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TkLL:distribution of neutrons is described by the integral equatidn

I
N (rJ-t)= s1 +.f
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‘,;173rG ‘~~ is the total cross section per wit length, v the neutron velocity,

1-+ f the neon number of ne-utronsei~~rgi.~g per collision. Here two sim- . I
~lificc~tioi~.iavt?been used.. .All collision processes have been assumed I
isotropic and the neutrons asinmed m.mochromatic. Here f may be dependent ~

cm posi’~ionbut not ~T , Corri3cticmsfw a.nisotropy of scattering will s

~B ~~~c~ssed later, I

FoR REFERENCE ;IWe look for a solution of theform
! I
I

N (r, t) s lT~r) exz NOT TO BE TAKEN FROM THISROOM
!
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Cmpsifier“firstplane slab, tsmped or unte.mpod. Then have
.’

IT(R) = N (X)

,-

J-r 2 + r!2 -2rrf

s

P“
N(r) = 1 + f rt2~~t~$)d/A G— —-.—.— ..——

4tf(l+3) ~
N (I79

-Zrr fP

J
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:f U (r) is teken to be odd in r this can be raprtismted

J
CJJ

u (r) = &t l+f U(r~) E(~r-rtl
-& m

vi;lir;h is fcrmally identical with th~ plane

. .
tion for a sph.xe is dolzrrnin~dby’the odd

thicknuss equal to the sph~re?s Ciianwt.;r.

)

slab equation. , Thus thd SOIU-

solu.tionin a plane slab of

111. Int~rior Solution

Thu cht:ract~rof ti;IQsolution.far from a boundary (whore f changes)

can b“ &itmmin..d by taking tn; fcctor l+f out of the in’lmgral——
2{1 :-3)

.;xtondingth~ limits to .@’. Thin

N (x) = l+f.

\
e dxt ~(X’) E(

ql- .

——

/
for k <( 1., k =* . 3(f-.i ).— —

~l+f

If t

rcct

/x-x! )

u -c-

\
*1

and % ar~ appr~ciable this r~sult tiil.er;,considerably from tha cor-

rtisult,mortiso

‘cliff

Tdiff diffms from Z

1= 3 (f-y)

‘oya factor which is 2’.mo3~ eun.~taluforirst
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constant f. I?or,uampl~, for t = .5, wa hav~

K ~Kdiff (1.115 + .083 3’ )
s“

In &.n ral K
s
* ‘~iff (10012 + .343f + .080%) to a f~w thousandths for

.34 f(.7; -.24X<: f.

~TJo Boundary Condition,

Th. diffusion th~ory boundary condition ;qus.t.s th. logarithmic

d;ri~yativcs of tk two solutions across a boundary. For a tamp~d gadg~t

this is a ~,~s~.i~bly d.c:nt approximation in g~ttin~ tlm siz~ of ths cor~

althouoliit do..snot w:.11r~pr.~s~ntth. nature of tilJsolution ntiarth~

bo..ndary. UntampXi, thtiapproximation is quit.:bad. A much b..tt~rboun-

Clarycondition can b> obtainc~ by ;xsmination of th.:boundary coalitions

for thos. probi.ms which can (so far) b. solv~d..xactly.

V. Zxect Soiution, Untampsd Semi-irifinit.Slab.

The neutron distribution in an untamped or infinittilytamptids~mi-

infinitc slab can b; obtain..dby a m~thod patt:rncd afttirWI. ntithodsus.;d

by Iialpurn,Lutinb.r&,a~d Clark ad by U;hlin& in their treatments of the

alb~do problm.

For untsmp..ds.mi-infinit~ slab WJ hav~

----

write N (x) = f(x) + g(x) wh~rc

g(x) = Oforx<O

f (x) = O for x>O ~

Th.n

g(x) + f(x) = 1 + f

s

‘d@g(x?)E(&~tl)
- ——
2(1+%)

—.—.
-@ —-.”------————” —-=,.----J=-==-.. >. .— .-.
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aking th. Laplac~

_._. _.—-..-..-..——. .—-—
tr~nsformation of’this tiquationgives, ~h~r~ ‘-—-

_. -....—.— .. .....

,

1
c?= “ -ky
dy: E(/yp --~.tml+k

-& k l-k
,

G(k) t F(k) =G{k)l+f 1<~ l+k.—
2(1+3)

—.
m 1 -k

,.

