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PI-MESON ABSORPTION ON THE DEUTERON

Bruce Goplen, Ph.D.

The nonradiative absorption of positive pi-mesons by deuterons is
studied within the framework of Lagrangian formalism and the impulse
approximation. The pi-nucleon absorption interaction is taken to be
pseudovector; however, the reaction is believed to be dominated by pi-
nucleon scattering. Thus, the main thrust of the investigation is
directed at three different abproaches to the scattering interaction.

First, the Hamiltonian formalism of Koltun and Reitan is extended
to include energetic pions. An off-shell form is chosen for p-wave
scattering which at low energy reduces to the field-theoretical result
of Klein. In the second approach, the S-matrix formalism of Lazard,
Ballot and Becker is adapted for use with phenomenological nucleon-
nucleon wave functions. Here the scattering interaction off-shell is
given by the on-shell amplitudes. Finally, a pion optical model formal-
ism is presented in which scattering graphs are included through modifi-
cation of the external pion wave function. A new second-order optical
model for the deuteron is given.

In all three approaches calculations are performed using phenomeno-
logical nuclear potentials, including the Boundary Condition Model and
the Hamada-Johnston.

Calculated results for total and differential cross sections are

compared with experimental data from 2 to 240 MeV pion kinetic energy.

vi




The S-matrix approach and two forms of the Hamiltonian method are suc-
cessful in representing the data, while the Kisslinger optical model
produces a resonance below the experimental peak. Results are also pre-
sented for pi-deuteron elastic scattering calculations using the pion
optical model, which gives reasonable agreement with the experimental
data.

In conclusion, it does not appear possible to confirm the Galilean-
invariant absorption term with this reaction. However, differential cross
section results exhibit some sensitivity to nuclear models and to the
D-state fraction in the deuteron. An experiment now under way at LAMPF
may allow selection of preferred nuclear models. While use of an on-shell
scattering Hamiltonian gives the desired total cross section, this result
is not credible since calculations show great sensitivity to the off-shell
behavior. The pi-deuteron absorption reaction offers a good means of
measuring this off-shell behavior. Finally, a separable Hamiltonian
interaction density is recommended for the investigation of nuclear

structure using pi-meson absorption.



CHAPTER 1
INTRODUCTION

The absorption of pi-mesons on nuclei has proven a subject of con-

1-49 and exper‘1’menta1.50'73 Particu-

siderable interest, both theoretical
larly important is the reaction leading to the emission of two nucleons,

according to
T+A—> A+ N+N. (1-1)

The reason for interest in this reaction is that kinematical con-
siderations indicate a sensitivity to the short-range nucleon-nucleon
interaction. For example, in the nuclear absorption of a low-energy
pi-meson, the outgoing nucleon(s) must have total kinetic energy roughly
equal to the mass of the pion. The momentum required to make this reac-
tion go cannot come from the low-energy pion, but must instead be found
within the nucleus. This momentum is greater than that generally asso-
ciated with Fermi momenta, so that single-nucleon emission is a relatively
unlikely process. O0On the other hand, the required momentum may be pro-
duced by a correlated pair, and is associated with a very short-range
interaction. Absorption of the pi-meson on the correlated pair then leads
to two-nucleon emission, preferentially back-to-back, from the nucleus.

This process may be represented by the equation,

T+N+N—> N+N . (1-2)



Two-nucleon emission is thus, in principle, a reaction capable of

testing the nuclear correlation function. The possible utility of the
pi-meson in exploring nuclear structure was first suggested by Brueckner,1
who noted the dominance of the reaction (1-1) and proposed the correlated
pair hypothesis.

Of the general class of reactions (1-1), the process,
+
77-/-0’-—)-/D+I0J (1-3)

would seem to be of special interest, since it is more amenable to analy-
sis than processes involving complicated nuclei. The solution of the
deuteron two-body problem using Schrdodinger's equation has been much stud-
ied, often in conjunction with nucleon-nucleon scattering. Thus both
initial and final nuclear states in this reaction are relatively well
known. Of particular importance is the absence in the final state of a
residual nucleus, A*, which is believed to distort the outgoing nucleon-
nucleon wave function.35 Similarly, in the case of the deuteron there is
no nuclear distortion of the incident pion wave function, except by the
absorbing pair.

For these reasons it was hoped that a credible calculation could be
performed for pion absorption on the deuteron. Without an adequate treat-
ment of this process, one could not express confidence in the application (
of similar techniques for the extraction of nuclear structure information. ‘

Much experimental data®272

is available for the absorption of pi-
mesons on deuterons and the inverse reaction, production. These reactions
can be related through detailed balance. Generally, we have emphasized

the absorption cross section, a0 VS @ the incident pion momentum in the



overall-center-of-mass frame, or vs Eps the pion kinetic energy in the
laboratory frame. The first choice tends to more clearly illustrate the
¢ ! behavior of the absorption cross section at low energy and to empha-
size these data. After a minimum near 20 MeV, the total cross section
appears to rise linearly with momentum to a prominent resonance which 1is
centered near 140 MeVY. The cross section then falls off rapidly just
above the resonance.

The differential cross section is symmetric front-to~back in the
overall-center-of-mass frame. In the low-energy region the angular dis-
tributions appear nearly isotropic, while near the resonance, distribu-
tions are strongly anisotropic with peaking in the forward and backward
directions. In addition to total and differential cross sections, some

72 has

polarization data are available. A recent experiment at CERN
obtained differential cross sections at several higher energies. An
experiment now under way at LAMPF73 involves differential cross section
measurements at oion energies between 10 and 60 MeV.

Early experiments involving the absorption reaction and its inverse
helped to establish the spin and parity of the pi-meson. Consideration
of parity conservation, conservation of angular momentum and nucleon-
nucleon antisymmetry allow selection of final-state quantum numbers given
the incident pion angular momentum. Table I presents allowed transitions
for the first five partial waves in the expansion of the pion wave func-
tion. These transitions may be considered to occur from either the 3S;
or the 3D, state of the deuteron.

The proton-proton states given in Table I describe coordinate-space

distributions with respect to the relative momentum vector, E. The



Allowed Transitions from

Pion Partial Wave

Table I

the Deuteron 3S; and 3D; States

Proton-Proton State

3p,
15,, 1D,
3p,, P, - %F,, 3F,
D2, Gy

3F33 SFk - 3Hks 3HS

experimental measurement, on the other hand, involves a distribution in 6,

which is defined as the angle between the nuclear vector, %, and the inci-

dent pion momentum vector, gq.

carries components reflecting the incident pion partial wave.

It can be shown that this distribution

For example,

the final state, 3P;, resulting from the initial state, s-3S;, is iso-

tropic in the overall-center-of-mass frame.

We now review some of the earlier theoretical treatments of this

reaction.

One of the first recorded is the work of Tamor,

40

who con-

sidered the decay of a mesic atom, which consists of a negative pi-meson

bound to the deuteron by Coulomb forces.

This work helped to establish

the pi-meson as a pseudoscalar or pseudovector particle, that is, one of

intrinsic negative parity.

Brueckner,39

%

Another early calculation was that of

who calculated coefficients for the low-energy expression,

Aj;'+ B?,.

(1-4)



This form well represents the experimental absorption data below the
resonance. Physical arguments suggest that the first term is representa-
tive of the pion s-wave, while the second is a p-wave term. As will be
shown in Chaoter 2, the production and absorption reactions can be related
precisely by detailed balance. At Tow pion energy the production cross
section is very nearly proportional to the absorption cross section times
the pion momentum squared. Thus for production, the expression analogous
to Eq. (1-4) contains terms which are linear and cubic in the pion momen-
tum. Many of the early efforts sought to calculate one or both of these
coefficients. The relativistic approach of D. Schiff,46 for example,
obtained reasonable agreement for the ¢® behavior on the low-energy side
of the production resonance.

The majority of calculations, however, have been based upon Lagrangian
formalism. Since the new calculations to be reported here fall into this
category, a brief review is given of preceding efforts of this type.
First, we wish to make clear the distinction between pi-nucleon operators
and the pi-deuteron angular momentum, or partial wave. This problem
arises since use is frequently made of the terms s-wave and p-wave in de-
scribing operators in the absorption Hamiltonian. These designations
refer to the effect of the operator on the pion field. Thus a p-wave
term contains a gradient operating on the pion field, while an s-wave
term contains a gradient operating on the nucleon wave function. This
latter term is also commonly referred to as the Galilean-invariant term.
The words s-wave and p-wave are also used to refer to the form of the
pi-nucleon scattering Hamiltonian. These, too, must be distinguished
from pi-deuteron partial waves. Generally, the distinction will be clear

from the context.



One of the earliest Lagrangian calculations was performed by Geffen,41

who evaluated the differential cross section for the production reaction.

Figure 1 shows a direct absorption graph for the production process.

Fig. 1. Direct absorption graph for
the production reaction.

Geffen calculated transition matrix elements of the form,

m = &Ity (1-5)

where y¢ and wi are nonrelativistic wave functions describing the final
and initial two-nucleon states. The nuclear operator, T, was taken to be
linear in the pseudoscalar pion field; s- and p-wave operator terms were
successfully parameterized independently of energy. The initial nuclear
states, 3P1, So and 'D,, were obtained by solution of the Schrdinger
equation using Jastrow potentials, while the deuteron wave function con-
sisted of a combination of central and tensor Yukawa wells. Geffen ob-
tained reasonable agreement with experimental data near threshold; his
model suggested the importance of the nuclear interaction, in particular,

a repulsive core, and inclusion of the D-state of the deuteron.



A similar calculation was performed by Lichtenberg,42 who also cal-
culated matrix elements using wave functions of physical nucleons. He
considered a Hamiltonian linear in both pion field and pion momentum.

The 1S, and D, states were then used to calculate the contribution to
p-wave pions. The wave functions for the proton-proton states as well as
those for the deuteron were obtained by solution of Schrddinger's equa-
tion using the Gartenhaus potential. This calculation gave qualitative
agreement for the ¢® term in the production cross section near threshold.

In a later publication, Lichtenberg43

demonstrated the role played

by pi-nucleon scattering in the production reaction. In this calculation,
a process was included in which the pi-meson, following production at

the first nucleon, scatters off the second prior to emission. This matrix
element thus included an integral over the intermediate-state momentum of
an off-shell transition matrix for the (3,3) scattering state. The off-
shell form was chosen to reduce on-shell to the free scattering amplitude.
Results showed improved agreement with the ¢ experimental term. Lichten-
berg also suggested the need for experiments near threshold to better
determine the role of s-wave pions in this reaction.

WOodruff44

performed a calculation for the production reaction near
threshold in which both s- and p-wave scattering processes were included
along with the direct production graph shown in Fig. 1. The scattering
processes included forward and backward propagation in time, as illustrated
by the graphs in Fig. 2. Meson production was considered to occur through
the static p-wave term and an s-wave term chosen to make the production
operator Galilean-invariant. Gartenhaus deuteron and Gammel-Thaler

scattering wave functions were used. Woodruff found it possible to fit

the low-energy experimental data with the exception of the pi-deuteron



Fig. 2. Scattering graphs for the
production reaction.

s-wave term. He pointed out that the Galilean-invariant contribution to
this s-wave production was inadequate at threshold, due to cancellation
of deuteron S- and D-state terms, but that s-wave pi-nucleon scattering
(Fig. 2) could give a contribution of sufficient magnitude.

The general approach of Woodruff was also taken by Koltun and

Reitan,??

who obtained better agreement for the pion s-wave reaction.

They considered specifically the absorption of a bound, negative pi-meson
by the deuteron. Direct s-wave absorption as well as s-wave scattering

on either nucleon followed by s- and p-wave absorption on the other were
included. Their treatment differed from that of Woodruff mainly in the
relative phase of the forward and backward terms involving propagation of
the virtual meson. This factor and use of the Hamada-Johnston potential
allowed better agreement with data at threshold. No important difference
was found, however, when the Gammel-Thaler scattering wave functions and .
Gartenhaus deuteron were used. A significant contribution was obtained
from the charge-exchange scattering term. Koltun and Reitan confirmed

the approximate cancellation of the deuteron S- and D-state direct absorp-
tion graphs and thus demonstrated the dominance of scattering graphs even

at Tow pion energies.



This bound-state calculation was later extended to include low-energy
pions by Reitan,48 who included s- and p-waves in the external pion wave
function along with s- and p-wave scattering. New coupling constants
were used in an attempt to gain agreement with the more recent low-energy

data of Rose.71

Interest persists in the low-energy region. Cheon and Tohsaki47
have performed a calculation similar in principle to that of Geffen, using
Hamada-Johnston wave functions for the deuteron and an asymptotic form for
the proton-proton 3P, wave function. They derived a form for the pi-
nuc]eon scattering matrix assuming that the static approximation is appli-
cable. Cheon and Tohsaki considered the basic absorption operator to be
p-wave, and added to this an s-wave operator with a separate coupling
constant as a free parameter. Their main objective was to determine the
value of this coupling constant at Tow energy. They were not, however,
able to achieve agreement with experiment using the usual theoretical re-
duction of the assumed pseudoscalar interaction. Instead, their parametric
studies involving the separate coupling constant indicated close agreement
with the earlier result of Geffen, who had considered only direct
absorption.

A recent production calculation based on Lagrangian formalism has

49 It is notable for the extent

been done by Lazard, Ballot and Becker.
of agreement with experiment through the resonance region. The main fea-
ture of their S-matrix formalism is the inclusion of on-shell free scat-

tering amplitudes directly in the matrix element. In their approximation
I's Lazard et al. considered only s- and p-waves of the outgoing pion, and

calculated Born terms and then corrections to these from proton-proton



scattering. In approximation II, the remaining proton-proton partial

waves were added in Born approximation. Several deuteron pole models
were used; proton-proton scattering was incorporated by modifying the
irregular part of an asymptotic wave function with an exponential cutoff.
By parameterizing this cutoff function, Lazard et al. attempted to con- .
sider the effects of variation in proton-proton short-range behavior.
They found the final state interaction to affect the cross section signif-
icantly; similarly, sensitivity was found to the choice of deuteron wave
function. They were able to compare angular distributions with the recent
data from CERN, but were unable to achieve good agreement with the cos"“®
behavior. Finally, they suggested that their calculation be redone with
wave functions determined using phenomenological potentials.

We turn now to a brief discussion of the work to be presented here.
The main points of interest in pi-deuteron absorption have been demon-
strated to involve the nature of the absorption interaction, the nucleon-
nucleon interactions, both initial and final, and the pi-nucleon scatter-
ing interaction. We generally neglect the question of the absorption
interaction and assume the correct operator to be given by the non-
relativistic reduction of the pseudovector interaction. Sensitivity to
the nucleon-nucleon interactions is explored using realistic wave functions
derived by solution of the Schrodinger equation. Phenomenological poten-
tials used include the Hamada-Johnston and several cases of the Boundary
Condition Model which represent different fractions of the deuteron
D-state. However, the main thrust of this work focuses upon the nature
of pi-nucleon scattering as reflected in the absorption reaction. Three
separate approaches are taken to the absorption problem, each reflecting

a different interpretation of pi-nucleon scattering.

10



In Chapter 2, the method of Koltun and Reitan is extended to include
energetic pions. The p-wave scattering Hamiltonians are taken to be
separable, off-shell forms which reduce at low energy to the field-
theoretical results given by Klein. A free parameter in these forms
reflects the pi-nucleon interaction distance. Still another p-wave
Hamiltonian is created to correspond to the on-shell approximation.

In Chanter 3 we follow the suggestion of Lazard et al. and adapt their
nuclear second-quantization approach to the more physical wave functions.
At Tow energy these first two approaches will be seen to be nearly equiva-
lent. However, important differences occur in the treatment of the p-wave
scattering.

Finally, in Chapter 4 a somewhat different approach is offered in
which terms nonlinear in the pion field are deleted from the Hamiltonian.
Instead, we choose to modify the field in the remaining direct absorption
terms by means of an optical model. Thus, the problem of pi-deuteron
scattering is first solved using local, Laplacian and Kisslinger forms of
the pion optical model. A new, second-order scattering formalism for the
deuteron is offered and found to satisfactorily reproduce the elastic
scattering data. With appropriate modification the resulting pion wave
functions are used to replace the external pion field in the absorption
problem. Direct and charge exchange processes are considered; however,
the backwards propagation graphs and the spin-flip scattering terms are
omi tted.

Within the framework of each of these formalisms, we attempt to cal-
culate the complete matrix element. Thus, all incident pion partial
waves are included, and the treatment of the operators, angular momentum

relations and integrals is without approximation, other than that

11



associated with numerical methods. Calculated results for total and dif-
ferential cross sections are compared with experimental data from low
energy through the resonance region. Chapter 5 summarizes the observations

and conclusions.

12



CHAPTER 2
THE HAMILTONIAN FORMALISM

This work follows closely the theoretical approach of Koltun and

Reitan,45

who calculated the rate of absorption of a negative pion
bound by Coulomb forces to the deuteron in an s-orbital. In their cal-
culation, the Hamiltonian interaction density was evaluated between the
initial pion state, |n,s >, and the final vacuum state, |0 >. The
resulting transition operator was then taken between initial and final
nuclear states. Since only the pion s-orbital was considered, the 3S,
and 3D, initial states contributed only to the 3P, final state.

We desire to extend this theory to include the absorption of ener-
getic, positive pi-mesons by deuterons. It is therefore necessary to
include higher pion partial waves; these will contribute to the final
nuclear states previously given in Table I. The direct absorption
p-wave operator must be retained, and, even for low incident pion ener-
gies, p-wave scattering terms must be added to the Hamiltonian. Several
formulations of this scattering interaction are attempted.

Following the method of Koltun and Reitan, we calculate the nuclear

transition operator,

+ %
T=2T,
=0
where
o 2 [
0= <O/,¢‘=Z/ He [ Foe=r1>

13



and

¢ ° AN .
T = {#%{, H (E-HHie) H; [Fic=+1p 12424
(2-1)

Thus the Hamiltonian interaction density is evaluated between the final
vacuum state and an initfal state which contains a positive pion of
momentum, gq. 7% describes direct absorption while the four other
transition operators include pi-nucleon scattering processes. In the
scattering propagator, E is the total initial energy, while H is the
total energy operator for the intermediate state.

These nuclear transition operators, TQ, may be represented by
graphs of the kind shown in Fig. 3. The first graph represents the
direct absorption process, while the second and third reflect an inter-
mediate pi-nucleon scattering. The third graph is included to permit
the virtual meson to scatter backwards in time. The labels indicate

particle identities for direct- and charge-exchange scattering

processes.

P
d d p(n)

Fig. 3. Direct and scattering graphs for the absorption reaction.

14




The Hamiltonian interaction density for absorption is taken to be
the nonrelativistic reduction of the pseudovector interaction, which is

given by

o _ or .= [.= ~1, —
o= o LG f g+ @Gy 1))

(2-2)

In this equation, ¢j and nj are the pion and conjugate fields, respec-

th nucleon. These fields

tively, evaluated at the coordinate of the §
couple with and are treated as vectors in isospin.

In this and subsequent chapters, subscripts are used to refer to
the nucleon number, while superscripts describe vector components.
Generally, use is made of tensor definitions in describing components
of vector quantities; the exceptions to this are isospin and the pion
field. Gj’ T., X. and Pj refer, respectively, to the spin, isospin,

A
th

spatial coordinate and momentum of the §~ nucleon. The symbol, Qs

represents the momentum operator on the pion field, while ¢, without

sub- or superscript, refers to the external pion momentum. The prime
superscript is used to designate intermediate-state meson and final-state
nucleon variables. The zero subscript on a momentum variable denotes the
zeroth comnonent of four-momentum, or energy. All momenta are measured
in the overall-center-of-mass frame. Finally, the svmbols u and M are
used for the rest masses of the pion and nucleon, respectively. We do not
distinquish the mass of the proton from that of the neutron.

The first term in Eq. (2-2) contains a p-wave operator on the pion

field while the remaining terms are s-wave in character with respect to

15



the field. The sum of the s-waye terms is commonly referred to as the
Galilean-invariant term. The operator ordering implies evaluation of
nucleon momentum after and before absorption.

The coupling constant used in this and all subsequent chapters is
the recently obtained va]ue,74 f2 = 0.077. We point out that f occurs
Tinearly in all matrix elements, and that the coupling constant may
therefore be viewed as an overall normalization factor in the cross
section.

The four remaining Hamiltonian terms describe pi-nucleon scatter-
ing. For the s-wave interaction, we have taken forms similar to those

used by Koltun and Reitan. These are given by K1e1'n75 as

r -/
’Lép' = 4”’\7“ gf 93
and
H;= an ), 4 @‘é”} , (2-3)

The quantities, AL’ are to be determined from the free scattering ampli-
tudes and thus are energy-dependent. H' is a direct-exchange operator,
while H2 contains an isospin operator and thus includes charge-exchange
terms.

It was suggested in Chapter 1 that the absorpticn peak is associated
with the (3,3) scattering resonance. Therefore it would seem necessary
to consider p-wave scattering. Klein has recommended the following

p-wave Hamiltonian terms for use at low energy:

16



and

By = =G (R4)x(34) | (24

The dot-cross product in H* is understood to apply to the isospin-field
operators as well as to the spin-momentum operators.

In calculating matrix elements for the scattering graphs, an inte-
gration is performed over all values of the intermediate pion momentum,
q. Thus it would seem desirable that the scattering Hamiltonian vanish
in the off-shell high-momentum 1imit. A suitable form for the off-shell
behavior has recently been suggested by several authors, including

77

Landau and Tabakin,76 Myhrer and Koltun,”” and Eisenberg, Hiifner and

Mom’z.78 We use this functional form to modify the Klein p-wave terms,

according to

H3 = - A 2T M2*?z¢) éz*%, ¢)

and
‘.‘= —¢n/\/¢[a¢¢;) a+?2¢)/+5_z) (2-5)

In these equations, a is a parameter which can be related to the pi-

nucleon interaction distance. It will be treated here as a free

17



parameter. The expressions in Eq. (2-5) are seen to be equal in the

1imit as a goes to infinity to those of Eq. (2-4). They are also equal
in the low-energy and low-momentum 1imit (g << a and q, << a) where
Klein's results are assumed valid. The forms given in Eq. (2-5) corre-
spond to a separable representation of the pi-nucleon T-matrix;
therefore we shall refer to Eq. (2-5) as the separable Hamiltonian.

