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ABRSTRACT -

Completely ionized deuterium has a large thermal conductivity
K. =6,% 027 5/3 =1 S
o >3x1 T(Kev} em =~ 808
(k iz the Boltzmenn eonstant). By applying a magnetic ficld H at right angles to

the temperature gradient the conductivity reduces to K . In Fig. 5 the ratio

g
%
#ﬂ/ﬁé is plettsd against H/He where H, = 2120 T(gﬁs) kilogauss. This benefieinl

effeot will dlsappear quickly because the magne{:ic lines of forss tend to be
sgusezoed out of the region of high temperature because of eleotric eurrents arising
perpendigular to both the magnetic field and the temperafuro gradient. In a slab
of thickness 2o (om}, which has a temperature T, at the center, H dsoreases at a
rave

B/t = = L6.6 [o(xev}/& j Lilcgmoa/,ﬁ.aee

3
wo oo o~ N
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BLECTRIC AND THERMAL, BEHAVIOR OF CbﬁPLETELY IONIZED

DEUTERIUM IN PRESENCE OF A MAGNETIC FIELD

)

Introduction

Completely ionized deuterium has a large thermal conduetivity, which cen
be reduced by applying & magnetic field at right angles to the temperature gradient.
There is a tendency for the magnetic lines of force to be squeszed out of the region
of high tomperature besausc of electric currents arising perpendiculerly %o both the
magnetis f'ield and the temperature gradient. It is of practieal interest to know by
how much the conductivity can be reduced and for how long a time the magnetic fieldd
can be kept high enough to keep the reduction effective., For this purpose ;e derive
in Part I of this report genoral expressions for the "conductivity coefficients™
vhich relate the elsctric and thermal currents to the electric field and the tempera
ture gradient in the presence of a magnetic field. Irn Part 1I, we discuss the
electric and magnetic £ield in the heated desuterium by entering the expressions for

the electriec currents derived in Part I inte Maxwell®s equations. We can thus de-

termine the efiective heat conductivity and the rate of dscay of the magnetiec field.

PART 1 =- EKinetie Thesory

Let us assune & magnetie field H in the y - direstiocn and an electrie
field and a temperaturs gradient both in the x - 2 plane. There will in general re-
sult electric and heat currents in the x and z diresticns.

Ix

Jz = O Ex + G By & 4 O1/0x & % 3T/

oy Ex = 0y By + T, 0/3x,= T, 37/

i

(2)
Ap S=M Ex v ML B, - K 2/0x + K, 31/

%wirpidEs EodeinS &8t ead ¥/ UNCIASCIEICN
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In the preesence of e pressure gradient E has to be replaced by E+(kI/-e)(1/p)Vp,
where =e = L.8x 1030 esu. These expressions will be obtained by extending the
theory of LA-324 in the following manner:

1) for the electron distribution funstion we try the form:

%(xoznz) = £(x,2,7) [l'i'vx hx(v)*"wz hz(v}} (2)

2) In the Boltzmann equation, we include the magretic fioeld by using:

- D e 27
D(¢>~vx-é{if+vx§-§+;[(sx«;}%m-a—gj;uﬂ” -;-’-’sm-s{-z-] (3)

It is no longer possible to completely replace D(@) by D(£). If that were done,

B would completely drop out of the eguation. Instead ome has to keep @ in those
parts of D which contain H. This is a conaistent scheme inasmucih as it kesps just
the terms which are linear in v, and v, in the equation. The significance of this
approx%mntion is, that electric fields and the gradients ef pressure end tempora<
ture are considered as bheing smell, whereas the megnetic field may have any value.

