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Notation
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At - time step
Ay, y = x, p, u, or p - calculated minus exact solution at the given time at the test particle

or leading shock
N - total number of computation cells
p - pressure
q - artificial viscosity
p - density
t - time
u - particle velocity
U - shock velocity
x - distance
2- thickness
Sub-zero - initial

Glossary

Body - the body whose motion is calculated
Calculation - a calculation with the PAD code
Cell - a computation cell of the finite-difference method
Cell size - the cell width, proportional to N-1
Dial - a parameter of the numerical method
Extrapolation - to N = UJ
HE = high explosive
Number of cells - the total number of computation cells N
Piston - a left boundary whose motion is a specified function of time
Problem - a test problem
Residual error - a non-zero extrapolated value of Ay
Shell - a section of the body consisting of a single material

‘-_*-

apshot - a profile at fixed time,

Standard calculation - a calculation with the standard dial settings for the particular
. ~ ~ problem
‘~ ~ , Test particle - the particle whose motion is studied
i!je l-- -“
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E=OI Units
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~=% The units are those of the coherent S1 set based on mm, mg, and ALS,which give p in GPa, p~~~1

9
“~ ~ ~~n_ Mg/mS, u in kmls, and e in MJlkg.
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Significant Figures and Exponents

Numerical values are rounded to three significant figures. Positive and negative exponents
are indicated by P and N. Thus 3N4 = 3 x 10-4.
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ACCURACY OF THE CONVENTIONAL LAGRANGIAN SCHEME

FOR ONE-DIMENSIONAL HYDRODYNAMICS

by

Wildon Fickett

ABSTRACT

The accuracy of the conventional Lagrangian scheme for one-dimensional
hydrodynamics is assessed by detailed comparison with a variety of test
problems having exact solutions. The choice of test problems is made in the

context of wave motions in the pressure range of detonations in condensed

explosives.
For each test problem the calculation is made for 16,32, 64, 128,and 256

computation cells. The results and the exact solution are compared along

particle and shock paths by superposing a plot of the exact solution on a plot
of the calculated result. Also, the integrated errors over a typical time span
are plotted against the reciprocal number of cells.

The effect of changing such parameters of the computational method as
the form and amount of artificial viscosity is investigated.

For these relatively simple geometries, accuracy better than that found for
typical experimental geometries can be achieved with 100or 200cells and a
CDC 7600computer time of a minute or two.

———.———— ——————

1. INTRODUCTION

The “standard” Lagrangian numerical method for one-dimensional inviscid hydrodynamics
described in 1967 by Richtmyer and Morton’ has remained a de facto standard, with only
minor variations, and continues to be used extensively for a variety of problems. Some tests of
its accuracy have been made,2 but we needed a detailed study in the field of shock and
detonation waves in the pressure range associated with condensed explosives.

The first part of this work required a set of test problems that admit exact solutions, and
these have been assembled.’ Here we report on the testing of the standard numerical method,
as embodied in the PAD code’ running on the Control Data Corp. 7600 computer, against
some of the test problems. Throughout this report, the unmodified word “calculation” means
a calculation made with PAD.

The method uses a number of “dials” or parameters of the numerical method, such as the
form and amount of artificial viscosity, the number and distribution of the computation cells,
and the size of the time step. Typical “standard” dial settings are chosen for each problem



(see Sec. II) and, by varying only the number of computation cells, we can display the results
of the calculation and its comparison with the exact solution. Section III contains com-
parisons made with different dial settings. Results are summarized in Sec. IV.

The finite-difference method places p and v at the cell center and x and u at its right boun-
dary. (These locations become important primarily when one is looking at large-gradient
regions. ) The method does not treat shocks explicitly, so the leading shock is located and its
state determined by a separate procedure which differs slightly from that described in the
manual.’ This and other minor changes in the code are described in Appendix A. The code
keeps a “least-active-cell” marker just ahead of the leading shock, and saves time by not
calculating for the inactive cells ahead of it. Only the active cells appear in the snapshots.
The left and right boundaries are represented by dummy cells, and the left dummy cell also
appears in the snapshots. Its state is set equal to that of the first interior cell, except for x and
u, which are calculated from the boundary prescription. The left dummy cell is not included
in the count for the number of computation cells.

The calculations are set up so that the principal wave moves through the body from left to
right. In most cases the wave is produced or supported by a prescribed left-boundary motion.
We call this left boundary the piston, and prescribe its velocity as a function of time. If the
body is of a single material, we use a uniform cell size throughout. If there are two slabs of
material, or shells, a uniform cell size is used within each shell, but a different cell size is used
between shells. Throughout the calculation, we use a fixed time step set at one-quarter to
one-t bird of the Courant value for the cell requiring the smallest value. For each problem, the
calculation is made with 16, 32, 64, 128, and 256 cells. For the standard calculations, an op-
timum artificial viscosity was chosen for each problem by examining the shock’s anatomy
and making the choice for sharpness and critical damping at a typical pressure. Results of
this preliminary study are described in Appendix B. The optimum viscosities are marked
with a superscript c in Table B-II.

The calculated results are given for each problem in turn. The problem numbers are those
of Ref. 3. For each calculation, there are three types of plot: (1) snapshots—profiles at fixed
time, (2) particle histories—the history of the position and state of a test particle (fluid ele-
ment), approximated as the history of a particular computation cell, and (3) the lead-shock
history-the history of the position and state of the leading shock, determined as described
above. We make the comparison with the exact solution in one oft wo ways: (1) by superpos-
ing the exact solution as a dashed line on the plot of the calculated particle or shock history,
or (2) by displaying the difference Ay between the calculated and exact solutions:

Ay = (calculated solution) – (exact solution) ,

where y is x, p, u, or p, at each time of the histories. The standard scale labels of the code are
used in both cases, but the difference plots are labeled by the word “difference” in the title at
the top of the page (and are also distinguishable by their appearance and small range). The
code chooses the scales of each plot to span the range of the data plus a small margin. This
gives maximum resolution, thereby making life tolerable for the designer of the calculation,
but does give a different scale for each plot. The histories show every time step and the
snapshots show every cell. The points are connected by straight lines, and each point is
marked with a dot where this does not make too dense a line. The slight imprecision in
plotting resolution is not caused by hardware limitations but by old software, whose resolu-
t ion is 1024 points per page width (four plots per page for all plots). The finite resolution can
occasionally be discerned in the form of small steps in a nearly horizontal portion of a curve.
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In contrast to the rough snapshots, the particle histories are always smooth, with approx-
imately sinusoidal noise. This can be understood by regarding the set of computation cells as
a system of coupled oscillators. Typically, the passage of a shock excites in each cell a small
spurious ringing. Adjacent cells show similar ringing patterns, but snapshots will show a
random-looking noise because the adjacent cells are caught at different phases. The ringing is
well resolved in the histories because the time step is so small (about one-quarter of the space
step). The shock histories show a random-looking but still periodic noise, due partly to the
nature of the locating recipe. The minor period is the transit time of the shock through a cell,
and the major period is the time required to approximately repeat the same phase for the
time of shock entry into a cell relative to the beginning of a time step.

