LEGIBILITY N@TICE

A major purpose of the Techni-
cal Information Center is to provide
the broadest dissemination possi-
ble of information contained in
DOE’s Research and Development
Reports to business, industry, the
academic community, and federal,
state and local governments.

Although a small portion of this
report is not reproducible, it is
being made available to expedite
the availability of information on the
research discussed herein.

1



LA-UR -90-97 (Revised)

| Receivod hv DS Ty

i r - - -36.
Los Atamos Nationat Laboralory is operated by the University of Catilornia for the United States Depariment ¢! cnergy under contract W 7405-ENG

LA-UR--90-97-Rev.
LI90 006479

TITLE: AN ANALYSIS Of THE FINITE-DIFFERENCED, EVEN-PARITY
DISCRETE-ORDINATES EQUATIONS IN SLAB S{EOMETRY

AUTHOR(S): W. F. Miller, Jv., Associate Director at Large

SUBMITTED TO. 1990 Annual Meeting of the American Nuclear Socicty,
June 10-14, 1990, Nashville, Tennessee

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thercof, nor any of their
employe=s, makes any warranty, express or implied, or assumes an legal liability or responsi-
bility for the accuracy, completeness. or usefulness of any information, apparatus, product, or
process disclosed. or represents that its use would not infringe privately owned rights. Refer-
ence herein 1o any specific commercial sroduct, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereol. The views
and opinions of authors expressed herein do not necessarily state or reflect those of the
United States GGovernment or any agency thereof.

By acceptanie of this articte. the pubtishar racognizes that the LU § Governmani retains a nonexclusive. 1oyatty-Iree ticense fo pubtish or reproduce
the pubtished lorm ol Ihis contribution, or to attow others to do so, lor US Government purposes

The Los Atamous National Laboratory requests that the pubtisher idenlily 1his article as work performed under the auspices ol the 'J S Decarimaent ol Energy

MASTER
Los Alamos National Laboratory
L@S A @m© Los Alamos,New Mexico 87545

MISTRIBUTION O THIS DOCUMENT IS UNLI."MTJ

SO Gy mse La


About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


Revised: Jan. 31, 1990

An Analysis of the Finlte-Differenced, Even-Parity,
Discrete-Ordinates Equations in Slab Geometry

Warren F. Miller, Jr.
Lcs Alamos National Laboratory

and
University of California, Berkeley

Considerable effort has been expended in recent years in finding improved spatial
differencing schemes for the neutron and radiation transport equations. Standard criteria
used to select a candidate scheme are its order of spatial convergence for small mesh size and

' More

its positivity in the sense that positive solutions emerge from positive input data.
recently, it has become clear that truly robust schemes must behave well in diffusing regions
(e.g. have the correct diffusion limits) and must be compatible with an effective iteration
acceleration method {e.g., diffusion synthetic acceleration [DSA]).Z'3 Recently, Morel and
Larsen reported their work on a promising new method called the multiple balance method that
has virtually all the desirable characteristics. The one drawback they report is a lack of
general positivity.‘1

Here we study a different approach to the problem by considering discrete.-;)r'di;mcs
approximations to the even-parity transport equations. We analyze three spatial difference
approaches: diamond differencing, cell-edge differencing, and cell-center differencing. I or
the casc of isotropic scattering and sources, the latter two approaches are shown to be
strictly positive, to be second-order accurate, 10 be compatible with derived diffusion
svnthetic acceleration methods, and to possess the necessary diffusion limits. Unlike
previons work with the even-parity equation, we do not use finite elements or variational

principles. I
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Considering slab geometry with isotropic sources and scattering, the even-parity discrete-

ordinates equations are

1 d (1%n)+ ofx) x (0 = g (x) $(x) + Q(x) = S(x) (1)
™ dx \o dx '
m=1,2, .., M/2
where x_ is the even-parity flux and is even in angle and the scalar flux is given
by
1 1 M/2
¢(x) =4 [dp W(x.p) = ['du x(x.p) 8 3 w x_(x) (2)

m=1

! involves straightforward algebra per-

The derivation of Eq. (1), presented elsewhere,
formed on the first-order transport equation for positive and negative directions.
If one discretizes the first-order transport equation using diamond-differencing, the

even-parity diamond-difference equations can be derived using a procedure anasogous to that

used in deriving the analytic equations:
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It is important to note that Eq. (3) is algebraically equivalent to the first-order form of
the diamond-difference equations.

A second approach to differencing Eq. (1) is to use cell-cdge differencing, analogous to
what one would use with the diffusion equation. This results in a modification of the removal

term:



h"' iy ™ Xy * "'h Ky - Xpicsy2) * 3G R+ auh D Xy = ih+h DS, ()
™ %1
m=1, 2, .. M/2
i=2, 3,4, .,1
A third approach is to use cell-center differencing resulting in
-2#2 !(&nhl ] xm') (xml 1 + 0 h &n = h S (5)
m 1
y (c{hi+ 9., ) (oh
¢ m=1,2, .., M/2

i=2, .., 11

Clearly, appropriate differenced boundary equations must be used with Egs. (3), (4), and (5).
Considering positivity, it is straightforward to show that the damond-difference

approximation dnes not guarantee a positive solution.l

However, because both Egs. (4) and
(5) form so-called S matrices, they must giv: positive solutions. Further, because their
derivation is completely analogous to familiar derivations of cell-edge and cell-center
diffusion equation differencing, it is clear that the differencing is second-order
accurate.’
Both Egs. (4) and (5) have been analyzed in the thick and intermediate diffusion limits,
and both possess the required diffusion limits. The analyses of the boundary layers for both
cases seem to indicate that the cell-edge differencing approach behaves better than
cell-center differencing when diffusing boundary layers are unresolved.
The DSA equations for Eqs. (4) and (5) are derived by simply angularly integrating them.

This results in:
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The symbols used in Egs. (6) and (7) are standard.3 Fourier analyses of these iteration
schemes indicate that the acceleration methods are as effective as DSA with diamond
differencing.
A simple problem previously solved to compare DSA approaches was used to compare the three

methods.3

The problem is an 8-cm slab, with a vacuum boundary on the left and reflective
boundary on the right. Eight equal mesn cells are used, with varying total cross sections and
a secondary ratio 0.98. A distributed source is present in the right four cells. The Table
depicts the number of iterations for 0.0001 pointwise convergence using DSA with the three
schemes and S‘1 quadrature. As previously reported,3 unaccelerated, the problems require
hundreds of iterations.

It is clear that finite-differenced even-parity discrete-ordinates is a strong candidate

for future use in production computer codes.
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TABLE
NUMBER OF DIFFUSION SYNTHETIC ACCELERATION ITERATIONS

FOR TEST PROBLEM

o;\Method Diamond Cell-Edge Ceil-Center

Differencing Differencing Differencing

1.0 4 4 3l
4.0 6 3 3
6.0 6 3 2
20.0 5 2 2
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