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UNDERSTANDING CURVED DETONATION WAVES

Bruce G. Bukiet
Department of Mathematics

New Jersey Institute of Technology
Newark, NJ 07102

and
Klaus S. Lackner and Ralph Menikoff

Los Alamos National Laboratory
Los Alamos, NM 87545

the reaction zoue of a detonation wave is very small compared to the hydro-
dynase tengih seale Tar atypicat application. Consequently, it is inpracti-
cal for munericat eateatations to Mully resolve the reaction zone. \ nan-zero
reactian zone width is eritical to deseribe enrved detonation wiaves becanse
1 alfeets the wave speedd. The enrvature elfect i3 the resutt of an the uter-
action hetween the rate of energy release and geometrie source terms within
the reaction zone. When the reaction zone width is detertiiiined by the comn-
putatianal eetl size rather than the physicat aeate, the mneries introdices
an artiticiat curvature effect. whueh Trequentty dotinates the physieat elfect
atted feads o mesh depewdenee of sinmtations, Modilied Hugowiot o
roishittons are dertvidd which chiaracterize the curvatare ollect. They ox
press the conservation taws aud are not sensitive to the btatled reaction
dvuannies but mstead depemd Gty ou the reaction zane widih, and averages

of pressure and ol ass, woentinm and energy denstties.

INTRODUCTION

Fhe reactuat zoaie o8 asdetotation wave 18 very
suadl conppitred to the hydrodyviaanie fengthseabs for
a bvpeal apphieation. Cousequently, i s nupracen
vat b unmerieal calentlations to regolve the reaction
soar lu contrast to a shock wave, snndt elianges i
the hvinames of the reartion zone allect, the detoara
e Aok Hingomiot whide the bage cuergy roease
bas o sgtlicant effect on the subaeguent law . Here,
we towtes oa det e the detonation punpooon
Jites awoa HeCeNNay Yy stepy ta Hcarparating thte voop
vt detomanen dviones mto hydrodyuanue caden
Lattens v whitel oue conned alfond e resobve the e
cotvar Zome

Ftetonation waves wiy be wodetedd usiag, the
e tive Eater cquatvvas b planar geaanetty, warh
cue nreversthe exatherone venettear ths leads 1o
a bacge class o enctvar raten to the Jebdone b
v Neunstn Pleetg, (AN wadet' o whe b
detetatom wave conaasts ol a zero wadth ek aonve

fnlHowed Ly an extended reacuon zone. the ZND
atntel predicts that the state hehind a steady et

vittion wave 8 detertamued by the strong, braeh o
tHe dbeteatatient shock Hngotnod equatioa: nutepen

dent of the renction rate or the reaction zaate wulth
Moreover, there s a uiigne Clagputan Joaguer ot
wave with the npmmmnn detonation velooany ad
soatie state hehimd the detomatioar Tront thoae coare

spreavds toan nderdnven detenation Fartbonneee,
the renctive How cquntions detertinne the oot
rare clynanues and waith sallicwear resedutoean
woeo steaddy planne Bows wirth detonation wan oo m
le acenpately compited,

More comphicated decaatiear dvicmunes chea
preducted b the ZND del arse when ather bneth
wales are present For exatuple, when the ook
width s conapurable toothe reaction zone ek the
date hetnd the detonaticn tront can e o the waeak
by o dhie sleteaatioar dhea k Hugranee Phee bk
width vy have a phvstcad o or was bee oot
vl antact due tecanticed viscesaty " o ather



