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ABSTRACT . “

——
This paper contains the solution of some theoretical problems

which are of interest in comnection with the Trinity Teste Sectiom A is

a continuation of 1A=257 and solves rigorously the case, D, a,P and }/

arbitery (for notation cfo LA=257)s In Section B a fairly accurste expression

for the absorption of the prompt neutrons in the earth as a function of time

is derived5 these prompt neutrons give rise to Y=rays which must be distinguished

from the Y=-rays coming dirsctly from the gadgsto Finally, in Section C, the

problem.of the time~decay of ths slow—neutron intensity (averaged over all space)

due to a pulse of fast neutrons is worked out to a good approximetions Pige 3

P

contains the results for aire
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JULY 16TH NUCLEAR EXPLOSION:
SOIL CORRECTION, ABSORPTION OF WEUTRONS IN SOIL

UASSIFE)

“

td
AND T1HE DEPEND.NCE OF SLOW-NEUIRON INTENSITY

SECTION A

Soll Corrections for Neutron Messurements

In LA=257, the slowing=down density of neutrons, duc to a mono=

energetic point source of fast neutrons located batween two diffenent slowing

down media, was obtained as a function of age for the following three cases:

(1) a =1, 2 20, Dand P arbitrary
(1) D 20, z = 0, a and P arbitrary

(111) D 0o, ¢ = 1, P and 2 arbitrary

In the ebove, P and z are the radial and lengthwise coordinstes (cf LA=257)

L
A

Ao

C‘-L(l—'e":.)

L. (=8 V
(1-£,)

where M , a, b gre the mean frse path, aversge logarithmic energy loss, end

., (i-&.)

averzge cosine of the angle of deflection in a collision respectlvely‘the subscript

2 denotes the medium with larger meen free path while 1 denctes the ome with

smaller mean free psthe Ve have since

this enables the rasults to bé.épﬁuia

NCLReS

worked out the case D, a, P and z arbitrary;

td Bwinlily esrth which contains an appreciable

exourt of hydrogen, and %o thq.mqgkwqp e meyits which were necessary to interpret

—
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the Trinity resultse

e found in LA~=257 that the Laplace transform ( with respect to the

e

ags 'U) of the slowing dovn density in the medium with larger mean free path is:

—3 VTR

Jo (x0) & AdA
L -
CP( /72) zrr[ [m + VD(a* + N) J

To cbtain the Laplace inverses of (1), we write:

skt T —w@- 3 VR
= =fe LW

R

whore

Q = Vx(X+DRJ) + VDp@*+1)
Substituting into (1) and interchanging the order of integretion, we get:

Lq ¢ = fJo(mo)A oL X fof_ [e‘“"‘ 3“’7"”_]o¢w

Ve may find the Laplace inverse of the exponentiel expression by taking the

laplace inverss.of the component parts and using the convolution theoreme

w + 3 o
I" -(ww-ﬁ-;)ﬁr‘" w\("5‘+; “ X7
Thus h 7

(A"’b’ whdx

(1)

(2)

{4)

(s)

xr QW VEGETD wVB=S e 4T
' T Vaw - ¥
e g
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Weldszngy

M

"

and

- L (VB +3)"
oZ.z [em*" s'm] (wv’ms)wvfﬁ&j

.DQ(
—[1‘(3- + T+ 5 F0E-w)

Taserting (6) into (3) end interchanging the order of integration gives:

v ol G 3;1]
DV ot — [ + =i
Ll ¢ = gms u“ﬂ('?_:cg)‘/z. [W(WV.D‘*}) 4w €
<o
-X(F 1T

fJo(kP) e A A A

Evaluation of the integrel over A yields:

N »

s - % ¢ -“4s
fo Jo(2@) & SA«LA =(—‘§’- e

where :

S =
(% T

The svaluation of the integral over w is also straightforward and finally

. (s +3)
. s %?TZ%
leads tos fo w(wis +3) € AW =

Vi o~ BT _}:_":.I. :7
2 T e B yagEw {e STTD g o TR (T-w)

