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PER!RJRRA’lTONTRANSFORMATIONOF NUCLEAR CROSS-SECTIONPARMETEM

BE’IWESNWIGNRR-EISENEJDAND KAPUR-PEIERM FOWSMS - THE PERTA PR-

by

Donald R. Harris

ABSTRACT

The transformationbetween nuclear cross sections in the W@ner-
Eisenbud and Kapur-Peierlsformalisms is expressed by treating off-
diegonel elements of the inverse level matrix as perturbations. A
FORTRAN IVprogrem, PERTA, is developed to ccmpute the perturbation
transformation. ‘Iheapplicabilityof the perturbation to real.nuclei
is tested for low-energy neutron cross sections of fissile nuclides.
The perturbation transformationis applied to the study of properties
of Kapur-Peierlsparameters, namely, their probability distribution,
the range in energy of interferenceeffects, Md the degree of asym-
metry of resoneat shapes of radiative capture cross sections.
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I. INTRODUCTION

The Wigner-Eisenbudl’2and I@pur-peierls
3,4

multilevel formalismshave been used extensively

to interpretnuclear reaction phenomena and to fit

observed cross sections. They have been used in

preference to single-levelresonance formulae to

describe nucleon interactionswith a wide range of

nuclei, including oxygen, manganese, end fissile

nuclides, for which multilevel interferenceeffects

are possiblyOr adud-1.ysignificant. Although

these formalisms are consistent,and can be derived

from each other,
1,5

their appli.cat.ionis comple-

mentary. Expressions for cross sections tithe

Kapur-Peierlsformalism are simply related with ob-

served cross-sectionshapes. Moreover, in fitting

Kapur-Peierlsexpressionsto observed cross sec-

tions, knowledge is not required of numbers end

characteristicsof levels and channels. On the

other hand, the parameters appearing in the Wigner-

Eisenbud formalisms are directly related with nu-

clear wave functions. ‘lMisfact permits inferences

about the nuclear wave functions from observed

Wigner-Eisenbudparameters, end it permits general-

izations such as the Porter-Thomasplausibility

exgument6 for the probability distributionof Wigner-

Eisenbud parameters.

The exact transformationbetween sets of num-

bers pexameterizingthe two formalisms is well-

4’7’8for accurate1~5~dp_ areanilabledefined,

numerical transformationfrom Wigner-Eisenbudto

Kapur-Peierlsparameter sets. The exact trans-

formation, however, is not simple, end it is not

easy to understand the action of the transformation,

that is, of the interferencemechanism. In partic-

ular, the joint probability distribution of Kapur-

Peierls parameters has not been determined.

In the present study, en approximatebut clear-

er transformationbetween the two formalisms is de-

veloped (Sec. II), tested (Sec. III end IV), and

briefly applied

tain properties

(Sec. V) tO clarificationof cer-

of Kapur Peierls parameters, namely,



their probability distribution,the range in ener~

of interferenceeffects, end the degree of asymme-

try of resonant shapes of radiative capture cross

sections. This transformation,a perturbation

transformation,is described in detail in the next

section. The perturbationtransformationproceeds

from the Wigner-Eisenbudto the Kapur-Peierlspa-

rameter sets, but if the perturbation is indeed

small the transformationcan be inverted.

In the Wigner-Eisenbudformalism,
1,2

the total

cross section,u and the cross section for reaction
Ct’

from a channel c into a channel C; s=c~ are expressed

as

Here kc %s the wave number of the incidentparticle

in channel c, and gJ is the statisticalweight for

states with angular momentum J and psrity II. The

elements of the colli$on matirx @ are determined

by the level matrix A

where (pCis the phase shift for potential scattering

in channel c, and rXc is the partisl width for decay

of level 1 through channel c. By convention,~~

is assigned the same a3.gebraicsign as the corres-

ponding reduced width amplitude.9 I?inald.y, the
JII

level.matrti A is defined in terms of its inverse

where l?j,aside from a small level shift,5 is the

energy of a nuclear state.

The numerical and conceptualdifficultiesin

practicel applicationof the Wigner-Eisenbudfor-

malism arise in part in the inversion of A-l to ob-

tain the level matrix A. A useful approximate in-
10

version was developed by ‘lhanaa using first order

perturbation theory regarding the off-diagonal.ele-
-1

rnentsof A as perturbations on the diagonal part.

A similar techniqpe is employed here, but perturba-

tion theory is applied differently. The transfor-

mation between Wigner-Eisenbud.and Kapur-Peierls

parameter sets is facilitatedby introduction of a

c~lex orthogonalmatrix S that diegonslizesthe

inverse level matrix A
-1

to a di~onel matrix D.

In Sec. II we develop the perturbation calcula-

tion of S end D, again regarding the off-diagonal
-1

elements of A as perturbationson the diagonal

part. This procedure is consistentwith Thomas’

analysis, and it can be shown that level matrices A

c-ted by using tie * approaches(we do not actu-

ally display a computedA in the perturbation trans-

formation) differ only in terms of second and higher

order in the perturbation.

The remainingproblems in developing an intel-

ligible transformationbetween Wigner-Eisenbudand

Kapur-Peierlsparameter sets are algebraic and num-

erical. In particular,it is not clear when terms

of second and higher order in the (not always small)

perturbation can be profitably discarded or retained.

Some of these alternatives,and the general applica-

bility of the perturbation transformation,ere

tested by use of the FOR!CRAWIVprogrsm PERTA, de-

scribed in Sec. III. Results are presented in Sec.

IV for a representativeset of 31 levels in 23% +

n that exhibit both weak and moderatly strong level-

level interference, We conclude that the perturba-

tion results describe weakly interfering cross sec-

tions well.and describe moderately strong interfer

ence qualitatively.

