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ABSTRACT

This report describes various conrputationsl techniques employed to

describe the equation of state of normal hydrogen data. Using the fol-

lowing functional form, the differences between the observed snd cal.cu-

lated values sre in general within 5’j%:

‘2
Pressure = PIV [1- (p3/v)p4] +P5T/(V - P~ ‘t-P7/v)

where P, P,. ..P
12 7

are the resulting parameters, V = volume, T = tem-

perature.





1. Inlxroduction

~ the fsll of 1959, the Statistical Section of the l%eoreticsl

Division assisted in fitting a multiple regression surface to smoothed

hydrogen data. The resul’t of this endeavor appeared in LAMS-2357.*

There were several reasons to contxhu.ethe work: 1) foremost, raw data

rather than smoothed data should be used; 2) the surface fit in LAMS-

2357 was divided into several regions; the ditisions were for the con-

venience of the equations, rather than natursl data divisions; 3) since

there were divisions, discontinuities existed at the boundaries of the

divisions; and k) the results were not as good as desired.

2* Representation of Data

The raw data represent an Smal.gsnwtion of information from some six

different sources (see Table 1). There we 4 vslues or varisbles in-

volved: temperature (T) in ‘K, pressure (P) in atm., volume (V) in

cc/m, and compressibility (Z). It shouldbe noted that Z = f(T,V). It

should also be noted that at various times different coxibinationsof the

variables were used in attempting to solve the problem.

*
Sherman, Vogel, Moore, Schuch, end Goldman, Ias Alsmos Scientific

Laboratory Report, LAMS-2357, Septefier 25, 1959.
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3. Two-Dimensional Approach

The approach used primarily was the so-cslled two-dimensional (2-D)

approach, suggested by W. E. Keller of Group CMF-9 of this Laboratory.

The isotemperature xuns illustrate the techniqye. Suppose we hold tem-

perature fixed; then there axe several data points for this temperature.

‘Ihenfit (in two-dimensions) some ftmction, say Z = A P + B P2 + C $

where A, B, end C sre constants determined by a least squares fit. Since

this can be done for several temperatures, we msy write Z = A(T) P +

B(T) P* + C(T) ~. Now if a “nice” functional relation can be found for

A(T), B(T), and C(T) in term of T, the problem is solved, for en ensuing

function Z = f(P,T) follows.

4. Results of the Two-Dimensional.Approach

A. Isotemperature Runs. In 2-D, the results were qyite good for

a(T) p2 ~ b(T) P +
the various temperatures. The expression Z = e

2 4
c(T) P + d(T) # -t-f(T) P fits the data extremely well. unfortu-

ns$ely, the coefficients a(T), b(T), c(T), d(T), and f(T) were not

well behaved. Thus, an attempt to extend this into 3-D was rather

unsuccessful, resulting in some errors of magnitude of 25%.

B. Isochore RU.tlSe Again, the 2-D fits were rather good. In fact,

they were better thsn the isotemperature runs. (It should be noted

that the T,P surface is much better to work with than the Z,P sur-

face). The equation used here for the 2-D mns was P = A(V) +

B(V) T + C(V) T2. Here the coefficients A(V), B(V), and C(V)
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were qpite well.behaved,

The evolving e~ation is

&lLowing a smoother transition into 3-D.

as follows:

Pressure =

-+

+

pl + p# + p3/@ + P4/V3 -I-P5/V4 + P6T + P7T/V

P8T/V2 + P9T/@ + PIOT/V4 + P~T2 + PUT2/V

p#/$ + p14@/V3 + P15T2/V4,

(1)

where Pl, P2,.0.P15 we the resulting psmmeterse

It shouldbe noted

in LAMS-2357. The

that this equation is very similar to that used

fundamental difference in approach is the divi-

sion of data. Here the data have been divided into 2 classes:

class 1 = GAS plus FLUID, class 2 = LIQUID. Obviously, this re-

presents a “logical” data division. IUrther, the progrwn was re-

written to minimize the

percentage deviation of

the fitted values.

