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ABSTRACT

This paper dehtails the procedurc for determining the oonstants in
a reasonable empirical form of eduation of state of solids from date on
the isothermel compressibility at zoro precsure, the coefficient of
thormel expansion, and a single Huponiot curve, The method is illustrated
by application to aluminume The axsct equation ralating the material
velocity to the experimentally nmeasured free surfece veloocity is worked
out, since both material and shoock velccitles arc neeoded to construct

the Hugoniot ocurve,
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T, INTRG)UCTI«)‘J

A shock wave of pressure P, movinr wit! the welocityys, into materinl at
rast, and at zero pressurs, comprssses the material from the specifio volune Vo
to a smallar specific volume V, by an amomnt AV = 7 - Vo < 0, and leaves the
matarial behind the shoek front moving wish the material veloocity u..

A meesursment of the shocht velooity, s, and the mabarial weloeity, 4,

uninnely determine P and V if 7V is ‘mown, hy the rolations:

s = 'f:’, r/{=Av) ’ (To1)
2 / ‘ \$ 7 LY
u:; - A= AJ)P » \I.L-/
so that:
(-AV) - ‘.ro us/s » (Io’;)
-~ / .
a - uss/vo [ (I.4)

If the oquation o2° state of the material is kmown, so that the intsrnal anergy
‘A, of the material in which the shock fromt moves, is given as a funciion »f P and

V, theyn tMee luroniot Relation:

AL = Y pl(=av) . (Te5)

which must hold betwean the internal enerry incroase, AFE, in the shoeck, mrnd P and
<AV, parmits a unique awmluantion of the valua of (-AV) for any nressurs P. Conversely
measurenant of u, and s for various stock intensities, 1ead, through scustions {3)

and {4) %9 an ovaluatisn of the Hugoniot Curve of relate? ¥ and -OV valuas, Tor

which the internal onmar;y ohangs AT, rust “e riven by (8],

The sheet valacity, s, ry Lo measursl with accuracias of tne order of ono

ner cent by the ~in %echnique, Tha matorial velocity, u, is not readily neasured

-

1irassly. Instond, one neasures what 1s anllad the "fres surface valnoity", ueg,
which 1s ajproximagely fwioce the matarial veloelfy beiiind the shoei, ug:

( lo% )
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The free surface velocity, upg, is the mg.t‘erial velosiily acquirsd by Mavver av
rest whioch has been subjected to a shocllc m;.ve followad by a rarefaction wave to
zero pressure, the rarefaction wave moving directly opposite to theo directiom of
shock wave, This is observed experimentally by determining the w?lociﬁy of a surface
in contact with a region of zero pressure (actually air at qtf/!ufc;::;p‘hcss’rasa pressure ) R
after a shook has reached it from the inside, travelling in a dirsotion ﬁorm#l to
;tl;xe free surfaoce.

The free surfaos veloolty, Upys TRY be writiien as'the swn of two approximately
equal velooclties, us and u,, the former being the material velooity acquired in the

shook, and the lattsr being that acquired in the (adiabatic) rarefaction wave

reducing the pressure to zero. The latter velocity is giwon by the 9‘}12‘“““’
n 2 ' ‘ acorvafplAain 27 2
= ﬁmuﬁ»‘ 7 %W A‘/ e 7& j

P by .
u. 3 g (-b‘!/a"P):dP contid mgﬂl-{//l‘/h b, (1,7)
0 e i

whore (=3V/OP), is the derivative taken at oonstant entropy, Se
For weak shogks, in solid materials, (-BV/B?)S may be regarded as constant, so
that:
;-]é'
w, g,,P(-BV/aP)s.P:o . (1.7")

Sinoce, for weak shocks, the Hugoniot curve follows the adiabatic, (=A4V) gP(-av/aP)s Pao
» [l

one has, from (2),

e
2

ug a2 P( -;v/ap)s.P:o , (1.2')

and equation (6) that us myvdu, is approximately twice ug follows. For strong shooks
appreciable deviations from (6) ocour.
The exact squation relating ug and the free surface velocity, Ungp may be

written:

uzdu, (1)), (1.8)

where

— UNCLASSIFIED
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. YINLLADSIFIE
P P %
S (-av/ap)“;‘?rw j (waV/5F),aP Y
g(p) =41 - =2 14 =2 -

(~av/e) (-av/e?P , (18)

= [1- (“r/"“a)}/ {1 ¢ “z-/“s)] ’

15 2 numbor which approaches zero for smell pressures, and is presumebly nsver

large,
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II, EQUATICN OF STATE ASSUMPTIONS.