D
b [ ot (B e e ]}

where
T = !
[ (=) + J
Combining rasults we get as tJ&g f:ngl eﬁ;prb&'szbn for ths slowing down density,
L PR ®ee ooe o.o ooo o.o P

w
“‘a/a.(fz:_ ,_4.) Y GL
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t s St es "0 e

L

.o. o:o : 0:0 :00 :0
Dsc’

T
=1 r ~[ %
(e 3,T)= Iq @:g‘—._/ du € * = (10)
[}

3aT

{wcr-u)"‘e e, m[ Hrz b}“j}

In limiting case D = oo, (10) can be replaced by a simpler exprassion,

namely:

~(¢°-r39

T (= (w1 vEwy)' |
%‘(913'/2’)"2."'(1;}‘)%{6 MRS /;—--—‘ P
3

e 4T =4.vv~}2

The derivation of (ll) hes some mathsmatical interest end we shall give
it briefly. When D =o0, (1) reduces to:

¢= :_l__ [ Jo(kp) e- A AA (12)
"o [vwm o+ Vo ]

To obtain the Laplace inverse of (1), we rewrite (12) in snother form,

namelys

VA VFE3 W i [wiR VT

o= 1S — & e“""l;’ e AW (13)
2T ) VAT 5w 1 | Verrwe
%

We Show that (13) is equivalent to (12) ss follows: for Voo < ,
R, X > O , the right hend side of equataon (12) can be expressed in
terms of an infinite seriesfthus. I £ .:

o #%?‘!‘.‘f“w
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e UNCLASSHNES
-0 T ———
= L Jo(a8) L TFA AL 8)
CP"arrO—;V--?——:—;z—“e {g;(')(m> A AA (2

The integration over » of each term in the infinite series can be performesd

and leads to the result:

oo - 3T o co VT BSTRE
1, =[ Je2R) e %mldl =P} 4 _"_jo@_ e T (15)
*7) wea)En 3'?" )7 e

& £ ]

For 3 = 0, we get:

I —_ e (15a)
Therefore:
= 7
¢ = z!:ﬁ; Z <~I) (\)qq)a’ Ia_ (16)
F=o

Now it is easy to prove = through successive integration by parts ~ that

A L L] -fw{aq] -VxR 3 o . .
e } e Z‘: 4 e (17)
W = — - V :
{ p-rwt A V' 221 o xq) IJ‘

Substitution of (15a) and (17) into (16) leeds to (18)c Wow (17) is valid
for Y@ 7 0 while the series expension (14} is only valid for # 4 <15
howaver, since (12) is an analytic function of Vg and since there is a

finite interval of overlap, by. tbe proc&s& of: gnalytlc ocontinuatiocn we cen

g, S—
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RN I ANy
wGr A,

e Y

use (17) fc'>r 7% > 1 = which is the case we are interested in. The laplace
inverse of (13) is easy to find and we get (11).

It is fairly simple to derive the thres special cases trested in
LA=267 from either (10) or (11)o As is evident from (10) or (11)3 one numerical
integration is required to obtain numbsr ‘which can be used. Such numerical
integrations have been performsd for varicus values of D, a, P, and ?fand we
present the results in Tables I = III§ R is always the ratio of the neutron

intensity at the given point for the spscified wvalues of D and a to the neutron

=

-———.—___‘-_-‘

intensity at the same point for D = a = 1o
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VLAISIFIED
TABIEI (D=4, =2, 2z =0 .
e
—te R
et
0560 1.22
071 0535
0.87 o733
1.00 0589
1050 : 0287
TABLE II (D =00, g = 2025) TABLE ITT (D =00, a = 4.5)
Yorsl 30T R___ ' levE | F/2vE R
g gog 1o 392;7 ) 0-5 10165
° ‘° O 1':0 .0818
0 105 2 893 0 1.5 727
005 0a5 10026 005 045 -847
0.5 1.0 +912 0 5/ 1°0 '0744:
005 1.6 862 ’ : :
005 1.5 - 699
1.0 071 <716 1.0 0-71 »570
1.0 1.00 2768 1.0 1ao 9602
1.0 1.73 792 1.0 1075 .628
. . ol : ° . :
1.5 0.5 80 1.0 318 0840
1.5 1.0 «628 18 0.6 351
1.5 15 2700 ' ) :
1.5 1.0 481
1.5 1.5 «538

