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METHODS OF TREATMENT OF DISPLACEMENT INTEGRAL EQUATIONS

Recipe Book

In LA-53 a detailed treatment is given of the genoral theory of
displacement integral equations. It is the purpose of this summary to present
in concice form the methods of treatment and recipes for the solution of such
problems. The pertinent numerical dats is prosented in the form of graphs
appended to this summary. A few of these graphs are of no significance to o
pereon reading only this summery, but they are included for £he use of readers
of the mein text. These graphs are numbered, beginning with Fig. V. The
first four figures are included in the text of 1Li-53 and are not pertinent
in this summary. |

The type of integral equation with which we deal is
n(r) = Jdn;' n(c') k(e - '|) F(e")-

Here the kernel K is a function of the distance betwsen the two pointa. The
‘weighting function, F(r'), serves the purpose of defining the range of in-
tegration and the properties of the material in the wvaricus regions considered.
Equations of this type heve application in many probleme involving the multi-
plying and diffusion ef.neutrons*in—fiéaionable. scdﬁgggég s and absorbing

materials.
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One of the importhnt problems of this project is that of the oritioal
sizes and multiplication rates of gadgets made of such materials that the
neutrona may be considered monoenergetic. If the scattering is £reated as
igotropio and all parts of the gadget have the same mean free m th, the

integr&l equation is

_ 1+ f(_x:b') . Q°|£“£'|
o) = farr 2EED e por )

¥ 4is the multiplication rate in such units that 61 is the multiplication

in e mean free time. Thus the time dependence is exvuatt

where o is the
total ocollimrion cross seotlion Og + 0, +0p, N the nuclear depaity and v
the noutron velocity. The uni® of length in squation (1) Is the "mean attenma=
tion distance", the mean fres path, A, divided by (1 + }¥), i.e. l/!hog(lé Mﬂ;
The factor (1 + f£) represeni ; the mean number of neutrons e;erging fronm each

collision. £ 1is zero for o pure scatterer, =1 for a pure absorber, and
positive for active materia . f sl}y = l)ogp = oo'/bg where v is the mean
number of neutrons emsrging from a fission process.

Spe cial studies h ve been made to determine the effect of the
failure of our assumption of isotropic scattering and a single neutron enorgy
(ef LA-53, Chapter VI). Tkvaé studies indicate that, for moderate anisotropy

and velooity spread, a goo« approximation is to take the present formaliesm,

where oy is the transpor average, (1 - co0s8)o, (@), of the scattering cross

section and v is the her onic average of the velocities actually ooccurring

\
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l/(i7;3. This average cross section and velocity must be used consistently
throughout the treatment, i-é., it must be used in the definition of £ and
¥ as well as in the determination of the scale of length.

In a region far removed from any boundary or interface, i.e. in\the
deep interior of a large region of conaj:ant £ thé integral equation can be
simplified by extending the range of integration to infinity (and assuming
that n{r) remains regular to infinity). The integral equation then reduces to

a differential equation of the same foym as the familiar dif'fusion sguation
(A + ¥¥)n(r) = 0 . (2)

where k is determined by the condition
v

fenl Bfc = (1« P/ +0) (3)

The unit of length, which occurs in the Laplacian, is still the mean attenua-
tion distance. It will be observed that although this equation (2) is of the
same form &s the diffusion equation there is in genefal no simple relation~
ship between tho two values of the constant entering. The two values de

oo§¥cide for very small velues of both £ and ‘X, the limit in which diffu-

sion'theory mist be correct. The smallness of kz, hence of f-»x, is not
suffioient to ensure agrecment.
The wave egquation, (2), has simple welleknown solutions, sin k-r

for a plane problem, sin kr/r for spherical symmetry, Jo(kr) for cylindrical

UNCLASSIFIED
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symmetry, etc. Which of these solutions is to be used is in most cases
immediately indicated by the symmetry of the boundaries.

The magnitude of k is determined by equation (3). A graph of the
funetion &an“l EVk and its reciprocal occurs in Fig. V.