A ¥nowledge of the cormion "first derivatives", comprossibility, /, co-
officient of thermal expansion, & , and speocific hoat, 0p at room temperature and
zoro pressure, plus a measuremont of a single Hugoniot curve is not sufficient to
establish the complete squation of state of the material in the neighborhood of
those pressures and volumes reached on the Hugoniot,

In principle, at least, a measurement of a family of Hugoniot ourves, obtained
by moeaguring the shook and material velocities in shocks produced in the same material,
but at different initial densities, would establish a unique equation of stato.
Howover, it appears o be more prasctical, at least as an inttial attempt, to assume
a simple and reasonable analytical fori for the equatiion of state, and to use the
Hugoniot ocurve to determine the parameters of the equation,

The three quantities:

o = QAN)EVLT), . (11.1)
/52 -(1/V)(3V/3P)T ] (IIOO')
op = OHAT)p . (IX43)

cormonly lmown at room temperature and zero pressure, serve to fit three paramoters
in any assumed equation of state., These threo quantities also determine the initial

slope of the.Hugoniot ourve:

1im - AT) -V
P—0 L-F— = (—-5_};> s vo,/ga,d ’ (II.4)
Hug B,P:O
/%d = /5’%/% ’ (I1.5)
opfey = 1 (W a’/bey) . (11.5)

A measuremont of (=AV)/? at a pressure suffiolently high to show a signifiecant

deviation from (4) would permit one to obsain a fourth parameter, say by writing:
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Meausromants of greater sccuracy, and at higher pregsures, may

and determining A,
pernit the determination of a fifth paramoter by the use of an equations

[ l-A(-AV)-B(-AV)a] . (I1.7')

[aval, = covom
Very considerable rofinement in acouracy, and extension of the pressure range over
that now measured,would be required for the ovaluation of a sixth parametor,

Tho question is theu to find slimple four and five parameter equations of
state which sntisfy our prejudices of reasonableness in analytical form and which

oan be readily handled,
Froa a theoroatical point of view the equation of state may be regarded as

deteormined if both the energy E, and entropy S, are given as funetions of volumie
Howover, the two derivatives with resnect to temnerature must

and temperature,

benr the relationship:
©@SPT), = oy/T = (11N B/ST )y (I1.8)
No necsssary relationship nesd exist betwsen the volume derivatiwves,

A simple and convenient form to assume for the volume derendence of the internal

energy at T=0 is

T=l
E(T=0) = AV ¢ B(v-b)"( ) c.
By introducing:
V* = Vb . (I1.9)
ons may write this ass
LAY
E(T=0) 2 wV*| 1 ¢ 20} LT *
* =) v YL TTvoo ’
80 that . e
' v,
P(Tz0) z = JE(T=0)/V :’W’[l =

’ .
e e 8 ¢ s S § T T o — e —
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and VZD is seon‘ %o bo the velue of tho spasific volum» at F=0, T=0, minus the
parameter b,

At tho entropy of the material at roon temperature, F=0, most motals, at
least, have the constant Dulong and Petit wvalua for Sye Except for extrenely
intense shocks, in which the temperature becoiwns so high that electronic degross

of freodom are exoited, it is probably reasonable to assww thats

.OV:SR ) »
1

(11,10)
R =(1.985/41) cal deg”

with M the (averags) gram atomic weight,

We, tharefore, assumes for E(V,T) the form:
«#\ 7
. v .
E =V “1}%{-1- <-—3§ } & ZRT ‘?5: TV o (II,11)

- x
The last term, -(b’/a’-l)ﬂ'voo is constani, and of no real significance, but merely
fixes E=0 at PaQ, T=0,
If thoe heat capaciby por gram at constant volums, cvg(aE/éT)v, is assumed %o

have the conatant value 3R one may write the entropy, S, as

5 = 3R Lx{kT/hw)
where 2 is som sverage froquency, In gensral  inoreases with decreaging vclume,
but probably depsnds vory little on the tomperaturs, If one assumos that the volume
depoendence of 2 can be adequately expreossed as an inverse power of V* = V=b,

with the same parameter b as ooccurs in the onergy expression, one may write:

YEAY-1

s = sR.An (2/6)(V*AV] ) . (1I,12)

In *his exprussion @, of dimensions of %Lemporature, is merely introduced for ths
convsnience of haviny all subsequant equations dimensionally oorrect, but plays no

other rols than that of fixing the absolute walu» of the enitropy, whioh is chossn as

zZoro at V:Voo, Te Qo

APPRO\/m RELEASE
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Equation (11) for F has fowr independent parameters, which are
b , dimensions volum3 par gram
77"', dimensions prassure
R , energy per degres, assumed riven by (10)
¥ » dimonsionless.
Bauation (12) for S introduces one more paramaeter:
DY, dimensionless ,
besides the completely immaterial @, Thus (11) and (12) constitute the two fundiam

montal equations for a five parameter squation of state,

It for no good reoason but that of convenience one chooses

Ay¥=0 {1Xa13)

one has a four parameter equation of stato.

