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AIMTRACT

Thic paper details the procedure for determining the oonstants in

a reasonable empirical form of equation of state of solids from data on

the Lsothcrmal compressibilityat zwo pressure, the coefftoient of

thermal expansion, and a single !dufioniotcurv@e The nethod is illustrated

by application to alwinum. ‘l%ecccactequation relating the rmterial

velocity to the exporimen%allymomollredfree surface velouity is worked

out, since both material and shook velocities aro needed to construct

the HuHohiot Ourvee
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IJ-IIR1.AWHECI 40
The fr99 surfme velooity, ~~, is the matwr~al v~lO1:*l~Yaaqui:rlodby natter at

>’,

rest Whioh has been subjeoted to a shook wave fcltl~1wed by a ra,,r!:]fIImt!LII)Uwave to

zero pessure, the rarefaction wave moving dired .Y1 ‘ opposite to tho f:l’!lreotionof

shook wave. This is obserred experimentally by cle,twti IIhg the w 10Clty of a surfaoe,,
..--

in oontaot with a region of zero pressure (adud.ly a~:~.8L$akllo:sp’h~:~rl!!p~6-8we ) ‘“” ,

after a shook has reached it frontthe inside, t~~l~relli!~gin a d~r(g‘l~t~ on ~or~~ to

the free surfaoe.

The free surfme velooi~, uf8, may be writl;enas the SUM Iof brm approximately

equal velocities, us and ur, the former being the material velooity aoquired in the

shook, and the latter being that aoquired in the (adiabatio) ramf action mwe

reduoing the pressuro to zero. The latter velooity is givmn by the eq+utionS4

where (4S@P )8 is the derimtive taken at eonstant

For weak shooks, in solid mterials, (.avp?)s

that:

.
●

entropy, Ss .,

xmy be regarded as mnetant, 80

.
(1.7’)

Sinoe, for weak shocks, the Hugoniot cwwe follows the adiabatio, (-AV) ~P(-W~P)
SDRBO,

one has, frtxti(2),

and equation (6) that uf8s++u9,

appreciable deviations from (6)

*

is approximately twice us follows. For strong shooks

00our.

‘1’?teexaot equaticm relatin~ us and the free surfam velooity, Ufe, my be,

written:

%:ihf.[w(o] # (1.8)

where
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is a m.anbor

large.

t

approaohes zero for mall pre38ure8,

5.

and is

●

presumably never

. . .- ---”,.-——
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11. EQUATIUN W STATE ASSUMPTIONS.

A knowIedge of’ the oommon “first derivutivwsn, oonpreasibility,j, co-

efficient of thermal expansion,d, md speo~f’$c heats Op at room temperature and

zero Pressur@9 Pl~ a ~as~ement of a single l~ugoniotcurve is no?isufi’ioientto

establish the oonplote equation of state of the material in the neighborhood of

those pressures ,andvolunes remhed on the Hugoniot.

In prind.pie, at least, a measurement of a family of Hug~iot ourves, obtained

by meamuxlng thn shook and material velocities in shooks produced in the same material,

but at dl.ffe~nt initial densities, would establish a unique equation of state.

Howovor, it appears to be more praotieal, alileast as an initial attempt, to assume

a simple and reasonable analytical form for the equation of state, and to use the

Hugoniot ourva to detemnino the parameters of the equation.

The three quantities

cL= (@)@@T)p

X= -M)@@’)T

ap = (~H/~T)p

oormaonlylmown at room temperature

in any assumed equation of state.

slope of the.!lugoniotourve:

w (IT.1)

# (11.7)

s (11.3)

and zero pressure, serve to fit three parameters

These threo quantities also determine the initial

(IX.4)

(11.5)

(11.6)

A measurernontof (-AV),/P at a pressure su:fioiontly high to shcnva significant

deviation from (4) Woultlpermit one to obtain a fourth parameter, say b~ writing:

~.— ...—.. ..... ------, --------.

