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Methodsof preparingdiscreteordinatesgpadraturecoefficientsare

described.Quadraturesetswhich satisfycompletesymmetryconditions

and variuusmmnt conditionsare derivedand tabulated,and critical

thicknessesof one-dimensiomilslabs,sphere%and cyl.imlersare calcu-

kted with thesesets. l%escriptionsfor relaxingsymetry conditions

and petitlocationre@rments are discussed,and orthogonal(Legen&e-

Tschebyschev)quadraturecoefficientsapplicablein one-d3.mnsioneJ.cy-

Mndrical or two-dimensionalrectmguhr geometryare tahubted. Re-

cipesme describedfor preparingbiaseddirectionsets,and a method

of basingthe bias uponmaterialcompositionis outlined.

Prelimimry computationalresultstndicatethat &mble Legendreand

haM-range mment satisfyingquadraturesetsare most accurateh one-

dimensionalplanegeometry,while even-momentsatism coqletely sym-

metricsetsare m commendedfor othergeomtries. At the presentstate

of the art of discreteordinatescomputations,resultsindicatethat

boundaryconditiontreatmnt an% in curvedgeometries,the hsadlingof

the ray-to-my transfer(streaming) termscan affectaccuracyas much as

furtherrefinementof angularquadrature.Sincecomputationalresults

may dependupon dd. threeof thesequsmtities,furtherwork is needed

beforean opthnumquadraturemethodcan be selected.

.
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Theevolutionof the sekction of numxrical

numrical

guidedby

Selection

integrationof the Boltzmanntransport

qmdrature setsfor the

equationhas been

two mti principles:

1. Physicalsymmetry

2. The arrangementof

the unit sphere.

of quadraturesetsthat

discretedirectionson latitudeson

satisfythe firstprincipleguarantees

that solutionswill be tidependentof geometricalorientations.

firstSn quadratureset,whichrepresentedthe angularvariable,

connectedline segmnts, was e~ivalent to mechanicalquadrature

abscissae,vi) locatedasymmetrically,with respectto v = 0, on

!J3ie

w W

with

the

interval[-1,1] (seethe Appendix). Althoughqyiteaccmate in ap@i-

cationsin homogeneousIMXI@(1) this set did not give consistentre-

sultswhen, say, slabsof varying

verted. Quadraturesetsthat are

ciplehave the distinctadvantage

compositionwere geometricallyin-

sel.ectedaccordingto the secondpri.n-

of permittinga doubleangularquad-

ratureto be accomplishedas a singledirectsum. Thisreportewlores

methodsof selectingquadraturesets”that satisfysymmetryconditions

and slsoexambes the relaxationsof symmetrythat are possiblewhen

geometricdimmsionaUty permits●
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CCWLETELY SYMMETRICQUADRATURESETS

Coordinatesystemsfor rec~, cyMm3rio& and spheriml sm

metriesare shownin Figure1. M each casethe directionvaridble6’

is definedwith respectto an orthogonalrectangularcoordinateframe

(IL,qJE) which iS l-OCSUYalignedwith respectto the unit vectorsof’the

geometricalcoordinatesystem. The possibk orientationsof the angular

directionvector; definea unit spherein (IJ$V,6) spacec COnq?~teSYM-

metryreqpiresthat the (p,V,E) coordinatesof pointson the unit sphere

chosento represent; be invariantundera3L gO-degreerotationsabout

the IL,q, or E axis. Hencqeach set of coordinatesmustbe symm?tric

with respectto the orig~ an% further,the set of pointson each axis

mmt be the sam. Thus,a descriptionof one octantsufYicesIm describe

we ~~nt of Pofitson the ~it SPhere● For n po~ts on ea~ ~i%

[-1,11, there

n= 2,4,....

pointslie on

P32

W22

am n(n + 2)/8@.nts per octanton the unit sphere,

Figure2 shuwsthe arrangementfor n = 6. Becausethese

the unit sphere

(1)
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Fig. 2. completelysymmetricpointarrmgement,n = 6.
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(2)

o% sincethe coordinatesare fromthe sam set,

P~2 + 2M12 =1

2P22+ ha =1

.
●

.

Becauseof the completesymmt~, the indices,i, j, k, of the coordinates

of a pointon the sgiheresum to n/2 + 2. That is, in general.,

2
lli2+ P32 . = 1.0+ %/2i-2-i-J

where i = 1,2,...,n/2; j = 1,2,...,2/2-i+l

Therelation(3)is solvedby (2,3)

(3)

L“

,

J = ~2+ (i - l)ZJ i = 1,2,...2/2 (4)

where

Hencethe

A = 2(1 - 3~2)/(n - 2) (5)

requirementof completesymmetryfixesall.Vi except~, and

the freedomof Guassiauquadratureis not present. In addition,ro-

tationalinvariancedictatesthatweightsfor pointson the unit sphere

be chosenin a symmetricfashion. Diagramsshowingpointsof equal

.

.
-.

weightare displayedin Figure3. For a

sphe~ the sum of the Pointweights>Pi>

givenlatitudeon the unit

definesa levelweight,w..
J

>“
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2 1

4 1

11

1

6 22
121

1

8 22
232

1221

1

10 22
3113

2442
12 3 2 1

.
J.

22
.12 343

3553
24542

123321

I& 1

22
353

4664

3 6763
256652

1234321

16 1

22
353

4664
47874

368863
2567652

123 44321

Wl=p
1

‘1=%
v2. p1

V1=2P1+P2
W2=*2
w=3 %

l?l.2pl+2p2

w2=&2+ P3
~=2p
32
W4= Pl

vl=2Pl+2P2+P3
V2=2P2+2P4
V3=2P3+P4
vk=2p
W=
5 :

vl=2pl+ 2p2’+2p3

~2”2P2+2P4+ P5
v.2p+2p335
V4=2P3+P4
v.2p25
TT6= pl

~l=2pl+2p2+2p3+~4
V2=2p2+2p5+~6
V=2P3+’2P6+P.7
W;=2p@6
v=2p+’p535

z LUXiP3+2P6-P~+P5+P7w6.2p
~=p
7~

vl. q+2p2+2P3+2P4
V2.2P2+2P+P57
W3=2P3+2P6+2P8
~4=2P4+ @7+ P8
V5=2p~+2’p6

V6.2P+P 35
W7=2P2

8%v=
and

P4+P5+P8=P3+P6+P7

Fig.3. Points of equal weight as a fhnctionof n. The equationsare
the relationsbeween the Po~t weights>Pi} ~d the level‘ei@ts wj-
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Theserelations are also given in Figure3, and the levelweightsare

