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The distribution of neutrons is deseribed by
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whare 07§ is the tonal cross section per unit length, v  the neutron velocity,

1L+ f the mean number of neutrons emsrging per collision,

rlifications

isotropic and the neutrons asswied monochromatic.
on position but not %
L2 discussed later,

We look for a solution of

then

Siaplify by taking, usit of time and disteace sueh that g =

e

aave been used.

ncan free path and

Corrections for anisotropy

Here two sim-

41l collision processes have been assumed

Here f may be dependent

of scattering will
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“I. Copsider first plane slab, tamped or untamped.

7 (R) =N (X)

- /(x\-x' ) 24p2

Unver-

Then have

N(x) =\1+7¢ dx 2P N{x?)
84«( 1+7) ((x~x'”g+f ")
ﬁx-X')2+,p2=i b .'f)d‘P :jd.l
: )
M(x)={1+f ax'(” . ad o wnx)
j 2-(1 +\d’) tx-}:'] i!
= Sdp 1+ f () %-x'| ()
2(1 )

—
{2) supposu sphorical, thon N (R) = N(v)

Mr) =( L+ £ r123p1d @ g A
4af(L +¥) r°+ e -arr'u

write N(r) = rUf{r)

4

-/rz + rtd _2rpt .
e} N (Y

r2 412 -2rr! v

tr) =01+ ar{ apriro
2(1 + TRartRu2r
(4]

-t

/ _
/P/ = \/rz + 712 2rev 0, rrrdm - 3l ®

.‘ | --), L '2 gy . Jl
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IV w ="
3 v

TP U (r) is teken %o be odd in r this can be rapresonted by

U (r) Sdr' L+ s Ue) B(jrrr] )
2(1+‘6

wileh is farmally ideﬁtical with the planc slab squation. . Thus the solu~

tion for & spaore is dotcrminsd by'thc odd solution in a2 planc slab of

thickniss cqual to the sphore’s diametor.

- III. Intorior Solution
Tho chzractor of tiic solution. far from a boundary (wherc £ changcs)

ean be Gutermin.d by taking the fector L+ out of the intugral
' 2{1 +

W,
3

aild uxtonding the limits to o° . Thon

[«
N(x)= LlL+¢f ax' N(x') B(]x-x!)
X "2"'("1.,.7" 8 x\lx ll /

for £ > ¥ take N (x) = oikx

tacreforo
: ® ikx'
AX o141 dx'e” " E([x-x*|) z olkx 1 + £ jx l+ik_7
' 2(1 +7) ' 2(1+y I-ik
ol
\
1L+ f tan " =1
L+ k

for k& 1, k& /3(f-.%)
: 1

If £ and ¥ arc appreciable this result d¢ificri considerably from the cor-

reet rosult, morc s6 that the diffcrcntialliwrf:sivﬁ shesry rcesult,

Kqire =\/_3 (£=7%)

Zaifre diffors from X

int oy a factor which is 2'most :zonitaiv for

_mouzed per..on 15 e \

RO\/E FOR PUBLI C RELEASEUNCLASS‘F‘ED
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4.

constant f. For .xample, for £ = +8y Ws have
K T Kairr (1.185 + ,080 ¥ )

¢
&)

Kg ¥ Kyipp (1115 + ,083 ¥ )

In 5.n ral KS de kdiff (1.012 + .343f + .080 %) to a fuw thousandths for

B LW —2 KK L

I7. Boundary Condition.

Th. difrusion thoory boundary condition <guat.s th. logarithmie
derivatives of ti. two solutions across a boundary. For a tamp.d gadget
this is & r.asciably dee.nt approxzimation in g tting the sizo of;ths cor
although it do.s not woll roprosont the nature of ths solution noar the
boundary. Untamp.d, th. epproximation is cuitc bad. A much botter boun-
dary condition can b. obtaincd by sxamination of +ho boundary ;onditions

for thos. probl.ms whieh can (so far) b. solvad .xactly.

