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ABSTRACT

I

This paper considers the problem of the detonation of a slab of

high explosive adjacent to a rigid wall with a vacuum as the other

boundary. The reflected shock is computed using Whitham’s approximation.

The pressure profile at the wall is computed by various apprcucimtte

methods and results are compared with those obtained f’roma numerical

solution using a Lagrangian code.

3





1. INTRODUCTION

The problem studied is that of a slab of high explosive with a

rigid wall as one boundary and a vacuum as the other (Figures 1 and 2),

with the high explosive being detonated at the vacuum boundsxy. The

problem is one dimensional with the high explosive and the wall continu-

ing to infinity in the y and z direction. The reflection of the deton-

ation at the rigid wall and an approximation of the flow between the

reflected shock and rigid wall is investigated. Reflected shockpaths

are conqmted for various values of the adiabatic e~onent 7. Wall

pressures behind the reflected shock are conqmted for y = 3 and 7 = l.k.

The flow canbe consideredas consisting of three regions (Iligure2):

Region I Unexploded high ~losive,

Region II Simple wave expansion of

(isentropic),

Region III Region between reflected

the detonation products

shock and well, assumed

to be isentropic in the region of interest.

The detonation is computed using the conservation laws and the

assumption of a Chapnandouquet detonation, c = Iu-D[,where c is the

soundspeed

detonation,

behind the detonation, u is the es velocity behind the

and D is the detonation velocity.
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IHgure2. Typic&l.x-t Plot ShowingDetonationand Subsequent Flow
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RegionII is then a simplewave regionadjacentto a line of con-

stantstate,i.e., the detonation,and extendingto the limitingchar-

acteristicseparatingthe flowand the vacuum.

The reflectedshockis computedbya methodgivenby Whitham(ref.1)

whichappliesthe characteristicrelationdp + pcdu= O (or dp-pcdu=o

dependingon the tWrectionof the shock)to the flow quantitiesat the

shock. The quantitiesin the abuveequationare knownin termsof the

shockMach numberM fromthe Rankine-Hugoniotshock relations, hence an

equation for the variation of the shock strength can be obtained by sub-

stituting the shock relations into the appropriate characteristic rela-

tion. The solution of this differential equation enables one to obtain

the shock path and values of p, p, c, u behind the shock as functions

of the shock path. The Whitham shock paths are also compared with results

obtained from a numerical solution to the complete problem.

The flow behind the shock is considered to be isentropic in the

region of interest.
(

The Riemann inv?xriantsr and s r = ~+ ~

)

y-l’
Uc

-S=z-g on the shock can be related by s = s
o
+ cm, with so anda

obtainedfromthe shocksolution. The errorintroducedin s is lessthan

one percent. Calculationswere msde usingthe aboverelationand the

simplere~ression s = s , i.e.,the shockrepresentedby a characteristic.
o

Sincethe flow is assumedto be isentropic,it is possibleto transfcmm

to the speedgraphplane (seefor exampleref.2,pp. 160-171)with u and c

as independent variables. By representingt on the shock as a quadratic

in r (2 percent maximum error), it is possible to obtain an analytic
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solution in the region between the shock

noted that the shock is a tiqelike curve

and the wall. It should be

(see, for example, ref.3,p.57);

and therefore

althoughboth

variablesthe

as t = t(c) on

shock curve as

Region II then

Fory=5

in the text.

in x,t spaceeitheru or c, but not both,may be specified,

are obtainedfromthe Whithsmsolution. In the transformed

shockis representedby a curveu = u(c) and t is specified

this curve. The solutionincludesx = xIc,u(c)Ifor the

a consequenceof its timelikecharacter. The solutionin

actuallyhas this newlydetermined“shock”as its boundary.

otherapproximationswere consideredand will be mentioned

The resultsof this investi~tionindicatethat the wall pressure

vs. time curveis quiteinsensitiveto the type of approximationride;

and it wouldappearthatusingthe simplestassumptionfor 7 = 3, that

of ignoringthe reflectedshockand continuingthe straightcharacteristics

of the originalexpansionto the wall to obtainthe pressure,is quite

adequatefor approximatecalculations.Goingone step furtherone would

suspectthatusingthis approximationfor propellinga rigidx@ss would

be equallyvalid.

2. EQUATIONS

A. DetonationFront

The equationsof the detonationare obtainedfromthe conservation

laws
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(1)Mass PO(UO-D)= Pl(~-D)

Momentum PO + PO(~-D)2= Pl + Pl(~-D)2 (2)

PO % 1Energy EO(PO>PO)+ ~+ ~(uO-D)2= E1(P1>P1)+ ~ + #~-D)2

(3)

where the subscript (0) ap@ies to the unburned explosive and the sub-

script (1) applies to the detonation products.

For a forward facing Chapman-Jouquet detonation D = ~+Cle It

till be assumedthat the detonation proceeds into a stationary explosive,
.

‘o = O, and for simplicitythatp. = O. The energyof the unburned

explosiveE. will be represented by eo(po,po) + Q where Q is the chemical

energy. Since e. is smill compared to Q it will be ignored. With the

above assumptions the conservation laws become

POD = P1(D-~)

poD2= PI + P1(D-~)2

$
2 +Q= y ‘1 + +(yD)2

Y-1 PI

wherein Equation(~) use has been made

(la)

(2a)

(3a)

of the relations

9



2 n~ 1 %
=1=~’%==1 “g<

for the detonationproducts.

Combiningtheseequationsone obtainsthe followingfor the flow

immediatelybehindthe detonation:

B.

the

y-.&J)

%=7+P

2s p.@l= ~

1
(I D2%== o (8)

T–D = Z(y -l)Q. (9)

RegionII

The regionbehindthe detonationis a simplewave regionin which

followingcharacteristicequationshold:

dx
a=u+c

I

on c+

~+~=r
y-1

(lo)

(n)

(4)

(5)

(6)

(7)
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For

frontis

dx
== U-c

\

}
u
z-%”

-s●

i

a Chapman-Joucpet detonation D

coincident with the leading C+

on c-

= ~ + Cl, hence

characteristic.