The nuclear transition operator described in Eq. (2-1) is calcu-
lated using the direct absorption, s-wave scattering and separable
p-wave Hamiltonians given in Egs. (2-2), (2-3) and (2-5). Details of
this calculation are given in Appendix I. Before stating the result,
we mention the desirability of working in center-of-mass and relative
nuclear coordinates. The transition operator is then cast as a two-body
operator. For coordinate space and momentum, the new variables may be

obtained by the transformations,

52 R"’ZP

and
Ezz ékik- (2-6)
o4

In the overall-center-of-mass frame, the total final-state center-of-
mass momentum, K, must vanish. As demonstrated in Appendix I, use of
this fact allows a reduction in the number of final integrals which must
be evaluated. Treatment of the intermediate state is also discussed in
this appendix. The five terms of the nuclear transition operator are

given by
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and

= "&(4”)%4“- z;&v—e‘gk

#,3 3.t 0@?,(Q2,4le/)‘f?lglw”

Fr- PR e
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/ /(2 k] ify- F'r g

(EF
—-p 2@{24_ % if,é},(a }’Xf—} (2-7)

The nuclear wave functions used in these calculations are found
from a solution of Schrdinger's equation using semiphenomenological
nucleon-nucleon potentials. Included are the Hamada-Johnston potential
and two cases of the Lomon-Feshbach Boundary Condition Model (BCM) which
give different fractions of D-state in the deuteron. A description of
the potentials as used in these calculations is given in Appendix II.
The potentials include tensor coupling terms, and these lead to coupled,
second-order differential equations. These equations are solved numer-
ically using a three point, fifth-order differencing scheme which is
developed in Appendix III.

The boundary conditions for the deuteron problem and two different
techniques used to obtain eigenvalue solutions are presented in Appendix
IV. The initial wave function for each orbital angular momentum state

is written as

/fe) = (Zﬂ')/ KR U,,(f‘) /tTMLSTM> (2-8)
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where the angular momentum and isospin variables in the ket refer to
the relative nucleon-nucleon system. These variables are, in the order
given, total angular momentum and its projection, orbital angular
momentum, spin, isospin and projection of isospin. For the deuteron,
we have J =S =1and T = MT = 0. Orbital angular momentum states
include the S-state (L = 0) and the D-state (L = 2). The plane-wave
factor describes the motion of the deuteron as an entity.

The proton-proton final state is dealt with in terms of its time-
raversed equivalent, the scattering state. The boundary conditions for
the tensor-coupled case are obtained using the eigenstate parameter-
ization of Blatt and Biedenharn. This formalism along with symmetriza-
tion and time reversal requirements are developed in Appendix V. It
will be noted that the final-state wave function is described in terms
of helicity states. Thus, the outgoing relative momentum vector, &,
becomes an important axis for integration and summing angular momentum
components. As shown in Appendix V, a particular component of the

final-state wave function may be written as

’

/%) = @’ " 9l ) | TMLSTMS (2-9)

JLS

where for the singlet and uncoupled-triplet states,

W Gl =i gy [IM
o (F) = —‘?—VE,—-—'-T-(ZLH),L g dut) L'o (2-10)
JLS k r S’M ,
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and for the coupled states,

M i Uy Sz ()
911,3, (Fr) = (acong,+ bsw%,)g ) r o
-ig Ug, 551 (F
— (Q SINE; — bcosej)e r s
where

olzm 0 G | M)
a = ; 2J-1) 4 -/ 0
k ( ) /;, MI

and
N T AP T M
b = ——E—,—' (ZJ+3) A g*llj' (2-11)
The symbol,
JM
LM
SM

3

is a convenient notation for the Clebsch-Gordan coefficient; it may be
idendified with the quantity (L S J M | L M, S Mg) defined by Edmonds.”?
The eigenstate symbols, a, B and Ep, are discussed in Appendix V. For
these calculations, the magnitude of the relative momentum vector is

determined from energy conservation in the overall-center-of-mass frame.

The protons are treated nonrelativistically.
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The matrix element for the absorption reaction is obtained by
evaluating the transition operator between final and initial nuclear

states, according to
{95/T/9f> (2-12)

In this expression, the implied sums over the nuclear states include
total and orbital angular momentum, but not spins or spin projections.
Thus, for a given incident pion energy, the matrix element is a function
of initial spin projection, final spin and its projection and 6, the
angle between incident pion and either outgoing proton. The matrix

element may be written explicitly as

m =7 c(sMMI) Y:'LM(kAjgd'). (2-13)

A=IM-M|

The form of Eq. (2-13) is motivated by results developed in Appendix VI
and is chosen to provide the differential cross section with a functional
dependence on the angle, 6. The symbol, A, is used to denote the exter-
nal pion partial wave.

Given a matrix element expressed in the form of Eq. (2-13), the
differential cross section is obtained by averaging over the initial spin

projection and summing over the final spin and its projection, according to

g% B 32 ™| G a7 (2-14)

JA(A(
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Since the momenta and the matrix element are determined in the overall-
center-of-mass frame, the calculated differential cross section must be
associated with this frame also. For historical reasons, it is usually
expressed as a polynomial in cos6-squared, thus directly reflecting the
external pion partial waves entering the reaction. As shown in Appendix

VII, Eq. (2-14) may be written as

de _ Z a ,) Z\[z,\’.«/)(zu/)

dan 9671‘ P AN MMl

A*/\ 2 olle o y n n
C(SMM,\) C(SMM/\)Z NollXmMm|a af( cos(e)
peiesi[ 2o [ A meu] A =0

(2-15)

In this equation, ap and dﬁ are coefficients which explicitly define the
Legendre polynomials in terms of the cosine function. Equation (2-15)

can be simplified to obtain the form,

dvz o ]
o =,£ g, €os (o). (2-16)

Since the differential cross section expresses the probability for
the arrival of either proton at the target, the total cross section must

be given by

= —I- dao’ﬁ , (2-17)
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In practice, the cross section may be obtained directly from Egs.
(2-13) and (2-14) using the orthonormality of the spherical haymonics.

The result 1is

MVk’ZB ' 1., 2
T = Ws%' [clsmumr)] (2-18)
A:/MI-M/

Alternately, the cosine-squared polynomial of Eq. (2-16) may be inte-
grated to obtain

c
T o= ) =& -
4 - o, et (2-19)

The total cross section for the inverse reaction, or production, can be

shown using detailed balance to be

3 /% y
5 - @) .

We now return to the evaluation of the matrix element of Eq. (2-13)
using results of Apnendix VI. The intearal over the center-of-mass

coordinate, R, vields onlv a delta function in momentum, according to

-3 -(RIR LRR (77 _ o,
Gm)/dee e e ER S(K+g-%") . (2-21)



The matrix element is therefore determined solely by integration over
the relative coordinate, r. The complex coefficients are broken down
into analytic angular integrals and one~dimensional radial integrals
which must be performed numerically. These are labeled RL and IL’

respectively. The result is that the coefficient may be written as

24
o . A -
c(SMMA) = L +(4/rj/2f/u//{7—, ;——(,—Z 2 R.I, . (222

4 JLL (=1

The integrals, RL and IL’ are functions of the initial and final nuclear
quantum numbers as well as the incident pion partial wave. Thus, for
each partial wave, these integrals must be evaluated for all possible
interacting sets of initial and final two-nucleon states. These states
have previously been listed in Table I.

The angular integrals, RL’ are given explicitly in Appendix VI and
will not be repeated here since they are used in all three of the
formalisms to be presented. These integrals were found to satisfy a
Wigner-Eckart result on the Clebsch-Gordan coefficient involving con-

servation of total angular momentum,

Thus, in practice, a momentum projection set involving a nonzero

coupling coeffictent was used to calculate integrals, RL’ and a reduced
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matrix element. The Wigner-Eckart theorem80 was then applied to obtain

results for all other projections.
The derivation of the integrals, RL’ leads naturally to the follow-

ing definitions for the one-dimensional radial integrals:
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I, = -A425(z+-2—?,§ /drr‘—,‘,i,?;;{_, g
Ly= - z;(2+%)/drr"7a f: %W g9
I,= -\ 25(“;%)/%#2-; ﬁ:zfu J
L= -A28(2+ z—g',;—,)/a’rr’—f—72:z ;;,,3
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]
)
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S
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L= wef koS
and
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(2-23)

The nature of each integral is easily ascertained from the preceding

factor. The first four integrals result from direct absorption, while

the next four represent s-wave scattering processes.
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sixteen integrals represent absorption involving p-wave scattering pro-
cesses. The initial- and final-state wave functions are written simply
as u and g', respectively, all other arguments being omitted. The argu-
ment of the spherical Bessel function, jl’ is qr/2. Although the result
of the operator on jx in I and I, is analytic, we have retained the
operator form in preparation for the modified external pion wave function
to be used in Chapter 4. The limits of integration over r are zero to
infinity; in practice, the numerical integration was performed from the
nucleon-nucleon core out to about 20 fermis.

The variables, fn£ and ¥n£, in the radial integrals represent inte-
grals over intermediate pion momentum for s- and p-wave scattering,
respectively. These intermediate integrals are defined by the general

dimensionless forms,

7[1 (r) = I-" 2 M
" (¢ +4<)

and

7?, (,_) — ""(Mz'l' ?2) '-"i d?" 3', 7112(3'1,-)
& ) N

where
2 2
2 —
/' = i/a_4__3- ) (2_24)
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The common factor in the denominators of fnﬂ and fnﬂ is simply the pro-
duct of the forward and backward scattering propagators. Two s-wave
intermediate integrals not in the form of Eq. (2-24) are recast in that

form to allow grouping of similar terms. In particular, these integrals

are

oo fiien )

ey Zéo(r)

and

itz [dp (e di i)
(§+4)

2?;4) ;fl(r) _

(2-25)

For pion kinetic energies below roughly 180 MeV in the laboratory
2
frame we have q2 < 3u%, or ' >0. In this case, and for n + £ odd,
the intermediate integrals are unambiguously obtained by contour inte-

gration. The results are

fr = ") 4] K iy + S h )

and
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The required integrals are given more explicitly by

&

S
<

—u'F
_ égL)_é’_
Mr o,

= '(é;’)z[”'/a'/r)j'r )

s

N3

(1)
" 7 3 ur 85 ar
7500) = (%/%% —é%_)_&—’:j

and
o3 3 N\eT Y s 3 \&¥
(85 - 2 ab) S}

(2-27)

For pion kinetic energies in excess of roughly 180 MeV, we find that
2
q® > 3u?, or ' < 0. In this case, the contour integrals are obtained
by raising the positive real pole slightly above the real axis while the

\
negative real pole is Towered. The general results are then given by
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400 = =4 (LS Gete) + "B Gl )f

n

and

7'{;0) = f;)/ (gj—) -//; (i) + 1) h (ﬁ/r)}
-7 (/u. — /7 (u!r)+(—-/)n ) —mr)}}.

(2-28)

Explicit expressions analogous to those of Eq. (2-27) are easily obtained.
The contribution from the pole, ', in this case reflects an outgoing
spherical wave.

We turn now to some exploratory calculations below the resonance
and present results obtained using various terms in the Hamiltonian
interaction density. At low pion energies, the dimensionless scattering
parameters, AL’ may be determined from results given by Klein. The sub-
script, 2, indicates evaluation in the two-body (pi-nucleon) frame. The

N-star term in the p-wave scattering is neglected to obtain

"
[
O\l\
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A A
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and
3
5= 5F)C8 45 =
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In writing these equations, use has been made of the approximation,
8§ ~ sin §. The s-wave phase shifts are designated 8ot while the p-wave

phase shifts are given by & For these first calculations, the

2t,24"
scattering parameters are not taken to be energy-dependent, but are
instead evaluated near zero energy. With the phase shift parameteriza-

tion of McKin]ey,81

the parameters, AL’ are 0.0054, 0.0445, -0.2407 and
0.1230. However, the energy-dependent results do not change signifi-
cantly in the first 100 MeV.

Figure 4 presents results using various terms in the Hamiltonian.
These calculations were performed over a pion kinetic energy range from
2 to 100 MeV using the Hamada-Johnston potential for initial and final
nucleon-nucleon states. The experimental data in Fig. 4 are obtained
from references 62, 64-72 and 102.

In the first calculation, only direct absorption processes involv-
ing the transition operator, 7°, are considered. As shown in Fig. 4,
the direct absorption result tends nearly to vanish at low energy. This
is a consequence of the accidental cancellation of the s-wave absorption
operator terms from S- and D-states of the deuteron. This effect has
been previously noted by several authors.44’45’49 The contribution from
the p-wave absorption operator, on the other hand, can easily be shown
proportional to the incident pion momentum. This is the behavior exhibited
by the first curve in Fig. 4.

Addition of the s-wave scattering terms of Eq. (2-3) produces the
q-1 behavior which characterizes the low-energy experimental data. This
result is shown clearly in Fig. 4. At 2 MeV, a comparison may be made
directly with the bound-state calculation of Koltun and Reitan. Six of

the integrals in Eq. (2-23), when performed with the 3S; and 3D; initial
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Fig. 4. Cross sections for various Hamiltonian terms.
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above, with Galilean invariance omitted
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and 3p, final states, differ in form from their integrals only by the
factor, jo(gg). This factor is nearly unity for small pion momentum,

so that numerical agreement to within two percent is obtained for all

six comparable integrals. No p-wave scattering is considered in this
calculation, and as the result in Fig. 4 shows, there is clearly no hope
of reproducing the experimental absorption resonance with s-wave scatter-
ing processes.

Next, the Klein p-wave scattering terms given in Eq. (2-4) are
added to the calculation. Equivalently, the separable forms in Eq. (2-5)
may be used with a value of infinity for a. In this case we have for the
intermediate integrals, ;nﬂ > fnﬂ' Inclusion of the Klein p-wave terms
leads to the excessively large result shown in Fig. 4. This result would
seem to reflect the divergent nature of the intermediate integrals, in
particular, fy,.

By evaluating these integrals numerically, it is possible to intro-
duce a cutoff in the intermediate pion momentum. Use of a cutoff in the
Klein p-wave terms is found to improve substantially the agreement with
experiment; however, the calculation is extremely sensitive to the
cutoff value chosen. This simply reflects the divergent nature of the
critical integrals.

Several alternatives to a sharp momentum cutoff are possible. First,
it is apparent that a simple reduction in the power of ¢ in the p-wave
intermediate integrals will have a beneficial effect. This idea suggests

that useful forms for the p-wave scattering Hamiltonians might be

W = A ig (2 6)(34)
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and

-3 2

H; = AN YT (; é)x("”gé) : (2-30)

These forms have the property of kinematical equivalence at low energy
to the on-shell free scattering amplitudes. For this reason, we will
refer to Eq. (2-30) as the on-shell Hamiltonian. It will be seen that

the angular properties of Eq. (2-5) are unchanged; thus the essential

replacements in Eq. (2-23) are simply

r.o. s £
7{3’/( A 2/(’.)
~ F
folr) = Sty (r)
and
~v % )
752(/—) — /32(") : (2-31)

The result using the on-shell p-wave Hamiltonian of Eq. (2-30) is shown
by the solid curve in Fig. 4. This curve is seen to reasonably represent

the experimental data. This result bears some similarity to that pre-

48

sented by Reitan, = who extended his previous calculation to 20 MeV pion

kinetic energy with new scattering parameters to obtain better agreement

with the data of Rose. Reitan's p-wave scattering Hamiltonians are
believed similar to those of Eq. (2-30).%2
We present one other calculation of interest using the on-shell

83

p-wave Hamiltonian. Following a suggestion by Miller, ~ we delete the
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s-wave operator from the direct absorption term, H°. Certain integrals
in Eq. (2-23) are therefore omitted and kinematical corrections are
made to those remaining. The calculation is now frame dependent; the
result shown in Fig. 4 is obtained in the overall-center-of-mass frame.
Again, the small difference between this result and that preceding it
reflects the cancellation of the direct s-wave terms. However, the
main point is that the calculated cross section for this reaction is
relatively insensitive to the presence of the Galilean-invariant term.

Although the p-wave Hamiltonian terms given in Eq. (2-30) are
reasonably successful in reproducing the experimental data, this result
would not seem to have a firm theoretical basis. First, in the Tow-
energy 1imit, these forms do not reduce to Klein's results given in Eq.
(2-4). It also seems reasonable to require that the Hamiltonian vanish
far off-shell, while for the forms in question, the off-shell and on-
shell properties are the same and constant.

We turn now to the p-wave scattering Hamiltonian suggested in Eq.
(2-5). These terms were created expressly to satisfy the requirements
stated above. In this approach, o is treated as a free parameter. To
permit calculation through the absorption resonance region, the scatter-
ing parameters, AL’ are taken to be complex and are determined according
to results presented in Appendix VIII rather than those given in Eq.
(2-29).

Figure 5 presents results for calculations performed with the full

Hamiltonian, including the p-wave terms of Eq. (2-5). These results were

obtained using the Hamada-Jdohnston potential for initial and final nuclear
states, and three different values of the off-shell paramater, o. As can

be seen, the calculation shows great sensitivity to this parameter.
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Fig. 5. Cross sections for the separable Hamiltonian and
Hamada-Johnston wave functions.

————— a = 200 MeV/c
———— o = 300 MeV/c
a = 400 MeV/c
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A similar set of curves is shown in Fig. 6 for the Boundary Condi-
tion Model with 7.55% D-state in the deuteron. These results are seen
to be very similar to those obtained with the Hamada-Johnston potential,
and exhibit the same degree of sensitivity to the off-shell behavior.
The fourth curve in Fig. 6 was obtained using the value, o = 300 MeV/c,
and the Boundary Condition Model with 4.60% D-state in the deuteron.

As can be seen from Figs. 5 and 6, a value of o slightly in excess
of 300 MeV/c seems likely to produce a reasonable fit to the experimental

78 77

data. Previous estimates of this parameter have included 230, 336

and 51976

MeV/c. Thus this calculation would seem extraordinarily
sensitive to the off-shell parameter.

It is not difficult to see why this process is so sensitive to the
off-shell character of pi-nucleon scattering. If the initial and final
states of the nucleons are taken to be on-shell, then the intermediate

pion must propagate with an energy, q0/2 (the external pion must give half

its energy to each nucleon). The intermediate momentum is then given by

$-5-7. (2-32)

Thus knowledge of the behavior of both the absorption and scattering
vertices is required far off-shell. It is assumed that Eq. (2-2) repre-
sents the absorption vertex correctly, although at higher pion momenta
this can be questioned. But the essential point is that the off-shell
momentum enters the matrix element through both vertices.

We turn now to angular distributions calculated using the value,

o = 300 MeV/c. Results in the following figures present comparisons
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- Experimental data 3
from Refs. 62, 64-72, 102.
] | ] |
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Fig. Cross sections for the separable Hamiltonian and Boundary

Condition Model wave functions.

200 MeV/c, 7.55% D-state
300 MeV/c, 7.55% D-state
400 MeV/c, 7.55% D-state
300 MeV/c, 4.60% D-state
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for the three different nucleon-nucleon potentials. For the Tow-energy
data, we follow precedent and plot the ratio of the two leading coeffi-
cients of Eq. (2-16) vs incident pion momentum. These results are com-
pared in Fig. 7 with an experimental data compilation by Rosenfe]d.63

We note that only the coefficients, Co and C,, enter our calculated
ratio. On the other hand, the experimentally determined ratios are
probably the result of forcing the data to a degree-two fit, and may thus
include higher-order terms. Therefore, use of this ratio may be mislead-
ing, and we would prefer comparison directly with the cross section
measurements.

In Fig. 7, the Boundary Condition Model with 7.55% D-state is seen

to give similar results to the Hamada-Johnston, which has a 7.00%

D-state. The 4.60% D-state BCM case lies considerably above the other
two, thereby implying a possible sensitivity to the fraction of D-state
in the deuteron. The previously mentioned experiment at LAMPF is
designed for accuracy sufficient, in principle, to permit selection of
a preferred nuclear model.

For higher energies, we follow the usual convention of plotting the
differential cross section vs cos28. These results are compared with
experimental data at six pion kinetic energies in Figs. 8 and 9. The
calculated results are seen to give reasonable agreement with experi-
ment, particularly below and near the resonance.

Above the resonance, there is experimental evidence for negative
coefficients in the higher powers of cos?6. It should be pointed out
that this calculation has neglected multiple-scattering graphs as well

as the nonunitarity of the proton-proton wave functions. This absorption
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Fig. 7. Differential cross section coefficients for the
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Differential cross sections at 91, 114 and 142 MeV
for the separable Hamiltonian with a = 300 MeV/c.
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Fig. 9. Differential cross sections at 165, 187 and 230
MeV for the separable Hamiltonian with o = 300 MeV/c.
————— Boundary Condition Model with 4.60%

D-state

— —— — Boundary Condition Model with 7.55%
D-state
Hamada-Johnston potential with 7.00%
D-state
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effect is particularly large above the resonance for the 3D, state,
which is dominant in this energy region.

On the whole, however, this calculation gives a satisfactory
representation of the experimental data. Further, the results show
sensitivity both to off-shell pi-nucleon scattering and to the nucleon-
nucleon potential.

It may be asked why the calculation which uses the on-shell pi-
nucleon amplitudes given in Eq. (2-30) works as well as it does. The
answer may 1ie in the following considerations. The on-shell replace-
ments substitute ¢?§+§ in an integral which involves other functions of
¢. We have just argued that the proper replacement should be something
Tike q+q'(¢® + oc‘*)/(q'2 + a?), so that we need to compare the constant, gq,
to ¢'(q% + az)/(q3+ a?) over the important range of integration. The
magnitudes of these two functions are very similar in this region.
However, for the reasons stated previously, we regard the cross section
fits obtained using the constant on-shell forms of Eq. (2-30) as

fortuitous.

45



CHAPTER 3
S-MATRIX FORMALISM

Lazard, Ballot and Becker49

(LBB) have recently presented an
S-matrix calculation based upon Lagrangian formalism for the absorption
of a positive pion by a deuteron. This calculation makes extensive use

of an earlier work84

which develops the formalism for obtaining nuclear
reaction amplitudes within the framework of a second-quantized theory.
Thus, in the pion absorption problem, LBB are naturally led to a plane-
wave representation of the two-proton state. This calculation is referred
to as the Born approximation. They also calculate terms for the first
two pion partial waves using a modified asymptotic form for the *P,, S,
and D, two-proton states. These terms constitute the most significant
part of the total matrix element; this calculation is referred to as
approximation I. In approximation II the remaining pion partial waves
are included, using the Born approximation for the two-proton final
state.

In this chapter we recast the S-matrix formalism as a nuclear state
operator. This is done to permit use of more physical wave functions as
well as the matrix element formalism already developed im Chapter 2. The
LBB formalism is briefly reviewed before the equivalent nuclear transi-
tion operator is given. Calculated results are then presented for sev-
eral wave functions and approximations.

