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THE USE OF EULERTAN INITIAL CONDITIONS IN A LAGRANGIAN MODEL

OF TURBULENT DIFFUSION¥

J. T, Lee and G, L, Stone
Atmogpheric Sciences Group (MS-D466)
Los Alamos National Laboratory
Los Alamos, NM 87545

1, INTRODUCTION

Gifford (1982a,b) has shown that the random-
force theory of turbulent d!ffusion describes
many featureir of horizontal diffusion in the
atmosphere. In this theory Langevin’s equation
is nured to calculate trajectories of tracer
particles through a field of homogeneous
turbulence., The statistics of a large numher of
these particles are used to describe the diffu-
sion of pulfs and plumes, Gifford analyzed
single-partizle diffusion from a point source,
He accounted for relutive diffusion by wusing
condltioned i{nftial velocities for the particles,
ana his firal results contain the effective
soutce velocity as a free parameter,

In this paper we extend Gifford’s annlysis
to clusters of particles from finite-size,
finite-durition sources. We wuse the Fularian
space-time velocity autocorrelatfon function to
deacribe the statistics of the particle initial
velocities. Gifford’s effective source velocity
ia replaced by two new parametera: the ratio of
the source size to the Fulerian {ntegral length
scale and the ratio of the release time or
eampling time ¢tu the Fulerian integral time
acale,

2. THEORFTICAL ANALYSR1S

We conaider diffusion in one apace dimension
y and time t, Thia {8 a reaaonahle approximatiun
to horizontal diftusion in the atmuaphcre whe,o t
ia the travel time downwind of the source, In
our analyais y is the c¢rosa~wind coordinate and v
{a the crosa=wiml component ~f the turbulont
velocity, Smith  (1968) proposed that the
turbulent velocity could be written as the sum of
correlated and random compynenta, v(t + 1) =
v(t)R (1) + v', where R, ia the Lagraniian anto-
correlation function which_ depends only on the
time aeparatfon T, R (1) = v(t)v(t + 1)/vé, amnl
v’ 18 a random ‘velocity, Overbaras uenote
enaemble averages, Gif.ord (1982a) used thia
relation to derive a form of Langevin’s equation

;%.+ Bv = n(t) (1)

Wihis wark  was  suppurted  hy the .S, Avmy
Aumospherie  Sclencea  hahoratury awmt the U4,
Department of Kwergy. We gratefully ackvnowledgo
uneful  dieacurstuns  with  Sumner Bavy, Frank
Gifford, and Witliam Ohmairede.

where n(t) {s tihe vandom acceleration, Gifford
(1982b) showed that the Lagrangisn auntocorrela-
tion function conagistent with Tq. (1) i{s an
anponential, = exp(-1/t;), for arhitrary
values of the initial velocity v _, The
Lagrangian integral time scale 1is ) and B =
1/t;. A general diacnasion of the application of
Eq. (1) to turbulent diffusion can ba found {n
Gifford’es papers and the refarences therein,
Smith's linear velocity relation haa also bheen
uned 1in Monte Carlo simulations of turbulent
diffusion. This numerical approach is equivalent
to the use of Fu., (1),

In this satudy we consider the diffusion of
particles released as one-dimenafonal clusters.
These cluatevs can be used to construct a plume
from a finfte-nize, finite-duration source ns
shown schematically in Fig. |, The width of the
source is d and the relense time is t,, This &
a one-dimensional verafon of the familiar
apreading-diak plume model in which the clusters
contaip material that {8 reieased sequentially
from the sonrce during amall time incremanta, and
axial diffuaion 1w neglected, Fach cinater ia
divided into an arbhitrary number N of traver
particles or ragge! clementa of flnid., Each
particle repreacnta a fraction 1/N of the masn in
one clusater,