There oxists a theoretical argument for assuming the froquencies proportisnal

1 0 2R

PUA LY A

1 2
” N1 LR
%o (Q“E,/a‘v?‘)’ or, fron (11}, -y N -

o .
RSN

- 3
o (¥+1)/2 2
p VeV (\r:c’/v* ) .

T+ OF~1=Hya) |,

or,

INCLE 21- ¥ =.;- (3=7) o (I11.13*)

Sinoe mumerical valuss of about three seem to fit for ¥ this equation would lead
to small values of A ¥ o Tho theoreticsl argument for assuming, the frequsnoy
gquare Lo he proportional to a?'m,/avz is sufficlently wenk to make it appear in-
advisable to sacrifice the roal convenience of the assumption (II13) that AY¥= O
and replace it by (IT.13'), However, either (13) or (13') might be used to eliminate
AY in order to have a four pnrameter equation of state, .

Bquations (11) ani (12), with or without the ussurytion of (1%2) that AY¥ = ©

have been referred to as four and f'ive parancter equations respeotively. Actually

oquation (II.0) fixes cne of the parsmoters, namely R, in a trivial way from the

e e e =TI
—— LD ammmmmy
- —_as . [y
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atonic weights Insofer os o, differs significantly from the value of equatien (10)
the assunption of a constant value for Oy will be errcnecuse The three (or four)

remaining purameters, 7, b, ¥ (and AY if 13 is not used) must be desermined from
experimental Valués of the quantities: /fo, the isothermal compressibility at F=0;

o, the coefficient of thermsl expansion; and & (or £ and B) of oquation (7} (er

o
of equation 7Y,

In order to sccomplish this it is neocscsary Lo use the equations (II 11} and
(IX1.12) to express these measurable quantities, Koo /50, A, and Be. The rather
tedicus mattiorntlos are accomplished in sections III, IV, and V, The useful

equations ere sumarized in section VI for AQ¥g ¢, and in VII for AYF o,

An epplication to some aveilable date for AL  is given in gsotion VIYY,




PO
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TIT, VMANTPULATICN OF THr FUNDALENTAL ROUATIONS,

All extonsive quantities, E, energy; S, ontropy, and V, volume, are per unit
ma8se Introduce

Voo = volmmo (per unit mass) at T=0 end PgO,

Vo(f) s volumo (per unit mass) at T and Pg0,

VO(S) = volune (per unit mass) at S end Fz0,

V¥ o Vb,

V(1)

v (8)

Vol = V:(T)/V:o ’

Vos = VZ:(s ) :o ’
vp = VAL(T),
Ve = V*/‘V:(S) .

ERA ;o

g0 that

v, (T)b,

v (3)=t,

V*/V;o = WVl R Vg Vg = Ve (Inol)

Use, 8lso,
®

€= wv,, (111,2}

and introduce fwo functicns, one of 4he ontropy slone and one of 4he tenrerature

elcne,
. S/ L(xra
g2 e(s) z MIATLp o L IFAN ¢ (111,5)
£ a(T’ AR( 1 -1 € -1
o At ) = R "Abf"’& } T vOT . (11104)
Lquation (I1,12) is:
. TeAY=1
s =3k n (T/6) v , (111.5)
(¥ eAY=1]) /21
T ool S . (I11.6)

[
———
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Substitute (1) for Vf/V;O end (6) for T in (11,11) for E, to obtain

Y
fe€lvpod O, A e
= vyt Tiara & “50r| o (T1L.7)
Since,
-1
SV = (vi ) O/ov, (II1.8)

-1

eV v ) ébﬁgvs

= oo ©08

differentiation of (7) at constant entropy, and hence at ocnstant g leads to:

P2 05/ &), = TT‘[V-{{» gvoia’e» A% -(rkay) } 1]

-X. -
:T\"[(vosvs) ¥t gv, ¥+ay) - ]:l . (I111,9)
v

At zero pressure = 1 8o that

-y

Vs = 1= ge (I11.30)

Use this, in (9), to write
-% -(¥ed¥ -
Pz W[vs b (v,"THD) -y, 1] . (1I1.11)

Sincoe from (1) Vos¥g = VorVp comparison of (%), (4) and (6) shows that

«l {54 AY)
v = gvs‘ . (111,32

so thet (9] mey be written:

P:Tr[v l-i‘voTv'-l]

- -r -1 .
'W[Qrvo'r) bLvg - 1] (1I1,9')

and since Ve B 1 at zero pressure,

-

v
oT *

1-¢ . (111413)

and,
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-6. - -
. 1 =¥ = =¥ -
For any given volume, since (vOTvT) . (70878) = v, (1-f) = 7, (1-g)
we have:
V;.X (1-r) = V:X(l-g) (111.15)

In gernsral,
(2£/9V) z ¢, (28/9V), = o,

that is, £ is a function of T alone and g one of 5 alone. Wse (3) and (16) or
(4) and (1%), to finds

ar/afn T - i‘[l -atn v /ddn 'r]
dg/ds - g[(l/SR) - y+2¥) a Ln vo/as] .
a An vo/dZn T = [(1,’3)1'/{ 1-1')] d I e/a In T,

a Lbn vo,/dS = [(1/)”)@/(1—5)] a on g/ds,

80 thet:
. ; Y=l e va
dr/ar g (!‘/I’)(l—f‘)/[l - 5= t}, (II1,15)
dg/ds = (g/SR){l—g)/[l + %}’: g] o (IX1417)

Howr differentiate (11) with respect o V, using (8), to obbtains

=¥ -
(=Op/V), = l/‘fd:d ~IX vt g [Mv Fray) } v..zr]

V* T 8 s

| »'s -1 W%

- 2L L [ﬁ.?.l” le - v; ] , (111,13)
Ef

whero, In ths last expression, use has besn made of (12) and (15),

Similarly, differentiate (14) with respect to V, obtainiaz:
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, oay =¥ 1«2 =¥
('31/5")'1':1/‘% :;r Vo &F [b’ Vo = Vp J

(I11.19)

-y 0C YA -
T "8[']:'” wa) ] .

- v* v ¥ = vs

The ratio of these, from (I1,5) gives

-1
rEAY-1 -4 1 -AY

1
TeAyal | ={r-1) ¥=1
132222 o gl a-sl, £ [vT - . (I11,20)

Differentiatlon of (9') with respect to T, using (4) gives:

(apléT)v - O('% b M‘%é@ - Tf/TVT . (111.31)
v

The energy E may be expressed as a funetien of P and ve From (9)

HAY Ay A
g o: « (AT S A b’, (I11422)

and if this is used in (7)

- a‘,‘r‘%ﬁ [(X&A\‘) "' T-?]V J- ?:bf v-(b’-l) - m;. (III.33)

r=l1

If (22) 1s used with (2) one finds

S = 3r.In —QWTT' { LI J*A”’E. (I1X.24)
From (9t)
Nop = (B = v o . (I11.25)
which, with (4) gives
€ P -(¥=1
T:Wm {;v-v(b’ )&v;. (III.ZS}

These oquationas express the corresponding functions in terms of P and e
e may introduse, instead of v, either Vo =z VAL(T) and £(T) or

*
v, = V*/’v'o(s) and g(s), using (1) and (12) or {10)s Ome obtains:

APPm -'iFiéi EASE
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T s 15,
™i(s) T or-1) o
B s era—— r AY -{r=1 €
“ Ytar-l [X"Am'vr]vs b o (-ahv, -
n-v;(r) [ o (1)
T —— A¥E = A -{Y=1 €
Y eA¥=l L T |V "'5‘—‘}1: (1-r) VT\ - -b,b:;r . (I11,27)
Ses P} nar
= 70 + 3R jn(l/So) { [1 & ;,-_:l Vs - (l-g)vsAX} R (III.ZS)

T Z nd
s (To/fo)v{[l ." r] = (1=t v, ? . (T11.29)
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vt =T omyes
e o

IVe THE HUGOKIOT CURVE.

Start at the initiel pressure, P, %o be zero, P, = 0, so that the free

voluae is V:, a% temperature T , enbropy S e The relation (I.5) determines that

Hugoniot curve:

AF = % PVZ(-AV) = %W:x, (1vel)
L
VO
From (I11,27),
*® *®
IV, V4 TrV AY ~{y-1) }
- X &A - -’

which, if equated to (1) gives

| -1 1=f
'3 ? y=l -1
P :b"n‘ [1 + %Y-' fo:\ x [_1 - (X*M‘I)XI l - Ké}-l) [(1-!) -1-(3’-1)% x
14 2%
l'a o

[—AV/}J s = (..av/ap)s’P:O x F(-Av/v"‘o) . (T7.3)
with

F(x) = 1 - 2rbaxyil) (TVe4)