In the LBB formalism, the S-matrix element is given in terms of

in-out formalism by
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out, n

3, = <FEleg> (3-1)

4

The symbols used in this chapter will generally be defined accord-
ing to conventions established in Chapter 2. The four-momenta symbols in
Eq. (3-1) are understood to contain all isospin and spin variables. The
S-matrix element is related to the transition matrix element through the

relation,

5, = - 2mi S(B+E-E %) T, (3-2)

L

where the transition matrix element is given by

T = REEIT 8>, (3-3)

In this expression, J; is the adjoint current operator of the deuteron;
d
it is expressed as

J;f = /df’fdg <eg/g>a[@+. (3-4)
o [ 2

+ + . .
Here ap and JP are single-nucleon production and current operators,
1 2

respectively. Use is made of Eq. (3-4) and the identity,
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q

a;' = af out y; /a’xo J;,T(x,) , (3-5)
o

in Eq. (3-3) to gain the result,

r = [dB<ERlg )EI 9> - [dE<ERIg X AloIE)

2

-/
+ Japd (rrlg) AL (e nrid 5|2 o)

The first two terms in this equation represent direct absorption pro-
cesses; these terms may be identified with the first graph shown in
Fig. 3 of Chapter 2. The third term in Eq. (3-6) contains all of the

scattering effects, and is written explicitly as

out
s AL DR G I AN D,
/c/ffa’fzc@ e lR) E-F-g- B rit
out, , , , ,
" (&?/jf;’?>(?/\ff;lg’> + exchange{/;:’Z}
E-R-%-%"F, * L€ .

(3-7)

It is now possible to identify these terms with the Tast two graphs shown
in Fig. 3. Expressions for the absorption and scattering vertices will

be given shortly.

In the LBB formalism, the deuteron vertex is given by
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{relg)

where ¢ is the Fourier transform of the deuteron wave function:

$(2%) -

(zr;)% df e ‘

B

2-F . =
EEF T e, ow o s
¢ \/417/7 G S/z('”)/z' (3-9)

In this equation, u and w represent the S- and D-states of the deuteron,
respectively. The tensor operator, S;, (r), is defined in Appendix II.
LBB assume that the absorption vertex is given by the nonrelativ-

istic reduction of the pseudovector interaction, or

ElR 1) =
ik e (5 m-a G, M1 T Ryl M) Hup),

(3-10)
where



for the forward (backward) propagating pion, and

7[01,%) = %‘4(5 wo © -,,9) (3-12)
V2 841 Suu, v

for the absorption of positive, neutral and negative pions, respectively.

They choose for the scattering vertex the form,

oul

SEFIT %) =

_ S(B+Z-R- @)w Y _
G NLZE R, oM+ a-3a58 [EM) 313)

In this expression, W is the total pi-nucleon on-shell energy. The
partial-wave functions, f, and f,, are specified in terms of on-shell
scattering amplitudes, written symbolically as 22t 24 LBB define for

+ +
the process, m + p~>7m + p,

A

£ = s rofibs

I3 -

and

£ =1r-¢g (3-14)

+ 0
and for the process, m +n-=>m + p,
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and

£ = %Z—{P—P—P + P ] (3-15)

In Appendix VIII, the process amplitudes are found to differ in sign from
those given in Eq. (3-15); however, inspection of the isospin operators
of Eq. (2-7) indicates that terms for this process and the one preceding
it are to be subtracted, whereas LBB add terms to obtain the absorption
matrix element.

The essential feature of this calculation is now apparent from
inspection of Egs. (3-13), (3-14) and (3-15). That is, LBB assume that
the off-shell behavior of the scattering amplitudes is identical to
their on-shell behavior. This calculation is thus similar in principle
to that performed in Chapter 2 using the p-wave Hamiltonian of Eq. (2-30).

Finally, LBB write the differential cross section as

’

d_a:d_' — 0 M_& ﬁ _l_ M. z (3_]6)
ae (an) 2 2 3spIZns/ hl 5
where
3o, - = =
T, = (2n) (R+E-E-FIM, (3-17)

Mfi is the matrix element calculated in this formalism.
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In reconstituting this matrix element as a nuclear operator, we
delete the internal sums over spins and the integral over the coordinate,
r. The isospin coupling coefficients and f(u,u;) functions are evaluated
explicitly. Finally, the plane wave factor is identified as the complex
conjugate of the final-state wave function; it, and the deuteron wave
function are removed. The resulting operator is renormalized to allow
use of Eq. (2-14), which is kinematically equivalent to Eq. (3-16). A1l
expressions for cross section developed in Chapter 2 are then applicable.
The nuclear transition operator derived from the S-matrix formalism is

given by

+ a2 G (e 2f+e o")

i»ﬁ// 2/(2+F:F F*)? F-l-Fk/Z
VRE  (F-ZXF+&)

z (15#'*'C5z.)</?§LZL!LZ' - é?.égféa.;)'
iP5 ) S )R

E

VKB (F-gXF+%)

( arm)
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e e i i
3(2m)? * ‘/k;Po (F_ 55')(""'5;')

dgwe P /(HFF F")?-ﬁ‘f/e] 244
ke (F-2)XF+&)

(3-18)

In writing this expression, use has been made of an alternate form for
expressing pi-nucleon scattering amplitudes; correspondence with the

form given by LBB is obtained through the re1ation,85

F3Tg = 3§ ri0FAE, (3-19)

We have also used the LBB symbols for various combinations of the free-

scattering amplitudes,

s 483," S, ,
p T G 35
and
G, = 4B,-F — 4P +P, (3-20)

as well as the propagator terms,
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and

r - ’ -
F = ~g+g+FR (3-21)

When evaluated on-shell, both the propagator terms in Eq. (3-21) are
about equal to the quantity, ¢o/2, used in the pole model calculation of
Chapter 2.

It is possible to make an identification of the operators in Eq.
(3-18) with those given in Eq. (2-7). The direct absorption terms, for
example, are seen to be very nearly identical.

Following the procedure developed in Appendix VI, we write the

matrix element as

m =2 c(sM'MN) YTM(/efzd) . (3-22)

A=[m-m/
Again, the complex coefficients in Eq. (3-22) are calculated by summing

over a product of angular integrals, RL ,» and one-dimensional radial

integrals, IL’ according to

24
COS'MMA) = 4./\+/(4”5/;7[/a-/»é% Z »a R, I . (3-23)

JLL =1
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As stated previously, the angular and radial integrals are functions of

the pion partial wave as well as initial- and final-state quantum numbers

which must be summed over in calculating coefficients.

buting states are identified in Table I of Chapter 1.

Again, the contri-

Expressions for the angular integrals, RL’ are given explicitly in

Appendix VI. The radial integrals for this formalism are now defined as

follows:

= 214 3) [P 2 5% - )i
L (e B[t 90208,
- - Elrrti(%-£)9"

= -Efarii (a:*ff-’) g

H
|

~
]

, +-éﬂ%%/drf%u;(§;-—é)sﬁ‘:

I = +—-/aa_z“-°/drr-—— f'(dr “’ 9

~
"

R —é-/u(G”,+Gz)(z+g-;)/drrz

.~
F
- s fp(apra (e E)fdrr 2
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and

[ ~
= +u - M(G,+6,)(2 24 g
6 )(+2M)/dr ré ,
= 4u e/“(@/p*c’)(z*zu)/f/ ;Ligéf;ygﬂ,
= - £ u(6,+6G i/ td Fgod L
/u(”, ) arr r éa-/(dr r
L =- —+ GG_%/ 2U 7 ord L
" 6/1(,’-/- Z)M drr/" 7517;-/(5’F+7t
I = -——/- G.+G _% 2_{1— o d "
e e DR g (G R) T
__ ! % ~ .
i (‘*'P*G*)ﬁ/f/rf’%é&% +
= u 7 ,»
1-/7 +/‘{ 6/“&‘8(21'_ )/dr ;‘éo ,
_ u v o *
I, = 4/4—6'-/46 (2+ _e.) drr 2_; Maaﬁ g
= Ly )
1, = ipgue (e B)far 4,
I =+ 4er 4 g
» = A /16(27‘ )/dr r 7{;2 2‘;\# J,
SRRk /0""'—722& (4-%) 9
I, = -3 MG, ZZ/c/r 3"'; £1) 9"
I = —-— —_ d L "
Y L f,?m(y“‘;)f/
-__ﬂ@_f’_’g drr _‘_‘_f (a’ L'+1 >
2 M o2t M ar T) J .




These results may be compared with those in Eq. (2-23).

The s- and p-wave intermediate integrals are now given by

(g) Z 4 a’g»% L(&r) (F+F)

b (7 = &%%w%) fer

(4 ACZ,
£ = (z+2M) 2 4 (f;x/__% (2+ Fof ”*F)J_

~ r.) L ~
[ - (8) 54 (‘Z?;;ii;) iz

~ C/ g.ak(%} ) FZ-F' Ft
Firy = (o) £ 4 (f,xF%( 7 o

and

"’j?cfz(?) FLF  FtF
(2 2 (F&XF%)Z " )r‘

w2
~
3
Il

(3-25)

This choice of normalization is made to allow comparison with similar
functions in Chapter 2. The important difference in form, of course,
arises from the treatment of the p-wave scattering. However, the forms
given above correspond closely to those resulting from the on-shell

Hamiltonian of Eq. (2-30). In the present case, the intermediate
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integrals are performed numerically; in absence of a cutoff, use is made

of the recursion relations,

-1 /d 2+l
Fruy 4.0 (1) = _A [5,7*-—;)/,,'[0)

and

£ = A (e -2)h . (3-26)

nH, 241

Several approximations for the propagator are possible in evaluat-
ing these integrals, including a pole model calculation similar to that
used in Chapter 2, the calculations of LBB in which the Fermi motion is
taken to be zero, and, at the other extreme, a calculation in which the
initial nucleon energy is determined by momentum conservation at the
scattering vertex. These differences are found, however, to have only
small effect on the calculated cross section.

The full calculation outlined above includes all pion partial waves
and thus corresponds closely with LBB's approximation II. We have modi-
fied their formalism to include for all pion partial waves the final-
state two-proton interaction as determined from solution of the
Schrodinger equation.

In addition to the above calculation, we have also coded approxi-
mation I of LBB. This calculation is given explicitly in their paper in
terms of integrals, matrix elements and angular dependences. Approxima-
tion I includes only the first two pion partial waves; specifically,

twenty terms involving the *P;, 'S, and !D, states are given. To check

58



the formalism developed in Chapter 2 and used in similar form here (begin-
ning with Eq. (3-18)), comparisons were made directly with approximation

I calculations. In approximation I, the external pion wave function is
set to one. Thus to obtain agreement between the two calculations it is
necessary to modifv the spherical Bessel functions in the radial inte-
grals in Eq. (3-24) in addition to removing about one hundred terms from
the matrix element (for the first two partial waves alone). However,

the two explicit calculations can be shown equivalent and are found to
give numerical agreement. Agreement is also obtained with the original

86

approximation I calculations performed by Lazard. For this verifica-

tion work, use was made of the deuteron pole models of Gourdins7 and

88

McGee™™ and the final-state wave function proposed by LBB. This wave

function is given by
- .5' ! ’ . ‘
ger) = @ ‘/‘{‘(,{Wé;:}y(k") - ;{ MS‘,'Z,(M)/Z | (e2)

where nl,is the scattering absorption coefficient, and the cutoff factor

multiplying the Neumann function is

_ gz Kt o8
fo= ()" (329

In this expression # is the parameter used by LBB in their absorption
calculations to explore sensitivity to the short-range interaction. For

our comparisons, the phase shifts used are MacGregor's solution 4.89
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With regard to calculations using approximation I, we make the fol-
lowing comments. First, we find that deletion of the (pion) spherical
Bessel functions from the radial integrals has the effect of increasing
the total cross section by about 10%. Use of the phase factor, e-LaLZ in
the wave function, while not in agreement with results obtained in
Appendix V, can be shown not to affect this calculation. With use of
Eq. (3-27), we find the cross section at high energy to be dominated by
the effect of nonunitarity (ML.< 1) in the !D, state. As also noted by
LBB, the Born calculation gives results some 30% in excess of approxima-
tion I at the resonance. If the nonunitarity of the D, is neglected
(the 3P, is not important at high energy) so that only the real part of
the MacGregor phase shift is used in Eq. (3-27), the effect is actually
to enhance the calculated cross section over the Born term. On the other
hand, at lTow energy the nuclear scattering matrix is unitary, and inclu-
sion of the 3p; phase shifts lowers the calculated values from the Born
result to near the experimental values. We also find that the shift in
the resonance seen in going from approximation I to approximation II
comes not from the additional pion partial waves, but the inclusion of
operator terms which are omitted in approximation I. The effect of adding
higher partial waves seems to be an overall enhancement of the cross
section as opposed to a shift in resonance. These features will be seen
to carry over into calculations using the Boundary Condition Model and
Hamada-Johnston wave functions. We now present the results of several
calculations using these wave functions.

Figure 10 shows results obtained for approximation I. The spatial
dependence of the external pion wave function has been included in the

calculation, however, so that approximation I here refers only to a
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specific selection of the terms given in Eq. (3-23). The pi-nucleon
phase shifts used are those of McKin]ey;81 amplitudes are evaluated in
the two-body center-of-mass frame. The propagator is calculated assum-
ing momentum conservation at the scattering vertex; however, as also
noted by LBB, this makes 1ittle difference in the calculation. It does
have the effect of making the intermediate integrals converge more
rapidly. Figure 10 illustrates an effect also noted in Chapter 2: that
is, the percentage of D-state in the deuteron is found to have surpris-
ingly 1ittle effect on total cross section. This possibly may be ex-
plained in terms of the quadrupole moment, the equation for which has
been expressed in Appendix IV. Since the first term in Eq. (IV-6) domi-
nates, an ad hoc renormalization of the D-state wave function, while
presumably having greater effect upon the absorption calculation, will
detrimentally affect the quadrupole moment, which is a relatively well-
known experimental quantity. This illustrates the importance of varying
the percentage of D-state in a consistent way by changing potential or
boundary terms used in solving the Schrodinger equation. The latter
course is followed for the Boundary Condition Model.

A second observation involves the extent of agreement with experiment
beyond the resonance. The wave functions used to obtain the results
shown in Fig. 10 are, of course, unitary. This behavior thus differs
markedly from that previously described involving the use of Eq. (3-27).

The effect of possible uncertainties in the pi-nucleon phase shifts
is explored by also using the CERN 1 theoretical-fit data.90 For this
calculation, the numerical data are spline-fitted in momentum to allow
interpolation between points. Below 10 MeV, forms of first and third

degree appropriate to the phase shift are used; otherwise the form is
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taken to be a degree-three polynomial. Results for this calculation are
compared with those using the McKinley parameterization in Fig. 11. In
both cases the Boundary Condition Model with 7.55% D-state is used. The
CERN phase shifts appear to slightly improve the fit for approximation I;
however, the difference does not seem significant. This conclusion may
be generalized to include all results obtained in Chapters 2 and 3. The
calculation in Chanter 4 shows more sensitivity to the phase shifts due to
their use in a pion optical model.

Figure 12 presents results for the full calculation using all terms
in the expression (3-23) and all pion partial waves. In practice, it
was found that the fifth partial wave had insignificant effect upon
either total cross section or angular distribution; thus calculations
were usually terminated with the fourth partial wave, A = 3. The general
effect previously noted for the inclusion of missing terms and higher
partial waves can be seen by comparing these results with those in Fig.
10. The full calculation does not appear to compare favorably with
approximation I in agreement with experimental data.

The next three figures present differential cross sections obtained
for the full calculation. Following the convention established in Chapter
2, we calculate the ratio of the two leading coefficients in Eq. (2-16)
to illustrate angular dependence at low energy. These results are shown
in Fig. 13. Comparison may be made with results shown in Fig. 7 for the
off-shell Hamiltonian. We find a similarity in these results, particular-
ly regarding the apparent effect of the D-state fraction in the deuteron.

Angular distributions at six higher energies are shown in Figs. 14
and 15, which make evident the necessity for considering higher pion

partial waves. It is found that inclusion of the third partial wave
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does, indeed, proyide a negative cos“e coefficient at higher energies,
thus better fitting the experimental data. However, when the fourth
partial wave is added, the coefficient becomes overwhelmingly positive,
and this is illustrated clearly in Fig. 15. Thus the angular distribu-
tions seem slightly worse in this respect than those given previously

by LBB for approximation II.
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CHAPTER 4
OPTICAL MODEL FORMALISM

In this chapter, a new approach to the absorption problem is pre-
sented in which scattering graphs are incorporated through a pion
optical model. In this calculation, only those terms in the Hamiltonian
which are Tlinear in the external pion field are retained. The incident
pion plane wave is then modified using a pi-nucleus potential to reflect
the scattering effect.

First, the general pion optical model formalism is developed; vari-
ous forms and kinematical transformations are presented. The deuteron
density function is obtained from the nucleon-nucleon S-state wave
function, taking into account the pi-nucleon interaction distance as a
free parameter. Results for the scattering problem using this formalism
are presented. Next, a second-order formalism for the deuteron is devel-
oped in anticipation of absorption calculations. Scattering calculations
show an improvement over those obtained with the general formalism.
Finally, the absorption problem is considered using this second-order
scattering formalism; identification is made with previously given graphs.
Great sensitivity is shown to various optical model parameters.

We briefly review multiple scattering theory, which provides a
fundamental basis for the pion optical model. The total Hamiltonian for

the pi-nucleus system is given by

H =4V, (4-1)
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where the pi-nucleus potential, V, is assumed to be a sum of two-body

(pi-nucleon) interactions:

A
V=2 v (4-2)

H = H +T (4-3)

where HA is the total nuclear Hamiltonian and TTT is the pion kinetic
energy operator.
The pion wave function can be separated into plane wave and scattered

components:
</=¢+¢$, (4-4)

The Schrodinger equation then can be written as

(E-H~T -v)($+¢) = o, (4-5)

where E is the total energy of the system. It is understood that Eq.
(4-5) operates upon the nuclear wave function. It can then be shown

that Eq. (4-5) leads to the result,
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% = i'/v+ Va"\/+-~/7;z$J (4-6)

where the propagator, a, is given by

a = E-H+.i€ . (4-7)

From Eq. (4-6), it can be seen that the pi-nucleus scattering matrix is

a solution of the Lippmann-Schwinger equation:

4 (4-8)

A formal solution for the problem of pi-nucleus scattering is given

by the Watson multiple scattering series.g] This series is of the form,

A / A l - V4
F = Zt. + 2. t.a't. oo (4-9)
=1 % ff=r 4 #
<F§

In this expression, € is the pion bound-nucleon scattering amplitude.
Restrictions on the indices prevent summing successive scatterings on
the same nucleon; however, all other combinations are allowed.

element for elastic scattering from the nuclear ground state is then of

the form,
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<l = <]
Z Gl 2 Em Gl ampml 6oy + e L o

44

In this equation, the propagator matrix element is diagonal. In any
case, virtmal nuclear states are to be neglected in the coherence approxi-

mation, so that Eq. (4-10) becomes
(o|Flop = AE + A(A-DEG'E + o0 (4-11)

Use has been made of antisymmetrized nuclear wave functions to obtain a

result used above:

A
{o[Z t;[0) = AE" (8-12)
‘=1t

The amplitude, ¥, therefore includes a suitable average over isospin.
The impulse approximation consists here of the assumption that the
pi-nucleon free scattering amplitudes are not modified in the presence

of nuclear matter. That is,

t ¢’ (4-13)
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where £ is the free scattering amplitude. The series in Eq. (4-11) can

be summed to obtain

~ At
(olFlo) = TapaT . n

Multiplication of this expression by the factor, (A-1)/A, allows identi-

fication with the potential in Eq. (4-8). This result is

{olv]o) = (a-1)¢E . (4-15)

For large nuclei (A>>1), one can make the approximation,
{olvfo) = At. - (4-16)

This is the usual pion optical model result. In effect, the multiple

scattering problem is reduced to a two-body (pi-nucleus) potential

problem. -
We next develop several common forms of the pion optical model. In

momentum space, the two-body potential of Eq. (4-16) is given by

FIVID = A<ELa+tFEBSGEH | wm
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This expression is seen to explicitly include terms for the first two
partial waves of pi-nucleon scattering. Spin-flip terms shown in Appen-
dix VIIT may be excluded for elastic scattering from a spin-zero nucleus.

An expression for the nuclear form factor is given by

-5(3:1_3) = /d’l:et(gaz-l).r/O(r) R (4-18)

where the nuclear density is assumed spherically symmetric and is normal-

ized according to

/d’F/o(r) = /. (4-19)

We ultimately desire the potential to operate on a coordinate space wave

function, and hence need the result

VR YF) = (1) A / dgdgdrdr
_ '3 (F- —I’) ._.(/'-'f_;-') . S
(artzpp et e T sy (4-20)

The exact form of the pion optical model is determined by the treat-
ment of the p-wave scattering amplitude. For the local optical model,

the zero-angle approximation is chosen, yielding
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a+t2-g —> ,¢+f5,2, (4-21)

In this case, Eq. (4-20) yields the result,

VR Y(F) = (emy A (a+tgh) p(r) ¢(F) . (3-22)

In the Laplacian model, the amplitude is assumed to depend upon the

momentum transfer according to the prescription,

wttgg = erig - fEFDGD .
Now the potential is given by

VORI = (em) A /(mc tgt+ 5 tvi)olr) /Z 4cr) , (4-24)

where the Laplacian operates only on the nuclear density function.
Kiss]inger,g2 on the other hand, solved Eq. (4-20) to obtain the nonlocal

result,
3 — —— —
V(R Y(F) = (Gm)A / 40P YCF) = £7- (o(r) wm)/ 4-25)

The Tocal, Laplacian and Kisslinger potentials are summarized in the

following equations:
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= 2EV(F) = b, p(r) + b,g5p(r)

~2EV(F) = b p(r) + blgf/o(r) + 5 b,(vio(r)

and

h

—26V(F) = hp(r) - b V-p(n 7 . (4-26)

The quantities, by and by, in Eq. (4-26) depend on the transformation
chosen in going from the pi-nucleon frame to that of the pi-nucleus.
We first make use of the results of Appendix VIII, and summing over

isospin, find the average scattering amplitude (for a positive pion) in

the pi-nucleon center-of-mass frame to be

5= ArpR R,

where
@ _’_2/61-2)(24,+a,) + 32@}
% A
and
6 = _?’ja { (A- 2)( 4,5 + 2Cu + 234:3 +Qs1) +32 (2855 +3,) }
2 .