The tiajectory uf each particle after its
release 1a assuncd to be governed by fig. (1),
The particle diaplacement y(t) wan by funnd in
the 1t.erature w Bruwnfar  mntiown, [T
Uhlenbeck and Ornatetn (1930}, and {s given by

t
y(t) =y, + (v /B)(1-e~Pt) ~ p=la=hE it

0

n(L) W,

t
+ 81 [ we)Hd (2)

it

where y, and v, are the foftial puattion aml
velocity of the particle, reapeciively. FKxperted
valuen of the meandering nf the plume centrutd
and the relative diffusion of particles about the
plume centrnid can be obtained by uaing HEy., (2)
and averaging uver an enmemhle of plumen, Tie
plume in F{g. 1 is one particular reatizatiun ur
trial in the anaemblo, Fach trial conatmrs uf M
cluntern coutafining N particlea earh, whevra M in
a large number fur all finfte v.lues uf t anl
2« N< =, Fur a particular trial, averages at a
Vixed vhmervation puint t = x/if are ubtatued hy
avaraging uver the N particiea tn each clumier
and over the M cluatera ta each trial an the
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Fig. 1. Plume fron a Finite-Size, Finite-Duration
Source

clusters pass the observation point, F¥xpectad
values are then obtained by avevaging over the
large numbur  of trials which make up the
eneenrble. Solutions for the instantaneous
release of a single puff, t, + 0, can e obtained
by using only one cluster per trial, M = 1,

The most important aspect of thifa study |is
the treatment of the particle initial velosities
v_ in unlculating the ensemlile averager from
Fq. (2). Since aach particle is a tracnr, ite
velocity e eanal to the 1local value of the
turbulent field velocity v(y,t) duriag ite entire
trajectory, Therefors, we sat v_  equal to the
turbnlent fleld velocity a the source,
t.e. v = v(y,,t,) whers y, 1is the initial
spatia cooralnlto of the particle within =a
cluster and ¢, {s the tim. at which the cluster
is releaned “rom tha source. The {inftial
velocitien in each clustar are spatially
correlated ovar the aource width d aml the
velocitien from cluater to clucter are temporally
correlated over tha releane time t,. In our
modal thia correlation of velocitien in
accomplinhed by ume of the Dulerian space-time
velocity autocorrelatiun funtfun which depanda
only on the wapace separation L  and the time
naparation 1, Ry(g, 1) = viy,t)vly + ¢,t + /v,
The enmenhle atatiatice of the fnitial velucitiena
can be calculated for given valuan af d amt t, {f
Ry {a knuwn, We aawume that Ry can ha ropre-
nented hy axphnent {ala, Rt -
GKF(‘ICI/L)OXP(-Y/tF). where L aml t, ave the

Fulerian integral leagth and time  scalea,
ranpectively, The calenlatad valuesn f  the
foitial veluctity atatfaticn depend uy d/t and

tp/tye

Thia spproxiuation for ths particle initial
velocities neglects many real source «ffects auch
as  bonyancy and mumentum of the monrce materic)
and the aerodynamic {nteractior betwsen the
sonrce and the ambifant fiuw, We asaume there ia
n tranaitivn regton (mmediately downwind of the
aunree  within which the effluent rvumea tmin
quittbrium with  the  turhulewre in the
atmosphera, The vemnlts uof thia Chenry apply
downwind of the traawiticn regfun, and the source
#iza o whantd he regarded amn the wiath of the
tlume at the ent nf 1he tvanatttun vegtun,

In catentating cunamhle AVeragea an
dancribed  abuve ve agsume that  the rauwdum

perticle accelerations n(t) are statistically
independent for each particle trajectory., We
account for inter-particle velocity correlations
when we assign the particle {initial velocities
Voo but we do not explicitly account for these
inter-particle correlations when calculating the
particle trajectories. This ia quite different
from the classical approach of Batchelor (1950)
and Brier (1950), ir which relative diffusion is
described in terms of the two-particle Lagrangian
velocity correlation function RZL(L,t) -
vi(t)valt - 1) /vI  where vy and vy are the
velocities of two different particles and
0 ¢t <t, Batchelor derived a kinematic rela-
tion for the mean-square separation of a pair of
particles in terms of and Ry;, This relation
ia exact, but {t is very difficult to apply since
RZL is an unknown nonstationrry function of t and
T, even for gstationary homogeneous turbulence,
In two recent articles, Sawford (198la, b) has
used this approach to obtain numerical solutions
for the rela!lve diffusion of pairs and clusters
of particles. His results are dependent upon the
assumed form of R,;, It {s easily shown that onr
model produces a two-particle correlation func-
tion of the form Ryy(t,t) = Rg(8yy,0exp(~t/ty)
exp(-(t - T)/lL) where 8y, 1s the {nftial
particle separation, This form was suggested by
Brier (1950) and was diamissed by Sawford (1982a)
as being physically unrealistic. However, as we
witl ahow {n this papar, it leads to reasonahle
results that are i{n agreement with many of the
known characteristics of relative diffuaion,