It is seen from Tables II and III that R approaches an asymptotic value - independent
of # ~ as z becomss largas This value depends on a and can ba found directly from

(11))' it turns out to be 2/(1 Pt o

——

.
£2
oy
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ABSORPTION OF NEUTRONS IN SOIL AS FUNCTION OF TILE

SECTION B

When the neutrons emitted by the nuclear bomb strike the ground, they
are captured by the nuclei conteined in the growmd, giving rise to Y=rayse Each
neutron captured lieads to at least on Y=ray emittedoc The Y=rays produced as a
result of this ground absorption of neutrons give an apprecial:ls background to
measurements of Y-rays coming directly from the gadget and must be corrected fore
Once the absorption of neutrons by the grourd iz lmown as a functiom of time, it
is possible to determine the number of Yerays by multiplying by the average number
of Y=rays produced per neutron captured and by taking into consideration the
absorption of Yerays in the soil (cf La=250).

Vle treat the problem of the absorption of neutrons in the ground by
a method of successive approximations. In first approximmtion we solve the time=
dependent sge equation for air with cepture assuming that the soil is black, i-eo
completely absorbing this o§grestimates the number of captured neutrons; In the
second approximation, the currentl) flowing into the earth = as given by the "first
approximation" solution = is regarded as a source for a stationary ege problem
with capture (since slcwing down cccurs almost instantaneously in the soil as
measured in units of ths air time scale) and the returning current is found. The
net current flowing into the soil integrated over all sges r®presents the
absorption as a function of time. This method cen be continued to yield more and
more accurale results but the second approximatiom is sufﬂﬁt?nt égood for most

purposeso oo see so mEﬂ

L7 In‘aeflnlng the current aqd 220 ;1p.§§sﬁhg phat the total and transport mean
free paths are identical, this is a good approximation for large mess of the
scattering nucleus (the dﬂse.t&.inff et) o's However, the difference between the

two mean free paths can epqiiy nv takon ﬁnCo acco

ADD)
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To obtain the first approximetion, we write down the tims~dependent

age oquation with capture for airf we work with constent mpan free peth although

)

the generalization to variable mean free path is also possible:

"% _ 3 8% _ 3 0w _ )
33 TR ot T BEm) T T3 §(T) §(3-3-) §CE) (18

In equation (18), q is the slowing down Gemsity, T the age, t the time, v the
velocity of the neutronf the total meen path (which is essentially the scattering
mean free path since the capbure is assumed small) 9 /? ¢ the capture mean free path,
which is a function of T, and finelly Zg is the position of the plene source
(cf- Figo a 1% ay appear strange that the sge equetion is written down for
plene symmetry and not for spherical symmetry since the source of neutroms is
& point sourceec The reasson for this is that ws are interssted in the point-
source solution imbegrated over a plere perpendiculsr to the z=direction i-eo the
interface between air and soile It is easy to show that %, = -{Nzn- C FTpx. AP
where qp,c(= iz ths point-source sviution and g plothe plane=source solution of
equation (18

Equation (18) is o be solved subjeot to the condition that the
medium adjacent to z = 0 (i.ec soill is_com?letely sbsorbing j; this implies

that the backgoing ocurrent is zero, i.s. 3

%--%-Xg—g'—:o at 3 =0 (19)
(NCLASSMMED

APPROVED FOR PUBLI C RELEASE
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s o8t L aet %
.o: .E. E .E. E.o i.:
air
The solutiom of equation (18 subject to
__$§% - T T the boundary condition (19) is:
Pig« 1
(3-3.)" (Fr &)
- 9 303 +3.
fe +T + & 4'7’" _iez%:-’*“%i‘)" (20
- YawT 41T 2R
- _
dT
'—(1§Jfﬁ_g - 2oz
anp (3T (3'+3«») A 24

2)

The solubion (20) is arrived at by the use of Green's functiom or by meens of
Laplace trensformse The latter method of deriving (20) seems sufficiently
interesting o justify giving the details of the derivetionm (ef Appendix 1.
The rate psr second at which neutrons sre being sbsorbed by the soil (in this

