributionis givenby

E. J[Cf p5/3.(v%ve/2)p 141Tx2dx.

The expressionfor densityon the TF model,

Q = UO(E’-V)3’2,

(1)

(2)

with

‘o = (3/xf)3’2,

is obtained by mhxhizing Eq. (1) subjectto the auxiliarycondition

that the totalnumberof particles,N, remins constant. The potential

*
Throughoutthis workwe shalluse atomicunits (au.), in which
e = h =m= 1. The unit of lengthis aO, the firstBohr radiusfor hydro-
gen;and the unit of energyis e2/ao.

.

.
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energy,V, is a ~ction of positionin the electrondistribution;E’

is the Fermienergy,or chemicalpotential,and is constantthroughout

a givendistribution.The TF equationfollowsfromEq. (2) and Poisson$s

equation.

the

the

The tendencyfor electronsof like spinto stayapartbecauseof

exclusionprincipleisaccountedfor by the inclusionin Eq. (1) of

exchangeenergy,the volumedensityof which is givenby

4/3
u== -C=p ,

where

cex=

Minimizationof

(3/4)(3/TT)l/3.

the totalenergynow leads to the eqyation

(5/3) cfP2’3 - (4/3)C=#3- (E’-V)= 0,

1’3 From this equationwe getwhich is quadraticin p .

p= UO[70+(E‘-v+’ryw,

where

To= (4c:@cf)w

Now Poissontsequationwith the

TFD equation.

(3)

densitygivenbyEq. (3) leads to the

In the followingtwo sectionswe proposeadditionalenergyterms

to be included in Eq. (l);the incorporationof thesetermsleadsto a

simplequantum-and correlation-correctedTFD equation.

Ill



B. The QuantumCorrection

The quantum-correctionenergy

in the derivationdue to March and

onlybrieflyoutlinedhere.

densityfollowsfroma slightchange

Plaskett;the developmentwill be

Marchand Plasketthave demonstratedthatthe TF approximationto

the sum of one-electroneigenvaluesin a sphericallysymmetricpotential

is givenby the integral

I =2
JJ

(24+l)E(nr,4)dnrd.L, (4)

wherethe numberof statesoverwhichthe sum is carriedis writtenas

N= qj (2~+mq~*

HereE(nr,4)is the expressionfor

flmctionsof continuousvariables;

is the orbitalquantumnumbe~ and

(5)

the WKB eigenvaluesconsideredas

nr is the ratial quantumnumber;t

the regionof integrationis bounded

by nr = -1/2,4= -1/2,and E(nr,%)=E’. We have includeda factorof

two in theseequationsto accountfor the spindegeneracyof the elec-

tronicstates. The FermienergyE’ is chosenso thatEq. (5) givesthe

totalnumberof statesbeing considered,the N electronsoccupyingthe

N loweststates. With considerablemanipulation,Eq. (4) becomesthe

TF energyequation

and Eq. (5)revealsthe TF

P:
4Tlx2dx,

3TT2

densitythroughthe expression

(6)

JP3N= — 4m2dx,
3n2

both integralsbeingtakenbetweenthe

writtentheseresultsin atomicunits,

(7)

rootsofE’ = V(x). We have

so that P, the Fermimxnentum,

12



is definedby

(8)

It is pertinentto emmine the errorin the TF sum of eigenvalues,

as givenbyEq. (6),for the case of the pure Coulombfield. The WKB

eigenvaluesin a Coulombfieldare givenby

E
nr}~

= -Z2/2(nr+4+l)2,

and let us considerthe levelsfilledfromn = 1 to n = v, wheren is the

totalquantumnumberdefinedby

n= nri-~+l.

Then, for any valueof v we can evaluatethe errorin the TF

to the sum of eigenvalues,comparingalwayswith the correct
10

Scott~scorrectionto the totalbindingenergy is obtained

v becomevery large.