(4-27)

The subscript, 2, refers to the two-body (pi-nucleon) frame. In keeping

with the models just discussed, spin-flip terms have been neglected in

writing Eq. (4-27). The symbol, @, is defined by
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8
a==5ﬂa& (4-28)

where § is the phase shift. The single subscript, 2¢, refers to the
s-wave, while 2£,2f denotes a p-wave term.
In his original calculation, Kiss]inger92 neglected the trans-

formation from the pi-nucleon frame to that of the pi-nucleus. He thus

obtained

b, = 41Ax
and

b = 4/7/1/5 . (4-29)
Aae'rbach,93 et al, have preferred a transformation diagonal in the

partial wave amplitudes. They use

b = 417.4%&
and
b = WA%ﬁ- (4-30)

Dedonder,94 on the other hand, suggests a nondiagonal transformation,

and finds
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b= A e - (g-2)b,
where
b, = 47A %ﬂ : (4-31)

This form is also preferred by Wilkin.>>
After Auerbach, et al, we solve a Klein-Gordon equation in which
the optical model and Coulomb potentials are introduced in the fourth

component. The square result of each is neglected, so that the Klein-

Gordon equation becomes
Z/V2+ ;2— ZEVL(F) — ZEV(r)}WF) = 0. (4-32)

This form has the advantage of reducing to the Schrodinger equation at

Tow energy.
As given above, the Kisslinger model potential is nonlocal.
However, it has been shown by Krell and Em'cson96 that an equivalent

Tocal form may be obtained with the substitution,

$(r) = B g (4-33)
Vi-b,p(r

In this case, the Klein-Gordon equation becomes

79



[VZJ- 224- (1- A;/o(r)j//—ZEV‘ (r) + bo/’(") + 3—2b,/o(r)

+ 5 b vo(r) + z’(/-1;/0(r>)léz(ﬁp(r))-(ﬁ,o(r))/z]‘/'(f‘) =0,
(4-34)
Here the gradient is understood to operate only upon the density func-
tion.
Following the usual procedure, one-dimensional equations for the
partial waves are obtained. Then the Klein-Gordon equations for the

local, Laplacian and Kisslinger forms are given, respectively, by

[Grvgi- 2022 - B 4 Chrbg00p |40 = o,

Fe

2
[:72 +%1_ /\é\fz’l) _ ZE,-Z[ " (bo'/'b,;z)P(r)

+—5h (V/'ia(r)juA(r) =0

and

Gr 7202 - (- )] - 222
+(b+ 6, $)p(r) + 5 b (vp(r)
* 'J,tl'b,z(/-Q/O(P)jl("?,o(r))'[?/o(r))/]u;(r) = o,

(4-35)
In these equations the Coulomb potential has been written as a

point interaction.
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To solve these equations, a general optical model code was written

which incorporates the foregoing forms and transformations.

gration technique has been described in Appendix III.

The inte-

In the calcula-

tion, the scattering matrix is determined by matching trial wave func-

tions to Coulomb functions at r and r-e. The elastic cross section is

. o7
then given by~
m 2
G = g2 (axD)]1-5]",
A=oO
while the total cross section is obtained from

T = -%_’-7-2; Cane)(1-Re (5).

The angular distribution is given by

dn

= 4—;2/),2:0 (ZAH)(SA-I)@(WO)/.Z

(4-36)

(4-37)

(4-38)

The nuclear density function for this study is obtained from the

deuteron S-state wave function, taking into account the pi-nucleon

interaction distance through a Gaussian form. Thus the optical model

density is given by
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per) ~ /d“’ ~—z (4-39)

where o? is a measure of the pi-nucleon interaction distance. The
argument of the S-state wave function reflects the nucleon-nucleon
separation. Since u(2r') is a spherically symmetric function, the

integral above is easily shown to be

Lr, u(Zr)
plr) ~ e ”/c/r e 2‘”[6 2% — ”2 TS (4-40)

This integral is obtained numerically making use of polynomial expan-

sions for the exponential terms in r. The result is

- L a4 2L-2
pir) ~ g & 2 ¢ rt7
<=7
where
rz' 2L 2
/ R~ N !
c, = — ‘ 20‘(L uer) (4-41)
< (24'/)//dr e g2 ,‘IZ

Finally, the density function is normalized according to Eq. (4-19).

Plots of this optical model density for several values of o2 are shown
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in Fig. 16. Since the density function is spherically symmetric, use is

made of the relations,

rpr) = (G + £ )P0

and

(o) (7o) = (G2

in numerically evaluating these terms in the potential.

0.15 , ,

p(f3)
7
/

]
i
[}
0.05 1+ '\ .
|

(4-42)

r(f)
Fig. 16. Deuteron density functions for the pion optical model.
--------- (u(2r)/r)? ————= ¢%=0.2f2
————— % = 0.5f2 -——— o2 =1.0f2
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Figure 17 shows results of total cross section calculations using
the local, Laplacian and Kisslinger forms compared with experimental

69,98-103

data. The Auerbach kinematical transformation and the inter-

action distance parameter, o2 = 0.5f2, are used. Calculated angular

69,102,103

distributions and experimental data at three energies are shown

in Fia. 18. The Kisslinger and Laplacian models are seen to aive very
similar results. The pronounced minima near ninety degrees may be
associated with omission of spin-flip terms in the scattering amplitude.
Since this term vanishes at forward and backward angles, results at
these angles are felt to be a better measure of the adequacy of this
calculation. The local optical model, on the other hand, exhibits its
nsual behavior in that its minimum 1ies at a larger angle.

We turn now to a second-order optical model formalism for pi-
deuteron scattering. Use of the approximate result of Eq. (4-16) can
be shown equivalent to elimination of the sum restrictions in Eq. (4-9).
This approximation seems plausible for large nuclei. For the deuteron,

however, Eq. (4-16) would result from the multiple scattering series,
-/ -/ -/ -7
T = tet byt toat, +tat, +rEat,+Lat,+
(4-43)

which represents significant error in second order. We write the wave
function obtained using the above series symbolically as w(tp + gl).
Results presented up to this point were obtained using this calculation.

On the other hand, the desired result, to second order, is given by
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T = t,+t, +btd't +tdt,+ . (4-44)

This series can be summed by assuming the following linear combination

of scattering operators:

1+17 = 1 + (1+75) = (1+7;) +(1+7,) =(1+7,) .
(4-45)

The potentials corresponding to these operators are in turn given by
a linear combination of neutron and proton scattering amplitudes. Thus

the wave function,
g =(1+a'7)$, (4-46)

can be written as

4= b G - YE) 4B - (D)

(4-47)

The prescription now to obtain the wave function is to solve the Klein-
Gorden equation for each of the potentials in Eq. (4-47), then to take
the indicated sum of the resulting functions. Use is made of the fact

that V3 = V,; however, spherical Bessel functions or Coulomb functions
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are most easily generated with the Kliein-Gordon equation and zero
potential. Thus, in practice, four integrations are required. The

S-matrix element is easily seen to be

5=/+25,/\_$&

A - Se. . (4-48)

A A

Calculations were performed using this second-order formalism with
the previously described forms and transformations. Figure 19 illus-
trates total cross sections obtained using the kinematical transforma-
tion of Dedonder and an interaction parameter of o2 = 0.5f2. This
result is seen to offer improvement over that of the general formalism
at higher energies. An additional interesting effect is the apparent
model independence. Angular distributions obtained from these calcula-
tions are shown in Fig. 20. Again an improvement is noted, here in the
back-angle scattering. Roughly half of this improvement can be attri-
buted to the second-order formalism; the remainder is due to use of the
Dedonder transform.

Figure 21 presents the results of an investigation of pi-nucleon
size using different values of the interaction distance parameter, o2.

Reasonable agreement at back-angle is obtained using o2 = 0.3f2%, a

result comparable with the off-shell parameter value, o = 300 MeV/c,
obtained in Chapter 2. This value of o? is therefore used in the absorp-
tion calculations to be presented here. The scattering results shown in
Fig. 21 are obtained using the Kisslinger optical model and the Dedonder
transformation. It is perhaps worth noting that if one had confidence

in the validity of the calculation, this technique could be inverted and
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the pi-nucleon interaction distance thereby determined. However,

the intent here is simply to establish the credibility of these second-
order pion wave functions for use in the absorption probiem, to which
we now turn.

In the two preceding chapters, pi-nucleon scattering has been -
demonstrated to dominate the reaction, o+ d p + p, throughout the
energy range. Now the essential idea will be to incorporate this
scattering through an optical model. Formally, this corresponds to
modification of the pion field in the Hamiltonian, as opposed to the
usual procedure of adding terms to the Hamiltonian. Specifically, we
retain in the Hamiltonian presented in Chapter 2 onlv those terms linear
in the pion field. Then the nuclear transition operator is given by the
direct absorption nperator, T°, of Eq. (2-7). This result is repeated

here for convenience:

(£%rn - 6%vn) (PR O

It s now apparent that g (as well as E) must be cast as an operator.
The partial wave expansion of the external pion field remains valid;

thus the essential replacement in the integrals in Eq. (2-23) is that of

+(%) — Lo 4(z) . (4-50)
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The four required integrals are then given by

-2(1438) [drr' L g5 -2) 4,
I = —z(/+2%)/drr2# 3#(5;*}—:'/“)9& )
T er

XN
Jl

and

I = -f’f/d”zf-‘zﬁ(fi{;*%ﬂ) 3, (4-51)

and the matrix element coefficient by

] :)"I'l 3/2 - { £
c(sMmr) = & @) ﬂul%y—v‘-z 2 KL . (4-52)

TJLL é=1

The angular integrals, Ri’ are unchanged from the result given 1in
Appendix VI. From Eq. (4-49) onward, the symbol, r, refers to the
nucleon-nucleon separation.

For the absorption calculation, we write the pion wave function in

terms of three components:

BRI AL L8 (59
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The plane wave component is easily identified with the direct absorp-
tion graph shown on the left in Fig. 22. In the remaining terms and
figures we differentiate between the processes of direct- and charge-

exchange scattering.

Fig. 22. Absorption processes in the optical model formalism.

Using the second-order method previously given, the direct-exchange

scattered wave function is found to be
- 4 Hfr) _ —tpttn -
;ﬁ 5[(—&——2 5&[_&__2 | (4-54)

The center graph in Fig. 22 is taken to be symbolic of this multiple-
scattering process. For the remaining scattered component of the wave
function, we’ a charge-exchange amplitude, te’ is required. This has
been evaluated in Appendix VIII. The scattered wave function is given

correctly to second order by

b= Hh) - He)
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In Eq. (4-53), this component has been reduced by a root-two factor to
reflect a reduced amplitude at the absorption vertex for this process.

By incorporating the above results in Eq. (4-53), we obtain

b= b K H) ¢ ) 4

(4-56)

It should be noted that, while scattering has been included to second
order, the backward-scattering graph shown in Fig. 3 has been completely
omitted. In the pure Hamiltonian formalism, of course, the meson is
virtual, while in the present optical model formalism the interpretation
must reflect a physical pion.

Using the pion wave function of Eq. (4-56), calculations were per-
formed as outlined above for the absorption reaction. Figure 23 pre-
sents results obtained for the local, Laplacian and Kisslinger forms of
the optical model. In all three forms, the Dedonder transformation and
a value, 0% = 0.3f2, are used. Four partial waves in the pion wave
function are included. Pi-nucleon amplitudes are evaluated according
to previously given relations using the phase shifts of McKinley.

We find the interesting result that the optical model formalism
does succeed in predicting an absorption resonance. (The Laplacian
resonance occurs at very high energy.) For contrast, the plane wave
result preyiously shown in Fig. 4 is reproduced in Fig. 23. The
effect introduced through the pion scattering is now made more apparent.
The Tocal model is observed to give the best position for the resonance,
although its magnitude is not sufficient. Use of the Auerbach trans-

formation enhances this result. Also notable is the difference
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obtained between the Kisslinger and Laplacian models. This is especially
surprising in light of the similarity of the scattering results. Exami-
nation of the Kisslinger wave functions, however, indicates an oscil-
latory behavior at short range which contributes significantly to the
integrals. The local model wave functions seem to bear the closest
resemblance to the spherical Bessel functions. The divergence in the
case of the Laplacian model, however, is associated with the Towest
partial wave. Angular distributions obtained from the local and
Kisslinger models appear qualitatively reasonable, having large cos?6

components in the vicinity of the resonance.

97



CHAPTER 5
CONCLUSION

The nonradiative absorption of positive pi-mesons by deuterons has
been studied within the framework of Lagrangian formalism and the im-
pulse approximation. Pion absorption on the deuteron is dominated by
pi-nucleon scattering, and this investigation has focused mainly upon
different approaches to scattering processes in the absorption calcula-
tions.

Our first approach to the absorption reaction involved extension
of the Hamiltonian formalism of Koltun and Reitan to include energetic
pions. The main modifications to this formalism are the addition of
graphs for p-wave pi-nucleon scattering and the inclusion of all partial
waves of the incident pion. At low energy, for which only s-wave scat-
tering and direct absorption terms are significant, good agreement 1is
obtained with the original bound-state results of Koltun and Reitan.
The well-known cancellation of deuteron S- and D-state direct terms
emphasizes the importance of pi-nucleon scattering even at low energy.
At very low energy, the cross section is dominated by s-wave scattering
graphs, and reasonable agreement with experimental data is obtained.
However, the s-wave scattering result falls off with increasing energy,
while experimental values increase after 20 MeV up to the resonance.

It is therefore necessary to include p-wave scattering graphs even at
low incident pion energy.

Several forms of the p-wave scattering Hamiltonian were examined,

including the Tow-energy result given by Klein. Use of this p-wave
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Hamiltonian leads to calculated cross sections greatly in excess of
the experimental data, even at Tow incident pion energy. The inter-
mediate state includes integrals over all momenta of the virtual meson;
the Klein Tow-energy form tends to overemphasize high-momentum compo-
nents in these integrals. Attempts to reduce high-momentum contribu-
tions by means of momentum cutoffs in the intermediate-state infegra]s
are unsuccessful because of sensitivity to the cutoff parameters.

As an alternate means of reducing high-momentum contributions, an
ad hoc alteration of the Klein p-wave Hamiltonian was proposed. This
alteration consists of a reduction in power for the momentum operator
of the virtual meson. The resulting Hamiltonian is asymmetric; however,
it is seen to be equivalent below the resonance to the on-shell scatter-
ing amplitude. (This calculation is therefore similar to that obtained
from the S-matrix formalism of Lazard, Ballot and Becker.) Calculated
total cross sections up to 100 MeV show good agreement with experimental
data.

In all approaches to the absorption reaction, a Galilean-invariant
absorption Hamiltonian is assumed. However, using the on-shell calcu-
lation, we find that Galilean invariance cannot be confirmed using the
pi-deuteron absorption reaction. Again, this directly reflects the
accidental cancellation of S- and D-state direct absorption terms.

For problems involving high-momentum off-shell processes, neither
of the scattering forms discussed above has a sound theoretical basis.
First, the Tow-energy result of Klein does not vanish in the high-momentum
1imit. The on-shell Hamiltonian also suffers from this defect and, in

addition, does not reduce to Klein's result at low energy. On the other
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hand, the separable form of the p-wave Hamiltonian given in Eq. (2-5)

has these desired properties, and is thus felt to be more suitable for
investigation of the absorption reaction. Calculated cross sections
obtained with this Hamiltonian show great sensitivity to the off-shell
parameter, a. Good agreement with experimental data is obtained with
a value, a = 300 MeV/c, which Ties midway in the range of values sug-
gested by other investigators. The sensitivity of calculated results
to this parameter is due in part to the form of the p-wave absorption
Hamiltonian, which brings an extra power in intermediate pion momentum
into the matrix element. For this reason, pi-deuteron absorption offers
an excellent means of studying the off-shell behavior of pi-nucleon
scattering.

It is also interesting that some sensitivity to the nuclear wave
function is retained in this calculation. Differences between poten-
tials show up mainly in the angular distributions, and seem significant
enough to allow one to select a preferred model given better experimental
data. The calculations performed indicate a sensitivity to the fraction
of D-state in the deuteron. This possibility might be confirmed with
calculations using other potentials. Given the magnitude and approxi-
mate cancellation of S- and D-state direct terms, it is somewhat sur-
prising that calculated results are not more strongly dependent upon
the fraction of D-state. This effect may be explicable in terms of the
deuteron quadrupole moment, and it is worth noting that this quantity
is well represented by all of the deuteron wave functions used here,
including the pole models. All are similarly seen to reasonably repro-

duce the experimental absorption data.
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In our second aoproach to the absorption problem, the S-matrix
formalism of Lazard, Ballot and Becker was modified for use with physi-
cal wave functions. A dominant feature of this formalism is the direct
inclusion of on-shell scattering amplitudes in the matrix element.

This calculation therefore bears much similarity to the on-shell
Hamiltonian approach. The similarity may be observed term-for-term by
contrasting coefficients of the integrals of Eq. (2-23) with those of
Eq. (3-24). Below the resonance, differences arise from the kinematical
factor, ﬁlﬁﬁgﬁg » which appears in all scattering terms, and from the
evaluation of isospin contributions to s-wave scattering. These factors
are more important than the more precise calculation of propagator
terms, and an imorovement in low-energy results over those for the on-
shell Hamiltonian is noted.

Total cross sections calculated using LBB approximation I and
physical wave functions give good agreement with experimental data
throughout the energy range. The agreement appears worse when all
operator terms and pion partial waves are included in the calculation.
Further, these results show positive coefficients for higher order
terms in the angular distribution. This problem may be related to
nonunitarity in the 3P, and D, proton-proton states at higher energy.
(A1so noteworthy is the importance of nonunitarity in the original LBB
calculations in reducing calculated cross sections to experimental
values. Wave functions calculated from real, phenomenological poten-
tials are, of course, unitary; yet an equivalent reduction in cross
section using these wave functions is obtained.) It should be pointed
ont that we are using these nucleon-nucleon potentials at energies in

considerable excess of those for which they were constructed. S-matrix
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calculations in which the two states in question are simply renormal-
ized show considerable improvement in the angular results. However, in
keeping with the spirit of these calculations, a correct approach would
involve the inclusion of imaginary terms in the nucleon-nucleon
potential.

In addition to the nuclear absorption difficulty, there are other
problems at high energy associated with both the Hamiltonian and S-matrix
approaches. These include pi-nucleon scattering contributions from
terms higher than p-wave, contributions from multiple scattering graphs,
and questions related to the credibility of basic operators, such as the
of f-shell behavior of the direct absorption Hamiltonian. These compli-
cating factors should promote renewed interest in the Tow-energy region
where the situation is somewhat more clear. In this regard, we again
point out the proposed experiment at LAMPF, and note that the angular
distributions to be obtained may allow selection of a preferred nuclear
model (Fig. 7). It is interesting that the S-matrix formalism provides
a very similar result (Fig. 13). This particular similarity occurs
because of the nearly equivalent treatment of s-wave scattering, which
dominates the reaction at low energy. However, there is no reason in
principle why the s-wave Hamiltonian of Eq. (2-3) should not have off-
shell devendence similar to that of the p-wave term. Such dependence
would be expected to show less sensitivity to an off-shell parameter
simply because of the lower powers of momentum found in the s-wave
intermediate integrals. A more difficult problem at low energy in-
volves contributions from p-wave scattering, which in the present formu-
lations vanish in the zero incident-momentum 1imit. Such p-wave contri-

butions arise from Fermi motion of the nucleons, and are nonvanishing
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even for the bound pion case. This effect might amount to as much as
25 percent at low energy.

The general optical model formalism has been applied with reason-
able success to the nroblem of pi-deuteron scattering, and results
exhibit many characteristics derived for scattering from larger nuclei.
The second-order formalism developed for the deuteron is also success-
ful in reproducing the scattering data, and further seems to give greater
model independence. Minima in the differential cross sections have
been associated with omission of the spin-flip terms from the scatter-
ing amplitudes. Satisfactory back-angle scattering results are achieved
with a reasonable value of the parameter characterizing pi-nucleon
range. It has been noted that, in principle, the scattering result
could be used to determine this parameter.

There is Tittle evidence that the optical model formalism offers
a fundamental calculation for the pi-deuteron absorption problem. It
remains interesting, however, for several reasons. First, a moderately
successful representation of the absorption data (i.e., a resonance) is
achieved using a physical meson in the intermediate state. We contrast
this with the Hamiltonian and S-matrix formaTlisms in which the scattered
meson is highly virtual. Also, second-order scattering graphs are in-
cluded in this absorption calculation. Such a graph consists of a
coherent scattering on the first nucleon, followed by an incoherent
scattering on the second (leading to breakup) and absorption on the
first nucleon. In addition, the optical model formalism offers a
simpler absorption calcolation in that all intermediate momentum inte-
grals and most of the tedious angular and one-dimensional radial inte-

grals are eliminated. Finally, because of the sensitivity exhibited to
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optical model parameters, the absorption calculation may provoke some
new insight into the pion optical model. In this regard we note the
dissimilarity in results obtained with the Laplacian and Kisslinger
models, as well as sensitivity to parameters such as the kinematical
transformation and the pi-nucleon interaction distance.

In conclusion there are several points to be emphasized. The
first is that calculated results, and in particular angular distribu-
tions, show sufficient sensitivity to nucleon-nucleon wave functions to
allow selection of a preferred potential model. Such sensitivity may
extend to a determination of the D-state fraction in the deuteron.

We have also demonstrated the extraordinary sensitivity of calcu-
lated cross sections to the off-shell pi-nucleon scattering behavior.
We suggest that the pi-deuteron absorption reaction offers an important
means of investigating these off-shell effects.

Finally, there remains the question of whether pion absorption
reactions can be useful in the investigation of nuclear structure. In
this regard it seems important that a reasonable representation of the
pi-deuteron data can be obtained using realistic wave functions and
credible forms for the interaction Hamiltonian. This would seem to
offer hope far the use of similar techniques in the investigation of
the more complex nuclei. Since the pi-deuteron reaction is dominated
by scattering processes, it seems 1ikely that such processes also play
an important role in the general nuclear case. For such nuclear struc-
ture investigations, we recommend use of the p-wave Hamiltonian of Egq.

(2-5).
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APPENDIX I
THE NUCLEAR TRANSITION OPERATOR

The nuclear transition operator, T, is evaluated using the
Hamiltonian interaction densities discussed in Chapter 2. We have estab-
lished the convention of using subscripts for the nucleon numbers and
superscripts for tensor components of vectors. However, the isospin and

pion-field components differ in sign from the usual tensor definition;
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In these expressions, a, b and c are creation (+) and destruction (-)
operators for positive, negative and neutral pi-mesons, respectively.
The superscript stating the field component thus also reflects the effect
of the field upon total meson charge. (The superscript, three, might
also be written as zero.)

We begin by considering processes involving direct absorption.

The nuclear transition operator is given in Eq. (2-1) as
RIS
T = OJFZ/’L/A' [Z,e=41)>. (1-3)

We first consider the process of direct absorption on nucleon (1), as
represented by the graph in Fig. 24. In this appendix, graphs will be

labeled to indicate the four-momenta of the particles.

Fig. 24. Graph for direct absorption
on nucleon (1).