The results for each problem are displayed in a set of plots selected from the standard
sequence given in Table I. Not all types of plots are presented for all problems. For some types
of plots there may be more than one page, showing different values of N.

The particle histories are for a particular test particle specified for each problem. The
snapshots are at a test time (also specified for each problem), usually the time when the test
particle is about halfway through the wave. The particle history over a truncated time range
is included (item 3 of Table I) because, in those problems with a leading shock, the passage of
the shock over the particle generates such large errors that later errors are hard to see on the
same scale. The truncation consists of removing the initial time segment containing the large
shock-passage errors. The artificial viscosity q has no counterpart in the exact solutions, all of
which have discontinuous shock transitions. The value of q displayed in some of the shock
histories is the maximum (quadratically) interpolated value in the profile at each time.

The extrapolation plots present for each problem the mean absolute value of Ay over the
pertinent time range vs N-’. The truncated time range is used for the particle, and the full
time range for the shock, except in problem 7, where the truncated range is used for both. The
mean absolute value is

where i numbers the times of the calculation steps covering the truncated time range (t,+, = t,
+ At), and y, is the value of y at time i. In most cases these plots become more or less linear as

they approach N-* = O and extrapolate to ]@I = Othere, indicating agreement with the ex-
act solution in the limit of zero cell size. Where this is not the case, we refer to the ex-
trapolated value of I~[ as the residual error.

There is probably no single measure that is suitably representative of the overall error in all
cases. In most cases, the error does not change sign anywhere in the time range studied, so
that the mean absolute value is identical to the arithmetic mean and is quite suitable. When
the error changes sign only once or twice in the range, the absolute value is still the most ap-
propriate, for it gives the mean size of the error, whereas the arithmetic mean could give a
misleadingly small value through cancellation. When the oscillations are much larger than
the mean error, the absolute value is less appropriate, for it then measures mainly the am-
plitude of oscillations. For some of these cases we have also supplied estimates of the
arithmetic mean.

I
I
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A. Results

●Problem 1, Rarefaction. Test problem 1, Fig. 1, is a centered, simple rarefact ion wave
propagating into a semi-infinite slab of aluminum, initially at rest and uniformly isother-
mally precompressed to p = 30. The left boundary is a piston initially at x = O; the rarefaction
is generated by instantaneously decreasing its velocity at t = Ofrom u = Oto U = –1.542,

the exact value being chosen to make the final pressure exactly zero. The calculation
thickness is k = 10 and the coarsest calculation has At = 0.04.The test particle is initially at x
= 5 (cell N/2).

The calculation rounds off the wave head, with motion beginning early, then lags and un-
dershoots at the tail, producing a small spurious tension there. The artificial viscosity turns
on after the minimum velocity point of the undershoot. Its peak value is approximately
proportional to cell size. Typically, the pattern of differences from the exact solution is
qualitatively the same, regardless of cell size. For this problem there is no shock and thus no
need to truncate the time range. The cell-size extrapolation is quite smooth and nearly linear.

●Problem 2, Shock Deceleration. Problem 2, Fig. 2, looks at the deceleration of a shock by
a following rarefaction wave. The left edge of a semi-infinite slab of aluminum is a piston in-
itially at x =0. At t = —0.1304, its velocity is increased instantaneously from u = O to u =
1.743, generating a flat-topped shock of p = 37.3. At t = O, its velocity is instantaneously
reduced to zero again, generating a centered rare faction wave which, with the special equa-
tion of state used, brings the pressure down to exactly zero. The rare faction head overtakes
the shock at x = 10, t = 1 (the initial piston velocity and time having been chosen to give
these even numbers). The calculation thickness is i = 20and the coarsest calculation has At
= 0.04. The test particle is at x = 10 (cell N/2).

The calculated particle motion is similar to that in problem 1. Because of the finite shock
width, the test particle begins to move early, first overtaking the exact trajectory, then lagg-
ing behind it in the undershoot at the tail of the rarefaction wave. The passage of the particle
through the shock generates some quickly damped ringing, most easily seen in the p-u plot.
The number of cycles of ringing appears to be approximately proport ional to N; the frequency
is, of course, proportional to N-i, as is the shock thickness.

The calculated shock is well below the true value, and” the first hint of the slope discon-
tinuity at the overtake appears at 128 cells. The magnitude of the shock-position error in-
creases slightly with time, with the calculated position lagging behind the true value. Both
extrapolations are reasonably smooth.

● Problem 3, Free-Surface Deceleration. Problem 3, Fig. 3, shows the decelerat ion of a free
surface (previously accelerated by a shock) by a rarefaction wave. The left edge of an
aluminum slab is a piston initially at x = –1.5; the right edge is a free surface at x = 8.5. At t
= – 1, the piston velocity is increased instantaneously from u = O to u = 1.5, thereby
generating a flat-topped shock with p = 29.4. At t = Othe piston reaches x = Oand its velocity
is instantaneously reduced to zero, generating a centered rarefaction wave. The shock reaches
the free surface at t = 0.421, accelerating it to u = 3.02; the rare faction head reaches it at t =
1.35, initiating the deceleration; and the rarefaction tail reaches it at t = 2.36, at which point
its velocity has been reduced to u = 0.0189. The coarsest calculation has At = 0.04. The test
particle is at the free-surface (cell N).