The perturbation anelysis re uires that the

7 /2off-diagonalelements, - ilzg<cytc> of the in-

verse matrix be small in some sense compared with

the diagonal element~l$ - E - i/2 rx. A sufficient,

but not necessary condition for this requirement is

that level widths are small compared with level

spacings. Perhaps a more widely applicable condi-

tion for this requirement is a large degree of in-

coherence in the level parameters<~. The ex-

treme form of such incoherence is the assumption

that for channels of a class C1

(5)
ce

‘%
.L

This condition is not precisely applicable to a non-

vanishing, multichannel dyadic product, but it has

.
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been very useful in practical applicationof the

Wigner-Eisenbudformalism.“u Porter and
other~6,10,12

have discussed the physical bases for

incoherence. Here we regard the applicabilityof

the present perturbation theory to be a question for

experimentaltest.

It cannot be expected that the perturbation re-

sults will apply even qualitativelyif multilevel

interferenceis very strong, as has been suggested
by ~w13

for certain fission processes. The pres-

ent perturbation analysisprovides a convenient

test for strong interferencein that to first order

in the perturbationthe level energy and total level

width are unchanged in the transformationbetween

\iigner-Eisenbudend Kapur-Peierlsparameter sets.

This is in marked contrast with the Lynn effect

where interferenceis so strong that interfering

Wigner-iTisenbudlevels shift so much in the tre.ns-

formation to Kapur-Peierlsparameters that they co-

alesce. An imnediate test of possible applicability

of the perturbationanalysis to a particular set of

cross sections is thus a test of approximateequal-

ity between level energies and total level widths in

equivalentWigner-Eisenbudand Kapur-Peierlsparem-

eter sets.

It will be shown that this test is satisfied

for the 235U + n cross sections s~died here.

De Saussure end Perez7 have also reported Wigner-

Eisenbud and Kapur-Peierlsparameter sets, trans-

formed by using the POLLA program,7 for 23%+ n,

end again the test appears to be satisfied. If

interferenceeffects are moderate for such nuclei,

then the perturbation transformationhas greater

applicabilitythanmight have been expected. Had

very strong interferenceeffects been observed then

more accurate transformationequations might be de-

veloped by treating a few levels or channels exactly

end applying a very approximatetreatment to the re-

naindero14-17>10 ~ e of the conclusionsof the

present study (Sec. V) is that some interference

effects are long range, varying as the inverse

level spacing, and it can be conjecturedthat neigh-

boring levels do not provide all significantinter-

ference effects. These results, the apparentabsence

of Lynn effects for certain importantnuclei, and

the long range of interferenceeffects provide mo-

tivation for the study of multilevel interference

effects bymeny-level,many-channel approximations.

11. !EiEPER’NRBATION !llbiNSPORMiZ!ION

It i.8convenientto develop the perturbation

transformationwith reference to the diagcm8Hzin6

procedure and notation of Adler and Adler, el-

though we do not yet wish to limit the ticidentpar-

titie to be an s-wave neutron. ~t D represent a

diagonti matrix. Then A-l + EI, a conplex synsnetric

matrix with components ~~xk , - ~ <f +:, is d~.

egonel.izedto D by a coqlex orthogonalmatrix S.

That is,

(A-1 +I@3= n . (6)

Retell.ingthat the inverse of an orthogonalmatrix

S is its transpose, Str, then

A-l
tr

= S(D - EI)S $ (7)

and the inverse of A is readily obtained by

A= S(D - EI)-l Str . (8)

TO the extent that A-l + EI is insensitiveto en-
19

ergy, the diagonalizingmatrix S will be also, and

the energy dependence of the level matrix A is con-

fined to the diagonal matrix (D

out Eq. (8),

and introducingthis expression

collision matrix is obtained.

- EI)-l. Writing

> (9)

into Eq. (3),the

where the complex width~kc for level k and channel

c is defined by

(l-l)

Cross sections can thenbe obtained from Eqs. (1)

and (2) by application of the lemma of App. A.

First, however, the present perturbation technique

is described in some detail.

Let B represent the matrix A-l + EI, and sup-

pose B can be decomposed into parts ~ + 6B, where

~B is a sme.llperturbati.on.Let ~ represent the

matrix that diagonsJ.izes% to 6, end let ?i+ 6S

represent the matrix that diegonslizes5 + OB to

~ + 6D. In App. B, a perturbation theory for

symmetricmatrices is developed, and expressions are

obtained for 6D [Eq. (B-7)] and for 5S [Eq. (B-15)]

to first order in the perturbation.

3



(3.2)

In a pretious study,the perturbationwas taken

to be the energy-dependentparticle channel contri-

butions to the inverse level matrix.
19

Here we take

the unperturbed$ to be the diegonalpart of A
-1 +

EI, while 5B is the off-diagoncd.pe.rt.

(14)

end

c

In this case a great simplificationemerges in that

~ is already diagonal, so that ~ is the identity

matrix I, andfi equals & Thus, fromEqs. (lJ?)

through (M),

%k=o ‘
(16)

and

The complex level widths~kc e.reobtained from Eqs.

(11) ~d (17),

1,+&@k+ifk) ,(18,

A#k

The operations expressed thus far in this sec-

tion refer to levels of aparticula.rspin-parity

sequence. To illustrate,the kth level referred to

in Eq. (18) is a member of a particular spin-parity

seqk?nce Jll(ksJ’R). Levels of the Jllsequence in-

terfere with one another and only these contribute

to the perturbation of~kc.

