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PREFACE

This proceedings contains copies of the viewgraphs presented at the September 1993 Workshop
on Advances in Smooth Particle Hydrodynamics held at Los Alamos National Laboratory, Los
Alamos, New Mexico. This was the second conference of this series. The first conference in this
series was held at Phillips Lab in Albuquerque, New Mexico in January 1993 and was organized
Jointly by Phillips Lab and Sandia National Laboratory. Proceedings from the first conference, in-
cluding a videotape of the meeting, can be obtained from Steve Attaway at Sandia.

Wemnowlnlbeprooeuofplmnlnubel.hhdSPHméedng.Hnnyonehumysuuesﬂonsfor
the next meeting please contact Chuck Wingate or Warner Miller at Los Alamos or Steve Attaway
“at Sandia.

We are indebted to Ms. Jan Muir who worked very diligently to assemble these proceedings, and
to the Theoretica! Division Office for their administragve assistance. We wish t0 acknowledge
suppott for this conference from NASA under the High Performance Computing and Communi-
cations Program.

Chuck Wirgate (X-1, MS F645)
Warner Miller (T-6, MS B288)

Los Alamos National Laboratory
Los Alamos, NM 87545

December, 1993
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WORKSHOP ON ADVANCES IN SMOOTH PARTICLE

HYDRODYNAMICS

Los Alamos National Laboratory, September 21-22 and September 23, 1993

At the Study Center (top floor of the libiary)
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WHAT IS SPH?

Overview, Comments, Trieste

Smooth Particle Hydrodyhamics Workshop

September; 21, 1993, LANL

Bob Stellingwerf
Los Alamos National Laboratory

Applied Theoretical Division

_Los Alamos



SPH is a MONTE CARLO Technique!
* First proposed as such by Lucy in 1977.

e Many improvements have been made to SPH since then, but it still is
based on a Monte Carlo integration step.

 Basic Monte Carlo theorem, uniform sampling, i=1,N, over volume V:
\4
[V = 55, = STAY,
* For random sampling with probability density pdV (Lucy):
p(r) = %’Zw (r -rj) = Zw ("'J) Amj

where w(r-r’) is a kernel that provides a local, compact support.
* Then for any specific quantity, Q (something/gm), we can compute the

corresponding “density” q = pQQ (something/cc) via:

q(r) =Y Qu(r-r)am,

LLos Alamos



SPH is a MONTE CARLO Technique (continued)

* Now, since (; is a constant, and all of the local variation of Q(r) has
been transferred to the w(r-r’), we have:

Vg(r) =Y Q;Veo(r-r)Am,

e Now, to do physics we interpret the Am; as the mass associated with
“particle” j, and the interpolated veloci{y as the mean velocity of that

mass, and presto, we have a (real) Lagrangian scheme!

* Note, however, that the “particles” are still actually Monte Carlo
sampling points, the kernels overlap, and SPH is actually not a particle
scheme at all, much less a Lagrangian hydro scheme...

e Much progress since Lucy can be attributed to Monaghan, who noted:

1. Since an interpolation is involved to apply the integral theorem, a
considerable body of interpolation theory can be applied.

2. By applying some algebraic tricks, the SPH equations can be
made to conserve mass, momentum, angular momentrm and
(optionally) total energy.

3. The sampling error can be reduced by starting with a regular grid
of points.

Los Alamos



SPH Volume Element

A handy form of the Monte Carlo integral for SPHis: -
) = [feIw(r-r1dV = Y fw(r-r)av,

* Where <> indicates the interpolated function, and the usua! choice for
AV; is (m;/p) .

 Other possibilities can be considered: Lucy used (f;) = 21 (:‘-'J) =
i
or we could consider (f;) = (%)z{ﬂ(r‘-rj) .

* Another possible choice might be
gy = 2=
¢ Zw (ry-rp
- this has the advantage that neither the mass nor the density enters
the interpolation, and edge effects are eliminated (functions are

constant to the edge of the kemel), but the implied boundary
oonditionattltee&geofanobiectisAP:ﬂ,ta than P =G.

* Another problem with all of these alternatives is thai symmetry
(required for momentum and energy conservation) is usually lost, but
not all possibilities have been explored.

Los Alamos



SPH Problera Areas

¢ Adequate coverage of w(r-r’) is needed toapproximaﬁelheintegral. This
means lots of neighbors, and preferrably 2 non-nmform spacmg.

Interpolation theory, on the other hand, requires regular spacing and
gives best results with narrow kernels. Abalanceisneeded.

» Spherical particles impose a maximum 1D strain that can be tolerated,
and imply an elasticity limit that can cause premature fracture (tennis
ball problem). Widening the kemel £ixes this in mest cases,

¢ Instabilities related to the “cell-centered” averaging are sometimes seen.
These are maost often encountered in quiescent regions under tension,
although the analogous compressional instability has never been seen.

* Interfaces in which some quantities (sv.:h as mean molecular weight)
vary discontinuously can cause large fluctuations when perturbed.

* Density given by the sum of masses formula cannot be constant at the
edge of an object. This is incompatible with a solid equation of state.

* Densities givena by integrating a continuity equation may not be
consistent with the masses used in the integral sums.

Los Alamos
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SPH- Some Comments

e Tennis Ball Problem: extra viscosity, different kemnel, or simply
increasing the smoothing length (more neighbors) fixes this. The
optimum fix may be to allow non-spherical kemels.

 Fracture: very high strain/high fracture experiments are modeled very
well for both ductile and brittle materials, even without a fracture
model. Benz/Asphaug model shows promise of modeling fracture
accurately on all scales.

e Continuity Equation: seems to work, but no consistent way of setting
ﬂ!emma,mvmfymgthatmmmconmedhasbeenpmposed.

o Inierfaces: for individual problems a workable solution can often be

foundbycarefullymahchmgmmes,sizesandplacementofpamdes.
treatment is known. Probably the most serious problem now

facmgthehechmquc.

¢ Cell-centered instability: usually seex at very late {ime in relaxing
pmoblems such as crater formation. Varying the pressure average
sometimes helps (Libersky). Not normally a serious problem for most

applications.

Los Alamos
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CALCULATION OF REACTIVE FLOW USING
SMOOTHED PARTICLE HYDRODYNAMICS

L.D. Libersky

A.G Petschek  Per-Anders Persson

Energmic Materials Ressarch Testing Center (EMRTC) and
Dapanment of Physics
New Maxico Insituts of Mining and Technology
Socorro, NM $7801

Reactive flow is incorporsted within the framework of Smoothed Particle
Hydrodynamics and s mbaure ruls is formulated which allows for trestment of]
large grained explosives and propellants. The method is tested using length scales
fine enough 10 resolve the reaczion sone. The simulation sesms to reproduce ideal
detonation theory quite wall for plansr steady-state detonation in Composition-B.

INTRODUCTION

The SPH representation of the fluld conservation
equations are given below (see (1) for dertvations).

_dﬂ_ LT o,
= "';7,‘("' v:);-; ()

%’1- -;"(2"*%*“‘)%.. @)
S-poirofn) o

Variables sre coordinates (x), time (1), density (p),

PsP(pE,A) @)

dA
il AU (%



Reacr'ng material is partitioned imo unburned solid (o)
and reacted gas (§) phases according to conservation
lsws for mass and energy.

VaiV,+(1-2)V, (6)
En)E +(1-2)E, )

Hare, V=)/p is the specific volume. In order to close
the system of equations (1-5) two additional constraints

Fy=P, ()]
-
S=-h ®)

In order to uss (9) we must know which isentrope the
reating material is on  For ideal ssady mae
detonstions this is the isentrope passing through the von-
Neumann point. For transitions 10 detonation 8 family of
adisbats defined by the solid Hugoniot are encountersd
by the rescting material. A prognosic equation for the
entropy is added for this purpose.

S.R
2.4 (10)

The heat added () Is the antificial viscous work (T1
terms in equation 3). Equation (10) also sroduces the
tempersture T which we computs by Linear extrapolstion
form the principal adiabet.

TsT,+(E-E,)IC, an
Using the First Law
dEn7dS - PdV , (12)
the following relations can be derived

78 & o

Assuming s Grunsisen equation of state
PV.E)= P,O)+LIE-E,0)), (14

the pressure derfvative in (13) can be written as

2-5)-28 o

I L
W)' v T (16)
which, for y/Veconst. integrates to

T"(ig'.y = T,‘" (‘1)

We obtain the adiaba: energy £¢ by integration.

4
E,(V)=~|PdV=
Vv

j[r, +-5(5- 5,)|av as)
where the Hugoniot pressure and energy are given by
(v, -¥)
P, [V,-S(V,-V)T (19)
Ey=3R,-V) 20)

Here, C and S are coeficients in the linsar shock speed «
particle spesd relstionship U,=C+SU, and V, Is the

normal volums. Choosing »¥=a to be conmant, and
hacting FoE exp{a}] we have

Fu- J c"[P,,--,;-E,]dV @)
which integrates to

rm-#{-d'(”-a?.)f'- ¢[I#ﬁ%]} (@)

. C‘(u'-c:rw.om.)( L{aV,-V)+a¥,13)= Db, 5)
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whaere £i is the exponsntial imegral. The adiabat energy
is therefore,

E®)=Foy ¥ @)

Equations (11), (17) and (23) are used to calculsts the
temperature of the solid required in (10). Msthods
using fits to the Hugoniot temperaturs for the reference
curve (2] have caused ws difficulties, spparently becsuse
WA require temperstures outside the region of validity of
the fit. The analytic nature of our method eliminstes
axh problems.

EQUATIONS OF STATE
For the unrsacted solid mmerial the Gruneisen
equation of state (14,19) is wused. A HOM
representation of the BKW (2] equation of state is used
for the gaseous detonation products.
PP, +4(E-E,)IV (24)
B(P,)e A+B(lnV)+C(laV) « DaV) « E(nV}* (29)
hE,)= K+ L(loP)+M(la P) + N(ia P) +O(i PY (26)

=l/faR+S(LV)+T(RV)+UaV) (27)

g

the subscript °A° represems the acisbat passing
the CJ point. The coefficients are computed
the "“BKW" cods (3).

i

For a partially reacred particle (0<A<1) we apply the
rules (8,9) in the following way. Firm we
which adiabat the particle is on by comparing the
particle entropy with the entropy on the solid Hugoniot.
The family of adiabats is characterised by the solid
Hugoniot curve for the unreacted material. Second,
upper limits on the volume (F7A) and energy (E/A) of the
solid are provided by (6,7) to ensure positive ¥, and K.
we idemify the lower imit for the solid volume as
) oa the adiabat. Having sn acoeptable vohmne
for the partially reacted solid, we pick the
arithmetic mean a3 the manting guess for ¥ and comate
Vg using (3). The saning solid energy is By(Vy) with (§)
prwldlut. A Newton-Raphson herstios is then used
toward pressure equilibrium berwean the solid and gas
phases, constraining the sclid to movs along its adiabat.

i

31

CALCULATION

A one-dimensional simulation was performed In
order 1o examne planar steady-mate deonstion in
Conposition-B explosive using the mew formalism
within the famework of Smoothed Particle
Hydrodynamics. For this caleulation we 100k the

smoothing Jength (h) to be 1 um. Buming was initiated
by impacting the explosive with aquivalent inert material.
The shock pressurs input to the sample was kept jun
below Pej (290 Kb) 30 a3 to minimize the run distance
to detonation. A Fores-Fire rate [4) was used to

describe the decomposition.
diA 2“ pret

The cosflicients in (27) were obtained using the
ATFIRE code [S) and are listed in Tablel. Fis for the
Comp-B lsentrope (25,26,27) ure given in Table 2. Solid
paramaters used were: V,=0.583 cc/g, O=0.21 e,
S$=1.5 and y=2.0.

