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METHODS OF TREATMENT OF DISPLACE?dEtiTINTEGRAL EQUATIONS

Reoipe Book -

In LA-53 a detailed treatment is given of the general theory of

displacement integral equationa. It ie tha purpo80 of this summary to present

in oonciae form the methods of treatment and,reoipea for the solution of auoh

problems. The pertinent numerical data is prooented in the form of graph.a

cippendedto this mumsary. A few of these graphs are of no signifioanoe to &

person reading only this summary, but they are included for the use of rcader~

of the main text. Tlieeegrapha are numbered, beginning with Fig. V. The

first four figures are inoluded in,the text of “&+3 and are not pertinent

in this summary.

The type of integral equation with whicshwe deal in

Here the kernel K ia a function of the distanoe between the two point~. The

‘weightingfhnotion, F(~’), serve6 tIk6 purpo8e of defining tho range of in-

tegration and the properties of the material in the various regions considered.

Equations of this type have application in many problems involving the multi-
.,

plying and diffusion of neutrone+rfissionable, so~~~, end absorbing

materials+

-
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One of the important problems of this projeot is that of the oritioal

multiplication rates of gadgets made of 8uo’hmaterials that the

neutrons’may be considered

ipotropio and all parts of

integra-1equation is

monoenergetio. If the santtering is treated as

the gadget have the 6ame mean free pth, the

~ is the multiplication rate in 8uch unit~ that

in a mean free time. Thu6 the time dependence is

# iE the multiplication

~WN@ where at ie the

total aollision cros6 eeotion US +cr= +af, N the nuclear

P’a. the neutron volooity. The uni of’length in equation (1) is

density and T

the ‘mean attenua-

tion distance”, the mean free path, 1, 1divided by (3 +x), i.e. l./[Ncit(l+J) .
.

The factor (1 + f) repreeen~1 the mean number of neutrons emerging from each

collision. i? is zero for wpure scatterer, -3 for a

po8itivs for aotive mataria:.
[

f=(v-
1

l)af - u*”/at

number of neutrons emsrging from a fission prooees.

SPoial studies h ~e baen made to determine

failure of our amnxnption of isotropic scattering and

(cf LA-53, Chapter VI) ● Tk se studieE indicate that,

pure absorber, and

where v is the mean

the effeot of the

a singlo neutron ezmrgy

for moderate anisotropy

and velooity 6pr0adp a goo{ approximation is to take the present formaliam=

where as is the transpor average, (1 - oo8Q)G~(G), of the scattering cross

section and v is the har onic average of the velocities actually ooourring

f-.

.. . ,.. -.-—, ——-—
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L/(l./v). This average orose Bection and velocity must be used uonfiistently

throughout tho treatment, i.e., it must be used in tho dofiniti.onof f and

] a8 well as in the determination of tie soale of length.

In a region far removed from any boundary or interface, i.e. in the

deep interior of a large region of constant f the integral equation can be

~implified by extending the range of integration to infinity (and assuming

that n(r) remains regular to infinity). The integral equation then reduces to

a diftorential equation of the same form as the familiar diffusion equation

(A + k2) n(r) .U O (2)

P where k is determined by the oondition

w

.

P’.

(3)

The unit of length, which oocurs in the Laplacian, is still the mean attenua-

tion distance. It will be observed that although Mis equation (2) is of the

sam form as the diffusion equation there is in general no simple relation-

ship between the two values of the constant enterin~. The two values do

+
Oo- tide for very small values of both f and >, the limit in whioh diffu-

sion theory must be oorreot. The smallness,of ~, henoe of f-)f, is not

sufficient to ensure ‘agreement.

The wave equation, (2), has simple well-known solutions, sin ~~

for a plane problem, sin kr/r for spherical symmetry, Jo(kr) fo? cylindrical
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symmetry, etc. Which Of

immediately indioaked by

these solutions is to ho used is in most oases

the symmetry of the boundaries. ,

The magnitude of k is determined by equation (3). A graph of the

funotion (tan-lk)# and its reciprocal occurs in Fig. V.

In a plane problem, i.e. one,in whioh f(~) and n(~) de~nd only

on the carteoian coordinate x, the integral equation (1) reduoes to

where

f’

(4)

which is tabulated under another symbol in the fir8t seotion of Janke-Emde, e.g.