Subscripts on the transition operator symbol will be used to denote the
particular process under consideration. In this case, for example, we

have
7-/0 = <o/ H/a/ ?';}c_—.+/>' (1-4)
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We may also replace the pion momentum operator in the absorption

Hamiltonian in Eq. (2-2) with a gradient operator on the pion field,

according to

= - A V7 (I-5)
A
Making use of the above relations and Eq. (2-2), we can write

%= <of @S £l
5/?7,‘:? + (zMjl(/—ff;-n,-/- 7}-7{?)/2/ Z,c=+1> (1-6)

The isospin-field dot products can be expanded into vector or tensor-

1ike components, and are of the form,

ro' + K+ NP

r ¢

or

|0

rg = M+ KPS (1-7)

The field in TS is seen to be linear. Thus all terms not containing
T+¢- or <'x vanish, and in these, only terms involving positive meson

destruction can contribute. The operator T is therefore given by
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{of 65.2/';7 » V'ZQE‘ZJf Qe X5,

(ZM)(PF&JZ‘/X—'Q X%y +7'§f)x./)?& X P)}/;c +H,

or

_(4”3/2_//2-1/:__7 \/_‘;/_I;'_ 81:5;-;/ }/‘1"0\7 .
zf} (P+P)j2 (1-8)

once the indicated meson operations have been carried through.
Conservation of momentum at the absorption vertex gives the
relation,

—— _—y —

=R -%, (1-9)

which allows the elimination of either P1 or P1 in Eq. (I-8). As stated
in Chapter 2, the nucleon coordinates can be written in terms of center-

of-mass and relative coordinates, according to

X

P ﬁ 2(- (I-10)
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The corresponding momentum operators are

P,= sKk*k. (1-11)

We desire to minimize the number of final integrals which must be done,

and note that K vanishes in the overall-center-of-mass frame, so that
P = *p7 (1-12)
/,2 :

Therefore, a good choice is to retain P; in Eq. (I-8) and ultimately to
evaluate the momentum operator on the final proton-proton state. Sub-

stitution of Eq. (I-9) into Eq. (I-8) then gives

o /(2 (_""'" _
= -G /;ré* A

[(/-fs"’ },3] (1-13)

The transition operator for direct absorption on nucleon (2) is
obtained through the substitution, (1) < (2), in Eq. (I-13). The

result is

(I-14)
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Finally, the full transition operator is obtained by adding Egs.
(I-13) and (I-14) and making use of the transformations (I-10) and

(I-12). The nuclear transition operator for direct absorption is then,

upon rearrangement, given by

(—5—“- Ff (1-15)

The transition operator involving the first s-wave scattering
Hamiltonian, H', is designated T1. We first consider the process for
scattering on nucleon (2), forward propagation in time for the inter-
mediate meson and absorption on nucleon (1). This process is repre-

sented by the graph in Fig. 25; the corresponding operator is labeled Tio+.

Fig. 25. Graph for absorption on nucleon
(1) preceded by scattering on
nucleon (2).
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According to Eq. (2-1), this operator may be written as
’ o N
Tpe = <o H (E-H+ie) H, | F c=+1) (I-16)

or, making use of the first expression in Eq. (2-3), as

' Yz
T, = <olam {i'i
i,{s_zr Fp o+ (zMjl(»‘?k'lT, + 7;-17‘/?')}
(E-H+.£e)l 4/7/\,/1’9é- b, ]Z,c=+1) (1-17)

The expansion of ¢:+¢, by analogy with that of T-¢ in Eq. (I-7), is given

9= 89+ ¢ 49 119

In the matrix element, the ¢3¢® term represents a self-energy effect
and should be omitted. The remaining creation and destruction operators

couple as follows:

§4 s 59 ~
a+db+rba+bb+daf+rab+bat+ bbb,
(I-19)
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In operating upon the initial state with Eq. (I-19), the third, sixth
and eighth terms vanish, the second and seventh lead to three-meson
states and the fourth represents a self-energy term. Therefore, only

the first and the fifth terms can contribute here, so that we may write

58 15,00 = {HIHE L T [ G
IZFQ e ’ZF“ ‘Axi‘f/?lc +I>

(I-20)

By dropping one self-energy term and a Bose term, this result can be

written as

¢2-¢2/},C=+1> _ ZVZ%, e,cg,-x,_\_/_/_gyg_(‘_; e—i)'(-’.Xa/)‘?)'c_.:.,./}.

(1-21)

The propagator for the intermediate state is obtained by evaluating
initial- and intermediate-state Hamiltonians with reference to Fig. 25.
The incident-pion energy, qo, must be equally shared by the two nucleons.
If the binding energy of the deuteron and nucleon mass differences are ne-

glected, then the propaagator for intermediate-meson energy, X9, is given by

(e-Heie) ]9 = (gu-(B+X)[45,

or
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(E—H+L65l/¢) = (—5"2-‘-’— —)(,,‘)-//gb}' (1-22)

Since the intermediate state contains a positive meson, only those
terms in H) which are linear in a can contribute. The transition

operator is therefore given by

V-2 = | af - ig'X,
e rs s

Vs 5y €4 < [B - igR
* ) BR)Y {P  ay e f
2(5-%) 2fg e ¥ G €™ Rear) a

Upon completion of the meson operations and use of Eq. (I-9), the final

result becomes

Toe = = X Gmyu L 7

¥
4z ezg,.(k‘,-f,){(H 2 )7 - %p}} o
- , - 1-24
@ (% - 7)

"R

In writing this expression, the sum over discrete momentum, q's has been

replaced with an integral over the continuous variable by the substitu-

tion,
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Ly — az (1-25)

The case for backward propagation in time, as represented by the
graph in Fig. 26, is easily obtained from the Lagrangian specification
by considering a negative pi-meson in the intermediate state. Since
Hj does not contain an isospin operator, only b* terms can enter from

Hf, and we can set

- ~ ab +ba . (1-26)

Fig. 26. Graph for absorption on nucleon
(1) followed by scattering on
nucleon (2).

According to our convention, the transition operator for this process

is written symbolically as T},_. It can be expressed as

!

-/ _
T = <of H (E-H+4i€) H/"/g,,c-:f-/} ) (1-27)
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or

T,. = <of 41} i'd 4 (E- H+x.e) @ﬂ) /
5'7'{” b + (BRI +LnB )} [F.c=1>

(1-28)
The propagation factor in this case is given by
Py . -/
(e-H+2)]¥ = (g-(g.+ X+ &) /4D,
or
-~/ =/
(e-Hrie)[¢) = (-5 -X)[4) (1-29)

Through use of this expression and from considerations discussed above,

Eq. (I-28) may be written as

T, = A (471)3/’7[ Y
<(C)/[<}==ZETV£Z: é; ‘ﬁp X :E:Vg%; 4;x-Xz
_ LXX,_ - 49- - X3
L, 8 'Zv: b€ Z %)
AT "'+(zm)(P+P) e ‘x]/’c &

(I-30)
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However, conservation of momentum at the absorption vertex is now

expressed by

P = P+%, (I-31)

so that the operator for the process depicted in Fig. 26 becomes

ey % (&+4) ' s

This can be put into a form similar to that of Eq. (I-24) by substitut-
ing ¢' > -¢' for the variable of integration. The transition operator is

then given by

= NG L e
iz ezg'.(f,-rcz) z/_ (/_ 2% ) 7 - ‘;4:: P:,jz

(I-33)

We next add the graphs shown in Figs. 25 and 26 to obtain the tran-
sition operator for scattering on nucleon (2) through #* and absorption

on nucleon (1). Equation (I-24) is thus added to Eq. (I-33) to obtain
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T, = X (4173/21[ s J'= et K-
sy S (2115 g - & pf

r? (“" ¢ +%)

(1-34)

The nuclear transition operator for scattering on nucleon (1) and
absorption on nucleon (2) is obtained through the substitutions,

(1) T (2) and '+ -7 in Eq. (I-34), yielding

3/ '_._, oo
= -\ (4m)hj \/z:év':f_&f— TR
dy A B)F-BE)

@ny’ [g‘.m-g,;)(ge + 32;’)

Finally, we add Eqs. {I-34) and (I-35) to obtain the total nuclear
transition operator involving scattering through the Hamiltonian term,
H'. In writing this expression, use has also been made of the coordinate

transformations (I-10) and (I-12). The final result is

T = -,\ (4/[{' Véi;; VY f?

e_"%rﬁ&,‘ - é“ﬁ-’-"ri“ %)

dg-,’ eL.;:F/(ZJ-é%) F- 3M£ Ej , (1-36)
e ()
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We turn now to the transition operator involving the s-wave
scattering term, H*, and again consider the process involving scatter-
ing on nucleon (2), forward time propagation of the intermediate meson
and absorption on nucleon (1). Then the graph in Fig. 25 also repre-

sents this process. The transition operator is given by

2

o </ _
7,'2+ = <O/Hl (E-H-I-,ié) H: /Z”C=H>, (1-37)

or, making use of Eq. (2-2) and the second expression in Eq. (2-3), by

/
Cof ¥ L
DA (em}’(fa'r,-n. + 1R )f

!

(e- Hue) 47r)‘ R-pxT [ g c=t1) (1-38)

The isospin-field product in H? can be written as

ngxmm = F($T- g + 1= ¢0) + (¢ H) :

or, in terms of tensor-like components, as

mbxm = Lf F(ET- ') + ¥(F- &)+ K7 - 6T

(1-39)
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On the other hand, terms in the operator, #®, go as the expression in
Eq. (I-7). Thus, matrix elements involving the third and fourth terms
(t2) in Eq. (I-39) vanish, as do those of the form of the second term

(t1) in Eq. (I-7). The operator, T%,,, can therefore be written as

T2+ = _)\8(4”?5“-3(0/0_—/./ *¢ +(2M) -P; + 7&7763)]
(e- Hue) (¢ Q‘n:)/g‘,)&,«.,)
A7 - b

_/ _ _
(e-H+ie) 1 (4, - g ) gre=r1) (1-40)

or

- M (5 I T (TR 4 e B

+(2M)(P+p)7. rzz e-g-r,-:} (&—X’-I
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+ (2M)(B+P) PP ZP; c. e / > (%-x

~AX!R,

+ / J] i; ,(: ;4

’z/»/’?’ll: %% e W?Cx'e

A 5 LRX, (x.) Xo ix-%,

_sz,ce Z ae /Z/g/c D
(1-41)

In writing this equation, use is made of the propagator result in Eq.
(I-22); expressions for the contributing field components are obtained
from Eq. (I-2). Upon carrying out the indicated operations, we get the

result,

Tar = NG gy €5 (- 1) T
dg eFEF g )l 50)F - £ F

emy 28 (% -%)

S

. (1-42)

Use has also been made of the momentum relationship in Eq. (I-9).
The transition operator for backward time propagation, T%,., is
obtained by arguments similar to those used in the derivation of Ti,_.

The operator is defined by
-/ _
= <0/H:(E-H+.£é) Hlo/gf,cw-/} _ (1-43)

It is given in terms of its nonvanishing field components by
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N4

RN L AN AN LD
GATHE + ()(BRT, + WP} §,c=+1)

= N (#F L3 o] B (8T - it YE-H+de)
O"{V7°¢ +(eM)(B¥T + MTB )} o4y . (1aa)

With use of the appropriate terms of these field components and the

propagator result given in Eq. (I-29), the transition operator becomes

n S Gl o R Py B e
—'Z B e"?"’?‘(i)z o 0%5)

Z(& ) ) e ¢l €5
+(2M)(’7+/,’)7¢3-*-5 cx,e”" x://g?,c=+/)

-\, (snff 3(0/7@/‘/_2/‘ ¥ ‘("ZFae e,
- I ‘“’(‘)szb o3 ]

Z(“ ")0'/7 zx,b &'

4 (ZM)(E *’?)V £ x, -ox x}/g,)c +/> (1-45)
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After performing the indicated meson operations, and making use of the

momentum relation of Eq. (I-31) and the substitution, ¢' -+ -¢', this

operator can be written as

3 = = _
e = AL e "’( - t"fz")o:'

G R - ) (- BE-FE
@) 28(%+%)

The full transition operator for scattering on nucleon (2) through
H? and absorption on nucleon (1) is obtained by adding Egs. (I-42) and
(I-46). The result is

2 32 3 ) =
T /\(ﬁr/ /2;,/—8 (5217)07'
2 +2£) =,
dg ¥ % x‘)Z[ ( 2+ %3; ;) F - %?Mj: 7
Z ) 2 (1-47)
n) [2 - OX-Z—"J-%,)
The case for scattering on nucleon (1) and absorption on nucleon
(2) is obtained through the substitutions, (1) < (2), and ¢' + -¢' .
This result is given by
—_ - 2 ---)?, a3 3+ —
= A(4’5/7[‘4/‘/‘V%v—8& ( - 2)0;'
(g-(X,- xz){ 2(%+ 25‘_) .
C/} ; [Z+ 33’M)} * 3% M z} (I-48)

(ZTT) > '&)(g:+?;)
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The total transition operator involving the Hamiltonian term, #2,
is obtained by adding Eqs. (I-47) and (I-48). Use is also made of the

coordinate relations in Eqs. (I-10) and (I-12) to gain the result,

_ g.F 2+28 )5, 2(8+22) T
‘/3"6‘7' ' (‘“ 3%M SEM j . (1-49)

We next consider the transition operator involving the first
p-wave scattering Hamiltonian given in Eq. (2-5). The dot product in
H? refers to the fields as well as the pion momenta, and therefore the
derivation of T® follows closely that of T®. We consider the process
for scattering on nucleon (2) and absorption on nucleon (1) with forward

time propagation, and Fig. 25 is once again applicable. This operator

is given by
3=
To,= <ol H (E-H+ie ) H][F,c=+1) (1-50)
or

7% = <o/(4n)l/zf/u"j&";.{4‘£77.é f-(ZM-)I(/,?_},'.TT' + 77.;7,/3/‘)}

124

(e-nvie) €4 i (g J it o) 10201

(I-51)
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By analogy with the derivation of T1,+, this operator is easily shown

to be
= 5\ () L o] T {77 N
3 /4 L f V,;. ,Né% a, e
+'(éhi>27§t*i?) ’f-féé{ZE:%gg Cli é?ziﬂj?jz
Z(z -") VFB zx' X’?é‘xx/x'c +/>

(1-52)
or, in final form,
2 = -\, (L ""VQ?_ \T—I‘Gész"?‘ A
@) P B)E - REf PR,

ylel+f) % (%- %)

The operator for backward propagation, as represented by the graph

of Fig. 26, can be obtained by inspection. The result is

== (4732 \/——:\/—-ebf'x P
a’g.(“+3') g0 X‘){-( ZM)? %’F—'s] ‘#
(zn)(aug.) g—,(ig%bg«,)

(I-54)
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Following the usual procedure, Eqs. (I-53) and (I-54) are addea

to obtain the transition operator for scattering on nucleon (2) and

absorption on nucleon (1):

- X (4. g@ _4:£;§; ;:é.éf‘ﬁi:i; ,ﬁjf'
d?f (M_,_Z_) L;,(X X,)/(z.f %EI}

(em) (o[ ;)(—9- ?X +g;)

Again through the substitutions, (1) < (2) and ¢ + -¢' , we obtain

the operator for scattering on nucleon (1) and absorption on nucleon

(2), which is

2. §
NN F
dgt(oC+ g e"?"(x’“x’)(/(z * ZZT)?:’ + &

.Sl

J

N~°|

>0

e (C+@)(E- g X B+ %)

Addition of Eqs. (I-55) and (I-56) then gives the full transition

operator involving scattering through the p-wave term, H3.

3 7-R
= N bt e
~A.Z—f _ +A.i;f
e Frrre TNE)

dg (% 4% e‘f'r{ﬁ*ﬁ)?’— &k fg3

ey (ol+ £)( & - ;:)
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- (I-56)

The result is

(1-57)



Finally, the transition operator is developed which involves

scattering through H*, the second p-wave Hamiltonian in Eq. (2-5). As
previously stated, the dot-cross product in #H* refers to the isospin-
field vectors as well as to spin-momentum. This derivation then closely
parallels that of T2. For example, use is made of an expression similar

to Eq. (I-39) to write the transition operator defined by

{of H,o(E-H+zele:/§,c=+/} (1-58)

as

e A I (G il )

(E-H+ /:é}/a':,;:’(xz* ;:)2
/ %)é 99 é*ﬁﬂ(@ ?ﬁ//%c #p

-5, @) f Li*<ela(- "'5; K8+ ) (PET] + 7 )]
(E- H+Lé)0‘ (0(7‘}

Z/é’*? mm ,,(f;_ﬁ xz%gs)//;,c "y

(I-59)

This transition operator is given fully in potentially contributing

terms by
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§ —-—

- LJCX,_

—é“fx’ﬁl" fEJZ % em&x 02% v iz ‘i'éwxzj/ ?,c=+/>
et aelz g L et
r @RI T E G et T (5-x)

- i Xz X 1 -4x X,

52) }/ZOCZ-»LXz V—VZ oaé xz+)év'— Zx,C
X lxx‘ x"\} _
T oax »/" zxx C = Z,,(zwz Y—F /z/g,c +/).

(I-60)

The indicated operations are carried through to obtain

dz (0% ¢) ¥ o?;-@/( /4 ;%) z- %’ ;.;,} (F- 75
en(a%g) ¢ [ ng - z;)

(I-61)

Using techniques similar to those previously employed, the backward

scattering result can be shown to be

127



To. = =X )é‘¢zg¢,v— <gxz(}); KE)G

12-

Jacomeraif - e sr) e

@)’ (usg’) g;(gu g;)

(I-62)

Once again, the forward and backward propagation terms are added
to obtain the operator for scattering on nucleon (2) and absorption on

nucleon (1). The result is

nt =P L T ()
df (4 g) o (g (6 "z)/(ﬁ-i)g, %é’] LTy 2'x%
@ (e F X -5 ) 5+ %)

(I-63)

We next get the transition operator for scattering on nucleon (1)
and absorption on nucleon (2) through the substitutions, (1) Z(2)

and ¢' » -¢', yielding

q)

=-)\ (4/1)/7[/44‘%\/—6 [/" "/’f’i‘f T -
o'_(d(»‘?) g (- xz)/ (2+£); }jﬁ';-g’x; .
CONCEY )(z;._ 2 Y Eg)
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Finally, the total transition operator involving scattering through
the Hamiltonian term, H*, is obtained by adding Eqs. (I-63) and (I-64).

The result is written as

4 _ %r 4 1 A%F
T --/\4(4ﬂ)//4 2};,\’76

s 5.4/ do (h(i‘if) 3°F
‘) £ €
( ) (g Y & - %)

_[EF —
150 /(nB)p-5F) g g7
3 él%—’@—/ 24 _2%);,_ %E] 1,’0‘7»?’)(_}, (I-65)

According to Eq. (2-1), the complete transition operator, T, is
the sum of Eqs. (I-15), (I-36), (I-49), (I-57) and (I-65). However,
in several calculations, certain terms will be omitted for illustrative
purposes. For convenience, the required equations are repeated in

Chapter 2.
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APPENDIX II
PHENOMENOLOGICAL NUCLEON-NUCLEON POTENTIALS
The Hamada-Johnston mode1105 is an energy-independent potential con-
sisting of polynomials in Yukawa terms. The free parameters have been
fixed phenomenologically using deuteron and scattering data. The central
and tensor terms reduce to one-pion exchange (OPEP) at large radius.

Prominent features include a hard core at radius, ros which in these cal-

culations is taken to be 0.485345 fermis. The potential is given by

V= Vo r S, + Y boS + Y, L, (11-1)

where the subscripts imply central, tensor, spin-orbit and quadratic

spin-orbit terms. These are defined as follows:

V= 0.08 (GU)FEG-T }jCar)// +a@ Y(ur) + b )ﬁ&(r)}
= 008 G EE Z@urdf 1+ 2, Yur) + b Y f
Vo= MG Yur) {146,V ur)f

AN
i

and

Gu'p(r}zz;ar)// + au Yg{f‘) + bu YQ"‘)} (1I-2)

The quantities Y(r) and 2(r) are given by

-/"'

Y/Cur)
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and

_#f"

Zjur) = (/ Q(,.)z)/( . (11-3)
LS is the usual spin-orbit product, while the operators L,, and S;, are
defined by

L,={8,+7 G;]L-/. ~ (L'3)
and

- Avs— A _ —
5. 3G NGF)- -7 . (11-4)

The pion mass is taken to be u = (1.415f) !, The parameters determined

by Hamada and Johnston are given in Table II.

Table II
Parameters of the Hamada-Johnston Potential

b G b G a b

° T T

State e e O I s s
singlet even 8.7 10.6 -0.000891 0.2 -0.2
triplet odd -9.07 3.48 -1.29 0.55 0.1961 -7.12 -0.000891 -7.26 6.92
triplet even 6.0 -1.0 -0.5 0.2 0.0743 -0.1 0.00267 1.8 -0.4

singlet odd -8.0 12.0 -0.00267 2.0 6.0

The Schrodinger equations obtained with this potential are, for the sing-

let and uncoupled triplet states, respectively,

dar/: L b - U"’) — MV (F) + 2T(T+)M ,_(r)] ulr) = o
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and
J(T+1)
- 5555 - MY () = 2MV (F)

+ MY (r) -{ZJ(JH)-/}M&{L(F)} ufr)=o

while the equations for the coupled triplet case are given by
2
d” 42 _ JU-1) 2(7-1)
-2 - === - MY (. —_— o O AN
S5 HR S - MY+ SEEMA(R) = (ROM ()

~(J-/)Mmr)/2 ucer) - S g ory ) = 0

2J+/
and
/5723 * ,éz— (J"“.__&_/i_"JZQ - MY (r) + zz(ﬁf)Mv (r) + (T+2IMV (F)
+ (J-/-Z)M&{‘(r) wr) — 6/§§FMV ryucr) = o .

(II-5)

With the parameters of Table II, solution of the coupled differential
equations for the deuteron using the method of Appendix III results in an
energy eigenvalue of -2.2688 MeV instead of the -2.226 MeV value stated
by Hamada and Johnston. This higher value is confirmed by Humberston and

Wa11ace,106

who obtained better agreement with experiment by varying
either the pion mass or the hard core radius. For the absorption calcula-
tions, the original Hamada-Johnston parameters are used.

