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ABSTRACT

A methodfor numericallysolvinghydrodynamicproblemsinvolvingtwo

spacedimensionsand time is developedbasedon the von Neumann-Richtmyer

methodof treatingshocks. Finitedifferenceequationsfor the system

are constructedfran the basicdifferentialequationsof hydrodynamics.

Difference

time mesh,

?ormulasare also givenfor checking

and for checkingthe totalenergyof

the stabilityof the space-

the system. The results

of four sampie shockproblemsare presented. The requirementsimposed

on electroniccomputersby problemsof this type,and POSSibleextensions

of the methodto othertypesof physicalproblems,are discussedbriefly.
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I. INTXWCTION

Duringthe past five yearstherehave been two ma~ordevelopments

whichhave made the detailednumericalstep-wisesolutionof transient

hydrodynamicproblemsInvolvingshocksfeasible. One was the theoreti-

cal developmentby von Neumannand Richtmyer (Ref.1) of a methodfor

greatlysimplifyingthe computationof hydrodynamicshocks. The otherwas

the engineeringdevelopmentof high speedelectroniccomputers,whichhave

made trulyastonishingprogressin speedand capabilityduringthisperiod.

(Ref.2)

Althou& it

tallythe motion

Hugoniotconservationequationsstep-wisein time,in practicethisbecomes

extremelydifficultif more than one shockis presentor if thereare com-

plicatedboundariesin the problem. ‘i’hevon Neumann-Richtmyermethoduses

a pseudo-viscositytermaddedto the pressurewhichhas the effectof broad-

eninga shockin spaceand time so that it need no longerbe treatedas a

discontinuity.Yet the finalvaluesof volume,pressure,velocity,etc.>

of the fluidafterthe passageof the artificiallybroadenedshockare

has alwaysbeenpossiblein principleto calcuute numerl-

of shocksin txansientproblemsby solvingthe Rankine-

thosewhich satisfythe Ranklne-Hugoniotcotiitionsfor a true ~harpshock.

It is hard to overemphasizethe importancefor computi~, particularlyon

automaticmachines,of not havingto worryaheadot timeaboutall cases

of shocksinteractingwith boundaries,rarefactionsand othershockswhich

may arise in a givenproblemand to @e specialallowancesfor each.
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that

Concerningelectronic

withoutthe existence

neverattemptcalculations

emergencyconditions.The

differentialequationsin

of millionsof arithmetic

ment of fasterand larger

ccxnputers$not much needbe saidhere except

of machinessuchas the Il?M701, one would

of the typedescribedhere exceptunderreal

futureof the numericalsolutionof partial

genera~whichrequirethe error-freeexecution

steps,ls very closelytied to the futuredevelop-

computers. (SeeSect.V)

Ft’autime to time,anumberof peoplehave workedon differentphases

of the problemof extendingthe von Neumann-Richtmyermethodto transient

problemsand to more dimensions. (Ref.3) Roughlyspeakingthe method

describedin thispaper is more specializedthanthosesoughtby others;

however,forproblemsto which it can be appliqit has a considexubleadvan-

tage in simplicityand speedovermore generalprocedures.
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11. THE BASICEC$JATIONSOF HYDRODYNAMICS

A. The Equationof Continuity (Ref.4)

Consideringfluidmotionin three dimensions,one may representthe

originalIagrangiancoordinatesof a fluidelementas (x,y,z) and the

Euleriancoordinateae (X,Y,Z). The Eulerlancoordinateswhich~y be

considered~ functions,X = X(x,y,Z,t), give the positions at time t

of fluidelementswhichwere originallyat (x,y,z). (Ref.5) The law of

conservationof mass In sucha systembecomes

whereV = l/~ is

independentof time

the specificvolumeof the fluidelement

(volume/unitmass), V. is the originalspecificvolumein

the Lagrangiansystem,and the righthand term is the

Jacobianof the transformationfrom the originalcoordinate

systemto the one givenby (X}Y2Z).

h one spacedimensionthisreducesto

In two spacedimen.siona,in rectangularcoordinates,it is

v ax~-ax~
~= ax ~Y aY ax

(1)

(2)

(3)

7



B. The Equationof Motion

Usingthe von Neumann-Richtanyermethod,the equationof motionfor a

fluidmay be written

~ t’

where ~ is the positionvectorof

p is the fluidpressuredue to its

the pseudo-viscositypressuretern.

%?111be used for the sum of

report.