In a plene problem, i.e. one in which £(r) and n(r) depend only

on the cartesian doordinate =x, the integral equation (1) reduces to

n(x) = '&dx' %&%(—%-)- n(x') E(|x = x") (4)
where
E(lyl) = dse”
s
m

which is tabulated under another aymbol in the fifet seotion of Janke~Emde, e.g.
The asymptotic solution of (4) far from a boundary is A sin{k(x + xo)\

: . .
whege k is determined by condition (3). If the medium ié‘homogeneous through-~
out all space, xo and A are completely arbitrary. If the medium ia homo~
geneous but extends only to one aido-of a plane boundary, say at x =0, then
A is still arbitrary but x, is determinate. The solution will not be
exaotly A sin[k(x + xo)] near the boundary but will approach this form as
an asymptote far from Ehe boundary. (See Fig. XI.) The exact solution, n(x),
is found in 14 =53, Chapter IIl, and the phase of the asymptotic sine solu-
tion, x5, determined. This asymptotic s;lution, A sin[#(x + xo}], vanishes

J

at X =-=Xg, i.e. at a distance Xxg beyond the boundary. It should be

APPROVED FOR PUBLI C RELEASE
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emphaaized that the point, x = -x,, is not a root of the true solution
but of the asymptotic solution.. A sin{?(x + x,)}, which is approached by
the true solution for large x. For this Eeason, the distance, x5, is known
as the “extrapol#ted end-point". x,, like x itself, is measured in t erms
of the meen attenuﬁtioﬁldiatanoe, VM@ +).

X, times (1 » £)/(1 + ¥ 1is nearly constant, having values
slightly greater than .71 over a considerable range. A graph of this produoct

is given in Fig. VI.

Intorduction of Tamper

Another problem which can be solved exactly is that of the neutron
distribution in two homogeneous media of the same mean free éath on the two
" sides of & plane boundary at _3:39. f may be different on tha two sides of
the boundary, e.g., zero or negative on one side (tamper), positive on the
other (active matorial)- In this case there will be asymptotic solutions far
from the boundary on either side. These two asymptotic solutions will be the
solutions of equation (2) with the two values of k2 determined by the two»
values of- f. The solution in the tamper may be hyperbolic (exponential)
instead of sinusoidal. This will occur if, in the tamper, (1 + £)/(1 +7)
is loss than'l, thus giving an imaginary solution for equntion (3). In.this

event the two equations (2) and (3) are more conveniently replaced by

(6-%)n(r) = 0 (2Y)
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- .
(tanh-l k)’k = (1 +Q)/(1 +/® (3)

Graphs of ttanh‘l kyk and its reciprocal (:e given in Fig. V.

The boundary condition has‘ been :valuated for the case of an
exponentially decaying asymptotic tamper s.lution (dqcaying exponentially
away from the boundary). The extrapolated end point, x5, of the asymptotic
core solution A sin [k(x + xo)], is found to be tho difference between two

terms, one simple and one small. The simy ie term is

(Vkg) tan™l (k/ki)

where k. 3is the wave-number of the asymj iotic solution in the core (active
material), sin ko(x + x5) , and kg the (hyperolic) wave-number of the asymp-
kix

totic solution in the tamper, e . This te.m is exactly the value of x,

which would be obtained by applying the diffu:ion-theoretic boundary condition,
i';e. the continuity at the bc;undary of the lo arithmic derivative of n(x), to
the two asymptotic solutions. The small term is denoted by &x, and must be
subtraoted from this simple term to give the irue value of x,. &x, snd

ax, (1 + £,)/(1 +7%) are presented in Figs. VII and VIII. It will be seen
from Fig. VIII that this "extrapolated end-po:nt corr_'ec{;ion" if measured in
true mean free paths has ap?roximtely the value .045/(1 + £.). This approxi-
mation is independen‘f. of ¥ end is & sufficiently good one since the cor-
rections give a very small ocontribution to the dimensions of the gadget.

Tt is reasonable to assume that if the asymptotic solution in the tmmper is

= =

APPROVED_ FOR PUBLI C RELEASE
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not a pure decaying exponential but, e.g., a hyporboiic sine or cosinz the

true end~point, xg, will again be the diffusion~theoretie ond-point, obitained

by equating logarithmic derivatives, less tho &%y of Figs. VII and VIII.