Mathematical detatln of the averaging
pruceas described above and general nolutiona fur
2 ¢ N« = are proscented i{n fee and Stone (1987h),
The clamatical twa-particle diffumsfon reaults can
be obtained by setting N = 2 {n the general molu-
tions. Here veo present the molntions for the
limiting case of N + = which {s the appropriate
1limit for application to plumen amd puffa {n the
atmosphare,

The diaplacement atatistica which we will
conaider in thie paper are the rolative ot ffu-
aiun, the meandoaring, and the tutal d{ffustan,
The relative diffuston oy {n defined am the
expected valtue of the atmufard ileviation of the
diaplacementa uf the partictesn {n a vluster
rilntive to the cantrutd of the cluater, Thian in
equivalent to the expected value of the atandard
deviatiun of the {inetantanenta cuaneemra fon
distribution, The meanderting Ve 1a defined aw
the axpected vatue uf the atandard deviatiun of
the diaplacementa of the clunter centrufd punti-
tiune relative ta the avarage centro’d  puatriun,
vhere the "average" centrufd ponfrfun refern to a
partivular tr.al uf M clontera, Thin in
equivalant tu the axpected valne uf the "half-
width” uf the envalupe of plueme rventratd pont-
tiona that would be uhaerved during  an
apeariment. The tutal iaperaton Up ta defines
by the nungl rglntiqn fur the aunmmatiun  of
variancea, o2 = uﬁ | ﬂ&. Thin definttten of oy
fs emivatent to the expecred valus uf  the
standard devimrton n’ the t{me~averaged
cunventrat tun dtatvithut tun that would he meanured
by a fixed avvay uf  wamidevs  during  an
exporiment., RButh « amt Vo dopand  upun the
avera (tng t {me vhirh, foy n pavi frutay
expoiment, 1 eyual Vo the anapting 1 lire BTSNy



the release time tp. If ¢, > tg only the
material released during a period of time equal
to the sampling period to will he ohserved. If
> tpg the samplers w?ll collect material only
durlny a periad of time equal to the release time
Therefore, the shorter of these two timea is
t§e appropriate averaging time and will determine
the values of 0, and oy. In the remainder of
this paper tr and tg will be used
interchangeably.

The theoretical results are presented in
terms of i divenaionlnas variance and _time
defined by L“ = u /2v t2 and T = t/t, where v is
the varfance of the ve*oclty in the turbulent
fliald and t, 1is the Lagranglan {ntegral time
ucale, The theoretical plume solutions are given
by

=52+ 1- (e - (5, 2)(1-e7T)? 3
1% - (-8 (§/2)(1-e"N? )
2 =52+ 1 - (1-e™M) - (R§/2)(1-c"T)? (5)
We have  assumed that the {initial sepatial

diatribution of particles {is uniform over the
source width corresponding to a "top-hat" con-
centration profile, Therefore, the dimensionlesas
standard gevln fon of the plume at the source in
given by Eo /ll vhere D ia thgT T}analonlanl
source width, D - d/{2v%) The
dimensfonlens parameters S and R result %rom the
spatial  and temporal averaging, respectively, of
the particle infttal velocitiea, In general,

they are functiona of N, d/L, t /t , aAnd tha
functional form of the Pnlarlnn npnce-t me euto-
correlation functiun, For N + » and an axpoenen=
tial apace-time autocorrelation funrtiun, they
are Riven by the relatiuna § = F(d/L) and
K= F(rR/t } where the fuanction ¥ {a given by the
relaticn

F(L) = (L =1 + 070 (#)

The functtun  F(L) ta plutted tn Pig, 2. Nne
that F(L) 1a ity at 4 = 0 und  approwchens  zeru
ke VM4 an 4 appraachon tufiatty.
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g, 2. Sourco Coevelar fon Fanet tun

Equations (3)-(6) {illustrate some {nter-
esting properties of atmospheric diffusicn, The
total diffusfon I depends upnn the spatial
extent of the source d/L and the tempor.l extent
of tte source t /t ir a aymmetric manner through
the parameters § and X, Tf d/L + = (§ = 0) or {f
t f/tg and tS/t + o (K = 0) the last term in

%5) drops out and % becomes egqual to the
claaaical Taylor diffuann regult for an exponen-
tial Lagrangian autocorrelation function, For a
finite value of either d/L, ¢t r{tg» or tg/tg, the
total diffusion XT i5 less than Taylor dlffuaion.