"black approximation) is given by:

—~ e 9T 330

4T vt i .
(t) J/’cV%(ﬁd/ AT = E%E {ig%igr__._éi 4z 'iZ’.”f(;§T_+£%%1} EJ'JTT"T (

2). Cfs Carslaw = "Conduction of Heat", Chap‘ber X ~
o 0o o o000 o@ o*e

(XXX Y]
[ ) [ )
o000
[ [ ]
[ [
[ ) [ )
[ ) [ )

9

o

1
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[ X ] [ X X ] [ ] ...':.: L J ‘
DN M N N |
=13
where
== 2 o* a.t v (o)
T = S o [) -+ 5% (21a)

t
- The fraction of neutrons abscrbed by the ground up to the time ¢ is‘Jén A(t')dt'

t
The quantitygle(tV)dt' is plotted up for air in Fige 2 {curve I ) as a fumction
of © for z, =} =25 meters and an initial neutron energy of 200 ev (cf LAMS 250) -
In this celculation we have neglected the capturs of neutrons (ios. we have set
e =09,
Ths solution given in equation (21) is 2 fist approximetion to the

-correct answero To improve our result we treat the "black" current

féL' i;%?ﬁ]? 88 the source of neutrons slowed down in the eartheo
[4]

Since the soil density is so large comparsd to air, the mean time between two
slowing down collisions in the soil is so much shorter then in eir that we can =
in good approximation = use the stutionary ere equation for the soile This

equeticn is:

9 Bs K = 9 % (22)

—

S35 T kR %= 5

In equation (22), q_ is ths slowing down density in the soil, ,28 the soil mean

free path {(assumed constnnt)/é;c the capture wean free path in the soil (which mmy

. 2.
vary! and'Z; the age of neutrons in the soils Since T = —_é-.,Q" T
We rewrite (22) H .0. o:o e e00 :0. :o.
:o .E. E:o .E. g:o Eo: 23)
1 le N
Q %‘S -— OO e P P—r OB ® ® ;.‘.. —— gj_‘!.
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g8 8,8 3,
cLE L gl
olé=

9%
To write down the solution of (23) with % 33 L
as the source, we note first that equation (23) can be transformed into an

ordinary heat equation by msens of the substitubion:

— 3 HE
qs = Qs e 13 o ‘eSC.(T)

In terms of Qg (23) thus becomes:

Q" Qs £ 9 Qs

23 2+ QT (24)

Secondly, we note that the incoming current from the air into the soil is

ée. %—;‘—(E)L (with —‘3—‘;—@/0 given by

differentiating (20), whereas, expressed in terms of g P it is

&[4 320 28w

Equating the two expressions for the incoming currsnt end rewriting in terms

of Qg» yields:

.
dQs (T) 3 _ 2™ a%(T)/ 7&‘{1«@‘5 )
3 o+ 2 R (7)< £, 93 o e (28

i¥7 #a assums that the aversge, P3gay-itrgrigeertoey loss per collision is the same
in air and soil, and tha’ﬁ.;.thsg s?.era'esraf f‘lfc cogine of the angls of deflsction
per collision is zero forebolhisdshess sassuptions, however, are not essential

to the subsequent argumegbe (.. . cee o o o —
:o: ::0 .o. : :.. ”.0

E




APPROVED FOR PUBLI C RELEASE

LI ) . . (YY) .
o o @ ® o @ o 0o 0 o
0 o000 o o000 0 0 o
o0 000 000 000 000 o0
. o 0 o o o o
. ® oo o o0 o o
e o o s e o o
o o o o °_ 0
e eoe0 o ooo ooo‘g

&
“15- . T

]
Bquation (24) is to bs solved subjectt the boundary condition:

)0 - h d)('Z,‘) (26)'

whore h _ - 22& (26a)
2022
R e I (26
3)

The solution or (24) with boundary condition (26) is:

ch) L fi- SR T g
=5 u = - (- )
Q: (3 b) , f [e .z; (1: "'/\f e AR" (T~ dre_“g%l:;—; (27

and hencse:

4
-2 [22 ) 3+
#s (3, )= 22 Jkme /J r[e’(z}zs%—zh)-i fwe -G . e
i X

AE |

™ As ' Zﬂao
N =X
aw-)/ e Bl £ Lu
a} o T-n

3)s Cfo urslaw, "Conduction of Heat", Secto 83; the integrel depending on the
internal sources is zero since Q_ = 0 for? = O and all}—- 0o lorecover, ('vh)

replaces h becauseyis negad:fve«.’ .