[

G(k) }(k) s G(k) l+f’.

1
AA l+k .I = F (k),, ~ 2k “’ l-k

i-: J

F(K) is a liwar combinatioflof ascmfi;ng ~xL~on.ntialsh.mco is analytic

in thJ Lft half-plan.; G(if)is compos..dof d~caying tixponmtials and is
having these analyticity properties

analytic in th~ ri~ht half-planti. Any functioas F and G/such that~G * F

arc solutions of thd integral ~quation of th~ d.sir.d type sinc~ the corres-

ponding f(x) and g(x) will vanish ri~ht or l~ft rcsp~ctiwly.

~(k) vanishes at: ikl _or + K according as f is > or< %. ,h~njn~(lc)
o

is analytic in the plan: cut as follows: 1
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.t!nf’(k)can b. r.pI’.s.Dt.d . .

+ c Onst.

J=,nJ”~ +Jny + const.
2

6 J!!-_—---’ --_::L____ -1.=

I f ? 3:-—-s====-=

L====4r%+=-
/

or

I(! -ik1
-1

I
/ I

tha taking

f<d

( L R-— —.—.._
.. \ [-

——

Y(k:q

\
-1 -K K 1

0 0

R I
-----

satisfies ih. integral ;quation and”a.nal.yticityconditions as ZnYl

is analytic to th. M?%, ~n>, to th. right. (In the cas.of < # tho
kox

solution, g(x), is pr~dominatly th~ ascmding ~xponOn%ial o so G(K)

is, as it should b., analytic only to tho right of Ko.

For f ) %thc contour integral rcduccs to
4

J’Th~ important f;aturos of g(x) can b~ gotten from this cxprossion for nG(@

as follows:

g(x) = A sin K (x+x ) + h(x), h(x)-+0 as.x-+e
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iklxo -ils~xo
G(k) ~ A c -0

1
+ o(1)

-m zq- -

2ik x ~ ,0 ~nG(~ += lim
10 –

\

I

x= ~ ds tan
o IT l+k~

anclytic ..xprtission forJ n G(k]

from th~ boundary at which th~ sin function “to which thtiactual distribu-

tion is asymptotic vznish. s. If the semtiproc.dur. is followd for the

hyp~rbolic solutions th~ resulting oxpr~ssion for x is of tlu samJ form but
22 22 -1 0

w;th 1 + k S rcplaccd by 1 - K S wh~rtitan h k
1 0 o~d=l”

k.

Th~ VRIU.S of x comput~d‘fr-m this formula are such cs to mako tho
o

product x 1 + f very n~arly constant, having a minimum value of about
Ol+y

.7303 Ct 1 + f ~ 1.05 cnd rising to about .7140 at 1 + f—-
1+7 m

= 1.8 and to

,> :.~

.7152 at 1 + f s .60
l+%

.—

./. “.:..’..../-.>. ., . >5’-,..-/..,-,-..-,.:
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Tlho“offset’f, x , for f = % = O is .7104 which differs considorebl.y
o-

f: m.‘ihei’cmi value, 1 s .577.
J%-

.LOVCIU. of S(X) at x = O may btidtit~rminedby th~ rolction,,1,.

This giv~s for thtilin~~.rsolution (for f s Y = O), g(x) e .7104 + x

g(o) = .5773 which is, to four significant figur~s, 1.
,=

Th~ angular distribution of n.utrons dmcr~ing from tho slab is simply

A number of values of G ( ~ ) hevc b~tincomputed fcr the llncar solution

and

VI.

Thti

Tho sclution of the tc.mpudslab prtisnts no naw difficulties.
,.

I.Lplc.c:trmsformction of th~ int~gral equation now tak~s th.~form

whcr~ ft is thu f for the tcxqxr. It will bc zero for a ‘~pcrfoctt?tsmpor,

Then

aEz!5sl---- ..... ..Z. ., ..:” :..+: ...- .4-.

