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SOLUTIOti OF A NoNLImR INTEGRODIFFERENTIfi EQuNrxot+

BY THE METHOD OF UPPER AND LOWER FUNCTIONS

L

The nonlinear

[

y“(x) = F X,k

by

P. K. Zeragiia

ABSTRACT

integrodifferential equation

~ tix, t,y(t),y’(t)]dt I (1)
a

ia considered. The problem ia to find a function, y(x),
that has continuous firat- and second-order derivatives in
the closed interval [a,b], and in this interval sa$isfies
Eq. (1) and the bound;ry condfti.ona y(a) = yoand y (a) - y;,

where a, b, yo, and y. are given numbers. With the aid of
some functional inequalities, sequences of upper and lower
functions are constructed for certain conditions of the
functions F and K. It is shown that these sequences con-
verge to the solution of Eq. (1) for any given finite
interval [a,bl.

1. Let us consider a nonlinear integro-

differential equation of the form

I 1y“(X) = Fx,k ~ tix,t,y(t),y’(t)ldt . (1)

la I

Let us set up the problem of finding the

function, y(x), that is continuous, that has

continuous first- and second-order derivatives in

the interval [a,b~, and that in this range 8atis-

fies Eq. (1) and the initial conditions

y(a) = y. and y’(a) = y; , (2)

where a, b, yo, and y; are given numbers.

Using the method of contractile mappings,

Zhenkhenl proved the existence of a unique solution

of Eq. (1) with a fixed upper limit of an integral

and for a sufficiently small \kl(b - a). In this

study, with the help of functional inequalities,

we set up, for definite conditions of the functions

F and K, sequences of upper and lower functions

that converge to the desired solution of Eq. (1)

in any finite interval [a,b].

We assume that the right-hand part of Eq. (1)

fulfills the following conditions.

a. The function F(x,u) is continuous snd

limited together with the derivative Fu and

satisfies the condition AFU > 0 in the region

{a~x~b, -cC<u<&]o

b. The function K(x,t,y,y’) is continuous

limited together with the derivatives K and

that satisfy the conditions 1$>0 and y

Z O in the region

B={a=t5xSb, -~< y,y’<=] .

2. Given the above conditions, the following

propositions are valid.

Theorem 1. If the function z(x) is continuous and

has continuous first- and second-order derivatives

1



in the fnterval[a,b], it satisfies the initial

conditions of Eq. (2) and the inequality

I IZ“(X) > F X,x ~ tix, t,z(t),z’(t)ldt ,
a

Then

(3)

z(x) > y(x) npu xc(a,b) , (4)

where y(x) la the continuous function having con-

tinuous first- and second-order derivatives in the

interval [a,b~, and satisfying Eq. (1) and the

initial conditions of Eq. (2).

~. We will get z“(a) > y“(a) from Eqa. (1)

and (3). By virtue of the continuity of the de-

rivatives z“(x) and y“(x), the inequality

z“(x) > y“(x) occurs in some neighborhood,

[a,a+ cl, of the pointx= a, where 6>0. Now

we will prove that the inequality z“(x) > y“(x)

occurs for all xc[a,b].

Let us asaume the contrary. Let x > a be the

firat of the points of the interval [a,b~, where

Zz(;) = y“(;) and, consequently, 2Z(X) > y“(x) at

a S x <~. Then, by virtue of Eq. (2), we also

have z’(x) > y’(x) and z(x) > y(x) at xe(a,=).

From Eqa. (1) and (3), we get, using the

formula of finite Increments,

Z“(Y) - Iy“(X) >Fx,A ~ tix,t,z(t),z’(t)]dt
a I

-1F X,x ~ Ktx,t,y(t),y’(t)]dt
a I

. IAF:f Kcx,t,z(t),z’(t)l
a

I-dx,t,y(t), y’(t)] dt

I-kF~ ~ K; [z(t) - y(t)]

a

I+K;#[z’(t) -y’(t)l dt , (5)

where F:, K;, and K~t designate the mean values of

the derivatives F K
u’ y’

and Ky#, respectively.

From the inequality of Eq. (5), we will get

atx=?

x
z“(z) - y“(=) >A(F& J[ (K;)z [z(t) -y(t)]

a

I+(K;@z’(t) - y’(t)] dt >0 . (6)

The last inequality contradicts our assump-

tion. Therefore, we have the inequality ZH(X) 7

y“(x) for all xc[a,b], and, consequently, z’(x) >

y’(x) and z(x) > y(x) at xe[a, b].