[ J [ 2

. ‘. L4 [ &

O (3 [ 2
o ... ... eo® ooe

(L] eve [ *e® o o [ ]
o o o o o O e ¢ & o
¢ o o [ 4 [ 200 [
o o oF (3 [ 3 [ ] [ ]
e o o ® v o ® o O

o0 ed0 [ ] L} [ (X ]
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Tt t YR
AT L 3 _C¥+E) L
- 3 . e—ﬁﬁ,ﬁgﬁ.zt’ e-(z%)(‘z-%)-— 3 .06-2.2: L',Qs\(‘z-s)ol.; s ! .
OV As 22 2 Ve

T S YE | 3 (28a)
-#( 2o [c TN - Bk "¢ WF | _
e t'LV';.’_—:E,-"' “39 € E""-"zﬂ(zg +zﬁ‘)] for T>T

_— (26b)
= O for T2 T
with “y defined by (21a)
?o detsrmine the rate at which neutrons are absorusd in the soil,
. we must evaluate:
"9 ~ 330 3
- Le Q3LT) - S
8= [ $F| 47 =[42[35 53] - v (en)]
) © (29)
2 L]
- 3£ 0, F) — —— ' A
- ‘esw. %-( I—T) Z,Q& ‘?[ %S(O;T) T

%" 9T |, 313, €

R

= szt o = - 2=
#lot= ST - te ['—4(%?4-272-“1;_)]}&1 B 0

T B
3 d T
- t PV L /e&c(?) -
B (0. %) = =5 € L W [~ (35 'E)]} :

v £ VT F
= X 20b)
T e T izt 3F oF, 3\ |
Le (T e 3 42~ 2 3 )
e Q ) ..,‘.._._'. “e.j: -_‘E.?- ! oeg,o: 5‘»“4 Y +1W)]-f
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In equation (29}, (29a) , (29b) ;E’ is foumd frOm(Zlg)o The frsction of
neutrons absorbed by the ground up thetime ¢ 1sJ B(t")dt?o The integra)JB(t’)dt"
has besen computed for zir for several vslues of t end the results are given in
Cur™ 1II of Fige 20 The distance of the source from the interface between air and
goil was again chosen ms 25 meters (ioeo 2, =,g = 25 meters)e Ths capturs mean
free paths in air and soil were assumed to be proportional te the velocities with
the lifetime in alr teken as -07 seconds and that in soil, twice as large (for
density squal to that of airlo

Formula (29) was used to compute points on Curva II up to ¢ = 001
secondse Beyond this time, the "secomd" approximstion (29) gives toc high a
valus for the neutrons absérbed by the ground and it ig mocre sensible to
caloulats the point t OO0 and to interpolate for the remsining times. The
calculation of the point ¢ «o® is equivalent to solving the stationary problsm
for the absorption of neutrons in one semi=infinite capturing medium due to a plane
source of neutrons -im an edjacent semi~infinite capturing mediume If the lifetimesg
in the two media are identical, (we assume capturs orogs=sectiens verying inversely
with thes velosity and normalization to squal density) the prot.:ulem cen bs solved
rigorously with the following result for the absorption im the mediﬁm which does

not contain ths source:

ca -+ AT’
(7 e -E-3 o] (30)
bym J 7T .