In the Boundary Condition Model (BCM),]07

the potential interaction
is determined largely from field-theoretic forms involving one and two

pion, p, w and n meson exchange adiabatic local potentials beyond a
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radius, Yo Thus, beyond ro» the interaction is represented by a Tlocal,
energy-independent potential. Within ro? the interaction involves many-
particle exchange, and is strongly nonlocal. This nonlocal interaction
is approximated with an energy-independent boundary condition on the

logarithmic derivative of the wave function at o
The Schrodinger equations for r > r, are, for both the singlet and

uncoupled triplet cases,

z L{L+1)
a-’;—zf-/az-g-iz—.'—é*'\/ =5

- M/K,, + 531(2-65:0) Vr}/Z ur) = o0 ,
and for the coupled triplet case,
d* 2%k J@-1) _ 2(:-/)
wa*k ot VT T M/ } ucr)

= O
2JF/

and

. b 27Z/€ Ly (.THXJ*Z) / _ 2042, ]w’(r)

d,.z VAC 2J+/ T
~ EMVITED v y(r) = O . (11-6)
2J+1 T

The nuclear potential function is defined by

.V= v._+ S.VY. =\{2+V++%+%+v? ,
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where

and

The functions, RL’ used in V4 are defined by

2 2
- B[ g 3 .3 )]e?
2 = 2 M)[”f % # Sm(’*m,r 4(,”2,)2) roooLr-y)

R

+

0 = F{R G+ Bk (35 Dk ]

= Tg‘z(ﬁf?i{?@ *5:(14 5 ramdf & .

Ry +
o DU S g+ () )

Se

=-nl,

5(3-2%% [(X,+—~+ )/(,(x)+(;<’—+;2;+f;)/g(x)éy

b

]3%



R,(x) = —-/ [(x’ 7/ K (2x) + /< (zxy
+ 5 5(3-277'7'5)[(;’-# % * )K(x) +(2* 3 )K€ 7

R (O = —,f-/[[f,+;’<§)/<,(zx)+ —)%Ko(zxy
.__3_ -z R )[(X’+—+ )/((x)+(xz+ ’)Ko(x)]e-xj

(II-8) .

and

The boundary conditions are given, in the uncoupled case, by

d

rdu = fu

ar,
and in the coupled case, by the matrix equation,

t, C/ u u

ad’; = J 7['7

d
/, w w
o cfc ;} 741 (I11-9)

By varying parameters in the Boundary Condition Model, Lomon and
Feshbach were able to define different cases which satisfied the theo-
retical requirements. In these calculations we consider mainly cases 1
and 15, which correspond to deuteron D-state fractions of 4.60% and 7.55%,

respectively. The parameters and constants defining these two cases are

given in Table III, with the values for case 15 given in parentheses. The

values of u and M are determined by the process considered. A natural
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Table III

Parameters of the Boundary Condition Model Case 1 (15)

g2 = (g)2 = 14.94 (14.95)

£ = 0.745 (0.755)
“p = 135.0 MeV uy = 137.98
M(pp) = 938.2 M(np) = 938.8
N2 =0.65 g, = 1.83
(V)2 =1. = -0.06
9; =1
T=1
Uncoupled 1S, 3p, 3p, p,
f 1.8756 510 6.1 4.3
(f) (460)  (6.9)  (3.8)
Coupled 3p, - 3F,
11 0.352 ( 0.342)
10 20.9 (22.9)
f3 -0.9 (-0.5)
T=0
Uncoupled p, 3, IF,
f -1.38 600 45
(f) (-1.15) (35)
Coupled 3, - 3p, 3D,
11 0.27057  (81.106) 10.7
141 150 ( 150) -0.4
fy 0.3 (-110) 6.4
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A = 0.9343 (0.9338)

ro = 0.51373 p !

H, = 139.0

M(nn) = 939.6

mp = 765.0 MeV

m = 782.8

w
m_ = 548.7
n
3F3 le 3H5
200 175 -4
(300) (125) (4)
3Fy - M,
40
-2.07 ( -2.01)
-10.83 (-11.02)
36, 1y,
195 200
(145)

- 3G, 365 - %I
(11.4) 10
(-0.6) 10
( 6.2) 10




unit for use in the absorption study is the fermi. Thus, a single core
radius, oo given in units of inverse pion mass, goes over into three
distinct radii in fermis. Additional constants used are e = 1.60206 x
10722 coulombs, h = 1.05443 x 10" 3* joule-seconds and ¢ = 2.99793 x 108
meters per second.

The hyperbolic Bessel functions, K¢ and K1, are obtained from poly-
nomial applf'oximations.]08
It is found that use of the stated case 15 parameters gives good
agreement with scattering results, but a very poor value for the deuteron

binding energy. This contrasts markedly with five other BCM cases in

which excellent eigenvalues are obtained. Use of the case 1 values for

g%, X and € together with the case 15 boundary conditions gives the
desired result; these parameters are used to calculate the case 15
deuteron used in the absorption studies.

The Boundary Condition Model at first exhibited sensitivity to the
radial spacing near the core. This was found related to our neglect of
the second-order term in calculating the wave function at ro t € prior
to using the integration technique described in Appendix III; that is,

the wave function at r_ + € can be expressed as a Taylor series, accord-

0
ing to
z 42
wlkb+€) = Ulr) + e%—u(r;) * -—26-:7 Jr—?u(/;) o

(I1-10)

The first derivative is given exactly from the boundary condition. How-

ever, the second derivative is also given exactly in this case from the
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Schrodinger equation. Inclusion of this second-derivative term in the
calculation significantly reduces sensitivity to the radial spacing.
For the absorption calculations, vacuum polarization and Coulomb

effects are neglected. The wave function inside the core radius, r_,

0
is taken to be zer‘o.]09
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APPENDIX III
NUMERICAL SOLUTION OF THE TENSOR-COUPLED SCHRODINGER EQUATIONS

Nucleon-nucleon potentials containing tensor terms lead in general

to coupled differential equations of the form,

2
57‘%* Frou +grw = o

and

2
%‘j{-,a h(rw+9riuw = o . (111-1)

Here u(r) and w(r) are wave functions of orbital angular momentum number,

L =J3% 1. In this appendix we will use abbreviations typified by

£=Afw,
é = 1[(/’1‘6) R
and
n_ du
Uy, = o’r”/rre : (111-2)

The quantities, u, and u_, may be expanded in Taylor series about r to give

3 4 4
3 € 4, € s ..
L(.-A‘-'Z-!-L( _'f—z.—l'(l +

(III:B)

!

62 2
U, = teu +-:§7li *

I
|
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Adding the two expressions in Eq. (III-3) and dropping all terms of order
six and higher gives an expression correct to fifth order in e. This can

be written as
U, + u - = ¢ £ u
JIUm2U =medw + U (111-4)

An exact expression for the second derivative term, u?, is given by Eq.
(III-1). The fourth derivative term, u*, may be obtained by a Taylor
series expansion of the second derivative function, u?, about r. This

result is:
4 2 u —_e-
u’ = e a + LL - Zuj . (I11-5)

By dropping terms of order six and higher and making use of the definition

for u? in Eq. (III-1), an approximation for u" can be written as

ut = ézlf—,{a+-y+% ~fu-guw +2fu r’-Z/‘w‘]. (111-6)

Substituting Eq. (III-6) and the first expression in Eq. (III-1) into Eq.

(I1I-4) and rearranging gives the result,

/+—/) " u[u- /)+a(2+5€ /)
_62/2§jw’+ -/—g(ia); +j_é<f_')j ' (I11-7)

140




From the symmetry of Eq. (III-1) a similar result is obtained in w:

w;[/,cf_zé) +w:(/+/i;/,_) +w(—2+%6—2/;)
_62/55 + % 9u)} (111-8)

Now, assuming an outward integration, Eq. (III-8) is solved for w,_, and

the result substituted into Eq. (III-7), which upon rearrangement becomes

“f 1B g S

5e st 9.9
+uf-z2+351 - +J
/- e

2 (/+€/7)
of - E5+ 83 GEED el B0+ 9GRS

(III-9)
Useful abbreviations are now seen to be
H =/+,672/7 ,
F=/+%zf
and
G = %29, (I11-10)
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Equations (III-9) and (III-8) are rewritten using these abbreviations to

give the final result,
=1
u, = (EH,- @@)/—(EH;QG*)LL_ ~(GH,- GH )L

+{/2/-/+- 10(FH, - @G)] u -{/2 G, - /0(G+H—GH+)}CU’/

and
W, = - H, Har +(10H-12)wr + G u_+ 10GU + G,u, |
(III-11)

The expressions in Eq. (III-11) are meant to be solved sequentially,
first for u and then for w,, and represent a fifth-order, three-point
solution of Eq. (III-1). The functions, F, G and H, are easily calculable
given a potential function. The uncoupled scattering case is solved
using the degenerate form of Eq. (III-11), as is the Klein-Gordon equation

used for the pion optical model in Chapter 4. In the latter case, the

function, f, and therefore the wave function, u, are complex.
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APPENDIX IV

THE DEUTERON EIGENVALUE

Deuteron wave functions are obtained from phenomenological potentials
by solving Schridinger's equation while systematically varying the binding
energy until the boundary conditions are satisfied. The outer boundary
conditions for the S- and D-orbitals can be expressed outside the nuclear

potential as

-£
ucr) ~ € 4

and
- kr 3 3

The inner boundary conditions depend on the potential model chosen. The
wave function vanishes at o in hard-core models such as the Hamada-
Johnston, while the Boundary Condition Model derives its name from a
matrix logarithmic-derivative representation.

Two different techniques were developed to search for energy eigen-
values. The first is limited to hard-core models. An initial guess is
made for the eigenvalue, and two independent ratios of the boundary con-
ditions expressed in Eq. (IV-1) are chosen. The differential equations
are numerically integrated inward to obtain two linearly independent
solutions, (uj,w;) and (u,,w,). These wave functions are temporarily

normalized. A function, defined by

§ = {u,(f;)+au2(g)]2+ /a{(c)v/-aw;(c)]j (1v-2)
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is then calculated, with the coefficient, a, chosen to minimize the value

of §. The approach is then to drive § to zero by a systematic variation
of the binding energy, thus satisfying the inner boundary conditions.

Following convergence to § < €, the linear combination,

(uw) = (u,w) + aly,u), (1v-3)

is taken and normalized according to

/z’r(u’(rﬂw’(r)) =1 (Iv-4)

The D-state fraction is then given by

o0

P = /dr W) | (1v-5)

o

while an experimentally better-known quantity, the quadrupole moment, is

obtained from

0 00
o = 5 [ dr i ucrwir - 55 |drPwr) | (1V-6)
o o

A second and more general technique involves outward integration

beginning with two independently chosen sets of inner boundary conditions.
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At some radius beyond the nuclear potential, the two trial wave functions,
(uzswy) and (up,w,), can each be written as a linear combination of
increasing (f:) and decreasing (fZ) exponential functions. The total

wave function is in turn made up of a linear combination of the two trial

wave functions. We therefore have

(“/‘J) = c/(“u“’):) G [az;a{))

(u,w') = c/ (A// //£ b/ z!’l; +Bz/£. )
[A,2f+ 1[* 7[+3227[z)3

/20) 222

or, rewriting this last expression,

(ww) = (Coh,+eA)E  (eh+ AL )
# #
+ ((5,3” + 4}3/2)7[0 , (6,52,746'2322)/:), (1v-7)

The boundary conditions expressed in Eq. (IV-1) will be satisfied if the

increasing exponential components vanish. This requires that

('B// 'BIZ (C,) = @)
B, B, )\, )

or equivalently, that

/BI! B/:/ = O
le Bzz (IV-8)
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Thus the binding energy value is systematically varied to drive the
determinant of the B-matrix to zero. The A~ and B-matrices are found by
matching the asymptotic forms to the trial wave functions at r and r - €.

Equations (IV-4) through (IV-6) are again applicable.
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APPENDIX V
THE FINAL-STATE WAVE FUNCTION

In this appendix the final state wave function, w;, for the reaction
o+ d > p + p is obtained. First the nucleon-nucleon scattering process
is considered, then symmetrization is used to take into account the iden-
tity of the two protons, and finally the desired result is obtained by a
process equivalent to time reversal.

The basis used in the solution of the Schrddinger equation is the
spin-angle function, V?LS. The expansion of the wave function is done in
helicity states; that is, angular momentum projections are measured in
the direction of the outgoing momentum vector, k. The region beyond the
centrifugal barrier is denoted by the subscript, r + ». The region where
the centrifugal term is not negligible but the nuclear potential has
essentially vanished is designated by V(r) ~ 0. Finally, absence of a
subscript indicates a function correct throughout the space.

The scattering wave function for two spin one-half particles in the
absence of interaction may be written as a product of plane wave and spin

function, according to
LR-r
¢ = e X

(v-1)

where the spin function is defined in terms of its components by

S M
ISM =) [s M]/S,M,SZM,} . (v-2)
MM S, M,
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In this case we have S; = S, = 1/2. The spin-angle function is defined

by the relationship,

JM[ M M
y cm| Y, XS (v-3)
JLS

uu, S M,

By expanding the plane wave into partial waves and making use of the

relation,

o L+S T M M

"
Y X =2 frell o (v-4)

t MJ=iL-sl [ S M

we obtain the expression,

M, T, L

55« g it sl 4

(v-5)
The spherical Hankel functions are given in terms of spherical Bessel and

Neumann functions by

h(kr) = b (kr) = £.Ch) +4i7,Cke) (v-6)

or, in the limit, r » «, by
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/7 (kr) /; (/er) e ei(,é,-_ ”MZ)_ (v-7)

>0 RF

In this case Eq. (V-5) can be written as

kF o, M
e =
=
Ye -£Chr- m/z) +i(kr-mi)2) J M M
E‘/:‘,’?_Z(ZLH 1,“/8 -€ jz Lol
ML S #) VT

(V-8)

Therefore the spherical Hankel function, Al (A7), may be identified with an
incoming (outgoing) spherical wave. In the absence of tensor coupling

and for a real Hamiltonian, an asymptotic form for the wave function can

be obtained by inserting a unitary factor to multiply the outgoing
spherical wave. With tensor coupling, however, orbital angular momentum

is not in general conserved, and an incident wave of pure angular momen-
tum, L, may result in several outgoing waves, L. Thus a correct expres-

sion for the asymptotic wave function must be

Y2 [T M
L O

¢ = Z Cact1) 4

o0
> krM“L,

/-z(kr-m./z) M +i(kr-mLfz) sz
(V-9)

y]’LS .TLLSe syJZS
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The total angular momentum, J, and camponent, M, are conserved in the

absence of external interactions. The spin quantum number, S, is assumed
conserved. For the triplet (S = 1) case, possible values of L' include
J-1,Jand J + 1. If the nuclear force conserves parity, however, only
the J - 1 and J + 1 orbitals may be coupled. Therefore, both the triplet
with L = J and the singlet (S = 0) states are uncoupled (the tensor oper-
ator even vanishes on the singlet state), and a component of either can

be written simply as

= % | L+1
¢ = k—-" (2L+1) £
TMLS . RF

~i(kr-rL +L(Rr-TIL/. TM[ , M
/e(r mh/e) SLB(FWZDJZ/\;A‘Z/%LS o)

The unitary factor, SL, is written as

= e&g‘ (v-11)

L b

where 6L is the phase shift. We desire the wave function, U to be real

and normalized according to the asymptotic relationship,

u(r) = den(kr-nrfz+§) . (v-12)

F—rco

Then the uncoupled wave function correct over all space may be written as

207 % o _LS|T M| u) M
p (2t1)i € Lol ™F Juns -

¢

LS (V-13)
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In practice, a numerical function, ZL’ is calculated by integrating
Schrodinger's equation using the method presented in Appendix III. The
desired wave function, a5, is obtained by matching the calculated function
to the asymptotic form. For increased accuracy, this matching is done
within the centrifugal barrier. In this region, the asymptotic form

analogous to Eq. (V-12) is

w(r) = cd(r) = krfcotl fkr) —am8 Y (k) |

y(r)~o
(v-14)

The phase shift is then determined from the relationship,

G- nHh(re) - FU(r-e) £ (k) -
/N ~ ~ ' V-15

(r-e) U (N7 (k(r-€) ~ rd (-7, (br)

With the phase shift known, the normalization constant relating u, and ZL
is obtained directly from Eq. (V-14).

The remaining triplet L = J + 1 case involves solution of coupled
differential equations. The asymptotic form is contained within Eq. (V-9)

and can be written, for a particular value of J, as

¢ =

JML=J%/ 1 F— 00

1d: ITJ‘-)/) o\ FLChr-m(a-1)/2)
[ae e o 1, s gyt Yt

v =ilhr—m(Te)e) , i\ iChr—mlrry2)]) (™
+/b é’l(r”Jl - 5,2a+322b)€l roe }9”#/
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where

Yo, T [T M
a = [I'T-(ZJ‘—I)«C J- o
Rr | M

and

‘ Yo Jgr2 |[J M
b = g-(2J+3)4 ’ [mf] (v-16)
I M| .

This asymptotic form could be used directly for matching and normaliza-
tion; however, the resulting function would be complex, and what is even
more objectionable, dependent upon the projection, M, through the Clebsch-
Gordan coefficients.

110 who

A more useful parameterization is that of Blatt and Biedenharn,
define eigenstates of scattering for which the ratio of outgoing spherical
waves equals the ratio of incoming spherical waves. Such states are
characterized by the absence of mixing of partial waves, and hence by an

equivalent phase shift for each. The two partial waves associated with

L=J3%114n Eq. (V-16) may be written, respectively, as

—(Chr-mlr-1)2) +i(Cbr-m(T-n/ez)
u = A€ - B¢&
r—>00

and

L Ckr-m(aenfz)  +i(kr-m(T+)2)
w = A€ “Be ,
=00
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where
B = S,,A, + S/zAz
and

B, = S,A +S,A, . (v-17)

2

The S-matrix must be symmetric and unitary, and can be expressed as

2 2K, 3 2 , a8 ¢
S = COLE, C + A&, € P codé,dmé‘,(e‘—e‘ﬁ)
. U 2L . 2 2. 2 24
cofzéJMGJ(e‘~e '3) MGJGL + CodE € £

(v-18)

In this expression, o and B are the eigenstate phase shifts, and €5
is commonly referred to as the mixing parameter. The previously given

definition of an eigenstate evidently requires either that
Az = A, A(A’Lé:r/@ﬂéf
or that

A = —AlmeJ/MeJ)

2

yielding, respectively,

B,) _ zi«(A/)
B c 4

z

(B,) - 821;8(4,) (V-19)
B, A/ .
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Making use of Eqs. (V-17), (V-18) and (V-19), the eigenstate wave func-

tions are defined to be

4y = € g br-m(T-0f2 +a) )
«y = am€, ain( kr-n(ra)fz +a) |
Us = ~done, a(/h(,ér-/r(f-/)/z+/5)

and

wp = Coote, s kr-m(TH)2 +8) (V-20)
¥ —> 00

A Tlinear combination of these eigenstate wave functions is now
required to satisfy Eq. (V-17). First we consider an incident spherical
wave of L = J - 1. From Egs. (V-17) and (V-18), the resulting wave

functions must be

E;Z(fT“-NYU=L»2) 2 2x .2 qgé) é;[Cér-ﬂ(U=AV2)

€ = - (cote € +ame
s 00 5 TAMEC
and
: 2/0 28~ HLCRr-TT(T+D/2)
w = o = dome, cové ( 2 e _
r—> 00 (v-21)

Similarly, for incident wave of L = J + 1, the wave functions are

20K 2;;3) é‘t'(,ér-ﬂ(m/)/z)

u - e, cote (€ -¢e

fl
o

r—y 00

and

cilkr-m)/2) . 2 i 2 2ipy +ilkr-m(Tule)
- e —(dme € + cree € °)é ,
r—» o0

(v-22)
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These are then the required results, once normalization is provided by Eq.
(v-16). The wave function is a linear combination of Eqgs. (v-21) and

(V-22); in terms of the eigenstate results of Eq. (V-20) it is given by

¢ -

JMIEI

M

/—Z‘(dlcﬁdé:rf'b,dmé‘r)e % + Zb(dfdéﬂé‘f'bwd%)e%}\gmﬁ//

. ] L 2.4 . !l . ' ‘-/9 M
+{-2.(a +b 2L (@ aué - € }y
/2/.( Cov +bpung )€ &y + 24 (@pné bcan)ea; auy

V-23)
There remains the detail of the calculation of o, B, €5 and the
eigenstate wave functions. In the presence of the centrifugal barrier,

the a eigenstate functions can be written as

Uy = Fkr wﬂéJ{CJdd #. (kr) —,w'cozz_/(/ér)} |

v(r) ~ 0O
and
w, = ér,a“;zéf/wddlj}“(fr) —M&Z{/ér) o (v-24)
Vir) ~ O

Using two different sets of boundary conditions, two linearly
independent functions, (41,4,) and (%,,4,), are obtained by integration
of the Schrodinger equation. A Tlinear combination of the two solutions
is taken and matched to (“a’“h) at an outer radius, r, and r - €. The

four resulting equations which contain four unknowns are
7 /0 = ' Rr) — 4, (k'JCZ
cuUlr) +Cu,lr) = Rr cor/éJ/cma’ ,f”( ) A L ,
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C R+ C L (r) = kr,aaéf{mazéflkr) - it %?rgkr)j)

e,U(r-€) +c U (r-€) =

bire) cove, { cosu L R(r-€)) - ik (k(r-eDf

and

e ar(re) + c,i(re) =
R(r€) dem€, z/mwé“(é[r-e)) - Mmz_gk(né))/z -

A solution to these equations is found by elimination of ¢, and ¢,
which results in two expressions involving the tangents of a and €5-

These expressions are

a, +a, land

Tam.éJ = 2, + 2 land
and
Qs + Qg A 0L
tmef B a2, + aglame
where
a, = (r-é)igf(r-e))/&:(r)&');(r) - LZ(/-)Z}"(/*)}
- rdj_{,ér) d(r-e)i(r) - Zz;(/:e)a'lf(r)f ,
a, = - (r-e)%f{/f(ﬂe))/z?,'(r)a“)'; (r)- 22;[/‘)25,’(/')]

# D) a(re)i0r) — LI}
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a = réﬁér)/&:(r)&;(r-e)—ZZ(/*)ZZ,(F-G)} R

3
a = - rZ{;ér)/ 4(ri(re)-arulre) ]- ,
a = rf‘r_(//ér) W (g (r€) — & (r)w (r-¢) ] 5
a = - r?f_{ ,ér)/ a"):’ (N (r-e)~ 23;( P (re) ] ,

a, = (&) Fk-e){F T r) - 2% (rIE )
- /“j.(/é/‘)/&?(f‘-é)&:(r) - &j(r)&");(r_e)}

J#

and

e T LAY AGEACYACY,
& T+ ~ 4
+r (/ér)/a'\)"(/:é)cg(f) —~ u (r)w,(r-€) } (V-26)

T d

Equating the two expressions for €1 yields a quadratic in the tangent of

a, which is given by

d‘,Z‘a/y{zw + blma + ¢, = O,
where
4 = 4,4 - aa,
6 = aa,+ a,a,-aa -aa,
and
¢ = 4de,- aa, (V-27)



The apparent ambiguity of this equation is resolved when it is remem-
bered that the mixing parameter normalization of the a and B eigenstates
is arbitrary; that is, we could have written the B eigenstate using
cose} and sine} instead of -sine; and cosey, where e} =€y - /2. There-
fore the roots of Eq. (V-27) give both a and B.