(u)

(13)

the detonation

The slopeof

this characteristicand the

obtainedtromEquations(5)

in Figure2 the equationof

valuesofu, c, etc. it carriescanbe

through(8). With the coordinatesas shown

the C+ characteristicand the expressionfor

the correspondingRienmnninvariantare, respectively,

x
-=U+Ct (14)

~+—
2 y:l = r(~). (15)

Sinceall C- characteristicsorigimte at the detonationwhere

Equations(5) throu@ (8)hold,we have from (13),

-D
-S=;-%=’m” (16)

CombiningEquations(14)

r= -+LE+x
y+l t

2(72-1)

through(16)the followingare obtained:

D (17)
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(la)

EH+JL.
C=y+-lt y+l

We now have the equationsof the C+ characteristics

for u(x,t),c(x,t),r(x,t)and s = SO. All that remains

(19)

and txqressions

is to determlme

the equationof the C- characteristics.Substitutingfor U -d C tram

Eqpations(I-8)ad (19)intoEquation(12)yieldsfor the C- character-

istic

which integratesto

(X+fit)

whereXO and tO refer

the detonation.

t 3.7/y+l
= (xo+~to)(~)

to the intersectionof the characteristic

(20)

with

The equationswill be put in dimensionless

definitions:

formusingthe following

The precedingequaticmsthenbecome

K



Usingthe

wherePO,

-l~+L~47-V7+l) #3-Y/7-0
‘“q 7-1 0

Gz--—--27%)2 7-1

2- +xr“~v
2(72-1)

c-

c+

(20a)

(l&)

(14a)

(l?a)

(ma)

(lga)

Pol.@roplcrelations

(&_)Y-l=(s-)2, p. ~o($y
o

(a)

PoY

from E~tion

P=

P=

and co are referencequantities,the followingare obtained

(lga):

+ [%(’++)12”-1
*,[*(i+* )]*’’”’.

(22)

(23)
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It will be convenientat this time to form

quantitiesin EWtions (18a),(1%), (22),~d

the differentialsof’the

(23) for lateruse.

(24)

(25)

*1=2 cop”[H-+a137’’-1d’7+1 ~ 7+1 ~ (26)

A

cop” [@(fi+*)17+1’7-l(a)ml=7+1‘~ 7+1

c.

(see

ShockEquations

The Rankine-H~@niotshockrelationsmay be writtenas follows

for examplerej?.4,p.120):

‘S=P[.+(l’?F-l)] ,

‘s=[*]

(2%)

(29)

(3”)

(31)

wherethe subscripts refersto the flowbehindthe shockand the

14



unsubscripted

is definedas

M.

quantitiesare in frontof the shock. The h@ch numberM

v-ii
(32)

z

where ~ = U/D, U being the shock velocity. I’fetethat the Mach nuniber

carries the same sign as ~ - =.

The procedure described by Whithsm (ref. 1) for computing the shock

path requires that the flow variables at the shock wave satisfy

dps - ~scs dus = O (for a left moving shock).

Differentiating Equations (28)and (m) we have

(33)

+&M (34)

(35)

SubstitutingEquations(29),(31),(34),and (35)into (33)gives

the followingresult:

15



[ ] &%)d”1 + %(”%) dp +

(36)

Replacing p, ~, etc., in Equation (36) bYEqwtions (Isa), (1X))

and (22) through (27) one obtains, after algebraic manipulation, the

following differential eqpation inM andfi:

(37)

This equationcanbe integratednumericallytogiveM = M(;),the

integrationto be carriedout between-1/2s ;

on M(i) is obtainedfromthe reflectionof the

Fromthe conservationlaws

y“+(”l-k).

At the instant of reflection

s 1. The initialcontition

detonation.

16



giving

(30M-Jl) =~[l+d~] ●

KnowingM = M(i) the shock velocity is obtained from Equation (52)

as

This equationcan

-0
&s= Q

d~ T

“iiw+ A)+%(i+ (39)

alsobe writtenas

(40)

where=6 is the coordinateof the shock. Integratingflrom~s(l)= 1

givesthe equationof the shockpath~~ =~s(?).

D. RegionIII

In obtaininga solutionforRegionIII it is assumedthat the flow

behindthe shockcan be consideredisentropicin the regionof interest.

17



The equationsof wtion governingthe one-dimensionalnon-steadyflow

of an inviscidelasticfluidcan be writtenas

Continuity

Momentum

State

Thesecan be put

variable~ definedas

(41)

(42)

ii- = Const.
;7

(43)

in more convenientformby introducinga new

follows:

(44)

-y
For polytropicrelation~/ p = constwe chooseEl = O and find

(45)

When Equation {44) is substituted, Equations (41) and (42)read

iiai+Ez+2E=oo
& is a%

(41a)

(42a)

18



These equationshave characteristicdirections

(46)

Interchangingdependentand independentvariablesthe x,t plane is

mappedintothe U,V or speedgraphplane (ref.2,p.160-171),and the

equationsof motionbecome

(47)

(48)

with characteristic directions

(49)

Using&~ = ~d~ Equations (47)and (48)may be written as

(50)

(50

Equation(51)can be satisfiedby setting

19



WZ- iiF =”=, 1 wT. --—-.
au F a;

Then Equation(50)suppliesthe condition

(52)

(53)

Restricting3-7/7-1to integervalues,m, Equation(53)can be written

a~

(5*)

The rest of this sectionwill be devatedto the solutionof

Equation(53a)in RegionIII,with appropriateboundaryconditions.The

generalsolutionof (5>) (ref.2,p.165)is

l-all_

Vm=; 1 %“+voif3j?V&+f32o

where

.*O
~ ;(m-l)v(m-1)
m-1 o 1

(54)

20



f and g are arbitxary f%.nctionsand the prime denotes differentiation

with respect to the argument.

The particular cases 7 = 1.4 and 7 = 3 willnowbe considered.

(1) 7 =1.4

Insertingy = 1.4 Equation(53a)becomes

a% a% 4 av—.— =--—
aY2 aii2 7 a;

while

*Z -7=— = 5C.y-l

It till.be convenientto

~.;+~

I
Note:

v =;-ii

(55)

definetwo new variables

!i-=
2 z where; and; are the Riemanninvariant.

(56)

It followsimmediatelythat

21



v= *(E+q)

ii ++.