{ gl
-1.0)3438003E+0 $.206391093E+09 |
21 4. 134374495E+03 [ 9 | = 2946637008+
3 | -).6733704328+04 (10 | 1.5183793¢98+
4| 4475674643840 [ 1] T 4360881940+
A93147) 54+ +7.7289 10
13559343 3R+08 TN TR
-1 140286315800 | 14 |3 6167713708+

Table 1. Foresi-Fire Rate Cosf's for Comp-B

L
S0 T -1 36087 15037
-2.33429 3 <4412 o
) D11 S06)100E-02 | ).3]2936R

y 0431 )] Nai ]
+].9323648-0) | 6943999804 | -2.42403)E-0)

Table 2. HOM it to BKW EOS for

explosive. Only fully or partiaily resciad particles are
ploned for clarity. Inert “fiyer plas™ paricles and
particies not yw. .

rer3ton Is 100% complete 400 um behind the spike at
290 Kb, the Chapman-Jougust (CJ) sate. The reaction
is 75% complete 80 um behind the shock front. Thess

and the rsaction extent on the absciasa. Tie von
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CONCLUSIONS

Ws have derived 8 new formalism for treaing
reactive flow and have incorporatsd it within the
framework of Smoothed Particle Hydrodynamics. Ths
mixture rules extend ths applicability of reactive flow
calculations to large-grained materials and tha SPH
computing technique allows for easy exension 1o thres-
dimensions and improved accuracy. We have testad the
approach by calculating planar steady-rtate detonation in
Composition-B. Results show idsal detonation theory to

be reproduced quite well.
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UULInce

e Aero-SPH

— Review

— Revisit the Previous Work
— Variable H
— Wall Heating

— Supersonic Airfoil



Review

e SPH Requires No Grid
Saves Time and Opens Problem Domain
of Traditional CFD Methods

e Validate SPH

¥ ¢ Boundary Conditions
Solid Boundary, In-Flow, and Out-Flow

e |nviscid, Compressible Flow
Supersonic with Local Sub-Sonic Regions
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= pfp, v,, v,, and (v,/¢) = | arc also plotted. In sach plot 30 equaily spaced contours are shows.
/Ith the contour for the lowest leval or for any nesative level drawn as a dotted line.
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zone used to set the entropy. This condition is based on the assumption of a nearly
steady flow in the region near the corner. It is clearly inappropriats at the very outsst
of the calculstion. Thess conditions remove tho grossest errors generated near the
corner, but of course large errors in the flow dirsction thers are bound to remain
These srrors may be the cause of an oversxpansion observed at the corner in all the
runs, although similar effects occur in wind tunnel experiments of this type using
viscous air.

The time evelutlon, up to time 4, of the density distribution in the wind tunnel I¥
displayed in Fig. 3. The flow at time 4 is still unsteady. A steady flow develops '”
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- Supersonic Airfoil in a Tunnel

- =

. NACA 0012 Airfoil

Mach = 1.2
Density = 1.0
Pressure = 1.0
Angle of Attack

1.25 Deg
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Conclusion

e Boundary Conditions I!!
e Noise Reduction, Sharpen Discontinuities

e QOverall, Improved Quality of Solution
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PROGRESS ON INTERFACE
PROBLEMS IN SPH

Charles P. Luehr & Firooz A. Allahdadi

USAF Phillips Laboratory, PL/WSSD

OUTLINE:

1. Cutoff Method for Separﬁted Impact
2. Density Deviation Cancellation

3. Effective Relative Velocity Scheme
a. Velocity Divergence Baseld on

Estimates Used in Artificial
Viscosity Theory



CUTOFF METHOD FOR
SEPARATED IMPACT

Smoothing function cutoff with shutoff:
' Diff. kinds interact by cutoff method
Same kinds interact as usual.

Example (see diagram):
Dim. is 1. Cutoff dist., d=2h/3.
No. of particles per 4 is 3/2.

Procedure:

1. Find active particles (i.e., particles
within dist. 4 from any particle
of the other kind).

2. For all i and j of diff. kinds:
a. If neither is active, they do
not interact.
b. If either is active, they
interact as usual.
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Density vs. X [NP=300, Time=3.0000, fter=549]

0.5 10 is
X-Coordinates

2.0

30

Max Density = 2.770667
Min Density = 2.708231

Alpha = 2.5000
Beta = 2.5000
Eps = 0.1000

G1 = 0.5000
G2 = 1.0000
CFL = 0.3000

—  Calculation

29 December 1992
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Pressure vs. X [NP=300, Time=3.0000, lter=549] runGa
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vensity vs. X [NP=300, Time=1.0000, ler=182]

05 1.0 15
X-Coordinates

20

3.0

Yun Gy

Max Density = 2.733039
Min Density = 2.710000

Alpha = 2.5000
Beta = 2.5000
Eps = 0.1000

. G1=05000

— TG 1.0000

CFL = 0.3000

———  Calculation

04 January 1993
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Pressure vs. X [NP=300, Time=1.0000, ler=182] run Gy
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Max Density = 2.732930

Alpha = 2.5000
Beta = 2.5000
Eps = 0.1000
G1 =0.5000
‘G2 = 1.0000
CFL = 0.3000

12 July 1993
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Pressure vs. X [NP=300, Time=3.0000, lter=539] runk/v|
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'DENSITY DEVIATION
CANCELLATION

Continuity Equation:

dpi/ dt = -pi(VoV)i
with
Y | -
(Vov)i = —pi Ejmj(vi Vj)oviwy
gives
dp/dt = X jmj(vi-v j)-Viwy
New velocity divergence:
- -1 v Ve
(Vev), = (Z jmjw”) 2 ij(vi \ j) Viwy

Deviation factors due to an
interface with a vacuum cancel out.

-7 1-



New Continuity Equation:

= -1 —v )e
dp/dt = pi(ijjwy) ijj(vi vj) Viwy

«]-



EFFECTIVE RELATIVE
VELOCITY SCHEME

Usual Continuity Equation:

dpldt = X, m(v -V )-ij

Replace m , with m, .

(e ot 1ol Y5l 2m,(m+m) (v, =V )

Let
_ -1
Aly = 2mimj(mi+mj)
- New Continuity Equation:

dpldt = T M (Vv )eV

New density by summation:

Ri = ZJMUWU



Comparison with usual density by sum:

ZjMﬂwy > mw

J Jy

My
If m=m, m = m (just right)
If m  >>m, 2m, S m : (too large)
If m,<<m , 2mj 2 m, (toc small)

Continuity Equation with
density deviation cancellation:

— -1 -
dp/dt = p,(ZjM”w”) Zng(v: \ j).Viwij



Pt ©
A

The resulting SPH egual
Let

= -1
N” = 2mi(mi+m j)_‘

Density by summation:

R =2 N,mw,

Velocity Divergence:

= _p-! —v e
(Vev), = -R ZjNymj(vi vj) Viwﬁ
Velocity Gradient:

L = (W) = -R"Z N m(v~v)eVw,

78-



Continuity Equations:
dp,/dt = =p(Vev),
= piRi'IZ jN”m j(vi—v j)-Viwﬁ
Energy Equations:
de/dt = p~' T I,
- _(piRt)-leMjmj(vi_vj)'T}'Viwy

- Momentum Equations:

— -1
dv,/dt = T mIN (pR)'T, .V,

-] .
+N, (0 R)'T oV )



Comments:

The above equations are for the
"Effective Relative Velocity" scheme
combined with the "Density Deviation
Cancellation" idea.

To get the equations without the
"Density Deviation Cancellation" idea,
replace all R and R ; (on the right side
of the equations) with p and p ;

respectively.
To get the equations without the

"Effective Relative Velocity" scheme,
replace N, . and N i with 1 everywhere.
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Dersity vs. X [NP=330, Time=0.2067, Ner=1000] " 476
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Density vs. X [NP=600, Time=0.2000, ter=004] TunL3
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VELOCITY DIVERGENCE BASED
ON ESTIMATES USED IN
ARTIFICIAL VISCOSITY THEORY

Estimate of contrib. to vel. div. at
particle i due to particle j:

—r 2(r —r )o(vV -
Ir,-r ] (r, rj) (v,-v j)

An averaging procedure weighted by

mw, gives:

(Vev), = =(E,mw )T fm (v,~v )

-2
o[=ir—r [ (r-r w1}

The result: In the SPH governing
equations, V, W, is replaced by

- L -2 -
r,—x | (r-r j)w”



Boundaries and Interfaces
in SPH

~ louis Baker
Dagonet Software
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Problem:
Robust SPH for
large density differences
various EOS

Riemann Shock Tube
Aluminum Impact Test Cases
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SPH Interpolation

Gibbs Phenomena at Discontinuities
Kemel: Cardinal B-Splines
Ok for uniform spacing, no boundaries
Choice: either |
1) ensure smoothness
2) modify interpolation for jumps




Cubic Cardinal B-Splines




DONT'S

- Mass Match
Mass Adjust
Ratio Zone



DO’s

Use Summation, Not Continuity
Need to re-normalize density for EOS
Volume Match



Density vs. X [NP=800, Time=0.1000, fter=1706]
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Density vs. X [NP=800, Time=0.0050, Hor=1651]
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Density vs. X [NP=450, Time=1.0000, ter=409]
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] ———  Calculation
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Veloclty vs. X [NP=450, Time=1.0000, lter=409]
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Calculation
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Pressure vs. X [NP=450, Time=1.0000, iter=409]
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Max Pressure = 0.0397
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———  Calculation
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Density vs. X [NP=450, Time=1.0000, lter=505]
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1h\t)¢£f—- Naive Summatioy

Max Density = 2.8454
Min Density = 1.2257

Alpha = 2.5000
Beta = 2.5000
Eps = 0.1000
G1 =0.5000
G2 = 1.0000
CFL = 0.3000

Calculation

16 September 1993
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Velocity vs. X [NP=450, Time=1.0000, lier=505)
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Calculation

13 Sepiember 1993
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Pressure vs. X [NP=450, Time=1.0000, lter=505]
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Max Pressure = 0.0428
Min Pressure = 0.00C0

Alpha = 2.5000
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Calculation

. 16 September 1993
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Density vs. X [NP=450, Time=1.0000, lter=413]
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Velocity vs. X [NP=450, Time=10000 er=413)
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Max Velocity = 0.0250
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Alpha = 2.5000
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Eps = 0.1000
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G2 = 1.0000
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Calculation

13 September 1993
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Pressure vs. X [NP=450, Time=1.0000, lter=413]
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Max Pressure = 0.0392
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Calculation

16 September 1993
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Density vs. X [NP=285, Time=1.0000, lter=2810]

00

T r rrr 1 rrrrr1

0.25

0.5
X-Coordinates

L L L L L

10

0.75

Max Density = 2.7213
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1 Caveat

"The Ohio group (Mike Owen and Jens Villumsen) and the Texas
group (Paul Shapiro and Hugo Martell) have collaborated on the
basic ideas and goals for the development of Asph, but the two
groups have independently d=rived their own Asph theories and
algorithms as well as developed entirely independent codes based
on those ideas. The bodies of work of both of these groups are
based on the same basic principles and should give similar results.
All the work presented today is the result of our development in
Ohio and any questions on this material should be directed to
either Mike Owen or Jens Villumsen; questions pertaining to the
Texas development should be referred to Paul Shapiro or Hugo
Martell.



2 Definitions

Standard Smoothed Particle Hydrodynamics (Sph)
o Utilizes a single isotropic smoothing scale per particle.
o Interpolation kernel W(, h) may be expressed as

wir,h)=w (1) (1)
¢ Smoothing scale allowed to vary spatially from particle to

particle as well as temporally.

e Artificial viscosity is implemented for any convergent flow
within the gas.

Adaptive Smoothed Particle Hydrodynamics (Asph)

o Utilizes an anisotropic smoothing scale per particle, as em-
bodied by the H tensor.

e The smoothing tensor is allowed to vary both spatially and
temporally, as in Standard Sph.

¢ The interpolation kernel W(F, H) may be expressed as
W(r, H) = W(HF) (2)

o There are two current variations of Asph, unsuppressed and
~ suppressed:
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— Unsuppressed Asph utilizes the artificial viscosity for
any convergent flow, as in Standard Sph.