The usefulness of the eigenstate parameterization for numerical work
is evident; however, experimental values are usually quoted using one of

several other systems. An identification is easily made with the U-matrix

forma]ism11] through the relations,
e+ 8, = & +/¢? )
ln(e-e6,) = cot2¢ lin(x—p)
and
= y y - V-2
P den 26 am (X-8) . (v-28)
112

Similarly, the nuclear bar parameters are obtained in turn from the

relations,

fa=/ - -
é&nu - +
and
I 26 = P - (V-29)

It is yet necessary to symmetrize the wave functions, taking into

account that the spin one-half particles in the final state are identical,
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and thus dynamically equivalent. The symmetrized wave function is

obtained from the unsymmetrized function by 1:ak1'ng”3

4 = Y, (v-30)

where the symmetrization operator is

[
d:-—- I+ & @ V-31
2/ Q/Z 12 . ( )
The permutation operator is easily shown to give

M ) M,
Q/2¢KF)Zs‘ = 1) CER)X (v-32)

s )

while for Fermi-Dirac particles, aQ;z = -1,

Finally, the wave function must be obtained for the inverse of the

scattering process. This may be obtained formally through the expression,11

¢ ¥

= - (v-33
ESMS “kS-MS J )

where T is the time reversal operator. The same result may be obtained
in a more straightforward manner by considering Eq. (V-10) and the inverse
process. In this case, it is the incoming spherical wave which must be

modified by a phase change. Equation (V-10) now should be written as
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¢ Vo (2L#1) <

TMLS F—>00 kr

-4(0’-/}‘1-/2) +1.(/ér mL/z)
S e [ ]-yus . (v-34)

The Schrodinger equation which we solve, however, is time-independent.

To recover the form of Eq. (V-12), we simply let

s, - &%% (v-35)

The result for the singlet and triplet uncoupled cases is

- a7 2 L -15 U v )
%TMLS - —E-(ZLH [ ]ﬁLf‘_ «y.ns . (v-36)

A similar result is found for the coupled triplet case.
With these results, and those required for symmetrization, the wave
function used for the final state becomes, for the singlet and uncoupled

triplet case,

- _ 2lzm 2 L =48 [T M u(r) ™ _
¢ - \9:7'/.5 5 (v 37)

and for the coupled triplet case,

160



é%TM.J’:/ l=

’ YA ” . _“.'5% #
{/a cote + bws)é ”—r@ - (a,dméJ-bcdﬂé'J)@ r(r)}y
JJ=t1

. ~dyy () _ : ‘4:305'2( r) "
+/(acm%+bam§.)€ —F (@ame-beose)e F f‘yfm' )

where

2 , o0 J M
a = _2_@(2.7—/54, / -1 0
R I M

and

23 2 .o |T M
6 = kﬂ (2(]7‘3)" [‘;-_Hg] (‘/-38)
/
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APPENDIX VI
EVALUATION OF THE MATRIX ELEMENT

In this appendix the matrix elements for the nuclear transition
operator defined in Eq. (2-7) are given. The evaluation is carried out
in detail for a typical term, in particular, the p-wave scattering,
s-wave absorption portion of T*. Results are then simply stated for
the remaining angular integrals. These angular integrals, RL’ are
common to the formalisms developed in Chapters 2, 3 and 4. Differences
in the formalisms are limited to the radial integrals, IL’ which are
therefore stated explicitly in the appropriate chapters.

Before the evaluation of this term in the matrix element, some
general results and definitions are stated. The isospin variables in
the transition operator, T, have been left as single-nucleon operators.
Therefore the isospin contribution to the matrix element is obtained by
expanding the initial and final isospin states in the bracket, according

to

v, [ The) =
TMITM ., ] Irut >
MM Yol A (7:’/(17; 2 hp 1/“: M2/ (VI-1)

s pdy | T A T

The choice of overall signs for the pion field components given in Eq.

(I-1) forces use of the definition,
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F o= v (Vi) (VI-2)

The components, TL, are the Pauli matrices. The isospin matrix elements
are then easily evaluated using Eq. (VI-1). The particular results

required are

]
{
~

<’)//7}+/OJO> 5
¥ [o,0> = +1
{HI[KH [0 =

and

|
1
-~

i

+1 (VI-3)

{1,1|¥¥[0,0)

ATl other vector operators are written as spherical tensors, which
are understood to be of rank one. The subscript is then free to be used,
wherever convenient, as a nucleon label, while the superscript denotes

the tensor component. The usual spherical tensor definitions are

£

A= (A tiAY)

and

A = A, (VI-4)
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These components can also be written in terms of the spherical har-

monics:

o
A% = A@Y, ). (VI-5)

By analogy with Eq. (VI-4), components of the gradient operator are

given by
4 [ 9
and
v = v’ (VI-6)

However, only the z-component will be required due to use of the Wigner-
Eckart theorem.
The dot product of two vectors can be written using tensor com-

ponents as
_ & - &
AB=CDAB. (VI-7)
o

To describe the dot-cross product, we define a tensor, €
115

8o’ in terms of

the permutation indices. The definition is

164




6/-/0 = ea/-/ =101 )

€017 €0 = o= T
and

60[/3, = 0, (VI-8)
otherwise. We note that this tensor can also be written as a Clebsch-

Gordan coefficient:

¢ av_ ! -&
= vz |1
wpy ) / Jé . (VI-9)

By making use of the definitions in Egs. (VI-4) and (VI-8), it is easy

to show that the vector dot-cross product is given by

&
“Br? (VI-10)

SRR L c
A-BxC ‘MZV éd'eéAB

It is convenient to define two new symbols to describe certain spin

matrix elements. The first is

) & A X
S, = Xsm[a +C-DT [sM) . (VI-11)
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Equation (VI-11) can be evaluated by defining spin sum and difference

operators and using the Wigner-Eckart theorem directly. As an alterna-
tive, the spin states are expanded into products of single-nucleon

states, and the Wigner-Eckart theorem is applied to each. This result is

s'u |[sm 5 M, N
= VT2 |suillsufS,, [su| +c0 sl S,
uwl | sl s,mf) MM 1 o I MM
M M,

(VI-12)
The second matrix element of interest is defined by
& B A B
_ tau!
e = SMIGa + 1)0 g [smp (V1-13)

Evaluation of this term is accomplished by means similar to those used

to obtain Eq. (VI-12). The result is

S'MJl S M| [[s'M|sim, Al S Ml s;m:

£, = 32 |5 S,M] sullsu] +E0)|s Ml s
7 g IS mlls Myl (1) 1 p 1 BT ]]
(VI-14)

To illustrate the evaluation of the transition operator matrix ele-
ment, a detailed calculation is given for the component involving p-wave
scattering through H* and s-wave absorption through the Galilean-invariant
term of H®. This nuclear transition operator is given by part of the last

expression in Eq. (2-7) and will be designated T*. It can be written as
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£ 2 -4 | CZR
e - (S L v/z%ﬁeg'

P dp (@sg)) *
e ENE - ¢)

(KE-F
2 -Lg—f__—l___ ./.['F__,____
[‘f?)/e Z-,éé$°j«'x? - € zﬂz" LTEXE [ . (vI-15)

With use of Eq. (VI-10), the vector product of nucleon spin and

pion momenta in Eq. (VI-15) can be written in tensor components as

G < T e oY

wpr PO (VI-16)

The nucleon spin-momentum dot product can be expressed, using Eq. (VI-7),

as
¢ -# ¥
= 2.7k (VI-17)
J
#
so that Eq. (VI-15) involves terms of the form,

- .= = - ¢ ~F & K B ¥
GRiT, gx3 = 2 Ce TRCEE . s
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Use is then made of Eq. (VI-5) to write the tensor camponent of the
intermediate pion momentum, ¢, as a spherical harmonic. The angle {s
to be measured from the outgoing proton vector, k, so that

AR ’ (VI-19)

With these results, Eq. (VI-15) becomes

’

T+= —/\(#T)[w‘cvgz—;v__e (7f3 34-)
-i%L g & 4 "-‘
ﬁosze,y(’) wr(e 00 - e e

(:-'.F 15 A A
2 e (gD et g Y (3E)
(M)k ‘g— (2”)3(“2"35)(??“59 ' (VI-20)

We shall now evaluate the integral in Eq. (VI-20). The intermediate-

pion wave function is expanded into partial waves, so that the integral

becomes

dg (%) o LFr % YP4k)
Cén)<ﬁz"‘g;)zf4g -

g (Weg?) w17 i A'Y’:’,‘('a?,'/?) Y. ¢ )40 g YER
e’ wg) % - &)

(VI-21)
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The angular integral implied in d¢' is obtained from orthonormality of

the spherical harmonics, from which Eq. (VI-21) becomes

B A4

G @ep) 7 Ty Y
anp (e g)(%-£)

477(217) Y(r/é‘)(mJ-;)/alg“g’?%{?;) . (vI-22)

This result can now be identified with the intermediate integrals

defined in Eq. (2-24). We have

dg ('+ ) o g YO (£,£)
@)% - )

el
(VI-23)

The final-state nuclear momentum operator is given by

R —> +L V., . (VI-24)

Tensor components of this gradient operator are identified by Eq. (VI-6).
We make use of Eqs. (VI-23) and (VI-24) to write the transition operator
in Eq. (VI-20) as
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e (5B s e 4B gy 2
ﬂ“ZPx(’)ocﬁx e *a'g -¢e 070;)/%‘_
<! ﬂd ¢ ' g’
‘E’-v@i(ﬁ) )/,(C'g) 751(") Ve . (VI-25)

The external pion wave functions can be expanded into partial waves

through the relationships,

F

A A
céfb'z = 4q€é§; A (Gf{)

)1?(5%5') )172(,:351) ?A(%:) . (VI-26)

Then the factor in Eq. (VI-25) which contains the spin operators can be

written

(—Ziéf -2 & +i§2’fac-9»

e *qq, - € e,
¥*
’ ? AA' 7 J' ; -9 (A -A- & -
arZ S G GO - c457).

(VI-27)

We need also to express the term, qY/p, in Eq. (VI-25) as a spherical

harmonic; according to Eq. (VI-5), the required relationship is
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A

k) (VI-28)

>

N

¥ r
E-FEv¢

This spherical harmonic must be contracted with that of similar argument

in Eq. (VI-27). This product can be written as

s

>

BY (£E). w129

!

Ny I

"

bt A
A8 _ HT 2 4
viihE - B E oy
In obtaining this result, we have also made use of the relationship,
Y m, .\
Y, (@) = )Y, @ (VI-30)

The product of two spherical harmonics may be contracted through use of

the expression,

Ly m

m, My _ Mg 1R, +IX24:41) 'e’: P

a(ﬁ)é () "153 Y13 (Q)v 4T (205 41) :g;o Z s
(VI-31)

Equation (VI-29) can therefore be written as
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*‘? 3),
Y GH) %z =
MO A4

R4 oA AN 2A+L) 3 1 olla-
A

(VI-32)

Using this result, the product of ¢Y/u and Eq. (VI-27) can be written

as

wZ S CRLEN( T - q)

!/ 2 ! 2

(VI-33)

Use has again been made of Eq. (VI-30) in obtaining this result.

We desire to retain the quantum numbers, y and ), on the spherical
harmonic of argument, (;,Eﬁ, and therefore interchange the order of
evaluation of the sums on n and A with those on y and ). From applica- -
tion of the sum rule to the Tast Clebsch-Gordan coefficient, it is seen
that only the projection, n = y + vy, can contribute. By the triangle
rule, the sum over A need include only the values, A-1, X and A1. The

three required zero-projection coupling coefficients are
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227

]
o)

[t
[f§]

A+ (OJ = - —~t_l_
"o 2A+ : (VI-34)

Making use of these results, Eq. (VI-33) can then be written as

- - = 4
(-‘L.Zé—,: ~¢ « *‘lz'éfx-")_z_ =
A AR AP

“Z W O E Y GER (655 c955E)
{ Bz 20 4080

g2 [M ] YRR 4. (%)

(VI-35)

The transition operator in Eq. (VI-25) is therefore given by
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NE ] YA MUt AL 1 r
+ \/EA—;/‘[;\H-Q?T% YAH(": k) a{;\ﬂ(%)}

Boaar. T ¢
/_%_ %. @”: YI (r, k) ;gl[r) v, . (VI-36)

*
In Eq. (VI-36), the argument of the spherical harmonic,Y ;(q,kﬁ, has

been reversed by use of the expression,

Y:'(.Q) = /) Y (_(2) (VI-37)

This spherical harmonic provides the matrix element with a functional
dependence on the angle between either outgoing proton and the incident
pion.

We are now ready to evaluate the matrix element, which will be
called M*. The initial state wave function is given by Eq. (2-8), while

the final state function is agiven bv Eq. (2-9). Both are of the form,
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-3%  LKR
¢ = (Gn) e '-,:-/JMLSTMr>- (VI-38)

Both states are thus assumed to be of aood quantum numbers, J, M, L, S,
T and MT' Final state variables will be designated with prime super-

scripts. The state functions will be written symbolically as

[¢> = [TMLSTM uK > . (VI-39)

From Eq. (2-12), the component of the matrix element being calculated is
4 R A 4
m* = {omisTM GK] T TMLSTM UKD . (v1-40)

As stated previously in Chapter 2, the integral over the center-of-mass

coordinate, R, simply yields a delta function in momentum, according to

(KR (KR _(FR
e

Gn) [de e e = §J(k+Z-K) (VI-41)

Total momentum is conserved in the calculation. The matrix element is
evaluated in the overall-center-of-mass frame, for which k' = O.
Evaluation of the isospin matrix element is also straightforward,

using the results in Eq. (VI-3). The isospin contribution from T* is
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1,1/ - 7/3:/0,0> = -2. (VI-42)

1 2

In performing the integration over the relative coordinate, r, we
oEtain the matrix element associated with a single spherical harmonic,
Y K(E,;). This provides a term with definite functional dependence on
8, the angle between outgoing proton and incident pion. The full matrix
element (for the indicated nuclear states) is then determined by summing
over the quantum number, X. The projection, u, is found to be constrained
by the projections, M and M'. The required sums over these projections

will be performed in the evaluation of the cross section. The matrix

element under consideration can now be written as

7}74_, _ Z 3/2[ Zg- V'—/:/‘HY/’((’Q;)

by *
)\42/-‘%-—% (J‘MLsg/)[(f‘)Z 6 (/)

(5%« CSEENE) B [M ] R (%)
o T [L er]»/w“)f @l YT s uy

/

(VI-43)
A1l momentum variables within the bracket in Eq. (VI-43) are measured

with respect to the vector, k. For brevity, these arguments will be

dropped in subsequent equations.
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Next, the initial- and final-state vectors are expanded into com-

ponents, according to

M, M,

[omLs u> = X EZ’ [LmudlSM, ) . (VI-44)

It is then possible to make an identification with the spin matrix ele-

ment defined in Eq. (VI-13). The spin contribution in Eq. (VI-43) is
¢ -3 « AX-9
<5Ms/0,02 +C1)00, /Sﬁ{,} = _Féu . (VI-45)

Calculation of this term is performed using Eq. (VI-14). With the

above results, Eq. (VI-43) can be written as

; (4”?2 Y:,[— }w-fY (k )
v

& RGeS i

A2 —&OMS/ ih,Yfff*Y,’eW-?/i%d>

/;IFM,BZJ@M M j ] i

M MM,
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% & VA ﬂ ¢
Z/“ M <LM9/J/ A M-/ V /LMLL>jZ

The gradient, ﬁr" is meant to operate on the final nuclear state.
Therefore it is necessary to contract the initial-state orbital angular
momentum with two other spherical harmonics in the operator. This is

accomplished by repetitive use of Eq. (VI-31). The result for the first
bracket in Eq. (VI-46) is

M, HFE B _
)/L ﬁ/>-1 \7:

7 a \N@m? (28+1) [L oL -!0

5 Miprde8 JoreiX(2A-1)3 [L o /m +oegll £ 0 £,u+ﬂ,6
Lo ‘£//£+&ﬁﬂ

(VI-47)

Making use of this relation and Eq. (VI-30), the first bracket in Eg.
(VI-46) can be written as

AR R o %/LM>

A=l A-1

> [K2L+1)(2r-1)3 Uu m e
£L' V(M)2(22+/) l /{.;J;.ﬂ A IO Al /(.;;

M+M+ ¥+ ¥
¢1) #ETp & -(mupraep) af f A ,\_V?/LiML'g’).

(VI-48)
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It is now possible to make use of the Wigner-Eckart theorem80 to evaluate
this bracket. The gradient is a spherical tensor of rank one, so that

the general result needed is
g Z,
<fz”’z/V /1,”’7 = z ’; <£ 1 > (VI-49)

The reduced matrix element is determined by evaluating the left-hand
side of this equation for the case, g =m =m, = 0. The reduced matrix

element is then given by

{4 o]l ¥4, o>

(VI-50)

{4lv]e) =

The required matrix element in Eq. (VI-50) can be written in integral

form as

0

{t, 0l V]¢g 0> = /d_cz oV e (VI-51)

In spherical polar coordinates, the gradient operator is given by

+ 6L
S F

Yo

- A A , éL_
v = r 97 P (VI-52)

wlm
0
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so that the component in the z-direction is just

(=]

d . 19
V = @eve 3o — ame 35 | (VI-53)

Making use of this relation and the 1'den1:1't'1es,n6
(12 ;>n1 F,"l m

- — = O
m+/)£H (2e+1) coto F, + (zf-m)}-';_l

and

cd o m m
~ Mo = Fp = (e+m)F,, — Lcots P, , (VI-54)

the integral in Eq. (VI-51) is finally obtained by orthonormality. The

result is
o o o
ﬁa Y VY =
Iz zl
&£/ d _ 4 — L d |, 4+
————— o ./_ /
i}z+,V(24+IXZl,+3) d" r %:)L'IJ(ZII*/,YZII-/) (a'r * l")
(VI-55)

The required Clebsch-Gordan coefficients in Eq. (VI-50) are

é/"'/ : £,
(4
P 24+
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and

-l,'/O zl
f' g = TVeger - (VI-56)

With the results of Eqs. (VI-55) and (VI-56), the reduced matrix element
in Eq. (VI-50) becomes

<elvle)y =

S [L+1 (%f _4) _ [Z Aﬂft)
'Qz,ﬂl“ 24,+3 3: r z,-/ 28,~/ . (VI-57)

Use is made of this general result to write Eq. (VI-48) as

Ay

s 1y 4, Y0 omup

[ /\ / [
Mt M, 4l O N3 L 0|12 aerd+
) NG 22 CEDERRD R (Y Nk 4
L=1r-2[[ 1 off I B

L+ Of[LH m/u u/ (M{-/afé#p /D_ U ~o LY 4
/an,e
L1 o[t Mv;zub' L-1 (M+/¢+a-+,3 2y ¥ 1+ gF
|4, i][‘, ][ ‘ jZL 1 /drr Fél#:\-l(dr /7
L o]l £ ‘/z+3w73

(Y1~58)
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A similar result is obtained for the second bracket (involving YKi?)

in Fg. (VI-46).
Finally, the matrix element is obtained by use of Eq. (VI~58) in

Eq. (VI-46). Upon rearrangement, the result is
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(VI-59)

With the definition provided in Eq. (2-22), the top line in Eq.
(VI-59) is common to all matrix elements. The remaining factors (in
square brackets) are divided into Clebsch-Gordan products, Res and

radial integrals, I.. In particular, the matrix element defined in
Eq. (YI-59) is represented in this scheme as integrals 21 through 24.

That is, this component of the matrix element can be written as

’ A y . *u A A 24
mt= X (4”3/ 7[/¢ qug;f—&LMYA (k92 2 BRI | (VI-60)

M JiL ¢=21

where RL and IL are, of course, also functions of M and M, This is the
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form that motivates Eqs. (2-13) and (2-22). The projection of the

spherical harmonic in Eq. (2-13) is the ultimate result of angular
momentum conservation.

The radial qintegrals, IL’ depend on the Lagrangian formalism;
therefore different integrals are defined in Chapters 2, 3 and 4. The
angular coefficients, RL’ are common to all three formalisms, and these
results are summarized below. A1l coefficients have been found to
satisfy a Wigner-Eckart result involving conservation of angular momentum
for the absorption process. The coefficients have been evaluated numeri-
cally over a large set of quantum numbers without a violation of this
result. Projection and principle sums in the coefficients are stated
explicitly (or omitted); in practice, these were reduced wherever practi-

cal with the sum and triangle rules. The coefficients are:
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APPENDIX VII
THE ANGULAR DISTRIBUTION

The matrix element expressed in Eq. (2-13) is cast as products of

complex coefficients and spherical harmonics. The exact expression is -

M=) c(SMmA) )/AMLA?E:?—) , (VII-1)

A= IMiMm)

The differential cross section is proportional to the square of the

matrix element, or

(VII-2)

Making use of Eq. (VII-1), we get
C/ * ‘l:ﬁf'A *;41@{‘4
'd% ~ J D c(smmMN)c(smmA) )/X(k,'g') Y/\(/e,}) :

smm AN=/mml

(VII-3)
The product of spherical harmonics can be contracted, yielding
4 * V]

M-M MM,
Y (&2 Y () =

A A

mim Xeh o, 7

2XtI)2A+1) [2 0T[4 o
(-/) Z Y.ﬁ k/ ) \F4”(21+D /\10 AIMI‘M (VII-4)
ANO

A MM
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The single spherical harmonic can be written as a Legendre polynomial:

o a4 24+/ (VII-5)

Y(k,g) \/ T t?(ca‘de) .
It is in turn easilv converted to a polynomial in cos® through the
re]ationship,]]7

V4
-/ n "
Pleras) = a ) d ) (VII-6)
£ £ pzo £

With the use of Egs. (VII-4), (VII-5) and (VII-6), the expression for

the differential cross section in Eq. (VII-3) can be written as

g—% ~~ ZIIT—Z (‘/)M-MZ \/(ZA'+/)(2A+/)

S'M'm M= Imiml

L=/2=Al AM-M

C(.SMM/\) C(SMA4A)Z [ ]Au—u a, 2 d,e cod ©
n=0
A O

(VII-7)

This equation expresses the angular distribution as a polynomial in

cosf.
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APPENDIX VIII
PI-NUCLEON FREE SCATTERING AMPLITUDES

The wave function for pi-nucleon scattering is given by
- .é?r
L2 F
¢=/e”€+f~'%——/l’, (VITI-1)
where x is the nucleon spin function and

/
PR (0 e My L Blese) . i)

In this expression, the quantities, fg,j,i’ are considered to be func-

tions of orbital angular momentum, £, total angular momentum, §f = £ + %

and isospin, £. Identification may be made with the phase shifts through

the relationship,

8
_ 14t -
{;ﬂ e MSIM : (VIII-3)

In Eq. (VIII-2), T+ 1s a projection operator for isospin, t, while Atj

is an angular momentum projection operator, given explicitly by

_ L+l 42T
A Rty 2L+
and
_ L-7.T
'A‘x,x-:/, 201 ' (VIII-4)
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The angular momentum operator is easily shown to be

I 9_/___. . (VIII-5)

An explicit sum over the first two partial waves and all possible

values of § in Eq. (VIII-2) gives the result,

/ _ = An d
F=2Z 7_'-[/75%6 foue <7 FF a’(wae)} o (ers0)

.= A’ A d
* / me*fm' ({%t' ’f%t) sadv Ay d(code)} E(ma)] e .

