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ABSTRACT

This paper contains the solution of some theoretical problems

of interest in connection with the ‘frjaiky Test. Sectiou

a continuation of LA-257 and solves rigorously the case8 Ds a$P and

arbitary (for notation cf. LA-25?). h Seution S3a fairly accur~te

A is

$-
expression

for the absorption of the prompt neutrons in the earth as a

is derived; these prompt neutron6 give rise to Y-rays which

function of time

must be distinguished

from the Y-rays comiug directly from the gadget. Finally. in Section CO the

problem.of the time-decay of ths slow-neutron intensity (averaged over

due to a

contains

pulse of fast neutrons is worked out to a good approximation”
3

the results for a.iro
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JULY 16TH hW LEAR EXPL@SIONs
SOIL COR~CT ION, ABSORPTION O~ONS IN SOIL,
AND TIME DEPhWDZNCE OF SLOW-NEUTRON INTENSITY

SECTION A

Soil Corrections for Neutron Ite=suremmts

M L!-257, the slowing-down density of neutronsS duc to a mono-

energetic point

down mdia, wa6

source of’fast neutrons loaaked between two dif’fenentslowing

obt&ined as a function of age for the following three c%ses:

(1) a = 1, z = 0, D and P arbitrary
.

(11) D =60* z = 0, a and P arbitrary

(111~ D =00, a = 1, P and z arbitrary

In the above, P and z are ths

D=

radial and lengthwi~e ooordinetes (cf LA-257),

A:

/

A,L
Q.&(l--&L) a8<l-&,)

/

o--%.) CL.u= (I-4-, ) z,

.
where A ~ a, b are the mean free path, average logarithmic energy 10SS$ and

average cosine of the angle of defleoti.onin a collision respectively~the subscript

2 denotes the medium wi%h larger mean free path while 1 denotes the one with

smaller mean free path. We have since worked out the case D, a, P and z arbitra~j
●m* ● b:- ●** ●*

this enables the rasults to b~l&p~l& t} ‘.&ir#~~yesrth which contains an appreciable
●9*●:O ● ** ●*9 :00 ●*

thhb~~ Of hydl’qgen~ md *O 4A$mqQ~~ G q~mqks which were necessary to inter~ret

! i:. i#iMwiEo-“
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the Trinity resultso

%’efound in IA-257 that the Laplace transform ( with respeot to the

age~~ of the slowing down density in the medi.umwith larger mean free path is:

To obtain the Laplace inverse of (l)~ we writex

GLw
J
o

where

Substituting into (l) and

L;’ 4
[

.W”J
2n- 0

We may find the

o

interchanging the order of integration we get:
-

Laplace inverse of the

Laplace inverse,of the component parts

o

exponentiel expression by taking the

and using the convolution theorerno

(1)

(2)

(3)

(4)

(5)L; ~-wJ&(A’+DQs Wm=
~ -(g* + !@q

G ~
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o

interchangingthe order of integration givas:

Evaluation of the integrel over A yields:

where

d~ = ()+- e-

The evaluation of the integral over w is also straightforward and finally

where

-—

.)

T= I

D

combining

q, :

(9)

.

densityg
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(10)

In limitiRg case D s 00, {10~ can be replaced-by a simpler expression

namely:

,
The derivation of (11) &s some mathematical interest.and we shall give

it briefl.y. ‘#henD = 00s (l) reduces to:

To obtati the Laplace inwrse of (1), we rewrite {12) in another form,

mm Iys

&

to (12) as follows: for ~<We Show that (131 is equivalent
)

q,k>o. the right han$o.s}de.~~?e~u~;ion(12) can be expressed in
●8* ● ● m

: : :*

terms of an infinite ser5.es>t&% :“ “ “0 ● .::
●* ●8* ● 9*●:* :00 ●e

:0: ;** I#&l#wlgo
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The integration over A of each term in the infinite series oan be performed

and leads to the result:

Thereforet

Now it is easy to prove o through successive integration by parts - that

Substitution

for ~ 7

of (15a~ and

O while the

however, since (12) is an

finite interval of

(15al

(17)

{171 into (16) leads to (33)0 Now (17) is valid

series expansion (14) is on~y valid for T ~ 1 j

analytio function of C and since there is a

b;:
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-
use (17) for % > 1 - which is the uase we are interested in= The Laplace

inverse of (13) is easy to find and we get (11).