percentage of error. Table 2 shows the

egyation (l). Also IBM Listing 1 enumerates

5* Boulder Egpation

From a writeup by R. D. Goodwin, C!EL,National Bureau of Standards,

Boulder, Colorado, entitled Approximate Wide-Range E~ation of State for

~nY Me fo~owi~ P~~eters we~ detemed by the method of least

Sqylsxes:
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‘2
Pressure = PIV [1 - (P3/V)pk] +P5T/(V-p~+p#J),

where P,, PO,...P7 sxe the retit~ par~~rs”
.& G I

Again, the data were divided into

suits for the GAS-FLUID data were

less than 5$. See Table 2 for an

data. Also see IBM Listing 2 for

tie forementioned

very gratifying;

exact percentage

a point-by-point

two groups. The re-

maximumerror was

deviation for these

enumeration of the

results. Unfortunately, this tiction does not seem to fit LI@ID data

alone. A fizrtherrun was made fitting ALL data (see Listing 3 and Table

2). It should be noted that the e~ression does fit all data z%?latively

well.;the large percentage errors here are attributed

I@ the present, this represents the best U.

6. Jl@anation of Table 3

Table 3 enumerates the

eqpations converged for the

and the IBM Listings

parameter vslues to which

three runs made. A brief

IBM listings follows: The final values

parameters are given on the 5th ~ge of

Listings 2 and 3.

fitted curve, the

etc. are listed.

the temperature.

to the liqpid area.

the least sqyares

qplanation of the

and standard deviations of the

Listing 1 and the 3rd pages of

Then the data points, the corres~nding points on the

deviations between fitted and actual dependent variables,

The first independent variable is the volume, the second,

For a more detailed

computational least squares iterative

8

explanation of the listings and the

procedure, refer to IA-2367,The



Solution of the General Ieast Squares Problem with Special Reference to

High-Speed Computers, October 15, 1959, by R. H. Moore and R. K. Zeigler

of this Laboratory.

7* ~

The Boulder equation ties an adequate over-dll.job, and does partic-

ularly weld.for the bulk of the data, namely the GAS-FLUID data. It

should be noted that most of the points with maximum deviation were near

the “criticsl point”.
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TABLE 1

DATA SOURCE LIST

The following were the data sources used for this work. References are

for Normal Hydrogen.

1.

2.

3*

4.

5*

D. White, A. S. lZriedman,and H. L. Johnston, J. Am. Chem. Sot. 72,—

3927 (1950). [P ~ T along saturated vapor curve from 15°K to

critic~ mint (33.2°K)1

E. Mathias, C. A. Crommelin and H. Kamerlingh Onnes, Comm. Phys.

Lsb. Univ. Leiden 154b (1921.)as corrected by H. W. Woodley, R. B.

Scott, and F. G. Brickwedde, NBS Research Paper 1932 (1948).

(Density of saturated vapor from 14°K to critical pint).

H. L. Johnston, W. E. Keller, snd A. S. Friedman, J. Am. Chem. Sot.

~, 1482 (1954). (PVT of liq@d from 20°K to critical point, up to

100 atm.).

H. L. Johnston, D. White, H. Wirth, J. Swanson, L. Jensen, and

A. S. Friedman, Wright Field, ADC TR-26L25 (1953). (PVT of gas

from critical point to 300°K from 20 atm to 100 atm.).

D. White, A. S. Friedman, and H. L. Johnston, TR-26L12(1953).

(PVTof gas from 20°K to 300°K, P = O to 20 atm.).

10



a-1-1

t-l

I O
t-1

$w

u
.



12



II

1-u
l

U
I

.