Cross sections canbe expressed conveniently

in terms of parameters ~~, which we refer to as

fractionalperturbations. For the level k(k&lll),

for channels c and c~, snd for j = 1, 2,

The fractionalperturbation#j, is symmetric h c
cc

end Ct, and has the property ~~t

(I.?J c; )+fkJ+kfkjc, . (22)

~ther discussion of these parameters willbe de-

ferred until cross sections are expressed in terms

of them.

The perturbed level widths are, in terms of

fractionalperturbations,

[( )1~f’=rkcl+$~+i~ . (18’)

The perturbed collisionmatrix ~, is obtained by

substitutingEq. (18’) into Eq. (10) and applying

Eq. (22), SO thllt

where

Later, we numerically test the adequacy of approxi-
Umating RCC* by the linear term *C, by using the

PER!CAprogram. In Eq. (10), Dti has been replaced by

k



its unperturbedvalue flh or ~-~k/2. The remark-

able fact that to first order in the perturbation

the level energy ~ and total level width rk are un-

changed according to Eq. (1.6)permits identification

of Wigner-Eisenbudlevels and Kapur-Peierlslevels.

In the presence of strong interferenc~such identi-

fication is not simple.
13

‘e ‘nv=imce ‘f% ‘d
rk/2 in the perturbationtransformationis, of

course, a much stronger statement then the well

known invarianceof ~~ ‘id ~rk/2 ‘estitin~ from
the invarianceof the trace of the matrix A-l + ~

in the ca%hogonaltransformation[Eq. (6)].

A. Total Cross Section

The total cross section Ott results from sub-

stitution of the expression of Eq. (23),forth per-

turbed collisionmatrix into Eq. (l), noting that

y gJ is unity.

(w)

(31)

(32)

u‘l’he parameters Rcc contain the effect of the

perturbation on total cross section, which otherwise

has the usual Breit-Wigner form. It can be seen

from Eqs. (24) end (25) that the parameters ~c de-

pend on the fractionalperturbations$:, and, in-

deed, approximate them when they are small compared

to unity.

411 2
u
Ct ‘~ ‘in @c

c

+ *Z ‘J z ‘kJ2[(1 + ‘)cos 2oc - % ‘i;:ls;;) ‘(1+ ‘:)sh 2“+ % Cos 2“J1 ‘
c Jll kGl?l k

(26)

i?ors-wave neutrons,a widely used notation intro-
ducedby the A~ers18,7 is

and

$ ~ ~ .0. 2knan - ~ sin 2kna
n“ (29)

A necessarymodificationto their notation has been

introduced in that we explicitly sum over each level

in aperticular spin-paritysequence,then over all

sequences. The neu’tronphase shift Dn is taken to

be - ~ times the neutron channel radius an, and

the neutron width I’tiis expressed as r;
$/2.

Comparing Eqs. (27), (28),and (29)withEq. (26),we

Reference to the definition of fractionalperturba-

tions, Eq. (21.),shows that they tend to be larger

Y varies as 1~~.for weak levels, specifically,Icc

Moreover, the presence of other strong levels in-

creases 1$~1, although their effect has a rather

weak dependence on level energy separation,varying

as (~ - I@ for ~ end as (~ - ~)-2 for ~.

F.ine31y,anearby strong level will have little ef-

fect on& if r, approximatelyequals rl,andit

will have little perturbation effect at aSL if

B. Reaction Cross Sections

The reaction cross-sectionace,, c # c’, is ob-

tained by substitutingEq. (23)intoEq.(2), appl~ng

Eq. (22), and ignoring terms of second order in the

perturbation,

obtain the first-orderperturbationtransformation

from Wigner-Eisenbudto Kapur-Peierlstotal cross

sectionparameters for the level k(kCJII),

5



(Y+)

This expression c,an1x-simplifiedby use of the lem- the incoming or outgoing channels, or bath.

1.?3 contributionscmma of Apn. A. c. The dependence of cc,

level se~aration is rather weak, varying

u-
Cc’ - >~GJ~’’t:;-~j~~E&:) } ’39

approximatelyas (E -

#

~)-1 for&, and

c J; 1<sJ2 k k as (Ek - %)-2 for cc,.

‘cc’ =‘~:kd+‘a)+‘k ~

~(wk&&-& [(l+ Qy)(rk+rkJ/2-Q~:%@#)] , (m.K

k‘eJIT (~- Ek,)2+ (rk+rkl)2/4

k’+k

and

(37)

Here

kk’l= ~kl.,~ #2, ~ ~kl$’.l+ ~=,Rk’?
Q cc’ cc , (*)cc cc cc cc cc

and if the

pered with

and

fractionalperturbationsare small com-

unity, then approximately

(40)

(41)

Again, we numerically test this approximationlater

by use of the PERTA program. Agai~the parameters

~~, act as fractionalperturbations,and their mag-

nitudes arc governed by the same considerationsas

noted before. Let us list these considerationsas

they apply to the fractionalperturbations<:,:

a. Both I&, and~, tend to be large (of

either sign) when the level k is weak in

the incoming (rkc small) or outgoing (rkcJ

smell.) channel, or both.

b. Both$, and~, tend to be large (of

either sign) when one or nmre other levels

in the s- Jllsequence are strong in eiihr

small for this pair of levels, or (through

~,) if the levels have nearly equal total

widths.

e. When, as is often the case, level widths

are smaller then level spacings (M), F~k

and hence ~, tend to be larger than
F1

and ~, by an order of magnitude in

r~m.
#Although the fractionalperturbations,lCC,,

are descriptiveand compact, they suffer in their

definition from a difficulty that appeaxs clericel

but is in fact more interesting. If$$ or$$ is
,.4

small or zer~then ~ct is very large or singular.