sit- dove ectennses qupodueed Yy Shoek ptariog
du ortbans

ta were than cne spatiad dienseen, feoane
o s waves e Sabgeet 1o an wstalatiny mebving
Yosverse waves within the reactn zone Fins
vl aenon has beet observed expernentally tses
2 Wel b chpe T bmear awalysis of the reae-
tivee Frer couationes sieavs this instabibny? Yol
als has beenr stiebesd s mnmerieal ealentations with
vwell pesolved ron i z2ome 7 Bath the expern-
wients el the sinubatons show that the amplitude
o the mstadabity saturates On v seate large coiu-
ratest o both the width of the reaction 2one and the
wivclemetht of the wstatahity, the detanation front
s well delined. Moreover, heterogenvons explosivies
lave an addinowal tength seale set by the grain stze
fu bt o reaction rate ased e a mnerical moded
ety seconnt Tor the mmstabitities and the aihome-
geteetes toan average sense ad thos s phenomeno-
batetl By neglecting the mstability, the sunphified
teelet of the detomation wave dviiuantes atlows one to
tdennly the relevinn parameters desettbing the prop-
agcdiett of the detaatation waves, However, the effee-
tive rate taw eannet he sunply related to the kinetiey
of the undertying chentieal reaction and st be e
daced Froan wave propagation data Cuantitios wiieh
are sensiave to the detaty of the apnomenologiead
wnbel, sueh as the Guluee dimeter, are not eaptured
ty the snuphilied how equiations.

For many stppdeations, biirn madels are tsed
to invad the computational expetse of resolving the
sttt spatid and tine seate within the reaction zone.
Suebar toashock captarimg algort b, o boen ol
vtves ot ddetoaation wive an arttlieial width whieh
o good modet s a lew eells. Witk ernede reso-
tutren, even well destgned amd phyvsicatly motivaged
tate eqnations will ar best deterjorate Lo siueh captue-
g algertttnny Fuethermons, e nmbti-dunensional
sttnabattons great ciee st be tiaken tooawvout hiav
iy, the etlfeetive reactioar rate mtrodinee an artilieil
tronsvetse utalalities o the sente of the wesh, g
oty the, spreothiney woachteved waith sattierent an
tactn b disstpation

lvogrannned burn s a particutarty sigde
te-bet e welnele s detouation wave i progangated m
mgitple spartial dimensious nsig a0 Hovgens wave
onen tar with the planar CJodetoatiar vetoenny
Rather than explicitty tracking the wave, belund the
wonve bt the cqnattea ol state s switehed Froan the
ettt the row iton proeluers Phie sottenrrent
sieres pebease mere vaec the paessure aand iives the
wave  Clie naotetteal dliogtty wath thes nuedet o
that the reactien temt ated the hvdrosdy e rom
arate e atse they are acd cateubated oot
copestently  Swehoc npeeded ety ot adegaas
Lo covecdiiven et sattear woves oed an e wall b
cae b et iap st abeaptle untt dhmenacacd
b,

alay e

A e stk experriment proathes o saal oy
anpede o cngeertant nmdie dnuenseenal b 0o
Propaditine tomaivdt wines et s wea voownn |l
tor e the ZND mweadel v progeanmned bore I
cite stick the steady stive ecaststs oF L eurse ot
wition winve propiagating a veloetty loawer aean the
nintmni planar CLdetiaation veloenry - Hhe cliange
e the detomatien veloeny iy cmpsed to the e
tn withon the reaction 2o Letween the s ineetpe
sattree tertt lite 1o the curvatiuee of the -eboaritom
fromt awed the sonree teri for enerey release tean
the chentneal reactionn An analysis of acurved ey
omation wave siows that the detonsatea veloes o
an underdriven -li\'c.-ru,inﬁ wive 15 inettar of the
mean front curvatune,™ 7 Fo first arder the ot
s propeational to the praduct of the reaciva 2oue
widtht aud the front enevaturee, The Faet than o der
onation wave fails o propagate when thus ratno s
stll stnatt engpdiasizes the nportanee of the carvi-
ture »Teet. Tnaddition to the enevatuee effeer, the
fatlire radints also depends on 22D mstabihities el
wthowogetertes e the explostve.