1 AY i-f -1 d

The funotion F(x) may be developed es a powsr seriss in (=AV) = x\'z, as in equation

II 7%, One writese:

['AV/PL;ug = (-BV/aP)s.P:o [1 - &(-aV) - B('A")z'"] »  (TVeE)

VoA =%_{(z;&:) $[A‘o’fo[l c---]/[l &A‘f]}? ,

1+ _é.x
(v*)z B 2 AY e 50541} + SO
o =i b A’ : J S ° 14 AY s »
1{--5?: £, r o

(=ov/aP)_ P=G=<v*o/x7n(1+ S fo) s -

APPRO\/ ‘6' Ii_ELEASE
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£ = TRI(Y + AYL)/T V

If Ayz C it is seen that B £ C in the development 1Ve5, 83 would be all kigher
terrg of tha develomment, For this ocase:
€4 (5 [1-%(“1) =L@, e
Rug 8,F=C o

vh:ich can be solved expliecitly for (=AV):

]l
=AY = [=2V A} [ =V r
&) (), S 3]

Tug; 8,P=0 5,Pz0 ©
| (ZVe7)
(R/enV) = (-DP/OV) _  #RGeminAl

Mg 5,P=C

(-av/3r) | o= (V/ » (Ay=z0) .
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C e e et e ——

¥. THE RAREFACTION WAVEe (Ay=0)e

In order %o oalculate the relatively small deviaticn, g(P) of equetion (I.9),
by which the free surface velocity Yo differs fron twice the materisl veloecity, Ugs
wo linit ourselves to the case Ay'= 0,

In this case (1II,11) gives us
e =Y

P $ m = Trvs . (\‘r.l)
-1/x
VA = Vg = [1 ¢ (P/rr)] , (vor')
whereas from (I11,18)
(-aP/aV)s = (xzr/v:)vs'm'“ . (Ve2)

Corbining thegse two equations one finds

(- 32/ 5v), (r¢r)/>

(wr/v’;)[l ¢ (P/rr)]

(Vo3 )
] 1)/

1 &
-25/0v = Gy [1 s /)

Integrets (3) from =0 to P, and obtein:

P 1
Yy =§ (-av/ap); ar
0

FAT _era1)
. (vvo,:r)’d g (1) 4 L)/adx

o
R . (F=-1)/27
35‘:.5: (”Vo/x)%gfl + (P/n)} -1§ . (Vod)

"
Hovrover, Vo in this equation is the free volunme, V=b, at zero pressure but
8t the ontropy after the shock, and nnt identical to that bofore the shock,

From IV,7 we have, in the shook
-1 .
(=a7/7)) = (W)(P/rr)[l Ty (P/rr)] (Va5)

= (VA (A

V"'/V:;-.-[l%%'— ]/ALML@] (V;S)
ROVEEY F PUB!_I C_REL RELEASE
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which latter gives the ratio of frees volume after shook to that before,.
Let V; be V(')-'b before shock, and V:x. the free volume at zero pressure aftor
the shock, that 1s the free volums to which the material returns after the rare=

fection waves Using (8) and (1') one has:

-1
15 _
Vo = v:[l ¢ (P/rr)] [1 2 -,1,3.] {1 + I ,f.} . (T
Rewriting (4) and replacing the V: oocurring in that equation by (7)3
P
¥
r
o Lo (07 o]
. : -'- v o/a') [ i ( (VeB)
X&l P
o ]

From (IV,7) we have, for ug

% » ';? -7
- } = gE1L P /8 .
v, = P( AV/P)Hug; = (PANYTV_/¥) {1 ' 7%.3 . (7e9)
Combine this with (V.8) to obtaing
1 1
i 5 3
2y P i .
up/fug BT T [1 ""n’] -[1 !-;’-,i l&%% ;r‘-;. . (V.10)
This may be developed as a power series in Pﬁr and ono obtains:
2

3y m2)=5 2
up/ug = 14 S (B/m)" & oee (7.10")
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- e

VI, BQUATION SUMMARYe (A¥=0)e

We summarize the equations flrst with the assumption Ay = 0, One then has
four constants, nof which the first, R, is trivial:

-1
R = 1.986/!6' cal deg

»
(M = atomio weight ),

b volume per granm,

T  pressure,

¥ Qdimens ionless,

From these wse form one useful combinntion:

£ = 3R(=1)T/7 (V,=b), (VI.1)
with | L ,

Vo = vojume per gram at T, P,=0, (Vie2)
Then with

v

ﬁ; = isothermal compressibility a (=1/7)(SV/OP)
T,Px0

8, = [1 - ('b/Vo)} [1/577—] [1 -%’}-r]-l , (VI.3)

o, = ooafficlent of thermal expension = ( 1/v )@V/QT)P__O

o G, = RN -b) = we/T, (VIe4)
from (III.21)

o, = 3R

y cp/c -

::) -1 F )
¥=1 Tl

from (II11,20).