All quentitiss in (30) have their usual sigaifloanceu The value of {30) for

« = 25 moters and the aig*lifetihas bsiax 'for the sams z, and the soil

lifetims (twice as 1arge) thesraguwit -;s-td‘So- "bqe correct result lies betwsen

thesas valueg and has been ohossh .fss °o.~!3: (cfa' B‘E;Sa 2) .
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e e . . coo .
:.. :.. ... :.. : : ’..
oe 000 000 000 000 o9
e o s * % o &
s o O T s o
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It is possible to comtimue ocur scheme of approximstion by treating
the eurrent returniuwg to the air as a new source for squaetion (18) and 80 ono

Hotever, for our purposes the "secomnd" approximstiom is sufficionﬁly acourate.
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TIME DECAY OF SLOW-NEUTRON INTENSITY DUE TO A PULSE OF FFAST NEUTRONS-

-SECTION C

Ie this section wa treat the problem of the time decay of the slow-~
neutron intensity due to s pulse of fast nsutromse This problem is of interest
in connsotion with the delayed=nsutron measurements at Trinity (cfo LAMS 250
where it is necessary to know how soon the prompt neutrons from the bomb die out.

Ist us consider a plane source of riono=ensrgetioc fest neubrons in an

infinite slowing=down medium; if the pulse of fast neutrons ococurs at time t = 0,

the {ransport equation becomes:

N N ' N(&m,“ t)v’ - . )
S G r e @ G [ fant M )

+ $¢3) J(w) §C¢)
4 1r

g (r, )= r(M'H = e-—"&s {/&_ -?E_-[(MH) e—t*(Mﬂ) e "i?'j}

In equation (31, W(z, B, u, t) dz o4 dudt is the number of neutrons between

z and g + dz, ¢ and i + di, etoo, u = log (EO/E} whers E, is the primary emergy
and B the snergy of interest, v is the velocity of the neutrom am/g (v) the mean
free path for scattering corresponding to the velocity veo If we take the zero-

moment (with respect to p) of equation (51) and integrate over all spacs, we get:

OMo(w,t) MoV - .K s Mo (W E) v “
ot + -Q(\l) ‘£ Au ——.é[\}‘g"gs £¢I soe g;"S( )J(t') ‘Fof- U<p
.oo o:o :oo o.. .:. E.: (32'
3 Mg &, ) Mo /
ye = Feeg = f A M”(‘b:')g.f Gf.“}  for U
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where
. W&
= Yy 4 M-H)
%‘ d L=y

(M+1)E -«

fo(u’): Tf‘:‘]—— e

Mo (w., t) =f:g,fNC3¢“u, U, t) ol

If the mass, If, of the scettering nucleus is large compared to one and we

are interested in the value of M (u,t} for large u {slow neutron intensity’

we cen neglect the First of equaticnms (32).

Wo now take the laplace trensform of the second of equations (32)

to obtain: '
(33)

W
¥ s)(srF)=[ ey T2 vig u-w)

u= g

where

Y(uw,s) '--fo eﬂst Mo(u,c) Lt

Assuming thet the mean free path is constent ané using essentially the reciprocal

velocity as the independent variable, enables us to rewrite (33) as:

w
- 2 W'QS(W') ’ . )
(b(w)“(mf I 4w ok W (34
A—W o LI X N ) o0e o0 o0
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whare

P (w) = SV (w,s) (1+w)

W
. £s
W= v S = (M-f—l

4
Placzek has solved eguetion (54) in the form of a power series , namely:

¢ (w) = Z‘ B. W Bo =1 (35)
T e =0T A TG )
. J = AT
with A = m?;z.l: s ]

The desired solution is the laplace inverse of w g W/s(2 + o
Since it is impossible to find any enalytic expression for the

Iaplace inverse, we have recourse to the following approximation methed.

We cbserve that:

- ~ 7Y (w,S)
(eh = Com g

S=0Q

. ‘
where (t"‘)«.\, = fo " Mg (w, )=

But V(w,s)= WP (x) L o (w)
S (i+w) Vo (rw)
&M . oo %0 ese ':!;.'3’\.?'0 a—\-\ q)(
so that ys= ¥ (%}S){“o TUVED Sum ':TDJ' / o
:o. :oo .o. see : ’ ...