The ralative diffusion ZR depends only upon
the spatial xtent of the source, d/L, throungh
the parameter S. For d/L + = (5 = 0) the initial
velocities are not spatially correleted and E‘ 13
equal to Taylor diffusicn, For d/L + 0 (5 =
the 1{initial velocities are perfectly Lorrelated
in apace and ER 18 less than Taylor diffusion,
The parameter d/L will be very emall for most
concentrated gources in thc atmosphere, but {t
may be of order unity for area sources.

_  The meandering 20 vanish2a when d/L + =
(S = 0) since we t.en have Taylor type diffusion,
It also vanishea when ‘s/‘m + 0 (R=1), Thin
latter result arisea from our definition of EC ']
the meandering of the plume ceutroifd ahout ita
average position for a particular trtal or
experiment, In tarms of & sampling array, tidna
simply means that the meanured plume width ET is
equal to the actual plume width ER tr tg + 0,

Tha lnotnntnnnonn relenne of puffa
corresponds to t /c [ ~ 1), Howaver,
bhecsune of the wny Xn dafinad fqa, (V)=(%) do
not reduce to s unefn furm in thia 1limic. For
puffs  {t s mote unefu! to cefine the meandering
utf the centrofd relative to the axia of the mean
wind, y = 0, Wi*h thia modtfication, the aolu-
tiunn for tuatantaneounly relesased puffs may be
writien an

phenlar o 0ee™ - Grn-emh? (7
ré - G2 (-nT)2 )
r2enl e - (-7 (9

nqnnrlnnu (7)=(9) are ensemhle average valuesn
thm sun’! he vhtatned hy releantag a very lare
mmher  of puffa umtes "tdent teal® canldit tunn and
avecaging the vewalte,  Nuve that Rga. (3)-(5)
with t /'V and |“/| v oo (= 0) are tdentteal vu
ryn, Y?) -(", *hnn, the pavticlte diaplacewen
atatiativae for 4 com inacnn frhame wivh a lavge
aamplting 1ime are the aume an fur a  large
enrenhle af fnavantanenuslty veloanad pfin.  Thin
oqifv.tence {u further tiluatvared hy the  fact
thay  vhe  vetative Hffuatan L, duen nat depemt
upn 1he roleane tiae and tn the name for plumen
and paffa, Fan, (1) awl (1),

The analytie resulta presemied abave, ¥yn,
(1)-(W), cau alau he oratned catng A aumsrieal
Mome  Cavtu appreach,  Thia agproach, which can
he farmulated tn efrher a Lagyveingtan o Eatervtan



reference frame, 18 discussed in detail by Lee
and Stone (1983a), We have done extensive Monte
Carlc celculations and have found very cloae
agresnent between the numerical and analytic
results, Detaf! ¢ the num:rical method and
comparisons to au. * resutls are presented in
Le~ and Stone (19834

3. RESULTS

The solutions for ins antaneously released
ruffs or for a continuous iume with a large
sampling time, t./t, + =, .re shown i{n Fig, 3,
We have plotted the growth of the standard devia-
tion I relative to the initlal value I_ as &
function of time after release T. The upper curve
is the total or Taylor diffusion Lp from En., (9).
The lower three curves are the relative diffusion
L from Eq. (7) for a range of source aizes
indicated by the parameLar £ = d/L. Reference
lines with slopes of 1/2, 1, and 3/2 are shown
for comparison, The total di{ffusion increases
1ike T for T < 0.5 and 1ike T1/2 for T > 3 with a
traneition region between, The relative diffu-
sion curves show regions of accelerated growth in
which I, increases more rapidly than T. For a
point source, d/L + O, th§7 accelerated growth
region in of the form L « 2 ¢r 0<TKCO,5,
For d/L > 0 the {nitlal growth is linear in T
followed by an accelerated growth region out to
T~ 1.0, The region of acrelerated growth
becomes smaller as d/L increasca and virtually
disappcars for d/L > 1., These results are in
general agreement with Bachelor’s (1950)
similarity theory for two-particle relative
diffusfon in the inertial senbrange.
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The nature and extent of the accelerated
Rrowth egiun can be seen more clearty {n Fig, 4
where we have plutted the relative diffusion
divided by the tatal dtffustun, Fur d/1. = 0 the
accelarated gruvth reagton tn whivh 1, » 11/2 haa
a alupe  of 1/2 tn thia flgura, 1t ta aeen that

