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ABSTRACT

A method is developed for using the relatively easily measured

fission parameters, together with the mass equation of fission and the

evaporation model of the nucleus, to determine the emission proba-

bilities of the fission neutrons. The distribution of the kinetic energies

of the fragment pairs enters into these calculations in a sensitive

manner. Neutron emission probabilities are computed for tie fission
234 236 240

of the compound nuclei U , U , and pu , for which cases

reasonably adequate data on the fragment pair energies are available.

Although the corresponding data for the fission of the compound nuclei
Th233

, U238, and U23’ are considerably poorer, neutron emission

probabilities are also computed.

The calculated results from this method are in good agreement

with direct measurements of fission neutrons.
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UNCLASSIFIED

INTRODUCTION

The emission probabilities of fission neutrons are of interest in both reactor and

weapons work. Experimental determinations of even the average number of neutrons Z

emitted per fission have been handicapped by the variation in the detection efficiencies of

neutron detectors with neutron energy and the difficulty of determining these efficiencies.

Also, because of the low detection efficiencies, it has been particularly difficult to make ab-

solute measurements of the variation in the number of fission neutrons emitted in each

fission event. Until the recent development of the large volume scintillation tanks containing

cadre ium, the neutron detectors used for fission neutrons had low efficiencies, usually of only

a few percent. Such low detection efficiency made multiplicity y measurements of fission neutron

emission particularly difficult.

As a result of these experimental difficulties there have existed large uncertainties in

;, especially for fission induced by neutrons in the vicinity of 1 to 14 Mev, in which region

the detector must be shielded from the neutrons inducing fission. The present calculations

are an effort to use the more easily measured parameters of fission to calculate neutron

emission probabilities for several fissile nuclides at several excitation energies inducing fis-

sion. These more easily measured parameters are the masses of the fission products as .

obtained from mass spectrographic measurements and the energy surface from energy sys-

tem atics, together with the measured kinetic energy of the fission products. These quantities

are used in the mass equation of fission to determine the excitation energy of the fission

products. This excitation energy is used with the evaporation model of the nucleus to com -

pute neutron emission probabilities of fission.

In the following analysis these quantities will all be used in their probability distribu-

tions and all distributions will be normalized to unity. k, the initial analyses that were made,

the calculations were by graphic m cans and by hand calculations. However, the bulk of the

data that have been compiled in this report is the result of

the IBM 701.

BASIC ASSUMPTIONS

rather extensive calculations on

Three basic assumptions are used in the present method. These assumptions are:

(a) The basic determination of the kinetic energy of the fission products is the Coulomb

-6-
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I

energy of repulsion of the nuclear charges of the two fission products from binary fission.

(b) A semi-empirical mass surface, including the effects of shell edges, can be used

to obtain masses of atoms for which mass spectrographic measurements have not been made “

and also can be used to obtain neutron binding energies for nuclei for which the binding ener-

gies have not been measured.

(c) A simple form of the evaporation model of the nucleus can be used to calculate the

emission probabilities of neutrons for the primary fission products as a function of the ex-

citation energy of these nuclides.

Although complete investigations have not been made of these three assumptions, par-

t icularly of (b) and (c), the available data do indicate that all three are reasonable assump-

tions.

In particular, the Coulomb energy assumption in (a) has been confirmed by the kinetic

energy measurements of fission products for rather wide variations of excitation inducing

fission. Both Wahll and Friedland2 have measured the kinetic energy of the fission products
235

of 14-Mev neutron induced fission of U and have found essentially the same average kinetic

as for thermal-neutron induced fission. In addition, Wahl has found the same condition exist-
239

ing for high- and low-energy neutron induced fission of both Pu and U’”. Similarly,

Segr~ and Weigand3 have found the same kinetic energy of the fission products for sponta-
240 239

neous fission of Pu and for thermal-neutron induced fission of Pu . An independent

confirmation of the Coulomb origin of the kinetic energy of the fission products is provided

by the analysis of this energy as a function of the mass ratio of the fission products by

Fong.4 Fong has found that, except for an anomalous effect in the region of symmetrical

fission, the average kinetic energy as a function of mass ratio is of Coulomb origin.

It should be pointed out that the Coulomb origin of the fission energy can explain the

variation in the kinetic energy of the fission products for a particular mass ratio only if some

assumptions of variable breaking distances for fissioning nuclei are made. However, such as-

sumptions do not invalidate the analysis being made.

The semi-empirical mass surface has been discussed by many authors and has received

a thorough ~alysis by Coryell. 5 Coryell has shown the effect of closed nuclear shells on

lJ. S. Wahl, Phys. Rev. ~ 126 (1954).

2S. S. Friedland, Phys. Rev. @ 75 (1951).

3E. Segr? and C. Weigand, Phys. Rev. 94, 157 (1954).—

4P. Fong, A Theory of Fission (Upubli+ed ).

5
C. D. Coryell, Ann. Rev. Nuclear Sci. ~ 305 (1953).
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various parameters in the expression for this mass surface and has demonstrated that the

parabolic shape applies for given values of mass number A over the range of nuclear charge

Z that has been measured. Unfortunately, the shape of the mass surface has not been meas-

ured as far from the stable nuclear charge as the neutron-rich primary fission products are

found.

The validity of the semi-empirical mass surface to compute neutron binding energies

has been demonstrated6 by comparing these computed energies with measured binding energies.

Although a mass surface that did not include the effects of closed nuclear shells was used,

the results of these analyses showed that satisfactory agreement between the measured and

calculated binding energies would be obtained if the effects of nuclear shells were ihcluded.

However, once again, these comparisons were for nuclides considerably nearer stable Z than

are the primary fission products.

The evaporation model of the nucleus as described by Blatt and Weisskopf7 has been

tested by comparing results from it with experimental results of particle emission in several

types of experiments. Although this model provides a convenient picture of particle emission,

Cohen,8 in a summary of the comparisons with experimental results, has shown that the model

has limited accuracy. Cohen has shown the need for a nuclear temperature dependence on the

amount of the excitation and the method of formation of the compound nucleus. Again, the

experimental tests of this model have been made only with nuclides much nearer stable Z

than are the primary fission products.