bor uawerteal ealentntions, tarrn modets ape
unportaut Jor bath tmtiation atud propagatioa ot de
onation waves  Hlere we facus entirely an wive projag
gation. b this case, the buien wodel plavs acrote sim
tar to artilicial viseosity for non-reactive shock waves
it gives the detanation wave an atiliead thekness
deterunnemt by the ecll wize rather than the phya
eal tength seate of the reaction zone, Becanse [ the
artilicad reacttn 2one width, one sxpects curyature
elfects 1 uutienieal simiations. However the wthi
ciad enevature elfect wiay liave the weoang Tunete aad
form amd s quantitatively inacenrate Smee the uu
wereal width af the detonation front s groprortional
to the eoll stze, the artiliciad curvature cffeet o one
catne Hf wiesh size sunl mesh ortentatton depenedence
af the results of wnnerieal computatons

A exaphe of thas contmon utterieal cileot
setr i the caleadation of 4 rate stick experunent
Wef 10 usig a burn todel sidne to bopest Lage ©F
e steady tate detonation veloenty s a0 b ten
ol tube radiis approonches the experpnental saae s
liner npeshes are used, Rel 10, Frg 70 N ey
feonn theory, the detaapdar vefoctty mercases e e
reacttont zoate width decreases with a snatter o) oo
A very Boe tuesh, o rhies case 400005 s e bl
alam ool ageeement with the expetuuents lar
the rpere, sulfictent rescdintton win ned avabable o
verdv ccanveryenee withowesh et At e s
petae ol vers fught rencdunion, the wodet witb o e
the reactiar zone atd then the computatien henlkild
cotmverie too the curvattiee slect whineh sontepeenel
tee the vection rute ased e the amutation

A utpreenved vepsar of progranne el bac
wlieh accannts Tor the carvattiee <llect o a0 ag b
o n shiverong ddetonatiar wave o ks o b
syt Sheck shvianmes U P B a0 be tleaebn 4 o
aaane, 4 Haveens ke constoteten o nio b
b aove speed e Tae e of frond e aage



rhtpar the state betumd the detonation wave s
bt Stosrvature and s cbeternmuned by e

e Hhe st steindy GDES for thee detonateae wone
oA e daortthnn depends can the e hine -t
oo prepegittnont iropt the Bow telind Hlas o
fraperty oy s e anderdrven detoanon wiave el
Iy e usesptert o o e Jeait wathin the reactpon
vt Lhus the bBoonatea shoek viemmes e
rithun s hoted o dananting vedendenven siversong
et pantteont witves atel v et appropriate far cither
ovet-benvenn detoatear waves or comvergimg, ddetonae
Hon waves. Pame st be taken to set the state o
Wed the Toatt e sach o way that the hytrodynanne
teoatt el restctive o of the detonation witve proge
agte m locksstep Phos may entand stall viodare s
al the the evatsersaton et ons.

Flie Trom teacking algoritin' ™ i a metheal
whielt i eapable of acecauting for the dyianmes of
Lot an nnderdriven aand o strong detaaston wave
withemt resedving the reaction zone. the anabyvne
belavier od o pio et Jdetontoar wawe s charae
terrzend by the curvainre depemdent detonatuon wave
crve " Far aogiven rate faw o wave eneve ean be
sdibarned by mitewrating the quist stoudy ODES Tor
tHee sbetonation win e prodite b contrast 1o the pdanar
case for acnrved detonation rrout the wave eurve e
et o the reetion zoue dyiatnes Uotsegiently,
there are carreetioms tocthe Hugomed pnp refatons
prapeertional tocthe front curvature Phe curvature
carpectbary n the oot jump eotdittons tiply
thar the Hox e and omt ol o shiaep front wontld ot
e el N resadved reaction zone ean acconnmodate
thus llux ditference either by seeunmintimg the com
servesd pantttes withun ats volune or by equatizing
the mtegrated ux by o corresponding dilferettee
the troat and back surfaee area Beeanse the curva
tare chaniges <dowly o etfect on overall conservitum
s it oand B taggeortant than gettong the Feoat s
At oapredd