— Suppressed Asph employs a more restrictive algo-
rithm for implementing the artificial viscosity.

-108-



S Why use Asph?

e Through the use of aspherical kernels, piaenomena that are
nonisotropic can be better represerted (better resolution for
a given numter of Sph nodes).

— Standard Sph: A, o p~% in 2d; h, o p~} in 3d.

— Asph: H is allowed to adapt in arbitrary direction to non-
isotropic density evolution, thereby improving resolution;
so long as the radius of the anisotropy (shock) is greater
than its typical thickness, Asph will have the advantage.

o We are primarily interested in simulating the evolution of
structure in the early universe, where in general gravitational
instability drives highly nonisotropic evolution. Asph has
been tuned to solve the Zeldovich pancake problem as well
as possible, as we consider this our canonical problem.

e Asph is in a sense more Lagrangian than Standard Sph, as
we are able to more accurately track and maintain a consis-
tent set of neighbors for a given Asph node. The goal of the
Asph algorithm is to maintain an equal number of neighbor-
ing nodes in all directions from the node of interest.
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e Spurious heating resulting from overuse of the artificial vis-
cosity can artificially interfere with the collapse of the Sph
gas and influence the development of the fine struzture we
wish to examine (galaxies, clusters, etc).
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4 Disadvantages to Asph

e Asph is more computationally expensive than Standard Sph
for a given number of nodes; this is hopefully balanced by
the improved resolution.

e Asphis not guaranteed angular momentum conservation since
forces are not in general radial. We believe in fact angular
momentum conservation will be met so long as the shape of
the smoothing kernel faithfully follows the shape of the un-
derlying fluid element, but this remains to be demonstrated:
regardless angular momentum conservation is not rigorousiy
guaranteed as in Standard Sph.

e Our current artificial viscosity suppression algorithm mildly
violates energy conservation, but this is a small effect.
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8 The H tensor transformation

¢ The H transformation maps from real position space to nor-
malized position space:
— Standard Sph: k = 7/h,
- Asph: A = HF
e Shape of anisotropic smoothing volume as defined by H is
restricted to be elliptical in 2d or ellipsoidal in 3d:
— 2d: H is a symmetric 2x2 matrix
- 3d: H is a symmetric 3x3 matrix

6 Evolving the H transformation

¢ The smoothing volume for an individual Asph node is treated
analogously to a fluid element, and is therefore evolved in
accordance with the changes in the local velocity field as
embodied by the rate-of-strain tensor o = 80/67

o H is evolved through a first order treatment of the local
velocity field.
AV = AT (3)

Restriction to first order transformations on H guarantees H
will remain symmetric and therefore elliptical (ellipsoidal).
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7 Artificlal Viscosity Suppression

We are attempting to develop a more restrictive criterion for
the use of the artificial viscosity than the traditional use for any
convergent flow. Our reasoning behind this effort is:

e The traditional criterion for the artificial viscosity switch on
is overkill in the sense the the artificial viscosity will be active
for gas which is not undergoing shocking.

e Overuse of the artificial viscosity can spuriously heat the sys-
tem, which is potentially a serious problem for collapse sim-
ulations.

Some characteristics of our new (and experimental) criterion for
the artificial viscosity:
e It distinguishes between the application of the artificial vis-
cosity in the momentum and energy equations.

e It is parameterized in terms of the resolution over the scale
of interest and the local velocities~basicully a closing time
criterion on a pair-by-pair basis.
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¢ The new criterion does not explicitly rely on characteristics of
Asph and could in principle be applied in Sph as well. How-
ever, it is uncertain whether the lower effective resolution of
Sph would negate the usefulness of the criterion; Asph’s im-
proved resolution should give it better stopping power (larger
|65/7). |

o Our current parameterization of the criterion has been purely
empirically calibrated against the 2d Zeldovich pancake prob-
lem.

¢ Much more work is needed here to extend the usefulness (and
testing) of the criterion.
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8 Technical aspects of the code

@ Our current (A)Sph code at Ohio State is maintained under a
make system and is configurable through preprocessor flags
at compile time for a variety of situations. These include:

—1,2 0r3d

— Standard Sph or Asph

— Cosmological or Standard space dynamical equations

— Choice of Cosmological models

— With or Without gravity

— Suppressed or Unsuppressed Artificial Viscosity

— A choice of symmetrization schemes in the dynamical
equations

e Individual smoothing scales (h,) or H transformations are
maintained for each Sph/Asph ncde.

® The code features an asynchronous integrator based on a
second order Runge-Kutta scheme; this allows us to main-
tain individual times and timesteps for each Sph node. The
asynchronous algorithm has been designed with the following
characteristics:

— implemented with assumption that on “local” scales (scales
the size of a local smoothing kernel) times and timesteps
will be similar.
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— Hasic algorithm:

* Every particle is assigned a current time (¢;) and a
target time (t:ar’ = t; + At;).

* The integrator looks globally for the smallest target
time. | :

* All particles with this smallest target time are selected
and integrated (in local groups as batches, if possible).

* The newly integrated particles are assigned their new
current and target times, and the cycle repeats.

o When compiled for cosmology the code integrates all quanti-
ties in terms cf a power of the expansion factor rather than
time (p = a%).

e The code has been optimized for use on the Cray YMP at
the Ohio SuperComputer Center-typically hits calculation
speeds on the order of 100 Mflops or over (problem depen-
dent).

o Current status in development of code:

— Standard Sph fully implemented and tested in 1, 2, and
ad.
~- Asph fully implemented in 2d; partially in 3d.
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9 Tests of Asph and the code

We have run a variety of test problems for the sake of testing
both our code and the technique of Asph. In standard space for
both Standard Sph and Asph we have run:

e the Riemann shocktube problem in 1, 2, and 3d
¢ the Sedov blastwave solution for 1d and 2d

In cosmological scenerios we have run (both Sph and Asph):
o the Zeldovich pancake solution for 1d and 2d

o the growth of a void in 1d and 2d (essentially a gravitationally
driven blastwave)

e a 2d Hot Dark Matter model

We have focussed on the Zeldovich pancake as our canonical
problem, as we expect this to generically represent the sort of
situation we are interested in.
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10 2d Shocktube Simulation
o High Density region initial conditions:
—pim]l, P=], uy=0Vz<0
e Low Density region initial conditions:
- pi =025, P;=0.1795, vym=m 0 Vz > 0
ot;=0,¢;=0.15
e Periodic system (z,y) € ([-1,1),[-1,1])
o Particles seeded on initial grid
e ymcp/ey = 1.4
Numerical Simulation Parameters:
® Niaryon = 25000
- High density region: N, = 100, N, = 200
— Low deansity region: N, = 50, N, = 100
o dt € [5 x 107%,0.005)
e h, € [0.005,0.05)
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11 Single Wave Planar 2d Zeldovich Pancake Simulations

Background Cosmological and Physical Parameters:
o Einstein-DeSitter cosmology (2= 1, A = 0)
® Qieryon = Qg = 0.5
e Ho = 50 km/sec/Mpc
® Qinitial ™= 1, Gepynch = 4, a;@- 5, ap = 1000
® Zinitial = 099, Zepunch = 249, Zping = 199
e =10MpcQ@a=1 = [}o=50Mpc@a=35
ok, m0,kym1
o T; = 3000K =» ¢; = 1.49 x 10~
o ymcp/ey = 5/[3
e Pure Hydrogen gas (= 1)
« No Radiative Cooling implemented

Numerical Simulation Parameters:
® Nieryon = Nym = 4096
eam], (pma®)
e dp € [10™4,0.00)
e h, €[10-%,0.1)
o For Asph smoothing kernel axis ratios limited to ha/h; > 0.01



2d Single Wavelength Zeldovich pancake: Baryon positions @ a=5.0 (a_, . ,=4.0)
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12 Tilted-Shifted Planar 2d Zeldovich Pancake Simulations

Background Cosmological and Physical Parameters:
e Einstein-DeSitter cosmology (2 = 1, A = 0)
® Dieryon = 0.1 g = 0.9
o Hy= 50 km/sec/Mpc
® Ginitial = 1, Gerunch = 4, afing = 5, ap = 1000
® Zinitial ™ 999, Zopynch = 249, Zping = 199
®lie=m10MpcQ@am] = ;=50 MpcQ@a=b
okym2 kym1]
o T, = 3000K = ¢; =149 %1012
o ymcpfey = B/3
e Pure Hydrogen gas (u= 1)
¢ No Radiative Cooling implemented

Numerical Simulation Parameters:
® Niaryon = Nygm = 4086
eam], (pm=a®)
o dp € [1074,0.0%)
e h, € [107%,0.1)
o For Asph smoothing kernel axis ratios limited to hy/h; > 0.01
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2d tiited-shifted pancake: Baryon particle positions @ a=5 (a,,...=4)
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2d tilted-shifted pancake @ a=5 (a_ ..,=4): Asph with Art Visc Suppression
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13 3d Hot Dark Matter Simulations

- Background Cosmological and Physical Parameters:
o Einstein-DeSitter cosmology (2 = 1, A = 0)
® Mieryon = 0.1 g, = 0.9
e Hy = 50 km/sec/Mpc
® Ginitial *™= 1, Gerunch = 101.7, Gine) = 31 ag = 31
® Zinitia! = 30, Serynch = —0.7, :;lg,..; =0
®lia=645MpcQaml = [, =200 Mpc @ a =31
® kyews € [1,64)
¢ 4 fundamental waves across periodic box

e HDM density power spectrum slope = -4 with extra factor of k to
mimic 3d power spectrum

o Particles displaced from regular grid with waves of random ampli-
tude and phase.

oT; = 288K s ¢; =1.156 x 10-1!

oymcp/cy m§/3

e Pure Hydrogen gas (u=1)

e No Radiative Cooling implemented
Numerical Simulation Parameters:

® Nigryon = Ny = 16384

eam]), (pma®)

o dp € [10~4,0.08), h, € [10-%,0.1), hy/h; > 0.01
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Baryon positions for 2d Suppressed Asph HDM mode! @ a=31.0 (2=0.0)
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Dark Matter positions for 2d Suppressed Asph HDM mode! @ a=31.0 (2=0.0)
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2d Suppressed Asph HDM model @ a=25.0 (2=0.24)
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2d Standard Sph HDM model @ a=31.0 (z=0.0)
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2d Unsupp-essed Asph HDM mode! @ a=31.0 (z=0.0)

g 1

Y

7%

p120

0000

000

h=0.300

LS

Y

(/

Y

000

057

o,

el

Y

1293 ¢

C

p 10 14:00:20

0

"’




-t

2d Suppressed Asph HDM model @ a=31.0 (2=0.0)
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2d HDM Temperature isocontours for Standard Sph @ a=25
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2d HDM Temperature isocontours for Unsuppressed Asph @ a=25
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<d HDM Temperature isocontours for Suppressed Asph @ a=25
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15 Conclusions

o Aspk showt promise in general for allowing improved resolu-
tion within a simulation for a given number of Asph nodes
vs. Standard Sph, particularly in intrinsically anisotropic

- sgituations. |

e The development of an improved criterion for the use of the
artificial viscosity in order to reduce spurious heating in com-
bination with the improved resolution of Asph will hopefully
allow us to investigate a wider range of scales in cosmological
structure formation scenarios.

Future work and considerations:

¢ The general principles of Asph need to be tried out in a wider
range of test problems, in order to explore the benefits and
limits of the current technique.