Let us set: € = mv2/2k1; w = geﬁjﬁc and put D(@#) into the form
= Ok, 107
D 2 X (e) » =21, (e czohé) v,.£
(#) (1: ol€) = = 2 1q(€)

(L)

GeEz 1 M
+ ( o Lol€) = T 32 Ll(e) + whx) v,
(in pszen@e of & prossure gradient its force must be added to that of the electric

field)i The L.(€) are Laguerre polyncmials of order 3/2. We now expand;

h, = Zp, Le(€), hy = Tqq Lyl€) (5}

1]

and set

Ay = oBg/kr, By = (3/7)(d1/2x) (6)

Ay = sEp/WI, Bz (1/1)(31/02)

and obtain:

APPROVED FCR PUBLI C RELEASE UNCLASSIFIED
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=5= N

- D(F) = [Ax Lo(€) + By Li(€) +wlqy La(€)| Vil )
+ [Az Lo(e) + Bg Lyfe) = wip, L,(e)} v,
On the right-heand side of the Roltzmann equation we must replace V h(v) as it wus
used in Eqs. {L6) and (56) of 1a-33L by V,h.(v¥) and then by Vyhz(v) and add the ex-~
pression obtained oy these operations, We now multiply the Boltzmann equation on

both sides in turn by {(m/nkT) v, Lr(e) and (m/nkT) vy Le(2) and integrate over dv.

This procedure yields the two eguations:

% S 4 U(z+5/2) -
Ay dgp T (5/2) By O1p+ D) P(5/2) Wi ZPa Urs

(8)
be B+ 5/2) 2 Bue = 5y e = e
The matrix elements on the right hend side are deflined by
Beg = Y hp, (9)
where
. v = (W/Z3) Mn (24’ (m’/m)g‘ (10)

using A, hr:” hr: ae defined in Egm. (46), (75), and (78) of LA=33L. v} can es-

sentially be interpreted as the time between collisions of the electron. It seems
worth while to warn the reader that the Hra as used in this report differ Lfrom those
ussd in La=334 by & factor m/nkT.

The special symmetry of problems in which a magnetic field is involved

and whioh reflects itself both in £gs. (1) and (8) suggests the introduction of come

plex guantities. Let us deofine N
=3, +1 3, =g, +1igq,
ExBy vt 1By 9T = (30/3x) 441 (dn/en) ¢ (12)
c=o 9 T=@"+iﬁk;»~h

APPROVED FOR PUBLI C RELEA!!!
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Pyt iy Kzg{n*iK’L

(12)
Az A +31A, B=By+iB,
C, = Py t 14,
Ther we can rewrite Egs. (1) snd (8) in much simpler forms, nemelys
$=0k+91; q=-pk-KVr (2s)
apd
F'(z+5/2)
AS ¥ (5/2)B%,. - jwC,.=Vic, 8a,
oy (5/2) ir Pr+) F(5/2) r 8 “rs (8e)
More expiicitly we cen writs; N 4 )
P
'!)hoo + {w, Vh@l » vhoa 2008 CO A
vhoy & Yhy + (5/2) 1w, vhyo soso] {C1 (5/2) B
J Vo vhy o » Vhoo +(35/8) dw,eeebiCo s =4 0 P (13)
L . ° o 4 e J \ ° >

We want to solve this infinite system of equations for C, and Cy» besause these two
coefficients yield j and q (see Eqs. (15)and (16} of LA~3%;). In ordéer to do this
we shall use only thet part of the metriz sotually written down in (13). This ap=
proximation was shown to be suffieiently accurate in abserce of the magnetie field
end we shall cemonstrate its validity in tho general case by checking the method for
the case of negligible ¢ =~ e scattering.

We can then write dewn lmmediately the solutien of (13);

Co= VY [(0,0/0) & = (5/2) (Baf) 8]

, (L)
0= 9t [ B/ &+ (5/2) (Byy/m) 3]
where
(hoo + 1 V), hyy , hoo
A= hoy ¥ s [hn + (5/2) 1a>/v], hyo (35)
| "2+ AppROVERMECR PUBEI C RERRASES/) 1 W/ ]
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o E

and &, gs Boys A); are minors of the determinani A, From (14) we derive further that:

ue? boo 1= {=e)nk _5..4.&}

T= v 4’ my 2 A
(16)
, Lo s A_QQ‘-;_A@} _mr 25 (el
K=" 2 ) y "V L A

In Part II we shall see that the effective heat gondustivity is obtained by giving
E that value for which j = O, namely E =« (T/0)AT. This leads teo
= ol 5o UT (37)
with
Keff = Ko QMG