MASS EQUATION OF FISSION

The basic mass equation of fission for U
236 is

M(U236 ) + Eb = M(AL, (SL, ZL) + M(AH, 6H, ZH) + EC + EX . (1)

This equation is written in units of Mev where the conversion between the masses M and

energy is by the factor 931.15 Mev/mass unit. Since the equation is for the primary fission
HL

products before neutron emission, A + A = 236 and ZL + Z
H

= 92 are required for this

case of U236 “ “flsslon to conserve nucleon number and charge number. Here and throughout

6 J. A. Harvey, P~ys. Rev. ~, 353 (1951) and Sher, Halpern, and Mann, Phys. Rev. ~ 387
1951).

‘7
J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physicsz John Wiley and Sons, New
York, 1952.

8B. L. Cohen, Phys. Rev. ~ 1245 (1953).
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this report, the superscripts L and H refer to the light and heavy fragments, respectively.

In Eq. 1, 5 is the even-odd parameter discussed by Coryell. 5 The masses of the fission

products are the ground state masses of these unstable fission products. Furthermore, EC

is the Coulomb energy of the fission products; EX is the sum of the excitation energies of

these primary fission products; and Eh is the bias energy inducing fission with reference to

spontaneous fission, where E
b

=En+Bg The binding energy Bn is that of a neutron to the
n“

nucleus undergoing fission and En is the energy of the neutron inducing fission.

The masses in this mass equation of fission are based on masses from mass spectro-

graphic data. These mass spectrographic measurements are usually of about l-Mev uncer-

tainty and the masses in the fission product region are accurate relative to the masses of the

fissioning nuclei because of the method of comparison with the lighter elements used in the

mass measurements of the heavy, fissionable nuclei. The masses of the fissionable nuclei
10

are from the compilation of Huizenga and Magnusson. The masses of the stable atoms in

the region of the fission products were obtained from the mass measurenients of Duckworth

et al.ll
12

and of the Minnesota group. These mass measurements are shown in Fig. 1, after

having been converted to masses of odd A and to the non-integer stable nuclear charge for

that mass number. The conversion to odd A is by the 6 values of Fermi.
13

The conversion

to the stable nuclear charge is by the stable charge values and parabolic surface constants of

Coryell.5 The conversion from these masses for the valley of the mass surface to the masses

of the primary fission products was made by the same conversion parameters.

9
J. L. Fowler (Oak Ridge National Laboratory Report ORNL-1374, Decenlber 1952) first
pointed out that the Coulomb energy of fission is constant, and thus the excitation energy
of the fragments increases as the energy of the neutron inducing fission.

10J. R. Huizenga and L. B. Magnusson, Argonne National Laboratory Report ANL-5158,
November 1953.

llE. M. Pennington and H. E. Duckworth, Can. J. Phys. 32, 808 (1954); B. J. Hogg and H. E.
DuckWorth, Can. J. Phys. 32, 65 (1954) and 31, 942 (1953); H. E. DuckWorth and R. S.
Preston, Phys. Rev. 82, 468 (1951) and 7A, 402 (1950); Duckworth, Woodcock, and Preston,
Phys. Rev. 78, 479 (1950); Duckworth, Preston, and Woodcock, Phys. Rev. ‘@ 188 (1950);
Duckworth, Kegley, Olson and Stanford, Phys. Rev. 83, 1114 (1951); C. L. Kegley and H. E.
Duckworth, Phys. Rev. 83, 229 (1951); and B. J. Hogg and H. E. Duckworth, Can. J. Phys.
30, 637 (1952).

12
Collins, Nier, and W. H. Johnson, Jr., Phys. Rev. &3, 408 (1952); Collins, Johnson, Jr.,
and Nier, Phys. Rev. 94, 398 (1954); and R. E. Halsted, Phys. Rev. 88, 666 (1952).

.—

13
E. Fermi, Nuclear Physics, notes compiled by J. Orear, A. H. Rosenfeld, and R. A.
Schluter, University of Chicago Press, Chicago, 1949.
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DISTRIBUTION IN FISSION FRAGMENT MASS

It has been shown
14

that for fission induced by excitations of less than about 40 Mev,

definite peaks exist in the mass distribution of the fission yield of the various fissioning

nuclides that are all characterized by a low probability of fission for symmetrical fission.

AS is readily seen in Eq. 1, the sum of

masses of the fission products. This is

EC + EX = @(6, Rm, RZ).

the fission energies will be dependent upon the

emphasized by rewriting Eq. 1 as

(2)

Further, the yield for symmetrical fission is found to increase as the energy inducing fission

Eb increases.” However, in all cases being investigated, the yield in the symmetrical fission.
region is sufficiently low that this change of yield may be neglected.

In the analysis for each nucleus undergoing fission, the mass yield is divided into three

groups of mass ratio Rm. In each case the division of the mass yield is chosen such that

one division is at the 82-neutron shell. The spike in the mass yield curve at this shell as

found by mass spectrographic means has not been included, but instead the smooth mass yield

curve is used. The neutron emission characteristics of each group of fission masses for each

fissioning nuclei are investigated separately and then combined to determine the neutron em is-

sion characteristic of that fissioning nucleus.

I DISTRIBUTION IN NUCLEAR CHARGE

The nuclear charge is seen by Eqs. 1 and 2 to be a parameter in the determination of

the energies of fission. Fortunately for simplicity of calculation, the distribution in the nuclear

charge for each mass ratio of fission is sharp, and little error is induced by using only the

most probable nuclear charge.

Glendeninl’ has investigated the nuclear charge of the fission products after neutron

emission as a function of the stable nuclear charge of that mass of fission product. More
17

recently Pappas has included the effect of nuclear shells on the line of nuclear charge

14
C. D. Coryell and N. Sugar man, eds., Radiochemical Studies: The Fission Products,
Appendix B, Div. IV, Vol. 9, National Nuclear Energy Series, McGraw-Hill Book Company,
Inc., New York, 1951.

15R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954).