=-:”s:”s
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and determininflA. l+Jenusromentsof greater accuraoy, and at higher pressures, ray

permit the cle%cn’mip~tionof a fifth parameter by tho use of an equationx

[-WJHU,=G’VPP}[M(-m.ww)’].
s,P.+

(1107’)

Ve~ considerable r6finemowt in acouz%ay, and extension of the pressure range

that now measured,would be required for tho evaluation of a sixth paramotor.

Tho question is then to find simple four and five paramter equations of

own-

state wMch smtis~ our prejudices of reasonableness in analytical form and whioh

oan be readily handled.

F’rona theoretical point of view tha equation of state may be re~arded as

t{
determined if both the energy E, and entropy S, are gi7en as funotions of volume

I

and temperature. However, the two derivatiws with respeot to temperature must

benr the relationship:

(&@T )V ~ #T s (ltf)(2 E/~T\Je (1108)

No necessery relationship need exist betwoon the volume derivatives.

A simple anficonvenient form to assume for the volume dependo~oe of the internal

energy at T=O is

-(V-1 )
E(’MJ) =.AV+ 3(V-?)) $ c,

By introducing

V* ~V-b ,

o~e may write this ast

E{T+) s TV* [1++(+J]-i%~t-
ir

“01

VW*
l-—

V*.

J–”=:imiliii’:z.—.——-.—..

. (IIe9)
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8.

~. is seen to bo the value ofan(lV*

parameter b.

A% tho entropy of the m~tirwial

least, hnvo the constant DuLon< find

at rcon tonporature,

Petit value l’or~.

intensg shocks, in which the temperature beoor,msso high

I-:(),most Im3tals, at

Zxcept for etxiiremoly

that electronic degr~s

of freedom are exoited, it is probably roasomblo to msum that$

‘%=3R . ●

1

(11.10)

2?=(1.986/k) oal deg-l

with M the {average) gram ato.m.iowel.ght,

We, therefore, RSWXO for E{’J,T)the formt

(11.tl)

The last term, -(~lr-l)n-v:. is constant, and of no IWal signifioanco, but merely

fixes E=O at PsO, T@.

If the heat c~paoity per gram at omstant volum9, ~ (~E/~T)V, iS ass~t)d to

with decreasing vcl”umo,

assures tlxlttho volume

dopondenoe of w can be adequately expwwsed as an inverse power of ~ s V-bc

with the = parameter b as oacurs in the energy exp~ssion, one may write~

In %his expr~ssion 8, of dimnsions of temporature~ is merely introduced for the

WXWenienue of having all subsequent 6qustions dimonsionalh~ oorreet, but plays no

other rob than that of fixing tho absolute valua of tho entropye whioh is ehooen as——

zfn-oat V=V ‘f=Q.
00‘
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9,

Equation (11) for R has four independent pm-meters, ti.io% are

b , dimensions volume per gram

T, tiimensims pressuro

~ , dimensionless.

Equation (12) for S introduces one more parameter:

by, dimensionless ,

besides the conple%ely inroatorial0. Thus (11) and (12) constitute the two funda-

mental equations for a five ~trame%er- 9quati.onOr st8t9..——

If for no go@ reason but that of convenience one ahooses

(11.13)AX= o

one has a four ~nm.mter oquwt-ionof state,—.- .— ——

There oYiists a theoretical argument for assuminfithe froquenoies proportional

to (~2E,f~@iT or, from (11),
“k;.!+-”.::;- ,,

.>M;.&,,.. - -;
~<:,:\Jl .. ’13 ‘

2J - (ii* &)
(f&l)/2

o s

or,

Sinoe numrical values of about three seem to fi% for ~ this equation would lead

to small values of ar. The theoretical argument for assumint~f;hofrequenoy

square to be proportional to ~2E,/~@ is sufficiently WM.IZto make it ap~;earin-

advisable to saorifice the real uonvenieme oi’the aasumptim (IIe13) that ~~= O

and replme it by (II~13s). I{owevor,either (13) or (13?) might be used to eMmf.nato

AKin order %0 ham a four paramdmr equ~tion of state.