The actuel magnitude of the perturbation

#jJ . #’.w’’#’# $3
kc kc’ k’c k’C’ CC’

(42 )

remains finite or vanishes, so that the effect on

cross sections is finite or zero. A large fraction-

al.perturbation implies only that there can be a

violent fractional effect of interferenceon a weak

channel. The clericel difficulty created by a zero

value of <~ can be circumventedby adding a negli-

gible but finite increment to I&, and this device

is employed in the PERTA program described later.

Such a zero value Ofrkc might be adopted for con-

.

“1
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venience in a cross-sectionfit. On the other hand,

physical considerationssuggest that a channel c

might be closedat one levelk (rkc = O) and yetbe

open at some other levels of the same Jllsequence

if the state khas some further, not yet defined,

quantum number that is not suitable for the reac-

tion to proceed through channel c.

a fission channel, a particle emission chsmnel, or

a radiation channel.

In particu.kr, the cross section for radiative

capture through one or a Sew channels is expressed

as for fission.

(49)

c. Fission and Radiative Capture of s-Wave Neutrons and

Cross sections for fission and radiative cap-

ture of s-wave neutrons can be eqressed in the

Adlers’ notation,
18,7

(50)

However, the total radiative capture cross

section through many channels is usefully expressed

in a differentway by use of the incoherenceapprox-

imation of Eq. (5) for radiative channels,where

(51)

CC y

When this approximationis made
!l!heparsmeters~andvkare equal to level energy

andrk/2 as is described by Eqs. (~) emd (~). In

the case of fission,the parameters l’:and < are ex-

pressed as sums of contributionsfrom various fis-

sion channels , ccf,

G: = E%c
~ (45)

Cef
and (52)

(w
and by using this relation,

pressed as

where, comparingEq. (43) with Eqs. (35) through

(37),

(47)

?

sections for

whether this be

These expressionsdescribe the cross

neutron reaction into any channel c,

7



These

trons

cross

x [r~’~~ F~t(rky - rk, )(rk+rk,)/2+ F&u(rk +rk, )(% - q.)1
k‘cJfl (~-~1)2+ (rk+rk,)2/4
k’+k

(53)

k’+k

results for radiative capture of s-wave neu-

complete our developmentof expressionsfor

sections by first-orderperturbation of the

inverse level matrix. Similar, more accurate ex-

pressions might be obtained by second-orderpertur-

bation of the inverse level matrix.

III. THE PERTA PRCGRAM

The PERTA program, in FORTRAN IV for the CDC-

6600, computes the perturbationtransformation

from input Wigner-Eisenbudparameters to Kapur-

Peierls parameters in the Adler form. The program

was devised to test aspects of the perturbation

transformationand has extensive edits. Input and

output are described in App. C. The progrsm cosptes

and edits the imaginarypart of the inverse level

matrix, Eq. (k); & andl~, Eq. (21); R: and R:,

Eqs. (24) and (25); ~ and ~ for fission channels
%2

C> Eq. (21): R:; and Rnc for fission channels c, Eqs.

(24)and(25);and the quantitiesappearing inEqs.

(27) through, Eqs. (45) through, andEqs.

(53) and(~). ‘lheprogrsmalso computes and

edits an area factor and tilt factor for each cross

section, for exsmple, for the total cross section

AR% = +/< (single level formula) , (55)
and

%=4/< “ (56)

Similar area and tilt factors are cosputed and edited

for each fission channel, for all fission, and for

radiative capture.

Input parameters control the approximatio~s

used for R= in Eqs. (24) and (25) and for ~~ j

(CE fission) inl?qs. (~) through (41).

IV. NUMERICAL RESULTS

The numerical results chosen for presentation

here are based on the Wigner-Eisenbudparameters

for 31 levels determinedby Crsmer
20

in a Reich-

235U (n,fission) cross sec-Moore
IJ.

fit to measured

tions. Inspection of these parameters, which are

listed in Table 1, suggests that level-level inter-

ference is expected not to be strong except in the

neighborhoodsof 26 and 45 eV. ‘fableII de!non-

strates the perturbation transformationprediction

that level energies and totsl level widths are ap-

proximately unchanged. The Adler parameters listed

in TableIIwere computed by the POLLA program of

de Saussure and Perez.

‘ails ‘o equal ~ ~, a~i~~ ‘s ‘ot ‘om ‘w F ‘~equired by the invariance

of the trace ofa matrix under the transformation

[Eq. (6)], whichwe noted earlier.

In Table III are listed the total cross-sec-

tionparameters ~and~as computed by POLLA.7

‘lheseare comparedwith various PERTA approximations.

The right-hand column shows that with zero perturba-

tion (~~ = O), the value of f3kis erroneously com-

puted to be zero. From the centrsl columns of Tabic

III it appears that retaining terms quadratic in

~jinthe e@~essfor R~[Eqs. (2k)and(25)]docs

not obviously improve the accuracy of the calcula-

tion. This is not unexpected, because in the per-

turbation inversion of A-1 terms of second and

higher orders in the perturbation have been dis-

carded. Consequently,introducing such terms into

the later calculationof RR need not improve the

result.

Inspection of !CableIV shows that for this set

of levels in 235U + n the inclusion of terms other

.