4). Cfe L=4, ppe 5051 s
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PlaczeKO)has also calculated

9 qo(w)?
aw™ Lrw | weo

using his result, we geb:

(t™ oy = (-é-)m' ~mJ lT' Cr-ag)” (36)

Since the momends determine the generating fundtion, it is oclear that

Mo(uat) - ('g/v)/f(x)° where x = 'V'b/ﬁ)o

We must now obtgin an approximste expression for f(x)o We first notice
(=4 =2
from the moments that for large =x, f(x) behaves like 6 xZ/(l ) s

This follows from the fact that:

; ﬁa (I-JL,‘) = Z ‘Z}(""L‘):‘:Z‘: ,Q,;‘[I- (4*'3§"A;)]

<=} £

2

S P S S S Bt
~§, ZEIOTC Gy T = A

and
% 2

(XM)“‘\F‘ = }( e"‘ X (=A%) ){Moéx 21—1(7-:%‘:: 4»\.’1)%,’1! mfﬁl;,;:a-)
°

Secondly, we notice that the integral equation (34) is equivalent %o =
differential equation with an essential singuleritye The simplest essential

singulerity (at least for integration purposes) is exhibited by emb/x (b & constant).

e

te therefore try:

° .:(.& ot-oxoo l‘z:\.‘)
fe(x) = AT TR (37)
TR I
cpanyceraroa s s MR ORI

>
1Y)
E
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where A is @ normalization constante Ths edventage of (37) is thet integrals

- &
of the form = (F+x) ey
e
o
{n an integer) are readily evaluable-
We now specislize the above to the case Ii = 15 (air! slthough the
procedure 1s cepable of obvious generalizatiocns Im this case 2/(1=r23 = 80533
so that we choose n = 8o To detdrmine b, we maximize fE(x) at the.yoint
Xex = 16-364; we f£ind b = 128-132. Computing the highsr moments by recurrence

J
relations, we find empirically:

fc. fe (x) X" x

ﬁ I + a(™m+1) (38
(54 00 x4

whore a varies monotonically from <054 to 063 as n = 1,2, =<~ 300 Tharefors,

choosing A = <058, we can rewrite (38) after integrating by parts3:

-+

l Fe (X)) x"dx = fawp?(’dx"w(x—cnfowxm '/'(X).—Jx (39)

we can satisfy (39) if £(x) satisfies the differentisl equation:

4
L~ ax g'= £, (¢0)
with the boundary condition £{%) < 0o The solution of (40) is:

L) ( k4 ,
Lol @

£ (x)~ ?l:':>'<§-‘«

}
"
,g\"'
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If (41) is normalized, we obtain for the final result:

17, 241 “NT e 2T '
£ (%)= 17, 241 X f X' e x ot X’ (42)
8 .
Tt is clear that the value of £{x) at x = X v is equal to thet of fE(x{g this
follows from (40) since fl(xav) = 0: If further accuracy is desired, one can
express :
hacd -
fo #E.(x)x A X I+O.,<M'\‘~l)+GL;(M"")(M+2‘)+ e o (4:5)

L7 # (%) x7 AX )

end obtain higher order differential equations. These highsr order equetions

become increasingly laboricus although they are alweys of Ceuchy type and

thus sclublea ' ,

The ratio, Tps of the n®® momsnt obtained by meens of (42) to the

: AR =1

n  gent defined by ny TT (11— X&) |
4=

(c£-(36)) is given in Table IV for the first thirty momentse Tt is seen hhat

the deviation from one is never greater then «046¢ The distributioca function

given by (42) should therefore be Juite eccurate up to fairly large values of

contains a log=log plot of £(x) as a fumction of X up to x = 35.
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TABLE IV

RATIO OF LOLENTS OF ELPIRICAL FUNCTION TO YOMENTS OF ACTUAL
DISTRIBUTICON FUNCTION

OO P AN O l I3

CLIV IO DO 0O 00D 0000 DO DS 1 fod fot b fod ocd oot bt b fut
COLTIO NHUN IO OE NG KNS

APPROVE

D

T e

1

« 399
+ 998
2997
- 996
298
0 996
0398
- 996
- 297
0999
1000
1-002
1.004
1.006
1-008
1.011
1.013
1.016
1-.018
1.021
1.024
1.026
1-.02%
10032
1.03¢
1.037
1.059
1.042
1044
1046
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SOLUTION OF AGE EQUATION FOR SEMI=-INFINIPE LEDION »ITH PIANE SOURCE
' AND "BLA&CK" BOUNDARY CONDITION-