¢ The question of angular momentum conservation under Asph
needs further investigation, since it would seem angular mo-
mentum conservation under Asph is dependent upon the H
tensor properly following the fluid element approximation.

o The artificial viscosity suppression algorithm needs much more
refinement in order to extend its applicability and reliability;
most notably it should be converted to an entirely local cri-
terion.
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Example Problem:
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Preliminary Results
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Preliminary Results
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Linked Penetration Computations

Gordon R. Johnson
Alliant Techsystems
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Outline

® Motivation and discussion
* Background
° Lagrangian code structure for SPH nodes and standard elements

* Examples and discussion

SPH only
SPH nodes attached to standard elements
SPH nodes sliding on standard elements

SPHmdaaﬂmﬂcallygeneratediromstandardelements
* Summary and conclusions
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MOTIVATION AND DISCUSSION

 Desirable to have a Lagrangian code which could accurately
handle severe distortions

e SPH can handle severe distorticns in a Lagrangian framework

—But what about accuracy and computing time?
* [t may be a good compromise between Standard Lagrangian codes
and Eulenian codes
* |inking SPH to a Standard Lagrangian code could have great
potential
—Capability
—Accuracy
—Eﬂicuency (Computing time)
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SPH and Standard Element Results
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SPH PENETRATION COMPUTATION
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Pointed-Nose Penetrator Computation

Grid Deformation
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Finzl Penetration Depth, P (mm)

Linked SPH Results Compared to Test Data
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Rounded-Nose Penetrator Computation

Grid

Final Penetration for Vo= 959 mv/s
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Linked SPH Results Compared to Test Data
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SPH Attachment to Standard Grid

SPH Nodes = » Standard Nodes and Elements

*—o
¢

Top






“L91-

Eroding Penetrator Computation

Steel Target
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Eroding Penetrator Computation
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Eroding Penetrator Computation
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Linked SPH Results Compared to Test Data

Final Penetration Depth, P'L
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AUTOMATIC SPH NODE GENERATION ,
p
STANDARD EROSION ALGORITHM SPH NODE GENERATION
r— AXaS OF snu;rm r AXIS OF SYMMETRY Mi6

St AVE" NODE REGION

-1-

VOLUMES AND MASSES OF ERODED

VOLUMES OF ERODED
ELEMENTS ARE REPLACED WITH
ELEMENTS ARE DISGARDED SPH NODES




Summary and Conclusions

° Linked SPH computations show good agreement with test data
for three sets of problems

* Linked SPH techniques show great potential fcr some classes
of probilems
® More evaiuation and development is required for linked SPH
- Capability
- Accuracy (material interfaces)
- Efficiency (computing time)
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Topics in SPH

Chuck Wingate

Los Alaimnos National Laboratory
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Fe rod impacting a rigid surface at 0.197 km/sec.
SPH calculations - 290 particles, cylindrical symmetry
The Johnson-Cook model matches the data much better.

Johnson-Cook

- _& & »
..o.-.o.:o.o:o
..............
..............
........
..............
......
..............
..............
..............
........
......
..............
.............
............

- = .... e ® o0
v ® [ [ L& ]
o-.’.i;.‘.oo"

Los Alamos



Taylor Cylinder Problem
Vary Smoothing Length
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Shock Tube (Density Jump = 4) — SPH Results
90, 180, 360 particles and analytic
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Density (gm/cm?®)

Strong Shock Tube (TP37C) — SPH Results
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STABILITY AND CONSISTENCY OF THE SPH

METHOD

J. W. Swegle” and D. L. Hicks*

“Sandia National Laboratories

&Michigan Technological University

Presented at the
Workshop on Advances in Smoothed Particle Hydrodynamics
LANL, September 21-22, 1993
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1. Short review of stabifity criterion
2. Stability, the kemel function, and area vectors

3. Consistercy of SPH
4. Adjustable factors in SPH numerics
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wW'T>0
W'T<0

Cubi
W’ A

Stability Regimes

= unstable
—» stable

line kernel

T>O0stable }T> 0 (tension) unstable
T < 0 unstable { T < 0 (compression) stable
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Physical Basis of Instability - Effective Stress

—>effective stress is —c () W’ (¢)

/

Keme. can cause instabilitie

« frequency dependence not - unstable unstable
taken into account

-150f 18- JWS:1562:1119/93
Fia=As1 (wswegiiramebies/sphicollog193.vg
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Effective Stress at Noise Frequency

Perturbation equation 0
5% ~ 5 (—~oW’) = —OSW’ — y&%

8x = —o8W’ atA__ , o constant O .fr

AW’ tension
stable | unstable

= ¥-

= C = -W’ : etfective stress is a

constant multiple of W’ at A

Tensile stress decreases with
increasing particle separation.

unstable| stable
compression

Thus, noise frequency grows unboundedly
when W7o > 0, so any level of tensile stress Y

is unstable even at zero strain with cubic
b-spline kemnel.

-16of 18- JWS:1562:119/93
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Stability Criterion for Arbitrary Smoothing Length

(WAL Wl I3 w45 L yT>0 = unstable

| (W w3 w45, yT<0 = stable
Cubic b-spline kernel

h = AX h = 1.5AX

7 7

7 e

i 20l 2 JWS:1433:1/20/93
Lobmstsies File=/u104wswegtTramefles/sph/colloq193.nab.vg
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Kemel Functin and Instability

Stability is guaranteed in all regimes when W™~ = 0

» However, such kemels have other difficulties

W'*

N

The SPH kernel has a conflict between stability in the
tensile regime and the reguirement of local support

-17 of 18- JWS:1562:119/93
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ss, Frce and A Vectors
F=geAd

% A is nomal to
. surface with
Byl equal to area
b

Total force: sum over all areas

n

w

Fo= 2,9;%4;
i=1
Sunls 20015 JWS:1562-916/93



SPH and Area Vectors

Kemel functi mesareavect

_ gl _ Z Q'UOVJW Zgu x"

1PP

1. J
x” = MM YW = Vol Vol'V;W



Area Vectors in 1D

/

¢ No y, z motion means areas are constant by definition
¢ SPH areas depend on the interparticle separation
e Variable smoothing length reduces area variations
- areas are still not constant if i is density-based
- still unstable in tension
« Setting area vectors constant removes instability

.S-il : 4ol 15- JWS:1562-916/3
Labusatmles cpniwikshp993.vgs




Multi-dimensional Area Vectors

/->

e Areas should increase in uniform expansion if body is intact
- SPH areas decrease
 Areas should depend on transverse dimensions
- SPH areas depend only on particle separation |
 Method based on estimation of areas might be useful approach
- begins to look fike free Lagrange method
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Consistency

Definition of consistency: the discretized forms reduce to the

differential forms

Continuum equation of motion
pil= Veo

Symmetrized SPH equation of motion
J

J N . I
£ ) ()
J=1 P

p

The above SPH form of the equation of motion is not
consistent with the continuum equation.

Seula S0l 15 JWS:1562-0/16/93
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Example: Accelerations at a Material Interface

P

-4— | correct acceleration direction

o

- Ax - Ax

o o o o . . . o
Mass = m" Density= p" Mass=m" Dessity= p"

¢ Standard SPH accelerations do not correspond to —AP/ (pAx)

« Low mass patticle is accelerated in wrong direction if m” > 2m"
o Accelerations are obtained even it P is constant across interface

-7 ol 15- JWS:1562-9/16/93
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ARtemate Equation of Motion

tandard SPH equation of motion ds to dens radient

I
]OVJW — ..'x‘?,~Vo (%)

A

Lirect derivation leads to asymmetric form

N

] N
(Vefy = -Z%}’-v,w = i=-Ym

J=1 J=1

E !! ! ! [ ] !.
N
0’-'-’“ ﬂ-VJ“, 3 —).VJW
Z‘; p’ p'p’

This form seems to behave correctly at density discontinuities.

Senda .
Fosndl 8o 15 JWS:1562-:9/16/93
Labsatesies Fla=inelisahp04G/st 2Awswoghiramelles/sphiwlshp933.vgs
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Consistency and the Kernel Function

Normality condition

jW(x,h)d.r =1

Consistency requirement
* in 1D (h = Ax), consistency (cofrect gradient) requires
Wix=h) = —-—li
2h

Consistency and nonnality are not equivalent
* cubic b-spline (W) satisfies both consustency and normality

o solving =-VoV,notp(x) Zm W (x -x’, h) for density

—_— nomality condition is irrelevant, since W never appears
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Adjustable Factors in SPH Numerics

* Resolution
* Viscosily coefficients
» Stabiity criterion (stable time step factor)
e Smocthing length/particle spacing ratio (3)
e Constant smoothing length vs. variable smoothing length (2)
* Kemel sum density vs. continuity equation (2)
¢ Von Nuemann Richtmyer viscosity vs. SPH (Monaghan) viscosity (2)
e Initial particle packing (rectangular, hexagonal, radial) (2)
e Ordered particle distribution vs. perturbed particle distribution (2)
I J
« Equation of motion symmetrization ( (_i) ( 2) T o) (2)
p p p's’
J
-vhH ¥ 7 ")

. Velocitygfa(ientsyrrmetnzatlon( o (V’ v/ aw, ’;
o *j
e Kemel function (spfines, exponentlal, gaussian, sujper—gaussmn) (3)

Number of combinations =3x2x2x2x2x2x2x2x3=1152
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Calculational Matrix
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Conclusions

A numerical method must be:

e Stable

e Consistent

e Conservative

Satisfying one or two of these conditions is relatively
easy. The challenge is to make SPH meet all three
simultaneously.




SPH: Instabilities, Wall Heating,
and Conservative Smoothing

by
D.L. Hicks, J.W. Swegle, S.W. Attaway

~ (September 22, 1993)



Outline

I. Instabilities in SPH.

I1. Conservative Smoothing can stabilize SPH.
But is there anything left except FLATLAND?

II1. Test Problems
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Instabilities in SPH

Sufficient condition for instabilities:

o Nearest neighbor case:
oW" <0

e Many neighbors case:
cX W/<o0
odd £

where W}’ == (Wi + Wi_,) /2.

This analysis is for a uniform stress:

oc=p+4qg

Note: instabilities are possible for both cases

o > 0, positive
o <0, negative °



. . X
Conservative smoothing can

stabilize SPH. |
But is there anything left except
FLATLAND?

o Conservative smoothing on the s.mom. of
the artifical viscosity type

smiom; = smom;
+csm, ) * (smomjyy — smomy)
—csm;_y * (smom; — smom;_,)

o Conservative smoothing on the s.i.erg. of
the artifical heat conduction type:

sierg; = sierg;
+cazej +}) * (siergjsy — sierg;)
-cazej -3* (sierg; — sierg;-;)

¥I‘ﬂffo‘oe!d. . M 68 wn AFWL-TR=-69-20 53 D.L.Hiere,



e Conservative smoothing on the s.vol. of the
artifical strain relaxation type: |

svol; = svol; .
+csv 3 * (svolj41 — svol;)
—csvj_b * (svol; — svol;_;)

Our analysis shows that we can stabilize SPH
with conservative smoothing of the type de-
scribed above. The result boils down, approx-
imately, to the following timestep restriction
for an ideal gas (y = 1.4) in compression:

Full blown conservative smoothing (ca, ) =

0.25) was assumed to get this result. We de-
- cided to test this theory with some numencal
- experiments.

O €CS £ .25
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Test Problems

Several years ago.we developed a set of hy-
drocode test problems [Hicke & Pelzl (1968): AFWL-
TR-68-112). | |

These test problems have seven categories:

SCTP 1 Single Shock Wave Problems
SCTP II Single Rarefaction Wave Problems
SCTP II1 Accelerating Wave Problems
SCTP IV Decelerating Wave Problems

SCTP V Riemann’s Resolution of the Dis-
continuity Problems

SCTP VI Shock Collision Problems
SCTP VII Shock Overtake Shock Problems



Along with these test problems (whose solu-
tion’s are known exactly) we developed a pro-
cedure for quantitatively comparing hydrocodes
using the &, é2, o, norms to measure the er-
ror in various functions. We compared a von
Neumann-Richtmyer code with a Lax-Wendroff
code. |

Next we show some samples of the tables and
graphs from that comparison.