= ’22 2}5"22 (An Boo = Bgy®

(18)

Thie can be transformed just as it was dome in Bg. (24) of LA=344 by applying

Sylvestert's theorem, uand leeds to

@ = 25 BT hop+(35/8) i6e/v)

£ =
ot L ny Aoo

In particular we went the reml) part of this sxpression which represents the conduc-
tivity in direction of the temperatufe gradient. We will denote this wcal part by
KH' Numerical calculations were carrisd out for fé,;“ ii’ql: Aoo/AJ Aoy /4s end
An/A as well as for the derived quantities
fp, v iy = (5/2)(803/8)s  fu, + ifp, = (5/2) (b, Ay /A
i’K'“ + ifK‘L = (25/4) A&, i_-All)/A

and

hoo+(35/8) 1W/V)
AOQ -

J:‘mﬂ:.-. reald part of (25/L)

APPROVED FOR PUBLI C RELEASE
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'*_4, RS R - o S A 20 AN

TABLE I S
wh | Es +ifg = B/ By Oy /b
0 1,950 ossué .6636
52 1,558 = 7290 1 03783 « 2834 i 05278 ~ .2563 i
5 8601 - 9186 & »30L0 = 2723 i 22737 = 3027 i
1.0 <3603 = 7025 1 | =.00809 = AL5L 3 21206 - ,2201 %
2,0 246 « g2 4 ~0o02389 = 06047 & 0536l « ,1328 i
4.0 JOU2Tl ~ 2287 4 | <.0170% - 02926 % <02507 = 07933 4
6.9 02226 = 1581 1 | <.010890 - 008093 1 01467 - 05603 i
asympt. | @/A)"2 - wA) M | <.60) T 2.8/ | TR (et

i fs, fg, T fm £, £, fg
0 1,386 0 6.261 O .7061h 0 3,164

o2 9458 =.708% L84l <2.5%1 5,663 =3.37% 2.77L2

o5 -2600 ~.6782 2,410 ~2.975 2,361 =3.588  1.737Th
1.0 -.0202 3635 .8805 -2,120 .70l -2.284  .8L77
2.0 -, 0597 -.1512 02518 <1.169 21859 ~1.208 3871
L.0 -.0426 -.0461 20843 ~=.6159 .0502 =.5162 .1739
6.0 =.0272 =.0202 L028L <4176 .0236 =.1133 .09806

asympte -1.5()7° <6.6(°7 (@ ° 250070 o13@)"2 -2.5@)77 h.eahE)-2
[

In the following sestion wo sheck the validity of our approximation by treating the
eleotron scattering as negligible. The Boltzmann equation simplifies to:
2,2
D(#) = - L dn(eB/av®)” V(v b +v, hy) £ (19)

(See Eq. (56) of LA=33).

APPROVED FOR PUBLI C RELEASE
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Introducing ¥ and € and dividing by f this can be written as
[Ax Lo(e) + B, Ly(€) + whz] Vet [Az Lo(®) + By Li(e) owhx] v,
= {3/T/L) 1’6“5/2("’:: hy + V3 hg)

This splits into the two equations for the fagtors of Vi and V, which can be re-

(20)

combined by the use of complex notation
A L (&) + BLy(€) - iwh(e) = (3AT/4) vc-°5/2 h(e) (a1)
where
h=h,+4h, (22)

This is just an algebraic equatien for h and leads at onse %o

n(e) = A.La(€) +3 13(€)

= 23
(/L) ve=3/2 ¢ 1w (23)
The electric and thermal current can be found by using the expressions
3 -"-'-(e/3)j\v'2 hfdv and g = (m/6) J‘vl* hfdv (24)
Now
1
fdv = on 7R e"ee.% de (25)
So that we have
o
- _.!i... neky f 65/2 e“’é’h(e) ae
7 m o
2 (o (26)
Q= ..5;.. B.!EEQ.. 65/2 o= h(e) de
7 n °
In order to carry cut these integrations we set '
a2 v '/5
£ = '{3 b (a1)
so that
vy =l e3/2 [A Lo(€) +B ‘Ll(e}]
h=w :
€5j2 ¥ 1eXC
, (28)
a2 Al s e]
= 2 R
P

APPROVED FOR PUBLI C RELEASE
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wlOn

We now introduce the integrals.