APPENDIX I

The timo=dependent and capture terms in equation (18) neroly

sntroduced into the solution (20) the factors

3 T LT
-2fo Tem fax
e cg[ qv(o) (e ')J
The essential features of s Laplace trensform solution of the problem of a
semi=infinite medium with plane source may therefors be seen from the stationary

age equatién witheout captures The latter equatiom is:

Q" o 44)
;‘j}{ = L = §(3-3)§(T) (

We must solve (44) subjeot to ths boundery conditicn=

%__..%_,e.s._%:-:o ot 3 =0
4
fle take the laplace transform ¢f both sides of (44) and of ths

boundary condition. We zssume constant mean free path and measure lengths in

terms of ite We get:

7 _ - —_ 45) |
. ...d }2. - )? ¢ J (3’ }o) (
subject to: q; - 3::195- 5;-05- E:°a§‘3: 30
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We distingquish WO regiows,; z> 24

semi=infinite medium)j we have:

[ ] [ ] (1 1)

e o 0 ° &
e o009 o o

oo oo0e 000

® e o

oo e oo

o e o

[ 304 e o

. eee oo

and 2& 2
o

—(3 = 3) ‘ﬁ?*

{(z = 0 is the edge of the

& 7 Fe

b = C(p)e

o =AM e " iR +B(n) e

AL 2 =3

At g2 =0

(3-3V7

@
S
F

Substitubing (46a) and @6b) into (47) and (48) yislds:

P2~ R e
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The laplace invsrsze of 151_[ {(required for Section B! is obtained most.simply by

)
ngking use of the theorem® that wZr@) =g ()Z/ ), then

=9

- - y )
rl_f LT oLX] = R
~ =l & Y R

—w 3 sherafores

let us write d) o= T
~(3+3)N
Je

(}‘3'0)}2 - (‘;/L —"?
.

:C'('(’Z) = _’}: e 3, +n

The Laplace 3nverse of g (7-", narely i‘(’z’), is:
- — - ‘"3: [_-?-' - (}o +})]
#(T)= £ LT~ & &
v - -3‘--[’2:‘—(3—.+g«)]
i s[T-(rr)]-F &

P T = (Feo+g) {H0a¢
7)2 (T) = O Z&"’" T > C;—c ”}) {GOoby

Bousticns (502/ exd (50b) are derived by making uss of the two simple identities:

-1 -4
2 e = s(r-2)
A T R
0. [ XX ) 200 000 oo
8): lYelechlen and. Eumbert = "gebdcs of g:.f}_anz’ $ir.nsrorms”. _
St Tl
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-
end of ths convolution theorsme Now qqy = "Z"Z ¢JI

oo -

_ I gz (51)
Gz = m[o e

and hence

Substitubing for £(x} into (51 yields:

_(Em3)T Gyt

T 4z F(3+3:)457T -
- & e 3 FeoJ)tu onf ¥+3. |, 3T .
Ta = V= + Voo T - z€ D— (2-111:" + zt)] (s2)

Equation (52) is the desired result (cf. squaticne (20}0
It is interesting to note that the usual relintion between the

plang=source solution and the point=socurce solution, i- eo

o

%pe(};'r)z.[) 7'”(03',.3:(5"@7) d(°

holds for a2 semi=infinite medium with "black" boundary comditione As an
illustration of this point snd for soms anplicutions, we have evaluated ths
point=source soluticn due to a point=source of fe,t neutrons located at z = ce
Using equation (9) of La=257 and the boundary condition g=(2/3)9 q/dz = 0 (2=0l,

we cbtain by methods discussed in Section As

¥ 5+ & (aww ¥ avE
- - gx= 4 YT _ - =
%(3,rT)= (uvr';;:% { > [I m#(,_ﬁ: +T)] (53)
_ (3 +37)*
e
Substitution of (53) into the intﬁ%rgsg, s pie s ‘Er,f’va. (3/ e, 7;) AT
e o 9 ® o o o

0

lends immediately to (52} with%';

esce
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