Equatims (11) an~i (12)8 with or without the msur;rtion of (13) that ~~= O

havo been refm-rGd to an four and t’i~wparaeter equations respotively. Aotually

equfhion (ltel(J) fixesmo of the F~ORNterS, namely R, in a trivial way from the
_ ,______..————..———_ _.—. ,.--——...-.-—---------‘-------e.

z--~ ““=--------.—. .--—---.-—-“.
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afxmic weighte

the as8ur@i On

‘--=—-.—-—--—.’=. ~—

Insofar as y, differs sig)~f’ickntlyfrom ilIO

of a constant value for o,l will be errcnomm~

ma

tmluo of equntim (10)

The tk’m) (or four}

oxperiznintal values of tho qua!itities: / ~, the isothermal compressibiliti~ at &O;

d o. the+ooeffioient of thermal expansion: and A (or A and E) of oqwtion (7) (or

of equatfon 7*)0

In order to cioccmpliohhhis if;is t!eec~~a~ to use the equation~ (IX.11~ and

(11.32) to express these mwamr~ble quantities, GLo, ~, A, and E. The rather
/

tcdic.usmatkenatios are aooomplished fn seotions 111, XV, anclV. The useful

equations are summarized in section W for Al% C, and in VII fCJr AIFPO.

An application to some avc,ilablec?atufor AJ? is flivenin sectim VIIX.

.__——--~
----- --- -:. .-L. .:.:-:. - -—-—-

z:.~.:“=._..—..-—---—
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11.

(~r unit mm) at T and P@,

(per unit mans) at S &nd F@,

V;(S)= ‘:. (s)-b,

and introduce

alone,

f: :[Tj.

$

9

— — =nc=”=_
~.:.”_ ——. - —-~:’ _ ...—-

“‘-=-”-’-=”
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● (11107)

(111.8)

differen+;iationof (7) at oonstati entropy, and hence at oonstant g leads to~

- g.

Wrih

= VoT~T ocqwrison of (3), (4) aud (6) shovm thzlt

so that (9) may he written:

~ -if

OT=l -f
●

mm,

------ —.. .. ------. —-. .:- --- -—----.- .—..—-.—-—-,----”
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.

[

—. N.
p - 6“=n-vT

1
MV;l -v;~)d * (111.?.4)

(111.15)

whero ● in thf3 last expression, use

miiimiiii:.-..-———:- ——---—.--————.--—-”-—-
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TheJratio of theges from (11.5) givo~

The mer~ E may bo expressed as a futlof;iGn of P and v. From (9)

and if this is used in (7)

If’(22) is used with (3) one finds

Froza(9~)

Tv 9 (111025)

These oquutions express the oorrespondln,~funotions in terms of P and v.

Cm mny introdune, instead of v, either VT = ‘fl;&(T) and f(T) or

7s= V*/lf~(s)and c(s), using (1) and (13) or {10). ~ms obtains:

-m;~~..—.-...—....—....—--
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—-— - . .. —.. — ——

-...-—————— --- —----T-”--
M.

(111.27)

(111.28)

(111.29)

...-.. --.4-
_.. —— - --- -. --,___

------- -—. ___ . . . . . . ._ -,._

~almmm==
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TV. TIE HUGO1?IOTCURVX.——

St~rt at tie initial pz*essum3, PO, to bo

Volu.m iB v;, a% temperature To, entropy Soe

Kujymiot curve2

‘x ‘dv~‘finfil- 1 = V*-% .

v:

zero, P. = 0, so that tho free

me relation (1.5) detemnines that ,

From (111.27),

[1
-AV//P : (-av,bp) x F(-Av/&) 8

lhi~ 8,P-+

8 (rv.5)
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~re
——

—-z (~~=o).
THE RA12EFACTTON WA’,’E.

ln order to ml oulate the relntivcly small doviatic~, g(P) of equation (1.9),

by which the freo surface velool~ u~~ diffors from twice tho mdx+rid velocit,y,us,

whereas from (111.13)

●

\

Integre.+xi(3) from F@ to P, and obtafn:

Jo

(V.3 )

● (V.4)

4.