éee

In(é) Jo €3+ % de (29)

and express j and q in terms of these integrals.

.o L nekT 5 32 1 Ca1 ) - w(e3/2 1 . ]
J-M.r —~ [(Af-a-a)(g Iy 11, ;) B(g/ ", 5.1505)
(30)
= L* nm)* [A-!- B2 5 <115 5) - BEHR Ig= 4l ]
This leads at once to the relations
y /2
fo, = 7—'; 4 -(J I
L
o= " oE s s
2
Y
£, = (B) (Ih"'% I5)
L (v\® 5
Ky (‘7’) 2 Buo5=T5.5)

(31)

;P
4
TN
&l -
\"’m
=

L ()¢ "
iy = 5m () G s T6.s
whish permit us o check the f walues found by the matrix method, The integrals Ip

are ovaluated in the appendiz. We notice in both theories the relationship

£ = (5/2) Sy o ———{32)

APPROVED FOR PUBLI C RELEA
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PN ST

therefore we do not havé, to check'the components of one of them, say f‘ﬂ and f3 e
4 ]

Figs. 1 and 2 show that the agreement is very good for f"?l’ fo..L, fw“, and fiuys  For
fk." {Fig. 3) which changes sigr, the agreemont is not very good. Of particular ine
terest is of course st (Fig. L) for which the agreement is fair. In all diagrams
the full=line Qurves gorrespond to the matrix theory and the brgken-line curwes to

the differential-equation theory.

PART I1
Let us consider a slab of deuterium paraliel to the y ~ # plans which 4is

placed in a homogeneous magnetic fie)d in the y direction. This slab is suddenly
heated and subsequently mo.inm:!:ned at & temperature, which we assume to be 2 known
function T{x), and which is of the order of magnitude of several Kev, This situo-
tion will, of course, give rise to electrie and thermal currents in the x and z di-
rection. The electric current: in the x direction dies out very rapidly as we can
see from the following argument. Let us call the current due to temperature and
pressure gradients jxoo The current will then establish an electric field E, by
the relation:

bEx/bt 4 Lyix =0
{d8/dz = 0, bzcause of the symmetry of the problem) where

Jx ¥ S Ex ¥ xo
Thus we heve |

?Ex/bx + ""ﬂ;(jox t G Bg) =0

which means that Ey will approach a value for which Jg = O during e time of the
order of nagoitude l/hﬁb;’ Ey Ea8. (10) and (16) and using ) = 9.67 as computed
from Eq. {L6) of La=33l for a temperature of around 30 Kev and a density of 4 x 1022

o see™L, The time of ad justment
S 1 ’
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o =Y | "1 .
thus turns out to bs 2.5 x ld"a(k‘r/mcz} 5/2 fy seoc, which is an exceedingly
W

short time. We may therefore say that the electric field E, imnediately counter-
acts any effects which tend to cause s eurrent in the x-direction. That means
thet we can set the first of the Egs. (1) equal to zero and use this relation %o
eliminate B, from the other ones. Applying this procedure for the second equation
we obtain:
J, = OB = T arfax (33)
if we set
o=a+ 0,°/5 and T= 0y%,/q, -0 (34)
(31/0z = 0 by assumption),
The suddsn heating will therefore give rise to a current;
dzo = = Tor/fin (35)
which will bs established in a time of the order of megnituds of the time between
atomic collisions that is about 10°3! see. This current tends to push the magnotic
lines of force out, which induces a field E;, which in turn slows down the process

of pushing out the field. In order to investigate this sequence let us solve

3B/3x = (ko) (dyo+ 9B, ) + (3/c) Bmy/ot (36)
3E,/3x = (1/c) d8/dt (37)

subject to the condition that et ¢ = 0, 0B/dx = 0 and E, = 0, The exiremely large
valus of o inside the slab will make the term (1/c) BE,/8t offectively drop out of
the equation and of course remove the copdition E, = 0. In order to show this we
must show that during the time that E, is “"switched on" OH/Ox remains sufficiently
sma;l so that it can still be regarded as zero. Let us for the moment make this
assumption. We can then solve (36) and obtain (regarding o as constant)