the weightscorrespondingto a one-dimensionalangularquadrature.For

2<n <14 thereare n/2 - 1 UfYerent peintweights. For n ~ 14 the

numberof diflerentpointweightsincreasesrapidly. To

of differentpxl.ntweightsat n/2 - ~ it is assumedthat

fix the number

pointweights

are chosen as a sum of a fundamentalset Of “aXiS”wei@ts (ai}aj, ~)

with i+j+k= n/2+2.’ Then,enoughadditionalrelationsamongthe

pi are providedto maintainn/2 - 1 differentpointweights. For ex-
CJ

ample,the relationp3 +

by notingthatthe point

p3=a5+a3+

p6=a3+a4+

p6=a4+a2+

P6 + 3?6

weights

%.

a2

%

= I?4+ P5 + P7 (n = 14) is established

may be representedas

p4=a4+a4+~

P5=%j+y M2

P7=a3+a3+a3

SUM= ~+2a2+3a3+ 2a4 + a
5

Therefore,with complete symmetry, thereare n/2 quantities,the n/2 - 1

Pj and ~, which can be selecte~as opposedto n quantitiesin a Gaussian

quadrature.Huwever,it is not difficultto show(4)that if

n(n+2)/8 n/2
x Pi=zw.’l

i=l j=l J
(6)

.
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that is, if the ma of the octantis uasured in units of fi/2,then

n/221
~~1 ‘jPj = q

so that one momentconditionis satisfied

set. Hence,one can choose~ and the Wj

momentconditions

by

to

(7)

any completelysymetric

satisfythe n/2 + 1 even-

-1 c o

for i =0,1)...)n/2.

maticaJ.Qsatisfythe

symmetry)obtatiedby

n > 22,suchsetsles,d

(8)

Completelysymmetricquadraturesets (whichauto-

odd momnts overthe entirerangeof p becauseof

satisf@ng (8) sm givenin Nbl-eI. HmeverS for

to negativeW3 which are Undesirabk becauseof
“

numericaltruncationerrors.

As an alternativeto matchingevenmxnents,sXL hsJ.f-rangemo~nts

li
n/2

{ lla+l=~=~:lwjwji (9)

/ canbe retched,but thisprocedureleadsto negativei = 0)1,....n2,

weightsfor n > 12. Tabl&II displayssetsobtatiedby satisf@ng equa-

tion (9).

A mthod of momentmatchingwhich dms not bad to negativeweights

is obtainedby matchinghalf-rangelevelmments. lM3teadof satisfyl.ng

successivelyhighermments by choiceby levelwei.ght$sequencesof lower

ordermmmts are matchedby choosingpetitweights. I& example,in

-12- “
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TABLEI

CompletelySymmetricQuadratureSets Satisfying

Even MomentCon&Ltions.a

.

.

n=4

n=6

n=8

n==

n=16

n=20

IJi

0.3500212
0.868893

0.2666355
0.6815076
0.926Mo8

0.21.82179
0.5773503
0.7867958
0.95u897

o.1672I26
0.4595476
0.6280191
0.7600210
0.8722706
0.9716377

0.1389568
0.3922893
0.5370966
0.6504264
0.74675O6
0.8319966
0.9092855
0.98Q5009

0.1206033
003475743
0.4765193
005773503
0.6630204
0.7388226
0.8075404
0.8708526
0.9298639
0.9853475

P’i2
L

o.1.225U8
0.7549704

0.0710945
0.WA527
o.8578xLo

0.04761gl
0.3333333
0.6190476
0.$x)4761g

0.0279601
0.2uL844)
o.394W30
0.5776319
0.7608559
0.9440799

0.0193090
0.1538909
0.2884727
0.4230545
0.5576364
0.6922183
0.8268001
0.9613820

0.0145452
0.120&179
0.2270706
0.3333333
o.439596a
0.5458588
0.6521..215
0.7583842
o.864646g
0.9709096

0.3333333
0.1666667

0.2547~7
0.1572071
0.0880631

0.2sL7283
0.1370370
0.0907407
0.0604938

0.163g814
O.IL90886
0.0631890
0.0624786
0.0558811
0.0353813

0.1371702
0.1090850
o.o)I..42o97
y)~4:;;:

0:0392569
0.04132g6
0.0244936

0.u.95893
0.1026829
0.0282~
0.0739389
0.01..81985
0.0471265
0.0313726
0.0270754
0.0332842
0.01851.05

%’heweights given sum to 0.5. Thepointweightsare those

-13-

Pi

0.3333333

0.1761.263
0.1572071

0.1209877
0.0907407
0.0925926

0.0707626
0.0558811
0.0373377
0.0502819
0.0258513

0.0489872
0.04132g6
0.02u326
0.0256207
0.0360486
0.0144589
0.0344958
0.0085179

Of Fig. 3.
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TABLEII

Completely Symmetric Quadrature Sets Satisfying

Odd MomentConditions.a

w~ f.li2
n.4 ......——

:“am; 0.0875425
. 0.824g14g

w.
1

Pi

0.3333333 0*3333333
0.1666667

n.b
0.I-838670 0.0338071 0.21~gg2 o.I-02M51
0.6950514 0.4830964 0.2308682 0.2308682
0.9656013 0.9323858 0.0512325

n.8
0.1422555
0.5773503
o.W0087
0.9795543

n.~
0.0935899
0.k5Ud.38
0.6310691
0.7700602
0.8875457
0.9912022

0.0202366
0*3333333
0.6464300
0.9595267

0.0087591
0.2035036
0.3982482
0.5929927
0.7877373
0.9824819

0.1721.829 0.109OI.22
0.2101402 000631708
0.0631708 0.2939388
0.0545061

0.U689KL
0.2531.21-5
-o.lkm287
0.2658355
-0.038897

?00.0440 3

aTheweightsgivensumto 0.5. Thepointweightsare thoseof Fig. 3.

.

.
-.