16
Reference 14, Paper 52.

17
A. C. Pappas, Massachusetts
nical Report No. 63, 1953.

Institute of Technology, Laboratory for Nuclear Science Tech-
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stability in such an analysis of the charge of the fission products. It iq seen from such

analyses that the distribution in the nuclear charge is about two charge ‘units wide at half

maximum.

In Fig. 2 is shown the variation of the fission energies as a function of the nuclear
236

charge for fission of U into the most probable fission mass ratio. It is seen from this

figure that the roughly 4 -Mev width of the excitation energy distribution caused by the charge

distribution is small compared to the roughly 15-Mev widths of the excitation energy distri-

butions to be used. Consequently, only one nuclear charge, the most probable nuclear charge,

is used in the calculations for each mass ratio of fission.

DISTRIBUTION IN KINE TIC ENERGY

The distributions l(E1) in the measured total kinetic energy of fission, E1, are obtained

from the double ionization chamber measurements of the kinetic energy made by Brunton and

Hanna18
19

and Brunton and Thompson. Through the use of the momentum equation which ap-

plies for binary fission, these measurements of the kinetic energy of the fission pairs by the

ionization are expressed in terms of the probability as a function of the mass ratio Rm of

fission. Thus, it is possible to determine the distribution in the total kinetic energy of the

.-

fragment pairs for each mass ratio being considered.

A comparison
20

of the mass distribution obtained in a similar manner with the mass

distribution obtained by radiochemical means
14

has demonstrated the existence of a dispersion

in the measurement of energy by ionization of approximately 8-Mev full width at half maximum

for each fragment and thus of approximately 11.4-Mev full width at half maximum for the

total kinetic energy of the fragment pairs. Similarly, a comparison
21

of the directly meas-

ured velocities of fission fragments with the velocities inferred from the ionization chamber“,
measurements demonstrated a dispersion of approximately 9 Mev for each fragment. Further,

this comparison of velocities showed that the ionization chain ber measurements of &e kinetic
L H

energies 11 and E1 are low by 5.7 and 6.7 Mev, respectively. The energy that is not observed
22

as ionization has been explained in terms of the ionization defects of fission fragments.

18D. C!. Brunton and G. C. Hanna, Can. J. Research A28, 190 (1950).

19D. C. Brunton and W. B. Thompson, Can. J. Research A28, 498 (1950).

20R. B. Leachman, Phys. Rev. @, 17 (1951).

21R. B. Leachman, Phys. Rev. 67, 444 (1952).

22J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951).
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In Fig. 3 is shown a typical distribution I(E1, Rm ) as obtained by Brunton and Hanna
18

for fission of the compound nucleus U236
at the most probable mass ratio.

This distribution contains the distribution in the ratio of the nuclear charge R ~. For a

rigorous treatment of the emission probabilities a distribution of energies as a function also

of the ratio of nuclear charge R
z

is needed. However, calculations from the data in Fig. 2

show the distribution in the kinetic energy is changed only by a very small amount by the

effects of the distribution in the nuclear charge.

TO convert the measured distributions I(E1, Rm”) to the distribution in the true kinetic

energy of fission C(E ~, Rm ), it is necessary to unfold the effects of the dispersion and trans-

pose by the amount of the ionization defects in the ionization chamber measurements of energy

to obtain this true, or Coulomb, energy of fission. Unfortunately, the comparisons
20,21 of

fission parameters are not sufficiently sensitive to determine both the breadth and the shape

of the dispersion functions that lead to the experimental data. However, these analyses do

indicate that a Gaussian shaped dispersion does satisfactorily fit the data. For ease of cal-

culations, Gaussian dispersions are used in the present analysis.

The expression for the dispersion in the data obtained from ionization chain ber measure-

m ents is

(3)

The 12.4-Mev constant in the exponential is the ionization defect term and U1 is the dispersion

width. It is seen from Fig. 2 that the dispersion introduced by the distribution in the nuclear

charge is of approximately Gaussian shape and thus this dispersion similarly is expressed as

a Gaussian in

D2(E1,EC)ccexp[-~1 +1~-Et}]. (4)

The term U2 in the exponential is the width of this dispersion. It can readily be shown that

the combined effect of these two dispersions is itself a Gaussian dispersion. Equation 5,

(5)

is the

of the

expression for this combined dispersion, where u is the combined width. In the bulk

calculations, ‘7.2 Mev is taken as the value for u. This is obtained by weighting the

-14-
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dispersion obtained from the comparison of mass distributions somewhat more than the dis-

persion obtained from the comparison of the velocities.

DISTRIBUTION IN COULOMB ENERGY

In keeping with the assumption of a Coulomb origin of the kinetic energy of fission, the

energy distribution C(E ~, Rm ) is considered independent of the even-odd term 5. In this way

the even-odd term has an effect in the excitation energy of the fission products EX.

The distribution of the energy of fission from ionization chain hers is converted into the

kinetic energy distribution by the convolution

J
co

I(E1, Rm ) = dEC C(EC, Rm) D(E1, EC) .
-m

(6)

Such an integral equation with the empirical data of I(E1, Rm ) as the solution is difficult to

solve exactly. For this reason, an approximate method of solution contained in the Appendix

is used throughout this paper. This approximate method involves fitting

distribution with a series of Gaussian functions. II-I this manner, ~1 the

the analysis are Gaussian and thus the solutions of the integral equation

equation to follow are facilitated.

DISTRIBUTION IN EXCITATION ENERGY

the empirical I(E1, Rm )

expressions used in

6 and in the integral

The distribution X(Eb, Ex, 6, Rm ) in the total excitation energy of fission is obtained by

the use of Eq. 1 or 2. This total excitation energy is the excitation energy shared by the

fragment pairs of binary fission. However, it is necessary to obtain the excitation energy

distributions of the individual fragments X L
and XH to determine the neutron emission proba-

bilities of fission that are needed.

There exists little experimental evidence on which to decide how the excitation energy
L

EX is divided into the excitation energies Ex and EX
H

of the individual fission fragments.