Althoughthe sumof one-electroneigenvaluesis not the

approximation

value,-Z2v.

by letting

totalenergy

of the statisticalatom becauseof the electron-electroninteraction

beingcountedtwice,we mightexpectto improvethe calculatedbinding

energygreatlyby correctingthis sum in somemanner,sincethe chief

causeof the discrepancyis certainlythe largeerrorin the electron-

nuclearpotentialenergy. This correctioncan be performedby iqosing

a new lowerI.imLton 4 in the integrationsabove. When we introducea

new lowerlimit%* and a relatedquantitywhichwe callthe “edifica-

tion factor,”

a= %in
+ 1/2,

we obtain,afternmre manipulation,slightlydifferentexpressionscorre-

13



spondingtoEqs. (6)and (7). FYom theserevisedexpressionswe can

identifya quantum-correctedT!Fdensityexpression,

p = 00(E’-V-a2/2x2)3’2,

and a correctedkinetic

‘k = cfP5/3+

The revisedlowerlimit

root*of

energydensity,

(9)

(a2/2x2) p. (lo)

on the volumeintegrals,say xl> is the lower

E’-V- a2/2x2= O; (U.)

for X< Xl, p ut vanish, =dve ~Ve thus te~d~ the “tier aensity

cutoffdistance.”We can callthe secondterm on the ri@t-hand sideof

Eq. (10)the “quantum-correctionenergydensity”and write it in the more

consistentform

uq= (cq/x*)p, (12)

by defining

‘q = a2/2.

modificationfactor,a, is determinedly of thethe initialslupe

of this report.

The

potentialfunction,as describedin Part III

For interpretingtheseresultsit is helpful.to considerjustwhat

we have done in changingthe lowerlimitof the orbitalquantumnumber.

+*
In ap@ication to the atoticproblem,thereis only one root ofEq. (Xl-)
betweenzeroand the outerboundaryof the atom or ion. This root is iden-
tifiedas ~, andx2 is then detetined bytheus~l TFboun~rYcon~tion”
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Sincethe lowerlimitL= -1/2must correspondto an orbitalangularmo-

mentumof zero,we have,clearly,eliminatedstateswith angularnrxnentum

of magnitudebetweenzeroand a cutoffvalueL = afi.Correspondingtoc
L- at everyradialdistanceis now a linearcutoffmomentum

L.

Pc = aA/x,

and we can rewriteEq.

mentum

(9) in te- of the Fermimmentum and cutoffmo-

p = (oo/23@)(P?.p:)3k

At radialdistancesless thanxl, mmenta are prohibitedover the entire

rangefrom zeroto P, so the electrondensityvanishes.

This interpretationmust be mxlifiedsomewhatwhen exchangeand

correlationeffectsare included;for thenthe Fermimomentumis no

longersimplygivenby Eq. (8),exceptvery near the nucleus. We can

definexl as in the absenceof interactions,i.e.,as the lowerof the

rootsof Eq. (11),but it is not correctto demandthat the densityvan-

ish at the upperroot. Instead,we requireonly

c. The CorrelationCorrection

The originalTF equationdescribesa system

whilethe introductionof exchangeenergy,which

thatthe densitybe real.

of independent*particles,

leadsto the TED equation,

representsa correctionfor the correlatedmtion of electronsof like

spin. The remainderof the energyof the electrongas is termedthe

correlationenergy;by its inclusionwe are recognizingthat electrons,

regardlessof spinorientation,tend to avoidone another.

*
The particlesare “independent”in the sensethat thereis no correlation
amng theirpositions. They do interactwith eachother,however,in
establishingthe potentialfieldin whicheachparticlemoves.

15



In extensionsof the statisticalmodeltherehave been suggested
11,12at leasttwo differentexpressions for the correlationenergythat

approach,in the appropriatelimits,Wigner’slow-densityformla and

the expressiondue to Gell-Mannand Bruecknerat high densities. In
1413 and Tomishimadditionto these,Gomb6s haveutilizede~sions of

1/3 aboutthe particlethe correlationenergyper particlein powersof p

densityencounteredatthe outerboundaryof the atom or ion. In this

expansion,the term of first-ordercan be consideredas a correctionto

the exchangeenergy,and it followsthat the TFD solutionsfor a given

Z then correspondto correlation-correctedsolutionsfor a modified

valueof Z. Aside fromthe ratherpoor approximationof the com?elation

energy,a drawbackto thisprocedureis thatthe TFD solutionsnust be

at hand. If solutionsrepresentingspecifieddegreesof compression

are desired,the mthod wouldappearto be impractical.