.
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Figure2, the normalizedintegral.of q on the unit spherealongthe

d~;fl.latitudeof VI is 2 1- Definingthis qu~tity as

2~/11 = Qipi/Q~ (lo)

wherethe pointweightsare thosebelongingto the Vi, givesa sequence

of low-ordermomentconditions,one for each M level. ~ese momentequa-

For generalevenrjthe relationsanalogousto (l-l)give

for the n/2 quantities pi and ~. However,the last two

cannot

(E%),

stead,

bothbe satisfied. To obtaina consistentset of

(IL)

n/2 relations

relations

(12a)

(lE%)

equations,Eq.

representingthe smallestlatitudinalarea,is deletedand, in-

(6)is satisfiedso that (7) is also satisfied. Thusthe zeroth,

seconi$and a sequenceof first-ordermomentsare matched. Then (1.2a)

with (4) servesto definePI

.

-15-



.
.

n-2)( 1-~) -(n-5)~
b=( (n - 5)2a- (n - 2)(n - 8)

O’3)

and hence W Vi. Above,a. [(4/YC)2-112. The l%mmng rdp - lPj

are foundfrom equationsanalogousto (U.). Sets obtainedin thisman-

ner are displayedin TableIII. Weightsobtainedin thismnner are

apparentlyalwayspositive.

BIASEDSYMMETRICQJJADRA’NRESETS

Completes-try is reqyiredonly in three-dimensiond. geometries.

Tn lower dimensional geometries a rel.axa.tionof symmtry requirements

sJJmws additional degrees of freedom. A simplesuchrelaxationis to

keep the ~int and levelsrrsmgementof completes-try while ~

the pointson each axisto be chosenfrom an independentset. in this

casethe require~nt thatpointsbe on the unit sphere

1.1i2+q2+ # =1.0

iS solvedby

lLm2=%2+ (m - l)A

om2 . q12 + (m - l)A

Em2= ~12i-(m - J-)A

A= 2(1-~2 “ ~la - ~12)/(n- 2)

(15)

. ..

.

.

wherem = 1,2,..., 42.

-16-
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n=k

i..

n.6

n.8

n=12

n=~

‘uuuAl!iJ..L.I.

Completely Symmetric Qnadratum Sets Satisfying

IevelMomentConditions.a

Iq

0.31.20418
o.897ua

O.23~9~
0.6865981
0,9&10992

O.2OI.O51O
0.5773503
0.7913565
0.9587268

0.1596536
0.458471o
0.6284u4
0.761.3203
0.8742511
0.9741773

0.1364305
0.3917822
0.537004Q
0.605792

i0.7 70832
0.8324742
0.9098865
o.98w1o2

●

wi2
0.0975949
0.8048102

0.05’P661
0.4714169
0.885668

0.0404215
0.3333333
0.6262452
0.9191570

0.025h893
0021.01957
o.394$xxl
0.5796086
0.7643150
0.945w214

0.01.861.33
0.1534933
0.2883~3
0.4232533
0.5581a334
0.69301.34
0.8278934
0.g62~4

‘i

0.3333333
0.1666667

0.2582459
0.1501748
0.0915792

oe2174330
o.1283389
0.oglo220
o.06320M

0.1726823
0.1022793
0.0738241
0.0605145
0.0516366
0.0390632

0.1475b2
0.08743g6
0.06316W
0.05198JJ3
0.0451381
0.oh02906
o.036ti72
0.0282776

Pi

0.3333333

0.1831585
0.1501748

0.1264@
0.093.0232
0.0746315

0.0781.264
0.051.6366
0.0429194
0.0351903
0.0309047

0.0565552
0.0361572
0.0285758
0.0262421
0.0234~8
o.o1.88960
0.0178932
0.0156931

. aTheweightsgivensum to 0.5. The pointweightsaxe thoseof Fig. 3.
.-
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H completesymmetryis req@red, ~2 = q12 = ~12,and equation(4) is

obtained. Requiringrotationalsymmetryaboutthe 5 axismesnsthat

I-Ll* 2 but ~12. ql is a freeparameter,say ~12 = b~2. Then

P*2= %2+ (m - l)A

Em* = bv12 + (m “ l)A

A = 2 [1 - (2 + b)~2]/(n -

Pointweightdiagrsmsfor this caseare

(I-6)

2)

givenin Figure4. Here, two

different setsof levelweightsare definedby the pointweights,one

set co-spomting to u or q levelsand one set correspondingto ~ levels.

Again it is assuredthatpointweightsare formedas a sum of basis

weights(ai,aj, bk) to mdxrtain 2(; - 1) Mfferent petitwej@ts.

There=e now more conditionswhich canbe satisfiedand moreways in

which they canbe satisfied.HaM-range mments stmih to (9) could

be matchedalongthe ~ axisand whole-rangeconditionsmatchedalongthe

H (andhenceq) axis. Hal.faang%low-rder momentscouldbe satisfied

in the two Uferent Urections. For

momentconditionsare

,32q7. =

exsmpls, for n = 6 the ~-order

Pl~ + p*~2 + P35

P*PL + P4~

P#~

(lya)

(lp)

(17C)

. ..

I
4’

.“

o

-.

-1.8-
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6
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10

12
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Fig. 4.
apply to
levels.

1

22

1

22

343

1

22

3 43

5 665

1

22

343

5 6 65

I’ 8 9 87

1

22

3 43

5665

78987

I.cl lJ.1212111cJ

1
22

343

5665

78987

lo.u12121J. lo

J-3 M 15 16 15 1413

w~’P1+P2

‘2= P2 ‘2 ‘ 2P2

‘1 =P~+P2+P3

~2’P2+P4

‘3
.p3 5=2P3+P4

Wl=pl+. P2+P3+. p5

W2=~2+P4+~6

W3=P3+P6
w4. p

5 u4=@5+2p6

‘1 =P~+P2+P3+P5+P7

‘2 =P2+P~+??6+P8
w .p+p6+p33 9
‘4=P5~PB
W=p57 U~=2p.7~2pB~Pg
md

P3+-P6+ P8=P4+P5+P9

wl. pli.P2+P3+P5+P7+ pm

w2=P2+P4+P6+P8+P~
W =p+%+p~+p~

33
‘h= P5+??8+P~
W.p+pu

57
w6. ~ U6 = 2(PU + P~ + PyJ

and

P3+P6+P8 =P4+P5+P9

P5 + P9 +P~=P6+P7+P~

wl=Pl+P2+ P3+P5+P7+Pm +P.Q
w2=P2+P4+P6+P8+P~ +P14

‘3 ‘P3+P6+P9~P~+P~5

w4=P5+P8+P~+P16

‘5 =P7+Pu+P15

‘6 = PM + P14
W.p

7X3 y = 2(PU + P~4 + P15) + P~
and

P3+P6 +P8 ‘P4+P5 +P9

P5 + Pg +P~=P6+P7 +J?E

P.7+P~+)?~4=P8+Pm+P~5

P8+P~+P~5=P9 + PU + P~6

Point weight disgrams for half-symmetry. me level weights Wi
the u or n levels, and the levelweights u. correspondto ~
Onlythe &Lfferentu levelweightsare showdfor eachn.
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~2 2Ji-k22/JC