te thas peapeer we detertnine the modilied poap
telatems meler the assuuption that the poactem
soate veprast steindy Hhe correction ters are pao
portenat tothe produet of the front curvature aneld
e unvolving m few vabine averaged uuantites
withi the teaction zone Using these quanites as
sapnp b paranetem, the ctuvature deje-adence 2l
the wave varve iy be deternuned by -odvig ol
webap sqatteats rather than solving 1O Es b the
ware peedtle U ang the relevant mtegral quantates
cptares the ot pdivaical etteets whide vepd
i, the mgertamtes adierent oo detathead reaoiean
tbe tnded

PLANAR DETONATIONS

Planerr deconatioar wanes oy b g b 2D e
the powctve Bater eqnations whieh reppesent it e coa.
sorvattac ol toss, nreagentun aned suersy A 5 orth

L}
L}

ettt desopilies tiae progeess sl the e e
|

t- e pi o st the reacton e b ey
oo Formn the squatnons are

" + yutg bR v

| YA T PR l,cu"‘ 0-I’)r ER h

¢y, + PV =g Cat

i\ + opuld), »R v s

where peooc oand PEUCE N are the thapl Gaesany
parttcbe seloenty, spectlie tntesnal energy et -
chemneadl and pressuree, Vo= /s the specitic vl
unw, & = fud « B s the speettie taal etierey. Vs the
s fractioar of the reaction produets et Riv 0\«
s the spectlie reaction rate,

The state lodund a steady state detonatem
witve 13 ddeteritated by the hgotot punge rebimeons

.’f"l'l - I,I! - I, o
.“p(_ll ’))"‘ ‘- "! -1t th

Jyw  Dypou - DEF CE Y PUY o Ty

where J(f] = fu - fi w the juune acress the detonae
tion wave tromn the adiead state (N ) 1o the heland
state (A By, denoted by the subsenpts 00 add
respectively b follows that the detaagan veboeny
IS wiven by

I;tu”)2

whent wg . )

th - /(e Vg 1N

For a given aliead state, these ateelr v equia
tions have a one paranneter oaty of solinnoo Hhe
C'J state correspottds 1o the it detopaatna ve
foetty  Phe wolutions with ' ey are cattedd aeong
detaarottons and thase with 10« Py weak o
treas tin the ZND moddet, the strong beae b oot
spedpds tacnerdnven detomatten winves et the weak
Lol reparesents auphysteal sodintums

the wave cnrve formed by the amag ol apoae
ettty plug the cotpoatte waves o ae ol
At detcatation fodlowed by acraretactinn a0 Daivlia
woave can be aed by deline the dvame . e e
agate a detaanen wave asmg the loat o ko
wethod ' Fhas represents a ol copstatont aten
st o pacrtannmed larn that 6 apphoadde ootk
mehkrdriven and overderven detoatas wave . 1
ever it cortespoteds to the bt of e bt oo
e vate on zerec width vestetioar zeae Tt haat
the curvature olfeet 1y -'lll'-l'"l
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FIGURE 1. [I'lielocusin the 2V plane af detonation
wave haal states. Convergiayg ard diverging geatnetry are
repiresented by the solid lines. T'he dotted line is the pla-
our case. e Ravlewh hue throag't the planar Ct state
s shawa as a dashed hue. Planar CJ state is shown with
apen cirche and andevdnven diverging wave with solid
cipcle Ple nutial state s 7 =t and V=1,

CURVED DETONATION WAVE CURVE

tncotdriast to o planar detonation wave, u -
sero reaction zone wudth liw an inportant effeet on
the dvttannes of a curved detonanon wave, b order
toe neade] the reaction zone we tutroditee the uaty-
rih cocrdinane Tranee Tormued by the detonanan Front
ael the stream hees. Within a laeal streamn tabe,
the reactive Euler equations redonee 1o the reactive
Jduet cauations