. ..—
_—--.-.’>— 5-------—-,: —-- – _-... ”- --”.::

W+-.—-, _ ,.. ----,.-~ .L-.A _ ——. —--- --- -’%---”’ , .,
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,
Jv..rywhtirtil..i’tof +ko. ‘IYDIJoffsut C& tho sinusaid~.1(crew) sclution is I

,

-1

Th,usJc.r.dt~rm is ncgc.tiv~m!i quit~ smell r’.nd.whsn divided by [1 + Z )

(in trcnslctin~ the rtisultinto wr.n fr~c p?.ths)is r.pproximatclyconstant.

Far f in th. r~.ngc .3 to 1.0 ?.nd0$% $ f it has th: VZLUGS .045 + .005.

I
ThG d~~iations c.fthe ~x:.ctsoluti:n from its sinusoidal asymptotic fGIm

-2,5x I
:.rcsrx.11 c.nddiG gut v;ry rcpidly, ?.boutc.so Y cwcy fr’;mthe boun-____,._.-_–.—_.--._...

dUy.* Thus ‘i”-~r.tr.clistr.nc~of :Jnticoro d-iamotcrthe discrop:mcy is negl~~.--:.... .. ; f

‘~l~~;~S true of the straight line solution. For sinusoidal solutions-the
iec:iy of ihe deviations is more r~pide This is indioatmd by the fact that
the error in the radius of the untsmped sphere determined by this method
(c“,..?c!cedby a variation method solution) is onlv l% Qf W.e ra~u~ for ~ze~ radi~sm*
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1. ~:lUS th.+‘.bov~trt~.r.tmsn”bfor thu semi-infiilitc,infinit~ly tamp~d slc.b

c ‘:1 b :.ppliA without import-nt ch-ngtito th~ odd solution iric!finite slab,

VII.

from

Anisotrophy of Scc.tt.ming.

If th.~scctt.rins ia cnisotropic th.oncorrect results can bc obtained

th~ pr~cdin~ formuko only if ~t r~pr.s:.ntsnot th.~totcl cross

s~ction but c judiciously choson r.v~ragccross section. I?orvmy smr.11~ i.e.

distributions chmging slowly with positicn, the corr.ct -.v-rr.gcis tho

trc.nsportnvcr-.~~. Siilcck is not in fflctsmell wo must g~t n b~ttor cpprox-

im~.ticu. This will b; dcnc by rtidotcrminingthe rclc.tionfor k for th~ in-

finitd sinusuidcl solutia c.n.dusifi~this n~w k for th~ SCC.lQof lagth,

If thu scc.ttcringdistributi~n is

th~~ th~ nsutron distribution,

ikr
~o(r,p)=e z. ~ Pn(P)

nn

must satisfy the eclue.tion

L

(here .3 is measured in terms of ~o)
.!

.

mea n.2.: r

. . . .---- —-%- &
. . . . .. -—- .4 ..- ‘-------- -.--, -.. -

. ------ .. -------- .-
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,

where ,r~= u—o,(1 + a’)

This can be expressed as a determinantal equation which for assumed values

of cm, K, and % gives f. If 6_jn=

that Gf the previous treatment. For

0forn=l,2, . . . . the result is just

a-n = O for n = 2,3, . . . . . the result is
-1

tan <

which, in the’limit of small ~ , gives the diffusion theoretic result in-

volving only the transport cross-section.

With
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A thrao term expansion fitting reasonably well present knowledge of the

cr~ ]::stict.ionsgives a critical radius two p.r cent largtirthan that de-

l.),.df.~’o~lIih..>isotropic scatt~ring formula usiil~tho transport aw~rega

——_—___ .. —_
—“., .- ----------- -— -.--— .- —--—. —

—. . . .
------
—.

----- . . ..__ -. ..-_

L“I.r t:, .. s.ctturiag cross s~ction. This discrap?.ncyincr~asas to thr~c

p..rcu~t at cbout two critical radii.

Combitiilk,this r.suit with tho inttigrzlcorrection formula gives,

1-

l;l.=/3~ (.99 + ,34f + i05%)

-75-mJ6&2$n~
wh~r~ f = (ti-l)u~ , 3ydcf5ncd by c , time dcpcndencc.———

‘Theappended curves give the umtamped extrapolated end pointj xo~ as a

function of 1,+ f and the apptitiximateshape of N(x) for 1 + f s
m

1 for the
m

untamped half-infinite slab.

k

-.. -
----

--

. .._-, -
.... . . ... .... . ... ..—.- ,.-. . . . . . .. . ... ---- .-
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—
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