14 (Wgﬂz/ﬂcv)

Y}

Tho adiabatic compressibility at zero pressurae, g;do is

L3

v

APPROVED=FER-PUBLI-C_RE|. EASE
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Fado ™= ~ ™ /v 4~y

[1-(‘0/“’ )] ﬁﬂ' (V1.7)

rom (III.IB)
The Hugoniot Curve, starting from rero pressue, is3 from (IV.6)

(= A7) 2 (Voob) <= [1 $ 27 (5,—*7’,-)]

(VIe8)

-1
2 (-on) F% [1 - E(r#1) é-‘:"z]
0

The ratio of the free surface velsaity, Upgs 0 the matorial welosity, u

behind the shock, is givon by the equationst:
sz, [14am)]

&) = [1 - (ur/us:‘/ [1 b))

X

Y
2y )
wo, B 002 [T s
5y =2ir=5 '
z1ly . (P/n')z&... (VI.3)

from (I,9) end (V,10) and (V,20'),

To solve for the parameters from the experimental data one may procead as

fOllUWBo

Use

<
"

specifio volume at T,Pzn,
specific heat gt T,P=0,
(1/\r)(aw.r/a1')P at T,Pan,
A = -(1/%/)(av/ap)T at T,P=0,

&

89
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» OITS
TV 0(2 p
ado /Ji: i = ﬂo Oy cp
0 P
G V:: o‘o 1 - Vo d’o
- ! A - .
& °p [1 - % “o] o%v
By oy
Use
Ys = 3§ Upg »

P - :sus/‘Vo »

(=4V) = VO us/s »
from the datia on shockse From this detarmine A in the equation

(14, Boao) [('AV)/P]HHg = 1-A(=AV) .

Then use, from (4) and (5),

fl
4‘%°=[r:m.

from (7)

L. )= v .
ado [1_?\1) ﬁfo 5']

and from (8)

_A.S.L_l_.
 Teor)

Solviny these equutions:

1/-tovy)] = av 2o

1l
b = V0 i:l - KV;:§§ ji
Y= {AVO $ %G} / [AVO-%G .

(VI 10)

(V1.11)

(Vierz)
(VIl13)

(Vield)

(VIe15)

(Vi,15)

(VI17)

(VIe1ls)
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Tz (LAse) LAVot-f}G] . (VI,22)
£ = [_b’/ (‘(—13] [1-(cv/cp)]
3'?5' Ewod‘i/{ﬁo”p] o " (VIl23)

Use the results tc compute ur/us and g(P), equation (VI.9), us(z) = uio)[u.g(p)l.

From (VI,13) and (VI.14) it is seen that P/(wAV) remain unchan;ed by the correction,

but (= AV) is increascd:

:‘ (-AV)(O) [1 + ;'s;(P)].

(=an))
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VII. BQUATIGN SUMMARY (A¥70).

There are now five constants, of which, again, R is triviasl, These are: ‘

R = (1,286/11) oal deg -1 o ¥ = atomic weliht

b

volume per [ram,
4

o<
(1}

T = pressure,
dimensionless,
Ay = dimensionless.
The combinatlion .
£ = SROBAY=1)T/m(V,-0) , (VII,1) |
oocurs freqﬁently, with )
Vo = volure por gram at T,Pz0, (VIiX.z)

Then from (IX1.19), (IIT,21) and (IIT.20): |

% isothermal compressitility = (=1/V)(2 V/‘;E)T.P'-O
4

= [1-(5/'10-)] [l/ym] [1- =, N . R (vn;s)

D XD

A, = cooffiolent of thermal expansion, = (l/V)(a,V/QT)P
“0/15 = SR(V3AY=1)/Nb) = TTf/'l‘. (VIZe)
s, =3, (VII.5)

2
14 (TV o /,fov)

cp/c
K2

Y+Ar-1 - |
=14 __.-f-:- by [1 - 1’5,"- . (VII.t)
Gaao = (AANSV/OM)

[1—(’0/‘!0)] [1/2; rr] [1 $ %—?—f rl - . (vn;'r)

The Huronlot ocwrve, starting from zoro rressure, is, from (IVe,3), (IVe4) and

(IV.5)
V -t :
: o 1
g - > - R~ - Y / -
L & AV/I»\HUS o [ ~r ] F[ JAY/4UM h)] (VII,8)
5 1% —b-;- £