(Al ok (el -1, ('
(pYw)y & (el Iu". t "‘])r P, (I
'.,b,\t.)l { !,l.‘lll.'. { ""])r 0, thl)

(pAN) +

Fhe vross sectional area of the stremmn tinhe AL
the cvordiaate 1 the streann diceerton s 0 and the

(o tud), pAR 119

streain telocity i u, o the hnnt that the diateter of

the streant tube alinmks La zevo, the only geomeirie
terue that the reactiear zone dyitamates depettds onom
the wean tromt s vature, & (doA/drey/ A

When the apotal andd tine seates of the peae
tidy zoae are stabter that theew of the hvdeodynanae
thoaw e the teaetiar paodueta, o detonat o wave can
be approexannated s sprase teady with the reatnm
oo eqbthianiy, ohedieecatly to clisuges e the
thow beliied the wave  The g stealy approsius
e tedaees the ovarene S PR Fase (00 B e o
et of ODE el h vepresent the generattzatea
ob the phaar cvquatuone tar the veadctpan 2ot pastile

to it fe the curvaturee clfeer tocdeohine e b e o he
produce ol the reactioan zone wilth awd the cuevaare
al the fromt.

For a caven &, these ODES can be gaseld 10 4
terrune the quisi-steady detonatnur waces. bo ol
tustrate the curvature elfect, Frg, b shows che bens
al Goad states mthe P U plane of quastestemdy ders
omation waves for e simple exiunple eatenlaced
Rel. 16. The pdanar ease correspottds to tie standird
detonatian shack Hagomot which s Stermemned en
tirely from the equation ol state by the usual jamp
coidittons Fos. (5 7). As a conseguenee oF tpe wnr-
cero reaction cone width, netther o converwimg tor
diverging detonation wave satisly the stanudand pap
cothitions.  Moreover, there 18 a qualitative ditler-
etire bhetwerd the detonation locus for the coanversimg
and diverging case. The diverging detonation s
hag an sotated point which correspords ta an un-
derdrniven detonation wave. This i a cotsegqieniee ol
the stricture of the ODEs breatice only the diverging
cane has a erttical point within the plivsieat regior,
0 < A<t Couverging geotetry forees a detonaton
mto the overdrivin regime.

The nnderdriven diverging Jdetonation wave 18
deterutined by solving an cggervidme tike probban Lo
the separatrix, the trajectory through the enitical
powmt, by nsig a sheoting algorithnn '™ Flus teads
to a sotie potnt within the reaction 2ot As 1 v
seqquence, an tderdriven Jdetonatian wave decaples
from the llow behind. "This s the lnsis For detvaianon
shovk dynnmtics.® 1L uses the relation between the
detonation veloeity il the Trout curvidure, {Hin),
to propugate an muderariven detonation wave  For
the sattte example as e kig, 1, the mmnunm derona
ticnt veloeity as w fietion of curvatatre s ~hown i
Fig. 2. tuereasiug enrvatire deerenses the det-atation
veloetty i diverging geonnetry while nprreasing voan
convergingg geotttetry, Phongh the titamuotin etona
toat velocity Joms up continousty between the
verging and canverging case, usiug detonation sheok
dvnannea tu converging geometry wonthd cane
terteal probleis sttee acoustie waves from bebud
the detonuiion wonhd enuse the resctive froat aoad the
hydrodyimne trann to separate macstanka nemner
to what ocenrs with progrunned barn

From the results m Pigs ) oand 2 who b tone
becw derved Tromn the renctive Fuler eipratian. s
clear that the Hngotor pump conditioas, Fope vy )
are ted catistied for weneved detonatea wave waith
won zero wiedth, T portentar, the state behed the
amderdrven detouaton, wave fres abaae the oobaeh
Lue o the 10V dhagran of g 1 Daned th
Fo () would nnply that the detoaaten set e e
hgher than the plaune C vetoerity . Neve ke
Pag o ohoows tleat s bowver