From the genersll.solution,Equation(%), we obtain

(57)

(5)-

and &om Equation(52),

?

fl(g)--~’’(g) t a)-v m)
-z (59)

3Vz -ix=-==
au v’ v-

= av >f(E)-3-ti’(E)+v2f’’(E)+—=- —=
s

& v

xll)-3 )
v

(60)

For the wall boundaryconditionswe have ~ = O, ~ = O. (Herethe

originhas been translatedso that~ - 1 = ~~ere~ is the len@h vari-

able in Figure2. Time ~ will be translatedin the sameway. These

transformationssimplifythe algebrainvolvedin obtaininga solution.)

FromEquation(57)we obtainG = q at the wall and insertingin

(59)

22



or

f’(~) -

This has the

a“(q) =e’(T) -

generalsolution

f(q) = g(q) + clq*+ Cn.
J. G

;g’’(q). (61)

Since

c1 = o,

As

cerning

C2

we are interested in a particular solution we shall set

= O giving

f(q) = g(q). (62)

mentioned previously two different assumptions were made con-

the shock boundary; the first was ~ = ~0, a constant, on the

shock,the secondwas ~ = ~ + a- on the shock.1 Both will now be con-

sidered.

a. Z=E 0

If~= ~. then by Equation (56) ~ = const = ~1 andbyEquati~n (57)

:= l/2(~+ql) on the shock. Itromthe data of Whithams solution it is

possible to represent the tiu on the shock curve by

(63)

23



Substituting in Equation(60)we have on the shock

%kn-’)’
o

+

3f(E)-3/2(&l-ql)f’(5)+1/4(E+q,)2f’’(E)

1/16(bql)4

(64)

where g(ql)= ~, etc.

This has a solution(ref.2,p.175)

with arbitrary constants ~, gi, ~ and where

We can also obtain

(66)

(67)

(68)

24



Evaluating theseequationsat !i= El = ql we findthey

geneousin the constantsand thereforeall constantscan be

are homo-

set equal

zeroand

IntegratingEquation(66),usingEquation(63)for

(69)

~ one obtains

bn51n+1

ni-1 )
E

L

Thus with Equations

solutionto the problem.

m-, then by (56)and (57)the following apply on the
J.

shwk boundary:

7 =a+b~ (where a = 2=1,b = a)

~= l/2[a + (l+b)g].

(71)

(72)

25



~1 and u are obtained from the WlxLthamsolution. The time t on

the shockcan be representedby a qyadraticwith lessthan 1 percent

error.

2

I
;= dn~n -l.

o

Equation (6o) now becomes [using (62)md (71)1

~[a+(l+b)~
&.’n-l)=

o

(73)

+ ~[a+(l+b)g]2[f’’(g)+f’’(a+bg)1} / &[a-t-(l+b)g14 (74)

TMS is a mixed

by inspection that a

differential-differenceequation and it can be seen

solution is

andby (62)

(75)

(76)

26



On the shock

(77)g(~)= l?(~)= f(a+b~)=
t

Pn(a+b5)n.

o

Substituting Equations (75)and (77)into (74)and equating

coefficientsof likepowersof ~ to zeroone obtainseightequationsfor

the eightunknowncoefficients,Pn. For this particularproblemb is a

smallnumberhencetermsin b2 on higherpuwerswere ignored(theprob-

lemwas also done retainingtermsin b2 with a negligiblechangein

results). With the Pnts determinedthe entiresolutionis in hand.

Expressionsfor the Pn‘sare givenin AppendixI.

(2)7=3

Inserting7 = 3,

a%a%=
aT2 aii2

Equation(53)becomesthe wave equation:

o (78)

2; -
while ~ = — = c. Using the definitions of Equations (56),the generaly-l

solutionto (78)can be writtenas

v = f(~)+ g(l)).

FromEquation(52)

(79)

27



~sx m = f’~(g)- g!(q)

a=-[f’(g)+g’(q)l .

The wall boundaryconditionagainyields

(80)

(81)

f(q)= g(q). (62)

As in the case of 7 = 1.4 we shallconsiderboth~ = =0 on the

shock and ~ = ~1 + &: on the shock. ;,s
o

‘1 and a are determined from

the 7 = 3 Whitham shock solution.

Again q = ql a constant and ~ = l/2(k+q1)on the shock. Also on

the shock

(82)

Substituting(82)into (81),with q = ql

*’+@&-)-‘;f’(g) = - ‘-

0

and the desiredparticularsolutionis

28



‘(E)=d (’+’l’(’%)’
E. o

A

or

Thus Equations(62),(80),(81),and (83)affordthe completesolution.

As in the case of

a and b now determined

4

Y = 1.4 lkptiO.8 (62),(71)and (72)apply,with

by the 7 = 3 shock solution. For ~ we have

1.

Equation (8I.)on the shock becomes

~[a+ (l+b)g
(i’”’n-l)= ‘f’(g) - “(a+b’)

o

A solutionof the mixeddifferentialdifferenceeqzation

(84)

is

(85)

o

29
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and by (62)

g’(n) =f
Pnqn,

o

(87)

howeveron the shock

g’(~) = f’(q) = f’(a+b~) = f Pn(a+bg)n (88)

IntroducingEquations

cientsof likepowersof ~

six Pn’s and hencehas the

are givenin Appen@ I.

Two otherapproximate

as follows.

L-l”
o

(86)and (88)into (85)and equatingcmffi-

to zeroone obtainssix equationsfor the

completesolution. Expressionsfor the Pn’s

solutions were obtained for y = 3. They are

c. ExtendC+ CharacteristicsfYomRegionII intoRegionIII

For y = 3 both the C+ and C- characteristics are straight lines in

an isentropic region. The simplest approximation to this problem is

therefore to ignore the reflected shock and carry the straight C+ char-

acteristics of Region II into Region III. The equation of these char-

acteristics is

z--
-=U+C
T

(89)

30



At the wall ~ = 1 (usingthe coordinatesof Figure2). Also at the

wall fi= O, hence

1E
wall = &dl “ (5Q)

The adiabaticrelation,4, then enablesone to calculatewall

pressureversustime.

d. ExtendC+ CharacteristicsfkomWhlthanShockCurve

Anotherrelatinly simplemethodof computingthe flow in RegionIII

is to utilizethe entireWhithamshock solution. This solutionyields

u and c as functions of position along the shock. Assuming isentropic

flowbehind the shock means the C+ clumacteristics behind the shock are

strai@t and can be representedby

z-ii
o—= ii+z

G%.

also

(91)

(92)

wherethe subscript O refers to the shock. Combining (91)and (92)we

obtain

31



(93)

but on the shock=O = ~0(%0), ZO = ZO(~O); both kno~ ~ctio~” on

the wall= = 1 so th,at

Also on the wall~ = O and therefore

Equations

z- = So(%o).