Keepingb as a freeparsmetergivesfive (n - 1) quantities,~ -

Pls Pa P3) P4 to be **-cd” Deleting(17c)and (#c) and satisfyi~

the conditionZpl = 1 gives

determinedby (l&~ and the

An alternativeis to define

J
W=ZWL
s i.~

s

‘s = ~E1‘$

five (n - 1) equations. El (~b~) iS men

remainingequationsare linearin the p..
J

accumulatedweights

(19)

‘0 ‘hat ‘ji-l - ‘j =‘j-l-l ‘d ‘j-+1- ‘j =‘j+l‘dass-‘at‘e ‘j
and Uj are separatedby the samedeltaas the p~ snd 6 :

s

‘i =
WI -I-(i - l)A

‘i =
Ul -f-(i.- l)A (20)

A = 2 [1 - (2 + b)M12]/(n- 2)

men the three independentgyantities~} WY =d U1 Cm be ftiedby

matching the normaliia%icm. candition

n/2 n/2
Zwf= Xut=l
i=l i=l

(21)



and the two secon&mment conditions

.

“-

n/2 n/2
2 Wivip = ~ lli3i2= 1/3
i=l i=l

for a given b. A consequenceof equation

assumption(20))is the simplerrelation

Sets

described

42-1
2Wj+U. =n-2

j:l J,

of quadraturecoefficientshave

(22)

(22)(butindependentof the

(23)

been preparedusing the hst-

receip~and the resultingweightswere

for the particul.arvalueof b = 2/3 used. Since

b, the spreadof directionsalongthe ~ axis

the v and q axes directionspreads.

lh the above,the numberof independent

can

foundto be positive

suchsets

be varied

pointweights

dependupon

relativeto

has been

severelylimitedboth by using

assumingvariousrelationships

of choosimgquadratureweights

the pointarrangementof Figure2 andby

smongthe pointweights. A generalmethod

whichremovestheserestrictionshas been

developedin the methodof moments,describedin Reference5. In these

methods,directionsetscanbe chosenso that discreteordinatesquad-

ratureis equivalentto a generalizedsphericalharmonicsmethodwith a

givenboundarycondition,say a lkrshakboundaryconditionfor no in-

comingflux. Oncethe directionsetsare chose~the quadratureweights

are foundby satisf@ng a generalset of moments. Here,onlythe case

-21-



in whichpointsare arraagedas in JZLgure2 is discussed. Then,givena

set of directionson each axis (with, however~Vi2 + T~2 + Eka = 1),

the momentconditionsfor the n(n + 2)/8pointweightsaxegivenby the

fOlkwingtriangu.umarray(5)

*M ~02 v~4 “ ‘O,n-2

v~ w= “ “

vq) “ “

. .

‘n-2,O

n= 2,4,6,.... where Vlm symbolizesa mom?ntof the form

Abov~pk is a pointweightcorresponding

(24)

to the point located by pq and

llf To ildustrat~ considern = 2. Thenpl = 1 is the single

to be satisfied.When n = 4 thereaxe threeweightsand three

vm P~+P~ +P~ =1

$20 2 + P3~2 = 3./3P1P12+ P2V2

$02
2 + p3q12 = U3P1n22+ Yanl

.“ -

-.

. .

J.

egpation

equations

(25)

--

,.
--

.
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Giventhe directionspi and Vj the aboveset canbe solvedfor three

pointweights,that is for a conpktelyunsymmetricchoiceof directions.

The aboveformalismcontainsthe M&f-symmetriccaseand the completely

sYJIIMetriccase. ~ particulzur,for the half-symmetriccaseonQ the

diagonaland below-d.iagonal.rmnentsof the triangulararrayare needed.

For n = 4 themeare onlytwo differentpointweight~and the moment

equationsbecome

VW P~ + 2PZ

$~ ~2Pl + (%2 + 1122)P2

For n = 6 and fourpointweightsin the

(52 + l’122)P2

(&4 + 1124)P2

=1

= U3

hsM- symmetric

(26)

case thereare

=1+p
3 + ?P4

+ V22P3 + (~2 + P32)P4

4
+ Ma P3 + (1114+ 1134)P4

For the n = I-2half-symmetriccasethereare l.%?different

illustratingthat the numberof differentpointweightsis

(27)
,

pointweights

not restricted

ton-2. For the completelysymmetriccaseonlythe firstcolumnof the

triangulararrayof momentsneedbe use$ indicatingthat even-mments

matchingis all that is regpired. ‘I!hecompletelysymmetriccase is also

-23-
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containedin the half-symmetricwase. For exex@e, for n = I-2and the

pi (andhencev~) of TableI, solutionof the 12 mment eqpations

givesfive differentpointweights,exactlyequalto thoseof TableI.

The aboveformulationis more generalthanpreviousmethodssincethe

directionsets canbe determinedindependently,ad, althoughnot il-

lustratedhere, canbe extendedto more generalpointarrangements.l?E!-

causeof the generality,the abovemethodis convenientlycodedto pro-

duce gyadraturesets (a generalxrmtrixformulationcanbe written).