(VIII-6)

llhen the indicated operations on the Legendre polynomials are carried

out, this equation reduces to

= A, A :-—-A, A
£ tz[‘szz:/ * (Z’;,s"";g,) 2 *(Bs7 Bes) 4”:?"?]72-

In writing Eq. (VIII-7) use has been made of the symbols,

,l'[ (VIII-8) f

)
02624~ F Tast -

Initial and final isospin product-states may be expanded in states of

good total isospin by writing
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¢
/tyaﬂé,r/x”> =2 tou| [ 24D . (VIII-9)

Finally, the desired expression for the amplitude operator is obtained

from the isospin matrix element,

(zfya'/t”/’u,’,/l-‘/ AL . (VIII-10)

In particular, results are obtained for the following processes:

TT++ p‘*TT++ p,
_ A, A P A, A
Fo= S+ (2522048 + (B-7,)i7- 554 } ;

+ 0
mT +n>m + p,

_ ‘/Z' A A
Fe (s 5)+(emen-2m-2) 54
cm A A
t(p-p+n-p)iF§nd }

+ +
and T + n>1m + n,

l AIA
F o= 5 [(2508,) ¢ (1 02r 25,05 )5

- A, A
#(2r 28, +5,-5,) i FaF | . (virr-n)

193



10.

11.

12.

13.

14.

REFERENCES

K. A. Brueckner, R. Serber and K. M. Watson, "The Interaction of
n-Mesons with Nuclear Matter," Phys. Rev. 84, 258 (1951).

A. G. Petschek, "The Absorption of Slow m Mesons by He* Nuclei,"
Phys. Rev. 90, 959 (1953).

K. A. Brueckner, R. J. Eden and N. C. Francis, "High-Energy Reac-
tions and the Evidence for Correlations in the Nuclear Ground-State
Wave Function," Phys. Rev. 98, 1445 (1955).

P. Ammiraju and S. N. Biswas, "Theoretical Analysis of Absorption
of Slow m~-Mesons in Light Nuclei," Nuovo Cimento 17, 726 (1960).

S. G. Eckstein, "Negative Pion Capture in Helium," Phys. Rev. 129,
413 (1963).

R. I. Jibuti and T. I. Kopaleishvili, "AbsorPtion of m Mesons and
%he Cgrre]ation of Nucleons in Light Nuclei," Nucl, Phys. 55, 337
1964).

R. M. Spector, "Negative Pion Capture from Rest on Complex Nuclei,"
Phys. Rev. 134, B101 (1964).

M. Jean, "Nuclear Structure Investigation by Means of Pion-Nucleus
Interaction," Nuovo Cimento Supplement 2, 400 (1964).

P. P. Divakaran, "m Capture by He?® and the Two-Nucleon Capture
Model," Phys. Rev. 139, B387 (1965).

Y. Sakamoto, "The Absorption of m-Mesons by ®Li," Nuovo Cimento 37,
774 (1965).

T. I. Kopaleishvili, "Absorption of y Rays and Stopped m Mesons
with Two-Nucleon Emission and the Structure of Light Nuclei,"
Soviet Journa! of Nuclear Physics 1, 686 (1965).

T. Kohmura, "Nucleon Pairs Emitted by Negative Pion Capture and
Charge-Dependent Nuclear Wave Functions in Light Nuclei," Prog.
Theor. Phvs. 34, 234 (1965).

I. T. Cheon, Y. Sakamoto and C. Nguyen-Trung, "On the Absorption
?f Stgpped 7~ Mesons by C!2 Nuclei," Prog. Theor. Phys. 34, 574
1965).

I. T. Cheon, "Absorption of Stopped m Mesons by He® and Nuclear
Correlations," Phys. Rev. 145, 794 (1966).

194




15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

T. I. Kopaleishvili and I. Z. Machabeli, "m and vy Absorption and
Nucleon Correlations in He*," Soviet Journal of Nuclear Physics 2,
697 (1966).

V. M. Kolybasov, "Capture of Stopped m Mesons by Light Nuclei,"
Soviet Journal of Nuclear Physics 3, 535 (1966).

V. M. Kolybasov, "Angular Correlations in the Capture of m Mesons
by Nuclei," Soviet Journal of Nuclear Physics 3, 704 (1966).

M. Ericson and T. E. 0. Ericson, "Optical Properties of Low-Energy
Pions in Nuclei," Ann. Phys. (N. Y.g 36, 323 (1966).

T. I. Kopaleishvili, I. Z. Machabeli, G. S. Goksadze and N. B.
Krupennikova, "Reactions (m*,NN) and Two Particle Excitation of
Light Nuclei," Phys. Lett. 22, 181 (1966).

I. T. Cheon, "The Absorption of Negative Pions by Copper," Nucl.
Phys. 79, 657 (1966).

J. LeTourneux, "m Absorption by Uncorrelated Nucleons in !60,"
Nucl. Phys. 81, 665 (1966).

A. Reitan, "Radiative Absorption of Stopped Pions by Deuterons,"
Nucl. Phys. 87, 232 (1966).

Y. Sakamoto, "The Absorption of Stopped Negative Pions," Nucl. Phys.
87, 414 (1966).

D. S. Koltun and A. Reitan, "Theory of Pion Absorption Applied to
the Reaction Li®(n™,2n) He"," Phys. Rev. 155, 1139 (1967).

I. T. Cheon, "Two Nucleon Emission Process in m~-Meson Absorption,"
Phys. Rev. 158, 900 (1967).

C. Nguyen-Trung and Y. Sakamoto, "Correlation Function and m~ Meson
Absorption," Nucl. Phys. 81, 139 (1967).

T. I. Kopaleishvili, "The m* NN Processes on Light Nuclei," Nucl.
Phys. B1, 335 (1967).

T. I. Kopaleishvili and I. Z. Machabeli, "The Reaction (m ,nn) and
Models of the Li® Nucleus," Soviet Journal of Nuclear Physics 4,
27 (1967).

T. I. Kopaleishvili, "Absorption of Moving 7> Mesons by Light Nuclei
with the Emission of Two Nucleons, and Nuclear Structure," Soviet
Journal of Nuclear Physics 4, 382 (1967).

I. T. Cheon, "Effects of a Soft-Core Potential on the Absorption of
Stopped m~ Mesons," Phys. Rev. 166, 1051 (1968).

195



31. T. I. Kopaleishvili, I. Z. Machabeli, G. S. Goksadze and N. B.
Krupennikova, "The Reaction (r*,NN) and the Two-Hole Excitation of
Light Nuclei," Soviet Journal of Nuclear Physics 7, 198 (1968).

32. I. T. Cheon, "Nuclear Correlation and Final Interaction in the
Absorption of Stopped m~ Mesons," Phys. Lett. 326, 549 (1968),

33. R. Guy, J. M. Eisenberg and J. LeTourneux, " Double-Nucleon Emission
Eo]]oging the Absorption of Bound Pions," Nucl. Phys. All12, 689
1968).

34. I. T. Cheon, "Effects of Rescattering on the Reaction °Li (m ,2n) *He,"
Nucl. Phys. A121, 679 (1968).

35. D. S. Koltun and A. Reitan, "Absorption of S-Orbit m Mesons by *He,"
Nucl. Phys. B4, 629 (1968).

36. H. W. Bertini, "The Masking Effect of Multiple Scattering on the
Determination of the Two-Nucleon Correlation from m -Absorption
Experiments," Phys. Lett. B30, 300 (1969).

37. C. Lazard, J. L. Ballot and J. Favier, "Theoretical Investigation of
Pion Absorption on *He," Nuovo Cimento A63, 1001 (1969).

38. R. S. Kaushal and Y. R. Waghmare, "Self-consistent Reaction Matrix
Calculation of the Pion Capture Rate in Finite Nuclei," Nucl.
Phys. A144, 449 (1970).

39. K. Brueckner, R. Serber and K. Watson, "The Capture of m-Mesons in
Deuterium," Phys. Rev. 81, 575 (1951).

40. S. Tamor, "The Absorption of Slow m Mesons in Deuterium," Phys. Rev.
82, 38 (1951).

41. D. A. Geffen, "Simple Nonrelativistic Model for Single Meson Produc-
tion," Phys. Rev. 99, 1534 (1955).

42. D. B. Lichtenberg, "Pion Production in Proton-Proton Collisions,"
Phys. Rev. 100, 303 (1955).

43. D. B. Lichtenberg, "Pion Production in Nucleon-Nucleon Collisions at
Energies near Threshold," Phys. Rev. 105, 1084 (1957).

44, A. E. Woodruff, "Semiphenomenological Analysis of the Process
p+prd+rt near Threshold," Phys. Rev. 117, 1113 (1960).

45. D. S. Koltun and A. Reitan, "Production and Absorption of S-Wave
Pions at Low Energy by Two Nucleons," Phys. Rev. 141, 1413 (1966).

46. D. Schiff and J. Tran Tranh Van, "A Covariant Theory of the Pionic
Disintegration of the Deuteron," Nucl. Phys. B5, 529 (1968).

196



47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

I. T. Cheon and A. Tohsaki, "Absorption of Positive Pions at Low
Energy by the Deuteron," Nucl. Phys. B6, 585 (1968).

A. Reitan, "Absorption of Low-Energy m* and Bound K Mesons by
Deuterons," Nucl. Phys. B11, 170 (1969).

C. Lazard, J. L. Ballot and F. Becker, "Absorption of Positive Pions
by Deuterons," Nuovo Cimento 65, 117 (1970).

H. Byfield, J. Kessler and L. M. Lederman, "Scattering and Absorp-
tion of Pi-Mesons in Carbon," Phys. Rev. 86, 17 (1952).

M. S. Kozodaev, M. M. Kulyukin, R. M, Sulyaev, A. I. Filippov and
Y. A. Scherbakov, " Inelastic Interaction of Pions with Helium
Nuclei at Approximately 300 MeV," Soviet Physics JETP 11, 300 (1960).

S. Ozaki, R. Weinstein, G. Glass, E. Loh, L. Neimala and A. Wattenberg,
"m~ Capture in Complex Nuclei and Nuclear Pair Correlations," Phys.
Rev. Lett. 4, 533 (1960).

V. S. Demidov, V. G. Kirillov-Ugryumov, A. K. Ponosov, V. P. Protasov
and F. M, Sergee, "Absorption of Stopped m~-Mesons in Carbon,"
Soviet Physics JETP 17, 773 (1963).

V. S. Demidov, V. S. Verebryusov, V. G. Kirillov-Ugryumov and A. K.
Ponosov, "Absorption of Slowed Down m~ Mesons in Propane," Soviet
Physics JETP 19, 826 (1964).

G. Charpak, G. Gregoire, L. Massonnet, J. Saudinos, J. Favier,
M. Gusakow gnd M. Jean, "Study of Two-Hole States in Light Nuclei by
Means of (m ,2p) Reactions," Phys. Lett. 16, 54 (1965).

H. Davies, H. Muirhead and J. N. Woulds, "The Reaction (m ,2N) in
8Li and “Li," Nucl. Phys. 78, 663 (1966).

P. I. Fedotov, "Absorption of Stopped m Mesons by Carbon Nuclei,"
Soviet Journal of Nuclear Physics 2, 335 (1966).

J. Favier, T. Bressani, G. Charpak, L. Massonnet, W. E. Meyerhof
and C. Zupancic, "Nuclear Structure Effects in (n%,2p) Reactions,"
Phys. Lett. B25, 409 (1967).

M. E. Nordberg, Jr., K. F. Kinsey and R. L. Burman, "Two-Nucleon
Emission Following Absorption of Stopped Negative Pions," Phys.
Rev. 165, 1096 (1968).

T. Bressani, G. Charpak, J. Favier, L. Massonnet, W. E. Meyerhof

and C. Zupancic, "Energy Dependence of the Quasi-Free (m ,2p)
Reactions and Evidence for the Reaction mt + (2N) » m+p+p in Nuclei,"
Nucl. Phys. B9, 427 (1969).

197



61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

J. Favier, T. Bressani, G. Charpak, L. Massonnet, W. E. Meyerhof
and C. Zupancic, "The (n* , 2p) Reaction in Light Nuclei," Nucl.
Phys. A169, 540 (1971).

R. Durbin, H. Loar and J. Steinberger, "The Absorption of Pions by
Deuterons," Phys. Rev. 84, 581 (1951).

A. H. Rosenfeld, "Production of Pions in Nucleon-Nucleon Collisions
at Cyclotron Energies," Phys. Rev. 96, 139 (1954).

H. L. Stadler, "Absorption of Positive Pions by Deuterium at 76 and
94 MeV," Phys. Rev. 96, 496 (1954).

F. S. Crawford, Jr. and M. L. Stevenson, "Reaction p + p = nt o+ d,"
Phys. Rev. 97, 1305 (1955).

M. G. Mescerjakov, N. P. Bogacev and B. S. Neganov, "Investigation
of the Proton-Proton Interaction at High Energies," Nuovo Cimento
Supplement 3, 119 (1956).

C. E. Cohn, "Nonradiative Absorption of Positive Pions by Deuterons
at 118 MeV," Phys. Rev. 105, 1582 (1957).

T. H. Fields, J. G. Fox, J. A. Kane, R. A. Stallwood and R. 5. Sutton,
"Reaction p+p > nt + d in the 425-MeV Energy Region," Phys. Rev. 109,
1704 (1958?.

A. M. Sachs, H. Winick and B. A. Wooten, "Interactions of 38- and
61-MeV Positive Pions in Deuterium," Phys. Rev. 109, 1733 (1958).

B. S. Neganov and L. B. Parfenov, "Investigation of the o+ d 2p
%eact;on for 174-307 MeV 7 Mesons," Soviet Physics JETP 7, 528
1958).

C. M. Rose, "Study of the Process n+ +d-> p+ pat Low Energies,"
Phys. Rev. 154, 1305 (1967).

C. Richard-Serre, W. Hirt, D. F. Measday, E. G. Michaelis, M. J. M.
Saltmarsh and P. Skarek, "A Study of the Reaction mtd+pp for Pion
Energies between 142 and 262 MeV," Nucl. Phys. B20, 413 (1970).

E. E. Gross, C. A. Ludemann, M. J. Saltmarsh, C. W. Darden, R. D.
Edge, B. M. Preedom, M. Blecher, K. Gotow, D. A. Jenkins and R. L.
Burman, "A Study of the m™+d - p+p Reaction at Pion Energies

10-60 MeV," Research Proposal, LAMPF (1972).

T. N. Pham and T. N. Truong, "Modified Goldberger-Miyazawa-Oehme Sum
Rule," Phys. Rev. Lett. 30, 406 (1973).

A. Klein, "Low Energy Theorems for Renormalizable Field Theories,"
Phys. Rev. 99, 998 (1955).

198




76.

77.

78.

79.

80.

81.

82.
83.
84.

85.

86.
87.

88.

89.

90.

a1.

92.

R. H. Landau and F. Tabakin, "Absorptive Separable Potentials
Constructed from m N Data," Phys. Rev. D5, 2746 (1973).

F. Myhrer and D. S. Koltun, "Pion-Deuteron Scattering in the A
(1236) Energy Region as a Three-Body Problem," Phys. Lett. B46,
322 (1973).

J. M. Eisenberg, J. Hiifner and E. J. Moniz, "The Lorentz-Lorenz
Effect in Pion-Nucleus Interactions," Phys. Lett. B47, 381 (1973).

A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton
University Press, Princeton, New Jersey, 1960), p. 37.

M. E. Rose, Elementary Theory of Angular Momentum (John Wiley and
Sons, Inc., New York, 1957), p. 85.

J. M. McKinley, "Interpolative Formulas for Pion-Nucleon Scattering
Phase Shifts," Rev. Mod. Phys. 35, 788 (1963).

A. Reitan, personal communication, August 1973.
G. Miller, personal communication, July 1972.

J. L. Ballot and F. Becker, "Theory of Nuclear Reactions Based on A
Second-Quantization Formalism," Phys. Rev. 164, 1285 (1967).

M. E. Rose, Elementary Theory of Angular Momentum (John Wiley and
Sons, Inc., New York, 1957), p. 153.

C. Lazard, personal communication, September 1973.

M. Gourdin, M. LeBellac, F. M. Renard and J. Tran Tranh Van,
"Phenomenological Description of the Relativistic Neutron-Proton-
Deuterium Vertex," Nuovo Cimento 37, 524 (1965).

I. J. McGee, "Convenient Analytic Form of the Deuteron Wave Function,"
Phys. Rev. 151, 772 (1966).

M. H. MacGregor, R. A. Arndt and R. M. Wright, "Determination of the
Nucleon-Nucleon Scattering Matrix. VIII. (p,p) Analysis from 350 to
750 MeV," Phys. Rev. 169, 1149 (1968).

D. J. Herndon, A. Barbaro-Galtieri and A. H. Rosenfeld, "wN Partial
Wave Amplitudes," University of California Radiation Laboratory
report UCRL-20030 N (197Q).

K. M. Watson, "Multiple Scattering and the Many-Body Problem -
Applications to Photomeson Production in Complex Nuclei," Phys. Rev.
89, 575 (1953).

L. S. Kisslinger, "Scattering of Mesons by Light Nuclei," Phys. Rev.
98, 761 (1955).

199



93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

E. H. Auerbach, D. M. Fleming and M. M. Sternheim, "Optical Model
Analysis of Pion-Nucleus Scattering," Phys. Rev. 162, 1683 (1967).

J. P. Dedonder, "Elastic Scattering of Pions on Light Nuclei,"
Institut de Physique Nucleaire report IPNO/TH 71-3 (1971).

C. Wilkin, "Pion-Nucleus Scattering Theory," Proceedings of the
International Seminar on m-Meson Nucleus Interactions, Strasbourg,
(1971).

M. Krell and T. Ericson, "Energy Levels and Wave Functions of
Pionic Atoms," Nucl. Phys. B11, 521 (1969).

L. I. Schiff, Quantum Mechanics, Third Edition (McGraw-Hill Book
Company, New York, 1955), p. 132.

H. L. Anderson, E. Fermi, D. E. Nagle and G. B. Yodh, "Deuterium
Total Cross Sections for Positive and Negative Pions," Phys. Rev.
86, 413 (1952).

P. S. Isaacs, A. M. Sachs and J. Steinberger, "Total Cross Sections
%f 60-MeY Mesons in Hydrogen and Deuterium," Phys. Rev. 85, 803
1952).

J. Ashkin, J. P. Blaser, F. Feiner, J. G. Gorman and M. Q. Stern,
"Total Cross Sections for Negative and Positive Pions in Hydrogen
and Deuterium," Phys. Rev. 96, 1104 (1954).

D. E. Nagle, "Scattering of 119-MeV Pions by Deuterium," Phys. Rev.
97, 480 (1955).

K. C. Rogers and L. M. Lederman, "Interactions of 85-MeV Positive
Pions with Deuterons," Phys. Rev. 105, 247 (1957).

E. G. Pewitt, T. H. Fields, G. B. Yodh, J. G. Fetkovich and M.
?errigk, "t~ - D Scattering at 142 MeV," Phys. Rev. 131, 1826
1963).

F. Mandl, Introduction to Quantum Field Theory (Interscience
Publishers, Inc., New York, 1959), p. 39.

T. Hamada and I. D. Johnston, "A Potential Model Representation
of Two-Nucleon Data Below 315 MeV," Nucl. Phys. 34, 382 (1962).

J. W. Humberston and J. B. G. Wallace, "Deuteron Wave Functions
for the Hamada-Johnston Potential," Nucl. Phys. Al41, 362 (1970).

E. L. Lomon and H. Feshbach, "A Nucleon-Nucleon Potential Con-
sistent with Experiment and the Boson Exchange Theory of Nuclear
Forces," Ann. Phys. (N. Y.) 48, 94 (1968).

M. Abramowitz and T. A. Stegun, Handbook of Mathematical Functions
(U. S. Govermment Printing Office, Washington, D. C., 1964), p. 378.

200



109.

110.

111.

112.

113.

114.

115.

116.

117.

M. M. Hoenig and E. L. Lomon, "Nucleon-Nucleon Boundary Condition
Methods for Nuclear Matter," Ann. Phys. (N. Y.) 36, 363 (1966).

J. M. Blatt and L. C. Biedenharn, "Neutron-Proton Scattering with
Spin-?rbit Coupling. I. General Expressions," Phys. Rev. 86, 399
(1952).

G. Breit, M. H. Hull, Jr., K. E. Lassila and K. D. Pyatt, Jr.,
"Phase-Parameter Representation of Proton-Proton Scattering from
9.7 to 345 MeV," Phys. Rev. 120, 2227 (1960).

H. P. Stapp, T. J. Ypsilantis and N. Metropolis, "Phase-Shift
Analysis of 310-MeV Proton-Proton Scattering Experiments," Phys.
Rev. 105, 302 (1951).

M. L. Goldberger and K. M. Watson, Collision Theory (John Wiley
and Sons, Inc., New York, 1964), p. 239.

W. Tobocman, Theory of Direct Nuclear Reactions (Oxford University
Press, 1961).

Barry Spain, Tensor Calculus (Interscience Publishers, Inc., New
York, 1956), p. 58.

A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton
University Press, Princeton, New Jersey, 1960), p. 23.

M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions
(U. S. Government Printing Office, Washington, D. C., 1964),
p. 798.

201



ACKNOWLEDGMENTS

The author is indebted to his advisor, William Gibbs, for patient
advice and many useful discussions. Thanks are also due to Earle Lomon 1
for his suggestions and encouragement. The author also wishes to

acknowledge useful conversations and an exchange of programs with Gerald

Miller.

¥ US GOVERNMENT PRINTING OFFICE 1974—677-177/35

50:255(110)

202