Lhe shviaines of the detonutva teaa 0 o
bated by the mieraciton ot the geonpetene sotie e b
withe thes rate o chenuead cueegy rebicer the o
be weenr by coanparnmg the foous of the sone oot
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FIGURE 2. [ suderdriven detanation wave speed

versus carvature.  Both the converging aad diverging

vases are showa,

ol underdriven diverging waves tu the 2V plane
parametnized by the curvature with the loens ol pla-
war CJ states correspocding to a partially buraed
Hugomot parametrized by Ao trom Fig. 3 it s elear
that the fauly ol partially burued planar CJ states
v i bl approxitiation for the somie states e oan
uttderdriven Jdiverging detonation wave even thaugh
they oo can be cluaacterized by therr value ol
Halike the phutar detomtion Hugoniot which s de
ternned from the equation ol state alone, the curved
detonation Hugomot depends on sote aspeets of the
resetion dy pinnnies oad can ot be derived solety from
the equation ol state Phis shows Lhat the introdue.
ton of a uew tength seale, even if stunlt catpared
to the mestt size, can syglieantly modify the targe
\1':|||' ”HW
fn o tracking advorithie the gquestion arises
wliether the etud stave o e underdrven detonaton
shoabd be the some pomt ar the futly birned state
Liure 3 hows that the loct of sote pomts aed d
es for the underdriven diverging detonation al
et cverlap However, the cud states are displaced
too boaver presstires an can be seen froan the ditferenee
w the cwed potuts of the two liues. Plie eidd poants
corresgeaud T the sate Tront curvature

MODIFIED JUMDP CONDITIONS

Lhe s upvesdsbtomaton shock Hugeanot nast be

tsensttive tocthe e ectoatitres e the reaction rateal

1ot he anelud G progagating Jdetaauntion waves
Here we aue the coservatton faws taderive puug
caanhtwns thot weconnt e the walth o the detoaa
e wane aaed we cody iregral spantities witho tae
vectin zonte Wy detertimnngg these e grad queoan
fies -'||l|-ll'|-':|||_\' foan wave Jaepeyggation experanent

S T T
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15 - . —
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FIGURE 3. Compuison of the loci of nwlerdriven

diverging detonation waves and partially burin plauar
detonation waves. Diverging waves are parametiized by
front curvature and planar waves hy barn fractien. Dot-
x4l line is locus of partially burnt sonte ponts.  Itashed
line is Raylrigh line through planar 1°1 state. Solul hae
is locas of sonic points of diverging detonations. The cir.
clea define the locus of states at the end of the resion
sone.

we expeet to eaptire the nnportant wave properties
A tanner that s insensitive to the detaded reae
tion dynannes.

Suppose the detonntion wave speed s dowly
varving i tnne and that the reaction zane = guasi
steady, Plus motivates the assitmption that to fead
g order JoD) can be geglected, apd thir stare van
ables depewd an r - Dt Under these adsunption, we
tegrating Bgs. (9 1) through the rewetion zane froam
ro (the end of the rencaen) to rq (the unbarned
« te) leada ta the equations fur mass. uranentim
aud energy luxes through the reaction zone'”
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I dertving these cuatnens we hoave ased the appnoose-
TR
A deyj N = ko constam

Previousty, we hed approxumated the mtegrals
s the avernge of the end poin(s?™ which s cqmivatent
tothe tepezotdal ele. For example, the wass i the
rectioat 2omie 15 atven by

O
/ dep = -i‘-'l‘:-‘-i*‘l'l-"l)“[l i-()(u"")] .
(L o
Hoawever, the covllictent of the error 18 proportional
teo dFpfdre? Sinee the end points p(rag) and prg)
are alost constant, the shape of the prolile eatses
Fpfde® o merrase as wogets smadl, o, the ap-
proxuation does not give the teading onler corree-
ticat to the jimp coaditions.