Table I-B

ERRORS ON SCIF-I-8

fp—- :—u Cfﬂ‘

m .
e—.-n-tut:.- -‘;:.:-(c.:-}&-e on €BC 6‘00). &ur .:ﬁuv‘- Zones = 197
Sum Abs. Bxver ¥ Sem Sqr. Erves XX Maximam Brror WK Pesition of Maxiswm Erver
Pressure 1.06 -683 + 644 Cuszreat shock poeition
Velocity 1.86 1.08 + .850 Curreat shock position
‘Densicy 1.78 799 + SN Curreat shock positioan
—— 2.76 1.2 + .05 Curreat shock position
Sum Iat. Esergy Sum Kin. Beergy Sun Tet. Energy
TacT 3.054% = 192 3.09324 x 10°2 6.18823 = 1012 " evqs
= 3.09791 = 1912 3.08713 x 1012 6-18504 x 1012

|
;

=l x MW gec |

on Cb¢ 6600)

Cycle = 1762

3.08281 x 1012

6.17297 x 1012

Computer time = 661 sec (€Ptome © Musber of Active Zoses = 302
Sum Abs. Bxver ¥ Sem Sgr. Rrver XM Mexisum Exveor XN Positioa of Maxisus Exror

Pressurs .33 -69% - .663 Curreat shock positiom

Velecity .721 .96 - <372 Curreat shock position

Deasity 1.91 636 - 492 Carreat shock position

Enetgy 1.67 .611 + 449 Initial shock positioa

: Sun Int. Enerygy Sem Kian. Esergy Sen Tet. Energy
EXACT 3.09498 x 10'2 3.09324 x 10%2 6.18823 x 1012 < e TS
LANEN 3.09016 x 1912 ‘

-

¥ 1. noﬁ.; , nondimensionalized with -max, velve of exect sfld{-g‘a
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Recently we tried to run an SPH calculation
on SCTP VI-B. Our SPH calculation is of the
following form:

UT = (V,u,E)

FT = (-u,0,ue0)

pU = —div F
. N, . :
m U= ,-é (F(a:.) ';F(:c,_)) o A

A;j = 2VolVol;grad, W;;

Wij = W(zi — z5,h)

The results were as follows. -
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Multipole Approximation
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binsry coordinam representaton

x y z
10011001 01101001 11101100

Phﬂ-bddﬂb“\
z AN

1.101.011.011.100.111.061.000.110 binary key

0153347106 octal key
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sarpeont ls include

Assert.h error.h macr.h
I0init.h fastflpt.h malloc.h
Malloc.h files. physics generic.h
Msgs.h ge.h pqsort.h
§Dr.h gccextensions.h protos.h
8DFwrite.h getparam.h Tandoms.h
ggzolwap.h gnusort.h randoms2.h
.h heap.h rddata.h
collective.h key.h signals.h
2478 total
sampsont ls libtree
comm. o pqsort.tix.c traverss.o walk.o
pysort.c pgsortmem.c tree.C
2369 total
sampsonh ls libew
Malleec.o chn.c go.o meammove .o
Msge.c collective.c gnusort.o randoms.o
8DFwrite.c error.o heap.c randoms2.0
alloca.c files.c key.¢ radata.o
byteswap.c finite.o malloc.c signals.c
3707 total
olmpsbn\ ls 1ibSDr
*,[ch)
$Dr-lex.c $Drfuncs.c copyright.h mmalloc.h
§DF-parse.c §Drget.c faseekrd.c obstack.c
§DF-private.h alloca.c kwds.h obestack.h
4601 total
sampeont ls sphfld
cofm sph.c integrate.h phyoico sph.c rdtest.c
i:nv “spb.c mace_sph.c sice” _eph.h sph.o
tegrate.o main" _oph.c t.o walk_sph.c
2885 total

sampeont ls lyodcp
data.c

ivfprintt.c
einglPrintf erv.¢
singiPrintf unix.c
sysdep_cm8.3

1047 total

sysdep_eul.c
sysdep_express.c
sysdep_ncube.o
oyodop nx.c
lyodop 0eg.c
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sysdep_srv.c
{m.rn _clogk.o
timaze cns.c

timers gettimer.c
timers_hwclock.c

stk.h
sysdep.h
tensop.h
timers.h
tree.h
vop.h

stk.c
timers.c

timers_mclock.o
timars ntimo (2]
timera_readrte.c




SPH Performance

N 10¢ 10¢ 107 1.6 x 107
Machine — sparcZ  sparc2. & B
st time (sec.) .-
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typedef struct ({
float mass;
float pos[NDIM];
float vel [NDIM];
float h;
float rhoj;
float pr;
float wvsound;
float rho_est;
Key t key;

float acc[NDIM];
float phi;
float u;
float udot;
float pos_last [NDIM];
float udot_last;
float drho_dt;
float hdot;
unsigned int ident;
unsigned int nterms;
unsigned int nbrs;

} body, *bodyptr;
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Modelling Relativistic Collapse:
SPH vs FEM .

Patrick J. Mann
Department of Applied Mathematics

University of Western Ontario.

Now, here, you see, it takes all the running
you can do, to keep in the same place. If
you want to get somewhere else, you must
run twice as fast as that. “Through the
Looking Glass”, Lewis Carroll, 1871
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Rationale

Einstein’s Equations

¢ Extremely non-linear
e complicated

o few analytic solutions in non-linear regimes
Therefore
Two Possibilities
1. Self-Checking codes:

2. Code-Code comparison: ****
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Self-Checking Codes

¢ M. Choptuik: multi-grid methods

¢ Spherical, Vacuum, Scalar ficlds.
e Advanced Numerical Methods.

Code-Code Comparison

¢ Spherical Symmetry: done
¢ A handful of non-spherical simulations.
¢ Basic Method finite differences

Alternate Methods
o Spectral Methods J. Marck, S. Bonnazola
o Multi-grid Methods M. Choptuik, A. Lanza
¢ Finite Element Methods P. Mann

o Particle Methods P. Mann, M. Dubal, W.
Miller, A. Kheyfets

Direct Comparison
o FEM vs SPH P. Mann
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Choice of Methods

o self-gravitating fluid

¢ Evolution equations + elliptic constraints
¢ non-spherical

e robust, Easy (at least 2 codes)

Finite Element Method: FEM

¢ Standard, Well-developed

¢ Particularly good for non-symmetric prob-
lems

¢ Equations appear only in quadrature rou-
tines

Smoothed Particle Hydrc dynamics: SPH
e Astrophysical standard
¢ Easy physical basis
e Wonderful for gravity (clustering)



Which SPH?

¢ Relativity: problem with length. (proper vs
coord vs ...)

e Therefore must extend classic SPH
There are two generic approaches

1. Physical particles

¢ Particles move on fluid characteristics

e Particles move with locally flat coords
@

o (see Kheyfets, Miller)
2. Numerical Interpolation

o “Particles” parametrize an interpolation
¢ Interpolation solves set of pde’s
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ADM 3+1

The sph interpolation requires:

e time: initial value

e space: boundary value forget Einstein
e mass: conserved

therefore:

e ADM 3+1 space-time split
e Standard, Universally used



ADM 341 (cont’d)

J.W.York, “Kinematics and Dynamics of General Relativity” in
Sources of Gravitational Radiation, ed. L. Smarr

This Project:

e Spherical metric |

o Schwarzschild Coordinates

o t = time at infinity

o r = areal radius

o z = rcos(f), etc.

e 2 elliptic equations on a time slice

o particles averaged onto 1d, spherical grid
o FEM solver for metric

e metric interpolated onto particles

Metric:
ds? = —-b*(1-2m/r)dt* +dr?/(1—2m[r) +r2dQ?

where b = b(r,t) and m = m(n,1).



Fluid Equations

Euler’s Equation

Sat+ V- (S) = —bpa+ -;-wpu‘[

1 —-—(2b§9(1-3'—"'-) +
or r

%1(1 = g (l“m\zﬂv')z)]

Internal Energy Equation

E:+ V. (EV)=—pAV -7~ pde:

Mass Conservation
D;+V.(D?v)=0
where
A=uy/=g Sa=Dwu,
3-velocity = v® = u®/u’
E = Ae D=Ap,
p=pot+e
w=(p+p)/ro
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S, A, v Relationships

1 J(wD)z +52-2mg?
A=
wD 1-2m/r
b 1 2m . z°
a_ Y _ <+ - r
v '-AwD(g"l m— r)
o Nasty

e All variables involved (fluid, metric, even pres-
sure)

o Iterate corrector (twice)
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SPH: Density

D gives a conserved rest mass.
Therefore write

D= ngka
where
o Wi =W (|F— 7|, hr)
o my(t): particle rest mass
» 7i(t): particle position
e hi(t): smoothing length



SPH: Momentum
Internal Energy

S is & momentum: § = DZ
Therefore

5= % kaka
where Zk(t) are interpolation parameters.

Also E = De so
F = % exmiWy

¢ mass-weighted interpolations

¢ Only S and F used as physical quantities, not
the parameters 2, and ¢,

¢ no divisions by D(F})
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Discretization of Fluid Equations
Weighted Residual Method

¢ Insert approximation in equation
e Multiply by weight Fi(7,1)
¢ Integrate over slice

| E,FdV = [(-V - TE —..)FdV

Time Derivative explicit differentiation:

E,= % Wi + ek-iWk

dt
Weight Galerkin
® 'F: = W(F— ﬁ'»hi)
¢ Local support: h;



Integration
o (Gauss Quadrature: overlapping particles)
e “particle position” quadrature ***

Therefore

‘Jé(ikiékwjk) Wi = --73.‘-((1V - 9)E); Wi
— time derivative terms
o Matrix equation

¢ Sparse, but varying pattern

¢ Use condensation (“mass-lumping”)

?% EWiuWii = ¢ }J: }E WirWi;
End up with

Similarly for
° Z.-(t)
° ﬁu(t)



Code
(Predictor-Corrector)

1. Define 7, h; and update h and r
2. Predict:
(a) Predict Z;, ¢;,m; .
(b) Sum S,’, D,',E.'
(c) Compute A, 7;
(d) Metric solution
3. Correct:
(2) Define 7; and update positions
(b) Compute m;, Z:, &
(c) Sum S;, D;, E;
(d) Compute A, 7;
(e) Metric solution
(f) Re-compute A, 7;

Iterate corrector: “P(EC)*"
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NOTES
e Interpolations used only as interpolations
~ Kernel defined in coordinate space
e Choose £7; = 7;
— (not necessary) |
e h; using standard schemes
e Final v; evaluation is necessary

e Modified weight: include 2D, etc.
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C++4 vs Fortran

e Codes in both C++ and Fortran
¢ FEM C++ is twice as fast as Fortran!!!

— Fortran data structure: d(n), e(n), ...
~ C++ data structure: node[n].d, node[n).e,

e SPH C++ is slightly faster (insignificant)

— Double Sum!
- Same difference in data structure.

e C++ is as advertised

~ Carefully thought out objects
— Local objects
— understandable code

— Many more compiler errors, fewer runtime
errors

— Reusable (eg. FEM/SPH i/o, Spherical
solver)



Tests

1. Shock Tube: SPH vs. FEM (done)

2. Spherical Symmetry: SPH vs. FEM (done)
3. 3d Collapse: SPH vs. FEM (in progress)
4. 3d Collision: SPH (in progress) vs. FEM (not

yet) |

Summary

o Comparable rasults

¢ SPH smooths more than FEM

¢ FEM is more sensitive to instability

¢ FEM is much faster for equivalent resolution

— (but no bir.ning in SPH yet)
o SPH better during horizon formation

— Robust, Co-moving
— (almost freefall)



Future

¢ Non-spherical Tests in progress
¢ Gravitational Radiation estimates in progress

¢ Gravity — Perturbed — Poisson’s Eq'n : Col-
liding neutron stars

e Gravity — 2d Axisymmétric in progress
e Gravity — 3d (Huge job here)
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THEOREM

let SPH be swmodthed padticle hydnadynamic
with o C™ kheanel W, i} R is vat singulan
taen SPT ( smoothed paaticle inteapolation)

exists fon m-th onden difjenenttal egs.