It is, however,interestingand fortunatethat over the density

rangeof interestit is apparentlypossibleto approximatethe correla-

tion energyper particlequitecloselyby an eqression of the form

1/6
U=-cc CP “ (13)

This is shownin Fig. 1, wherewe have set cc = 0.0842,and compared

thisapproximationwith the valuesdue to Carr and Maradudin.15 The

latterare obtainedas a higher-ordercorrectionto Gell-Mannand Brueck-

ner’sformla at the high densities(say ~ > 0.25 au.), and are again

reasonableinterpolatedvaluesat the lowerelectrondensities.

There is no need to be concernedwith the correlationenergyuut-

sidethe limitedrangeof densityshownin Fig. 1. The lowestdensity

that can be obtainedin solutionsof the “corrected”TFD equationto

be derivedis about0.(X12au., and at densitiesabove1.0 au. the

correlationenergybecomessmallcomparedwith the exchangeenergy.

Near the lowerlimitof density,the nqgnitudeof the correlationenergy

computedfromEq. (13)is aboutone-thirdas largeas the exchangeenergy,

.

.
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butatp= 2.0 au. it is only 10$ as large. For, say, p = 105 the

ratiois 1% and the exchangeenergyitselfis onlyO.01~of the Fermi

kineticenergy.

We shall,

u= =

and, in atomic

c =
c

then,approximate

7/6
-cc P

units,

0.0842.

the correlationenergydensitywith

D. Derivationof the Ewation

Rromthe resultsof the precedingparagraphs,we can now express

the totalener~ per unit volumeof the chargedistributionin the form

5/3 4/3 7/6 - (l#we/2)p + (cq/x2)P)u = Cfp - cexP - CCP

whereall quantitiesappearingin the equationhave been previouslyde-

fined. By minimizingthe integralofU overthe volumeoccupiedby the

charge,whilereqyiringthat the totalnuuiberof electronsbe fixed,we

obtainthe followingequation:

~2/3 - T#3 - “.;/6 - R/4= O,

where

T1 = (4/5) (c#f) ,

U. = (7/6)CcCJo
2/3

)

R= 4a02/3(E@-cq/x2) .

(14)

.

.

.
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The electrondensityis foundas a functionofR by solvingEq. (14),

1’6 To acco~lish this we writea “resolventcubicequa-a quarticin p .

tion”in termsof anothervariable,say y:

Y3+ TIY*

Let us use the same

(15)+RY+ (TIR+~) = O.

symbol~y$todenoteany real root of this cubicequa-

tion. We can then ~ress the fourrootsof the quartic,and hencefour

expressionsfor the electrondensity,in termsof y. One of theseex-

pressionspossessesthe properbehaviorin reducingto previouslyob-

tainedresultsin the neglectof correlationand exchangeeffects,

namely,

P = (1/8) [T1+~+(Y2+R)1/2]3, (16)

where

1/211/20@[T1-w2(Y*R)t = (’T1+Y) (17)

We note that $ vanisheswhen correlationis neglected,sincey= .71 is

thena root ofEq. (15).

In the ftiliar manner

function# by the relation

Z#= (E’-V+@x,

and tiomPoisson’sequation

we now definea motified!N?llpotential

(18)

andEq. (16)we obtain

#“ = (nx/2z) [Tl+$+(y%.R)l@, x22y

= o, x< IL” (19)

19



In termsof@,

2/3(@/x.a2/2x2-T~).R = 4CJ0 (20)

Eqs. (20),(15),(17),and (19)constitutethe differentialrela-

tionshipto be satisfiedat each stepi.nthe integration.We could,of

course,writeimmediatelythe solutionsof Eq. (15)in analyticform)

but it provesconvenientin the numericaltreatmentto obtaina rootby

the Newton-Raphsonmethod,sincea goodfirstguessin the iterationis

availablefromthe previousIntegrationstep.