Suppose the average dotsities are known, Phen
we et express the Huxes throngh the reaction zotte
by the Toltowtag todilied jinp equinttons

Jptu - )] =
wielpy(uy - DY+ {p) D] . (1)
Hpm(u - D)+ 1Y) -
~wwlpyug(uy - DY+ 1y (pu) D - ()] . (17)
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DY+ u Iy + (pEY D] (18)
where we hiave uses the approxttnation
.‘n - .\| X ll'cl.'\/lf.l‘ = A‘H'."u .

lie right hatd side of the Hix equations s
proportional to the dinenstontess quantity sw which
v positive Tor o diverging wave amd negative for a
convergig, wave  Por s o= 0, they rediees to the
planar paunp coditons, Fas, (5 7). Phe taoditiend
g equatteas e the siune approxination aml aee
vatud 1o the same order aw the quani-steady ODis
for the reaction aae pealite discnssed e tee preva
cus section Foguations 1S ER) represent the leading
arder carrectiar to the thigontot Juip refations that
aceanuts for the mteraction between the geonetrie
warree teria from the front enevatture and the e
o which chenneal viergy v relensed For o lived
tent cirvatare g, an the reaction rate iereases the
teatnar zonte tength doerenses Coasequently the
cottentiat terins o the pump relations decrease Lad
hienee the curvature effect dinmnshes, e amnuen
catstuudatton withoa capturing algorittun, decreasing
the vofl size has the e elfeet
Fhe correstun terms have a phystead tnterpre

Uhe it termn an the right hand sete o
P HG 1) coaneets the cattgeany, ntegruted oy Lo

the s hoantge 1o e o teqrad area o the dreaan tinhe
theawh the peactpm 2oaie The term proquateasd fo

T B d1T) represenits atpmsserse et o
reansler withun the reactunt zone Phe tertte g por
donal to thee preaduet 5 the detogatoa vebenity anld
the average densities represent the merease e
tutat ot the conserved gquantites withim the reaetnen
soate as the vods of enreviture of the Trowr and heee
the vedunme of the reaction zome inercises. Plongh
the sum of these corrections s frame mdepetndent,
therr eelative nagnitmdes are not. For aorite stivk, 1
is natural to use the fratnw e which the reaction zone
is stationary  hu this case. the wave speed vinnshes
and the conserved uantities within the reacteen zone
are time iedepemdent. For an expanding Jetoaatun
wave the natm at frame is the one it which the wrngin
s at rest, lu this frame the tnerease of the reaction
cone volutite 15 a significant term.

I'he wmodified ymp relations depend o live
paratneters: the reaction zone wildth and the vol-
nitte averages over the reactton 2one of the presstire
atd of the s, womentum and vuergy densition,
Once these parameters have been determned exper.
imentally s n function of wave strength, the curva-
ture vifect can be deterniined by solving aleebraic
equatious. Rather thian requirtng a detaited nuder-
stuading of the reaction zone dviunies thus prore-
dure would nse a siuadl umber of mtegral quanti-
ties. It therelare proyides the Iramework for asunple
pthetiomenological degeription of wave propagation of
enrved ddetountions

We havrr checked the plansibility of thus wlea
with the sitaple model explosivee used e the previons
seetion as follows:

I Phe reaction zone tength and the averawe den
sttien are ealendated for a planar detoamt o

2 Foragiven & the gquosestendy ODESs are solved
to detertmme the eud state of the detaanation
shock Hugomot;

3 Phe modilied Juop comditions are tested sty
the end states from (2) gnd the mtegral gquim
tites from (1) with the corresponding detom
tint velaenty.

