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MODIFICATIONS TO THE OPTICAL MODEL PROGRAM

PIRK

FOR PARAMETER SEARCHES AND TOTAL CROSS SECTIONS
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sity and charge parameters.

-

and total elastic cross sections.

IO

M. D. Cooper and R. A. Eisenstein

ABSTRACT

The pion~nucleus optical code PIRK has been modified to allow
for searches on the optical potential parameters and nuclear den-
The code can simultaneously fit both
to positive and negative pion elastic scattering angular distribu-
tions as well as total cross sections, total reaction cross sectioms,
The operation of the code has
been changed to separate more fully Coulomb from nuclear effects,
hence allowing for the calculatiou of total cross sections.

I. INTRODUCTION

The program has been fully described in the
but for convenience the basic
Though this

work is intended to be self~-contained, those wish-

PIRK users' manual,1

outline of the code is included here.

ing a more complete understanding of the programming
details are referred to Ref. 1.

The program PIRK is a computer code which
solves the potential scattering problem of a rela-
tivistic spin zero particle interacting with a com-
plex optical potential. It does this by numerically
integrating a Klein-Gordon equation for each partial
wave (which includes both the Coulomb and complex
optical potential) from the origin outwards to a pre-
determined match point, where the "internal® loga-
rithmic derivatives are compared to those from the
"external™ or asymptotic Coulomb wave functions for
that partial wave. Phase ghifts are thus obtained
for each partial wave and are used to calculate the
differential elastic cross section and the total re-

action cross section.

I1. THEORETICAL DESCRIPTION

The Klein-Gordon equation for stationary eigen-
states is obtained from the relativistic energy re-
lation

2

g2 - p2c? 24 oy

= C
m0

by the usual replacement ; = —ih$ for the relativis-
tic 3-momentum. We may includez the electromagnetic
potentials K(;) and ¢(;§ in the wave equation by us-
ing the fact that ¢ and %-K have thi same Lorentz-
transformation properties as E and p, namely as the
time and space parts of a 4-vector, respectively.

Equation (1) reads then
>
€ - en? - (-2 nik? 24 2)

< A)“c” = mc
Here E is the total energy, M the particle rest
mass, E the particle 3-momentum. In the treatment
that follows, the electromagnetic interaction be-
tween the charged pions and a nucleus is purely elec-
trostatic and may be represented by a scalar poten-
tial ¢f;) and vector potential K(;) = 0. The poten-
tial ¢f;) will be computed from a finite-sized spher-
ically symmetric nuclear charge distribution. In
what follows, Vc = ed.




The structure of Eq. (1) shows that a potential
energy term cannot be arbitrarily added to Eq. (2)
to account for, say, the strong interaction between
pions and nuclei, The Lorentz transformation proper-
ties of such terms must be investigated first. Lor-
entz invariant parts would be included with mocz,
parts transforming like 4th components of 4-vectors
would be included with E, and so on. Because the
pion-nucleus optical potential is not complctely un-
derstood, it has been commonly assumed that it can
be included with the energy E and the Coulomb poten-
tial:3

E+E - VC - VN

2 x> 2 _ o
B2 (e -v)? - 2y .

In addition, the terms ZVCVN and VNZ are arbitrarily
dropped from the expression for £2.

The Klein-Gordon equation now is

272
tmer? ¢ L @ A%

2

2
= {E° - 2VE+ V" - 2EvN}w .

The operator L2 is the usual one for the square of
the orbital angular momentum, while Vr is the radial
We make the follow-

ing substitutions and definitions:

part of the gradient operator.

u, (1) \ Vv,
2 .2 [ N
= P H u = — 3 u = —
2 i z(cos 0) ¢ he N e
- E .
E"E’:
2 2 E2 - mozc4
k® = (p/a)" = 2
(hc)

and find that the Klein-Gordon equation is

u
[~V 2 . 202 + 1) ] 2 Y
T r2 r m

u

2 2
- 28U, *+ U IT Yo

2
= [k© + Uc

Several forms have been introduced in the literature

for the optical potential U These include the

N
Kisslinger form,4 the Laplacians (local) form, and
an "improved" Kisslinger form.6 In order to have
these various models available in the code, we

define

VooV 25 + v
26UGY = [AP + AV=pV + AT%0 + A0y . (3)