The boundaryconditionsonEq. (19)are: (1)As the nucleusis

approachedthe

d(o)

and (2) at the

potentialmust becomethat of the nucleusalone,or

= 1,

outerboundary)X2J of the distributionof N electrons,
.
‘2

N= /’ p 411x2ax
J

‘1

Integrationby partsyields

‘2
(@’x-@) = N/Z,

‘1
and since

$@) = 1 + X#’(+

20



we have the usual condition:

(21)#(X2)=X2@ ’(X2)+(Z-N)/Z.

In additionto potentialand densitydistributions,totalbinding

energiesof atomsare of specialinterestto us here. For the proper

evaluationof energies,the arbitraryconstantthat is presentoriginall-

y in both the electrostaticpotentialenergyand the Fermienergymust

be specified.The stateof infiniteseparationof the constituentpar-

ticlesis normallytakento have zeroener~; we thereforefollowthe

usualconventionand fix the potentialat the edge of the neutralatom

at zerofor all valuesof X2. For an

electronat the boundaryis takenas

ion the potentialenergyof an

v= -( Z-N)/x2.

The definingrelation,Eq. (18),now givesat the boundary

Z4(X2) = [E‘+( Z-N) /x2+@x2,

or, solvingfor the Fermiener~,

E’=

The total

En =
P

@(@/x2 - (z-N)/x2 - T:.

electron-nuclearpotentialenergyis givenby

‘2

-J
(z/x)p 4nx2dx,

‘1
whilefor the electron-electronpotentialenergywe have

‘2

Ee =
P

(1/2)f Vep 4nx2dx.

a.



FromEq. (18)and the relationV = -(vn+ve),this becomes

‘2

Ee = (1/2)[-E~O
J

%+E’N- (Z@/X)p4nX2&X].
P

%.

Otherenergyintegralsare,with an obviousnotation,

‘f =

E=
q

E- =

Ec =

Jp~/3 4Tlx2dx,
Cf

J( f)/x2)4nx2dx,
Cq

J’
4/3 4m2ti,-c ex P

[1
p7 6 411x2dx.-c

c,

III. NUMERICALPROCEIXJRES

For a givenatomicnumberZ, a familyof solutionsof the corrected

TFD equation,correspondingto differentdegreesof compressionof the

element,is obtainedby varyingthe slopeof the potentialfunctionat

the origin. Severalparametersof the integrationare determineddirect-

lyby this initialslope,whichwe denoteby~~. From the discussion

of Eq. (11)we concludethatthe electrondensity,and hence@“, vanishes

for x lessthan

*1= (1/s) [1-(1-a%/z)%,

where

22



In startingthe stepwisenumericalintegrati.on,threevaluesof @ and ~“

are used, includingthoseat the origin. If we thereforechoosean ~

initialintervalhti suchthat

%n<‘5.’ (22)

then @ is linearin this region,and it is trivialto generatethe

startingvalues. For practicalreasonshin is chosenas the largest

intervalwhich satisfiesbothEq. (22)and the condition

‘in = o.02/2b,

whereb is an integer. This

(23)

is done so thatupon doublingthe space

intervala nu.uiberof tires (notnecessarilyb times)@ is evaluatedat

convenientvaluesof x.

In the earlierwork, justificationwas presentedfor determining

the modificationfactor,a,throughan “equivalentCoulombproblem.”8 II

followingthisprocedurewe considera numberof electronsinteracting

with the chargednucleusbut not at all with eachother,even to the

extentof providinga partialscreeningof the nuclearcharge. Under

theseconditionswe woulddefine@ throughthe equation

Z@= (E’-V)X.