4
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TASXZI

2Ewlwm PArwsmRsF3R3-x&vErsm231+ n (~~M@*

kvel2nersY ReducedeutranWidth
(eV) 7

%rt.ialWidthsfor2i.$nicmin
(=V12 ~ ~oq No Cnmneh (eV)

Ji_ Ph

16.67 0.C6
18.05 0.099
19.295 0.56
2U.19 o.@35
20.67 0.s4
2.1.095 0.29
22.92 0.095
23.~40 0.15
23.62Q o.122
:;:::5 0.05

0.22
26.15 0.0915
2$5& 0.105

0.o11
27:8 o.L15
28.42 0.028
28.73 0.0062
39.88 o.c8
31.35 o.ca3
32.07 0.3
33.52 0.29
kk.6h 001.25
k5.04 0.055
k5.78 0.027
b6.65 0.046
51.60 0.057
32.22 0.33

0.169
%: 0.134
63.8a 0.07
6s.40 o.ol~

*U- 0.5,~ - 0.0299V

rm

-0.0s5
+0.140

o
+0.op

&23
-0.03
+0.014

o
0
0
0
0

+0.075
+0.U75
-0.100
+0.070

o
0
0
0

+0.175
o
0

+0.035
+0.060

o
0
0
0
0

h

o
0

-0.065
0

+o.oy3
o
0
0

-0.090
-0.055
+0.610
-0.60
+0.225

o
0
0
0

+0.020
-0.040
+0.042
+0.022

o
-0.XO
+0.100

o
0

-o.joo
to.1-15
-0.200
+0.250
-0.070

TAEIJI II

CX@QnRIsow 02 LsvEL EwEsoIEs Awo WmmIs m wf(mER-EIs2wHlll AwD

KAPUR-PF412NS P31uL4L12!L920R32LEWISIS23% + n (CRAnsuDATA)

w 2U
igner-Eimnbud

Level llner~
(eV)

&

16.67
18.05
19.295
20.19
2Q.67
E1.c85
22.95
23.4Jb
23.62
2k.2k5
25.62
26.15
g.%

27:m
28.42
g.g

2:55
X.’J7
33.52
44.6$
45.04
k5.78
466g

32.22

2::
63.80
68.40

LevelWidth
(eV)

rk

0.13J$2
0.1694
0.0965
0.0790
0.0592
0.0533
ci:iy

O.11%
0.C842
0.6401
0.2890
0.2+5
0.1041
0.W6
0.3292
0.09%
0.C494
0.C69J
0.0727
O.om
O.*
0.3294
0.1292
0.C643
0.0995
0.3314
0.1453
0.23C0
0.27%
0.0991

Adler7 pu~ters (d

&

16.67
18.05
19.30
2Q.19
20.67
21.09
22.95
23.k4
23.63
24.23
25.67
26.N
26.46
q.la
27.80
28.42
2$7&

31:55
32.W
33.52
44.64
45.05
45.77
$.2

52:22
*.6a

$%
68.40

ak

o.114
0.170
O.*
0.080
0.039
0.054
0.058
0.044
o.L14
0.092
0.68
:.*
.
0.104
0.105
0.132
0.096
0.050
0.070
0.072
0.052
0.204
0.332
0.I.26
0.264
O.oso
0.32
0.146
0.230
0.278
0.05%

0.00
O.w
O.ca
0.00
0.00
O.rm
0.00
0.00

-0.01
O,w
-0.05
0.o1
0.05
O.co
O.cm
O.CQ
0.01
O.CXJ
0.03
0.00
0.03
O.ca

-0.01
O.ca
0.03
0.00
0. w
O.cn
0.01
0.01
0.00

sum 0.03

‘k- ak

O.000
-0.CQl
0.001
-0.001
O.CCJ1
-0.001
0.030
O,om
O.ti
o.cn2
-0.0*
0.021
0.029
O.cm
-0.031
-0.003
0.CQ3
-0.CKO.
-0.031
0.001
0.021
O.CXX
-0.003
0.003
O.cm
O.000
-0.031
-o.ccl
O.cca
0.W2
0.001

O.cal
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TABLEIn

Level

=
&

16.67
18.05
19.29>
20.193
.m.67
2M85
22.95
23.44

1?
2 .62
2 .245
25.62
26.15
26.51
27.18
27.80
28.42
$3.77

X:55
32.07
33.52

2:2
45.’I8
46.63
2.60
52.22

~:~
63.80
68.40

Lrvel
~

&
16.67
18.05
19.295
20.19
2Q.67
21.085
22.95
23.ti
23.62
24.&5
25.62
26.15
26.31
27.18
27.80
2S.42
g.g

X:55

~g

45.0$
45.78
46.&3
5.1.&3
52.22

2:2
63.80
68.4a

ca4PARImm~mf# CaQm20 Ill VASIWS Mmon?IA1’rais

3W131MV2LSIli23%+ a(CSAMESMTA)

lam%

Cdc!ulation

&

39.34
63.56

3=35
5.87

25.39
189.lT

61.85
YI.85
83.15

i%j

5pg

75:81
17.63

3.93
52.24
1.7-7

195.88
1.88.641
81.62
35.22
17.$6
29.S0
43.61.
215.44
11.O.25
87.14
45.75
U.lo

-5.66
8.1o

-8.52
0.99
4.*

-1.52
- 2.22

3.35
-12.ea
.$.:

0:93
.30..;

-7.09
3.79
0.70
0.64

- 0.83
- 2.17
-8.07
1.83

-0.15
3.k5

- 1.87
- 1.41

: t~
2.%
2.44
0.26

PssTA

M#&’L’’R.”&)
+

3%
365.36

5.W
25.83
189.02
61..83

Zw
3.79
139.k9

;::
‘f.ol
7k.93
17.86

$::

195:46
1.88.89
81.56
35.W
18.25
29.89
43.64
215.13
11o.44
~cg
.