In one spacedimension,this equation

p and

becomes

(4)

point (X,Y,Z), t is time,

stateequation,and q is

For convenience,capital P

q for the remainderof this

(5)

If one uses the equationof continuity,Eq..2, it may be written

& .-vog (6)
at2

This form is usuallypreferablefor numericalwork becausethe quantities

v* and ax are Independentof time.

In two spacedimensions,the equationsof motionmay be writtenas

3%
g

..vg

%
-%

..v~
at

(7)
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In thiscase,usingthe equationof continuity (Eq.3) resultsin equations

(8)

Althoughthe quantities ax, ~y, and V. are independentof t- as in

the one dimensionalcase,the equationshavebecomeconsiderablymore com-

plicatedby the transfornu3tion.In the presentcalcu~tions it was found

to be easierto work with the originalequations (7) directly.

c. The Equationof EnergyConservation

Assumingno heat sourcetermsin the fluid,the von

form Or the energyconservationequationis

dE=-(p+q)dV=-PdV

Neuuann-Richtmyer

(9)

where E is the specifIc internalenergyof the fluid

(energy/unitmass)

Sincethe energyis a pointfunction,not dependingon spacegradients,

this equationhas the sameform regardlessof the numberof dimenoions

considered.

D. The Equationof State

In additionto the abovethreefundamentalconoervation equations,one

needsthe stateequationfor the fluidbeingused,preferablyin the form

9



P = P(VJE) 6it’lCeE occursdirectlyin Eq. 9 . For a gamma law gas,

this form is quitesimple.

P=(T-l): (lo)

E. me Conservationor Increaseof Entropy

‘Ihelaw Or comervationor increaseof entropyis automaticallysatis-

fiedby the energyequation (Eq.9), providedthe equationof statefor

p satisfiescertainphysicallyrealisticconditions (Ref.4), whichare

certainlysatisfiedby the gammalaw gas assumedhere. Note that the term

- q dV correspondsto the usual T dS in Eq. 9. This helpsemphasize

the fact thatentropyincreasesoccuronly in shockswhere q is signifi-

cantand is constantelsewhere.

F. Definitionof the Pseudo-viscosityTerm

One would@wet the pseudo-viscositypressureto be a pointfunction

likethe energyand truepressure,andthus independentof the numberof

dimensionsbei~ considered.However,it may or may not be,dependingon

the definitionused in the problem. The usualdefinitionis

for ~ <0

( 11)

q=o

The latterequation
.

waves.

for ~>0

is to preventunnecessarysmearingof rarefaction

10
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For some calculationsit is more convenientto use a definitionbased

on materialvelocity.

2
~=!z+ (divi)2 for div ; L O

?

q=o for dlv ~ > 0

(u)

where ~ is the velocityof the fluid, liaa characteristic

lengthfor the finitedifferenceschemebeingused--usuallythe

mesh size,and b is calledthe %hock width constant”sinceit

determinesthe numberof lengths 1 the broadenedshockwill

coverin the calcu~tion.

Althoughthe two definitionsm equivalentdifferentially,in finite

differencesEq. 11 is the same in one or two dimensions,whereas Eq. E

changes fom sincethe div ~ term involvesspaclalderivatives.Equation12

is usuallymore convenientwhen the Eulerianform of the equationof con-

tinuityis used in the calculation,sincethe term div ~ is thenalready

avai~ble; otherwise,Eq. 11 is the easierto compute.

G. The TotalEnergyCheck

When accompaniedby properInitialconditions,the above equations

are sufficientto describe

a functionof time. It iS

whichare not necessaryto

interpretingresultsor in

the behaviorof a compressiblefluidsyatsmas

oftenconvenient

the calculation,

guardingagainst

11

to calculateotherquantities

but whichare very usefulin

numericalerrors. The total



energycheckhas been particularlyusefulin thisconnection.

T. J(~v2+E)~d~

Vol

If the totalenergyof the systemis changingbecauseof work being

done on it from the outside (e.6.the Pistonin prob.A describedbelow),

thiswork donemay be computedand comparedwith the changein T as a

check.

t

As

to

o surf

c$T-T(t) - T(0) - W(t)

where ~T is the errordue to the inexactnessof the numerical

(13)

(14)

calculation.

longas fiTremainssmalland does not changerapidlyfrom one time step

the next,one may be fairlyconfidentthat no randommachineerrorhas

occurred,

caughtin

althoughthere

thismanner.

are certainlytypesof errorswhichwill not be

H. The StabilityConditionCheck

Anotherquantityof particukr interestto the numericalsolutionof

hyperbolicdifferentialequationsis the criterionfor stabilityof a

finitedifferencemesh. (Ref.6) In the presentcalculationsa stability

criterionderivedby GeorgeN. White,Jr., (Ref.7) especiallyfor the

12



von

The

Neumann-Richtmyerequationswas used.