The particle motion is again similar to that of problem 1, with the same early motion but a
less pronounced undershoot at the tail. The initial acceleration of the free surface by the
shock (not shown here) leaves the density high by - 1%. This art ifact (exaggerated density

r
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error at an edge or interface) is characteristic of the calculational method and is not reduced
by decreasing the cell size, because the artificial shock width is reduced proportionately. It
can have either sign, depending on the type and magnitude of the artificial viscosity. Passage
of the entire rarefaction wave through the free surface leaves this edge-cell density error vir-
tually unchanged. Note that a small artificial viscosity, approximately proportional to cell
size, is present throughout the deceleration, because the interaction region of the forward-
facing rare faction wave with the free surface has a small positive velocity gradient.

.Problem 7, Decelerating Shock from HE. In problem 7, Fig. 4, a slab of HE is driving a
shock into a magnesium slab. This problem looks at the motion of the interface between the
two materials and at the deceleration of the shock by the transmitted Taylor rare faction wave
of the detonation. The left boundary of the explosive is a piston initially at x = O, the ex-
plosive/magnesium interface is initially at x = 10, and the magnesium slab is considered to be
semi-infinite. At t = O an instantaneous-reaction, steady, unsupported Chapman -Jouguet
detonation is initiated at the piston, whose velocity drops instantaneously from u = Oto u =
– 1, producing a Taylor wave of sufficient extent that its tail characteristic does not affect the
motion in the time range of interest. The shock impedance of the magnesium is sufficiently
low that the wave reflected into the explosive is a (weak) rarefaction. The calculation begins
when the detonation front reaches the interface at t = 1.18. The complete detonation wave
has been precalculated and entered as an initial condition, and the result is a pronounced in-
itial discontinuity at the interface. The explosive thickness is 2 = 10 and the magnesium
thickness is a nominal i = 12. The coarsest calculation has At = 0.04. Half of the computa-
tion cells are in each material, so that the magnesium cells are 1.2 times larger than the ex-
plosive cells. The test particle is at the interface (last explosive cell) on the explosive side.

The calculated particle motion shows a strongly damped oscillatory transient coming from
the initial discontinuity and with a time period inversely proportional to cell size. The posi-
tion error increases with time, with the calculation running ahead of the true solution. The
transient peak value of q (not shown) increases slightly as the cell size decreases, presumably
because the interface cell samples less of the Taylor wave. Again, the shock errors are ap-
preciable. The early shock history is, of course, affected by the starting transient. The
snapshots show some ringing behind the shock and suggestions of the typical undershoots at
the tails of both the Taylor and reflected rarefaction waves. The typical interface density
error, mostly in the inert, is evident in the 128-cell snapshot. The particle-density extrapola-
tion shows what may be a small residual error. We expect some residual density error because
the particle is at an interface.

.Problem 8, Reverberation. Problem 8, Fig. 5, examines the free-surface motion in an
aluminum plate driven by a supported (flat-topped) Chapman-Jouguet detonation in a semi-
infinite slab of explosive. The detonation can be assumed to initiate at the left boundary of
the explosive, and is treated in the same approximation as in problem 7. In problem 8,
however, the piston velocity is raised to the Chapman-Jouguet particle velocity to produce
the desired flat-topped wave. The detonation drives a p = 29.0 shock into the plate, which ac-
celerates by the usual sequence of reverberations.

The calculation gives the explosive a nominal thickness of* = 30 (large enough that the
presence of the left boundary does not affect the plate motion in the time range of interest)
and places the explosive/aluminum interface initially at x = 20. The calculation begins at
time t = 2.50, with the detonation front at the interface, and with the detonation wave en-
tered as an initial condition as in problem 7. The coarsest calculation has At = 0.04. Half of



the computation cells are placed in each material, su that the explosive cells are three times
larger than the aluminum cells. The test particle is at the plate’s free surface (cell N).

The exact calculation of the complete free-surface motion is quite complicated, and we
have not reproduced all of it here. Instead, we use only the second constant-state plateau, ex-
tending from t = 7.27 to t = 10.12. The full time range is t = 6 to 12, including the preceding
and following reverberations. The truncated time range is t = 8.4 to 9.4, approximately the
cent ral t bird of the plateau.

As in problem 3, the calculation shows an initial high density left over from the initial
shock acceleration of the free surface. At the beginning of the plateau, the pressure and den-
sit y show rapidly damped ringing. The velocity overshoots, but rings less. Most oft he ringing
has disappeared from the truncated time range at 256 cells. In addition to the expected
residual density error, both the position and velocity show small residual errors which are dis-
cussed in the next section.

●Problem 9, Blast Wave. Problem 9, Fig. 6, is a spherical blast wave in a -y = 7 polytropic
gas. The initial pressure is zero (to achieve the required infinite shock strength) and the in-
itial density is unity. The center is at x = O.The problem is designed so that at t = 1 the shock
passes through x = 10 with p = 25, U = 10, u = 2.5. The wave is generated by a piston
programmed to follow a particle path of the exact solution. The piston is initially at x = 14.4.
At t = 1/4 its velocity increases instantaneously from u = O to u = 5.74, generating a shock
with p = 132.0, U = 23.0, u = 5.74. Thus there is a fivefold decrease in shock strength over the
time of the calculation. The calculation extends from x = 14.4 to x = 35.6, the outer boundary
being chosen so as to place the test particle at x = 25 on the right boundary of cell N/2. The
coarsest calculation has At = 0.01, a small value at the observation time required by the
strong initial shock.

The particle starts moving too soon and remains a nearly constant distance ahead of the ex-
act solution. A feature not previously seen is the very slow damping of the ringing behind the
shock. The 128-cell snapshot implies that the ringing terminates abruptly at t > 1.75. We
have verified this by an additional calculation in which the particle history extends to time 2.
The 128-cell truncated-time particle history from this calculation is included for comparison.
Another instance of this sudden termination of ringing will be presented in the problem-2
variation in the next section. We are unable to explain this abrupt termination.

The shock also runs ahead of the exact solution in a similar way. The shock noise pattern
differs in appearance from the previous problems because of the small time step—at the ob-
servation time the shock requires about 13 time steps to cross a cell.