V. &xact Solution, Untamped Scmi-infinite Slab.
The neutron distribution in an untamped or infinitcly tamped sumi-
infinitc slab can b: obtain.d by a muthod patt.rncd after the mothods us:d

by Halpern, Luunb.rg, and Clerk and by Uchling in their trcafmcnts of the

albcdo problom.
For untamp.d s_mi-infinitc slab we have

N ()= 1+f Scodx'i\l(x’ JE(|x-x"| )
2(1 +7) J,

write N (x) = f£(x) + g(x) where

g(x) = 0 for x<0O

X auth’nzed pexso 3

T {x) =0 for x3 0

Then

g(x) + f(x) ﬁ&éD—FQQSPUBLIgé RIE S"—LA
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-kx
G(k) = Sdma s(x)
o -kx
F(k) = (“dxe f(z)
o ot =KX,
G(k) + (k) g L + ¢ \( dxc S dx'g(x') E()x-x!])
'2(1'*5) Joe = Veeo :
4 oo ©o=kx! | -ky
=1+ ;‘__5 antg(x')e  { dys E(}¥|}
2(1+% 3
y &= X=x! - el
0o =ky ,
S ays- By =1 bn Ltk
o X 1<k
G(k) #F(x) 26 () Lo £ L ?/n :
2(1+9) ok k

G(x) P (x) = o) 1o 1 dn o 1ex ) =F (w)
g [1&’ Xk ° I-% }

,ﬁn P (k) =,£n F(k) -,['ln G(k),

F(K) is @ lincar combination of asccnding -Jx1aoriuntials heneco is analytic
in tho 1oft half-plan.; G(K) is compos.d of dceaying cxzponcntials and is
having these analyticity properties
anaiytic in tho rigjht half-planc. Any functions F and C/such that fG = F
arc solutions of the intcgral squation of the dusir.d type since the correse
ponding f(x) and g(x) will vanish right or left respectively.
P (k) vanishcs at + ikl or + Ko according as £ is » or< ¥, Thenﬂnﬂ(k)

is analytic in the planc cut as follows:

£ A £r<3
X 1kl
LA e or
-1 1 —~ = ”~—  —
—ik --T%/;V; Ko k° !
p -ilcy APPROVED FOR RUBEFE-RI
A..Ih-_ma e
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6
J
nf(k) can bc rcprescnted as .
(‘ ik,
J n2(k) :_L_S ' fu L) L . P =>
TEwL ) KTk < =T w‘ N
C= R+L -ik
. ¢ "
+ const. or ¢
:,an'l fﬁnﬁz + const.
L R
whre . . N —E Z
. - -1 K K -1
,211_/" () = ak! ,Enj)(k') 0 "o
ZTVI kt=k
R

2%Wi \ k'-k

L P (k) =1 g ak!? I{nf(k')
L

then teking
,y/n F(k)

/£n G(k)

satisfics the intcgrzl ccuation and analyticity conditions as ,[, n Jol

I £ )

-jn (k)

is analytic to the l¢ft,£nJ’2 to th. right. (In tho casc £¢ ¥ tho

kox
solution, g(x), is pr.dominatly tho ascconding oxponéntial o so G(K)
is, as it should b., asnalytic only to thu right of Ko.

For f » ¥ thc contour intecgral rcduccs to

. N _.
i’n Glk) = 1 'ds tean | /2 _.-,En it _.lﬂn 3tk ~1
™ \ s(i<ks) ten h-l5-1 I4¥R 1=k
S
Q

The important foaturcs of g(x) can bo gotten from this cxprossion for[m}(K)

as follows:

g{x) = A sin K (x+x ) + h(x), h(x)—eo as X —3 o°

Nauonal D
meamr‘” of ¢

APPROVED FOR PUBLI C RELEASE
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£

thon

iz, -ilgx
G(k) = _4 | -0 + 0(1)

21 k—lkl k + ilc:L

/gn a( M+ ik ) :,/nA -Jn (21) ~j.’n;(+ ik x +.0 (1)
. 1 1o '

,En G(M=ik }) = Lna -Zn (-21)-,Z'n‘/[-.ik.x +,0 (1)
1 , 1o
2ik ¥ = lim  /ZnG(y + ik ) =Lne(( -ik ) 7 +fn (=1)
lo XY=0 1 1

This limit cen bu gotten from the above analytie ~Xprossion for/Zn G{k)

and gives

| -1
x = 1 ds tan ﬂ’[a B
o T 1+ kG2 tan h=ig - 1 1 +
o Sl+¢
whire es before
-1
ten k 1+°¢
1 = 1
K 1 +3
1
Here x is the distance (as before in units of 1 x the mean froc path)
Ie) 1+

from the boundary at which the sin function * to which the actual distribu-
tion is asymptotic vznishcs. If the same proccdure is followsd for the

hypcrbolic solutions tho rusulting oxprussion for x is of the samo form but
~ 2 2 2 2 -1l o
with 1 + k' S rcplaced by L =K S where tan h ko

£
1 ° K L+

= 1.