Huwever,lackingany a priorichoiceof directions,meaningfulcom-

parisons of tki.fferent

Most of the above

the additional.degrees

qmdrature sets are difficult to make.

servesonlyto describepossibk ways in which

of freedomobtainedby relaxingsymmetrycanbe

utilized,and no attempthas been made to exhaustpossibilitiesor to

determine,say,optim.mmomentconditionsor proceduresfor choosing

freehexameters.Numerousadditional-symmetryrelaxationsare possible.

me samenumberof pointsa be kept on ea~ ~s~ but Pl> nl~ ad ~1

canbe chosenindependently;or different*ers of pointscanbe

chosenon each axis. Levelconditionscanbe relaxedon one axis or sM.

axes. The same ryxnber

schem which is suited

pose the quadratureof

(forone octant)

1

of pointson each levelcanbe used. One suclh

to orthogonalg,uadratureis the foIlowing. Sup-

the surfaceof the unit sphereis accomplishedby

.

.



withCD definedas q =~tm. and IL=G7c0... The.

(29)

N1with ~= 1- g2 y. This suggeststhat the y integrationbe accom-

plishedby Tschebys&evquadraturesad the E integz%%tionby Legendre

quadrature.T&m, for example,for gpadraturewith threey pointsfor

each of three ~ points(Figure5) thereareninepointson the unit sphere

octa.~withthe distributionof p (andv) pointsbeingdeterminedby

the ~ point selection.Now pointslie on the unit sphereon ~ levels

but not on v or q levels,and pint weightsare the productof Legendre

and Tschebys6hevwel@ts. If it is arguedthat threey pointsare not

neededon each ~ level,then a differentorder Tschebyschevgyadrature

csnbe used on each levelas illustratedin Figure6. !Ihissortof

schem givesa significantimprovementuver completelysymmetricquad-

raturewhen one-dimensional.cylindricalcriticalradiiare calculated.

For a givenset of ~ levels & Ep ““”Y$@l El< kp< ““”< kn/2

and weights [W12W2} . . .~W ~2} comespondingto a Guassianqmdrature on

the 5 interval[-1,1]the use of the s- Tschebyschevquadratureon

each ~ levelgivesthe p abscissaeand pointweights
.

.“

‘-

-25-



P

Fig. 5. Pointarrangementfor the sameorderof Tschebyschevquadrature
on each ~ level. The orderof the quadratureneed not be the sameas
the numberof ~ levels.

.
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.

P

.

‘.0

mg. 6. Pointarrangementfor differentorderof Tschebyschevquadra-
ture on each ~ level. Pointsdo not all lie on the sanen or v levels
as in a completelysymmetricarrangement.
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p,o=-~

J-J

i=l,2, ..

Here the p pointswith

as startingdirections

natestranspoficode.

/.>n 2 j = 1,2,....n

pi=o

‘ipi== (30)

zeroweightsare thoseincomingdirectionsused

in the currentversionof the Sn d3.screteordi-

!L?aeILvaluesare suchthat a coxqpl.etequadrant

is integrate and the weightsare suchthat the area of the qpadrant

is unity. For the sam ~i andWi the use of a differentorderTschebyschev

quadratureon each E level(as in IY.gure6) givesthe v and pointweights

pi=o

Theseqpadmture coefficientsfor

Pn-l and DPn/2-l quadratureaxe

for n = 4, 8, and 1.6.

3 =1,2,...,(n+2-2i)

the Ei -==ponq to

givenin Table IV throughTableVII

FinaXLy,quadratureschems that are dependentupon materialcom-

positioncanbe prepared. As a sinrpleexampleconsiderthe an@L%r de-

pendenceof the flux of the monoenergetict-sport equationin an

-.

“

.

.

--
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TABLE Iv

n=4

n.8

Pn.l(5)Tn(IA)Qu*X Sets - Same Order

TnSet On Each ~ Level.

-0.5083741 000 0.8611363
0.3.829577 0.0869637
0.4696763 0.0869637
-0.9ti4323 0.0 0.3399810
0.3598878 0.1630363
008688459 0.1630363

-0.279043
o.054431a
0.1550065
0.2319836
0.27@Q3
-o.6oM.92
0.u79163
0.3357973
0.5025562
0.5s28054
-0.8507736
:.;;g@m&7

0:7073924
0.83U+262
-0.9830319
0.1917800
0.5~1432
0.8173612
0.9641432

0.0 0.9602899
0.01265357
0.01.265357
0.01.265357
0.01.265357
0.0
0.02779763
0.02779763
0.02779763
0.02779763
0.0
0o0392133
0.03921.33
0.0392133
0.0392133
0.0
0.0453355
0=0453355
0.0453355
o~0453355

0.7966665

0.5255324

0.I.834346



:.

0.

n=4

n=8

TABLEv

~/2.1(E)Tn(P)@*atVe fkt6 - Same orderDP

T=Set On Each ~ Level.a
u

V%j

-o.61M3102
0.23527.76
0.5680104

-0.9774159
o.374dQ8
0.9030143

-0.3661L87
0.0714262
0.2034046
0.30WU.66
0.3590838
-0.7423696
0.1W18291
0.4124384
0.6172578
0..7281052
40.9%9A7;

0:52ti458
o.7848a87
0.9258394
-:.mg:$

0:5542294
0.8294630
o.g7841.84

0.0
0.125
0.125
0.0
0.X25
0.125

0.0
0.0217409
0.0217h09
0.0217409
0.0217409
0.0
0.0407591
0.0407591
0.044)7591
0.0407591
0.0
0.0407591
0.0407591
0.0407591
0.0407591
0.0
0o0217b9
0.0217h09
0.0217@9
000217Ju9

0.7886751.

0.2U.3249

0.9305682

0.6699905

0.3300095

0.0694318

%or conveniencethe setshavebeen orderedas theywouldbe enteredin

presentSn codes. For brevitythe negative-weightedp directions(same

in magnitudeas the positivedirections)have been omitted.
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TA.BLEVI

n=4

n=16

pn-l(E)Tn(v)~a-- Sets - DifferentOrder

Tn Set On Each ~ Level.a

Vij Pi

-0.5083741 0.0
0.3594748 0.1739274
-0.9404323 0.0
0.3598878 0.1630363
0.86884cjg

-0.27~43
0.1972858
-0.6044192
0.23No12
o.55841o3
-0.8507736
0.2201964
o.&n5878
0.8zL7842
-0.9830319
0.1917800
0.5461432
0.817361.2
oog641432

-0.1452095
0.I.026786
-0.3282956
0.1256333
0.3033056
-0.5006822
0.I.295861
0.3540358
0.k836218
-0.6552589
:“W’&;;