●Problem 10, Steady Detonation. Problem 10, Fig. 7, calculates the reaction zone of a
steady, supported Chapman-Jouguet detonation in Composition B represented by a
polytropic gas equation of state with -y = 3. As in problem 9, the desired flow is generated by
programming the piston velocity to be that of a particle passing through the steady solution.
The reaction rate is a function only of A, the degree of reaction. The velocity of the piston, in-
itially at x = O, increases instantaneously from u = O to the spike value u = 4.25, then
decreases following the steady solution until the reaction is finished, and finally is left at the
constant Chapman-Jouguet value of u = 2.125. The reaction-rate multiplier merely sets the
time scale. It is chosen for unit reaction time. The corresponding reaction-zone lengt h is 5.31.
The calculation thickness is i? = 20. The test particle is initially at x = 10 (cell NE). The COar-

sest calculation has At = 0.025. The simple reaction rate used makes p and u linear functions
of time; this gives zero truncation error in the calculation’s integration of u for the piston posi-
t ion, which is thus calculated exactly (excluding roundoff error).

t
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For the smaller values of N, the gross features of the particle motion are like those of
problem 9: the particle begins to move too soon and continues ahead of the exact solution,
and oscillations persist through the reaction zone. With increasing N, the oscillation is essen-
tially undamped. Its period increases with time. The undershoot at the end of the reaction
zone is qualitatively similar to that at the end of a rarefaction wave, but is smaller and is
masked by the oscillations. The artificial viscosity, of course, always turns on at this point.
With increasing N, a nonzero q first appears within the reaction zone at N = 128, and
decreases in size with increasing N. The position error shows a curious change at N = 256: for
smaller N it is always positive when the particle emerges from the shock, and then it
decreases. For N = 256, the error is initially negative, and then increases. We have not made
calculations to examine in detail the final state following the reaction zone, but it appears to
have positive Ax and Ap, a negative Ap, and a Au whose sign is not certain. The final-state
errors in p, u, and p are considerably smaller than the amplitude of the oscillations within the
reaction zone.

The shock also shows some curious features. Trends in the errors with time first become
evident at N = 64, with Ax increasing and Ap and Au decreasing. At N = 128 and N = 256
(not shown), the trend in Ax is reversed, and that in Au has become more pronounced. For all
N, the (peak value of) q oscillates between 16 and 24.

III. PARAME7FER VARIATIONS

In this section we consider the effects of varying the numerical computation dials. We chose
problem 7 as the main testing ground for the fairly extensive and systematic set of variations
listed in Table II. In addition to this set for problem 7, we have investigated the effect of
omitting the energy advance in problem 1, and the effect on a shock of switching to a
quadratic (only) viscosity in problem 2. We have rerun problem 8 with the quadratic viscosity
to reduce as far as possible the braking effect of the artificial viscosity on the compression
waves. We have rerun problem 10 with the quadratic viscosity to see if this would reduce the
small residual error in the mesh-size extrapolation. To save space and make the results easier
to correlate we have settled on a small standard set of plots for most of the variations. The
tabular summary of the next section is also pertinent.

To check the effect of roundoff (not listed in Table II), we used the hardware option of the
CDC 7600 which offers a choice of truncation or rounding in the floating-point operations.
The standard option, used for all of our calculations, is truncation. We completely recompiled
the code, specifying the rounding option, and then repeated the standard calculation for
problem 2. The recompilation changed all arithmetical operations except those in the ex-
ponential routine, which came from the system library. The 250-cell calculation had 1.6 x 10’
“points” (the advance of one cell through one time step). The differences between truncation
and rounding ranged from 5 parts in 1014for x to 1.4 parts in 1011for u. The results for calcula-
tions with fewer cells showed that the error was roughly proportional to ~.

A. Results

Variations on Problem 1. In problem 1, we eliminated the energy by replacing the full
equation of state



p(m) = w(dp. – 1) + (-Y – l)pe

~ = 3, a = 0.264, PO = 2.79

with the corresponding isentrope function r

p(p) = kp~, k = 0.01254,

calculated to pass through the initial state. The exact solution is unchanged because the flow
is isentropic. The calculation is different because it no longer depends on the energy advance.
However, the changes were very small: the differences from the exact solution changed by less
than 1% (oft he differences). In the full equation of state, the first term, which depends on the
density only, is dominant, being about four times the second term in the initial compressed
state.

Variations on Problem 2, Fig. 8. The next variat ion is the quadrat ic viscosity q = O, 1.414
for problem 2 (see Appendix B for the viscosity specificat ion). With no linear term, damping
is very slow, and the viscosity is turned on at some points behind the shock. Oscillation stops
abruptly about halfway through the wave, at a time that is almost independent of N. Some of
the errors are larger than for the standard case; for example, the shock posit ion error is almost
twice as large.

The results illustrate the effect of an underdamped shock produced by a quadratic q or a
small linear q. For a flat-topped shock, a simple shock-state recipe like ours will have a
positive residual error: the oscillations produce a peak pressure above the true value, and this
maximum is picked up by the state recipe. The same will be true for sufficiently large N when
a rarefaction wave follows the shock, for the effect of the fixed physical gradient over the first
oscillation period decreases with N because the period goes as N-1. Another int cresting
property may be inferred from the results: different particles have sufficiently different
histories that some exceed the peak pressure of the exact solution and some do not. The par-
ticular particle displayed does not exceed the peak pressure, but the shock history shows that
some do.

Variations on Problem 7

● q = 0.3, 0 - Underdamped Shock, Fig. 9. The snapshots show that the large oscilla-
tions at the front are rapidly damped; even so, the amplitude of the later oscillation is about
80% greater than for the standard case. Velocity and density errors also are appreciably larger
than for the standard case.

● q = 0.5~ O- Critically Damped Shock, Fig. 10. The behavior here is about the same as
in the standard case. The oscillation amplitude and particle errors are about the same, except
for an appreciably larger density error. The shock history noise is greater than in the standard
case.

● q = 0.7, 0- Overdamped Shock, Fig. 11. With overdamped shock, the oscillation am-
plit ude is less than in the standard case, and shows some irregularity. It is curious that with
this reduced amplitude of oscillation, the snapshots are rougher than those for the standard
case. The particle errors are comparable to those for the standard case, with Ax a little
smaller and Ap a little larger. The shock history noise is about the same as for the standard
case.

8
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•~ = O, 1.414 - Quadratic, Fig. 12. As expected, the oscillation amplitude here is
large—about three times larger than that for the standard—but the particle errors are com-
parable. An interesting feature of the pressure snapshot is the smooth portion centered on the
interface. Unlike problem 2 with this q (Fig. 8) in which the oscillations stopped abruptly,
they here continue; presumably the smooth portion of the snapshot indicates that all oscilla-
tions are in phase. The shock histories show the same qualitative behavior as in problem 2
with this q, and the remarks there are applicable here.