Phee resutlts of this test are shownon Frg Lawd o
lor the diverging amd eovergig cases pespartinefy
\s o dimenstontess weastire of the erpor we aae the
thelt hand seted prght haned sede)] o0 Fogs 1ta b
diveded by tie ux mto the detonatiar I'nnad L oan
the ligures we see that the orror s Ofraact’) annld
hiated by wnnerteat ronndedl ertors Beeinar the
suast stendy approatation s ondy vatnd toc ke or
der e owor, 1t consistent. with the acenriaey oo e
yeproxtimt rear toouse the valunme averages s aneod
trvan the planar wave o sinadl valies of 80 by ot
thie dews that the curved detvasition wave s e he
detetined as a perturbatt meoof the pdanar btona
o wave weth the qune detatpatioar sposed
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FIGURE 4. Frror of modified prmp conditions for
Jdiverging waves.  solid, dashed and dotted hines are
wass, momentum awd energy Hux respectively.  Thek
and thiu hnes carrerspoad 1o detonation velocities of ap-
proxuately D, 5 awd M-y respectively.

SUMMARY

I arder Tor a sunudation of the reactive aw
spitions to predier the behavior of an exploscve, a
numerical atgorithn nmst acenrately propagate det.
amdton waves, As with a pou-reactive materiad the
dommant,. wave heliivior of an explosive @y deter-
wmed by s equatta of state. However, e con-
trast toa shiock wave, the width of a detonation wave
canmnob be neglected, Phis gives rige 1o a signtlieonm
corpection to the propagation of a detonatien wave
hunowa iy the carvature elfect. The mnnerical width
af wodetotation wave e eopturing algorittuns wives
rise tooan artificiad curvature elfect which resulis g
actesh depetedenee ol nmerieal sittmtations.

Muabysws of the dviamies of the reaction zone
has ted to o aederstanding that the carvatare otleer
ts due to the teeraction between geottietrie souree
tertus Iroan the curvature of the detonation front aad
the rate at which energy 18 released by the chenn
cal reaction ¥ ¥ Underdriven detonation waves de
conple froanr the fow behind and the wave froau
can b coreeetly propagated with detottion shoek
ey T Hlawever the state behind the troat
st be careluly chiosen suehc that the reactive from
aui the hvdroddyuanae tront are propiaged conses
teatly

We are stinlving a nmtlied approack that g
Bl wathe o froan teackimgy algortinn too prog
veate loab audepdriver amd ovendrivea detoatm
wues Phesub ared strnetare teeaction zoue dyvnam
ot ueeded G prapoeade detoaition wave san e
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FIGURE 5s. Error o8 modified jowap comdinons for

converging waves.  Salul, dashed aund deoral hines are
masy, momertum aud ecnergy Hux recvectivelv. Fluck
awd thin tines correspond 1o detouation velocities af ap-
proxunately .y and 2. respectively,

chiaracterizedd analytically by the curvature Jdepen.
dent detonation shoek Hugoniot. Given an equation
ol state aml a reaction rate law, the curvied detn.
natian shock Hugomot can be deterimned byt
gratuig the ODFEs Tor the quasi-steady reaetion 2o
s rolile,

Namerical calenlations nse effective rate Laws
which averages over comnphicated and frequently m
cotnpletely nnderstood chienmistry, and over tengeh
seales assoctated with material heteroweneites cant
transverse wave stabitities. AL present, s we
possthte to dertve an averaged reaction rate trog un
croscopie chenmeal datac s therefore secessary 1o
ase eroscapre data, siel as a Pop Plot or the Tromt
curveture suud detonation veloetty e rate stick.
ot ter tecempaneadly detertme the elfectiee poe faw
Beciuse of the ditlientty of determing the foue
ttounl Tt ol i rate faw, we lave wdentilied Illh-ur:ll
quiantittes which catpletely detertiue dee carvidues
etfeet, on wave propagation.

Constrams o the curvatire etfeet froan the
conservation fawa ciin be expressed as neohibied
Hugotned, jurug relations. Phe reaction zoue o
ws euters che g relatins valy throagh che veae
ton zone width sl average vilues of pressure aoed of
thee sy, ueauentimn and energy deustties Ve beast
for a sunple rate aw aad equatioa of state we fene
slvawn that the caeved devonotem shock e
can beendbitinged froaa the odilied quimge .
v perturhation of o planar detaainen
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