W
-h

?
am

w
--m

eaa
L

-N
O

(-W
000000000000

Q
o

o
,,

-
L

o
-co

w
-r-l

0000000
N

O
N

*
0000

G
J

w
w

u
l

O
r

e-w
-r,

o
r!l

.T
O

er.
m

m
u

-)o
O

*m
a

V
m

@
r

N
o

r
-u

-l
.

.
.

.
-ym

7

O
N

.
L

n
a

O
l*-r.3*.a

acN
o

N
.T

0000000000000000
,,

Iu
lil

00O
m

O
r-

gfi
O

vl
.

.
--

ILullllw
o
r
o
-
m

-m
o

m
w

O
w

r-
fo

m
ln

o
o

vm
a

W
m

o
*

N
O

f.
k-l

.
.

.
.

-
y
m

T

1
3



0iw0m

0-
i

uC
J

.
3

;NN

m

wM
-
J

0a
l

mlot:i
-r

i-

.-12“a.

1
4



0-)

i

1
5



g

co
m

e
000

-m
r-

-00.
.

.
.f)e

w
m

-
-
-
-

W
u

w
a
c

-
r--u

l
U

)*N
r--g

-m
m

*1#0

W
w

w
O

lo
ln

0r9r-
m

m
o

D
-o

o
-o

g

*n
o

-O
u

!

11111$1

-W
b

-l
L

n
n

r.J

r/O
r-

-m
m

m
em

c
.
m
a

000
O

m
r-

-00

m
N

M
*

--m
N

--
m

-o
0

000
000

000
000

,,,
,,

N

1
6



zvi-0z3u
.

uww0zN

W
w

2=8
1-

:cu
.

0.0

b
-l

G
-

1-
.

.
.

.
.

.

.-
o

-).-ro
w

L
.

.
.

.
.

-ln
*--

N
-r)

@
m

*-
m

*w
w

?
N

O
N

*
‘
&
L
%000000000000

000

.3m0y“*c
o

N0“c
o

G0“y“
m(Y

G
.

F
r
-

W
N

x
0“

Ean
.

w
G

W
w

’
wL

I.
y“

t%
’
F

l-n
wm

0“

,“

1
7



nw

O
-N

---



r
o
.
-

00
t-l-
00

?
o
-

00

Illu
00

::.
s
:

t
o
w

O
N.

.
-N

.
.

-N
.

.
-N

.
.

-N

-
m

-N
-N

-N
.-

N
-N

0
m

03m
--



t9-
00

-N00

*



a0
zAwmr
-

I-9
k?0*

*
*

0

m
-

w
-

00
00

—

-N
-
r
+

mv

21



.
“.N

2
2



00
m0I
L

N

.

N
-

00
00

0

-N
-N

-(N
-N

04m

2
3



I

I2
!

m1-m:C
’4

v“

00

4
--

2
4



2
5



-

&w00000Ge
“

N

00
00

.
.

-(N
-N

g



I
i
i
G

.
w
“

0
0

0

r
o
-

e
i
-

00
s
:

00
N

-
N

-
N

-
2
Z

00
00

00
w.
s

0C
-4

$G

-N
-
m

--N
-(N

-N
-N

-
m

-
r
+

-N
-N

-
N

-N
-N

-
N

-

2
7



$wk-J

-N
-N

*M
I

00N
N



w
T

-
00

-N“*mc-i

r-m
W

N
N

N

2
9



00mNmL
%

N‘em7(-4
0umf2r-2wG

%
m001-K

**N

3
0



;uEm1
%

0co

0

U
u

O
r-

O
m

:8r-o
L

o
o

N
U

I

Iu
u

m
G

.
l--n
f3r+-
00N

O

U
w

00O
m

m
m

V
3m

co
.

00-0G
m

“

W
&

cl:

.0r---
-0N

o

<
m

“

w
+

O
m

l-m
:~00N

O.
.

-0)

W
u

O
m

o
n

:%u
l-

.00
00.