0:5448278
0.6426683

0.0
0.0506143
0.0
0.0555953
0.0555953
0.0
0.0522844.
0.0522844
0.0~22844
0.0
0.0453355
0.0453355
0.0453355
0.0453355

0.0
0.01357623
0.0
0.01556338
0.01556338

%.585975
0.01585975
0.01585975
0.0
0.01557862
0.01557862
0.01557862
0.01557862

0.7886751

0.21L3247

0.9602899

0.7966665

0.5255324

0.1834346

0.9894009

0.9445750

0.8656312

0.7554Q44

.
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TABLEVI

n=16

(Continued)

continued
v..3.,3

-:. 78%2g:

o:3569615
0.5559807
0.7005765
0.7765950
-0.8889436
0.1160304
0.34Q1839
0.5411.45

i0.7052 63
0.8212765
0.8813385

-0.9595308
0.1074405
0.3169175
0.5105032
0.67849o8
0.8124567
0.9056836
0.9534967

-0.9954761
0.0975737
0.2889715
0.4692641
0.6315234
0.76951.35
0.8779316
0.95263x2
0.9906826

Pi

0.0
0.01495960
0.01495960
0.01495960
0.01495960
0.01495960
0.0
0.01409638
0.014Q9638
0.01409638
0.01409638
0.0UQ638
0.01409638
0.0
0.o1304310
0.013043KI
o.o130431Q
0.0130431.O
o.o130431Q
o.o1304310
0.01304310
0.0
0.oIJ.84066

ki

0.6178762

0.4580168

0.2816036

0.09501.25

%or conveniencethe setshave been orde=d= theywould be enteredin

pnsent Sn codes. For brevitythe negative-weigh~dv directions(sane

timsgnitudeas the positivedirections)have been omitted.

-“
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TABLEVII

n=4

n=16

(~n/2-1 ~)Tn(v) Qu_*e Sets-DifferentOrder

Tn Set On Each < Level.a

~iJ

-o.61J+81.02
oo434n64
-009774159
0.374Q4Q8
0.9030143

n.8
-0.366U!87
0.2588850
-0.7423696
0.2&!0925
0.6858599
-:.;$4.3:;2

o:6674g30
0.9118123
-0.9975867
0.1946195
:.!@z?y;

O:g7841.8k

-o.lg82824
o.M2068
-0.4393147
0.1681.I.84
0.4058737
-0.6466744
0.1673716
0.4572678
0.6246394
-0.8061455

4?0.17273.2
0. 787o4
0.6702855
0.7906557

Pi Ej

0.0 0.7886751
0.25
0.0 0.2U3249
0.125
0.I.25

0.0 0.9305682
0.08696371
0.0 0.6699905
0.08151-814
0.0815M314
0.0 0.3300095
0.05434543
0.05434543
0.05434543
0.0 0.0694318
0.02174093
0.021740g3
o.02174093
0o0217@93

0.0 o.9&mA93
0.025307’14
0.0 0.89833324
0=02779763
0.02779763

0.76276620
~:~2614222
0.02614222
0.02614222
000 0.59171732
0.02266774
o.02266~4
0.02266774
0.02266774
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TABLEVII (Continued)

n . 16 continued

v.lJ

-0.91.28556
0.1428021
oo41~277
0.6454864
o.81336Q2
0.9016167
-:.~Z8

o:37175M
0.5913828
0.770701

?0.897509
0.9631417
-0.9948151
0.lXL3917
0.3285724
0.5292775
0.7304429
0.8423356
0.9389910
0.9885625
-0.9998029
0=0979998
0.2902275
0.4713038
0.6342682
0.772881

z0.881774
009567517
0.99498!35

0.0
0.0181341$3
0.o1813419
0.01.813419
0.01813419
o.olJ313419
0.0
o.ol3071.1J-
o.o1307111
0●o13071J.1
o.o1307XLl
0.01307111
o.o13071.XL
0.0
0.0379421.8
0.00794218
0.00794218
0.0079421-8
0.0079421.8
0.00794ZL8
0.00794218
0.0
0.00316339
0.00316339
o.m316339
0.003L5339
0.00316339
0.00316339
0.w316339
0.0031.6339

53

o.J0828268

0.2372338Q

0.w66676

0.01985507

%or conveniencethe setshave been orderedas theywouldbe enteredh

presentSn codes. For brevitythe negative-wei@tidM directions(ssxae

in magnitudeas the positivedirections)have been mitted.
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infinitemeithuu(isotropic

Pickinga

correctly

fw) =

ho =

c =

-+-

C2
1+ ~

-J%.Ctanh

scattering)

two-pointgpadraturesuchthat this angulardependenceis

integratedgives

\
w, = 1.0

(32)

(33)

which also correctly integrates ~~(~) and ~2#(v). For IC- 11 << ~

A2-311. c] sothat~
o * l/~3 which is the resultobtainedby re-

= ~ as in S2 or diffusiontheoryquadrature.Asc+oqpiring w1V12 3

(pureabsorption~~+1.o indicatingthat to integratea flux that

is becomingmorebiasedin the forwarddirection~ shouldbe chosen

closerto unity. As C+= ~+o. Using ~ determinedby (27)gave

improvedanswersin critical.slabthicknessescomparedto using

~ = l/J3. Higherordergpadraturescanbe obtainedti a similar

msnnerby re~iring moremomentsof ~(~) to be satisfied.However,in

a realisticproble~materialpropertieschangeas a functionof energy

and positionso thatgainsin accumcy obtainedby usingmaterielde-

pendentquadraturewmild seeminglybeoffsetby the more complicated
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co~tation necessaryfor includingthe q,padraturecoefficient material

dependence.

Althoughthe completelysymmetricquadraturesetsare designedfor

three-dimensionalgeometries,one-clhnensionalmonoenergeticcritical

thicknesseswere calculatedusingthe setsof TablesI throughIII.