(*) @ (%) together

the wall pressureversustime.

3*

(94)

(95)

with the adiabatic relation J then give

RESULTS

Figure3 showsthe shockpaths givenby the Whithamsolutionfor

adiabaticexponentsofl.4, 2.2, and3.O. ~bles 1, 2, md3 contain

the shock data necessary to obtain a solution in Region III. It is of

interest to note that as the shock strengthens at the tail of the rare-

faction a discontinuity develops in the flow behind the shock for ~> 2.

This discontinuity appears to be the beginning of anothershockdirected

back intothe flowand towardthe wall. That this flowpatternis not

justaresult of the a~roximte xnethodofcalc-tion is demonstrated

inAppendixII.
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Figure3. ShockPathsComputedby WhithamMethOdfor y=l.4,2.2, 3.0.
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!l?able1. ReflectedShockData 7 = 1.4

F

1.000

1.193

1.327

1.461

1=580
1.685

1.789

1.879

1.984

2.073

2.163

ii

1.000

0.893

0.800

0.694

0.591

0.494

0.391

0.299

0.186

0.086

-0.017

-0.468

-0.641

-0.741

-0.830

-o.goo

-0.956

-1.009

-1.Ow

-1.og6

-1.333

-1.168

ii

O.000

-0.211

-0.334

-0.442

-0.527

-0.595

-0.659

-0.709

-0.764

-0.809

-0.851

0.673

0.632

0.609

0.589

0.573

0.560

0.548

0.539

0.529

0.521

0.513

1.683

1 ●475

1.356

1.251

1.168

1.102

1.042

0.993

0.94Q

0.898

0.858

z

1.683

1.687

1.690

1.693

1.696

1.698

1.700

1.702

1.704

1.706

1.708

Mast Squares Polynomial Fit to Some of the Above Data

4th Degree ~ = 5.*2 -7.393 ~ + 4.673? - 1.%1 ;3 + 0.224$

2ndDe~ee ~ + 4.599- 3.596: + 0.868~

z= 1.734- 0.032;
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1.000

1.144

1.289

1.405

1.525

1.642

1.753

1.864

1.972

2.077

2.181

Table2. ReflectedShockData 7 = 2.2

1.000

0.899

0.798

0.698

0.598

0.499

0.400

o.2gg

O.lgg

O.ogg

-0.002

-0.669

4.729

-0.775

-0.813

-0.844

-0.872

-0.896

-0.919

-0.939

-o.g58

-0.976

0.000
-0.134

-0.237

-0.317

-0.383

-0.440

-0.488

-0.531

-0.569

-0.604

-0.635

0.884

0.807

0.749

0.704

0.668

0.637

0.612

0.590

0.571

0.555

0.540

0.737

0.605

0.506

0.428

0.365

0.311

0.266

0.226

0.191

0.160

0.132

0.737

0.740

0.742

0.745

0.748

0.751

0.754

0.757

0.761

0.764

0.768
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z

1.000

1.129

I.252

1.378

1.W1

1.621

1.741

1.861

l.ga

2.09!3

2.215

Table 3. Reflected Shock Data y = 3.0

z

1.000

O.El*

0.799

0.698

O*5*

0.499

0.400

0.300

O.lgg

0.099

-0.001

ti

-0.791

-o.~g

-0.803

-0.810

-0.817

-0.824

-0.831

-0.839

-0.847

-0.855

-0.864

0.000

-0.103

-0.181

-0.248

-0.302

-0.348

-0.387

-0.422

-0.454

-0.481

-0.5Q6

1.010

0 ● 911

0.836

0.773

0.723

0.683

0.64g

0.620

0●595
0.575

0.557

0.505

0.404

0.327

0.263

0.211

0.168

0●131

O.ogg

0.071

0.047

0.026

z

0.505

0.507

0.508

0.511

0.513

0.515

0.518

0.521

0.524

0.528

0.532

Least Squares Polynomial Fit to Some of the Above Data (l.St~l.Tll)

; . 2.357 - 6.185; + 13.477# -18.585# + 11.122#

~ = 0.525 - 0.046F
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The solutionsin Region III are characterized by plots of recomputed

“shock” paths (those determined by the isentropic solution in Region III)

and plots of wall pressure versus time, Figures 4 through 7. The numer-

ical data for these solutions are given in TabLes 1 and 5.

Figure4, y = 1.4, showsthat the more refined approximation

(~ = =1 + & as opposed to ~ . ~0) resulted in a shock curve further

renmved from the Whitham curve than the characteristic approximation,

although the difference is extremely SXXEL1l.Neither are in very satis-

factory agreement with the Whitham solution.

and

Figure5 comparesthe wall pressurecalculated by letting~ = ~0

:= ;, + m-. Here a@.n the difference is negligible.
J.

Fory=s

shock curves.

curve, and the

the different methods produce significantly different

Figure 6 comparesthe Whitham shock, the ~ = ~1 + w-

Z = ;n curve. The;= ~a + m- curve is a considerable
w L

improvement over the characteristic approximation although still leaving

much to be desired.

Figure 7 showsthat, as for 7 = 1.4, there is little to difference

between the ~ = ~0 and= . ~ + a- pressure distributions.
1 Both, how-

ever, yield pressures which decay noticeably slower than those obtained

either by extending the C+ characteristics from Region II to Region III

or by continuing the C+ characteristics trom the shock, using slopes

obtained from the shock solution.