Analogously proved la

Theorem 2. If the function v(x) is continuous

and has continuous first- and second-order de-

rivative in the interval [a,bl, it satiafiea the

initial conditions of Eq. (2) and the inequality

[T
I

V“(X) ‘Fx,k Kfx,t,v(t),v’(t)ldt ,
a

(a=x=b) . (7)

Then

v(x) < y(x) at xe[a, bl.

The functions z(x) and v(x) that satisfy the

inequalities of Eqs. (3) and (7) and the initial

conditions of Eq. (2) will be called, respectively,

the upper and lower functions for a solution of

Eq. (l).

3. It is easy to aee that the inequality

z(x) > v(x) at xc[a,bl always occurs for the upper

and lower functions.

We will show firat that the acts of upper and

lower functions are not empty. To do this, we

assume that

w !K(x,t,y, y’)! = H at (x,t,y, y’)c B. (9)

Then it is not difficult to show that the following

will, for example, be the upper function.

w(x) = y. + y: (x-a)

2



x
+J (x- ~) F[~,~(M+l)(~ - a)]d~ . (lo)

a

It follows from Eq. (10) that u(a) = y. and

W’(a) - y:. On the other hand, using the formula

of finite increments, we will get

U)”(x) -

[

F X,k ‘jMx, t,w(t), w’(t)]dt
a I

‘F[xsA~(wl)dtl-\a IF x,A ~ tix,t,w(t),w’(t)]dt

l’hua, w(x) is shown

and

- K[x,t,w(t),w’(t)]]dt >O.

to be the upper function. The

lower function is constructed analogously.

4. We will now use the method of successive

approximations to conatnct sequences of the upper

and lower functions {Zn(X)] and {Vn(X)], which are

uniformly convergent to the desired solution of

Eq. (l).

Let us assume that the arbitrary upper and

lower functions, ZO(X) and VO (X), are found. Aa

the above discussion shows, such functions can

always be selected.

Then we have

.

\.

I Iz:(x) >F X,1 ~ ~x,t,zo(t),z;(t)]dt ,
a

[
v;(x) ‘Fx,L~ ~x, t,vo(t),v~(t)]dt

a

and

v,(x) - y. + y~(x - a)

[J+7(x-q)F g,k Iti?, t,vo(t), v;(t)ldt d? , (15)
a a

(a~x~b).

It follows from Eq. (14) that

z,(a) = yo, z:(a) = y; , (16)

(18)

I IZ:(X) = F X,A ~ tix,t,zo (t),z;(t)]dt . (17)
a

From Eqs. (11) and (17), we have

z:(x) - z:(x) >0 and xc[a, b~.

But, because

zo(a) - zl(a) = O, and z:(a) - z;(a) = O,

we will get from Eq. (18)

z;(x) > z:(x) at ZO(X) > z,(x)

and xe[a, b] . (19)

Then, using Eqa. (17) and (19) and the formula

Zo(x) > y(x) >Vo(x) at xc(a, b). (13)

Now let us analyze the functions z,(x) and

v, (x) .

z,(x) - y. + yj(x - a)

(11)

(12) of finite increments,

and

z:(x) - IFx,k~ tix,t,z, (t),z;(t)ldt
a

I

= F %,x ~ Ktx,t,zO(t),z~(t)ldt

a I

-[

F X,X ~ ~x,t,z,(t),zf(t)]dt
a I

- iF~ fl K;[zO(t) - z,(t)]
a

+ K;/[z;(t) -

I

Z;(t)] dt > 0. (20)

3



It follows from Eqs. (16), (19), and (20)

that z](x) is the upper function, and that

2.(%) > z*(x). It ia established analogously that

v,(x) is the lower function and that Vo(x) < v,(x)

at xc[a, b].

Continuing this proceat and using the method

of complete mathematical induction, we construct

nequences of the upper and lower functions,

{Zn(X)) and [Vn(X)], that aati.afy the inequalities

Zo(x) >21(%) > ... >Zn(x) > ... >y(x), (21)

and

Vo(x) <v,(x) < ... CVn(x) < ... <y(x), (22)

xc(a, b),

where

Zn(x) - y. + y~(x - a)

[~+7(x-q)F 5,A K[?,t,zn-l

I

(t),z~-l(t)]dtd? , (23)
a a

and

Vn(x) = y. + y~(x - a)

n= 1,2,..., a~x~b.