(15)

A; and At are

and AV IS the change

where c is the soundspeedin the fluid,

spaceand timemesh spacingsrespectively,

in volumefrom one time cycleto the next.

secondterm in the e~ression will ordinarilydominatein the vicinity

of a shock,whilethe firsttermwill dominateelsewhere.

13



III. ‘13iEDIFFERENCEEQUATIONS

Althoughmostworkersinvolvedin computingproblemsof this type can

agreeon the differentialequationsto be solved,thereis considerable

divergenceof opinionas soonas one beginsto discussdifferenceequation

formulation. In the absenceof any reliabletheoreticalnormby which

one

the

can predictthe accuracyand convenienceof a finitedifferencemethod,

best criterionstillseemsto be experimentation.

Fig. 1

Fig. la iS

as shownor

showsa schematicof the two dimensionalspacemesh usedhere.

the originalIagrangianmesh,whichmay be takenrectangular

may be someotherquadrilateral,suchas combinationsof paral-

lelogramsor trapezoids,if theseare more convenient.Fig. lb showsthe

samemesh as it mightappearat a latertime in the problem.

Quantitiesdenotingspacialpositionsand velocitiesare calculated

as belongingto mass pointslocatedat the intersectionsof the mesh lines.

The mass associatedwith the mass point is takento be one-quarterof the

mass of fluidenclosedby its four neighboringquadrilaterals.The mass

pointsand the quantitiesassociatedwith themare lsbe~edby subscripts

(i,j), whichreferrespectivelyto the columnand row of the mesh where

the point is found.

Quantitiessuchas volumes,pressures,and energit!sare considered

as beingsituatedat the centroidsof the areasbetweenthe mesh lines.

~ese locationsare denotedby subscripts (i+$, j%). The time steps “

at

n,

which the above quantitiesare calculatedare denotedby superscripts

n+l$ etc., where n+l means n+An.

14



ill i i+] i+2 i-i-3

Is i++,j-++
2X5i-+,j++
31Yi -+,j-+
4s i+~,j-$

j+2
(b)

j+l

j-]

r 1
i-1 I i+] i+2 i+3

Figure 1

Schematic of the finite difference space mesh, where (a) shows

the original Lagrangian mesh at time t = O and (b) shows the same mesh

as it might appear at a later time (Eulerian). The mass points are

located at the intersections of the mesh lines and are labeled i, j.

Quantities related to volumes, pressures, and energies are located at

the centroids of the quadrilaterals and are labeled i+, j-&, marked,

with X’s above.



I

All the differenceequationsare designedto be

approximationsonly. For example,note in Fig. lb

nettingthe mass pointsare takenas straightlines,

correctto firstorder

that the curvescon-

Usingthe true curves

givenby the Jacobianof the transformation(assumingit were known)

Insteadof the straightlineswouldresultin secondorderchangesin the

volumescalculated.Theseand all othersecondordereffectsare assumed

to be negligibl.ez~rovidedthe fluid is reasonablycontinuousoverdistances

the orderof two or threemesh spacings. Sincethe shockwidth constant

b in Eq. 11 is chosensuch thata truediscontinuousshock is spread

overaboutthreemesh spaces,thisgivesa sort of “limitof resolution”

of the methodconsistentwith usingonly firstorderterms In the differ-

ence equations.

A. The Equationof Continuity

The relativespecificvolumes (V/Vo) are takenas

of the areasof the distortedquadri~teralsof Fig. lb

areas, Fig. U%. ‘I%isis done in preferenceto devising

differenceequationfor the Jacobianof Eq. 3 directly

being the ratios

to theiroriginal

an approximate

becausethe exact

formulafor the area of a quadrilateralwhose cornersare knuwnturnsout

to be easierto compute,particularlyif the originalareas,
‘2A

of each of the quadrilateralsare carriedas problemconstants. The equa-

tion of continuitythenbecomesin the notationdescribadabove:

(16)

V;+4,J+*={(n n

)(‘i+l,j-xi,j+l )( )( )1‘!+l,j+l-y;,j- ‘l+l,j-yt,j+l ‘~+l,j+l-x~,j ‘Y+$,j+$

16



wherethe X’s and Y’s are the coordinatesof the mass points

on the four cornersof the quadrilateral.

For conveniencefromhere on, V with subscriptsand superscriptswill

be understoodto mean V/Vo.