The asymptotic solution of (4) far from a boundary is
[

A sin k(x +xo)]
J

where k is determined by oondition (3). If the medium is homogeneous through-
,

out all space~ x. and A are completely arbitrary. If the medium is homo-

geneous but extends only to one side of a plane boundary, say at x=O, then

A ia utill arbitrary but X. is determinate. The solution will not be

[
exaotly A sin k(% +%.) 1 near the boundary but will approach this form aa

an aGymptote i’arfrom the boundary. (See Fig. XI.) The exaot solution, n(x),

is found in j,~i=S3,Chapter 111, and the Ph-e of the asymflot~~ Gina BOIU-

tion, Xo, determined.
i

at x =.-xo, i.e. at a

f-’ ‘ “
a

This asymptotic solution,
[

‘~ vanishesA sin k(x + XOJJ,

distanoe X. beyond the boundary. It should be

e
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ernphaaizedthat the point, x : -xo, is’not a root of the true solution

but of the asymptotic solution,
[ 1

A ain k(x +xo} , whioh is approached by

the true solution for large x. For this reason, the distrinoe,Xo, is known

as the ‘extrapolated end-potnt”. Xo, like x itself’,is measured interum
.“

of the mean attenuation dietanoe, J(I + %).

X. times (1 + f)/(1 + 1) is nearly constant, having value8

slightly greater than .71 over a considerable range. A graph of .thiuproduot

is given in Fig. VI.

Intorduotion of Tamper ,

Another problem whioh oan be solvod exactly is tha~ of the neutron

distribution in two homogeneous media of tho same mean free path on the two
p“

,- eides of a plane boundary at x =O. f may be different on the two sides of.,

the boundary, e.g., zero or negative on ono side (tamper)$ positive on tho

other (aotive material]. In this case there will be asymptot,iosolutions far

from the boundary on either eide.

solutions of equation @)’with the

valuee of f. The solution in the

These two asymptotic solutions will bo the

two values of k2 determined by the two

tamper may be hyperbolic (exponential)

instead @ sinusoidal. This will oacur if, in the tamper, (1 ‘f)/{1 ‘%]

ia 10ss than 1, tbue giving an imaginary solution for equation (3). “In this

event the two equations (2) and (3) are more conveniently replaced by

(A- kz) nb) = O (2’)

.-. and

.,

— —
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&anll-1hyk = ,
f

(1 +%j(l + #j (3’)

‘raph’ “ k’”h-’ ‘Y
and it6 reciprocal f:@ given in Fig. V.

The

exponentially

away from the

core solution

boundary

decaying

condition ha6 been waluated for the ca6e of an

asymptotic tamper s,.lution(decaying exponentially

boundary). The extrapolated end point, Xo, of tie asymptotic

r 1.Isin k(x + XO) , is found to be the difference between two
L J

terms, one simple and one mall. The sim]le term is

(l/ko) tan”l (ko/~)

where kc is the wave-number of the asynq ;ot”.csolution in the core (aotive

material.,ain’kc(x + Xo) , and kt the (lqper>olic)wave-number of the asymp-

Ictx
to-ticsolution in the tamper, e . This tern is exactly the value of X.

whioh would be obtained by applying the diffu:?ion-theoreticboundary oondition,

i.e. the continuity at the boundary of the lo{.:arithmicderivative of n(x), to

the two asymptotic solutions. The small term is denoted by Ax. and must be

subtracted from this simple t6rm to give the ‘~ruevalue Of Xo= &o and

*o (1 + ft)/(1 + ~) are presented in

from Fig. VIII that this “extrapolated

true mean free ~th8 has approximately

Fig s. ‘“IIand VIII. M will be seen

end-po:.mtcorrection’ if measured in

the val~e .045~l + ft). This approxi-

mation ia independent of’ Y and is a 6uffioiently good one sinoe the cor-

rections give a very small oonkribution to the dimensions of the gadget.

