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ABSTRACT

The generalsolutionof the space independent reactor kinetics

eg!mtions forrmilatedby Keepin takes the form of an integral equationin

whichthe neutrondensityis an implicittiction of the time dependent

reactivity.The equationklso involvesa set of tabulatedconstants.

In this reportthe problemof specifyingthe reactivityre~ired to

yields givenneutrondensityftmctionis solvedby exhibitingan ex-

plicitsolutionfor the reactivityin termsof the densityftmctionand

a set of constantsrelatedto thosetabulatedby Keepin. The onlymath-

ematicalrestrictionon the densityihnctionis that it be positiveand

differentiable.The solutionis suitablefor numericalcomputation,and

methodsfor calculatingthe constants are developed.As a simpleappli-

cationthe reactivityrequiredto yielda constantdensityis shownto

be a sum of negativeeqxmentials.
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Keepin3- formtilateda generalsolutionof the spaceindependent

reactorkineticsequationsfor the neutrondensity. Keepincsformula-

tionwas particularlyapplicablefor numericalsolutionsfor arbitzzu?y

time dependenceof the reactivityaad regyiredonly that certain con-

stanlx be tabulatedfor each fissilespecies.

If the directproblemof kineticsis findingthe neutrondensity,

giventhe timebehaviorof the reactivity,then the inverseproblemis

the determinationof the time behaviorof the reactivitynecessaryto

producea givenneutrondensity.

The presentreportpresentsa

similarto Keepincsforxmilationof

formulationof the inverseproblem

the dizwctproblem. The solution

givenis in many casesmore readilydeterminednumeri-y than the

solutionto the directproblem.

The neutrondensity,n(t),satisfiesthe eqyation(in a sourcefree

medium)

JH t Sj(t-u)
n(t) = n(0)+ ZAIoe n(u)D(u)du,t~o, (1)

.j=o J

where the A and S are constantsdetemninedend givenby Keepin,md
JJ

D(t) = k(t) - 1 isthetimedependentreactivity.In the inverseproblem
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n(t) is supposedknownand, for convenience,differentiable.The prop-

ertiesof the constmtsl whichwill be neededare

Jj > (),

so = o,

It iS pe?,7tIkSibk tO

j~O wd

SO> S1>S2>... >S
3-”

differentiate(1) giving

or

n(t)D(t)= ~

(J) J

t S.(t-u)
n’(t)- Z A.S /oeJ 1n(u)D(u)du. (2)

(j) Jj

Let y(t) t > C). For convenience> let a = +.= n(t)D(t), _

(J) s

Then

. 9

[

t S.(t-u)
y(t)= ant(t)- Z AS &eJ

(3) ‘J
J

Y(u)du.

I& Y(s)= ~~e-st y(t)dt.

Then

Y(s)=a~e-tint(dt) - aZ AS Fe-st
(~) J J o P:’(t-u)’(
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By the ConvolutionTheorem:

Y(s)=
St

a!oe~ ‘St n’(t)dt- a Y(s) Z A.S. $ae-st*e d dt
(j)JJo

= a!oe* ‘St n’(t)dt- a y(s) z #,

(j) j

or

Y(s) a
= ~ /o@e-Stn’(t)dt.

l+az *
(J) j

Therefore,

—=
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77 (s-s3)

m= S=l

ss’iiJ($j)(s-’’)l”4ms’n’
The Wotient of polynomialsin s may be writtenas a partialft%Lc-

tion expansion:

J=

III(“-’j)

s‘~l!’(~j+s-sii
wherethe S*’s are the

stants. Obviously,S:

A*,
s-s

J

rootsof the denominatorand the R’s are con-

= 0. A methodof determiningthe RCS and a dis-

cussionof the signsand magnitudesof

lateron.

Let Q be the functionsuchthat

JmaxR

L‘e-st Q(t)dt= Z 4*.
j=o S-SJ

Then

the R’s and S*lSwill be given
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Therefore,

[ 1[~. ~“,-st Q(t)dt f:,-stn’(t)dt.
s o 1
Usingthe ConvolutionIIheoremagain:

[ 1~ = J@e-st ~t n:(u)Q(t-u)dudt}
s o 0

and, since

and sticetwo different

t t

ftmctionscannot have the sameIaplacetransfoq

Jo Y(u)du=~ n’(u)Q(t-u)ti,t~O.

Differentiatingboth sideswith respectto t yields

t
y(t)= n*(t)Q(o)+ Jo n’(u)Q’(t-u)du.