PROOF ¢ .

a.. H vonsiagrlan =  det(Hj#o0 =
H' exsts s HH =1

b. SPHH' = SPI v



SPH :
1. Cowmputes denivatives withort « qud.
2.. Lug«c‘maicm n«tune.

3.. Easy implemem‘laﬂom .
e Yaniable h

o Now-gghrenical W
Y

( ensy twmglewentation? )

Folly adaptive SPH: {

( ) Paaticles

Q.M. =
o Waves

« BPaaticles ( Phgs(cs)

S.LH. «
o Intenpolation (Nuwentcs )
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ERRORS awd C(ONVERGENCE

I@ =0 Ii di.ﬂmecma.l opencton
A a A (TE
,f $ =0 I =i§g}mpn&wﬁ¢mu o} -4
Tnvn(cﬂiomlEnnon T = &L ¢
Solution Eanen = 4"4’
A discnetiyation schewae 1S OPTIMALLY CONVERGENT

)1
V) =DY)

Is SPI optiwally iomvensouf ?

Wave equation YES if e
& of wefquboas Is lange euovgh.
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N4 "

¢‘ ¢‘ + V 4’.\4-\ ‘b ) {A{V\‘bm §-4 'lQ?):C
AA% VA

oWich 15 the Jinite diffenence nepacietation of

o . TP = O
2h+ VY - MR

M

Diffusion

n SPH owe can then:

A.. Odd dillvston teams 4o the eguations.

B. Move pacticles o “ditance” U’Qz:c.

A, 1y the tutatasic vuwenical dissipation o} SPH
enovgh 4o cune the instabildy ?
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CONCLUSIONS

o Hidhea denivatives seewn wone
exsomive ( Neignoons  dew) unden SOX.

‘o Advection tenws nepneseut the
wain chal(e'uae

+ Modfy the cowtivvum ags.
+ Wonk with pankcle * duxey”

FUTVRE WORK T

o Yaaiable h

o« Highen dimeunsion)
o Mooe genenal velouty Qrelds
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APPLICATION ¢ Numenical Relativity
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RELATIVISTIC SPH
AVOIDANCE OF VELOCITY-BIASED KERNELS

Arkady Kheyfets, Warner A. Miller and Wojciech H. Zurek

Our contention is that any truly relativistic application of SPH should re-
flect the following three requrements:

1. The kinematics of the smoothed particles should be relativistic;
2. The state equation for the fluid should be relativistic; and

3. The interactions between the smoothed particles should be treated
in a Lorentz~covariant fashion.

The Lorentz covariant treatment of interactions between the smoothed
particles can be achieved if one assumes that the relativistic hydrodynamical
contact interactions are mediated by kernels whose supports reside in the
local frame comoving with the fluid.
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SEMI-RELATIVISTIC SPH

It appears to us to be common practice to satisfy only the first require-
ment and to neglect the other two.

o The first requirement is ordinarily taken care of automatically via ap-
plying the SPH discretization technique to the Lorentz covariant hy-
drodynamic equations (e.g. the Wilson equations).

o The equation of state is typically assumed to be either non-relativistic
or ultrarelativistic. This should be more or less reasonable excluding
problems involving variations in the temperature from non-relativistic
to relativistic (collision of two clouds of cold gas moving with respect
to each other at ultrarelativistic speeds). At mildly relativistic temper-
atures this could lead to quantitative e:rors, but probably, one could
get away with this qualitatively. This is not a serious problem since
these assumptions are made explicitly and can be easily corrected.

¢ The short range forces responsible for hydrodynamic interactions are
ordinarily represented by spherical kernels in the proper space of an
observer, or in an arbitrary spacelike section of spacetime. This pro-
cedure is obviously not relativistically invariant, as it depends on the
choice of observer. It does not allow one to make any sound judgments
concerning the scale of the kernels and does not allow one to draw any
conclusions concerning the applicability of the SPH technique for any
particular case.



EQS. o) GENERAL AELATIVISTIC HYORODYNAMKS
Bomjm Conseavation:
b+ L a‘(ﬁb“a) 20
¢ o
3 nengy (ovseavation:

UE +L %u(FFVE) + Powe £ ;i (fevt
& ) + %a (feviw) = 0

Mowmentyw (duseovatiou:

St 4+ d 9:(5; v Ry S
3*&*% (5;vilw)+ 0‘35?4-&(0;3 )Sng:;o



(o °) 0B-8LP ) X (w2 " wBixeLe 1) X (= Sed ) &
® e~

] [ ] [ . e 004 - [ 1] -.ﬂ (- ] ol - P
. .. \o\

s
(W O (0TxeLY 1) A
M OIveLY'T) A

ue
“+
(o "R Otugir 1)

P——
H

]

] ]
[ R R PR G S Irvlblrb!hlnlblplbl-lblblrrl—lrlnlhlnlru’. SN UG S W




RELATIVISTIC SPH

The SPH representation of contact (hydrodynamical) forces can be
made relativistically invariant if one one assumes that the relativistic hy-
drodynamical contact interactions are mediatc. d by kernels whose supports
reside in the local frame comoving with the fluid.

The discretized SPH equations for a 1-dimensionsl relativistic isen-
tropic fluid

niL(mé,) = const
2 duz

ar mmG(m&) Z &

= Viwi

c”
- €k

Pi + ¢~ 2py = mn,G(méy)
n, Vi = ap = const
u-wm—c?

where

G(me)-%{%
(m{) Ka(mf) exp[ _}.é%ﬁ."fl]

(= kT
and K, (m¢) is the n-th hyperbolic Beasel function.
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DISCUSSION

The main problem :

The kernels depend on the choice of observer. Their supports, if pro-
jected on the comoving frame of the fluid, become ellipsoidal. The ellipticity
depends on the choice of the observer.

Statement.

For any chojce of the smoothing length for the kernel (spherical kernels) in
the observer’s proper space, the observer can be picked in such a way that
the smoothed particle approximation brakes down.

For any given scale, one can pick an observer such that in the direction
of his motion the smoothed particles will become decoupled. The suggestion
to start from an observer and to choose the scale such that there will be
a sufficient number of particles in the direction of the observer’s motion
will ordinarily lead to ailly situations (the scale of the smoothed particle
becomes smaller than the baryon size, etc).

A suggestion to pick a “reasonable observer” is sometimes forwarded.
However, a “reasonable observer” in this context means the one that dnes
pot move too fast (relativistically) with respect to fiuid.

Statement.
The most “reasonable” observer is the one that does not move with respect
to the fluid, i. e. the observer of the comcving frame.
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CONCLUSION

e Truly relativistic SPH is necessary for the problems that involve in-
teractions of parts of fluid moving relativistically with respect to each
other (no “reasonable” global observer exists).

¢ Truly relativistic SPH contains intrinsic criteria of its applicability.
Such a criterion is totally absent in semirelativistic SPH.

¢« When using semi-relativistic SPH one should employ the fully rela-
tivistic SPH theory when picking a “reascaable” observer. When parts
of the fluid move at relativistic speeds with respect to each other this
should be done locally.
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Abstract

Capture and tidal break-up of stars by a supermasaive black hale (SBH)
and the subsequent accretion of the dispersed matter onto the central ob-
Joct may provide a crucial mechanism for the fuelling of active galactic
nuclel (AGN). It is generally assumed that very bright AGN contain a
cantral rotating SBH. Because rolativistic effects become lmportant for
the Roche-process for SBE 2 10°Ag we present a first hydrodynamical
computation of the tidal ancountar of a main-seqrence-star with a rotating
black bole.

To counsider qualitatively new effects, especially to include additional
effects by a Kerr black hole, we apply the Smootbed Particle Hydrody-
pamics (SPH) technique for a fixed hackground metric. Within the frame-
work of SPH, the star is modelled as a polytrope — the Kerr metric of
the rotating black bele is taken into account by using components of the
Riemann-Tensor in a spacial chosen parallel-propagated tetrad-frame along
the contre-of-mass trajectory of the star.

Beside tests and stablility iavestigations of the code, & comparison be-
tween the Newtonlaa and the relativistic lnvestigation s presented, as well
as detalled calculations of the efficlency of tidal dis.uptions aad thair de-
pendence on the angular momentum of the SBH for a moderate rotating
5.10"Mg S8BH. The tidal disruption of a 1- Mg pulytrope by aa extremely
rotating 1-10°Mg SBH is considered and the fate of the resulting debris
of the star is shortly discuseed. Bome results of the relativistic generalise-
tion of the problem of tidal squessing of a star closely escountering a Kerr
black hole are sketched. Finally the range of validity of thess relativistic
SPH-applications for tidal simulations around a SBH s derived in tarms of
the radius of curvature aad the inhomogenity scale of the external metric.
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1 Tidal Processes around Black Holes — The

scenario

In addition to free gas accretion, tidal interaction between a compact
object and a star (Rees, 1088) may play an important role in the pro-
cess of fuelling active galaxies ~ concerning this fundamental process there
exist the following lines of ressarch: On one side there is the applica-
tion of the theory of tides to incompreasible bodies in both the relativistic
(e.g. Fishbone, 1978, Mashhoon, 1978) and the classical context. On the
other side we have the sophisticated works with the conipressible affine
star modd (e.g. Luminet and Carter, 1986) where the star is assumed
to keep always an ellipecidal dansity-shape, even during a very closs en-
counter. Later, this applicatioa bas besn axtended to & relativistic version
(Luminet and Marck, 1985) in the environment of a Schwarsschild-BH!?,
using an earlier formulation for relativistic tidal forces (Marck, 1983).

A third treatment of such 3D-problems with a ressonable computa-
tional effort has become more and more common — even H they are not

- that accurats as conventional hydrodynamic codes, mostly applied to re-
stricted problems with lecs dimensions: The recently introduced partl-
cle methods (Lucy, 1977, Moaaghan, 1992) are very helpful to understand
gros affects of this intrinsic 3D-procass.

Altbough we have principle difficnlties o treat salf-gravitating systems
in Ganeral Ralativity properly, it seems to me useful to include the
formulation for tidal forces (Marck, 1983) in such a particle pro vam.
A2 older short description of simple SPH-simulations for tidal actions of
Schwarsschild- and Kerr-Black-Holes oz palytrope stars (Sponbols, 1091)
s here pressnted as more extended and elaborated paper. An ac.
tual application in the vicinity of a Schwarsschlld-BH iz described in
Laguna ot al., 1093

2 Tidal Processes around Black Holes — moti-
vation

Earller it has been argued (Hills, 1978) that for the fualling of AGNs,
tidal disruption may be only effective if My < 10°Mg (if the mass Mpy
of the central Schwarsschild black how exceeds 3.2 x 10°Mg, the radius
of the insermost atable orbit becomes larger than the tidal radius aad the
stas will be captured wholly, without emittiag radlation). However, tidal
disruption of infinitesimal, incompresslble fiuld bodies is not excluded for
a more massive Kerr BH with Mpy < 2 x 10°AMy, because for co-rotating
orbits the Roche Hmit increases while the radius of the last stable orbit
decreases with increasing angular momentum of the Kerr black hole. Thus,
of principle interest are the fraction of the star’s mass which falls directly

10u0e of the results: & multiple sompression of the star instasd of the single one in the former
Newtcalan ese of & very close ansountes.




Tidal compression and disruption of stars near a rotating black hole

into the haole, the fraction which is ejected into outer regions or at times,
before the disk has fully evolved [CAD0), and the fraction, which ramains
in the disk.

We consider as primary body a massive black hole (BH) with a masse
of 10°...10%Af¢, optionally with angular momentum. To modul the sec-
ondary star as a polytrops, we divide the star into a number of Quid aie-
maents and simulate an ancounter of the secondary star with the bluck hole;
this means, that we solve the squations of motion in the combined fiald of
(1) the black hole and (ii) the star jtsell.