B. The Equationof Motion

Evaluatingthe pressuregradientsin two spacedimensionshas been one

of the more difficultquestionsof techniqueto be answer@. The difficulty

becomesapparentwhen one triesto extendthe simplebut very successful

methodusuallyused in one dimemion directlyto two dimensions.

In one dimensionwe can considerthe wss pointsas lyingon a line

with the pressuressituatedat the centroidsbetweenthem. For a given

point, i, at time n, thereare two neighboringpressures, P~+~ and

‘:-& If the pressureprofileis continuous,as has been assumed,we can

get a firstorderapproximationto the gradieutby takingthe difference

of the

we can

series

n

pressuresdivided

expressthe value

by the differencein theirlocations.More exactly,

of the pressureat
‘i+~

in termsof a Taylor’s
.

(xi+* - Xi)a + .0. ( 17)
i

be consideredas two equations

aP Ifromwhichone may solvefor the two unknowns, P4 and ~ .. The

This and a similarexpression‘or ‘i-4‘y
J. Q2L~J.

resultfor the lattermay be written

17



dhere 6, a measureof the asymmetryof the mesh, is definedas

ti=4(xi.~+xi*) -xi

thu8 zero if the WM!S pointsare equally

termrepresentsthe error inherentin taking

gradient.

The secondderivativeterm is

spaced. The thirdderivative

onlya linearaveragefor the

Applyingthismethcxidirectlyto the

sions,the T9ylor’sserieswill give-r

rectangularcase in two dimen-

equationsof the form

mesh. A con-

to avoidthis

(1) use some

Consideringfirstderivativesonly,thereare but threeunknowns, ‘i#j

@& =, to ~ found. !L’hisoverdeteminacyseemsto be fundamentalfcr
aY

the rectangularmesh. !iYyingto takemore neighboringpointsand solve

for higherderivativesalwaysresultsin an unsymmetrical

siderableamountof efforthas gone intodevisingschemes

problem. (Ref.3) The solutionsusuallysuggestedare:

type of leestsquarescalculation,basedon from ~ to 10 neighboringpres-

oures,or (2) uze a mesh basedon trianglesor hexagonswhichwill give

threeneighborsnaturally.Methodsbasedon (1) have the disadvantage

of beingvery time-consumingand difficultlogically,as well as being

susceptibleto instability.,Meshesbasedon triangularsymuetryhave the

18
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disadvantageof not fittingtogethernor to the boundarieseasily. Usually

one needsa numberof alternativedifferenceschemeswhichmake the code

canplicatedand the interpretationof resultsdifficult althoughthe cal-

culationalspeedis much betterthanusingleastsquares.

The methodproposedhere is an attemptto salvagethe best features

of both the above. The overdeterminacyis removedby firstsolvingfor

two gradientsdiagonallyacrossthe mass point,thensolvingthesetogether

aPto gek — and ~.3X

The pressuredifferencesacrossthe diagonalsare of the form

(Pl - P3) .~(lcl-lc3) +~(Y, -Y3)+ *(xl-x3) AX,3
ax

(21)

a 2P
+ ‘:2 (Yl - * *[(X1- X3) 6Y13 + (YI - Y3)~X131+***Y3) h13+axaY

wherefor conveniencewe substitutethe quadrant numbers about

I,j for the subscripts:1 for l&~~, 2 for i~,~~, etc.

The asymmetrytermsare definedas in Eq. 19.

Solving Eq. 21 with the similarone for
‘2 -Pk, the gradients

become

aP
K iJ

1{
= (Pl

}
-p3)(Y2 -Y4) - (*2 -*4)(Y1-Y3) /d +*

1{

=-p-

}
~ i~ ( 1 ‘3)(X2- ‘1+)+ ‘P2 - ‘4)(X1- ‘3) /d + ‘y (22)

d = (xl - X3)(Y2- Yb) + (Xh - X2)(Y1- Y3)

19
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I

The errortermsrepresentedby Rx and Ry are lengthyexpressions

involvingsecondand higherderivatives,however,they can easilybe shown

to have the sameorderas the errortermsin the one dimensionalcase,

that is,Rx = (2ndderivs.) ~ + (3rdderivs.)~x2 + ...

Theseformulasfor the gradientsare the sameeitherfor the original

Iagrangianmesh or for the Eulerianmesh at a latertime. If the spacing

of the originalmesh is uniform,they

ever thissimplicityis boughtat the

tallythe othertermsof the Jacobian

becomeconsiderablysimpler,how-

priceof havingto evaluatenumeri-

in Eq. 8. If one wishesto retain

the generalityof beingable to use somewhatnon-uniformspacingin the

originalmesh, then it appearsto be simplerto work with Euleriangradi-

ents in Eq. 7 directly.