Consequently, a simple division of excitation energy is used, such that the excitation energies
L

of the individual fragments X and XH are identical distributions of parameters. These pa-

rameters are constrained to cause the sum of the excitation energies of the individual frag-

m ents to be the total excitation energy. This is to say, if an arbitrary argument ~ is used,
L H

X (~) = X (~). Under such conditions, the combination of these individual excitation energies

into the total excitation energy distribution is given by

-16-
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co co

JJ L H
X(Eb, EX, b, Rm) = dEX mx

-a -m

L ‘,Rm) XH(Eb, EX , ~XL(Eb, EX , 6 H ‘, Rm). (7)

The solution of Eq. 7 involves the use of the constraining equation EX = EX + EX to yieldL H

co

Jx(Eb, Ex, %Rm) = mx L 6H,Rm) ,“L XL(Eb, EXL, 5L, Rm ) XH(Eb, Ex - Ex , (8)

-m

which is solved by the method in the Appendix.

In Fig. 4 is a typical excitation energy distribution of the individual fragments. It is to

be noted that the approximate method of solution leads to impossible negative probabilities of

X(EX, Rm, Eb, 6) and to impossible negative excitation energies. However, these negative

probabilities and energies are preserved throughout the analysis since they do, in a mathe-

matical sense, have meaning.

EVAPORATION MODEL OF THE NUCLEUS

The evaporation model of the nucleus as formulated by Blatt and Weisskopf7 involves

the use of the square root of the nuclear excitation energy in the exponent in the expression

far the neutron emission as a function of the excitation energy. This relation is derived from

thermodynamic considerations. However, Blatt and Weisskopf also give the simpler form

which is shown by Coheng to fit the experimental data satisfactorily. Here 6 is the neutron

energy in Mev and n(c) is the probability of emission of a neutron with energy ~. This

simpler form in Eq. 9 is easier to use in the computations of the emission probabilities NL

H
and N of neutrons. These “expressions for the emission probabilities, where p is a summa-

tion parameter, are

-17-
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.

NOL(EXL, 5L, Rm ) = 1

=0

N1 ‘(E XL, 6L, Rm) = O

. 1

NVL(EXL, 6L, VL, Rm ) = O

L
for EX < B1

L

for EXL L
$ B1

for EX L < BIL

for BIL ~ EXL < B2

[~+L;B2L)][(
~L-BL

x 2
T

)

for EXL < BVL andv>l

+1 1)for EXL ~ B,

——

-[

for BVL z

-(
LL

‘x - ‘V+l
exp -

T )

Similar expressions with H superscripts apply

1-

r lr

(ExL;B;+lr
w!

,2;3 (EXL;B”7
/l!

WI

for EXL ~ B;+l and v >1.

}

for the heavy fragments. Equations 10 are

based on Eq. 9 and the assumption that a neutron is always emitted when it is energetically

possible.

AS has been shown by Cohen, the temperature T appropriate for .q. 9 is dependent upon

the method of excitation of the compound nucleus. It has been suggested by Weisskopf
23

that

23
V. F. Weisskopf, private communication, 1952.
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I

the temperatures derived by fitting the (n, 2n
24 .

cross section data with Eq. 10 for nuclides

in this mass region are the most appropriate for the use of Eq. 10 in the present calculations.

This use of temperatures from (n, 2n ) data does not involve the uncertainties of the Coulomb

barrier, in the formation of the compound nucleus. Furthermore, these are temperatures that

are derived for excitations of approximately the same magnitude as the most probable excita-

tion of the fission products after fission. The temperatures derived by fitting these (n, 2n )

data by Eq. 10 are given in Fig. 5. AS mentioned before, a question exists about the varia-

tion of the nuclear temperature with the neutron-proton ratio for nuclides of a particular

mass. However, since the neutron-proton ratio varies only slightly from stable nuclides to

those of the neutron-rich fission products, the temperatures in Fig. 5 would not seem to be

greatly in error for the fission products. Accordingly, T = 1.4 Mev is used for both the

heavy and light fragments for the calculations in this paper.

—

L
The binding energies B and B

H
required in Eq. 10 are computed from the semi-

empirical mass surface discussed on page 8, As an illustration of the resulting binding

energies, Table I contains those for the most probable mass ratio of the fission yield for

fission of U236. Although the binding energies of the light fragments are slightly larger than

those of the heavy fragments in Table I, the opposite is true for the other two mass ratios

used. Also, as discussed above, these binding energies are computed from the part of the

semi-empirical mass surface that is three or four charge units from the region of stability

and in a region in which few, if any, measurements have been made to check its validity.

TABLE I. NEUTRON BINDING ENERGIES CALCULATED FROM THE SEMI-

EMPIRICAL MASS SURFACE

Calculations are for the fission products of U
236 Witi a mass ratio R

= 141/95 and for the
m

most probable (non-integer ) nuclear charge. The even-odd term 62 represents a primary

fission product with an even number of neutrons; 61 represents an odd number of neutrons.

B~(61) B}(52) B;(61) B:(52)

v (Mev) (Mev) (Mev) (Mev)

1 4.17 5.71 4.05 5.63

2 10.26 10.26 9.93 9.93

3 15.02 16.56 14.30 15.88

4 21.60 21.60 20.63 20.63

5 26.91 28.45 25.46 27.04

24
H. C. Martin and R. F. Taschek, Phys. Rev. ~, 1302 (1953); H. C. Martin and B. C. Diven,
Phys. Rev. 66, 565 (1952); and Brolley, Fowler, and Schlacks, Phys. Rev. 68, 618 (1952).

-20-

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



1.9

1.8

1.7

1.6

n
>

; 1.5
e
E-

1.4

1.3

,
1.2

1.1

I.Q

Ni58
T from (n,2n)

-?-

clJ63

M 092

1127 T120:

40 60 80 100 120 140 160 180 200 220
A

Fig. 5. Temperatures used to fit (n, 2n ) data
24
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given in Eqs. 9 and 10.
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L
In Fig. 4 are the Nv and N: distributions from Eq. 10, using the binding energies in

Table I, and T = 1.4 Mev. It is to be noted in Table I and in Fig. 4 that both the neutron

binding energies and the

of the fission products.

excitation energy of fission are dependent

NEUTRON EMISSION PROBABILITIES

The neutron emission probabilities as a function of the mass

parameter 6 are calculated by the use of the integral

upon the even-odd character

ratio Rm and even-odd

co

PvL(Eb, 6L, VL, Rm ) =J L6L,UL,Rm ) dEXL “. (11)XL(Eb, EXL, 6L, Rm ) NVL(EX ~

-co

I
A similar equation for H applies. In practice, Eq. 11 was solved by an KBM 701 by summa-

tion over sufficiently wide finite limits, rather than the infinite limits of Eq. 11. The emis-
L H

sion probabilities for each value of v and V are then combined for all even-odd cases with

proper weight for the abundance of each case of & Thus, the neutron emission probabilities

independent of 6 are obtained. These are written as P ~‘(Eb, VL, Rm). A similar expression

is used for H.