1% is fairly simple to derive

LA-257 from either (10~ or (11). AS is

the three special

evident from (10]

caseg treated in

or (11)$ one numerical

integration is required to obtain number which can be used. Such numerical

integrations have been

present the results in

intensity at We given

performed for various values of DO u, P, and

Tables I - IIIj R is always the ratio of the

petit for the specified values of D and u to

~nd we

neutron

the neutron

intensity at the same point for D = a = 1.

Uticlhssm
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a= 2,Z= 01 *——

R

1.22
6935
0733
0589
0287

~/zd=F
o
0
0
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0“5
005
b o
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100
1.5
1.5
1.5

= 405)
R

10165

“o818
.?27
0847
‘.744
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0628
0640

03~~
.481
0538

1% is seen from Tables IX and III that R approaches

of P - as z becomss largeo This Value de~ends on a

(ll~j it turns OUt tO be 2A1 +~) .
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ABSOR.PI’1ONOF NEUTRONS IN SOIL AS FUNCTION OF TILE

SECTION B

When the neutrons emitted by the nuclear bomb strike the grounds they
I

are captursd by the nuclei contained in the grounds giving rise to Y-raysO Eaoh

neutron captured leads to at least on ~-ray emitted. The Y-rays produced as a

result of this ground absorption of neutrons give an appreciable background to

measurements of T-rays ooming direotly from the gadget and must bo corrected foro

once the absorption of neutrons by the ground is lomwn as a functio~ of time$ it

is possible to determine the number of y-rays by multiplying by the average rnmiber

of Y-rays produced per neutron oaptured and by taking into consideration the

absorption of Y-rays in the soil (cf L4-250)0

V{etreat the problem of the absorption of neutrons in the ground by

a method of successive approxitnationsa In first approximation we solve the time-

dependent age equation for air with capture assuming that the soil is black$ i.e.

completely absorbing this overestimates the number of captured neutrons. In the

1)second approximation the current flo~ing into the earth - as given by the ‘first

approximation’ solution 0 is regarded as a sourco”for e stationary ego problem

with capture (since slcwing down occurs almost instantaneously in the soil as

measured in units of the air time scale) and the returning ourremt is foun~. TIM

net current flowing into the soil integrated over all ages represents the

absorption LIS a function of time. This method can be oontinued to yield more and

I

mwii~~”-st I
more accurate results but the second approxim~ti.onis suff’

purposesO
●99 ● ●00 ●.m ● *●°: ● : ● ● *

:0
::1)0 In defining the current ~Q-&,&~~.~O~S~~:$%@.t the total and transport mean

*

free p~ths are i.dsntioal~this is a
#
ood approximation for large mess of the.

scattering nuoleus (the Ctse:lYf’:!aY$$e}O?. :Howevers the difference between the
two mean free paths can e~&#y ~e.%~ko~ ~nto

●0 ●** ● ● ● ●9
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the
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To obtain the first approximateions we write down the tire-dependent

equation with capture for air” we work with oonstont wan free path although
2

generalizationto variable mean free path is also possible:

.