The specificvolumeat point i,j neededin Eq. 7 is takenas the

averageof the volumesof the four neighboringquadrikterals. The exact

formulafor the centroidof

averageof the locationsof

firstorderapproximation.

a quadrilateralwas deemedtoo lengthy,so the

the four cornerswas substitutedas a good

Finally,the timederivativein the equation

I

of motionwas evaluated,usingordinarycentereddifferencesto yieldthe

coordinatesof point i,j at time n+l in termsof quantitiesknownat

time n or n-1. ‘l%eequationeof motionas calculatedthenbecome

20



c.

may

x
n+l +aXn-*+Bn
i,j = ‘:2J i)j xi,~

n+l
% J = ‘:$J

+ A Y;-:+ Bji,~
$

Ax;-j = Xn - Xn-1
$ iDJ i#J

n-~=yn n-1
“i#J i$~ - ‘i#J f, (YV-Y4 I (23)

Bn
w{
-At2

Xi,j = ~ d
}{

‘~ + Va + V3 + V4 (Pl - ‘3)(y2- y4) - (P2 - ‘4)(yl- ‘3)
}

Bn k{
- bt)2

}{
Vl+V2+V3+V4 .(P1 - P3)(X2-

yiJj = ~ d
}

X4) + (P2 - P4)(X1 - X3)

d = (Xl - X3)(Y2- Y4) + (X4 -X2)(Y1 - Y3)

The Equationof EnergyConservationand the Equationof State

Sincethe energyequationcontainsonly simpletimederivatives,it

be writtenin centereddifferencefonu as

En= En-L+(#-1 + qn-l +pn + qn)(vn . #“1) (24)

All the quantities are for i~,J+& In keepingwith the con-

ventionthat V with subscriptsand superscriptsactuallymeans

V/Vo,E with subscripts

energyper originalunit

and superscriptswill mean E/Vo, i.e.,

Volume●

21



Since pn dependson En as veil as

be solvedsimultaneouslywith the equation

Eq. 10, the differenceequationsfor Pn

tiesat i~,j+~)

En =

Pn =

Av =

2En-1 - AV(Pn-l + ‘~

2 + (~ - l)&@n

qn + ( ~- 1) En/Vn

Vn - vn-l

Vn, the aboveequationmust

of state. For the idealgas,

and En become (allquanti-

(25)

D. Definitionof the Pseudo-viscosityTerm

~ Eq. 11,‘e ‘efinition~sed on ~t$ is used in the form

qn = ()~obAO #

Vn
for AV < 0

(26)

qn=o for ~V >0

Againall quantitiesare for i~,j~. The term 12 has been

replaced,ratherarbitrarily,by AO
i+&,j+~” A valueof b

whichworkswellwith thischoiceof 12 is 1.44.

E. The TotalEnergyCheck

The totalenergyof the

writtenin finitedifference

fluidcontainedin one quadrilateralmay be

rOrm as

22



& h
i+~,J+JJ

{
=$AO Po(#-$2+En-l+En

}

(2’7)

The latter iS summedover the four cornersof the quadrilat-

eral. The totalenergyis takencenteredat time n-~ for con-

veniencesincethe A X, A Y termsare centezwdat that time.

If one is interestedin the energybalancein only one regionwhich

is boundedby a mesh line i = 1, the aboveexpressionfor T is summed

fOr quadrilateralsI 4 i ~ iL .1, Jo ~ j ~jL .1, where the sub-

scripts o and L referto the firstand lastmesh linesrespectively.

Similarlythe work-doneexpressionwill thenhave to be computedonlyfor

the pointson the mesh line i = I. Thisallowsone to use much simpler

expressionsfor the P and ~.d~ of’ Eq. 14 thanwould otherwisebe pos-

sible. In particular

(P
n-l + pn)l+# J+ n-l + #)l-&j+*

where Pn-~
I,j+~= 2+2r 2 + 2/r

(28)

23
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I

The

the

discrepancybetween

workwhichhas been

the totalenergyin the regionbeing checked and

done on it throughsurface i = 1, is then

. .

Note thatonly one-halfthe

totalenergyis centeredat

n-1

secondterm is added in sincethe

n-~$whereasthe L3W termrepre-

(29)

sentsthe work done from cycle n-1 to n.

Extendingtheabove formulm to two or more surfaces,or to surfaces

which fall on more thanone mesh line,presentsno difficultyin principle

althoughthe codingcan becomerather

F. The StabilityConditionCheck

The calculationof w, Eq. 15,

to use an approximate

from one cycleto the

valuefor the

next,that is

where ~p and

V2
s.—

f&

AV now

involved.

is made quitesimpleif one is willing

soundspeed c basedon the pressure

to the next. This is a goal

not dominating in Eq. 24.