These emission probabilities are for the individual fragments but the needs are for the

combined emission probabilities Pv (Eb, v, Rm ) from both fragments of a fission pair. There-

fore,

I v

Pv(Eb, v, Rm) = ~ P7L(Eb, VL, Rm) PH (Eb, VH, Rm)
‘-1

(12)

q .0

is used to form these combined emission probabilities. In Eq. 12, ~ is a summation parameter

analogous to v. Finally, the parameter Rm is removed by combining the emission probabilities

with the appropriate weight of the fission probabilities into each region of mass ratio Rm.

I The resulting fission neutron emission probabilities are given in Tables II and III and are

discussed further in the following sections.
I

I RESULTS

The use of the equations discussed above requires data of the fission kinetic energy EC

as a function of the mass ratio of fission. Such data are available18’ “ from double ioniza-
234

tion chamber measurements of fission of the compound nuclei U , U
236

, and pu
240

and have

I -22-
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been used in the present calculations. However, also of interest are neutron emission proba-

bilities for fission of other compound nuclei for which only single chamber measurements of

the kinetic energy have been made.

Calculations have been made for the fission of three such compound nuclei, U238 (Ref.

25), U239 (Refs. 1, 26), and Th233 (Refs. 26, 27). In these cases the variation of kinetic
236

energy with mass ratio obtained from the fission of U is used with the average energy of

fission obtained from the measurements of these nuclei. The binding energy of neutrons to

the fission products of these nuclei is computed on the basis of the computed mass surface.

In this calculation, the charges of the primary fragments are determined on the basis of the

Glendenin16 hypothesis. The masses are determined on the basis of a fixed heavy fragment
14

mass distribution independent of the mass of the compound nucleus undergoing fission.

In view of the similarity of the kinetic energy distributions for all the nuclei for which

double chamber measurements have been made, such a use of the data of both U
236

and the

nuclei in question is expected to give reasonably accurate data. It is, of course, necessary

to take into consideration different conditions of the even-odd parameter 6 for the cases of

the odd A nuclei U
239

and Th233.

With the approximately 1-Mev uncertainties in the masses used and the approximately

2-Mev uncertainties in the energies used (except for Th
233

, see discussion on page 35), it is

not unreasonable to expect an uncertainty of several Mev in the excitation energies derived in

the above analysis. Because of this uncertainty, the results of the fission neutron emission
234

, U236 239
calculations for U , and 1% have been normalized to the recent E measurements

28

of thermal-neutron induced fission, the F accuracies are about one percent. As indicated in

the caption for Table II, this norm alization requires a reduction of the calculated excitation

energies ~X by several Mev. The close agreement of the amount of this reduction for the

three cases indicates that the consistency (from one fissioning nuclide to another) in the mass

and energy analysis is accurate to about 3 Mev.
238

No V determinations of comparable accuracy for fission of U , U
239

, and Th233 are

available. Consequently, the 2.29-Mev correction to the excitation energy of the fission of
U236 25,1,27

is made to apply to these nuclides by the following: The average kinetic energies

25W. J. Whitehouse and W. Galbraith, Phil. Msg. 42, 429 (1950).

26W. Jentschke, Z. Physik 120, 165 (1943)..

273. L. Fowler and L. Rosen, Phys. Rev. ~, 926 (1947).

28
M. f). Goldberg, J. A. Harvey, f). J. Hughes, and V. E. Pilcher, Brookhaven National Labo-
ratory Report BNL-250, August 1954.
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used in these calculations are from measurements which have accompanying U236
measure-

ments, Each average U
236

energy is normalized to that of Brunton and Hanna. The same
238 239

normalization is then applied to the measurements of U , U 233
,and Th .

It is to be noted in the results in Tables II and III that negative emission probabilities

for the larger values of v are obtained. Again, these negative probabilities are not physically

possible, but have meaning in the mathematical sense. To test whether these negative proba-

bilities have a large influence on the variation of Z and ;2, these quantities were recalculated

after dropping the negative probabilities and renormalizing. Although the absolute value of F
–2

and of v for each value of E
b

increased by about one percent, the variation of these quantities

with Eb changes very little.

It appears from fission cross section measurements as compiled by Barschall and

Henkel
29

that the onset for (n, n’f) is between 6 and 7 Mev of incident neutron energy and

that the (n, n’f ) cross section is of comparable magnitude to the (n, f) cross section up to 14

Mev. The present calculations are only for the (n, f) process, but are adaptable (with re-

duced accuracy) to the (n, n’f) process by shifting the Eb axis to zero at En ~ 6.5 Mev.

Furthermore, v is increased by 1 and the nuclide under consideration changes, for example,

from U
236

to U235. It will be seen in the comparison of the results from U
239

and U238

that the neutron emission characteristics of neighboring isotopes are essentially the same.

(a) Fission of U236

Since more experimental data of neutron emission exist for fission of U
236

than for

other nuclides, the fission of this nuclide was investigated most thoroughly in the calculations.

In Table IV are the results of the neutron emission calculations for three conditions of tern-

perature and for three conditions of dispersion in the kinetic energy data.