ILmovor, V: in this equabion is the fr~e volume, V-b, at zero pressure but

at the entropy after the shook, and not identioal to that before the shock.

From ~“.7 we ham, in the ohook

1
-1(-’=%:):(1/ir)(P/7r)[l+ # (Pfi)

s (v:*7*)fi:= -(v*Ar: )+1 ;

%=[l+t+g/[l+lwJ ; ~(V.6)44
.—.. —- ----.— - —-.. -- -.——-

(V.5 )
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19.

whioh lather gives the ratio of free volum after shook to that before.

Let V: be Vo-b before shook, and V~r the freo volume @ zero pressure after

the shook, that is the free volume to whioh the naterial returns after the rare.

faation wave. Using (6) and (11) one has;

?’&w’ri’ting(4) and replacing the V:

From (TV.7)we

1-1

● (Ve?)

oywrrin~ in that equation by (7)z

Conbim this with (V.8)to obtain:

(v.9)

(v*lo)

This may be developed as a power series in Pfi and one obtainsz

(7.19’)
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four
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20.

EQUATION WWARY. (A&~o——

We sumnarize the equatious first with the assumptionAy = O. One then has
.

cons+anta, of wMoh the first, R, is trivial:

(M = atomio wei*t ),

b volumeper grem,

Tr prosa’ure*

Y dimensi~nless.

From these we form one useful oombination~
.

f s 3R(Y-1)T/7f(Vo-b),

PO = isothermal compressibilitya (.lfl?)(~@P)T”p=O
9

from (TII.21)

- 3R‘v “

1?o Ov= 14 (T-VO$2A%V)

{VI*1)

(VI.2}

(VI.3)

(VIA )

Pado ‘s

(VI.5)

,-.~= ;._. _.
-. .-. . ‘“- ---,--------- ,..: ------. . .... . _
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@ado
: (.@) (Jp/,Qv)~

.[l-(bfio)]fi~

.

frmm (111.18)

The Hugoniot Curve, starting from zero pressue, ia; from (IV.6)

- -—.. _——-___ -- —-—__ —

(VI.7)

The ratio of

behind the shock,

tho free surfaoe velooitiy,

is ZiVOn hy the equations~

(V1.!3)

Uf6, to the matorial velooi~, us,

from (1.9) and (V.1O) and (V.lO1) .

To solve for the paranetors from the exper imntal data one may proceed as

follows.

Use

v
o=

‘P =

4=

/“o-

,,

specif’iovolune at T,P=O,

specifio heat at T,P~,

(l/V)(~/aT)p at T,P=9,

-(l/v)@v@p)T at T,p=O.

21.

I
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Uso

from

us =-’.$ uf8*

P: su*fio ,

70 UJ?J ,

on shocks. Fran this de?mrmine

Then use, from (4) and (5),

G= VOC%JFO~v = p’+- 9

from (7)

and from (8)

1+(00 )-J: Avon-i!i!,

“V+-*{
?+.++q@ij_.

●

✿✍✎✍�✎✎� �

A in

—- .—. . —.. —. . .... ..-.————— . . ..-.

(VI.11)

(VIe13)

(V1014)

“-

22.

(VI.10)

the equation

(VI.15)

(VIOIG)

(’41.17)

~====== .-. —- .---———--— - -~.
——- E:.:. -..—

V. do
1

-vO do
G=— m --—
J /

●,
0 ‘P 1-*0*0 Ocv

/ o ‘P

—. ——. —...—-.. . . . .—. . . . .—
.—L—-. . .

.-— —— --
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——

~: (~;~&)/[Av#’&] ●

f’= p%+ [l-(c#oP)]

:i%pv%’o’r?] .
Use the results to oompute u~fu~ findG(P), equation

From (V1013) and (VI.14) it is seen that P/(QL3V) remain

23.

(VIC22)

“ (VT.23]

unchanf%d by the correotioti,

but (-DJ) is increascdz

(a)(’) =’(-~1+) [W@il.