If one assumes (~~)2 A #AO in Eq.

representchangesfrom one time step

approximationif the q termsare

15, and agreesto computethe

(30)

stabilityconditiononlywhen the fluid is compressing,~V ~0, the

soundspeedtermmay be written
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whichgivesa formulafor

stateor axqyof the space

In the calculations,

when the sizeof the time

usedwas that if two mesh

cycle, At wouldbe cut

G. BoundaryConditions

Eachproblem

must be specially

The boundary

specialequations

usually

w independentof the form of the equationof

dimensions:

{-b[~j~+~~i (32)

w was used to givean aulxxmtic indicationof

step, At, shouldbe changed. The criterion

volumeshad w‘s greaterthan O.9 on a given

automatically.

has its uwn peculiarboundaryconditionswhich

Coded$so onlya few generalitiescan be mentionedhere.

conditionsare includedIn the calculationby having

for the B termsin Eq. 23 for boundarypoints. If

the pointsare immobih, as

set to zero. If the points

the bottompointsin Prob.

by a simplified

Prob.B, have

slope,etc.

the

can

D)

cornersin Prob.D below,the B’s are

slidealonga wall but not leaveit (e.g.,

then B is zeroand Bx is calculated
Y

f Ormula● Pointswhich

B’s whichare related

renminon a slsntingline,as in

by the tangentof the angleof the
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Iv. SAMPLEPROBUMS

The follouingproblbmewere done wing the clifferenceequationsof

Sect.III codedfor the IBM 701 ElectronicCom@xr. An interpretive

sub-routineknownas ‘DualCodingn (Ref.8) Was wed, which is verywe-

ful for exploratorycalculations.This routineperformsall arithmetic

stepsin ‘floatingpoint” (i.e.,numbersare in the form A x 10B), so

thatmost questionsof scalingand precisionof intermediatestepsin the

calculationare handledautomatically.One pays for this convenienceby

increasedcalcuktion time;however,if the totalcomputingtIme for the

problem is not excessive,the conveniencestillresultsin a net gain in

totaltimefrom inceptionto completionof the problem.

A. A One-dimensionalShockProblem

The firstproblm triedwas

by a constantvelocitypiston (Ref.

provedto be quitea goodproblemfor

that of a plane steadyshockfomed

4) in a tube of finitelength. This

testingthe methodon knownground

for whichexactsolutionswere available.

The piston-s startedin a gradualmannerso that the von Neumnn-

Richtmyershockwould

The graphsin Fig. 2

uppercurveshowsthe

time. The lowershows

!lMeagrmwnt with the

Richtqrermethod. The

out by takinga larger

1

1

be fomed with only smallinitialtransienteffects.

show sane of the resultsof thisproblem. The

pressuresof some of the mesh pointsas functionsof

the relativespecificvolumesof the samepoints.

theoreticalcurvesia typicalfor the von Neumann-

SUE311oscillationsafterthe shockcouldbe damped

valueof b. However,thiswould resultin a loss
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Figure 2

Problem A. A one dimensional shock reflected from a rigid wall.

The upper curve gives the total pressure, P“@ j versus timefor three

of the mesh points. The lower gives the relative specific volumes of

tne points versus time. The dotted curves give the theoretical values

from the RarAine-I~ugoniotequations.
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I

of resolutionsincethewholeshockwouldbe widened.

The problemwas stoppedwhen the reflectedshockfrom the fixedend

of the tube collidedwith the piston.

B. An ObliqueShockProblem

For the secondproblem,it was desiredto try a casewhichhad true

two dimensionalcharacter,yetwhichalso possessedan exactsolutionin

reasonablysimpleform. The case of steadY supersonicflowpast a wedge

seemedidealfor the purpose. (Ref.9)

Valuesof materialvelocity,etc.,were chosento give the theoretical

patternshownin Fig. >. The angleof the wedgewas approximately10°,

chosento givean angleof the shockof 30°. The exactsolutionis time

independent.Wwever,sincethe presentnumericalmethodmust solvetran-

sientproblems$one can ewect the time independentsolutionto be reached

only in scumaveragesense. The methodchosenfor mocking-upthe steady

boundaryconditionswas to hold the rightand leftboundariesof the region

on theirtheoreticalpathsas a functionof timeand allowthe rest of the

pointsto be computedby the differenceequations.