It would appe~ that the simpler approximations for 7 = 5 are

somewhat conservative and that on the whole the wall pressure profile
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~xlo-2
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3
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1

0
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0

Riemann shock- q= a+b[

2nd degree approximation b3— O

Riemann shock - v = a+ b &

Linear approximation b2——O

Riemann characteristic

From Circe 7= 1.4; scaled \

to read *W= .05683 at
Q

a

1 I I I I I I m I I s I 1 I

2 4 6 -8 10
tw

Figure5. wall Pressure vs. Time y=l.b
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Table 4. Data From Solution in Region III y = 1.4

;.G
o = 1.683

1.000

1.100

1.200

leyxl

1.400

l.ylo

1.600

1.700

1.800

l.goo

2.000

ShockCurve

x
8

1.000

0“9
0.847

0.759

0.663

O.*1

0.453

0.340

0.222

0.099

-0.028

Pv
IVote: ~w . —

poD2

40

Wall Pressure

%“
%

1.000 5.683x 10-2

1.1% 4.000x 10-2

1.354 2.759x 10-2

1.6~7 1.863x 10-2

1.g71 1.232x 10
-2

2.J+P$I 0.793x 10-2

3.151 0.4g6X 10-2

4.162 0.299x 10-2

5.6g4 0.174x 10-2

8.104 0.056x 10-2



Table A. Continued

ii= =1 + m-

;
1
= 1.734,a = -0.032

P. = 4.6030,PI = o, P2 = -1.1122,P
3
= o, Pk = 0.0896,

P5 = -0.01~, p6 = -0.00~, P7 = 0.0004

ShockCurve

z~ z
s

1.007 1.001

1.068 0.958
1.142 O.gol

l.zq 0.829

1.324 0.739

1.433 0.631

1.553 0.502

1.6%6 0.351

1.830 0.175

1.986 -0.026

1.033

1.169

1.358

1.6zt

1*986
2.498

3*227

4.293

5.898

8.~7

Wall.Pressure

iiw
5.683x 10-2

3.997x 10-2

2.759X 10-2

1.865x 10-2

1.232x 10
-2

0.793 x 10 -2

0.496x 10-2

o.2ggx 10-2

0.174x 10-2

0.096x 10-2
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EY.gure6. Shockor

5i8

Characteristic
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2.5 I I 1 I I I 1 I I I I I I I I I I

2.0

1.5

-1

%x10

1.0

Ii —.. .—

——. — .

—.—

0

Continuation of original
characteristics.

Whitham #hock
characteristics

from shock.

solution
extended

Whitham shock data put

on c- characteristic.

.Riemann solution.

Whitham shockdataand

Riemann solutionon shock

From Circe 7=3; waled

to read ~w= .2235 at

TV =1

0.0 I 1 I I 1 1 I 1 1 I 1 I 1 1 I I 1 1

1 2
Tw 3

4

Figure7. Wall Pressure vs. !J?ime y=3.o
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Table 5. DataFromSolutioninRegionIII y = 3.0

ShockCurve

1.OOO

1.1OO

1.200

1.300

1.400

l.~

1.600

1.700

1.800

l.goo

2.00

1.000

0.802

0.604

0.406

0.208

0.010

-0.188

-0.386

-0.584

-0.782

-o-m

1.001

1.110

1.250

1.427

1.655

1.959

2.387

3.031

4.100

6.175

11.727

2.255 X 10
-1

1.689x 10-1

1.240x 10-1

0.879X 10-1

0.596x 10-1

O.*1 x 10-1

0.225x 10-1

0.119x 10-1

0.053x 10-1

0.017x 10-1

0.003x 10-1
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1.000

1.053

1.113

1.181

1.256

1.3k2

1.440

1.555

Tale 5. Continued

~ =-0.7352,Pl = 0.9996,P2 = -0.2918,

P3 = -0.3884,P& “ 0.7435

Shock Curve Wall Pressure

1.000

0.947

0.886

0.817

0.739

0.650

0.547

0.427

0.996

1.111

1.256

1.441

1.680

2.001

2.453

3.136

5W
2.235X 10-1

1.689x 10-1

1.240x 10-1

0.879X 10-1

0.596x 10-1

O.*1 x 10-1

0.225x 10-1

0.119x 10-1
1.692 0.283 4.273 0.053x 1o-’-
1.856 0●110 6.M17 0.017x 10-1
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Table a. Continued

Continuation of Region II Characteristics

No Reflected Shock to Consider

-.
tw

lmoo

1.200

1.400

1.600

lA!QO

2.000

2.200

2.400

2.600

2.800

3.000

Wall Pressure

5W

2.169 x 10-1

1.255X 10-1

0.790x 10-1

0.529x 10-1

0.3’72X 10-1

O.q’l x 10-1

0.204x 10-1

o.1~ x 10-1

0.I.23x 10-1

0.099x 10-1

0.080x 10-1
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Utilizingfi

Strai@rtc+

Shock Curve

TV

1.000

1.112

1.236

1.373

1.526

1.698

1.891

2.11o

2.360

2.6k9

2.984

Table 5. Continued

and ~ FromWhithamShockSolutionExtend

CharacteristicsFrom ShockIntoRegion111.

GivenIn Table3.

Wall Pressure

2.232x 10-1

1.636x 10-1

1.Z)Ox 10-1

0.881 x 10-1

00646X 10-1

0.473x 10-1

0.346x 10-1

0.251x 10-1

0.182x 10-1

0.130x 10-1

0.093x 10-1
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is rather insensitive to slight modifications in methods of calculation.

The large discrepancy in shock curves apparently results from the

assumption of isentropic flow behind the shock, although the approximate

character of the Whitham solution may make some contribution.

In the discussion to this point the Whitham shock curve has been

considered an adequatea~roximationto the actualshockpath. fir

7 = 1.4and7= 3.0 a comparisonwas made betweenthe lihithamsolution

and the solutionto the sameproblemusinga numericalcode (Circe).

The numericalmethoduses a one-dimensionalIagrangianapproachwith a

pseudo-viscositytermto givea smearedshock. Data for the Circeresults

are givenin Tables6 and 7 for 7 = 1.4 ad 7 = 3.0 respectively.F@.u?es

8 and 9 comparethe Whi.thamand Circe shockcurves. It is apwent that

the Whithamshockacceleratesmch too rapidly. A thirdcalculations

made for 7 = 3.0, nsmelya gaphical-characteristicintegrationfor the

shockand flow fieldbetweenthe shockand wall (seeAppendixIII for

details);data for this are con~ined in Table8. Figure10 illustrates

the three shockcurvesfor 7 = 3.0. The graphicsolutionappearsto

confirmthe Circeresult;also the Whithamsolutionand the graphical

solutionhave oppositecurvaturewhich impliesthe continueddivergence

of the two curves.