(18)

w loci@ of the neutronl the total mean path [which is essentially the scattering

meam free path since the capture is assumed small)~ ~c the capture mean free path,,

which is a function of To and finally Z. is the position of the plane source

(cf. rig. 1)a It my appear strange that the age equation is written down for

plane symmetry and not for spherical symmetry since the source of neutrons is

a poti.t sourceo The reason for this is that wv are interacted in the point==

source solution integrated over a piersperpendicular to the z-direotion i3e0 the
w

interface betwuen air and soil. It is easy to show that q
[plo= ~ 2?-rP%@, dp

where q
ti”

is tb~ point-source sclution and q ~ the plane-source sOlution ofp .0

equation (18)

Equation (18) is to be solved subjeot to the condition that the

mdium adjacent to z s O (i.eo soil) is completely absorbing~ this i~lies

that the backgoing ourrent is zeros i~eO x

(19)
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The soluticm of equetion (M) subject to

the bounda~ condition (19) ia:

2)
The solution (20} is arrived at by the use of’(lreen~sfumtiom or by means of

Laplace transforms. The lattgr method of deriving (2~ seems sufficiently

in%OreSti.klgto justify giving the details of the derivation (cf Appe~ix T).

The rate per seoond at which neutrons are being a.bsorlx$dby the soil (in this

“black approximation) is given by:

21. cf. Carslaw ==“Conduction of Heat!’,
●oe ●●o* ●

● :
● : .0

●

●0 ●:0 :00

● O*:00 b .’.
● ***
● ✎ ✎ ✎ ✎

90...
9* ● e* 9

● *oi
: 08

● 00 :00 00

● ● *O
● e..

(20)
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I

(21a}

t

The fraction of neutrons abscrbed by the ground up to the time t 3s
J
~ A(t’~dt$

t

The quantity
J

A(t’~dt’ is plotted up for a3.rin Fi.ga2 (cu~ve I ~ as a function

of t for z~ =;).25 meters and an initial neutron energy of 200 ev (cf LAMS 250).

In this calculation we have neglected the capture of neutrons (ioci.we have set

J. -) o

The solution given in equation (21) is a fist approximation to the

correct answerO To improve our result we treat the !blackf’current

1 2%(2-)
-3- 1a3 o

a.sthe souroe of neutroiisslowod down in the earth.

Since the soil dens5ky is so large eornparadto air, tihemeen time between two

siowing down collisions in the soil is so mch shorter than in cir that we can -

in good approximation - use the stt:tionarya[:eequation for the soil. This

equztion 5s:

(22)

In equation (22~0 q~ is the slowiug down density in the soil~~s tti soil meam

free path {assumed constant~~~c ths capture mean free path M the soil (whioh may

vary) and %~ the age of neutrons in the soil. Since Z.. = # ~

We rewrite (22); ●** ● ●99 ●o- ●*
●°0 : ● : ● ● *

● ● ● m
● :*

● 00

$%.
(2s).* .: .**.{.

- ●0-60-C+*O
d $’ ~$<~& ?+)

●*a *a:9* ●00 ● ●
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J?_ 4% ITo write down the solution of (23)with ~ T% ~

as the sourceS we note first tbt equation (23) can be transformed

ordinsry heat equation by means of the substitution:

M terms of Q~, (23) thus becomes:

~into an

3econdly, we note that the incoming currenk from the air into the soil is

given by

differentiating (20~$ whenas~ exp~essed in tertnsof C18Sit is

Equating the two expression~ for the incoming current and rewriting in terms

of Q~O yields:

) Y/aassure that the average, k~ga~it~~fi~”e~$”~yloss per collision is the same
in air and soil~ and tha~oth+ e$-r~~$f $% cosine of the angle of deflection
percollisiort is zero fol”.bdky~hec%oas$~ptions~ however, nre not essential
to the subsequent argumeq$O●e,
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● 09
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Eq”ution (24}

● O ● *9 ● O* ● *O ● *O ● a
● omma● 0000:0 ::

● me ● 9

● :
● ●:0 : ●:0 :00 $:#’”

is to be solved subjectim the boundary condition:

-filo +MA)o= h 40)

where h 3—--—
2 JZ5

The solution 01 (Zd with boundary condition (26) is: 3)

3)0 cf. Cnrskw, “C ond~ction of? Watt’, Sect. 83~ the integra1 dependi.ngcm the

(26)“

(26a~

(261J

(27)