For each parameter, the lower and upper values are considered to be limiting values

on the basis of the available data. It is to be noted that changes in the dispersion have con-
—~

siderably less effect on the change of ~ and v with En than do changes fn the nuclear tern-

perature.
—2

In Figs, 6 and 7 are plotted the results from Table I I for D and v , respectively. Data

in addition to those in Table IV show that the linear relation between ~ and En tn Fig. 4

applies for the various conditions of T and u discussed above. In Fig. 8 are plotted the

suits of Pv(En ) of Table IL

29
H. H. Bars”chaH and R. L. Henkel, LA-1714, August 1954.
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TABLE IV. DEPENDENCE OF CALCULATED NEUTRON EMISSION PROBABILITIES S

UPON NUCLEAR TEMPERATURE AND UPON DISPERSION

Calculations are approximately normalized to ~ = 2.46 for En = O by shifting the calculated

excitation energy distribution. The parameter u is the width term in the Gaussian expression

of the dispersion (Eq. 5). Data are for fission of U236.

T u En d;/dEn

(Mev) (Mev) (Mev)
~

T (Mev-l)

1.0 7.2
0 2.4593 7.3580
8 3.6341 14.7369

0.1468

1.8 7.2
0 2.4648 7.1403
8 3.3897 12.5834

0.1156

1.4

1.4

5.9

8.5

0
8

0
8

2.4631 7.3567
3.4595 13.3069

0.1246

2.4557 7.0716
3.4661 13.1056

0.1263

1.4* 7.2* o 2.4581 7.2139
8 3.4636 13.2096

0.1257

*Conditions used for other calculations in this report.

(b) Fission of U234 and Pu240

In Figs. 6 and 7 are the plots of ~ and ~, respectively, for the fission of U
234 ~d

~u240
These data are in Table II.

(c) Fission of Th233, U238, and U239

In Table I I I are listed the fission neutron probabilities for the fission of Th , U ,
233 238

and U23’. As discussed on page 25, these results are not normalized to a T value, but are
236

based on the same excitation energy correction applied to fission of U .

(d) Effects of (n, n’f) ~

In Fig. 9 is shown the variation of ~ when the effects of (n, n’f) are taken into account,

as discussed on page 26. In this analysis it was assumed that the variation of F as a function
234

as for U233, for L?36
235

of Eb was the same for U as for U
240 as for PU239

, and for PU .

This assumption is based upon the results of U238
and U239 listed in Table I II. The difference

between the F results of these two isotopes is satisfactorily explained by the difference in the

kinetic energy used in the calculation of these two nuclei. On the basis of the Coulomb origin

-30-
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of the kinetic energy, the same kinetic energy is expected from the two nuclei tnstead of the

measured 3 Mev less for U’38 compared25 to #36 and 0.7 Mev less for $39 comparedl

with U236. It is to be noted that the 2.3 -Mev difference between the average kinetic energies

of U23’ and U238 used in the calculations accounts for 0.30 in 7 on the basis of the calculated

dF/dE This is to be compared with the 0.35 difference in ~ calculated with these masses
n“

and energies.

DISCUSSION

The variation of ~ with En obtained from these calculations is to be compared with the
30 31

experimental measurements by sphere multiplication by Graves and Beyster, with the pre-

liminary results from scintillator tank work by Martin et al., 32
with the chamber measure-

33
m ents by Fowler, and with a combination of counter and radio chemical determinations by

Terrell.
34

Similarly, the results of spontaneous fission measurements by Carter
35

and by
..36

Segre 240for spontaneous fission of Pu
\3’i’ 38

and of Segre and Littler for @38 are to be

compared with the calculated results for spontaneous fission. In addition, the liquid scintilla-

tion tank has been used by Martin et al.
32 39

and Hammel and Kephart to obtain preliminary
240results on the spontaneous fission of Pu . In Table V is a comparison of these experimental

results with the present calculated results, and in Table VI is a similar comparison of the Pv

data.

30
E. R. Graves, LASL P-Division Progress Report, June 20, 1954 (not available).

31
J. R, Beyster, private communication, 1954.

32
Martin, Terrell, and Diven, LASL, P-3-76, 1954 and P-Division Progress Report, January 20,
1955 (not available ).

33
J. L. Fowler,
ratory Report

34N
.

35W
.

36E
.

37E
.

38D
.

J. Terrell,

W. Carter,

Reactor Science and Technology ~, 141 (1954) and Oak Ridge National Labo -
ORNL-17 15, July 1954.

Jr., Reactor Science and Technology ~ 141 (1954).

LA-1582, JUIY 1953.

Segrd, LA-491, November 1946.

Segr$, Phys. Rev. 86, 21 (1952).

J. Littler, Proc. Phys. Sot. London & 203 (1952).

39J. E. Hammel and J. F. Kephart, as reported in DIR 1003, LASL, 1954 (not available).
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TABLE V. COMPARISON OF EXPERIMENTAL

OF AVERAGES OF

The calculated results are of Figs. 7 and

indicate thermal-neutron induced fission.

Neutron
Energy Inducing

Compound Fission
Nucleus (Mev)

~236
1.25

~u240

~238

?39

4.8

4.0

4.5

Fission Spectrum

0.7

0.5

2.7

3.7

5.0

14.0

14.0

Spontaneous

Spontaneous

Spontaneous

Spontaneous

Spontaneous

Spontaneous

Spontaneous

1.5

4.5

14.0

AND CALCULATED RESULTS

FISSION NEUTRON EMISSION

9. Zero energy neutrons and the subscript “th”

Effects of (n, n’f) are included.

Quantity Calculated

2.61

3.06

2.95

3.01

1.10

1.034

1.02

1.13

1.19

1.29

1.79

4.29

2.08

2.08

2.08

2.04

2.04

2.57

7.28

2.61

2.99

4.30

Experiment

2.59 & .06

3.12 +. .07

3.12 * 10’%

3.28 & 10~

1.05 * .03

1.02 * .02

1.14 * .13

1.42 + .26

1.63 * .23

1.71 * .19

1.99 ● .23

3.95

2.20 k .05

2.22 * 5%

2.37 & .3

2.2 * .3

2.5 * .2

3.26 & .2

12.73 ● .9

2.5a * .09

3.31 k -loq~

3.5

Experiment
He ference

32

32

31

31

31

34

33

33

33

33

33

30

32

35

36

37

38

40

40

32

31

30
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I

The calculated increase of V with En is seen from Table V to be very close to the

measured increase, perhaps being somewhat larger than the measured increase. As seen by

Table IV, the difference between the 14-Mev values of Graves compared with the calculated

values in Table V and, similarly, the corresponding spontaneous fission values for Pu
240

, can

probably be explained on the basis of temperature or dispersion alone. As an alternative ex-

planation, these differences can possibly be explained by a true mass surface in the region of

the fission products that is less steep than predicted by the parabolic surface used.