ScaledCircepressureprofilesare plottedin Figures5 and 7. These

curvesap~ar to confirma previousconclusion,namelythat the pressure

profilesare relativelyinsensitiveto variationstithe shockpath.
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Table 6.

t

1.070

1.173

1.275

1.377

1.582

1.787

2.094

2.401

2.709

3.016

3.323

3.630

3●937
4.245

4.552

4.859

5.166

5.678

6.021

6.4yI

7.659

8.888

ReflectedShockData wrce ur662 7 = l.~ SW)?pDetOW3tZOII

x

09967
0.914

0.847

0.781

0.623

0.452

0.160

-0.l’@

-o●5A3

-0.868

-I.265

-1.661

-2.094

-2.497

-2.923

-3.370

-3.839

-4.6o2

-5.179

-5.893

-7.834

-9.942

u6

-0.0337

-0.116

-0.208

-00266

-O.*

-0.520

-0.652

-0.743

-0.83.4

-0.913

-0.955

-1.015

-I.063

-1.145

-1.172

-1.210

-1.258

-1.294

-1.304

-1.338

-I.466

-1.536

c
s

0.654

0.625

0.610

0.585

0.555

0.532

O.yxl

0.473

0.446

0.k34

0.411

0.396

0.387

0.379

0.369

0.361

0.352

0.341

0.327

0.322

0.303

0.286

dx/dt= U5+C

(behindshock)s

0.620

0.509

0.402

0.319

0.167

0.01.2

-0.152

-0.2’70

-0.368

-0.479

-0.544

-0.619

-0.676

-0.766

-0.803

-0.849

-0.96

-0.953

-0.gn

-I..016

-1.163

-1.250

Pwall
(me~bars)

0.854

0●659

0.525

0.427

0.300

0.223

0.155

0.SL4

0.0885

0.0709

0.0583

0.0490

0.041-8

0.0362

0.0318

0.0281

0.0251

0.0ZL2
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Table 6. Continued

t

9.297

9.707

10●117

10.936

11.755

12.165

12.57k

14.296

15.934

19.ao

20.84g

x

-10.585

-11.241

-11.903

-13.571

-14.944

-15.642

-16.3k5

-19.873

-22.809

-28.886

-31.958

us

-I.526

-I.526

-1*538
-1.616

-1.609

-I.613

-~.622

-1.723.

-1.715

-1.761

-1.787

c
s

0.282

0.276

0.269

0.266

0.258

0.253

0.24g

0.241

0.231

0.2U

0.205

dx/dt= US+C6 ??-

(behindshock) (Inegabars)

-1.244

-1.250

-1.269

-1.350

-1.351

-1.360

-1.373

-1.480

-1.484

-1.yx)

-1.582
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Table7. ReflectedShockData,Circe cYr676,7 = 3, Shq Detonation.

[Note: P&l scaledto nmtchWhithamresults(PV x 0.3725)]

t x

1.070 0.951

1.173 0.873

1.q5 0.788

1.W) 0.635

1.685 0.487

1.889 0.336

2.0g4 0.177

2.229 0.027

2.504 -0.121

2.709 -0.282

2.913 -0.414

3.118 -0.576

3.323 -0.678

3.528 -0.853

3.733 -1.014

4.142 -1.297

4.552 -1.598

4.961 -1.930

5.064 -1●987
5.473 -2.293

us

-0.0117

-0.102

-0”.1*

-().ao

-0.287

-0.331

-0.ya

-0.393

-C)*4ZL

-c).451

-().477

-0.477

-0.450

-0.508

-0.518

-0.537

-0.558

-0.564

-0.576

-0.590

cs

0.926

0.9~8

0.809

0.679

0.622

0.556

0.489

0.446

0.407

0.406

0*383
0.349

0.329

0.324

0.290

0.290

0.278

0.244

0.232

0.221

dx/dt= Us+cs

(behindshock)

0.914

0.816

0.67I.

0.469

0.335

0.225

0.128

0.053

-0.014

-0.045

-0.0$)4

-0.128

-0.161

-0.184

-0.228

-0.247

-0.280

-o●320

-0.344

-0.369

%all P&ill

(megabars)

0.488

0.369

0.288

0.~85

0.125

0.0889

0.0653

0.0494

0.0382

0.0302

0.0243

0.olg8

0.0164

0.0137

0.0116

0.00846

0.00637

0.00492

0.00463

1.818

1.375

1.073

0.689

0.466

0.331

0.243

0.184
0.142

0.112

0.O$xyj

0.0736

0.0611

0.0510

0.0432

0.0315

0.0237

0.0183

0.01’72
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Table7. Continued

t

5.883

5.95
6.088

6.~90

6.293

6.395

6.b97

6.600

6.804

x

-2.546

-2.692

-2.756

-2.821-

-2.888

-2.957

-3.026

-3.096

-3.236

u c
s s

-0.5$%

-0.605

-o.6u3

-o●609

-0.608

-0.610

-0.616

-0.623

-0.637

0.215

0.208

0.250

0.241

0.229

0.215

0.207

0.189

0.171

dx/dt= Us+c %all %11
(behindshoc~)(megabars)

-0.381

-0.397

-0.365

-0.368

-0.379

-0.395

-0.409

-0.434

-0.466
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Table8. ReflectedShockData,GraphicalCharacteristicSolution,7 = 3.

t

1000O

1.020

1.051

1.070

1.100

1.127

1.183

1.240

1.290

1.370

1.536

1.645

1.864

x

1.000

0.984

0“960
0.945

o.g21

O.goo

0.856

0.812

0.773

0.711

0“583
0.500

0.335

u
s

000

-0.016

-0.042

-0.056

-0.077

-0.095

-0.121

-0.153

-0.180

-0.2L8

-o.~l

-0.306

c
s

1.009

o.gg2

O.gp

0*949
0.$%?7

0.907

0.857

0.822

0.793

0.751

0.666

0.627

ax/ats U8+CS

(behindshock)

1.009

0.976

oeg2g

0.893

0.850

0.812

0.736

0.669

0.6~3

o●533

0.395

0.321
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Figure10. ReflectedShockCurves,y=3.O, ComparisonBetween
WhithamSolution,Circeand GraphicalCharacteristic
Solution
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The data of Tables6 and 7 can be consideredwith regardto a dis-

continuityin the flowbehindthe shockfor 7 > 2 as discussedabove.