3 The Method: Smoothed Particle Hydrody-

namics

A rocently introduced numerical method (Lucy, 1977, Bens and Hills, 1987,
Ewvans and Kocbanek, 1089) — Smoothed Particle Hydrodynamics (SPH)
— uses & Lagrangian description to simulate the evolution of gaseour
systems — the medium is modelled without a numerical grid as a collection
of N gaseous parcels, elaments, moving interpolation polots or particles.
To salve the exact real system one has to use an inflnits number of such
elements. For a computational method with a finite number of demaents,
we have to perform local averaging over finite volunes, consequently, wo
have to introduce a procedure for smoothing out Jocal fluctuations in the
particle numbaer.

a) If the value of a physical field f(r’) is known at the radius vector r/,
the mean value at r can be obtained by averaging over a kernel Wy (r - v'):

(JeN = [ 16 )Wie - )dr (M
b) The derivatives of the function f are cbtained by smoothing with
the derived kernal:
) [ e
(after integration by parts:)

<2£S‘£2> - / j(r’)-o%w;.(r- r)ir t)

¢) If we choose the mass density ¢ as smoothed function Wy(r-r))
known at a finite pumber of discrete polnte ry, include the Polsson equa-
tloa and an equation of ctate® then we may write dowsn a systemn of ODE's,
approximating the equations of bydrodynamies, including the Lorents.
iavariant modifications (cp. Maan, 1991).

To moda the secondary star as & polytrope. we divide the star into

umber of duid dements or "smoothed particls” and simulate an en-

counter of the secondary star with the black bole.

For now, we take the polytropls equation of state: p = K gttt
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4 Geodesics arocund a Black Hole and tidal ef-
ficiency

H that the star is much smaller® than the BH, it is reasonable assump-
tion that the star moves along a geodasic around the BH. The trajectory
for a small main-sequence star orbiting in the equatorial plane (6§ = x/2
and ¢ = 0) around a massive BH is given by Cartar's integrals of motion:

‘-(AE-Az'JMfCL) . (‘)

3 ] IE(,S + .’)l- ‘L]’.- A(”"’ + K) (8)
vy = p | ’

(-2 W

where (29,23, 23, 2%) & (24,2, 2/, 2%) » (1,7,0, ¢) denote ths Boyer-
Lindquist-coordinates and for the mass of the BH we have Mpy = M.
For the constants we use the convention G = ¢ = 1. u3,E, L are the
rest mass, energy, and angular momentum about the axis of symmaetry
per unit mass, respactivaly; X Is Carter's third integral: X = (aF - L)2.
The dot denotes the differentiation with respect to the proper ilme r,,.
Without restriction we set 4 = 1. Physically motivated — the star is
assumed at rest in infinity distance — we ure a "parabolic” orbit: E = 1.

The geodesics may be obtained either as the formal solution or by
numerical integration of the eqs. of motion (4) - (6). The numerical
integration — here we use

& Runge-Kutio-scheme — »
seems to be reasonable sta-

ble aven close to unstable 10
orbite. (For Schwarsschild-
geodesic an orbit close to -
the marginal bound or- 1
bit at ryy = 4 & Ly In g
shown in Boyer-Lindquist.
coordinates (Fig 1).) Al

ready from the shape of -8

geodesics we may discus

the influence of raiativistic =10 A A ! -
ofects and - of the Black 4 ey W ®
Hole's rotation on the tidal L-‘M(.'...ﬂ.f.iﬂl

problem: The {ollowing Yigure 11 Schwarsichild-geodedic (periastron
three effects appesr and "7 = 40)
may discussed even by considerations about the geodesics:

3For applicable sonditions ses se<t. 6
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(1) The geodesics of test-particles change by the influence of the curva-
ture effects of the space-time as well as by the angular momentum of the
BH. In Boyer-Lindquist-coordinates e.g. all the typical radius of prograde
test-particle-orbits goes to one Schwarzschild-radius for an extreme (a » 1)
rotating BH.

Increasing angular momentum of the BH decreases for prograde ordits the
marginal dound radius re): This enables & smaller periastron-distance

(Y2 . pregrader Orbit =08 L= 20
- \Qvumnnd Orbit o=0 Le 4.0
§ o P=+- retregrader C 08 L=<

'. .’
z -8 - e
o
- -'o ''''' .
-z' .......
-80 (1] 30 40 80
v/M ooe ¢

Figure 2: Critical unbound geodesics & different spin-parametaers.

ry betwean star and BH (Fig. 2). Potentially tidal effects on extended

bodles increase roughly with decreasing distanes from the compact object
according to r; 3.

(2) Fixed periastron.distance:

» Ralatlvistic orbits: the geodesic tends to wind arcund the BE (Fig. 1).

¢ Dependent from

tae spin-parameter 60

of the BH; for ret.

rograde orbit and 40
20

cees N To;o.l
Ll B S

Lt ae

chosen  distanca
from the compact
object, this ten.
dacy acremses
with the spln of
the BH (Fig. 3).

° o The closer the
star reaches the . R . ,
marginal  bound 0 80 100 180
radius the longer (s r/M ot ¢
-the time & spends
nesr the BR. ln- Figure 8: Geodesics r, = 7.0
creasss time-efiiciency of tidal effects.

r/M sin¢

—.
‘tcammocomme®?
L ]

BAAAAAE SR AR dn BRALALSE BLAM AL AN N AN N

: 8

£



H. Sponbols -

(3) A non-vanishing spin-momentum a of the BH results in the known
"Frame-Dragging” effect; the horison shifts inwards and on the former

8 10 18
r/M oes ¢
L= -20,a=08
Figure 4: Kerr-geodesic (retrograde)

radius 2M locates the "static limit", the "border” of the ergosphare. The
Boyer-Lindquist-coordinate ™" changes from a time-like to a space-like
coordinate. This reflects the strong coupling of the individual orbite to
the given space-time of the BH and results in a stronger tidal fores for
the retrograde orbits compared to Schwarzschild ones and in all cases
stronger than for a comparable (the same pesetration factor §) newtoalan
constallation.

5 The tidal field of the SBH Kerr-space-time

The tidal problem is treated in a test-particle approximation — we
assume that the space-time of and around the compact object is negligible
disturbed by the sacondary star. This is the condition to consider the orbit
of the star as a geodesic given by Carter's formulas (4) - (6). With other
words: the condition to include the self-gravitation of the star ia a local
flat way leads to the demand for a small extension and spatial scales of ths
star agalost the radius of curvature of the primary metric (sect. 6).

The relative (tidal) accaleration of a hydrodynamical element of the star
may be obtained by the equation of geodesic deviation. An »:.kenvrmal
tetrad, locally defined and parallal-propagated along the ceutre-of-mass
trajectory allows to derive a tidal tensor in terms of the Rlemanre tensor
from the equation of geodesic deviation. The separabllity properties of a
Kerr Black Hole make it posaible to construct such a tetrad analytically
(Marck, 1983):

Ag‘,) - ;IW[B(P' +e%) - oL}l + 7"'26;' + 3-3—:—'-‘6: ,
.\[:-l) w oft) cu @ -c}:,’un .

O
Mmoo ein® 4+ afsl cor® . Q)
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) r3f E(r?+a?)—al
= Tarrrm® S ®
w) _ VEI[E(r" +a?)-al],, vErt ., P+ K)eE-L,,
o) = ey s + ey + Y

(9)
For the angular-velocity of the coordinate-systam we have:
§ - EVER -I;l’%géaE - L) (10)

For a rather high velocities in the local tetrad systam it Is appropriate to
use a further extended equation of geodesic deviation (Hodgkinson, 1972,
Mashhoon, 1977), which gives the following equations for tidal accaleration
of hydrodynamical elaments with respect to the local tetrad system:

‘
%Yr-i-CJX’-O

The tidal tensor
Cy = Cinjo + 3(CuajoX® + Coapo X' X ")

+§(c“,,x~x'+cw,xix~x') . (11)

is derived in terms of the Riemann tensor with respect to the parallel-
propagated tetrad:

Cuvre = Riaya)mpa &AM (12)

Explicitly, some non-vanishing independent components of the tidal tensor
are given by the following

Crono = [1 - sii;-*,ﬂ con? 0] =3 (13)

Cm-[nsg]; , (14)
c...,-[a-a"“‘ AT é‘, : (18)
Croso = Cano = =3+ X)M/r'cosWaa ¥ (10)

Corn = ~Cona » Cipio = =Cpo = =VEVIT & KM/f'cn® ---ote.
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6 Range of Application
The nonexact treatment of general relativity especially the flat (New-

tonian) trsatment of self-gravitation of the star reflects in the following
coaditions for range of application: :

+ The object moves on a test-particle trajectory around the BH and
o Self-gravitation can be treated in a locally flat way and

+ Production of gravitational and electromagnetic radiation is negligi-
ble

only if: the length-scale of the star R.(> M.) is small compared to the
leangth scale of the metric. The exteraal metric bas a vacuum Rismann
tensor characterised by the following three length scales:

. R-Mudnﬂumn’~¢ .
o £ = Inhomogenity scale: £ ~ i

o 7 = Time scale: 7 ~ L . I3 terms of the Kerr-metric this

conditions can be easlly ved from the components ((13) - (16))
of the Riemann-tensor with respect to the used tetrad system:

R~r\/r/M.u y L~rf8, T~eo .

The condition for the star’s length scale R,

R.€R, R<CL.

is o real restriction for very close encounters, because the leagth-scale of
the deformed star increases by orders of magnitude especially during a very
close encounter.

The fallowing table relates the typical stellar Jates to curvature-radli
of SBH with corresponding mass.
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RANGE OF APPLICATION FOR TIDAL TENSORS — EXAMPLES

Example®* M, (Mg) R.(Rp) Mz (Mg)' Buw® Max (Mp)*

BOV 18. 78 35.10° 1.22 16.10°
A0V 32 a6 12.10¢ 0.78 7.5.108
GV 1.1 11 0.5 - 10¢ 0.46 3.8.10°
MOV 0.8 06 0.3 -10° 0.32 21.10°
Fom 28 8. 23-10° 1.8 23.10°
Ko Im 3.8 16. 7.8 -10° 481 1.1. 10
MO I 8.0 40. 1.8-107 10.0 3.7.10"
A0l 10. 40. 1.8-10" 6.80 3.0.10%°
FrI 12. 69. 28107 1132 4310
RGiant ((Awr) 16. 248, 12100 41.7 31.101

} Mass of & black bole with curvature-radius R ~ #2/2 . R, .
* Maximal koefl. of pesetration 4, = & firv,w 1.1, Mpx = 10°Ap
¢ Maximal mass of & black hole for & koefl. of peastration. 4, = 0.5, v, = 2.0

Mpx o [T (5Ba5)” (Moo Schwarsachildradiue of the sun)

6.1 Classical treatment, non-relativistic case vs.
Geodesic, Riemann-tensor

As simple test let's compare the classical treatment with the complete new-
tonlan tidal forces to a similar zomputation using the integrated geodssice
and the Riemann-tensor. '

8000 ! T 7
2800 - J
“1
A op -
™
= =  Rethe-Radive
«8800 - "\ -
.\.
\l
\t
[ ] \.
\‘
\.
\‘
- 8000 h 1

"“&"‘ R

—_—— . e, B e A o a
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Both computations should show the same results in a classical, linear
case: The linear nonrelativistic encounter bappens, f (Mpy € R. € 1p).
In Fig. 5 the formal Keplerian Orbit is shown; the computation uses the
exact (non-linear) Newtonian tidal forces.

This is a computation with 1000 particles; the SPH-width 2A corre-
sponds & to the length of the ticke at the axis — all the length scale
units are In units of the Schwarsschild radius AMpg; the projection of the
interpolation-points onto the equatorial-layer is enlarged by the factor of
10.

The simulation has to be compared with Fig. 6.

Fig. 6 uses the geodesic equations; the tidal forces are used as components
of the Riemann tensor for the same configuration (classical, linear case) as
Fig. 8. Both computations show esserilally the same particle distribution.