The calculated results of’ F and ? for U
236

in Figs. 6 and 7, respectively, were inte-

grated over the fission neutron spectrum and the resulting values for fission neutron induced
3fission are F = 2.70 and v = 8.48.

Multiplicity measurements have been made by counter techniques for spontaneous fission

of U238by Geiger.
40

It is to be noted in Table V that satisfactory agreements between most

of the more recent experimental data and the calculated data exist, but the multiplicity meas-

urements of Geiger are somewhat larger than the present calculated results. This discrepancy

can be partially explained by the apparently incorrect normalization for the U
238

data, as
238

evidenced by the low calculated results of V of spontaneous fission of U compared with the

experimental value. Such a possibility of the calculated V being low is, however, difficult to

explain on the basis of the energies used in the calculation. As discussed on page 32, the

measured kinetic energy of fission used in the calculations is about 3 Mev less than the an-

ticipated Coulomb energy and thus the calculated T is about 0.36 greater than what would be

obtained if the “true” Coulomb energy were used in the calculations.

Of all the calculated results, those of the compound nucleus Th
233

are most uncertain.

As seen in Table III, the use of the EC values of Fowler and Rosen
27

in the calculations
27

yields surprisingly low values of ;. These 1947 data of Fowler and Rosen were used in
26

preference to the 1943 data of Jentschke as being more recent. However, a surprisingly

large discrepancy exists between these two sets of experimental data when each is normalized

to the accompanying U
236

measurements. Fowler and Rosen find 2.6 Mev less energy for
Th233

than U236while Jentschke finds 9.5 Mev less. On the basis of the calculated dJ/tin,

T values 0.85 greater than those of Table I I I would be obtained if the data of Jentschke were

used.

to be

I from

In view of these large discrepancies for Th
233

, the results for Th
233

are. considered

of less accuracy than the other data.

The present calculations can also be used to determine the neutron emission probabilities

the several mass groups of the fission products used in the calculations. These results

are contained in Table VII. It is seen that no correlation of E with Rm can be determined

40
K. W. Geiger and D. C. Rose, Can. J. Phys. 32, 498 (1954).
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with certainty. This is in contrast to the radiochemical

Tis lower for R ~ values near unity than for larger R
m

determinations,
15

which indicate that

values. Thus, radiochemical deter-

m inations indicate a relatively smaller probability of neutron emission from the fragments in

the symmetrical fission region. It should be emphasized that the E ~ data for the low and high

Rm values for each fission case are of relatively low accuracy compared with the EC data of

the most probable mass ratio value. This is because of poorer statistics and the effects of

dispersion.4 As a result, the F values calculated for these low and high Rm values are sub-

ject to error.

TABLE VII. CALCULATED NEUTRON EMISSION PROBABILITIES OF VARIOUS GROUPS

These data correspond to thermal-neutron induced fission when the calculated excitation ener -

gies are normalized as in Table II. Mass ratios are the center of each of the three mass

ratio groups. The results for all mass ratio groups (properly weighted) are referred to as

l,allo,r

Compound Mass
Nucleus Ratio

;L ~ ‘L ~
T v /v

U234
133/101 0.828 0.695 1.539

141/93 1.218 1.286 2.504

149/85 “ 2.4’75 2.365 4.839

All 1.328 1.327 2.655 1.001

U236

PU240

131/103 1.440 1.152 2.592

141/95 1.212 1.244 2.456

149/87 1.045 0.970 2.015

All 1.248 1.185 2.433 1.053

131/109 1.341 1.105 2.446

139/101 1.523 1.607 3.131

147/93 1.458 1.453 2.912

All 1.449 1.410 2.859 1.027

T-ii-
It is of interest to compare the calculated v /v values of Table VII with the measured

41
values found by Fraser by the angular correlation of fragments and neutrons in a coincidence

41J. S. Fraser, Phys. Rev. 88, 536 (1952).
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experiment. ‘L ~ 234
Fraser found v /v to be 1.30 * 0.08 for fission of the compound nuclei U ,

~236 240
,and Pu . The corresponding ratios 1.00, 1.05, and 1.03 in Table VII indicate that

L
the assumed equality of the excitation energy distributions X and XH of the light and heavy

fragments is in error and, instead, larger excitation energies of the light fragments should be

used. On the other hand, the theory of fission proposed by Fong4 predicts v /v .‘L ~< ~

In later work on U
234

with similar techniques, Fraser and Milton
42

found 7 to be great-

est for the most probable fission mode and to decrease 10 to 20 percent for symmetrical and

approximately symmetrical fission modes. In addition, they found, for both the light and heavy
‘L ~fragments, an increase of v or v Witi mass of tie fragment. AS discussed above, tie IM-

certainties of the E ~ data for the less probable fission modes makes the corresponding data

of Table IV unsuitable for comparison.

In addition to the data compared in Table V, two other determinations of i7 can be com -

pared.
~ti143

used the observed nuclear charge distribution of the fission products from

14-Mev neutron induced fission of the compound nucleus U
236 16

and the Glendenin hypothesis

of the nuclear charge of fission fragments and obtained a value of F = 5.2 * 0.5 for 14-Mev
236

neutron fission of the compound nucleus U . Using the same method with the same nuclide,

Ford44 found ~= 3.1 for En = 5 Mev and u = 4.8 for En = 14 Mev. An analysis of recent

sphere measurements with various energy neutrons inducing fission of the compound nucleus
U236

has been made by Goad.45 She finds the data fit best by F = 2.5 for En< 3.9 Mev,

G = 3.0 for 3.9 Mev C E < 6.5 Mev, and F = 3.5 for En > 6.5. Because of the less direct
n

determinations of these values, they have not been included in Table V, even though the agree-

ments with the present calculated results are reasonable.