For 7 = 3.0thereis a reversalin the trendof the characteristic

directionbehindthe shockstartingat t = 6.088;however,for 7 = 1.4

thereis also sucha reversalat t = 9.2X. It appears,upon further

investigationof the numerical.results,that the characterof the

num?ricalmethoddoesnot mke a definiteconclusionpossiblesincethe

flowbehindthe shockdisplays“secondaryshocks”(definedby a non-

Vanishingpseudo-viscosity)evenbeforethe reversalin the trendof the

characteristicdirectionnotedabove.
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APPENDIXI

Notation: ‘i; i=0J’2- coefficientsin quadraticexpression

for t [Equation(73)1

%s
I- definedas dO-l

a, b - the coefficientsof Equation(71)

bn sw(l+nb),i.e.,bl = l+b,b2 = 1+~, etc.

d2b5/2kO(2+7b)

[(X2bka+~b5) - 1680P7 ab2]/2kOb4

[(l~b5a2+~bka~b5) - 1680 a%7 - 480aP6(2+!33)]/~b5

[(5b1a4~+a5~) - ~a4blp5 - ~a5(*3b)p6 - l~%$7V320a(b-2)

[(d2a5+5d1b1a4+lW$b2a3)- 16&k3%36p7- ‘a4b4p6 - 800a3b$3

- 160(1-4b)P2]/$?60a2

[y 5- 480p7a7- 240P&6 - 80P5a5- 160P2a21/g60

P3 arbitrary,set= O

P1 arbitrary,set = O
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To determinethe Pn’s coefficientsof likepowersof ~ in Equation

(74)areequatedto zero. P7 = P7(a,b,di)is thendeterminedlyeqmting

thecoefficientof E7to zeroandPn = Pn(Pn+l,. . . , P
7’

a,b,di)by

settingthecoefficientof Ento zero. Thisprocedurebreaksdownfor

P3 andP1; theseconstantsareindeterminateand foundto be arbitrary.

P2 smdPO are independentof P3 and PI. P4 represented

For the casewhereonlytermslinearin b were retained

obtainedfromthe coefficientof ~4;however,by taking

Equation(74)withrespectto E,P2 couldbedetermined

a specialproblem.

P4 cmd not be

the derivativeof

independentlyof

P4 andthenthe originalexpressionforP2[P2=P2(P4jP5,P6,P7,a,b,di)]

couldbe invertedand solvedfor Pi..

The case

of P and P2.
3

veryunstable

resultedin

ated in the

=

4

where terms of orderb2 were retainedwas againindependent

P4 couldbe determineddirectlybut the e~ression was

numericallysincechan~s of 2 percentin Pa, p& and P7

changesof 1~ percent

samemanneras used in

P5 = -o-5b1dh/(l-I-b5)
p4 =

-[0”5(blyti4)+

‘3
= -[o.5(bld2+ +~)

P2 = -[0.5(bl~+ad2)+

‘1
= -[0.5(bld5i-adJ+

in P4. Becauseof this P4 was evalu-

the linearsolution.

5ab4P=]/(l+b4)

10a%~P5+ kab3P4]/(l+b3)

10a3b%5+ 6a%%k + 3ab%3]/(l+b2)

5a4bP5+ ka3bP4+ 3a%P3 + 2abP2]/(l+b)

%2+s3?11/2P. = -[0.5ad5+a%5+a4P4+a3P3+a
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ThesecoefficientsPn were obtainedwithoutco@ication by setting

the coefficientsof gn in Equation(85)to zero.
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The purposeof this

AF!PENDIXII

appendixis to demonstratethat a weak shock

enteringa centeredrarefactionendingin a vacuumwill, for 7 > 2,

generatea discontinuitybehindthe shockwhichpropagatesback intothe

fluid. This occurswhen the shockreachessufficientstrengbh.

We shallbeginby consideringa strongshockin a centeredrare-

factionas sketchedbelow.

t

The C+ characteristicscan be representedas

Beforethe Shock: (a) ~=~=u+c=q

(b) % = r(q);+

dxAfter the Shock: ~= us + cs = ~.

(Al)

(A2)
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We can alsowrite down the strongshockrelations(seefor exampleref.4,

p.121-122)

2Uu =— +*U
s 7+1 7+1

c . .X53@ (u-u).
s

The shockvelocitycan be representedabout~1 by

We also

U= UO+U:L(VQ +u2(vlJ2+ . ● .

have for the centeredrarefaction

u = s , a constant.
2-% o

Combining(Ala)and (A6)one obtains

= (q.2so)c = 7+1

~ (+ + 2s0)“
u = 7+1 7-

Andby introducingEqutions (A7)and (A8)into(Alb)we have

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)



SubstitutingEquations(A3)and (A4)into (A2)and replacingu, c,

and U in this expressionby (A7),(A8),and (A5)(tofirstorderterms)

thereresults

= - 2s0 *I(?’-1) [Uo+ul(n-?l)- 7+1
7+1

and

%/= +[%(’-w)+?w+v%q.
Lookingat the coefficientofUl we find

(1 $~)<()

(1 -w)= 0

(1 -w)>.
forl<y<2

fory>2

fory=2

(A1O)

(All)

whichmeansthat the sign of d@/dqdepends

(andSi~) Of U1 = dU/d\=q . hmmlill~Ul
1

have d@/dq<0 for sufficientlylargeU1.

both on 7 and the magnitude

>0, it is thenpossibleto

We shallnow demonstrate

that U1 does indeedget very largeat the tail of the rarefactionand
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hence for 7> 2, @/d~ <0 (notefor 7<2, d@/dq>0 for all positive

UJ .

Using the characteristicrule

dp~ - p~c~dus= O (A12)

and the strongshockrelations

Ps =* P(U-U)2 (A13)

&lp
% = 7-1

(A14)

alongwith

(sinceall

thosealready

variablesare

introduced[Equations(A3)and (Ak)]we have

functionsof q)

P;=& p(u-u)(u’-u’)+ -&# p‘

u’ = -& ’+ alls 7+1

(whereprimesdenotedifferentiationwith respectto q). Combining

the aboveequationsyields

*P(U-U)(U’-U’) + *(u.u)2p ‘ +&NJ-u) [-$w-uwq = o.

(Al~)
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We note that in the simplewave region

L= + (*)●

(A16)
P

IntroducingEquations(A5),(A7),(A8),and (A16)into (A15)we obtain

H 2
‘1 )

-—+1 = o.+ y-l 7+1

Settingq = q, and soltingforU, thereresults

● (A17)

Now

But

on the limitingcharacteristicc + O henceby Equation(A6),u 4 2s0.

q = u + c, thereforeat limitingcharacteristicq + u - 2s0.