. q = O, 0, 2- PIC Form, Fig. 13. The main difference from the standard is the ‘40~o

reduction in the oscillation amplitude. The particle errors are about the same or slightly
smaller, and the shock histories are very similar. The snapshots are slightly rougher.

● At Halved, Fig. 14. Figure 4 for the standard case shows that the time resolution is

good—about 20 steps per oscillation cycle. Reduction of At would therefore be expected to
make little difference; this was found to be the case, with the particle oscillation about the
same and the errors in p, u, and p slightly reduced.

To investigate the increased noise in the shock history, we made additional runs showing
every particle at every time step over a small region. The switchover from one cell to the next
in the shock finder is the main source of noise. In brief, the explanation is that the smaller
time step resolves this switchover process better and larger fluctuations result. The velocity is
noisiest. Its rise through the shock lags behind the pressure rise. At the switchover, the
velocity of the maximum-pressure cell still has a way to go to reach the top, resulting in a
large dip in the velocity history recorded by our simple recipe.

. At Doubled, Fig. 15. Surprising y, doubling At produces little difference from the stan-
dard case. The oscillation amplitude is slightly reduced, and the errors are almost the same.
The shock history noise is less regular and the snapshots are rougher.

● Changed Cell-Size Ratio, Fig. 16. Instead of having 8 cells each in the explosive and
inert material, we change to 6 in the explosive and 10 in the inert, changing the inert/ex-
plosive cell-size ratio from 1.2 to 0.72. Compared to the standard, the oscillation amplitude is
increased about 400A, the position error is significantly reduced, and the other errors are
changed a little. The shock histories differ slightly, showing smaller errors and a more
pronounced long-period oscillatory component with the changed cell-size ratio.

Variations on Problem 8, Fig. 17. The next variation is on problem 8 with the quadratic
viscosity q = O, 1.414. Again, the most striking feature is the characteristic lack of damping
associated with removal of the linear viscosity. The oscillation amplitude is much
larger—sufficiently so that the original errors in p and u, of fixed sign with small oscillations
superimposed, are converted into errors of alternating sign. The mean velocity error here is
comparable to that in the standard calculation, but the oscillation amplitude is now an order
of magnitude larger than the mean error.

The residual errors are still with us: –0.0076 and –0.001 for Ax and Au, compared with
–0.0068 and –0.0018 in the standard case. These values for the present case have been
arrived at not by looking at the extrapolation plots, whose main component is the large os-
cillations, but by extrapolating averages over the truncated time range. We had hoped to find
the averages greatly reduced by the change to the quadratic viscosity, which should reduce
the frictional braking effect of the Viscosity on the finite-width compression waves of the
reverberation. Such is not the case. We are unable to offer any other explanation of the
residual errors.



Variations on Problem 10,Fig. 18. Finally, we have rerun problem 10 with the quadratic-
only viscosity, q = O, 1.414. The oscillations are several times larger than in the standard
case, but do decay with time. The mean particle errors are appreciably larger for x and p, but
smaller for p and u. The position error has the same form and sign for all N. The viscosity
within the reaction zone is several times larger than in the standard case and regularly dis-
tributed in time. The small trends with time in the shock history are different, with Ax here
increasing with time for N = 128, and decreasing at late times for N = 256. We have included
the snapshots for N = 256 because they show an interesting pattern of “beats,” presumably
caused by changes in phase of the individual-cell oscillations.

The residual mean particle errors are reduced. By examining the graphs we have estimated
mean errors, for x over the truncated time range, and for p, u, and p in the neighborhood oft
= 1.8. The estimated residual mean errors for the standard and for the present calculation are

Standard q = o,1.414

Ax –0.013 –0.009
Ap –0.09 +0.02
Ap +0.007 ‘“o.
Au +0.008 +0.006

Thus switching to the quadratic q reduces the residual error but does not remove it entirely.
Apart from remarking on the persistence of the oscillations, we have no explanation of the
residual errors or of the small trends in the shock history.

IV. SUMMARY AND CONCLUSIONS

The 128-cell errors for each calculation are given in Table III. All are the absolute mean
value as defined in Sec. II. In a few cases where the oscillations are much larger than the
mean error, we have added in parentheses graphical estimates of the mean error over several
cycles in the middle of the time range.

In most cases, the values given are representative in the sense that the linear form inferred
from them for the function Ay(N-’) would be reasonably good. However, there can be ap-
preciable curvature of either sign; in these cases the inferred linear form would be less
satisfactory.

Our results can be summarized as follows:

. Ringing is caused by a shock followed by a wave that decreases the pressure. Typically, a
small residual ringing persists for a long time but may vanish abruptly.

● Errors due to smearing of discontinuities have the expected sign.

. Shock errors (as defined by our recipe for locating the shock) are significantly larger than
particle errors, but the difference varies from a factor to 2 to 3 in problem 9, to 10 or more in
problem 2.

r
.

a.

● Recognized sources of residual error—overheating at an interface and overshoot at a noisy

shock—appear as expected and should be remembered in drawing conclusions.

10
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. Small, but clear-cut residual errors in problems 8 and 10 remain unexplained.

● The sensitivity of the results to variations in the parameters of the finite-difference method
is not as great as we had thought. The effects of such variations are sufficiently diverse that it
is difficult to come up with general recommendations.

APPENDIX A

CODE CHANGES

The shock state is determined in a slightly different way than that described in Ref. 2. It is
located as described there—at each time, its position is taken as that of maximum q as
defined by a quadratic interpolation. But its state is taken to be that of the maximum-p cell,
typically 3 or 4 cells behind that of maximum q. The value of u is that at the center of this
cell, taken as the mean of the left- and right-edge values.

The code provides for centering the energy advance in time by iterative simultaneous solu-
tion of the energy advance and the equation of state. For an equation of state linear in the
energy

p(v,e) = f(v) + g(v)e ,

the iteration is avoided by explicit solution. The current version of the code also allows the
time-saving explicit solution through local linearization of the equation of state, taking

f(v+) = p – (t3p/~e)ve

g(v+) = (tip/i3e)v ,

with e the old energy and v+ the new volume, and with p and (tip/ae). evaluated at (v+ ,e).
The problems affected here are problems 2 and 7, which use the Walsh equation of state. If
chemical reaction is present, as in problem 10, iteration is required to center the advances of
both X and e. The standard number of passes n is 2, and we use this value. A trial calculation

with n = 4 showed little difference.