42J. S. l?raser and J. C. D. Milton, Phys. Rev. 83, 818 (1954).

43
J. S. Wahl, LAB-P-4 Memo, 1952 (not available).

44
G. P. Ford, private communication, 1952.

45
M. S. Goad, T-602, 1954, and revisions of this (not available).
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APPENDIX

This appendix describes the method of solution of the integral equations 6 and 8 involv-

ing the empirical data of I(E1, Rm).

For convenience, the transposition of the E1 data by the 12.4-Mev ionization defect is

first made by a replotting of the I(E1) data into 1’ (E1’ ) data, where E1’ is E1’ = E1 + 12.4.

With such a transposition of the original data, a transposition by the dispersion function is not

necessary. The dispersion is thus redefined by

D’(EC, E1’) cc exe
[-(EC:E02] ~

(13 )

where u is the width of the dispersion.

In the approximate method, it is assumed that I‘ (E1’ ) can be fit adequately well by a

series of Gaussian functions so that

;: [-(Ei-Tpd)2I’(EI’) = ~ bp exp 1> (14)

where b terms are amplitude coefficients, ~ is a summation parameter, E
B

~ is an energy

constant, d is the spacing of the Gaussians, and w is the width term of the Gaussians. In

Eq. 14 and the analysis to follow, the parameters Rm and 6 are not written because the anal-

ysis applies for any condition of Rm and &

Since the 1’ (E1’ ) data are fit by Eq. 14, a limited freedom of choice of the values of

the Eo, w, and d terms exists. In practice, the solutions of the equations to follow were

facilitated by the following choices: The width w is slightly less than the width of the 1’ (E1’ )

distribution to be fitted, d is roughly 0.8 w, and E. = (E1’ )ma + 7d. The most probable E1’

is (E1’ )mm. With the 13-Gaussian system used, these choices result in the seventh Gaussian

as the dominant term and the other Gaussians tailor this curve to fit the empirical I‘ (E1’ )

data.

Two Gaussian expressions can be shown to fold as
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-W:+q’1}{,w[-(Ec:E~)2
(15)

222
where w =V+u. Thus, a substitution of the fitted I’ (E ~’ )

convolution (Eq. 6 ) is,

From Eqs. 16

12

[(

2

~bPexp-E)’->+od

@=o )]

{’%{~ %ew[-(’c-:o+’dy]}

and 6, the fitted Coulomb energy distribution is

2
where w = V2 + U2 and v is the width of the Gaussian terms

expression of Eq. 14 into the

(16)

[exp[-(Ec~Ei)2]}.

seen to be

(17 )

fitting C(E _ ).
L,

The transformation from Coulomb energy Ec to the total excitation energy of the frag-

ment pairs EX is by Eq. 2. Thus, with Ec = @ - EX, the excitation energy distribution is

written

12

[( )]

qLEo-Ex+~d2
X(EX) = ~ b~ exp -

v
fi=o

It is now required to find the excitation energy distributions of the individual

discussed in the text, these are considered identical, such that XL = XH, and

co

X(EX) =
[

dE L XL(EXL) XH(EX
x - EXL) .

d-co

The substitution of X(EX ) of Eq. 18 into Eq. 8a gives

‘-39-
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[( )]J

2C0
; bP ,W . $- ‘o - ‘X + ‘d . ~XL XL(EXL) ~H(E

v
p.o x - EXL) .

-m

It can be shown that Eq. 19 and XL = XH are satisfied by

[($-E.
~bpeq- v

)]

-Ex+@d2

fl.o

{ [(
6 @-E.

- Ex + EXL

)]}

2

X ~aaexp- 2
+ ad

v/ 2 Y
@.()

if the following conditions between the amplitude parameters b, and a
ba

are satisfied:

bO = ao2

bl ‘ 2 aoal

b2=2aOa2+a 2
1

b3=2aOa3+2a1a2

b4=2aoa4+2a1a3+a22

b5=2aoa5+ 2a1a4+2a2a3

b6 = 2 aOa6 + 2 alas + 2 a2a4 + a32

bv = 2 a1a6 + 2 a2a5 + 2 a3a4

b8 = 2 a2a6 + 2 a3a5 + a42

b9 = 2 a3a6 + 2 a4a5

2
blo = 2 a4a6 + a5

bl 1 = 2 a5a6

2
=ab12 6 “
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When these conditions are satisfied the excitation energy distributions

m ents are found as

6

[(

$-E. ~

)]

2
— -

2 ‘x
+ ad

XL(EXL) = ~ aa exp -
v//2-

of the individual frag-

(22 )

Q&()

and the corresponding equation for the heavy fragment. Agatn, W2
22

=V+u.

It is now necessary to use the conditions given in Eqs. 21 with the fit of the 1’ (E ‘ )

L’experical data by Eq. 14 to solve for the aa amplitude parameters required in the X and

XH expressions of Eq. 22. Equations 21 are a set of 13 simultaneous equations that are

quadratic in aa terms. To solve for the aa values, the 13 expressions for the 13 b terms
P

in Eqs. 21 are substituted in the equation of the fit to the empirical data, which is Eq. 14.

The resulting 13 simultaneous equations, each of which is a quadratic of aa terms multiplied

by a Gaussian expression, are to be solved at 13 empirical values of 1’ (E1’ ).

The method used for this solution was to take as the 13 values of I‘ (E.’ ) the values at

E1’ =EO, E1’ =Eo-d, E1’ =E -2d, . . . . E1’ =E
o

- 12d. Under these conditions and
o

the previously stated conditions that result in b6 being dominant, these 13 simultaneous, quad-

ratic equations are solved by an iterat@e method. The first solution is assumed to be a3 = 1

anda=a=a=a=a =a
012456 = O. With this solution substituted, the resulting inequality

in the fourth equation is used to find a~, the inequality in the fifth equation to find al, the

sixth for az, the eighth for a4, the ninth for a5, and the tenth for a6. These solutions of au

are substituted and the same corrections are applied. The process is repeated many times.

The resulting fits of the empirical I’ (E1’ ) data are given in Table VIII.
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