Letting?lIapproachthe limitingcharacteristicmeansthe second

term on the ri~t increaseswithoutbound. Since(Uo-u)<0 we have

(A18)

Havingconsideredthe strongshockat the tail of the rarefaction

we shallnow considera weak shockat the head of a rarefaction.For

a weak shockwe have the approximaterelations(seefor exampleref.4,p.122),
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ku8
— [u-(u-c)]‘U+y+l

c =c -S
z%

u-u—+1.().
c

[u-(u-c)1

(A19)

(A20)

(A21)

CombiningEquations(A19)and (A20)with(A7)and (A8)andutilizing

(A5)we have

‘s “M%+2sJ++d%+uJ’-’%’%’-%sO1
c= *(q.2so) -

[
* Uo+ul(q-ql)- ~ q - U& so

s 1

whichcombinedwith Equation(A2)gives

ff=~

DifferentiatingEquation(A22)one obtains

(A22)

ConibiningEquations(A5)and (A21)gives

U. + Ul(q-ql)= u - c

66

(A23)



whichby Equations(A7)

Takingd/dqwe have

.2J
‘1

for a weak shock,which

and (A8)is equivalentto

.ZL +l@sy+l ~ 7+1 o“

(A24)

combinedwithEgpation(A23)gives

(A25)

Summarizing,it has been shownthat for a weak shockenteringa

rarefactionf~@/dq > 0. This shockwill increasein strengthas it

propagatesthroughthe rarefaction.For a strongshockapproachingthe

limitingcharacteristicit was also shownthat d#/d~>0 for 7 <2 and

d@/dqCO for y>2, hence for y>2 thereis a changeof signind~/dq.

This changein sign impliesa discontinuityin the flowbehindthe

shock(seesketchbelow).
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APPENDIXIII

This appendixillustratesthe graphicalprocedurefor computing

the reflectedshockcurveand the flowbetweenthe shockand the wall

(seefor exampleref.5).

The fundamentalequationscan be writtenas

Continuity

Momentum

Entropycondition

Equationof State

2+%+”

Ds 8S
m=a+u *=0

(a) p.@lT

(Bl)

(B2)

(B3)

(b) C2= YIJP = Y~

(c) s -sl=cp.&* -R.4n~1(B4)
1

CombiningEquations(Bl),(B2),and (B4)one obtains

(33

(B5)



wherethe left sideis the derivativeof 2/7-lc + u in the direction

dx/dt _= u + c in the x,t plane.

It is convenientto definethe derivativesin the characteristic

directionsas

5+
E=

(B6)

The Riemannvariablesare definedas

P=~c+u7-1

Q=LC - u.7-1 (B7)

SinceD/Dt = a/& + ua~x it is possibleto eliminatethe ds/dxterm

in Equation(B5)as follows;

Notingthat for the flowunder

(B5)become

considerationsDs/Dt = O, Equations
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(a) * =

(b) ~ =

wherevelocitieshave

normalizedon 7R.

+

=%

c%
been suitably

(l%)

normalizedand the entropyhas been

summarizing,we now have

+ +
dx

% “=$+ ‘nc~sm=u+c (B9)

6-Q 8-”S dx

-5E “CTE
oncurves-= u-cdt (B1O)

Ds dx
==0 ‘nc-esm=u” (Bll)

For a finitedifference

replacedby equationsof the

+ +
‘P12 = C12A ’12

whereA+P1a is the difference
J.(=

C+ characteristic.612 is

the characteristic.

At shockpointsthese

approximationtheseeqpationscan be

l?orm

(B12)

inP betweenpoints1 and 2 on a particular

the averagesoundspeedbetween1 and 2 along

egpationsdo not hold but the Rankine-Hugoniot

equationsapply. If the unprim!d~ntities applybeforethe shockand
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the primedquantitiesafterthe shockwe have for a leftwardrunning

shock

Q’-Q 2
—= – {~ [(1 - *OF-+(1 +$&%))] W} +* (1 - >)

c y-1 M

(B13)

–=-+(1->)U’-u
c (B14)

~1
—a-
C M 1 + ~M%)] [1+ ~(al)] (B15)

“-s=77%)4 1 [ 1
4 1 + *(IF-1) -tAn ~ 1 + *(IF-1) .

y-l
M?

(B16)

It shouldbe notedthat the flow -tities in frontof the shock

are known.

For y = 3.0 the followingprocedureswere used for the various

typesof points. Iterationswere not necessaryin practicebecauseof

the slowchangesin the variables.



(A) InteriorPoint

All

ParticlePath
0

data are knownat points1 and 2, therefore

‘2
‘3

“ q(s2-sJ +‘s1

P3 = Pl + CJS3-S1)

~ = Q2+ C2(S3-S2)

> “ *(P3-%)

C3 = ~P3+Q3)

(B) Wall Point
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All data

reflection.

are knownat point1, and se is knownfrom originalshock

Pe = PI + (Se-sl)cl

u =0e

c = Pee

Qe = Pe

(C) ShockPoint

\

ShockSlopez~
1

All dataare knownat 3 (butnot at 3’) and 2.

ASS~ ~ = Q2,fo~ (~j-Q3)/c3,and usingRankine-Hugoniotecy.xa.tion

obtains’.

Rec~mputeQj = Q2 + c2(sj-s2)and againform (Qj-Q3)/c3.Repeat

untilQ’ no longerchanges,then f’romR-H equationsone obtainss’
3 3’ c<’

?, ~= ~defhition V3=~ -C3~.

I

73



REFERENCES

1. G. B. Whitham,On the Propagation of ShockWavesThroughRe.— ———
+~ Non-UniformArea or Flow,Journalof FluidMechanics,Vol. ,

Ft.~p~u~ ~$!3

2. R. von Mises,~thematicalTheoryof Co ressibleFluidF1OW
-+——(AcademicPress,Inc.,New York,1958 .

3* Courantand I&@richs, Su rsonicFlow and ShockWaves (Interscience
+.—–——Publishers,Inc.,New York, 1

4. Oswatitschand Kuerti, =CS (AcademicPress,Inc.,New York,
1956).

5* Rudinger,Wave Diagramsfor Non-steadyFlow in Ducts (D.Van Nostrand
Conqmny,I= New York,~5~ — — —

74