B, = = (1/8) §gq (1= o™HTE)

[

APPROVED FOR PUBLI G RELEASE
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The transiont term diseppears when, lot #§ say, Lwo t3=10, From Eq. {37) we find
d 3 _ ¥E,

—— =S st (g bt
St ox ¢ ol a‘jzo (1-e )
end
OH " Jas . 1=-e°l'm‘°t
— =D e v =
x o O Lre
Att'—"tl

dH _ ¢ , % g

exnes L o wa Arvm——

dx o "z0 Lo
This should be compared to ().m‘/o);jzo and is found to be smaller by a factor
g(c/).4.1f<‘r)2 jg‘:;/jzo which 1s of the order of magaitude 1020 or less. This shows
that our assuinption is self consistent., Durinz the switehing on period
Jg ® Jgo + OE dreps to zaro,
This is of importance for the ecalculation of the initiel value of the ofw
fective heat conductivity. It meens that we cen set j= j, +1j, =0 snd eliminate E
from {la) as it was dome in Egs. (17) and (18). By taking the real part of Kopp we
cbtain the conductivity in dirsction of the temperature gradient,
K = V) £
= (/) £ (38)
where fxﬂ is tabulated in Table I.
2 o
In the case of liguid deuterinm with a density of n = L.2 x 10 cu™> the
eritical valve of the magnetic field at which w=y is
B, = 2120 T'?’/e kilogauss (39)
b (Rov)
In the absence of a magnetic field the thermal conductivity is
¥ = 6.3 x 10%7 '}:'5/2 et seo™d o k (Lo)
d Rev
{k = Boltzmaun comstant). In Fig. 5 the ratio l\’.E/ €, 1s plotted sgainst H/H,. We

soe from this graph that one can obtein a considerable reduction of heat losses by

B

woans of e suiflelently strong maguotie field,

APPROVED FOR PUBLI C RELEASE
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- - i

If §; is not taken to be zero the heat current can be expressed by the

eguation

By dnspection of Table T we seo that the fastor of Jz is negative, Now 3, tends to
have the opposite sign as dT/dx so that the gradual appearance of J, tends to de-
creass the thermal flow. This benefisial offect, however, is insignificent because
ag the current Jg appears, the magnetic lines of ferce are squeczed out of the
deutorium,

It is a eritical question if the field can be maintained for a suffici-
ently long time to be effective, Since the rate at which the field decays has the
largest value right at ths beginaing, we can answer this question by calculating
this initial rate of decay. From Naxwsllts eguations (e.go., 37) we deduce that:

OB/t = ¢ (VEy/Ox)

but we have seen that initially

By = = (1/0) 3, = (%/)(az/ex) | (L2)
50 that
o .2 (ta
e - d'dx) (h2)

At the ceuter of the slab 4T/dx = O so that
JWHE = c(i/b?(deffaxe) (L)

We now introduce

CR T ST T ‘. (45)
e glray -e /o
where the expression
] - £
£, = Ty fol ﬂ?} Ty
/o f 2y0 2
S G

APPROVED FOR PUBLI C RELEASE
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U E——

p— '
L:.._

bt

has been computed and represented graphically az a function of H/hc in Fig. 6. If
we assums T to be of the form T = Toﬁ = (x/a)z] we obtain;