Here,in contrastto the situationin the actualatomicproblem,the

potential

It can be

energydistributionis known. We have

v= -z/x. (24)

establishedby directsubstitutionthat for the Coulombprobl

@ is linearthroughoutthe distribution,or

23
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In orderfor Eq. (~) to be

let the Fermiener~ of the

E’ = Z@’.

satisfiedwith no additiveconstant,

Coulombproblembe givenby

we must

(25)

Correctionof the regionof integrationin the quantum-numberplane

is basedon the abovevalueof the Fermienergy,wherefor ~’ we use the

initial. slope

of the region

a=

of the actualatomicproblem,i.e.>@~. The outerboundary

definesa quantitya throughthe relation

(nr+L+l)aterbubry”

The FermienergygivenbyEq.

lomb field. Fromthe form of

a = (-z/2f$) ●

In correctingthe integration

(25) iS the msximumeigenvaluein the Cou-

theseeigenvalueswe obtain

regionfor the Coulombfieldwe derivethe

expressionfor the modificationfactor,

1/2
a= al- (av) ,

wherev is the (geneml.lynon-fitegral)numberof filledshellsobtained

as the solutionof the equation

$ + 3v/2+ *3/’v’/2 - (5c?.1/2)= o.

Thus the Initialslopeof @

xl, the initialintervalof

a.

determinesthe inner

integrationbin, and

densitycutoffdistance

the modificationfactor
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The quantum-and correlation-correctedTF!Oequationis of the form

#“= f(x,@), (26)

a formwhichcan be integratedsimplyand rapidlyby a finite-difference
~6

methoddescribedby Hartree. In this methodthe approximationis mde

that

the subscriptedquantitieshere be4g associated

to whichthe integrationhas progressed. In the

the seconddifferenceoperator,suchtkt

(27)

with the pointx = X.

usualnotation,A* is

and h is the existentintegraticminterval.

To proceedin the integrationan esti~te iS ~de of A2#”Jad from02
Eq. (27)we find A*@O. From the backwardfirstdifferenceand Ad. we

can predict@ at the next step. Eq. (26)then fiarnishesthe predicted
2 /fvalueof ~“, fromwhichthe predictedA @ follows.
o

This predicted

valueis comparedwith the originalestimateto determinewhetherthe

integrationis to be allowedto proceedto the next step,or whetherit

must be repeatedwith a revisedestimateof A2@~. The criterionfor

this decisionis discussedbelow.

Some modificationof the integrationprocedureseemsadtisablein

the vicinityof%, wherean abruptchangein #“ occurs. A tableof

differencesin ~“ of second-orderand aboverevealsthat the assunq?tion

tkt leadsto Eq. (27),-ly, tkt the te~ invol~ng ~fferences

higherthan second-ordercan be neglected,is not too well justified
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for x closeto ~. We can attemptto do a littlebetterby addingone

nmre termand writing

(28)

The extraterm is retainedfor onlya few integrationstepsfor which

the changesin @“ are relativelylarge;in practiceit is droppedupon

reachingthe pointat whichh has achievedits maximumvalue. We note

that,forthatportionof the integrationin whichEq. (28)is utilized,

it is necessaryat each stepto esti~te A4%; but we can @ ~ esti-

mate of #“ at the forwardstepsof sufficientaccuracyto computethis

differenceby merelyextending@ linearlyfromthe origin,therebyob-

tainingthe argumentsforEq. (26).

The integrationinterval,startingat hti, is doubledon alternate

stepsuntila certainmaximm valueis obtained,and then is kept con-

stantout to the outerboundaryof the chargedistribution.This mxi-

mum valueis selectedby requiringthat the precisionin each integra-

tionbe independentof Z, the precisionbeingthat of a chosentest run.