,:‘::‘
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with,
‘ 1-3(+ 0¥+ )x
E (X): 1
-f °
AY o =y=l -1
1 - 56T = [(1-7:) -1-(,)*-1)::] x . (VII.9)
- 14 = ¢
¥ o
or if

[-AV/P]M : (,.Bv/ap)s’.P:o [1 - A(-AV) - B(...Av)2 --] , (VII;IIO)

1
A= —-— 11 AX]/ [ _é_b: <\ . .
2(\T°-b ) g(b’*-u, * A}f fo [1 " ""?‘ 1 ';‘ b,_ fo » (JII.lO' i‘
ar
1-f 14
R — A¥ — s el ssore, ¥ (| (viio)
12(V_- u 2 5, R

To detormine the parameters from experimentel data one may proceed first as

in section VI undor the assumption that AY =0, That is, uso:

<1
[}

= specific volume at T, P=C,

(o]
]}

specifio heat at T, P=C,
(1/A)(7/9T), at T,Pxc,

&

AN
n

(-1/V)(2V/IP)y, at T,Pz0,

a3 exparimenial quantities, and compute:

Aoz AN - et/ o]
sl vl

u(O)N a
s = % Upg

P(o) - Su§°)/‘v ;

o
(-AV)(O) :’VO uio)/s .

e
e s e et T T e S
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peterntne A¢%), ana A1) ana B(1) vy ritting
. ( ) .
A, Ao [(-A‘T)/P]m =1 -2 avle)y

2

Ao faso) [cavfely, a1 - s car®™a®art))
(1)

Actually the determination of A B(l) should not be underteken at this stape,
(1)

, which can only be completed after the

but must wait on the computation of AV

step of equation (VII,16),.

From A(o), G, ﬁado compube

[1-(b(°)/vo)] = 1/&*(0)%-%*"] (vn;n)
v 2 [y ot] /b v 2d) (VI1.12)
¥ s[A(”voféG]/E(“vo-%ﬂ} (VI1.15)
7 1/6,,‘;,,[A‘°’vo ¢ %c] (Vi1.14)

(o) 0
£’ :[3’( )/(‘6(°)-1)] Ervooci/go cl . (VII,15)

o
Withy o 'ﬁ'( ) and ¥ = 3’(0) corapute ¢

i p\® F|2 -
u/% =37 ?ﬂl 4 “&“'A%*%l

3
- Pl (VIT.16)
- w
., Dyoe2Ne5 2 ‘ |
214 =T (PAT) & === (VIIL16')

g(P) ={_1-(u,./us S}/&H@r/us)] , (vn;m")
and

("AV)(I) - (-AV)(O) [1 2 3 {;(P).J . ' (VII.IB"I')

With the corrected values of (-AV)(]'), (noting thet P/(=AQV) does not change

whon u, is altered by equations (1€)) one now computos A(l) and B(l) of the expan=

sicn for [-AV/P]Hug/VO,é' it

Then, {from VII,10") compute consecutively:

pow
e e et

——

et = = s emmmeie s st - =
— -

~errO ‘C-RELEASE
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a5 B(l){l.m(")/“fo)]‘~ {1? 5% ]/[l-fio)] o (VIIT)

' : A%
(1) (o)[ (0}, (o). (o} 5 A0 W= o(VITa17t
AY " - AY 14 (an 0l ptody, (el ) + f(°> ____3;./ .
/e, 5 (X °4) 1 gj?t.(r})
rho)
With A(l). B(l) and Ax(l) form
G' = C = Ab«(l)/ [1-(b(°)/vo)] , (VII.e)
, 2,00 | (o )] |
AW = Amv M'M /b, ~Te-, (VIIl19)

[1_(b< >/v )] [mmr( )/b,(o,)f(o)]

8" % Fato {1 * @t /,( (03] | (’JII;?O)
Witk these rocomputs ;
1-(1,(1)/‘\:0) - 1/[A-~v-c-§a']; (VI1.71)
b(l)/v0 - [p_'vo-u,ic'-l]/l;'vo-ict] , (vIr,o2)
[A'V #! G'] /[A'V 1c] , (VI1,23)
7r( - 1/& [A v, $6" ]? (VIIe24 ).
TR | I

These first order paramoters will usually be suffioclently oclose to those
obtained after infinite repetiticn, If necessary, one may return to (17) at
this stage and repeat,

In gonoral one will find 4het

D”( >+Ab’(1) a'( 2

that is {<1) differs fromy (0) by about the value of A,
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!