Fig. 3a and Sb show “snapshots”of the positionsof the mass points

and the valuesof the pressuresat two timesin the problem. Note thatall

the quantitiesshuu evidencesof the typicaloscillationsmentionedin

mob. A. The uppernumbersgive the total pressure~ P, of the mesh vol.

ume, the lowernumbersgive the viscosityterm, q, only. The positions

of the viscositytermsdo indeedclusteraboutthe theoreticalshockposi-

tion. The scatteredsmalltermselsewhereindicateoscillations,and are
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FZgure 3

Problem B. Jm oblique shock problem where (a) gives the theor

etical configuration of typical mass points and pressures.

The initial
velocity is from left to right at Mach 2.

The initial pressure is 1.0
in arbitrary units, the final pressure to the right of the shock is 4.0.

Parts (b) and (c) give tinemass point positions and pressures at dif-

ferent times during tl;eproblem.
The upper numbers m-e the total pres-

su=~ P + qj the lower are the dissipative pressures,

q ~ only.
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negligiblefor the most part. The shapeof the flow patternis also con-

sideredquitegratifying.

c. An ObliqueShockand RarefactionProblem

Makinga relativeminorchangein the right-hand

of Prob.B made it

idealizedCOlhpt3i~

a free surfacewhich

appearingacroos it.

possibleto try a truetransient

boundarycondition

problem--asort of

cone problem. The rightboundarywas allowedto be

couldbe acceleratedby the pressuredifferences

An exactsolutionof thisproblemwas not available.Howeverquali-

tativelyone wouldexpect (a) the pressuresand particlevelocitiesto

approachthe theoreticalvaluesof Prob.B near the wedgeas time

advanced,and (b) a materialjet (Ref.10) to form alongthe lower

edge. ‘Ihelatterwas not expectedto be verywell representedsincethe

resolutionof the spacemesh is rathercoarse.

Fig. 4 showsthe resultsof this calculationat varioustimes. The

qualitativebehaviorexpectedwas indeedobserved. The rarefactionfrom

the free surfacemanagedto keep the stationary shock from attaining

its finalvalueby the time the problemwas stopped,althoughthe pres-

Buresnear the wedge were risingsteadily in time. The formation of the

Jet was clearer thanexpected. Figs. 4C and hb show the -ximum mesh

distortionseen in any of the problems. The positionof the pointson the

upperboundaryare not realisticsincetheywere constrainedin the prob-

lem to remainon the

couldpermitthemto

10° line. A relativelyminorchangein the code

separateand flow down intothe Jet.
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D. An Explosion

Anothertwo

tion is known is

Problem

dimensionalproblemaboutwhichmuch

the interactionof a divergingshock

qualitativeinforma-

frcm a pointexplo-

sionwith the ground. (Ref.11) The pressureprofileis in the form of

a peak followedby a troughwhichusuallyexhibitsa negativephase$i.e.$

pressurebelowthe originalatmosphericpressure. When a shockstrikes

the groundthe pressureis approxinmtel.ydoubledin a reflectedshock. As

the intersectionof the firstshockand the groundbecomesmore oblique,

a Mach stem is eventuallyformed. (Ref.4)

One questionwhich thiscalculationwas expected

the methodwas,will the calcu~ted shocktravelwith

anglewith respectto the mesh as it does parallelto

For conveniencethe problemwas startedwith all

to answerconcerning

the same speedat an

it?

the SUMS pointsat

restbut with high pressuresIn the four rectanglesin the upper left

corner. Thesepressureswere chosenso as to approximatethe distribution

expecteda shorttimeaftera pointexplosionat the corner. Fig. ~

showsthe positionsand pressuresat latertiws. The shadedregionsare

boundedby the 5* pressuredisturbancelineand the peak pressureline

for each shock. The actual shockpositionIs aboutmidwaybetweenthem.

Againthe qualitativeresultswere most gratifying,eventhoughthe

presentproblemrepresentsan explosionalongan infinitelineratherthan

at a point. The shockdoes travelwith uniformspeedat all angleswith

respectto the meshjand the reflectedshockbehavesmuch as it should.

Because of the coarseresolution,one cannotstatewith any certaintythat

a Mach stem is beingformedin

at leastnot inconsistentwith

the lastpicture,

therebeingone.
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Figure 5

Problem Il. ‘J& shock wave from an infinite line explosion is

shown interacting with rigid ground. The mass point positions and

pressures are plotted at three different times during the problem.