The vazlues of x computed fr.m this formula are such &s to meko tho
o
product x 1 + f vory ncarly constant, having & minimum valuc of about
ol + ¥
L7103 et L + £ 2 1.05 cnd rising to about 7140 ot

= 1.8 &nd to

{

'—l

+

N)
o

+|+

7152 2t 1 + £ = .6. A graph of Xo Vs 1¥foi '

1+%
e

iy
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Tho "oifset", x , for f = ¥ =~ O is ,7104 which differs considerably
(o) - . ) .
f: o vhe fornl value, 1 = JO77.
BT
o velue of g(x) &t X = O may be duturmined by the roletion

¢ {k) T g (0)
Tk

ky»y 1l

g (0) = 1im (fn ofx) + Lox)
K- co
0), &(x) = 7104 + x

This gives for tho linuer solution (for £ = ¥
.5773 which is, to four significant figurcs, l.
\/ 3

8(0) =
Th: anguler distribution of n.utrons ovmoergsing from the sleb is simply
roloted to G(k).
o -s e ==X 1
N(,#) =‘/“j‘ dsc g(Ms) = S axe 4 g(x}) =G( & )
o o )
1 ) heve been computed for the lincar solution

A nuwaber of valucs of G ( =

a result very closoly fitting the Fermi form

and give &
2
N (M) L M+ [3 M

VI. Pompcd Scmi-infinite glab.
The sclution of the tomped slab pres nts no now difficultics.

Tnc laplces trznsformstion of tho integral cquation now tzkes tho form

4

F(k) + G(k) = 1+ 7 G (k) + 1+t F(k) _Zg_,ynlﬂc
1+ LA 2K 1-k

It will be zcro for a "perfoct" tamper,

where £ is the £ for the tomper.
roal tomper (roprosenting obsorphion. )

~
‘.

slightly nogctive for

Then
1- 1+4f _}.___/En 1+k
alk) £ (k) = ok 1+7 2k 1-k | p(k
(2 00) 2 oK) BT BT - ) -

APPROVED F@GR PUBLICS RELEASE g ==
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7ith regulrrity conditions as bcfgru. /ﬁ n £(k) has now brench points:a

pdiianbasi-A e

tit: wiz points, + 1, + ik, /RARIg 1+ £ =1

et s ton h k., L+ £, =1 .
and + g a ] S zx = "/ . (Assuming F >¥ > £3) -

s,
LAY

Tu. right contsur 1ill then cneleosa end ko’ the 1oft contour -], 5ko, end
* ik, s ¢(k) should be enalytie te the rizht of tho imrginery oxis, F(k)
cvrywhers 1.0t of +k,. Thu offsct of the sinusoidnl (eorc) sclution is

computes s bifore, with the rosult

-1 \ -1 oo : ~1
Xo=sl tn ky +1 _ds ton @2 ~ton 0/2
X1 o N\ T+k&s2 -1 <1
o ' ton b 8§ -1 1+f 2n h S=1 1+f.
. S 1+ S 1+

vhore ©s beferc
~1 -1
L+ f ton Ky _—.l"‘f-b t'c.nhko;-l
1 +72 Iy 1L+ k,

Tho sccond term is nogotive 2nd quite smoll ond when divided by {1+ % )
(in tronslating the rgsult into meon froc paths) is npproximotcly constante
For £ in th. ringe o3 $5 1.0 znd Og‘ﬁ 6 f it has ths velucs 045 + .005.
The first t.rm cloac givos just tho diffuéiun theory boundary condition.

Thus = conv.nicat reeipe for dctermining the core radius which is quito

ceeurnte cvor the int.r.osting range is

-1
= 045 +M" =t2n k.
k

K (L+7)

o
1

whoro

The doviations <f the oxzet solutiin from its sinusoidol csymptotic fomm
-2051(
crc smell cnd dic out very ropidly, obout s ¢ sy 2wiy from the boun-

@ary.* Thus 2t o distonce of <ne cors diameter the discropaney is neglﬁ;i:m,i,.
i*-;fl‘hi,s 1s true of the straight line solution. For sinusoidal solutions the
decay of the devietions is more rapid. This is indicated by the fact that

tite errvor in the radius of ;§§ E%iﬁ%ﬁeg: hﬁigﬂ3e§;£%éﬁé§gﬁg this method
ic.ocked by a variation met P ) f§¥s A Wradius for "zero radiusv.
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e