[28)

● 9 ● ** ● *O ● ●
● 90 9** ● ● ● .*.
● *9*. *O* ●
● *m8* ● ee9** ..: ● **
● e 9** ● ● ● *
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fol- z-s y

defined by (21aj

TO determine the rate a% which neutrons are absor-Jedin the soil,

evaluate:

whore:
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IiIefmatim (29), (29a~, (29~ ~ is found froin(21a~o The frsct~on of

neutrons

has’been

Curv II

eoi,lwas

J
t,

J
t

absorbed by th ground up the&Me t is B(tO~dtto The integral B(tt}dto
o

computed for air for several vslues of t and the results are given in

of Figo 20 The distance of the source from tha interface between air and

again chosea as 25 meters (iOen Z. =~=25~*ers). Thecapture mean

free paths in air and soil were assumed to be proportional to the velocities with

the lifetime in air taken as 007 seconds and that in soils twice as large (for

density equal to thnt of air~o

J’ormula(29) was used to compute points on curt”nII up to t = .001

secondso Beyond this time~ the “secondm approximation (29) gives too high a

value for the neutrons absorbed by the ~round and it ia m6re sensible to

caloulate the point t =and to interpolate for the rematiing timesq The

caloulatiom of the point t woo is equivaledz to solving the stationary problem

for the abaorpti.onof neutrons in one semi-infinite oapturing medium due to a plane

souroe of neutrons in an adjacent semi-tifinite capturing medium. If the lifetimes

in the two media are identioal~ (we assume capture oross-sectiaas varytig inversely

with the veloei,ty-d no&aMzation to equal

rigorously with the following result for the

not Oontati thl!source:

density) the problem can be solved

absorption W the medium whioh does

(30)

All quantities M (30) ham their usual significance. The value of (30) for
● ●om ● ●a* ●** O*

20 =12= 25 meters and the ai~”:li,~e&~o~.s~~4#~for the same Z. and the soil9* 9** ● **9**9** *

lifetizm (twice as large) the.re~dt ~soc450. ‘l!$~ecorreot result lies between
● 0*e ● o@
● 00 : ●ee ●

these values and has been cho&&~~g {43~(C;Q:F’&302).

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



● 0 ●:0 :Oa ●:0 :00 ● @
●

● ● *9!ma0::
:0 ● * ● *

● : ● ● ’3
● *** ● ●:@ :0.1 S*

,*

-18-

It i8 possible

the current returning to

to contime our sehem9 of app~oximatio~ by treating

the air as a new source for equation (18) and so ono

Hurt=varsfor our purposes the wsecondn spprox-imatiou is sufficiently aoourateo

● 9* ● ● . . .*. am
●mm ● am

● : : :9
● O** ● 0 ::

● 00 : ma
● * ● ** ● ** ● ** :0. am

be ● ** ● *e 9 ●●o@:oo. @.*9*
● 00 ● 9** ●
● 0000
●0090: ●::0
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TIME DECAY OF SLOW-NEUTRON INTENSITY DUE TO A PULSE 9F FAbSlNEUTRONS~

M this section we treat the probl.ctmof the time decay of the slow-

neutron imtensity due to s pulse of fast noutronsa This problem is of in’ccmest

tn connection withths delayed-nautron measurements at Trinity (cfo LMLS 250~

where it is necessary to know how soon the prompt neutrons from the bomb die outo

Iet us consider a plane source of nono-energetio fast neutrons in an

infinite slowing=down medium- if the pulse of fast neutrons oocurs at time t . 0,
2

the transport equation becomes:

where

M equation (311e I?(z,PO u~ t) dz ~ dudt is the number of neutrons between

zandx+

and Ethe

free path

dz, P and # +dlJ.,ete~, U = log (Eo/k~ where E. is the primary energy

energy of interest. v is the velcmity of the neutron andX (v) the mean

for scattering corresponding to the velocity vo If we take the zero-

moment (with respeot to ~} of equation (31) and integrate over all space. we get:

● ● m
so s:. :00 ●:* :06 ● 0

@-L(>~
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If the masss K, of the scattering nuoleus is large compared -to one and we

am interested in the value of MO (u,~ for large u {slow neutron intensity~

we can negleck the first of equaticns (32)o

W now take the Laplace transform of the second of equations (32)
I

to obtain:
/

(33)

where

Amnuai.ng

VPIocity

‘&at the mean free

as the independent

path is oonstaat and using essentially the reciprocal

variable. enables us to rewrtte (33) as:

w

● ☛☛ ● ● 9*●°0 ●
● : :

● : ● 0
● ** :

● * ● m* ● ** ● **

● e ● ** ● 9*
● ** ●** ●
● *9**
b* **e
● O* ●0:
●* ● oo ● ●

(34)

● ☛☛ ● 0
● 0

:
. . ::

i*O-
● **

● ● 0
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Where
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(#)(w) = +$”0’%9 (W’u)

w=

4)
solwd equetion (34) in the form of a power series ~

-=-u

The desired solution is the bplace inverse of w L (w~~s(1 + w)o

Since it is impossible to

Iaplace inverse.

We observe that:

we

where

have recourse to ths

.Q9

any analyt~c expression

following approximation

~- v (% s)

d s“-’ / S=o

But ‘Y

so that

namely:

for the

method~

,,,-- [W&y_
‘y ($;SY{i. ?“(iJ*!J~.

. . ●.$:% .:. :..:.”

● 0 ● 00
● b* ““0 : t .-al9°9 ●

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



● ☛ ● ☛☛990 ●°0 : ● 9
● O**. ●e. .
● ** : :0: ●

000 :/ ●
●

9. . . . ● *..
.* .**.

● 0 ●:0 :00 ● 00 ● 00 . .
●

● ● 0
● e

:0 ● 0:0 ::
● :

● 9:* : ● * ::
● e* .** ..

d
lJlacz9k has 81s0

Since the

Uo(u,d m

momenta

calculated

-22-

we gets

dete~mine the generattig fUnation, it is clear that

(Z%vf (x). where x . vtJt?) o

we must now

from the moments that

This follows from the

obt~in an approximate expression for f(x) o ?@ f’irst notice

for lerge XS f{x~ behaves like e-x x2/(l=Y% 0

fact that:

-

and
.*

Sacondly, we notice that the integral equation (34) is equivalent to a

differential equation with m essential singulerityo ThB simplest essential

s insularity (at least for integration ‘b/x(b a const=t~ *purposes) is exhibited by e
. .

We therefore try:

fE (x) -- A“f3#
● 9**

●
● 0 ●:C :.*

● 0 ● ** ●

5) cf. A-25* ppo 36=17
$.:+.. : ●

0 ● O***
● m.0*
8* ● 00 ●

.s’/..#*: (37)
●00:: ● *

● am :.0 ● *

I

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



● O so.
● e. ●*9 : ● 9
● em.., ●es .
● *. :0: ●

● .c :.O : ●
● . ● . . ● ● 9a.

● 00 . ●

9* ● O* 9** ● ss ● oo .*
6

●
●

:.. ::O ::
● : ● *m

●:O : ● : ● *
● ● *

● m. . . . ..

-25-

where A is a normaMzati.on constanto Ths ec?vantageof [37) is that integrals

@ an integer) are readily evaluable-

Yfenow specialize the above to the case M = 15 (air) although the

proceduzw is oapable of obvious generalization~ In this case 2i(l-r2~ = 80533

so that we choose n = 80 TO determine b~ we maximize

x=x ~v s 160364~ we find b E 12801320 Computing the

relations~ we ftid empirically:

fR(~ at the @nt

higher moments by recurrence

I’ & (x) k-d,
8.

where a varies monotonically from o0S4 to a063 as n = 1.20 --- 30. Therefore~

ohoosing A . 00580 we can rewrite (3~ after integrati.ngby gwir’+d:

tte can sati,sfy (39) if f(x) satisfies

2$
-..-x #’. &

the differential1 equation:

‘Withthe boundary oondition f(~) = Q. Ths SO~U’tiOn
u

● ☛ ● 9O ● 00 ● ●9 *9*’... ●9**
● 00 **b ● 00
● 9999 ●
● *. ● O: ::0
● 0b9e *00 .*

{39)

(q-))

of (40) is:

Ax’ (41)
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If (41) is normalized, ive obtain for the final result:

.