Theseresults,for a varietyof secondariesratios c = (2S+ v~f)/%)

are displayedin ~bbS VIII throughX. Comparablecalculationsfor

Pn-1 ad ‘pn/2-lsetsare givenin Reference1 fromwhichthe exact

resultswere taken. Of the three sets compa?x?d,the setpreparedby

satisfyingeven-momentconditions(TableI) is particularlygood h

cylindricalgeometryand is betterthan the othertwo sets in spherical

geometry. The set generatedby matchingodd moments(TableII) is ef-

fectiveonly in pke geometrywhere the S8 set is bettertlMulOr COnl-

parabb to the othertwo Sti sets. Thisbehavior is analagous to that of

‘pn/2-l sets (hcil.f-range(%uss-kgendrequadrature) which,due to a

combinationof favorablecircumstances,=e particularlyaccuratein

one-dimensionalplanegeomrtry. Althoughno completetest of the

Legendre-Tsdhebyschevsetswas made,for c = 1.02 in a cylinderthe

P3T4 set (!ItibleVI) gave a criticalradiusof 9.0353comparedto a DP1T4

(Tablevrr) ra.diusOf 9002@L Theseresultsbracketthe S4 results

obtainedusingthe quadratureset from lMbleI.

For the generaluse of quadraturesetsit is recommendedthat the

%1/2.l setsalwaysbe used in one-dimensionalplanegeometry. In one-

dimensionslcylindersthe completelysymmetricsetsof Wble I or the

. .
.

..

.

.“
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c

1.02
1.05
1.10
1020
1.40
1.60
1.80
2.00

c

TABLEVIII

MonoenergeticCriticalThicknesses

UsingQuadratureSets of

(MFP)
Table

Slabs (HaU-Thickness)

SJ

y.68291
3.32171
2.I..3864
L.322~
0.78186
0. 6329
0.L 266
0.36551

S4

1.02
1.05
1.10
1.20
1.40
1.60
1.80
2.00

c

9.03379
5 ● 39784
3.56045
2.27052
1.383&)
1.OIJ.22
0.80073
0.66414

Sk

1.02
1.05
1.la
1.20
1.44)
1.60
1.80
2.00.

12.01730
7.25660
4.8 old.
l?3* 533

1.96022
1.45371
1.1.6338
0.97267

S*

5.67065
3.30659
2.1.1998
1.2971.O
0.74758
0.52656
0.40637
0.33091

5.66855
3.30245
2.lL555
1.29184
0.73964
O0515?9

0.39369
0.31706

Cyltiders

158 ———

;.04)4;:

3:57335
2.28245
1.39215
1.01642
0.8Q356
0.66524

93

w. 02130
7.26797
4.86577
3.16268
I..97657
1.46828
1.17635
0.98432

m 0229
7.2~97
4.86982
:.$1.62

i 47316
1.18072
0.98826

Calculated

I.

Exact

5.6655
3.3002
2.1134
I..2893
0.7366
0.5120
0.3887
0.3108

Exact

9.0433
5.4U8
3-5783
2.2884
1.3973
1.0209
0.8067
0.6673

Exact

u. 0270
7.2772
4.8727
3.1720
1.9854
1.4761
1.I.833
0.9906

.
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c

1.02
1.05
1.10
1.20
1.40
1.60
1.80
2.00

c

1.02
1.05
1.I.O
1.2Q
1.40
1.60
1.80
2.00

c

TABLEIx

MonoenergeticCriticalThicknesses(MFP)Calculated

UsingQuadratureSets of TableII.

Slabs (Half-Thickness)

s~

5.62241
3.25389
2.06750
1.25270
0.72uj2
0.51256
0.39934
0.32786

Sk

8.97433
5.34554
3.51360
2.22647
1.34377
0.97458
0.76735
0.63367

S4

S8

5.666g4
3.30066
2.u367
1.28847
0.73266
0.50665
0.38375
0.30716

Cylinders

9.02093
5.38904
3 ● 55496
2.26442
1.37426
0.99820
0.785I-o
0.64674

Exact

5.6655
3.3002
2.Ix4
L.2893
0.7366
0.5120
0.3887
o.3m8

Eha3.Ct

9.0433
5.41.I.8

4823.58
2.2
1.3973
1.0209
0.8067
0.6673

Exact

1.02
1.05
1.m
1.20
1.40
1.60
1.80
2.00

11.974&)
7.2262

?4.8243
3.3.2868
1.94a84
1.44513
1.15644
0.966837

12.(xyn.o
7.25991
4.8578s
3.15830
1.9741.6
L46662
I..17508
0.98329

u. 0270
7.2772
4.8727
3.1720
1.9854
1.4761
1.1833
0.9906
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c

1.02
l.o~
1.la
1.20
1.40
1.60
1.80
2.00

c

1.02
1005
1.la
1.2?3
1.40
1.60
1.m
2.00

c

1.02
l.o~
1010
1.20
1.40
1.60
1.80
2.00

‘I!AJ3LEx

MonoenergeticCriticalThicknesses(MFP)Calculated

Using QuadratureSets of ‘IableIII.

Slabs (Half-Thickness)

5.64343
3.27617
2. ogo44
1.27495
0.74089
005288Q
O.k1322
0*33990

8.99519
5.3634Q
3●53025
2.24195
:.;gm;
.

0.77853
0.64381

S4

S* Exact

5.65669
3.28879
2.loogl
1.2773.0
0.72800
0.50853
o.3$xm?
0.31.624

5.66343
3.296x6
2.1.0884
L 28U6
0.73171
0.50796
0.38617
0031.004-

5.6655
3.3002
2.1134
1.2893
0.7366
005120
0.3887
0.31..08

Cylinders

s/3

9.0303
5●39658
3.56176
2.27073
1.38131
L.00622
0=79397
0.65619

——.

U..99720
7.24297
4.83668
3.13624
1.9406
d1. 909

1.15968
0.96957

1.2.016D
7.26U7
4.85924
3.15837
1.97387
1.46633
1.17h%2
0.98307

12.01840
~.26841
4.86742
3.16669
1.98098
1.47241
1.lf?O12
0.98777

Exact

9.0433
5.4u.8
3.5783
2.2884
1.3973
1.0209
0.t3067
0.6673

Exact

12.0270
7.2772
4.8’727
3.1720
1.9854
1.4761
1.1833
0.9906

.
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PnTn setsare recommended.n one-dimensiom ~eres~ the,Dp~2.1Or

the setsof TableI seembest suited” ~ ~o- or *e-*siO-

geometriesthe completelysymmetricsetsof TableI or TableIIIwould

seembest,but nmre computationale~rience is nee&?d. In special

situationsthe biasedhalf-symmetricsetsand the materialdependent

sets canbe useful. For tie former,two-dimensioticylinderswith

small.height-tofim%er ratiosrequireaccurateangularrepresentation

for directionsnearlyparallelto su%aces. !lheaccuraterepresentation

canbe obtainedby properchoiceof the parameterb. For neutronor

photontrsasmissionproblem%accurskerepresen-tionin the inwardand

outwarddirectionsis needed. Xn thesep?.mblemseitherthe hsLf-

symmetricor materialdependentsets canhe used to choosebiased

directionssets.