Proper choices of constants A;, A,, A3, A4 encom-
pass all models mentioned above. The quantity p is
the nuclear matter density which we assume to be

p = p(r).
mentioned above and carrying out some algebra we

spherically symmetric: Replacing ¢ as

obtain the following radial equation for each par-

tial wave:

(Azp l)uE + Azp'uz'

2 2
- ASVr o]

A,p?
2 2
{ = + k° - ZUCE + Uc

(2 + 1

4
- A4Vr p - Alp + Azp - 1)}u2. (4)

In the program Eq. (4) is represented as

ul + f(r) uy + [g(r) - &L&—i;ll-u =0 (&)
2 2 £2 2
with Azp'
f(r) = ———
Azp -1
and

Ap'

glr) = (1 - /\20)'1 { i 2

+ k2 - 2U & + U
C C

- Asvrzp S L A4Vr4°}'
Notice that £(r) and g(r) are independent of £ and
are complex functions.

Equation (5) is integrated outward numerically,
beginning at the origin and stopping at the matching
radius. At that point, this "inner'" wave function
uy is compared to our "outer" wave function that is

a solution to the (Coulomb) scattering problem in

the absence of the nuclear potential Uy- The phase
shift 62 is obtained from the relation
2ié D(F + iG) - (F' + iG')
S, = [
g =€ FFr =369 “oF - i0) 2 (6)

The primes indicate differentiation with respect to
r. The quantities F and G are the regular and
irregular Coulomb wave functions,7 respectively, Sl
is the S-matrix element, and D is the logarithmic
derivative of the inner wave function at the match
peint:

)

Yg ' r = match point

D=

Note that we are using Coulomb wave functions that
are solutions to the non-relativistic Schrodinger

equation instead of the ''relativistic' Coulomb



functions which arise when solving Eq. (4) with no
nuclear potential.
but is not large even then. The stability of the
cross sections as a function of matching radius has
been checked and confirms this.
more than offset by the relative ease of computing
non-relativistic Coulomb wave functions over their
relativistic counterparts.

The phase shifts 62 are complex bccause of the
complex nuclear potential and therefore Sy is less
than the unitary limit. The differential and reac-
tion cross sections are calculated from the follow-

ing formulas:
do 2
_— fe
3o = [£@]

£(6) = £,(6) + £,(6)

£.(6) = - exp{2i[o_ - nn(sin %)]}

2p sin® (8/2)

E
n=2zza (F)

i LMAX-1
f&(e) = 7K 250 (22 + 1) SCL(I - SNl) Pz(cos 0)
2igy _ 2i5N2
SCl = e SNl = e 7

8, E, p, and k are the center of mass scattering

angle, total energy, pion momentum and wave number

8, = nuclear phase shift for mzh-partial wave in

presence of Coulomb potential

g, = point charge Coulomb phase shift of 9/& partial
wave
2
a =e“/hc

III. MODIFICATIONS TO PIRK

A. Definition of Total Cross Section and Total

Elastic Cross Section

The presence of the Coulomb force makes the
integrated elastic scattering cross section diver-
gent, and so it is necessary to define a total cross
section which is finite and consistent with the one
commonly adopted by experimenters. If we separate
the full amplitude as done in Eq. (7) into a Coulomb
term and a residual piece, which we hope is domina-
ted by nuclear processes, we can define the total

nuclear elastic scattering cross section as

The error is largest for s states

The slight error is

4 2 2 *
Oer = JARIIEO)|*-1£:(0)|*-2Refe (0) £y(®)]

4 2

fdo lfN(e) [ (8)
o

The total cross section is then given by

0Tot = 0el * 0rcact 9

where we have the following helpful formulas to aid

in the calculation

=T 2
O react * > T(22+1) (1-]S, 19 (10a)

o
Oror * 1 T(2+1) Re(1-Sy) (10b)

B. Modifications for the Separation of Coulomb and

Nuclear Effects

Since PIRK solves a Klein-Gordon equation for
which normal Coulomb wave functions are not solu-
tions, there is a modification to the elastic scat-
tering due to the Vi term in the potential.
Additional changes are caused by finite charge dis-
tributions. In order to calculate a total cross
section and interference term [Zkeﬁg(e)fN(e)] which
do not erroneously assume a pointlike charge distri-
bution, the following modifications have been made.