A convenientcheckon the precisionis f’u.rnishedby the relativediscrep-

ancybetweenthe totalnumberof particlesN whichentersthe boundary

condition,Eq. (21),and the volumeintegralof the calculatedelectron

density. It is thusapparentthatthereare two conditionson the inte-

gration. With h given,the criterionon proceedingto the next step

in integratingthe differentialequationis that

(A2@~) -(A2#:)
estimated ‘reucted h2 s 10-n,

~o

wheren is the numberof significantdigitscarriedin the calculation

of $. This conditionarisesfrom

mtely causean errorin #l of no

digit. However,the precisionof

requiringthat an errorin Az#~ulti-

more than 1/2 in

the integration,

26
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as measuredby the

.



calculatednumberof particles,also depends

errorto be dependentto a largedegreeupon

upon h. We mi~t

the magnitudesof

e~ct this

A2@ en-

counteredin

quire,then,

the integration,and resultsseemto bearthis out. We re-

as a rough measure of the error,

h2
$“ 2? constant,

maxlmx

and seekto estimate@& as a functionof Z and ~~.

In the neglectof exchangeand correlationeffectswe have

#“= (4x/311Z)(2Z#/x-a2/x2) 3/2.

With Z and a given,the conditionfor a nmximumof @“(x) is easilyderived

as

2SJ2/X - Z(@-@’X) = Oj

and sincethe msscimumoccursat a smallvalueof x,it is adequatefor this

discussionto put ~= 1 and to neglect~’x in comparisonwith it. We

then obtainthe resultthat the REUCimUmis at a position

X2 2a2/z ,

fromwhichtherefollows

We thenhave the requirement

h2
-: constant●(n/31/2)a/Z.
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It is found,moreover,thata variesbut slightlywith Z and #&. We can

treatit as a constanthere. It is also foundin our calculationsthat

an intervalh =0.00125producesa rpspec~bly s~~ errorin n@er—.~
of particlesof aboutfour

factorof about0.261. If

by doublinghti subjectto

h-< O .018/21/2,

partsin 106 for Z= ~, with

h- is chosenas the largest

the condition

a fairlyuniformerrorof a few partsin 106 resultsfor

althoughfor very SU1l Z the errortendsto be somewhat

part in 105.

a modification

valueobtained

all integrations,

larger,say one

The outerboundaryof the electrondistribution,X2, is determined

byEq. (21.).We definea quantity

g = (xo-h/2)(@o-@-1)/h- (@o+@l)/2 + (z-N)/Z,

whichfirstbecomespositivesomewherein the vicinityof X2. At the

integrationstepat whichthis occurs,a parabolais passedthroughthe

points$42, $-13=dflo” We thenhave for this lititedre~on the approxi-

mation

@= Gx2+63x+c,

and the coefficientsGy

g“ = A2@/112.

Thus,

G= @“/2,

R, and Care evaluatedunderthe conditionthat

.
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.
The boundaryconditionbecomes

GX; +R%2+C= 2Gx~+ Rx2 + (Z-N)/Z,

and hence

x2 = [(zc.z+N)/zGlw

Integralsyieldingthe totalenergiesof the variousformsand the

totalnumberof electronsare evaluatedby the Simpson“1/3”rule,with

boundarycorrectionsat xl and x2 computedby the trapezoidalrule.

Iv. RESU15!S

It was pointedout in the Introductionthat the quantum-corrected

TF’Dequationyieldsatoticbindingenergiesin goodagreementwith ex-

perimentalvaluesand with the resultsof Hartree-typecalculations.

It is of interestto know whetherthe agreementis retainedwhen corre-

lationenergyis included. We also wish to ascertainthe effectthat

inclusionof correlationhas on the radiiof the minimum-energysolutions.

The pressure-compressioncurveson the TED model sufferfromthis radius

beingtoo largefor almostall elements,and correlationeffectsare

knownwithinthe statisticaltheoryto contractthe electroncloud.

TableI presentssummariesof minimum-energysolutionsfor a

numberof neutralatoms. We shouldmentionhere that the correlation

ener~ for the low-Zelemmts is roughlytwicethat givenby Clementi.17

TableII co~ares the calculatedtotalenergieswith Hartree-F’ock-

Slaternon-relativisticvalues,and, for low-Zelements,with experimental
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TABLE II

COMPARISONOF CAICUliVl!EDAND EXPER~ =

z -Etalc -%s

BINDINGENERGIES(au.)