Fi-, it shouldbe mentionedthat recentwork(5) has indicated

thatpropertreatmentof the boun~ conUtions~and, in ~=d ~

etries, properhandlingof the ray-to-raytransferterms canbe as

importantas choiceof the angularquadra-. For example,in plane

ge_%rY, part of the accuracyof DPn/2-l
sets is due to the fact that

the Marshakbouu~ con~tions for zero ~coti f- = satisfied”

Numericalexp?r~nts in whiti one of the Marshakboundaryconditions

was approximatelysatisfiedhsxesignific=tlyimprovedP3 resultsin

pl.aegeometry.

~us, the problemof choosingnumericalangularquadraturesets is

indeedcomplicated.Thework presentedin this reportshouldserveas a

. ..

●

✎

.-

-b-
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guideto futurework and permitthe intelld.gentpreparationof q~ture

setstailoredto specificneeds.
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The originalSn method(1) representedthe angularflux in plane

geometryby connectedline segments. That is,

with

= -1 +-2j/n
‘j

j = 0,1,2, .e.,n (A-2)

Substituting(A-1)intothe transporteqyationfor planegeometry

(isotropicsources)

I-I‘++- uN(x,v) =S(X)

and integratingon

e~ation

~j>+

(A-3)

v from Vj-lto Wj givesthe originalSn difference

crN.
J

(2WJJ”’-1)

= s(x) j=()

~+(’’+:j-’)=+o(Nj+’T+J‘A-”)
= 2s(2:) j>o

-43-



where N+ = N(x,w5)= TO find a systemof
d tJ

equivalent to (A-4)with directionsgiven

discrete ordinates equations

by (A-2)let

3
fij=ml

i=o ji ‘j-i

and chooseb = 1 so thatfiO= NO. Next form
00

equations(A-4)with coefficientsajk with a.JO

first eqpationby addingthe j = 1 equationof

J = O equationof (A-4):

(A-5 )

linear combinations of

= 1. That is, form a

(A-4)and~times the

(+lymo

~ + ~vo)1‘o
+ CT(NL+(1+ ~)Ifo) = (2+ ~)s

(A-6)

Then form a secondequationby addingto the j = 2 equationof (A-4)

a21 timesthe j = 1 equationand am timesthe j = O equationto obtain

d

{ [

2P2+%. N+ ~2+%+a21 1[
(ah+Vo)N+kL+2~o

=3 2 3 3 1 3 aa

1}[
(A-7)

+ a22~o N J(+ a“N2+ (1 + a=)N1 + (a21+ a22)N = 2+ 2aa+ a22)S

.4

.th
Proceedingin thismannerto form the J

.th
equationby addingto the J

eqpationof (A-4)ajk timesthe kth preceding equation,k = 1,2,....j

. .

.
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[

(vj+l-i + 2Vj-i)aj,i-l ~ ‘2Pj~i+ ‘j-i-l)aj,i
3 ‘Tj-i

L

[

ii

+uNj+ Z (a.
i=l

J,i-l +

(A-8)

For theseequationsto

the coefficients

type is formed.

and

+ 0---
J

be equivalent

=s

to a discreteordinatessystem

(A-9)

a.1.must be chosen so that an equation of the above
#1

For exa@e, in equation (A-6)

(2 + au)fil= Nl + (1 + aU)No

(A-1o)

(A-XL)

f+ + I.Jo
Letting

3
= ~ gives the same

(A-n). Then if aU satisfies

~ + 2V0

()

2P~ + v~
— + ~oaU =

3 ~
(1

-45-
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+ an) =L1(l+aU) (A-I.2)



that is, if ~ = -1/2,the coefficientsof NO are the S-.

I?inally,sinceEl = blONl+ bUN& blo = 1/(2+ ~) = 2/3 ~d b~ =

(1+ ~)/(2 + ~) = 1/3. M general,withXj ‘ (2Vj+ P3.~)/3 the

a~lpmust satisfythe relations
Jh

[(‘j+l-i + 2pj-i)aj, i-l + )a ] = 3Zj (as,i-l + ad,i)(2VJ-1+ ‘j-i-l ji

,

i=lj2}.0. Jj-l (A-13)

in additionto (A-I-2).The bSk are givenby

(

3

bjo =
l/2Xai=l j,i-1 + aj,j)

bj~= (aj,k+aj,k-J/(2~1aj,i-l+ajj)

Since”the origtial quadrature was trapezoidal, that is,

(A-14)

n-1
~; Ndv =

(
NJ2 +

)
Z Ni + Nn/2 /n
i=l

(A-15)

the weightsassociatedwith the equivalentdiscreteordinatesquadrature

me given by the identity

(A-16)

.,
*

t

. .
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EqyatingcoefficientsN& N1~ etc.,givesa set of eqpationswhichmay

be solvedfor Wj:

1
z%= ‘Oboo + ‘lbll + ‘2b22 ““” ‘nbnn

L=
n

1—.
2n

‘l% + ‘2b21 ““”‘nbn, n-l

‘2b20 ““”‘nbn,n-2

wb
n nO

(A-17)

Following this formalism through for n = 2, J, 6 gives the folkwing

discrete ordinates weights and directions:

n.a
3

n.)+

o
1
2

-1
-1/3
2/3

-1
-2/3
-1/6
1/3
5/6

‘J
23/440
13/54
KL/45
19/72
59/297
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n.6
J

o
1
2
3
4
5
6

;“

4
Vj

:;/9
-4/9
-3-/9
-2/9
5/9
8/9

‘J
3/85

116/729
604/3645
247/1458
118/72g
257/1458
1.64.o/u393

As is reaM1.yseentheseweightsare directionsof an equivalentdis-

creteordinatessystemrepresentinga nonsymmetricquadrature.

\
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