The shaded regions are bounded by the 5? pressure disturbance and

the peak pressure lines for each shock.
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v. DISCUSSIONOF RESULTSAND FUTUREPCESIBILITIES

One fact is apparentthroughoutall the aboveproblems:the mesh size

determiningthe spaceand timeresolutionof the quantitiescalculatedis

too coarse for de-iled studyof any but large-scaleresults. Thiswas

in part intentionalin the presentproblems,but for the most part the

limitationis one of computerspeedand storagecapacity.

The differenceequationsof Sect.III assumethat sevenquantities

are storedfor eachmass pointfrom one timestep to the next:

X$ AX) Y$ AY$ P$ EJ and AO. The lastquantity, AO, the originalarea

of the quadrilateral,need not be storedseparatelyfor eachpoint if the

mesh is regular.However,one sacrificesmuch flexibilityby makingthis

stipulation.The

called ‘~ermanent

of storage,where

storageblockneeded

storage”and will be

R is the numberof

columnsin the mesh.

for the abovesevenquantitiesis

equalto 3(R-l)(C-1)+ 4RC words

rowsand C is the numberof

One also alwaysneeds the additionalquantities (V,XjYfP)i~,~+~

for the pointsIn the columnnext to the one being computedat a given

time● Thisblock is called “intermediatestorage”and is equalto 8(R-1)

words. Finallyone needsspacefor the problemcode itselfand the tem-

porarystorage

“codestorage”

used,although

which it

is not a

the code

uses duringthe calculation.The size of this

sensitivefunctionof the size of the mesh being

will tend to be longerand more involvedas the

gets lzwger.

The totalstoxagerequiredin the coqputermay thusbe expressedas

—



S -SC +3(R-l)(C-1) +

The total time necessary to do a

by

T acNRC(tc+rtp)

4Rc + 8(R-1)

calculationmay be givenapproximately

where N is the totalnumberof time

t= is the timerequiredto calculate

for one mass pointfor one time step,

cyclesin the problem,

all the differenceequations

t
P

is the time needed

printthe quantitiesfor one mass point,and r is the ratio

of the numberof timecyclesfor which quantitiesare printed

the totalnumberof cyclescalculated..

to

to

InProb. D, the numberswere approxiustely:R = 9 rows, C = 16 COhllZU13,.

N =112 cycles, SC = 1168words (including‘IMal”), tc =0.3 see, tp = 1.2 see,

and r = 0.2S. This yieldsthe totalstorage

of the 701 memory), and the totaltime =9677

l@erience has shownthat to do a problem

dimensionrequiresat least 50 to 100 mass

s .20M WOrdS (the ca~city

sec or about2* hours.

with good resolutionin one

points. If one takesthis

nwny rws and cohmns in a

pointswill be 2,500 tO

cuts the size of the space

two dimensionalproblem,the totalnumberof

10,000! Als~from stabilityarguments,if one

mesh by 10, he will alsohave to cut the size

of the timemesh by at leastas much,so the numberof

hypotheticalcasewill be in the vicinityof 500. On

givingup the luxuryof floatingpointDual operations

fran 0.3 sec to about 0.06 sec. Similarly,by

printingprocedures (fewersignificantfigures,

35

using

time cyclesin this

the otherhand,by

one can cut t-

more

etc.),one

G

specialised

can easilycut

.



.
* fran 1.2 sec to 0.4 sec.t The finertime stepsin the calculation

mean that one need not printas often$so r can be made 0.03 or less,

Using thesenumbers,one arrivesat figuresfor the totalstorageof

20,000 to 70,000 words, and for timesof calculation,25 tO NM

hoursper problem! On machineswhichare presentlyavailableit is pro-

bablyfoolishto considerproblemsof thismgnitude, althoughthere are

certainlya greatmany usefultwo dimensionalproblemswhich one can do

with one-tenththe abovestorageand time,which is practicalon existing

machines.

Thereare a numberof ways in which the presentinethod

eralizedto otherphysicalcases. For example,it couldbe

include: (a) two or more differentmaterials, (b) other

state (c) coordinatesystknnsotherthanrectangular}(d)

may be gen-

alteredto

equationsof

energyrelease

terms, (e) shearviscosityand rigidityterms,and also (f) more elaborate

boundaryconditionswhichcan allow for movementof the boundarywalls,

slippagealongmovingboundaries,sepamtion and intersectionof moving

boundaries,etc. It is hopedto be able to reporton some suchextensions

at a latertime.

The main limitationof themethodis expressedin the stipulation

made in the introductionto Sect.III, thatthe fluidmust be continuous

overdistancesthe orderof the mesh size. This certainlywill limitits

usefulnessin fluidproblemsinvolvingturbulenceand mixing,or extensive

shearingand slipping.
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