The full amplitude in Eq. (7) is now written

f=r7

co * %

c1 + f& (1
where

. _
fo * = Z(22+1)P) (1-50p) (12a)

is due to a pointlike charge distribution,
f,

= L
c1 7K i(z"'*l)pzsc.oz(l'scm) (12b)

is the correction for relativity and finite charge,
and




TABLE 1

CHARGE DISTRIBUTIONS AND SCALAR POTENT1ALS

Charge Distribution

Uniform: p(r') = Ze rt <R
4mR ? ¢
c
0 r' >R
c
Modified 2
Gaussian: p(r') = —=& exp[-(r'/R )2 Z-2.1' ,
o R Pl-(r'/R 11435 ?)
c c
Woods-
Saxon: p(r') = 3z e 1

4nR;[1+(1:—°—)2] Leexpl(r-Rc)/a ]
[

= L
£, = 7K i(22+1)P (12c)

N 25c0e5c 12 (1-Sye)

is due to the residual interaction in presence of
Coulomb distortion.

To get the SCll’ the computer program calculates
the wave function for the finite potential by inte-
grating the relativistic Klein-Gordon equation and
matching to non-relativistic Coulomb functions.
Hence, both relativistic effects and finite charge
effects are included in the SCl' The nuclear poten-
tial is taken to be zero.

To get the SN’ the program calculates the rela-
tivistic Klein-Gordon equation and matches to

cmos °C11 + stanCII regular splution

- F251n oCll + G coso irregular solution.

Cl2

C. Spherical Charge Distributions and Scalar Poten-

tials
Gauss' Law for a spherical charge distribution

gives the radial electric field as

T
E(r) = 4—: foo(r')r'zdr' (13a)
T

Potential

Ze? . 2 2
( 55 (3~
¢(R) = §2Rc &3 R /RC ) R < RC
Z/R R > Rc

2
$R) = L erecrrry) - L0 oprr/r )2

R
TR
c
® xa
2 2 - =5
o(R) = fo* 3za_e i x(1 R )

Ta
Ré[h(.riﬁ-)z] R/a L+exp(x-R /a )

and the scalar potential can be derived from Eq.
(13a) by

o(R) = / E(r)dr
R

(13b)

If we require that the charge density .p(r') be nor-
malized to Z = Sfdtp(r'), then we can calculate some

useful potentials from Eq. (13), and they are listed
in Table I.

IV. RUNNING THE PROGRAM

A guide to the input parameters and program op-
tions is given below.
ed.

A sample run is also present-

When running the program one must always be
sure to include enough partial waves in the ampli-
tude sum. As a guide, Table II is presented.

Real (Sz)>.999 was used as a cut off value; the
spaces for each element and energy contain the num-
ber of partial waves required in calculations for
7. Failure to include enough partial waves will
cause spurious oscillations in do/d at high ener-

gies and back angles (and possibly other maladies).



TABLE 11

THE TABLE CONTAINS, FOR SEVERAL ENERGIES AND TARGET
NUCLEI, THE NUMBER OF PART1AL WAVES REQU1RED FOR
GOOD CONVERGENCE OF THE PARTIAL WAVE SUM
(THE NUCLEAR SCATTERING AMPLITUDE)

%3:;§y g 40 S0y 1205, 208,
75 6 8 9 10 11
100 7 9 10 12 13
200 11 16 17 18 19
300 13 19 20 22 24

Program output consists of the fixed paramet-
ers of the calculation, the final search parameters
of the calculation, and the fits to the experi-
mental data.

For each partial wave the quantities

F-SUB-L = %(eZIGn -1
and
S-SUB-L = 210y

are printed for the final fit, A graphical display
of angular distributions and fits is given.

Sample output for the case of 75-MeV T scatter-
ing from ‘He is presented in Appendix A. The test
deck shown in Fig. 1 runs this case.

A. The Search Routines

The program contains an option regarding the
The

choices trade off speed for size of convergence re-

type of non-linear least squares search made.

gion when minimizing

2
X:
The fastest and most economical technique is an
approximate quadratic method written by N, R. Yoder.
It expands the x2 space in terms of first and second
The

second derivatives are approximated by keeping terms

derivatives with respect to the parameters.
quadratic in the first derivatives A step is taken
based on the predicted direction of the minimum in
Xzand a check is made for improvement. If Xzis
improved, further steps are made and if no improve-
ment is found, then partial steps are taken until
convergence is reached. The total number of steps
The

method is similar to the technique described on page

or cycles is limited in the program input.