L

2

3
4

5
6

7

8

10

2)

30
40

50

60
70
80

w
100

2.9582

7.6005

14.944

25.319

38.995

56.225

77.217

131.31

684.n

1797● 3

3563.9

6058.2

9~302

13474●

184$$●

24461.

31405.

2.8779 2.927

7.2262 7.4761

14.255 14.665

24.079 24.652

37.079 37.846

53.587 54.598

73.938 75.092

127.48

674.o2

1773.6

35%6

6014.6

9273.6

13380●

18395.

24*3.

31264.
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values..’8The Hartree-Fock-SlaterresultsthroughZ = ~ were reported

by Snow,et a~ 19as coquted fromthe codepublishedby Hermanand

Skillmn>m
21

whilefor larger Z the valueswere calculatedby Cowan

with a vilificationof the samecode. In comparingwith experimnt, the

bindingenergieson the correctedTFD modelare seento be not mch worse

than thosecalculatedby the self-consistentfieldmethod,and in some

casesare better. At high Z the two methodsgive energiesdifferingby

roughlyone-halfof one percent. It shouldbe mentioned,however,that

the agree~nt is slightlybetteron the modelthat includesthe quantum

correctionbut no correlation.This is especiallytrue for lowerZ.

Correlationincreasesthe discrepancieswith experimentalenergiesfrom

about@ to about X for atomicnumbers6, 7, and 8, but at high Z it

causesa changein energyof only about0.1$.

The radiusof minimum-energysolutionsas a functionof atomicnum-

ber is shownin Fig. 2; this radiusis the “latticeconstant”if the atoms

are consideredto be boundin a solid. Also shownare the corresponding

TFD valuescomputedby Thorns,22and sphericalcell radiicalculatedfrom

the observednormalcrystaldensities.The inclusionof correlationpro-

ducesa cellradiuswhichrepresentsa somewhatbetteraverageto the

e~erimentalpointsin the variationwith Z, but quiteobviouslythe equa-

tion of statefor many metalswill not be greatlyimproved.

Althoughin equationof statecalculationsa zeroboundarypressure

solutionis tacitlyconsideredto representan atom boundin a crystalof

normaldensity,the calculatedradiiof such solutionsactuallysu~ort

theirinterpretationas representingisolatedatoms. One mightobject

that,with referenceag@n to Fig. 2, the calculatedcell radiusof some

elements,notablynmst of the alkalisand alkalineearths,is lessthan

the observedcrystalradius. This resultis not surprisingfor theseele-

ments,as can be seen fromthe

radialdistributionfunctions,
23code of lM@, et al, for the

and argon. The long “tail”of

sketchon page 35. Here are shownthe

as calculatedby the self-consistentfield

groundstatesof neon,sodium,magnesium,

the distribution,apparentespeciallyfor
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lesserextentfor magnesium,is not obtainedon the sta-

The statisticaldensitydistributionshave an abrupt

mch more closelyresemble thoseof the rare gases.

sodium, and to a

tisticalmodel.

cutoff,and thus

The radiiof the rare-~s atomsneon,argon,krypton,and xenon,

computedon the presentmodelagreecloselywith theircrystalradii.

This comparisonis made in Table III, wherethe “e~erimental”valuesare

computedfromthe experimentallatticeconstantsgivenin the recentre-

view articleby Pollack.24 The rare gasesare boundin crystalsonly by

the very weak van derWaals forces;if we were to ascribea finiteradius

to the isolatedatom, it shouldbe for the solidrare gasesthat sucha

radiuswouldmost nearlyequalits crystalradius. Sincethe comected

statisticalmodelpredictscloseto thesevaluesfor the rare-gasatomic

radii,it wouldappearthat the correctinterpretationof minimum-energy,

or zeroboundarypressure,solutionsis as representingisolatedatoms.
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TABLEIII

IATTICECONSTANTSOF THE SOLIDRARE GASES (au.)

Element (x2)=a2= (x2)ew

Neon 3.79 3*3O
Argon 4.00 3.92
Krypton 4.23 4.17
Xenon 4.36 4.53

.