Since

J= s*t J=
Q’(t)= X RS?ej, Q(o)= Z Rj, and y(t) = n(t)D(t),

~=0 j J j=O

(3)
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substitutionin eqyation(3) yields

(
3=

D(t) = Z
J=o

or

(J=

D(t)= Z
j=O

since S: = O. If

[(1) p. 672], the

(

3=

D(t)= X
j=O

tain

one includesthe sourceterm SIOas definedby Keepin

comparableresult iS

)
‘J w

Thereare som factsaboutthe R?s and

withoutnumericalproceduresand which

1
-SF

O:(u)e duo (4’)

S*~swhich are easy to ob-

Sl?eOf iIlteZ?2St0

Nrst, the sum of the R’s is the reciprocalof the sum of the Ats

in the originalequations. To obtainthis relationshipset t = O in

eqmtion (2)and in equation(k).

-m (2), n(o)D(o) . -+- ● n’(o), and ~ (4),

(3) 3

‘(0)=[~)R3]$W’0
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Thus

Second,the S**Sare all negative,exceptfor S~, which is zero,

and they interlacethe S‘s in the originale~ations accordingto the

inequality O>s:>sl>s; >s2> s;> S3>... >S; >s
3-0

‘lMisfact canbe shuwnfairlyeasily. The S**s,for j ~ 1, are the

rootsof the polynomial

1

1Q(s) =X A.
I

~ (q) ,
j=o J (i#j)

which can be writtenas

[ 1(
3= A
~ (S-sj) $ +
j=O

J

% %2 .aee+A%lELx
—-l——s-s

1
s-s2 )

s-Sj-

for s + Si, i = 0,~2$...$j=.

The firstfactoris not zezwexceptat the S4’s,so the secondfactor

mst be zexm at the root+ S!.

Si’sam negative. Therefore,

J.

KU. the Ai’s are psitin and &W. the

them areno non-negativeS~’s. IWom con-

tinuityconside=tionsand the factthat s-Si> 0, i = ~2, ....j-
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‘en O;*>%$ it Is obviousthat s may be takencloseenoughto zero

so that# exactlycancelsthe sum of the otheritems. Similarly,when

S1 > S > S2, S and S-S1are negative,and S-S2,s-S , etc.,are all pos-
3

itive, and s may be takencloseenoughto (or far enoughftwm)S1 so
A

%
that$ + — exactlycancelsthe sum of the rest of’the terms.

S-sq

Plctori&, the situationis describedbelow,whe~

A %sJC

I I Y
; I

S3I S* ;

-s
v \ ( \
I I
Is
,3

Is
,2

I I -Y

I have not been able to findany shnpleway to relatethe S*Is to

the A’s and S’s and presumethat theyhave to be calculatedby usinga

polynomialsolveron Q or by using someapproximationn&hod on the y

picturedabove.

Third,the

that if P and Q

R’s

a3W

of degreelessthan

rootsof Q; then Ri

are givene@3citly

polynomials,and the

tim a theorem

rootsof Q are

which states

distinct,P is

Sits are the

= -~~ i = 0,1,2,.... For the presentproblem,
J.
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j=l

The polynomial

[

m=j~~
B

j=o 3

is the sum of ~- +

ing coefficientsA&

j-

coefficient Z A.
j=O J

w=
s [1(;)‘j

by the factorization

SinceS: = O,

[1Q(s) = Z A
(j) 3

and

J= d=
P(s)= ~ (s-Si)and Q(s) = s jXoAj ~.j (S-Si)O

=

n (S-SJ
(i#j) 1
1 polynomials,each of degree j- and with lead-

%’ % ‘tc” !lhesumpolynomialthus has leading

and can be written

theorem.

J=

II (s-s:),
i=o

By the theoremcited:
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‘&x

onlyproductwhich doesnot drop out in the sumFor a giveni, the

of partialproductsin the denominatoris the one forwhich j = i.

Thus,

%Lx

‘A 0*J i=“$’~’)oo%alco‘i ZA
(J) J (j#i)

A ~ttk t311d.ySiS

for i > 0.

Equation(~)

%Lx
i q
j=l

(5)

of the orderingof the S‘s and S*’s shuwsthatRi < 0

AN APPLICATION

may be appliedconvenientlyto detemine the inverse,

{u }D, when n is specifiedto be the step f%nction ~ ~ ~ ~ ~ > “ . This
8

problemis approachedmost easilyby treatinga sequenceof continuous

fhrlctions WhOSt? limit is the steptiction above. For each positive

integerm >1 let
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Y*(t) =

Y

(o,I)

1~whent=O

For eachpositiveintegerm > 1$

s= ();1-+ s~(t”u)
Din(t)= 2 R .S* f. me du,

j=l J J

1 (1-m), y:(t) = O, an% for O S t < ~ (l-m)) Y:(t) = ‘-since, for t > ~

(The bre* in the graph of y; at t = ~ (l-m) may be ignored since y:

iS bounde~)
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or

In orderto find Mm Din(t),it is necessaryto evaluate
m ~~

Thus,

Therefore,the limit above is
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Therefore,

Consequently, the n?q@red reactivityis a sum of negativeex-

Ponentidse
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