In addition, aa discuaaed, the inequalities

z(x) > v(x) and z’(x) > v’(x) at vc[a,bl alwaye

occur for any pair of the upper and lower functions

z(x) and v(x).

In this manner, we will construct a mono-

tonically decreasing sequence of the upper and

lower functions. But, because we have vu(x) <

u)(x) at xc[a, b~ for any n, the sequence {vu(x))

converges. Analogously, we verify the convergence

of the aequencea {Zn(X)], {z:(x)], and {v~(x)].

5.

{vu(x)},

.4

Let ua ahow that the ●equencea {Zn(X)],

(z:(x)], and {v~(x)] at n + ~ converge

uniformly in the interval [a,bl. To do this, we

introduce the following designations. Let 60 be

the greatest of the numbers

aup [zO(x) - VO(X)3 and sup [z;(x) - v~(x)l

ata=xsb.

Let N be the greatest of the numbers

aup Ky and ●up KY I

in the region BO, where

BO={a5tsx~b,

Vo(x) = y(x) = 2.(%),

v:(x) = y’(x) = z:(x)],

r

}

and

sup IFU(X,U) = P,

in the region D.

Then, from Eqa. (14)

z*(x) - v*(x)

and (15), we will get

K; [zO(t) - vo(t)]

I 3
+ K;, [z;(t) - v;(t)] dt C 260PN~ ,

.

and

z:(x) - v:(x)

+ K;, [z:(t) -

I

v:(t)] dt C260PN~ .
.

Analogously, from Eqa. (23) and (24) at n = 2, we

will get

.



Z2(X) - V2 (X)

\

=~(x-W’jE)d<~K;[z,(t)- v,(@~
a a

I
+ K;/[z;(t) - v:(t)] dt

()

2F lx ;,a)s~+ 1 ,-= 2bOP
. 6

and

z:(x) - v:(x)

II=~AF@d~ K;[z, (t)- v,(t)~

a a

I

+ K;/[zf(t) - vf(t)l dt

()

2g.&c+l .
-= 260P

4! 5

b-a
Assuming that ~ + 1 = L, we will have

Z2 (x) V2(X) < 260 LP2t? * , (25)
.

and

z;(x) - V;(X) < 260LP2t? @ . (26)
.

Using

induction,

and

that

Zn(x)

z;(x)

the method of complete mathematical

we will obtain

26 [~ (x-a)12*1
- v(x) < ~

(2*1) :
, (27)

L=

260 [&(x-a)12n
- v:(x) < y

(2n)! “
(28)

n = 1,2,3, ...

From these inequalities, it follows, in turn,

Zn(x) - Vn(X)+O and z:(x) - v~(x)+O at

n+= uniformly in the interval [a,b]. similarly,

zn(x)+~(x), vn(x)+~(x), z~(x)+ w(x), and v~(x)+

m(x) at n+~ uniformly in the interval [a,b].

However, because the upper and lower functions are

continuous in the interval [a,b], the lfmj,ting

function Y(X) ia also continuous in the same inter-

val. Analogously, w(x), xc[a,b] is a continuous

function.

Turning to the limit in Eq. (23) and the

equation

we will get

~(x) = y. + y~(x - a)

+f (x- \J%)F ~,A

I
K[f,t,;(t),u(t)]dt d~ ,

a a

and

Hence it follows that

u)(x) - y(x) ,

and

y(x) +

Becauae

I 1F X,x ~ K[x,t,;(t),~’(t)]dt .

la I

the function ~(x) satiafiea the

initial conditions ji(a) = y. and ~’(a) _ y;, it

is the desired solution of Eq. (l).

6. Finally, we will show that our solution

of Eq. (1) which satisfies the initial conditions

of Eq. (2) is unique. Indeed, we will assume that

two Solutions, ~l(x) and ~,(x), exist. Let us

designate by 6 the greateat of the numbere

in the interval [a,b]. Then we will get, com-

pletely analogously to the foregoing,

(III= 1,2, ...) .(29)

5



From the inequality of Eq. (29), proceeding to the

limit at m+=, we will obtain

Thus ,

Thus we have proved the existence of a unique

solution of Eq. (1) which satisfies the initial

conditions of Eq. (2) in any finite interval [a,b~.
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