~

-——.— —-——— -—-—--—...n-- -- --—-- ----——-—.----------.—. . . . .
—.-—.. .“-. ..–’
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VII. EQUATTCW SUMLW{Y (~ 7@—— .

There are nuw five oonstants, of which, agaia, R is trivial. These arez

T : pressure,

~S dimensionless,

The conbinntion
.

f : 3R(r?AlGl)T\7J(vo-b) ,
.

.

(VI1.1 )

oocurs frequently,with
. .

vo ~ voltmw por ~ram at T,P@.
,

l%ou from (111.19), (111.21) and (111.20):

H isothermal c30PlprOf3Sihility: (_@)(a @p)T;~@

#::[1-(hf170)] [l/YJ[l-~ J-’ , ‘

do = coefficient of thermal expansion, s (l/’V)(~V/~T)p

(WC.? )

(VII.7)

. . .

me Hunon f.ot Ourvc , starti~ from zero pressure, is, from (IV.3), (IV-4) and

(m.5 )
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. . . .. ., ___ . --- —.-

25.

I
.
.

1-$ (3-+W-+1 )x
F(x)=

Ax l-f

[
(1-x)-V-l

1

,
0

l- YnF’n —~+ AY
+(yd)x x-z , (VIIo9)

y ‘o

Orif

[-WP]W [: @V/i)P) ‘ 1- A(-ZW) - 13(4V)2 _- 1
.
, (VII.U3]a●P.+ #

To detormim the paramters from experiments.1data mm my prooeed first as

in seation VI under the assumption thnt AY=(). That is, USO:
b

~PQCiffc volume at T, P=fJ,
.

speoifio heat at T, P:C,

(lfi)(~T@T)p at T,P~;

(-lfl)(a@P)7 at T,P<,

as experimental quantities, and ooxnpute~

,.L

. .—.. -.—————— ., --, . — -:- — --,
—.-, ---- .._ . ..- . .

—“. ----alllD+===~“
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26.

.

(1); J1)
Aatual lY the dotermination of A should not be undertaken at this etage~

.

but muet wait on the amputation of AV
(l); ~hieh Oan

and

(-M)(l) = (-AV)(*) [1 + @j ●

only be aompleted after the

(VU.11)

(VII.12 )

(vIIe13)

(VIZ.14)

(VII.Y.5)

(vII.lf3 )

(vII.lf3’)

.

(VII.M” )

.

(“?II.V3’”)

.

With the oorreeted values of (-Av)’1 ), (noting th8.t p/(- d~’) ~OCM not ~~twe

nimn U8 is altered by equations (K)) one now aomputos A

sicn for [-AV@]uwfio#doO -

(1) and B(l) of the expan-

,

ThenC@ran VII.1O”) aompute oonseautive~~:

.— -.—— ~d—------ ... . .. .. .. --—’- ._. -—---- .-_. :. ..-_. .—,-- -.. .

:~--:’;’:-’
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(lj
,

l-(b flo) ~ l/[@”; +T],
c

Jo #J.

‘i’hefiofir6t order parmotcjrs will usua13y be suffiotently 010s9

nbtaind after infinite ro~etitic~.
If nmxssamd~, 0~f2 Insi.yrefiur~ to

Chis 3tf,i<e and ropeate

In ,ymoral me will fin? thaii

to those

(17) at

--... ._.-~L————.. ... . . .

g~==-= ----- —
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-

‘TIIT. AWL2CATXCX TO AJLWHWH.—— .— ,.

20.

!

‘“ . ...., . .
Som data m AluminuI?have been supplid by Ifr*Elech.ar~ ~-o values of Ua ‘1:.’~

had already hoen ccmmated by smotlmr cquuticm of state than that to be detmmined
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or ~ 1-2.496(-AV,~rO ) + 0eH5 (-AV~o )2 ,

so that we CSQ either
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*110 equations (VTI.lR)

[ 1Gt : G t 0.5!(0.952)
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31.

*The fncf; that b okin~es, in consecutive cfdculatior~s by R largo fraction is,

= 1.002

is of’importance.

in zer~th order

i.nfjrst ord~r

in second order
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