.
-m

F“m
“

N
-m

-m
.-

c-i
-m

-m
-N

-N
-

N
-

N
-N

-N
-m

-
N

-W
-N

-N
-N

-
N

-
N

-N
-

00

wahi

3
1



00

-N
-N

3
2



N0I
l
l

P
i

I
r
i

m
l-i

-N
00

00

W
u

W
w

00
00

00
00

r
.
:

00IO
N

m
o

m
o

!
4
:

-0
*O

N
“:

:-”
.

.
.

.
.-

@
.-

-N
.-N

-N
-N

I-o
l

00m
m

3
3



3
4



1N0Id

-

3
5



N
N

N
W

00
00

G
A

k
i
e
i

-N
-N

.-
N

-m
-

N
-N

-N
-

(’
4-W

N
N

N
N

00
00

-N
-N

N
“

mr-r9

3
6



r
-
i

-N
-N

.-
N

-N

-

.
v

Loulr-
;
m
m
m

m
m

r.1?
.1

37



w

-.
-.

.
.

.
.

.
ri&

N
N

”
c

-4
w

e
i~klu-1

m
--

04
-(N

-N
-

N
-

N
-N

-N
-N

-
N

-
N-N

-N
-N

-
N

3
8



11

1-u
l

u1-

U
u

w
w

w
w

u
l

M
-00

.3N
0

-C
400m

lvo
F

?
w

o
o

m
r!w

-m
O

O
o

cN
r-

o
m

m
o

m
o

m
ro

r-w
o

o
.m

co
m

co
m

o
r+m

o
.

.
.

.
.

.
.

~T
c4@

c0N
N

IJ-lo
-O

--(N
0000000

L
O

O-O
-’-N

L
o

o
-

o
.--ti

0000000
O

o
ao

o
o

.a

O
U

JO
-0--N

0lO
0

-0--
N

O
L

O
O

-O
-

.c.40u
)0.-c,

.-_w
00000000000000000000000000

000000

W
u

u
w

w
u

u
w

w
u

w
w

U
W

ld
u

w
ld

u
w

u
llu

lu
lu

14Jh
lu

llljld
u

u
u

o
m

m
o

o
m

m
o

o
co

m
o

o
cw

o
o

m
m

o
o

m
m

o
0c0r900u

,
m

0
o
m
o
o
o
m
v
w
o
m
o
o
o

c.*r40w
000.y.

*w
O

m
O

.a
O

m
.t

C
.4

O
m

N
O

O
m

N
r--O

m
N

00
m
r
4
r
-
0
m
r
4
0
0
m

N
r-O

m
N

O
O

m
N

F
.

O
m

m
O

O
.s

L
o

00r9m
00

@
m

00m
?

900.an
O

O
rg

W
o

o
w

m
o

o
w

.
co

o
m

r.ao
v-m

O
L

O
r-e

O
*-m

O
L

O
I.

a
o

.r-m
o

m
r.

w
O

m
rw

o
o

ln
o

o
.w

l.
.y

O
c,

L
rjo

O
m

r.
*oayjo

cla**~~~~
O

N
O

)
W

O
N

L
O

O
O

N
.n

r.I
O

N
K

IO
O

N
M

M
O

N
U

IO
0N

03M
0N

~0
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
-~y

N
W

IC
O

N
N

-~~N
@

cu
N

N
.-yy

N
@

rxIN
.

N
.:
+

T
.N

.&
&

&
N

.

3
9



W
Y



ma3

iii

aa.
5

Inm00“000.
4

000

000

v
i
z;0.a1-C

r
0

n
o

-o
--r+

0000000

c.G
.

06
10

G
.

L
OO

.
O

--N
0000000

0r
=
.
s

--
1-b

.