OH ckT,

ot ~eul

We ses from the graph of f‘i’ /o that it does not show much variation with H/H° in the

important region, H/H, ¥ 1, and we chall use the maximum valus £/, = o233. This

yieldsg

P}l - o 166 To gev Xiloguuss (48)
ot

a, }ABQC

One can easily show ti'w.‘i: in cage of a cyliader of radius & one has To multiply
this result by 2, |

Up to now, we have not included any hydrodynamics in the problem. But
it is clear that the high pressure inside the material will bring about sn expansion.
In absenco of a magnetic field the kimetic theory is completely independent of ths
material velocity. If o magnotie field is present, however, this 1s no longer the
case. If we designc.té the material velocity in the x direction with u we find that
8, has to be replaced by &g + (u/c )H, Let us disregard for the discussion of this

effect the current j,, whose importance in producing a decay of the magnetic fleld

vms discussed in the previous paragraph. We have the equztions

o _ Lo B+ u) (Le)
dx c c
OE 1 dH :
dx ¢ Ot (50)
we combine them to
dfePom\_ 2w, 3
‘s;(“"’“w's;\)- 7t oay () ‘ (53)

The left hand side of this equaticm would be of importance only if our time scale

was ©f the order of magnitude of a.ec'/c2 which is obvicusly not the case. We can

APPROVED FOR o IC RELEASE |
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=1b=
$hereflore set
E’.g. & ..i (ug) = 0 (52)
a ox

In the material coordinate system we can write this as

dH/dt 2 - H du/ox (33)
At the same time we heve the cquation of continuity
d)o/d'b‘l’ =9 dufdx (54)
and therefors ) _
Laids 5)
H at P o
Inteprating this we get
B/E, = 9/9, ‘ (56)

virich means that the linses of force are carried along with the materiel, AT the |
same time we Jmow from Fq. (10) that ¥ and therefore the critical field strength

. H, are proportional to the density, so that the important ratio H/Hc is unaffected.

APPENDIX
mYn oY
The integrals In(x) = - dY obey the recursion formulsa
o X2+Y?

Inas =88 = x? Iy (57)
For n = (0,1,2) they can he evaluated by the following method. Set

ez (- 1+4/5) =PM/3

thoens

Zon e
% L4 8 4 . by
= +
Y? +x3 Yrx Y+teéex Yirex

with ay = (1, <1, 1), by = (€, <€, 1). We obtain
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-17- "

Cem .

{Re stands for real part of). The first integral is simply

© Y x
-—dY = e El(x)
o Y+x

The second integral can be tranaformed tos

®© ¥ _ ex ) - &= L
L Tren & = I ---d‘c q --—-dt"er_(x)) (.99)

The integral frcm €x to x can be carried along the circular are and if we set

t = xeip’ s dt/t = 1d¢ we obtain:

j.x S:E.dt =i ) ot W i = - 2. (1=€) a(x) + (1=€) fB(x) (60)
ex © anys 3
where
@x)= x = B/hbl * %7 = + soo (61)
ﬂ(x) = x5/2,2) » x2/5.5. + xB/8.81: o * oo (62)

are two very rapldly comverging series obtainecd by integrating the power expanmsion
of e"xeip’ o We can now entor the integrals (59) and (&0) imto (58) and obtain Iy0
Iy, and I, and from those by means of (57) also the I, for higher integral values

Pl

of no For half-integral values of n we obtained the I, by inierpolation. The re-

sults of these calouwlations sre ¢olleosted in Table II.

TABLE II
= I I, .5 5 5.5
0 1,0000 1,0000  1.3293 2.0000 35,3033
o5 53851 8702 1.2366 1,923l 3.2516
1 3717 6882 1.0557 1.7201 30,0269
2 01725 04130 5076 1.2L54 2,348
3 «0$070 .2523 RICICH 86L3 1.7188
L 0521l 21599 302, 5992 1,2372
5 203211 21053 -2059 1209 -8569
6 .02088 07175 -1L37 «3012 6565  *

large X é 2l _ 52,34l 120 287,892
Xg - 120 X§ "”210 Xf? “—268.’125 EB *536 - X-'?’ 4 LLlLLo?)?E
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