.
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APPENDIX

A KRTRAN CODE‘K)INTEGRATETHE CJMNTUM-AND CORRELATION-

CCIRRECTEDTFD EQUATION

The IORTRANmachinecode listedhere in “~” languagegeneratesa

singlesolutionof the quantum-and correlation-correctedTFD equation

for a givenatomicnumber,initialslopeof the potential.function,and

degreeof ionization.The minimnm-energysolutionswere stressedin

this report,and the codeas actuallyused containsa featurethat

searchesfor the solutionspossessingthe lowestenergyby adjusting~~

and performinga seriesof integrations.However,thereseemslittle

virtue in complicatingthe presentwrite-upby includinga numberof

code statementsthat are unnecessaryfor the task to whicha potential

user my put the code.

The inputdata consistsof any numberof setsof Z, #~, degreeof

ionization,and a printflagthat indicateswhetherthe entiresolution

is to be printed,or whethersummaryinformationonly is desired. Each

set is enteredby a data card,the layoutof which is as follows:

columns Data

1-4 AtomicnuniberZ

5-18 Initialslope@J

19 - 23 Degreeof ionization

24 Print flag

37



All but the printflagare floatingpointnumbers. For example,to

obtainand printthe completesolutioncorrespondingto the freeneutral

lithiumatom,one wouldpreparethe followingcard:

columns Data

1-4 003.

5-18 -le*g8201goo

19 - 23 Oooo.

24 1

If only summry informationwere desired,column~ wouldcontaina O

-h ●

As a furtherexample,a solutioncorrespondingto a compressed0--

ion of radius2.5203au. is

columns

1-4

5-18

19 - 23

24

obtainedwith the input

The outputcontainsa listingof Z

of a. Therefollows,unlesssuppressed

24 of the inputcard: ~) P(xl))~d a

Data

z.

-2.848MOOOOW

-002.

1

ad #~Y -d the computedvalue

by the presenceof a O in column

tabulationof @ and p for each

x value. Immediatelyfollowingthe tabulationis the computedouter

radiusof the distribution,X2, and the interpolatedvaluesof @(x2)

and p(X2). Also printedout are the totalcalculatednumberof electrons

withinthe distribution,and the variousenergies. If the printingis

suppressed,then ~S p(~), and the tableof ~(x) and p(x)are not

printed.

The code consistsof a mainprogram

SUIINIUTINEsubprograms.“Comment”caxds

gramsevident;no furtherex@anation of

and a numberof IUNCTIONand

make the purposeof the pro-

theirpurposeis requiredhere.

.

However,an attemptwill be made to clarifya few itemsthat might
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provepuzzling:

In the SOURCE

iteration,y being

subprogram)note that after 10 attempts to findY

a solutionof Eq. (15)of the text,the initial

guessis changed;and 10 nmre attemptscan be mide. This can occur

once h each integration,wherethe densitydecreasesbelowabout

by

only

0.0123. At thispointtherebecomesonly one real root of the cubic

equation,this root beingapproximately0.13,whereasthe iteration

procedureutilizingthe solutionon the previousstepof the integra-

tion as a firstguessattemptsto finda solutionnear y= -0.18.

Another itemis an apparentlyextraneousintegralthat is calculated

and neverused. This is calculatedthroughFLINT(8)in the integrand

routine,and SUM(8)in the min routine. The integralis

J’‘4px dx,

5
fromwhichthe diamagneticsusceptibilityand other

possibleinterestcan be calculatedif desired. It

quantitiesof

shouldbe mentioned

that,indeed,the susceptibilityhas been calculatedon this nxxielfor

the rare gases. The agreementwith experi~nt is slightlybetterthan

on the uncorrectedTFD mdel; but the lattervaluesare alreadyin

quitegoodagreeunt, and the improvementis sndl.

In additionto the possiblenecessityof alteringthe Input-Output

statementsof the code,it may also be necessaryto changethe iteration

criteriaused in theAFUNCT,INTSEC,and SUJRCEsubprograms.
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