.

It is clear that the vslue of f(xJ at x = Xav 3.sequal to tk.t of fE(x)3 this

follows from (40) since fl(xavJ = 0S If’further accuracy is desired, one can

express:

L- I&(x) 2-AX

~- #’ (x) )(- G(A
= / wi, (m+++a. J-

andobtain higher order differential equationso These
●

become increasingly laborious although they are always

thus solublea

the deviation

given by (42)

from

in Table IV for the first thix-ky

one is never greater

should therefore be Wite

than 00460

accurate up

4))(A+Z)+ - --

I

higher order equ~tions

of Cauchy type and

I

means of (42) to the

moments~ It is seen *;ha*

The distribution funotion

to fairly large values of

x. Fig. 3 contains a log-log plot of f(x) as a function of x up *o x . 35.

(42)

{43)
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TABJ.EIV

RATIO OF LOKENTS OF EH?IRICAL .FUNCTION ‘TOYOME??TSOF ACTUAL
DISTRIBUTION .FUNCTION

?2

.

0
1
2
3
4
5
6
‘?
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
2s
24
25
26
27
28
29
30

‘n

1
0999 .
0998
.997
.996
.996

0996
0996
*996
~997

0999
1.000
1.>002
10004
10006
1.008
10011
10013
10016
1.018
10021
1.024
10026
1o029
10032
10034
10037
1.0s9
1.042
10044
1<.046
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SOLUTION OF AGE EQUATION FOR SEMI-INFINITE NEDIOM 7,ITH PLANE SOURCE

MID ‘BLACX! BOUNDARY CONDITION.

APPENDIX I
.

I

The time=dependent and capture terms in equation (18) merely

introduced into the solution {20) tlm factors

The essential features of a kplace transform sohatioa of the problem of a

semi-infinitemedium

age equatick withcut

with plane source may therefore be seen from tha stationary

capture0 ‘rhelatter equation is:

}% must solve (44) subjeo% to the boundary co’nditicn-

We take the Laplace transform of both sides of (44) and of the

boundary conditiono We assume constant mean free path and measure lengths in

terms of ite We get:

% =~oKR-3%)
‘+

● ● OO . ●:0 ● 0. ● *

::&&i:;OO!.L&: -#~(-)

$- ~..~z. ....O
● a* ●e. ●
● m. ● ● .**
●00.: ● ● 9* .

9** ●0: ● *O
● 0 ● O*●**..** ●

(44)

(45) ,
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“Wedistinguish % regious~ z> Z. and z< Z. (z = o is the edge of the

semi-infinite medim~j Y>= ~RV~s

(Mm}

.R.tz=z:
0

-1
I
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~

and of the convolution theoremo NOW qll = Zt--’ @~

and hence
%x

Substitxrtingfor f(x)

(a--w’
--TT-

%-. =
e +
\/47~

into (5~ yields:

Equation (52) is the d.esi.redresult (cf’oequaticmo (20~0

It is interesttigto note that the usual relation between the

and the point-source sohtion~ io ev

holds for a semi-infinite medium wi%h “black” boundary conditio~ As an

illustration of this point and for sorw a?>plicti.tions~ we have evaluated th

point-source solwtion due to a po~int-sourceof f&&t neutrons heated at z = 00

Using equation (9I of LA-257 and the boundary condition q-[2/3~d q/& = o (z=o~,

we obtain by n&hods discussed h Section A:

(53)
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