Solution for Sphereas

It ise sho&n in E4-33, Chapter II, that therc exists an exact
.pargllelinm betwesn problems of sphericel symmetry and corresponding problems
of plane symmotry. The correspondence is as follows: The probler1 of plano
gymmebtry is that of a serice of infinite slabs.of finite thickneus: of the
materials occurring in the spherical problem. The secuence of.mgﬁerials and
gleb thicknesses is much that a line éerpondicular o the plane fncea PaABses
through the seme sequence of materials and for the sane éistances as sre found
aioﬁg s diameter of the sphere. This “elab problem” thus has reflection syn-
metry abouf its mid-seotion. The integrel equation for this distribution of
matter will thus posscsa solutions of bath 0dd-and even symmotry. The odd
solutions, no(x), (x measured from tho ﬁid-aactiOn) ara:diractly rolated to

all of tha solutions of the spherical problem, ng(r).

R
ng(x) = r “a(r)\

- T =X
This relationship between spherical and plans problems enables ua to carxy
over‘dirocﬁly the results of the end-point analysis to the treatumsnt of

spherical problems.

APPROVED FOR PUBLI C RELEASE |
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An exemple of the use of this relationship is the treatment of the

untemped sphers. The fundamental aclution in an untamped sphere is relsted
to thq’firat odd solution in a slab of thickness‘équal to the diamater of the
sphere, aay 2a. The “asymptotic solution" in the slab is then s8in k x ﬁhare
x is again measured from the nid-section. This asymptotic solution must
vanish a distanco x, beyond %he boundary, i.0. at x = a + x5, where x,

is that given by Fig. V¥I. The sine function first vanisheé for Qrgument T,

thus

k(a +x5) 5 1

k and x, are date;mined by £ and y, hence also a. The only ascumption
made hero is the ﬁssumption that in the middle of the slab there oxists a
region in which the asymptotic solution is well eatablished so that tha wwe
boundary conditions {at a and -a) can be applied without-interrering with
each othsr. 4 comparison of the results of ‘this easlculation with those of
variation theory shows this assumption to be completely justified throughouvt
the useful range. (Cf. Fig. XVI.)

| The same method is applied to the tamped sphore. The tamped-sphero
problem is replaced by that of a three-slab "sendwich". The center elab is of
core material snd of thickness egual to the oore diameter, the two outer slabnm
of tamper material and of thickness equal to the tamper thicknees. The solu-
tion sought is the first solution which is odd about the middle of the

sandwich. The most convenient metinod of solution is to take definite valueés

it ——
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for the tamper thickness, for ¥, and for the two f~values. The solution
then proceeds from the outside ioward the center, détermining finally the
core thicknesa,.henoe the core radius in th§ spherical analog. The
asymptotic temper salution in the sandﬁioh problem will be a sine or hyper~
bolic sine vanidhing at a distance x, bgyond'the tamper surface. The wave-
number and x, are determined by f; and '3; These two quantitie=r,
together with the tamper thickness, daformine the phase, hence also the loga-
rithmic derivative of the asymptotic tamper solution at the corthamper inter-
face. lhis logarithmic derivative is equated to the logdrithmic derivative of
the asymptotic core-soclution, ein kcx; The value of x 80 determined will
be ieae thén the true half-thickness of‘the core by an amount Ax,. This

true half~thickness of the core is egual to the radius of the core in the

apherical problem.

Extensions of the End-Point Method

The asymptotic solution wvenishes at a distance xg beyond an
untamped surface. This has been shovm by the end-poiﬁt theory to hold both
for plane and spherioal surfaces. It has been found empirically {by compari-
son with variation resuita) to hold also for cylindrical surfaces. This
result is not surprising, since a cylindrical surface is in a sense midway
between the plane and spherical surfaces, but is not in any way guaranteed
by the endepoint theory. It is.aasumed that the same gratuitous continuation
of the validity of the end-point boundary condition holds for a tamped

cylindrical surface. This assumption is supported by rough numerical results,

" APPROVED FOR PUBLI C RELEASE
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