L1.09

+

- 5.*
8.35

-9.01
1.02
4.48

-1.65
2.42

-3.48
-13.63
-I&s
67.4o
0.35

-24.87
2.19

-6.78
3.$
0.73
0.51

- yg
-.
-7.91
2.I.O

- ;ti
- 1.85
- 1.30
-0.73
-4.13
2.72
2.47
0.24

J&

39.19
63.88

S5A2
5.55

26.02
189.03

61.85

m
34.n

147.18
3.29

!ycJ

75:ca
Ipcl

5+J

l&5:$

81: ST
35J39
18.40
29.92
&3.65

215.13
UO.48
87.u
1$5.64
L1.09

J&

-5.93
8.35

-9.01
1.02
4.48

- L.65
-2.42
3.48

-13.46
-18.19
:::~

-26.65
2.19

-6.76
3.38
0.72
0.51

-1.22
-1.42
-7.91
2.10

. 0.16
3.32

-1.85
-1.30
- 0.73
- b.u
2.72
2J$7
0.24

!cA21a Iv

CWMSXSCN OF KAUJR—P?Z2RLSFIssr(m MsMmTsS s m Vluuars

AmiwmlATLQis m 31 L2v2rs m % (C’sNmDATA)

FCtLh
Cdcu.btion

G&e”% S@%
——

28.99
52.37

2b5.kk
3.73
12.53
81.72
$.g

61:08
2Q.59

139.32
. O.*
50.88
5.03
53:X

2.53
a.lk
0.84

L12.6a
78.34
6J.7$
.

13.41
16.25

??
.3.8

1 .94
86.94
75.47
40.%
7.82

- 5.74
7.87

-9.13
0.99
4.52

- 1.%
-2.32

3.67
-1.2.5.1
-as
7:0.

-X%53
‘2.ij
-6.91
3.78
0.63
0.59

- O.&l
- a19
- ‘1:1

- 0.01
3.37

- 1*84
-1.53

0.02
-4.13

3.03
2.fil
o.=

ImtTA
(N-1Fvmrs of M)

C@#) I@#)

28.95 - 5.72
53.23 7.82
248.Q9 -8.87
3.81 0.93
13.66 k,33
81.84 - 1.78
34.25 - 2.32
%92
60.87

2:Z
-5.43
9.32

;::
12.29

:%
1.83

1.14 Fr
W!&

%79
Il. 36
1.6.64
2Q2

1.95.47
85.55
74.26
40.73
7.83

3.62
-13.46
-17.34
31.79
O.*
7.19
1.86

. 6.%
4.I.2
0.24
O.a

- 1.33
- 0.88
-7.29
1.76
0.61
206h

-1.87
-1.5
-2.18
-3.83
2.71
2..5a
0.25

&

39.12
63.5u
365.J2
5.34

1$:
61.94

z:;
32.60
N$3.44

‘“r68.6
7.17
7b.99
If.y

32:16
3.91

lm.a
189.09
81.50
35.86
17.60
29.99
43.68
215.16
1.1o.19
87.37
45.2

J3J

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
G.o
0.0
0.0
0.0

mm
(Liwc.TinM)

<(BN% I@3#)

$.9J - 5.72
7.84

*:79 -9.30
3.81 0.94
13.41 4.39
81.& -1.79
34.25 - 2.31
jo.9i
71.89
22.63
204.15
.J.~

.

5%

3.62
-13.59
-1.8.14
44.15

- ;:%
1.93

.6.68
i2.26 4.12
2.09 0.26
21.33 0J47
1.83 -1.24

1.13.70 - 1.3.l
m:~ -7.49

1.76
yw% 0.73
I.1.lo e.61
16.T - l.m

*“Z
-1.56

1s.
8 .b?
?

-:.91
7 .16 2.82
40.58 2.51
7.80 0.26

.

,
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than linear in M in Eqs. (38) and (39) does nOt ti- pertu.rbationtransformationis surprisinglygood.

prove most fission cross-sectioncalculations. It The total cross section parameters are well.~rox-

seems likely that for most studies of multilevel in- imated for all levels and the fission cross section

terferenceby the first-orderperturbation approach parameters are well approximatedfor levels other

O* terms linear in the perturbationneed be re- than those near 26 eV. The perturbation transforma-

tained in cross-sectionexpressions. tion predicts qualitativelythe effects of interfer-

From Tables III, IV, andV, it appears that the ence in nearly all cases.

TABLE v

Level

Energ (eV)

%

16.67
18.05
19.295
2Q.190
20.67
21.085
22.95
23.JA
23.62
24.245
25.62
2615
26.51
27.18
28.80
28.42
2$::

31:55
32.07
33.52
44.64
45.04
45.T8
46.65
51.60
52.22
59.68
60.22
63.80
69.40

cOMPARISON OF KAPUR-PEIERLSRADIATIVE

VARICXLSAPPROXIMATIONSFOR 31 LEVELS

POLLA
Calculation

C@e#) H@#)

10.25
IJ..O5
IIL.40
2.14
L2.77
102.92
26.88
65.16
2i.52
14.16
7.01
0.63
8.58
1.94
21.46
4.62
1.40
30.62
0.93
’78.67
104.05
11..53

R
13.w
14.14
18.89
22.31
u.26
4.51
3*V

-0.03
0.01
-0.08
0
0.01
-0.04
-0.04
0.03
-0.09
-0.17
-0.06
0.26
-0.02
0
-0.12
0.03
0.08
-0.01
-0.03
0
-0.04
-0.01
-0.1o
0.09
0
0
-0.03
-0.05
0.02
0
0

cmm PARAMETTIR2IN

~231 (CRAMfRDATA)

PERTA
Calculation

<( BeV3/2) ~(BeV3/2)

10.04 -0.01
10.98 0.01
109.93 -0.01
1.99
1.2.81
102.73
26.84
65.00
19.65
y:

●

1.$
5.95
1.88
20.87
4.49
1.36
x.46
1.81
77*92
103.93
11.51

M
13.45
14.13
18.83
22.24
u.18
k.76
3.25

0
0.01
-0.01
-0.02

0.04
-0.01
-0.09
0.51
0.01
-0.43
0.02
-0.06
-0.02
0.07
0
-0.o1
0.01
0
0
-0.0-(
0.06
0
0
0
-0.02
0.02
0
0

c
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v. S(ME MULTILEVEL INTERFERENCEEFFECTS

The perturbation transformationpermits infer-

ences as to the nature of multilevel interference

effects, and we briefly note several such inferences.