580l "nd the cppliertion of cnothsr boundery condition :sscntiCII§mﬁﬁéffoct-
~le Thws the ~bove trantmoent for the scmi-infinite, infinitely tampoed sledb
¢ b opplicd without import-nt ch-ng. to the add solution in 2 finite slcb,

h.ned to the infinit.ly tomped sphere. ‘

VII. Anisotrophy of Scctturing. .. : '
If the sentt.ring is cnisotropic thon corrcet rcsulta can be obtaincd

from the proecding formulz=o only if 0y Tropr.s.nts not the totzl cross ‘

goetion but 2 judiciously chosen rvirngs cross scetion. For vory smell % i.c.

distributions chrnging slowly with positicen, the corr.et =v.roge is tho

tronsport nvercgi. Sinec k is not in faet smell we must gut 2 butber cpprox~

imoticen. This will be done by redetermining the rel-tion for k for the in- |

finite sinusoildel solution cnd using this now k for the seclo of l.ngth.

If thc seottering distributicn is

G’(/U') :0—6 +G’1P1 (/‘A) *o—-éPz (/L)"'ooooo
thsn the necutron distribution,

iler
P (ry A) = o L e (M
n n

must satisfy the equation
o) ""(0"' +94 o )S i

JO(I',/"") :S‘dﬂ_!g dse ° ° f(?.s_;,_i;ﬂv) ‘0'(}" ’/\/Afl—).'. (V-llTp
o At 4

(here ¥ is measured in terms of Gp)

ike.x

ik.r ® =(CGp * go; ~ik M) s
0

x

Tnn B (A | Tpomm, (W00 ¢ () o

4Ap==

Nat-niz-.
mean’s: s o
Is toonymiude

; BZca peison is HIOERS
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5 \ =<
oA n BM = L Lq {0“0 +()/ =1) Tl P *2Z ofn B
Cag * 8 oo -tk =
P
= 1 Z Ln Tg Fn ()
G * ¥ g5 "kt 00 2n + 1

into,rating A from -1 %0 1 with P, (M) gives

Bo(n Z ¥ Le '
rara i I:Ill. (1 + fgmo)g &y Pn{.: ) Bm (M)
o ot -k M
where ~'=Gg (1 + )
vriting 2o(y gn , ;( k, &7 = Gy
EXs =
v B = . L+ )P LY Q {1
o g zmn/sm% S w i S ]
+5 8 AP 1) a (1)
myn “ m m n{ i) m( i’()

This can be expressed as a determinantal equation which for assumed values
of Ty K andb/ gives f. If Op = QO forn= 1,2 .... the result is just

that of the previous treatmén‘t. For o-n =0 forn = 2,3,..... the result is
’ -1
-1 tan Y
tan )/( "'/ﬁ (l"‘ ),( )
1l +7 = )/( l/( 2
1L+ ¢ -1
1-43  (1l-tan U )

o2 24

which, in the limit of small Y{ , gives the diffusion theoretic result in-

volving only the transport cross-section.
With 0oy Gy » @nd O 5 we have

=1

. -1 2 -}
tan U -0 4 1-tan M +¢”1¢f;;’ 1~_§.i {3+ ) tan & =3
Lay . M e 4y K A
1+f
| 2 -1 |
1- 9y (3*”/‘*" -

M2
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4 threc term sxpansion fitting roasonably well presént knowledgs of the

¢rhy suetions gives a critical radius two por cent larger than that de-

1./.4 fvoa tia: isotropic scatturing formula using the transport avorege

RIS S R sg“ttvring cross scction. This discrepancy incrcascs to throc |

P.r cout ot coout two eritical redii.
Combining this r.sult with the integral corrcetion formule gives, |

-1 ‘
R 3 « 045 +ﬂ\—tarl }_{_‘L >\trans ;‘
ko
ky

Ky £J3(E= 3] (499 + .34F + .05 %)

ko =[5 (=5} (.99 + .34 £, + .058)

BHING
e~ am - 1) . trons .
whaore £ =2 (Y =1) ‘O;i: , > dcfincd by ¢ ) time dependence,

The appended curves give the untemped extrapolated end point, Xo» 88 @
function of 1 + £ and the approximate shape of N(x) for L + £ - 1 for the

1 +73 1+73
untampsd half-infinite slab.

3 ]
20~ 1land 32,
contenes in

APPROVED FOR PUBLI C RELEASE
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