222 of Bevington.9

(calculation—data)z/(standard deviation)%

8

When near the minimum, this quadratic extrapo-
lation is quite rapid. 1If one is far from the solu-
tion and a parabolic approximation is not valid, the
search can actually go wrong. For example, a very
deep canyon in x2 space which is parabolic only at
the bottom will be very difficult to approach by
this technique. The usual symptoms are seeing the
first step go to a larger xz than the initial calcu-
lation and even having the partial steps fail.

To rectify this situation, an alternate search
method is provided which uses a linear expansion in
the parameters of the calculated data and mixes in
an appropriate amount of gradient search to insure
that Xz decreases. The technique is that shown on
page 232 of Bevington.9 This method has the advan-
tage of having a larger region of convergence, but
at the cost of speed. Its linearization causes the
final minimum to be approached quite slowly even
though it is in the neighborhood. One may discover
that starting the search with this technique and
finishing with the parabolic approach is most effi-
cient.

Experience shows that the first technique will
probably converge within about 5 steps, whereas con-
siderably more steps may be needed for the second.
The user should always check the search history to
see that a true minimum has been reached.

To do a one-shot calculation and check the x2
of the calculation for a set of parameters, use the
first search technique with the number of cycles

set to O.

B. Program Input and Options

Card 1 (1615) JPAR(1),

(a blank card stops program)

JPAR(2),..., JPAR(10)

If JPAR(I)=0, this parameter not searched on
=1, this parameter is searched on

I =1 Re

b0 I=61In b2
2 Im b0 7 A
3 Re b1 8T
4 Im b1 9 AZ = R /(AN)1/3
S5 Re b €
2 10 TZ

For definitions, see cards 3 through 5.




Card 2 (16I5) JDATA(1), JDATA(2), ..., JDATA(8)

JDATA(I) selects the type of data to be fit, (JDATA
(I), I=1,6) are restricted to 0 or 1.

If JDATA(1l)=1 oTot(n+) part of fitted data

(2)=1 oTot(n-) part of fitted data
(3)=1 oel(n+) part of fitted data
(4)=1 oel(n—) part of fitted data
(5)=1 creact(n+)part of fitted data
(6)=1 O (m-) part of fitted data

react

Above quantities defined in Eqs. (8-10)

(7)=nang Number of angles to fit
with T+ elastic scattering.
(8)=nang Number of angles to fit

with T- elastic scattering.

Card 3
NSEAR

(1615) LDX, NCY, LMAX, NPOT, NDEN, NCHAR,

LDX = Number of mesh points not including zero

(Typical
LDX = 0 stops

but including the match point,
value = 200) LDX < 500.
program.

NCY = Number of search steps (Typical is 5)
NCY=0 calculates cross sections at data

For NSEAR=2, more
steps are usually required.

LMAx= Number of partial waves to be calculated.
(% varies from & = 0 to £ = LMAX -1)

NPOT= Choice of nuclear optical potential.
(Default = 1)

points without search,

Blank Default
1 V(r) = - AK® V.oV
N() = - Akbp(r) + Ab, VoV
Standard Kisslinger form3
2 V) = - AP+ b)o(n)
N b o 1
- it Vo)
Local (Laplacian) fox:m4
3 V. (r) = - Ab k% (r) + Ab.V-p¥
N [ 1
E + ]
A [ m“
-5 (S5b, Vo

"Modified Kisslinger" forms

In the above expressions, A = nuclear mass in amu;
k = T - Nucleus c.m. wave number; p = nuclear matter
density; m = nucleon mass; Ec = kinetic energy of

T in cm; bo. bl' and b2 are (complex) input para-

meters.

Card 4

NDEN = Choice of nuclear matter density.
(Default = 1)

Blank Default
2
1 p(r) = ———= .
Z(/ T ow)
z-2 2
T2 T
w
Wty 2+ 1
2 pir) = — 1+ YL
4Tc
(1 + exp{z%-‘:'})—1
t = a/42n3 a = 90-10% "skin
thickness"
3
3 p(r) = 3 <R
4TR
= 0 ™R

For this last distribution, P’ and p'" are set equal

to zero. This P (r) has been used for tests of the

code.