11



APPENDIX B

ANATOMY OF THE SHOCK

We used three forms of the artificial viscosity: Landshoff (linear), Richtmyer-von
Neumann (quadratic), and PIC (linear). Written in linear combination, these are

q = &JC(AX)U. + B*P(AX)21U, [UX + Cplul (Ax)uX . (B-1)

We specify the viscosity by the values of the coefficients A, B, and C. (If the value of C is
omitted from the specification, C is zero. ) For each of the three forms, we have chosen coef-
ficients ranging from too small (underdamped) to too large (overdamped). Linear combina-
tions oft he Landshoff and Richtmyer-von Neumann forms are popular, and we have included
a number of these. We obtain an infinite-strength shock for the polytropic gases (~ =3 and -y
= 7) by taking zero initial pressure. For these systems, a pure Landshoff viscosity would never
produce a finite pressure because it has a sound-speed multiplier and the initial sound speed
is zero. So for these two systems we have added a small quadratic term to those calculations
for which we would otherwise have chosen a pure Landshoff form. The value of B used in
these cases is too small to have a significant effect on the shock shape.

The calculation is a shock driven by a constant-pressure rear-boundary condition. The
shock is displayed after it has traversed 50 cells. We used an arbitrary choice of AxO = 10
throughout. The time steps relative to the Courant value At *( = c/Ax) in the shocked state are
given in Table B-I. The ratios vary somewhat because we used time steps of the power of 2
next larger than 0.25 At*. In several cases we also tried time-step values twice as large and
half as large as the standard. Cutting the time step to half the standard value usually makes
no significant difference. In some cases, doubling it does make a difference, and we have in-
cluded some such cases in the results.

The results are given in Figs. B-1 and B-2 and Table B-II. From them we have chosen an
opt imum viscosity for each material, the criterion being that the damping be crit ital. These

optimum values are marked with a superscript c in Table B-II. The viscosity variations
described in Sec. III are marked with a superscript b.

Figure B-1 shows (1) snapshots for aluminum, (2) the history of p, u, p, and q fort he fiftieth
cell as it passes through the shock, for each of the materials at the optimum viscosity, and (3)
snapshots and profiles for the quadratic viscosity used in several of the variations given in
Sec. III. The shock crosses a cell in about four time steps, so the histories have about four
times more points through the shock than do the profiles, and are smoother and more infor-
mative. Figure B-2 shows the velocity history for each entry in Table B-I.

Table B-I gives estimates of the shock thickness 6 measured in number of cells. We
calculate 6 from

d = (U/AxO)~ , (B-2)

where ~ is the time width of the shock as illustrated in the first velocity-history frame of Fig.

B-I. We definer as the time width of the shock determined by the straight line tangent to the
point of maximum slope in the particle velocity history. (This definition of course becomes
meaningless for very large or very small viscosities.) The range of the time scales throughout
Fig. B-2 is set inversely proportional to the shock velocity U so that 6 is proportional to ~, as

F.

.

s
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measured by a ruler laid on the page. Table B-I also gives an approximate value of the peak-
to-peak particle-velocity amplitude of the first peak in units of the particle-velocity jump
through the shock, for underdamped shocks which show such oscillation. This measure is
recorded as zero whenever the rise is monotone or slightly bumpy.

As expected, the shocks go from under-to overdamped as the viscosity is increased, and the
Landshoff form with polytropic gas shows more cotnplex oscillations. Away from the op-
timum viscosity, doubling of the time step makes the history rougher and increases the os-
cillation. When the viscosity is large enough (q = (5, 0.125, O) for -y = 7 polytropic gas), one
sees the beginning of instability.
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TABLE I

DISPLAY SEQUENCE

1. Snapshots

2. Test-Particle History

A. Exact solution superimposed on first page

B. A (calculated – exact), all quantities, both pages

C. Same as B with truncated time range

3. Leading-Shock History

A and B as above

4. l~j vs N-’

.
.

p,u, p,qvsx

first page - x, p, u, p vs t

second page - p-u, p-p, q-t

same as 2

x,p, u,pvs N-’

TABLE II

PARAMETER VARIATIONS

Figure Problem Variation

---
---

8
9

10
11
12
13
14
15
16
17
18

1
2
2
7
7
7
7
7
7
7
7
8

10

Remove energy dependence
Roundoff
q = o, 1.414
q =0.3, o
q =0.5, o
q = 0.7,0
q = o, 1.414
q=o, o,2
At halved
At doubled
6/10 cells
q = o, 1.414
q = o, 1.414
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TABLE III

SUMMARY OF 128-CELL ERRORS

Problem Variation

1

p

3

‘1

8

9

10

~

7

7

7

7

7

7

7

7

8

10

Standard

“
“

n

“

,,

“

u

q = o, 1.414

q = 0.3,0

q = 0.5,0

q = 0.7,0

q = o, 1,414

q=o, o,2

At halved

At doubled

6/10 cells

q = o, 1.414

q = o, 1.414

—

Path”

P

P
s

P

P
s

P

P
s

P
s

P
s

P
s

P
s

P
s

P
s

P
s

P
s

P
s

P
s

P

P
s

Ax

0.0031

0.0036
0.042

0.0052

0.012
0.030

0.037

0.040
0.15

0.013
0.019

0.0024
0.053

0.012
0.035

0.012
0.026

0.010
0.038

0.012
0.036

0.011
0.033

0.012
0.032

0.012
0.030

0.0090
0.025

0.032

0.033
0.081

Ap

0.24

0.18
2.6

0.17

0.12
0.59

3.2N4

0.202
0.353

0.31 (–0.35)
0.99

0.45
0.98

0.12
1.45

0.12
0.67

0.12
0.86

0.12
0.48

0.12
0.85

0.12
0.45

0.12
0.59

0.17
0.45

0.091 (-o)

0.64 (–0.32)
1.2

Au

0.013

0.014
0.11

0.014

0.0068
0.049

0.0014

0.011
0.023

0.11 (0.0025)
0.092

0.012
0.058

0.0076
0.15

0.0069
0.083

0.0064
0.075

0.C076
0.066

0.0070
0.075

0.0049
0.062

0.0068
0.049

0.0059
0.043

0.0086 (–0.0019)