VII1, APFLICATICK TO ALUMINUL, o

o

Some date on Aluminun have been supplied by lire Plecher. The values of u, e

+

had already hoen corrected by enothor equution of state than that to be determinsd
here,; Tho data are tabulated in Teble 1,

From Intorngtbional Critical Tables we take:

V_ = 1/2.699 = 0,371 oe/m , t=20°C,

(s}
op = 0,214 éal/p;m AL
oy = 76 45%x10™C deg"l , Ty,
é - 1.343(10-6 atm-l . unon u.
1/ 8, ,, = 0+800x10° bars , (VIIT.1)
vod.o/(ﬁ’oov = C = 2,040 , (ViiT.2)
TVOOL2/7?cp = 0,0529 , (VIT143)
TABLE VIIT,1
SHOCK LATA FR Al,
P v ( _:“P AV/E;
Noe kilobars -AJ‘/VO Wv’/"' AV) [_ JTI
. .v_“.;l‘.&
oo Ie) ﬁado
1 109,€ 041035 14060 0o 7547
2 11747 061085 1,035 047369
” 1250 061165 1,773 0e7451
4 12642 041220 1,108 067215
5 21944 041635 1,242 065959
€ 27148 061845 1472 065432
7 29840 041965 1,517 05274
g 314,% 002045 16557 o503
e 20646 062060 14489 065370
10 51642 042090 1,612 065291
11 33243 02180 1.525 0,5243

Least sqmaros analysis of the data in tatle 1 giwes:

AP G- RECEASE
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[ {- Av/x;}nug/'o ﬂado} =z 1-2.3209(= AVAV)

. . -
or = 1-2.49(-AVA ) + 0e53(=-AVA ) ,

so that we use either

(0}

v,z Re3209 , (VII1.4)

or

L),

B(l)vi

= 24106 , (VII1.%)

use (1), (2), (3) and (4) in equations (VIL19) to (VI.23) inclusive to
ffind:

{l-i(b(o)/\’o)]: C.952 ,

b(")/&ro - 0.0-18;

TT(O) = (?.22‘.3;:106 bars ,
(o) ’ .

¥ = 3,418, YU 1§
(o)

£ = 0,0762,

From this, using tho approximate expression (VI,16') for ’5«/‘15:
B3I
ey :
w/o, =z 142 -21525 P et
962 T
kY
g

1 ¢ 0.0416(Px16"¢ bvars) .
3T )

Since the highoest pressure é;iws (}"11:10"6 ters) = 0,110 the largest ccrrection to

4.6
(1) (

1)
which we shall neglect. Tt wos in anblolipation of this that A and B could

(=AV) shoulc be

bha conputed before this asteges
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F

[ \ ‘
ile prococed with ithese values of b<o), 77'(0), and b’(o' to caloulate AB"(O'

from equation (VII.17) ond A¥1) ooy (VI1,17'), using Bvi of equation (VIII.5)e

One finls:

AB’(O) (v;i B(l)) [1—'0(0)/\'0] [12,’6(3’(03&;}/[1-5'(0)]

"
(]
D
)
-8
[Le)
&
W
-

(1)
AY = =0e1954(06989/0,995) = ~0,4924

',—3-'. = 05
The cortainty of T}Vi from the experimenlal dabta Is low enough $hat thore may be

gome doubt il ~ven the ono simmificant fipure is roally simificant,

(1) (n)

Nox use A"7V_ of (VIIIL5) instead of A" V, frem (VIITe4), and proeeed with

tho equations (VITe18) 4o (VIIL20) o find
Gt =G ¢ [o.s/(o.gszj] = 26540 $ 0,528

;4 ?!.065

h LL.re
5GY = 1,032,

A(1) 0425 (00732 )(0o7551)

o Vo ¢ (G5 (C. 598

AtV

26A0C#06CL7 = 24517,

' -5
A= (0o125x1070 )(0,929) = 0,124x10™° barse

Use those in VIIL 21 S0 VII.24 %o find

b(l)/‘vo 2 =0,019

(1
b"}

4 4097

Tr(1)

0.200::106 bars

(1) .
0,0641 APPRW’!’:@'REE@ASE
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A ealculation to o hi-

(z)
AY " = «0,4920 [instenn or =9,1924]

%
[}

« 1
Q.
(9]

fos ]

-

04200710 bars ,

:’
]

ASXKK): -0ch

=y
£ = 0,0848

The fact that b chanpes
of’ ccurse, uninportant, sineo only the ouantity

1=bA7,

in zeroth ordep

fah

06952

1.ﬁ19 in Pirst order

1,002 in seecond order

is of importance,

her order ¢ives congecubively:

» in consecutive calculations

4

by a largo fraction is,
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