NCHAR= Choice of charge distribution, refer to
Table 1. (Default=2)

Blank Default
1 Uniform
2 Modified Gaussian
3 Woods-Saxon

NSEAR= Choice of type of search performed

(Default=1)

Blank Default
1 Parabolic expansion of XZ
space
2 Mixed gradiant and lineariza-
tion of X2

(8F10.0) DR,E,AN, 2Z, C, A, CZ, AZ

Initial values and constants of the search

DR = Grid size (0.05 fermi is a typical
value)
E = Pion lab kinetic energy

AN = Atomic mass number

ZZ = Nuclear charge

CZ = (Charge radius/AI/S) =T =R
~ 1/3 1/3 ¢

RC = (CZ) AN = roA = Rc

AZ = 8 used only with Woods-Saxon charge
distribution



(1f Rc < mesh size DR, a point charge distribution
results.)

Rc is related to the rms radius of a square wecll by

1/3 /2

_ /5 2.1
roA = (3 <r™>)
C = size parameter for the nuclear matter density

C = w (Gaussian)
C = ¢ (Fermi)
C = R (Square Well)

A = “Thickness" parameter. for nuclear matter density.

Not used (Gaussian)
A = a (Fermi)
Not used (Square Well)

Card 5 (8F10.0) Re bo. Im b
Im b2

Potential parameters-initial values and constants of

0! Re b

1’ Im bl' Re b2‘

the search

Re bo, Im bo = Real and imaginary part of the

parameter b .

Re bl' Im b1 = Real and imaginary part of the
parameter bl'
Re b2’ Im b2 = Real and imaginary part of the

parameter b2.

Card 6 onward (8F10.0):

data point if and only if that datum is to be fit.

There is one card for each

8
Total data cards = T JDATA (I), e.g., if there
I=1

is a fit required to total cross sections and angular

distributions at 15 angles for both " and 7w, then
there are 32 data cards = 1+1+15+15,
For (JDATA(1l), I=1,6) = 1, format is: cross

section, standard deviation.

For (JDATA(7) .OR.JDATA(8)) # 0 format is: angle,

differential cross section, standard deviation.
Units for data are millibarns, center-of-mass
degrees, and millibarns/steradian where appropriate.
A typical data deck is shown in Fig. 1. The
input deck reads from the bottom to the top of the
page.
this case. In the graphical displays of the fits,
the X represents the data and the 0 represents the

fit.

Appendix A shows the corresponding output for

REFERENCES

1.

R. A, Eisenstein and G. A. Miller, Computer

Physics Communications 8, 130 (1974); R. A.

Eisenstein and G. A. Miller, Carnegie-Mellon
University preprint, C00-3244-24,

L. 1. Schiff, Quantum Mechanics, 3rd Edition,
(McGraw-Hill, New York, 1968) Chapter 13.

E. H. Auerbach, D. M. Felming, and M. M.
Sternheim, Phys. Rev. 171, 1781 (1968) and
references cited.

L. S. Kisslinger, Phys. Rev. 98, 761 (1955).

H. K. Lee and H. McManus, Nucl. Phys. Al67,

257 (1971); G. Faldt, Phys. Rev. CS5, 400 (1972);
J. H. Koch and M. Sternheim, Phys. Rev. C6,

1118 (1972).

G. A. Miller, Phys. Rev. C10, 1242 (1974); E.
Kujawski and G. A. Miller, Phys. Rev. C9, 1205
(1974); L. S. Kisslinger and F. Tabakin, Phys.
Rev. C9, 188 (1974); R, Mach, Nucl. Phys. A205,
56 (1973).

Milton Abramowitz, "Coulomb Wavefunction,' in
Handbook of Mathematical Functions, Milton
Abramowitz and Irene Stegun, ed. (Dover Publica-
tions, New York).

N. R. Yoder, University of Maryland, private
communication, 1971.

P. R. Bevington, Data Reduction and Error
Analysis for the Physical Sciences, (McGraw-
Hill, 1969).




Blank card terminates
job unless next case
inserted here.

15 w  angular distribu-
tion cards (angle, dif-
ferential, cross section,
error).

157 angular distribu-
tion cards (angle, dif-
ferential, cross section,
error).

+ -
7% and ™ total cross
section cards (cross
section, error).

First five data cards
described in text.
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Fig. 1. A sample data deck for 75-MeV pions on %fe. The card order is from bottom to top.
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SAMPLE PROGRAM OUTPUT FOR THE CASE OF FIG. 1

APPENDIX A
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CPTICAL MCCEL PARAFETER SEARCF TC FIT DATA
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