The range of interferenceeffects is surprisi-

ngly long. The interferenceeffects are character-

ized by the fractionalperturbations& [Eqs. (19)

through (21)], and these vary only as the Inverse

level spacing for j = 2 and as the inverse spacing

squared for j = 1. Other properties of the frac-

tional perturbationsare listed in Sec. II.

The radiative capture cross section usueJly is

observed to have symmetricresonant shapes. This

symmetry supposedlyarises from the summary of manY

radiation channels that are incoherentin the sense

of Eq. (5). Equations (!33)and (54) show t~t

another related property, the COnS.t_CYofrky(c~yrkc)

from level to leve~plays a role in diminishingin-

terference.

Finally, we consider briefly the probability

distributionof the Kapur-Peierlsperimeters. Ex-

perience has revealed few, if sny, deviations from

the conjectureof Porter and ThomasG that <~ is

distributed as a normel variate with zero mean, that

is

(57)

where l_kcis independentofk,snd ~c is an inde-

pendent normal variate with zero mesn end unit var-

iance. The similarly successfulWigner distribution

for level spacings will be used here only in moti-

vating the assumption that ~ - Ej fluctuates OfiY

weakly because of level repulsion.

The tots3 cross section is characterizedby the

quantities~ and ~, end from Eqs. (30)~ (X),~d

(57) these nre distributedas

asIcnIc’n%c’%’c” i.e., as the product of four

independentnormal variates. If interferencearose

primarily from a single channel, as in the numerical.

examples Of Sec. Iv, than 13kwofld be distributed

as%5c’ ~+~%’n%’c’%” ‘here‘heCoe=icients
~, fluctuate less than do the~c variates.

We are led to exsmine variates of the form

Yn=~”x2”””xn , (60 )

where the variates x
3

are independentlynormal with

zero mean and unit variance. The moments of the

distributionsof these variates are, for V = 1,2,...2

()2V-1 . 0

Yn ) (6I.)

~d

()

2V
Yn =[103-5” ””(2v-l)]n. (62)

A useful distributionshape paremeter is the excess
21

of kurtosis,y2, defined as

(Y:)
72 = —-3 ,

(Y:)2
(63)

and equal to 9 - 3 in this case. A positive value

ofy2 usually meens that the distribution is higher

near the peak and in the far wings than is a normal

(72=0) distributionwith the same mean andvari-

ante. ~uaticms (61)snd (62)permittheCowutation

of moments of eXl order for noninteger values of n,

and although go (Y~)/(2v) ! ~% is divergen~

except at ? = O,it is reasonable to infer that

these moments define a unique probability distribu-

tion for positive vslues of n. Noninteger values

of n are useful in approximatingthe distribution of

and

(59)

.

t

If interference arose from a single channel and a variates such as ‘%%Lxa ‘ a2x~4. If < + a: iS

single other level kt then & would be distributed unity,then this variate has zero mean, unit variance,

12
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end en excess of kurtosis that varies between 3.25

(al=a2) and6(~=lora2= l); thus, ~~x2+

a x x has the same low order moments as has y
234 n

where n varies between about L.5 and 2.

FromEq. (59) then,we propose that the indepeti-

ent distributionof ~apProximates that Ofyn [Eq.

(60)]jtieren is 2or 3, and that the excess ofkuw

tosis is a useful.diagnostic. For the 31 levels in

23% + n examined in Sec. IV, the excess of kur-

tosis in the observed distributionof ~ is 14, a

value which correspondsto the Variate y2.G. A SiM-

ilar result is obtained for the @ levels assigned

by Cramer to the other spin state in 23%+ nom

Sonx?ofthis agreement must be fortuitous in view of

the uncertain@ in estimating excess ofkurtosis

from small samples.

Returning to Eqs. (~) end (!39),it is seen that

thevsriates ~ end~k are correlatedend forpracti-

cd a~plicationtheir joint distributionis required.

ALthcughthe independentdistributionof ~ approxi-

~tes ~ (~+ constant x yin),wheremis lor 2,

it is simpler to further approximatethe distribu-

tion of ~ as x&. In this cas$the distribution

of the variate 1#/</2aPPrOXimateS ym, wheremis

between 1 end 2, and &/~/2 is independentof ~.

Analogous results are obtained for distributionsof

the other Kapur-Peierlsparameters.

The equations developed in this study show that

the transformationfrom Wigner-Eisenbudto Kapur-

Peierls formalisms converts a set of (assumed)sta-

tistically independentparameters to a set of sta-

tistically correlatedhexameters. The joint distri-

bution of the correlatedKapur-Peierlaparemeter set

is a legitimate object of study as is the independ-

ent distributionof a particularparameter. In ei-

ther case, the experimentelistmust reccgnize that

he is sempling from a correlated sample. For ex-

ample, different results mey be obtained if the ex-

perimental sample consists of a strongly interfering

set of subsets of levels with weak interferencebe-

tween subsets.

r
APPENDIX A

A LEMMA ONA CLASS OF RATIONAL IUNCTIONS

of order one when no

~d~ ~tem of th~~~~srede TO detetine \~andNM, the two

functions are equal if their residues are equal.