0.033 (o *0.01)
0.12

Ap

0.062

0.0043
0.047

0.015

0.0074
0.019

0.029

0.0066
0.0098

0.0062 (–0.0068)
0.054

0.012
0.017

0.018
0.042

0.014
0.021

0.0099
0.028

0.0066
0.013

0.0070
0.027

0.0081
0.014

0.0074
0.019

0.0087
0.015

0.020

0.015 ( –0.014)
0.032

‘P = particle, S = shock
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Substance

TABLE B-I

SHOCK STATES

1. Aluminum (Walsh)
p. =

u=

2. PMMA (Walsh)
p. =

u=

:3.I+]lytropic Gas
-y=

p. =

-i. Polytropic Gas
-y=

p“ =

2.79
5.33 + 1.34 u

1.19
2.57 + 1.54 U

7
O,po=l

3
O,pO = 1.6

P—

30

15

15

60

u, p
—-

1.47
3.49

2.15
1.87

1.94
1.33

4.33
3.20

c, u At/At”

7.41
7.30

5.83
5.88

8.87
7.75

7.50
8.66

0.23

0.26

0.15

0.19
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TABLE B-II

CALCULATED SHOCKS

1.A1

2. PMMA (Plexiglas)

u-Oscillationa
Viscosity (%)

0.1,0,0
0.2,0,0
0.3,0,0
0.4,0,0
bo,1.414,0
0,2,0
‘0.3,1,0
0,0,2

bo,3,o,0
bo.5,o,0
bo.7,o,0
bo,1.414,0
CO.3,1,0
0,0,1
bo,o,2
0,0,3

3. PG (Polytropic gas), -y = 7
1,0.125,0
1,5,0,125,0
same, 2At
3,0.125,0
5,0.125,0
0,2,0
same, 2 At
0.3, 1,0
0.5, 1,0
same, 2 At
‘0.2, 2,0
same, 2At
0,0,2
0,0,3

45
15
0
0

15
6
0
0

33
3
0

10
0

27
0
0

67
27

113
5
2

10
7

20
5

19
2
1

28
5

4. PG,7=3
1,0.125,0 29
2,0.125,0 0
4,0.125,0 0
0,2,0 4
‘0.3, 1,0 0
0,0,2 0

Thickness
(No. cells)

1.0
1.6
1.9
2.9
1.8
2.6
2.6
1.7

1.0
1.3
2.0
1.9
1.6
1.0
1.4
1.8

0.6
0.8
0.3
0.9
1.8
1.9
1.9
1.0
1.1
1.0
2.0
2.0
0.9
1.1

0.7

2.0
2.9
1.5
1.5

‘Peak-to-peak amplitude (first peak to first trough) in u-oscillation, expressed as percentage of shock u,
‘Variations for effect of viscosity on accuracy (Sec. III).
‘Optimum viscosity used for most calculations.
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. PA03. 3F6 - 75JULIW RUN12 LAC? .7. CfCEL . SHCKK FROM HE”
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Problem 7. Decelerating shock from HE. Standard calculation.
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PAD3.3F6 - 75.AL14 Rwli2 LAC2 .7. CECEL SHOCK fFKM K-
IF ICKEIIGY, 1! .536 SEC CN RUN. 155.907 sEC CN JOB
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Fig. 4(cont)
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PAD3.3F6 - 75w14 RuFl15 LAC2 ‘S. REVERBERATION*
TFICKETIGY, .150 S&C ~ Rw, 175.631 SEC ON JOB
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Problem8. Reverberation. Standard calculation.
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P,VJ3.3F6 - 75~Llh RLNi?? LAC2 ‘IO. STEADY DETONATION - ERUN 1. 16 CELLS 07/?1 /75-.
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Fig. 10.
Problem 7. q = 0.5, 0, linear critically damped.
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PA03.3F6 - 75.Ml~ RuN 4 LACI? ‘7. OECEL. SH3CKFROMHE. O
TFICKETIAU. 10.67? SEC ON RU4. 31.8% SEC ON .J2S

7. DECEL.
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ERUN4, 128 CELLS 07/2? /75

-..

PA03.3F6 - 75JJL14 RUN 5 LAC2 .7. OEcEL. StiOCKFROMw. o - 0.5, 0.
TFICKETIAN. 5.873 SEC W GUN, 39.571 SEC CN WE

7. DECEL. SHOCK FROM HE, Q = 0.5. 0 / DIFFERENCE, TRUNCATED TIME / PARTICLES

[
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PA03. ZF6 - 75JJ-14 KwJk LAC2 ●7. CCCEL. SHOCKFl?@l FE, O = 0.5. 0.
9.W5 SEc CN Rw, 30.707 SEc w .JcnTFICKETIAU.
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Fig. 10(cont)
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PA03. ZF6 - 75JW Ih RUN6 LACI? ●7. CECEL. SJ+CCKFFWI Iif,
TFICKETIAW. 8.697 SEC CN RuN, ~9.411 SEC CN JOB

7. DECEL. SHOCK

o = 0.7. O* ERUNI+, I?B CELLS 071?? /75

FROM HE, Q D 0.7, 0 / TIME. Z.0000E+OO

Lo”’’’’’’’ ”I” I’’’ ”’’’ I’’’ I’’’ I’” I’r’l”l

-..
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Fig. 11.

Problem 7. q = 0.7, 0, linear overdamped,
.