“Itis reasonabl~)to assume that if the asymptotic solution in the tanper is

—
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nok a pure decaying exponential but, e.g., a hyparlmlic sine or uoainz tho

true end-point, Xo, will again be the diffutiion-thoor~tiioend-po$.~lt,obtr,ined

by equating hgarithiC @Oriva’kives,Iesn tk ~ of !iigs.VII and VIII.

Solution for Spheres

3t is shown in M@%, Chapter 11, that there exists an exact

parallolimn betwaen

of plane aymrnwtry.

qymmtry is that of

materials occurring

elab thicknooaes i~

problems of spherictiloymnotry and.correspcmdin~ problems

‘l’hecorreapondonco io as follom: Tho problen Of ~l~i~~

a series of $nfinitw slabs of finite thickri~~.],i of the

in the spherical problom. The so:.uoriceof mr:;orialsanfi

i~et~yabout

matter will

solutions,

ita mid-6ootion. ‘Pb.eintegral equation for this distribution of

thus pOsm3fJEIsolutions of bo%h oddand even qymmwtrp. 1’})0odd

%,, This relationship between spherical nnd plans probla~i:;

.. over directly the reGultG of tlm end-point analysis to

epherical problems.

/
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An example of -LheUHQ of thi6 relationship ia the trontmant of tha

untamped sphere. ‘Me fundamental solution in an untamped sphere ia relstvd

to the first odd solution in a slab of thickness equal to the diameter of the

sphere, aay 2a. Tha “asymptotic solution” in the slab is then ain k x where

x is again measured from the r~id+motion. This aeymptotio solution muot

vanish a dictanoo X. beyond the boundary, i.e. at x E a + Xo, where X.

is that given by Fig. VI. The sine function firbt vanishea for &gument ‘n,

“tihu~

k and Xe are determined ‘by f and x , hence QIGO a. The only mswmptim

made hero is the anm.unptionthnt iilthe midd2e of the slab there exists a

region in which the asymptotic solution is well eatab.lishedso that tha %o

boundary corditionfi(at a and -a) can be applied without interfacing with

\ eaoh other. A carnpm’iaon of th results of ‘tbiuoalou2ation with thoso of

v~riation theory shows this assumption ta be completely justified throul~!.mv.t

the useful range. (Cf. Fig. XVI.)

The mme method is applied to the tamped sphere. The ‘Lmped-~ph6ro

problem is replaoed by thatof a three-slab “smiwioh’t. The oonter slab i~ d’

core material,and of thioknes8 equal to the oore.diamter, the two outer sl.ahn

of tamper material and of thic’!cnessaqual to the tampe?:thiokne6a. Thclsolu-

tion 6ought is the first,solution wti~oki !~sodd about the middle of the

sandwich. The moat convenient method of solution is to take d~finj.tevalu.ds

/-’

—
/
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for the tamper thickness, for ?, and for the two f-values.

then proemds from the outside toward the taenter,determining

The solution

finally the

uore thickness, honoe the core radius in the spherical analog. The

asymptotic tamper mlution in the mndwioh problem will be a sine or hyper-

bolic sine vanidhing at a distanae X. beyond the tamper surface. The wave-

number and X. are determined by ft and ~, These two quantitie~,

together with the tamper thickness, determine the phase, henOe alao the log~z.

rithmic derivative of tha asymptotic tamper solution at the coro-tamper intor-

faee. %is logarithmic derivative is equated to the Iogtirithmioderivative of

the asymptotic ooro-solution, sin k=x. The value of x 00 determined will

be lem than the true half-thickness of the core by an amount Axo. This

(- tnik half-thidcnesa of the core ia equal to the radius of thq ooro in the

apherioal problem.

Extensions of the End-Point Method

The asymptotic solution vani~hes at a distance ~ beyond an

untamped 8urface. This has been shown by the end-point theory to hold both

for plane and spherioal mrfaces. It has been found empirically {by a@mpari-

oon with variation results) to hold also for cylindrical surfaces. This

result is not surprising, sinoe a cylindrical surface is in a sense midway

between the plane and spherical eurface6, but ionot in any way Euarantoed

by the end-point theory. It 5.saasurm$dthat the same gratuitous continuation

of the validity of the end-point boundary condition holds for a tamped

cylindrical surfaue. This assumption is supported by rough numerioal results.

(-’
,,

I
.

.
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