Equate residuesat the poles \endat <:

(A-1)

and
.

%+5s< k ~’k .—.
z (A-2)

<-?C k’=~z;-y’

Solving these equations simultaneously,we have for

k= 1,2,...,;,

and

If, further, ~, = N~.k, i.e., the matrix N is

self-edjoint, then

and

i

()
NM,

%“zb Zk+ “ (A-6)

k’=1

In terms of the reel and imaginaryparts of ~ =

~= ivk,

13



.
k ReNw,[~(fi - ~,) -

I

Vk(Vk + Vk,)] + ImNW, [vk(~ - fi,) + ~(Vk + Vk,)]

2 (A-7)
(~ - @2 + (Vk + Vkt)

>

k’=1
%

= -2

and -

.$

A,k= 1,2,”””) N j

or, in view of Eq. (B-k),

Some sinplification results by observing that

X,k = 1,2,”**, N . (B-5)

Take the transpose of Eq. (B-l’), and recognize that
tr tr

B is symmetric so that ~ B , which iS equal to

~s~> is juzt s~B. ‘Ihus,rearranging,

APPENDIX B

PERTURBATIONTHEOFO!FOR SYMMETKCCMATRICES

A complex synnnetricN X N matrix B is diagonal-

ized to D by a conplex orthogonalN X N matrix S.

Similarly the complex symmetricN X N matrix B + 6B

is diagonalizedto D + 6D by the c~lex orthogonal

N X N matrix S + 6S. That is,

A,k = 1,2,-””, N. (B-6)

is deter-

(E7)

For 1.= & the perturbation in eigenval.ue

mined.
BS=SZ , (B-1)

and

(B + 6B)(S + 5S) = (S + 8S)(D + 5D) . (B-2) = s~6Bsk =
6Dkk i%

,s1;
‘Xks ?.k

X,x’=1
SubtractingEq. (B-1) from Eq. (B-2), and ignoring

terms of second order in the perturbed quantities, k= 1,2>”””, N .

B6S+6BS=6SD+S6D . (B-3) The assumptionthat B can be diagonelizedis

equivalentto the assumption that the set Sl, s ,
2

.... SN is complete, so &sk can be represented as a

linear combinationof the ~,

N

It is convenient to rewrite these equations in terms

of the eigenvalues D~ end the eigenvectors Sk) k =

1, 2, ● ● ● , N, column vectors with elements 6~, -.

?mk = xY~lyt) k = 1,2,*0*, N . (B-8)‘2k’ “ “
.,~. Thus,

A ‘=1
Bsk = DWSk; k=l,2,.. *, N , (B-l’)

and

BSsk+6Bsk = 6SkDti+Sk6D&; k= 1.j2)*00,N.(B-3’)

Substitute Eq. (B-8)into Eq.

X+k. In view ofEq. (B-k),

(B-6) for the cases

X#k:

,,2,”09,N . (B-9)

OrthogonsJ.ityof the unperturbedmatrix S requires

tr
‘k ‘k’ “ $ck’;

k, k) = 1,2,00*, N . (B-4)

Multiplying Eq. (B-5’) by ~, one has

Combining Eqs. (B-8) and (B-9),

z @Bsk “
6sk =

Dti-D1k \+ykksk;
X+k

k = 1,2,00.,N .

(B-1O)

14
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The quantitiesyti are as yet undetermined.

Orthogona.lityof S + 8S requires

(S:+ f@(Sk,+6Sk, ) =t)ti,; k,k’=1,2,...,N.

Subtract Eq. (B-4) from

obtaining

tr~~, +6strs, =o
‘k k kk ;

(13-1.1)

Eq. (B-n) and linearize,

k,k’ = 1,2,*.., N . (B-12)

SubstituteEq. (B-1O) into Eq. (B-I.2),and apply Eq.

(B-4),

[

tr5Bs , ~t;6Bs

2Y&Q t + (1-6ti,) ‘k k kk
+ D@

1
= o;

‘k’k’-Dkk ‘Dk’k’

k,k’ = 1,2,0--, N . (B-13)

In view of the symmetry of 6B one obtains, for

k)k ’ = 1,2,0*”, N,

@3sk , (B-lk)

so the square bracket in Eq. (B-13) is identically

zero. Thus, to preserve orthogonelityof S + 6S (to

first order in the perturbation),it is necessary to

set y
kk

equel to zero. Finally, Eq. (B-1O) becomes
N

APPENDIX c
INPUTANDOUTPUT FOR TR3PERTAPROGRAM

w

Card 1: ~ 80 column alphanumerictitle.

Card 2: 1615 fo~t.

M@E: Positive if there are more cases in

this job.

NL: Number of interferinglevels.

NF: Number of fission channels.

NNLIN:
~qds ~ ifRkj

~.lf$

Equals O lfEqs. (24) and (2s) are

used for R~.

NFLIN: Equals 1 ifEqs. (40) and (41) are

Card 3:
ANuc:

Card 4:

used for C&j.

Equals O if~qs. (39) and (40) are

used for C&)j.

8E1O.3 format.

Target nuclear mass in AMU.

8E1o.3 fO~t. Wi@er-EiseMd parsmters.

Level energy for level 10

Statisticalweight factor for level 1.

Reduced neutron width for level 1

Radiative capture width for level 1.

Partial fission widths for level 1 for

fission channels 1,..., NF.

Cards 5 to 4 + NL: 8E1o.3 format. Wigner-

Eisenbud parameters for remaininglevels.

-

The input Wigner-Eisenbudparameters are edited

together with the total level widths. The remain

ing edits are listed in Sec. ~1. Definitions of

program variables, which label some edits, are

listed on comment cards early in the progrsm deck.
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