the nrﬁ7éarnt-d gruwth rate ta gensrally leas
than T fur d/8 > 0,

The effact uf aampting ‘ime un the meanured
friume width )l.r far a vanttinnune patnt  wource s
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Fig. 4. Ratio of Relative tc Total Diffusion

also represented by the curves in Fig. 3, This
can be seen by letiir~ d/L + 0 (S =1) in Fq,
(5) and comparing to Eq., (7). The lower thiree
curves in Fig, 3 give the total diffusion ET from
Eq. (5) for a renge of sampling times by setting
ts/tﬂ = §£. The upper curve is the 1'miting value
for 't /tE +w (R=0), The apparent accelerated
growth of L, reflacts the increasing contribution
of T to L as the sampling time decrcases;
i.e, Eq. (5) gecomea more like Eq. (3) as R + 1,

Pigure 5 i{s a 1linear plot nf the total
diffusion, relative diffusion, and meandering for
puffs and for a conti{nuons source with a large
sampling time, Eqa. (7)-(9), for d/L = 0. It {is
seen that L. > I for TC1l, Por T> 3, the
meandering gecomoa emall compared to the relative
diffusion and approeches a congtant. The
relative diffuaion in, effectively, Juat
displaced below the total diffusion for T > 1,
The accelerated growth of the relative diffneion
which {s obvionm in Fige., 3 and 4 {a difficult to
sec on this linear plot,

T e e e
e e JOTAL DIFFUSION
- e == RELATVE DIFFUSION
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Theae  auntntinne ran be applied tu the
prubtem uof fluctnaving  ranceatration. For
example, fn Giffurd’a  (19%9) fluctuating plume
model the vatto uf the peak {uatantaneowa  cun-
cenrratfun to  the peak mern  cunvsntration,
Cy /CPH' fs ejual to the vatin nf the var{ancea
1:T}|:f‘. From Pga. (1) amt (5 we mee that thin
ratfu  depondn  upun tha  avurce sirze and v he
sampling time, Thia varin ia plovted tn Fig, O
cur a caut tnouue puint acsevee (8 = 1) fur a vange



of sampling times tg/ty. One {mplication of
Fig. % s that a sampling time of tg & 3 ty s
required to measure a Cp, value that is within a
factor of two of the long time averaged Taylor
valuve,

00 T T T

15/ 0 \

' L ted tigsal

0.0 01 1.0 10

Fig. 6. Instantaneour~to-Mean Concencration Ratio

b, CONGLUSTIONS

We have obtained simple aralytic solutions
for relative diffusion and meandering of puffs
and plumes oased upon the random-force theory of
tarbulent diffusion, These aolutions aasume that
the ‘nitial velocities of the tracer particles
are identfical to the turbulent field velocities
at the source location, The spatial and temporal
correlation of these velocitiea are, therefore,
determined hy the Fulerian space-time autocor-
relation function, and the appropriate ensemble
averages can  be calculated 1f thias correlation
Fampetlan fa kinwn,  These polutions exhibic many
af  the knuwa features of relative diffusion aund
are {n genernl agreement with afmtlurity theory
fur thn tnertinl sabrang.

Ouy autut fona are presented tn dimerasionlena
form aml ave applicable tu turhuleat dAtffusion an
any scales  To apply theao resultn tu actua)
rxperiments, the magnitude of the Futerfan
Integral  length acule 1L and  the Yulertan uwad
Lagrangian intepral time acales ty and ¢t muat
be krown, “h e can bs determined on*y from
experimental data, Tn a companion paper, Leu and
Stuae  (1983a), wa prement a method fur relating
tto ty and L, Qifforu’s (1982a, b) analyain of
lang  aAud  ahort range datu  euggesta that, for
hurtzimeal diffusfon {n the atmuaphere, ty fa uf
the ordev of 1% ae:, Thias {s much larger than
the generally accepted vatue of t anit  has  leul
Ctffard tu sugreat that very large scales of mu-
tion ahould he treated am turhulence fn modeling
hurtzuml  atmuespherviy diffoafon, However, thins
leaven wantavered the {mpurtant practical  quea-
tiun uf how te make a asparar fun between the menn
wind awl tarhulence 1 wmadeling vranspurt  and
diffuntan,
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