Na1-

N
m

4
1



00u00!3FN*

m
-

C
O

G
0

0-N
-N

0
G

o

-N
-C

+-
N

G

m
u

-l
r-

0w
0

m

4
2



w

:u0000)f-l
Cm.4

C
-4

-N
-N

-
N

-N
-

N
-N

-
N

-N
-

N
-N

-
N

-N
-

~
-m

-
~
-m

-
N

-m
-

~
-N

-



m0I
L
*r-&

-l
N;N

Nyu.
z

r-Nmm0G

N
-
0
0

W
w

:Z*Or-o
O

a
m

a
.
0

I
.
i
t
.
i

-N
-N

-N
-N

.-N
-N

-(N
-N

00.

mW
I

m*

4
4



N
-N

-N

03V
I

.%
Na



w

-N

iL
o
w

---

4
6



&

a
-N

-C
-4-

m
-N

-m
-

N
-m

.-

u
)

0
m0

al0
0

elm
u

m
u

l
r
-
m
m

m
m

-
-
-

-
-
-

-
-

E
:

:W
i%

N
---

---
---

---
--

4
7



w

4
8



N0Iim

m0LF
J

N0

N
.-

e
4

-
0

0
0

0

-(N
-N

-N
.-N

-N
-(N

-N
-N

-N

V
I

0i!!m

m
m

0
0

A
A

m
m

(’40
2

c
O

l--
m

o
t-)
a:ciki

C
i

m
;

lo--

49



w

-Nti

-NNr

-N
-N

.
.

--

-(N
-N



r
i

h-i

.3.
s

1
9

-
0

0

.%
:

N
O

N
o

E
E

t-lo
N

o
IiiN

-N
-N

-N
.

(N

umma0mw
’

51



m0
(-i
0

m0
f.)
0

P
i

.*

N
-

0
0

N
.

0
0

N
-

0
0

N0

.
.

-m
a“U

i
m

“a“

-N
N

.-N
-(-+

-N
-N

-(-4

00

-.
*

c
.

NN

52



m
“

N
-

~z
0

0

-N
-N

-
(-4

-N
-N

-m

!53



n

hi

N
-

N
-

N
-

C
4
-

0
0

0
0

0
0

0
0

w
-

0
0

::m
m

F
G

.
r
+
-

m
o

N
o

r“
&

I
Q
”
m
”

G
&

-
“
m
”

-“6
-“.4

.- N
-N

-
N

-
N

-N

.
.

.
.

.
.

.
-
m
m
c
o
r
-

m
m

.
.

.
-
r
-

-N
-N

-N
-N

-N
-N

-N
-N

-N
-N

-N
-

N
-N

00

&
N

54



G

N0Am0
)

:0mr
.
i

00Ill
6

.

N0

t9
-

0
0

N
-

N
.

N
-

0
0

0
0

0
0

N
-

0
0

U
W

O
m

a
m

m
m

r?%
0

0
*a.

.
-m

N
-

0
0

N
.

;~m
m

N
O

’I
m

m

23s
-m

(-4
-
m

-
c
+

-N
-N

.-N
-N

-N
-N

-C
-4

-N
-

N
-(N

.-

00

m(-w

r
-

r
-

N

55



N
N

W
0

0
0

N
-N

-N
-N

N
-

:

r-m
G

IG
J

N

m
m

0
0

m
m

56



(’4
-N



-w



-.*

“clEE0u

1N0h
!

r-L
!7

mNPU
)

aN0u00m*0mV
I

N0!40u*c
.z

I+

-N
-c

+
-

N
-

N
-N

-N
-N

-
N

-
N

-N
-N

-c
+
-’

N
-

N
-N

-
-N

-m
-N

N
6

59



.

P
i

G

00wmNca
l

C
’4

m0a

m
N

m
m

:
:

m
m

0
0

0
0

0
0

M
N

M
N

rim
0

0
0

0
0

0

k
-i

N
-N

-N
-

(N
-N

-N
-

N
-N

-
N

-(N
-N

-

60



61



II

.-
n
o
-
o
-
-
m

0
0
0
0
0
0
0
0

62



0
304
’

-.