6000 T - T

v/ sin ¢

=$000 1 1 )
-=83000 - #8500 800 8000
r/lmo(lu-nlo- r,-l“l.l
o 0.70, dy=i B+

Figure 61 General relativistic encounter in thoNﬂmdnLhnh
Although the aumber of particles (1000) is rather restricted, the sim-

ulations gave a simple test for the correctness of the derivation of the
(relativistic) tidal forces and the used time- and length-scales.
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7 Nonlinear Newtonian encounter

— Very deep panetni.don of the star into the Roche lobe were discussed
in connection with

+ tidal induced auclear proomssing of the star's matter ("Nuclear

000 — T T LW t‘
¥ ,
"" \

400 -
800

ALY
[ -]
Ll
N\
|

-200 ., fi -
‘.
~. !
W.. '
-400 - Seso / -
Sy
= = Roche-fkale 7 -
-800 _ L L L LL
=200 0 200 0&0 900 1800 1800
|

$=10.00, Mg=]1 E+04M, 1.0, r, = 84.1
Figure T: Noalinear Newtonian encounter
ruzaway”-scenario [Luminet and Carter, 1986)) and
+ 4-bursts (Certer, 1992).
— It is assumed, that the regime of the tidal interaction is essen-
tlally controlled by the penetration factor 8, or “Roche coeficiant”

with the typical h scale In the ti d:
+ The "Roche™-scale R"-B'(!ﬂ?:’!)‘.(%yfl)i
- For vary cose (3, > 1) and noalin-
ear (r, = R,) encountars the polytrops Is

along the arbit and severely com-
in the wvertical direction. This reflects
Increase for the cantral dansity just af-

i

ter the closest approach, before baing dle-
salved.
The particls are foread fato individ-

wal Kepleriaa orbits and to cross a emall
area, which lJeads to the compression.
offect.

« Particls gv nather o "ays of 3 2es
de" than Dbelag compressed s o "paa-
cake”. (Fig. 0 shows a view ocato the
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8 Tidal compression — relativistic case

For the very close encounters in the vicinity of a BH, this transition
of the several hydrodynamical elements through the equatarial layer occur
repeated. Thus, the corresponding size of the vertical princips’ axis will
have several minimums (Fig. 10). The coordinate-time t of such event
(Fig. 9) is mostly very similar to the propyer time 7, — H such violent
process appear it must be observed with the same time-scale of several
8- Mqs (where Mg Is the mass of the BH in Mg). A multiple peak in the
density of the star could not bs resclved, prob&hly due to the low resolutlon

of the simulation.
— Heorisont %
40F .=+~ Rothe-Radtus o :
- . |
! \\ m 3 i C
E ” 9 \. o i .
L) e TN \o i _-'...
.._...\... j.'.
0 @ b -*1- Roohe-Radius
I y t, . N
(1] «-200-100-100-80 O
L Eigensait T,
u.-uwou.. 1.0M, = 000, a= 0.000

Figure 9: Geodesic for very close encounter. S, = Rp/r, = 9. Proper-time
remains near.y unchanged.

ximale Di
10.0 : 100.0|

et st e Samn - T -

L E] SERRAREN
. j o
0.1 l 0.1 A
-uo-.oo-:»:oo—oo 0 80 -880-200-160-100-80 0 &0
Ligenselt 7 st Ty
Mg=1E+00M. M= 1.0M, fe= 000, a= 0000

Figure 10: Time dependence of the central density and the length of axis far very
close encounter (Fig. 9). The closer the marginal bound orbit is reachad, the
more tidal vertical compressiors occur. ( 1000 Particles.)
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9 Influence of BH-Rotation on Tidal compres-

sion

For the compression of the utar there are influences already by the
rotation-modified orbit of the star: For retrograde orbits, the orbit of the
star is closer to the marginal bound orbit for & given peribel-distance com-
pared to a monrotating or a co-rotating BH. The phenomenon of sevaral
compressions are therefore reached more easely.

Maximale Enughchi;g
[ RRY] A 1“'0‘ . : ... [
1.0 ! ! E , I!
! 10.0 . .
! :
! L[] [
! . [
¥ l , 5
0.1 H : h 0.1 ) g
-300-100 0 100 -200-100 0 100
Bigenseit v, Bigeaseit 7,
Ma=1.E+00M, M.= 1.0M, > 700, as= 0000

Figure 11: Density vs. time and relative magnitudes of the principal axes of the
star for the encounter with the Schwarsschild BH (Cp. Fig. 12. f, m Rp/r, = 1.

1000 Particles.)

rel

et emcemssmoesmaamcgee

comomoamommoume
Sean

i

-300-100 0 100
t Te
Ma=18+ M= 1.0M,

Figure 12: Density vs. time and relative magnitudes of the principal axes of the
star for the prograde encounter with the Kerr BH (Cp. Fig. 11). Ay, = Rp/r, = 7.

go?

For the very close ancounter we obtaln due to the noa-lnear — in the
local frame velocity-dependent tidal forces (eq. (11)) — a curved shape of
the compressed aad tidal stretched star (see also Laguas et al., 1093) as
shown in the figare 13. However we have to be carefully about the range
of application (sect. 8), because for the presented axamples we want esally
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10} 3 |
-"..'...
-] g .
* <
2 Y A .
$
o} + = Horison <
-8p o
e 0 s

/M cos ¢, 7, = 8.0
= 7.00, Mu=1.E+00M, M.» 1.0M,, a = 0.800

Figure 13: Non-linear treatment for Kerr-BHa = 0.8, S, = Rp/ry = 1.

into the dangerous region, where the length scale of the star has same order
of magnitude as the inhomogenity scale, radius of curvature, respectively.

10 Tidal disruptions
To estimate Roche-limits the linear treatment (R. € R, R. € L) bs
applicable for computations of tidal disruptions (8, & 1) of Main-Sequence-

Stars and remtins in the range of application. The influence of relativistic
trajectories on tidal disruptions bas been discussed already in sect. 4:

« Minimal sistance of the periastron is effected by spin of the SBH.

« Orbits near the marginally bound became neasly "circular® and the
tidal time-efficlency ancresses,

+ Tida) forces incresse with respect to the Newtonlan case.

+ Tidal forces increase with spin of the SBH for retrograds trajectories
(Frame-dragging).
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e Examples:
1) SBH Mpy = 50-10°Mp.
« Simulations with the same 3, but different angular momentum of the
SBH (figs. 14-19). .
2) Extreme Kerr-SBH Mpy = 10°M; (figs. 20-22).

A rough impression for the angular momentum-influence of the SBH onto
the tidal process may be obtained from the figs. 14-19. We identify the
evant of a successful disruption of the star as the increase of the total
energy E;e above sero (figs. 135,17,19) and the decrease of central stellar
mass-density as well as & run-away of the principal axis of the star (figs.

14,16,18).
Maximale Dichte ___Hauptachsen
10.0 : 100.0 -
++- Peribel : I
: 100} 1)
1.0 i 1 "__
e j e [ ]
3 -x ;3
0.1 - i 0.1 - i
-100=80 =60 =40 ~-80 0 -noo-lo-co-t‘o ~20 0
W L / (J-T ) L/
Mo=B.E+07Me Me= 1.0M, ps 060, a= 0.000

Figure 14: Denaity vs. time and relative magnitudes of the principal axes of the
star for the oncounter with the Schwarsgschild BH. Transition of peribel at v = 0,

;

-8 m— %
-10 e B
-100 -39 -80

lol&t’udt -
p.= 0.60, a = 0.000, n.-lrlwnh. M= 1.0M,

Figure 18: Kinetic, gravitational and total energy vs. time. Encounter with
the Schwaraschild BH. Roche-limit if E,p 2 0 shortly after transition of peribel.
(5000 Particles,)

Indeed, this disruption-avent occurs for a Schwarsschild-hole (figs. 14,
13) a moment after the transition of the star through the perlastron. With
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the same Roche-coeff. S (the same perihel-distance), but for a prograde
orbit (figs. 16, 17), the tidal disruption-event happens a considerable time
later (after the periastron-transition) for an encounter with a moderately
rotating Kerr-BH. On a related retrograde orbit (figs. 18, 19), disruption
occurs a reasanable time prior to the transition through the periastron (in
all the computations, we interrupt the simulation, if the star is disrupted.

Maximale Dichte Hauptachsen
00— 100.0[ ""B'_"""""\;
Perihel-D '2 ‘ i E 7 |
5“‘ ! 10.0} ey
1.0 . 1 .-’.\. ot
j ol Za Pl
L - P
0.1 A . HONN 0.1 et
—00-00-40-‘10 0 % -ao-a-co;zo 0 80
Rigenseit T, onneit T,
Mg=53+07Me Mow 1.0M, .= 080, &= 0.800

Figure 16: Density vs. time and relative magnitudes of the principal axes of the
star for a prograde encounter with the Kerr BH. Transition of peribel at v = 0.

<60 —40 -
enae! Tm
g 060, & = 0.800, Na=8.5+07Me Mo 1.0M,

Figure 17: Kinetic, gravitational and total energy vs. time. Prograde encounter
with the Kerr BH. Roche-limit if E,y 2 0 longer time after t ansition of perihel.
(8000 Particles.)

11 Tidal disruptions by a 10°M, Kerr-BH

The encounter of & 1Mg main-sequence-star encounter with a 10°Ady
extreme Kerr-BH (figs. 20 - 22) results in a clear tidal disruption-event.
(Positive total energy, decreasing density of the star, increasing principle
axis.) In connection with the fuelling of AGN we assume, that the tidal
disruption events of stars ere important as fuelling process also for the



Tidal compression and disruption of stars near a rotating black hole
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Figure 18: Density vs. time and relative magnitudes of the principal axes of the
star for a retrograde encounter with the Kerr BH. Star being dissolved before
reaching tl-e periastron.
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Figure 19: Kinetic, gravitational and total energy vs. time. Retrogyade encouuter

with the Kerr BH (a = —0.8, 5000 particles) Roche-limit E 2 0 reached before
transition of perihel . (3000 Particles.)

brightest AGN's (if the mass of the corresponding SBH is assumed for such
BH's to be about 10°Mg and if it 's ~apidly rotating.) For such assumed
SBH's, the mass-range for the tidal disra) tion event (due to the arguments
given in Hills, 1975) will be axtended in one order of maguitude.

The process may go to even higher masses of the BH, if one takes
instead of a main-sequence-star a less dense star, ¢.g. & red glant.

For tidal-events, the energy-distribution £ = —p, and the orbital angu-
lar momentum.distribution L, = py of the debrls may be calculated by the
back-transformation by p, = Mf1X,. For events close to the Koche-limit,
the energy-distribution of the debris of the star is nearly the same as the
energy of the former star: No dramatic changes ocecur for such limiting
case. The fate of the stellar debris is essentlally the serae as it would Lave
been for the star itself; if the star were on a geodesic, that is swallowed
completaly into the hole, than the fate of the debris will be the same and
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vice verra. For the above example e.g. the distribution in energy and
angular momentum is 4K = Ak = 10~4, respectively.

For the example described in (figs. 20 - 22), we expect as result of the
tidal process that the debris leave the close environment of the BH on sim-
ilar geodesic as the former star ((fig. 20). The resulting highly elongated
fragment of an sccretion-disk may be later very fast transformed into a
circular accretion disk fragment due to peribel-shift-effects and viscosity
(Syer ot al,, 1891).
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Figure 20: Trajectory of the centre of mass of the star. Position of the
Schwarsschild-BH and its Schwargschild radius. massereichen Schwarsen Lochs.
Roche-coefl. 8, m Rp/r, = 0.42, "canonical” Spin of the Kerr-SBH a = 0.998.
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Figure 21: Kinetic, gravitational and total energy vs. time. Prograde encounter
with the Kerr BH. Roche-limit if Eqy 2 0. Trajectory (Fig. 20, 5000 Particles)
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