PA03.3F6 - 75.LIL14 RW6 LACI? ●7. CCCEL. WCC)( FROMHE, O
TFICKETIAW. 10.7*6 sEC CN Rw.J, 51. ~60 SEC CN WE

7. DECEL.

I I I 1 [ 1 8
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Fig. 11 (cent)
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PAD3.3F6 - 75JUL14 RUN7 LAC? ●7. DECEL. SI+JCKFROMHE, 0 = 0.7, 0“ ERUN~,
TFICKETIAU,

1.?8 CELLS 071.??/75
5.931 SEC W Rw, 59.195 SEc m WE

7. DECEL. SHOCK FROM HE, Q = 0.7, 0 / DIFFERENCE. TRUNCATEO TIME / PARTICLES

-..
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Fig. 11 (cent)
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PM3.3F6 - 75.AJLI% W6 LAC? 07. CXXEL. SlfCXKFROMHE, O = 0.7. 0° Em *,
TFICKETIAU. 9.561 SEC ON Rw,

I.?E CELLS 07/22175
SO.275 SEC ON m

7. DECEL. SHOCK FROM HE, O = 0.7, 0 / LEAD SHOCK

E
E

x

18

16

14

12

10

1 1 t 8 1 1 1
\

t

L ! I ( I 1 ! I
1.2 1.4 1.6 1.8 2.0 2.2 2.4

T,me t (PS)

L’ T I I I ! # 11
2.10 -

2.05 -

2.00 -

1.9s -

1.90 -

1.85 -

\ ,
\

\
\

t. 1. !. l. !. l!. l.!.{!.!.! .11
1.2 1.4 1.6 1.8 2.0 2.2 2.4

.28 -
1 i i I 1

\

1 I

.24 -

\

20 - \

16 -

I t 1 ! ! 1 I

2.6

2.4

2’.2

.2.0

1.2 1.4 1.6 1.8 2.0 2.2 2.4

Time t (Ps)

# , I 1 [ I I 1

\

\

r

I I I I ! I I
1.2 1.4 1.6 1.8 2.0 2.Z 2.4

T,me t (Ps)

-.
.

.“
e

T,me t (IIs)

Fig. 11 (cent)
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PA03.3F6 - 75J&I% RIN8 LAC2
TFICKETIAIJ.

●7. OECEL. SJ+XK FROMHE, O = 0, I. 1+11+.
8.563 SIC CN RUN, 69.104 SEc m .J3a

ERw 4. !?8 CELLS 07/22/75

7. DECEL. SHOCK FROM HE. Q = 0. 1.414 / TIME= Z.0000E+OO

a
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Fig. 12.
Problem 7. q = O, 1.414, quadratic.
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PA03.3F6 - 75.,W14 RiNe LAC2 ●7. OECEL. SHOCKFROMHE, O = O, 1.41+$
TFICKETIW. 10.582 SEC CN RU+4. 71.123 SEC CN WE

ERw 9, 12E CELLS 07/2.? /79

E
E
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PA03. F6 - 75WL14 KUN 9 LAC2 ●7. DECEL. SHOCKFROMHE, Cl = O, 1.~14* ERUN4,
TFICKETIAM, 5.722 SEC W RUJ,

1?S CELLS 07/2? (75
78.655 SEC C+i JC12

=r
o
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E
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7. DECEL. SHOCK FROM HE, Q z 0. 1.414 / DIFFERENCE, TRUNCATED TIME / PARTICLES
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PA03.3F6 - 75JJ-14 RUN 8 LAC2 07. OECEL. SHOCKFROMFE. O = O. 1.414” ERIN~. 129 CELLS 07/22175
TFICICETIAU, 9.393 SEC ~ RUN. 69.935 SEC W .KIE

7. DECEL. SHOCK FROM HE, Q ❑ 0. 1.414 / LEAD SHoCK
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PA03.3F6 - 75JW14 FRmlo LAC2 .7. CECEL. SHOCKFRC+lHE, Q = O, 0. .?* ERUN 4,
TFICKETIAW, 8.515 SCC ON RUN, BB.3?6 SEC ON .J3B

1.?9 CELLS 07/.22175

7. DECEL. SHOCK FROM HE, Q : 0, 0. 2 / TIME= 2.0000E+OO
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Problem 7. q = O, 0, 2, PIC.
..
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PA03.3F6 - 75.,kLlh lwNlo !-AC.? ●7. OECIL. SHOCKFROJlHE,
TFICKETIAW. 10.517 SEC CN RUi. 90.3?8 SEC ~ JSS

7. DECEL.

[“”’’’’’’’’’’’’’’’’’’’” “1

0=0. 0,2S ERw 4, 12S CELLS 07/22175

SHOCK FROM HE. Q = 0. 0, Z / PARTICLES
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Fig. 13(cont)
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PA03.3F6 - 75.AJL14 RUNI 1 LAC2 ●7.
TFICKETIAU.

CCCEL. SHOCKFROFlHE,
5.747 sEC @l RUN. 97.882 SEC ON J~

7. DECEL. SHOCK FROM HE, Q = 0, 0, .2 /

1
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Fig. 13(cont)
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PA03.3F6 - 75uIq KvNIo LAC2 ‘7. CECEL. SHGtKFRCfl WZ, O = O, 0, 2*
TFICKETIAU.

Em 4.
9.32S SEC w W, 89.139 SEC CN J~

[28 CELLS 0712.?175

7. DECEL. SHOCK FROM HE, Q = O, 0, 2 / LEAD SHOCK
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“-
. PAD3.3F6 - 75Jwlq RuNl? LAC2 ●7. DECEL. SHCCKFROMHE, HALF DEL T*

TFICXETIAU, 13.590 SEC C(4 RUN.
ERUN4.

11?.633 SEC ON JW
128 CELLS 07/2.? 175

7. DECEL. SHOCK FROM HE, HALF DEL T / TIME= 2.0000E+OO
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Fig. 14.

Problem 7. At halved.
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PA03. 3F6 - 75.M. 14 ml? LAC.? .7. ~CEL . SHUCKFRCtl HE. HALF OEL .T-
TFICKETIAU. 17.8?4 SEc m m, 116.868 SEC ON m

ERtJN*, 1.?6 CELLS 07/.?.?175

7. DECEL. SHOCK FROM HE, HALF DEL T / PARTICLES
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Fig. 14(cont)
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“.
. HALF OEL 1- ERuN 4. 1?S CELLS 07/.?2/75

DIFFERENCE. TRUNCATED TIME / PARTICLES

PAD3.3F6 - 75wL14 lwN13 LAC2 ‘J. CECEL. SHOCKFRC+lHE.
TFICKETIA!4. 17.684 SEC ON RW. 136.946 SEC ~ J~

7. DECEL. SHOCK FROM HE. HALF DEL T /
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PA03.3F6 - 75.Ll-lq Ruil? LAC2 .7. OECEL. SHOCKFR~ HE, HALF DEL T- GwN q,
TFICKETIAU. 16.147 *C CN W,

12E CELLS 07/2? /75
115.190 SEC ~ .)CM

7. DECEL. SHOCK FROM HE; HALF DEL T / LEAD SHOCK
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Fig. 17.
Problem 8. q =0, 1.414, quadratic.
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