006

63



-
0

0
0

n
k

m“
3’

L
Y

u
!

U
C

t
-
W
y

~
1
-

Wa
u
.

a
.
D

0-
1

wxmm3

~I
d

-
1

maua>

I
u

x*0za

0E
l

mHG
l

l
o

c
o

L
n

.
s

c
o

b
-
l

v
)

0
“

Gu
)

0
“

r
-
l

m.
s

r--
r-m6

1
-

U
.

Nn
.

1
-

64



‘aw



c
-
i

.5

-N
-N

-N
-

N
-N

-N
-N

-N
-N

-N
-

N
-N

-N
-

N
-

N
-N

-N
-N

wN!m:ngr
i

66



$wi
i

w
,

0
2

c
o

0C
i

C
’i

w

0

67



s’A2’

moIL0*.

c
-
i

C
!J

~Hc
c
l

H1
4

Z;
N
.

F
/
.

00
00

—

!400

m
“&

N
“;

&
O

i
m

“e
i

-N
-m

-N
-N

-(.4
-N

-N
-N

-04
-m00

-N
-N

mr-
0r-



-Ii

w0mm0mwN<

i
n

b
y



ilxlai?

-P
I

-N
-

N
-W

-N
-N

-N
-N

-N
-

N
-N

-N

00w0c
.

mm~0

N0ILmr
-
m$r
-

00w$mK0
u
-
i

0N
F

4fla
---

-
a

m
o

o
0

&
0

0
.-

---
--

.C
-4

m
*

-----
-

---
-70



0
40

L-i

n

r-

r
-

M
%

--

71



00

I.)-
g

zN
-lN

G
0

0
0

0
--

m
“&

,;
“;

-N
-N

-
N

-N
-N

-
m

-N
-
m

-N
-N

-
N

-N
-N

-c
+
-

N
-N

m0l!l
w

’
0ILr
-

N1
-

a
.

:e

l-i
N

Fw
mm

mb
-l

’72



00Ill
L

IT

-N

ar
-

73



laRlx!!
0u!

-N
-c

-i
-N

-N
-N

-N
-N

m
o

m
m

--

74



-

zw

-N
-(+

-
N

-
N

-N

75



C
3

B314

N
-

0
0.

.
-b

-l
r“

6
-N

-N
-N

-m
-(N

-N

76



wlaiilx!

iN



r
-
i
r
-
i

W
u

000000m
o

m
r
.
>

N
O

no

*“G

-N
-
m

-N
-N



N0

r
i

N

s’III

N
-
m

N



zLr
=

G0r
,

i
c
-
i

6

zid1.,
m&r
-

r
?

m
-N

.(
N

-N



.,-
N

.-
0

0
0

0

0.;wNIns!

N
-

0
0

~
:

o
n

r--g

*-c
o

o
0

0.
.

-m.-N

N
.

0
0

-C
-4



Nfiu00m0mNP
i

13ii

m
-

N
-

.3s
c
m

00
19

.-1.)-64-N
-

00
90

00
00

N
-

r4-
00

E
G

00

-N
-m

-
N

-m
-64-!-4-

N
.N

N
-N

.-
m
-
m
-
m

82



w

N
-N100

wmP-mr-l
mw

83



1:
C

{
.
s

84



*“
l-i

00N0w5’
mm:1
=

s’
.s;

N
-Nwr
.
:

w
“

.4

m
m

N
N

w
e



&
’

u~0~&04

m
m

00W
w

00m
o

00m
m

~$

m
e+

0
0

.
.

.
.

-N

-N
-N

-N
-N

-
N

-N
-N

-N
-N

1
-

h
-l

:n**
mnjv

86



N0t-i
N

(’i

87



IiE
i

!

-(w

s’au

0

-N
-N

-N
-m

IN
N

C
-4

N
O

a
0

0
f2~

-m
-r+-

N


