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GRO1” ‘-INVARIANT SOLUTIONS OF HYDRODYNAMICS
AND RADIATION HYDRODYNAMICS

Stephen V. Coggeahall

Los Alamos National Laboratory, Los Alamrm, NM 87545 USA

Using the property of invariance under Lie groups of transformations, the equations of hydrodynam-
ics are transformed flom partial differential equations to ordinnry differential equations, for which special
analytic solutions can be found. These particular solutions can be used for (1) numerical benchmarks, (2)
the basis for analytic models, and (3) insight into more general solutions. Additionally, group lransfor-
mat ions can be used to construct new solutions from existing ones. A space-time projective group is used
to generate complicated solutions from simpler solutions, Discussion of these procedures is presented
along with examples of analytic solutions of 1, 2 and 3-D hydrodynamics.

1. Intmdurtim

‘rhe ccmslructicm ahd use of largr-sralr hy-
drodynamics codes is an integral pnrt of tlw ef-

forts at mrmy orgnnizntions intern~tmnn]ly. A
fundamental requirrmrlll frw such codes is 10 ad-
cqualdy cnlcu!atv riilllljlr lrst prol]lrnls for which
tlw cxrwt solution is krltnvn !+(J~h bclJrhmark
prol)lcnls iirr t Iwrrforr B Ilwiir nrd f[~r any grollps

drvrlopil]g Ilolltrivinl nulmrirnl m)drs.

Sinrr llliI1ly l~r(]rrsws ill Wllicll orgaljizaliolJs
arr inlcrrst wl roquirr al lrIL%t I IIP SOIUIi(m (If hy -

(Irorlyhafllirs r~luiIl i(ms, 1111111rivinl l)flnchlllnrk proh

lcJIIs 10 surh mlunti(ms an’ illll,ortnllt. III ttm
pwif , mnlly 1-1) 1P*I ljr,)l~lrllm Iinvr I)rrl) IJHd,
lmI ihrw him lwrII m Inck t)f n)lil[ i{lii]wllsif~~la! (2
all(l 3 1)) Il(llltrlviill nlJnlyllr fu,l(llif,ns ()[lrtl, n

Ill Ilr(ll)lrlll I1:L*IIWII run III II 2-1) II II MIII, whir]l
cl(tm Ilt)l tr%l n Wl(lr vnrirty (]fl)llysirnl /JIlllJlrrirnl
Ilro(”rririm l’r~wl,lll(vl Iwrr nrr n Illlll]lwr (d ? al)(l
3 1) ;III;Ilyl Ir wIIIIf I~ms I() llIr Ily(lr(,(lyilllt]llt rqun
111)11s111:11III:IJ lllltl JIYllnlf.1)’ I)r 11%1.(1 lLh Ilmlrh

nlnrliri “I”tlr wIllIII(In* wrr [IJIIIIII ukitlg 1,10 ~rnul)

mf’1 hIIIlS t’(lr I Ilr rmlllrt 1o11(jr ~l:lrllnl IIlllrrrllllnl
Oqll; ltllms, 111.1:111s of t]llh Illf.1111111 rnll t)r 111111111IIJ

Ill,, Irxts II*IvII ill Ilrrf,rrllrr 1

‘] hls IIW (d [,lr ~rlllJ]W !11Sllllllllf~/hfl~W’ l!lfrf”r

rIIIInl r.tliln!j,)l]~ lIIL\ PIIl(IVVIl rrlif.wt.ti ll~q~llli,rll~

ltI I lIr In.sl frw (1~.rallrk Ily IIIPIIIII)’IIIE tllf” r-fill

[illi, IIS t.r~~llkf(trlllnll,lll gr,llll,~ Illlllrr wlllrh Ilw
rllllh’ IIS. rrJrlnlll 111~1111AIIl 111.Nholk (I! r~ltw{ll

nhtm rntl III. i~lrllllfirll ull(lrr Wlli,.11Illr rllllntll~ll~
I)r(olllf. hllllll]f-r ( )rtllli:ir) ,Illlrr,.lillnl r(lll;ltlf)ll~

(OEtE’u) undergo a reduction of order and partial
difimential equatirmrr (PDE’s) ●xperience a reduc-
tion in the number rJf indepmdent variables until
thry becrrmr ODE’S,

In this work the cquat ionk for one-tempmalure
invisccms hydrodynamics urr mmsidercr-1, A rw
Wrictioll Irr a pt-rfrrt grur cquat ion of slate is nJadr,
w) [he mnlcrial prmsurr aud Cllrrgy ar~ wrillrrl

as

1’ = l’p7’, }: = J- 7’,
7–1

whrrr 1’ IS Ihr gas r(m!;lnr)l, 7 i~ LIJr n(lintj;lt ir t-x-

polIrIIl nlltl Y’ is IIIC Illntr,rial Irml],rrnturr (llHfT

d n lll(wr grllr-rnl rqll;llii~ll of stntc, illcluilillg n
prnvrr Inw f[)rlll, ffw Ihr 1 1) cnw. rrm IN. f(NIIIIl III

I{rfrrf’llrr 2 ) IIrril r(m(lllrtlolJ ih illrllldr(l ill 11111
dl[rlJhl(lll l\l)l)roxilJlntiltil, WIIPW ~.lJ~ Iif’llf !IUX /“

in rrl)rrwnlml Itlr(jllgll n rJtmlillrnr Fmrirr’m l,aw,

}’ = ri(p,7’)T’’/”. A gt.]lrr:J rllrrgy :~,urrr Irrl]l
S’(X, f, fj, lt, ‘1’) i~ alw, irlrllJ(lr~l

\l’illl tllr,lr JWNllrlll)tll)llh, lt}r rfllliitif)lls !)rllllLi!i,

rll~)llll’l lflllll, liJlll rllf.r}!~ (’011S!,1 V)lll[ll) llfW~MJlf”

I II I

(1)



The 3-dimenrrional velocity is written as u = (u, w,w).
We look for continuous ~ransformntions which

leave therw equalions invariant by introducing the
differential operator

whmr each of thr functions (E and qk drpend

only on the independent varinbles z, y, z, t, and
th~ depclldenl vrwimbles O, u, V, w, and T. This
operator is exlended to action on the derivative
in ( 1) through prolungal ion formulm d-cribed
in all lht= trxts Iislml in Refrrcllcr 1, Invariant?
of thrw= cqualiom ik invnk~d by drmnnding th~t
[/ opernting 011 t.hew rqun~ic)ns give~ hark nonw

arbitrary funrtiml timrw the miginnl e(lUiltiOllrl,
which snys t hnt the quf It ions are inv~rinnl on

tlir fiolulim~ Illrinifold. ‘1’hrrw invariance mmrii
tions prmirir r?lnli(mh t~]drlrrllliml the unknown
functions (i and thr IJ*.

Tl)e Lir groups of l~oil~l t ra~wfijr~llai ions un-
rirr which 11(111111itul+ ( 1) rrnlnill invnrinllt nrr gcll-
rr;llrd Iy 111~’(Jlwrnt(w+

l’” - i~v,
1‘, i), ,

/’, - i),,

/’,:, : II’), -1 i~,,,

/ ‘(;M – li~v 1 it, .

l’{;, /i~.. I i),,

1’ lJi~, I JI~uIy-,

I;k - :i)v I y’),

1“,, -: ri’~, I :i!,

I,i),, I Iii), ,

rli~, + f’il, ,

11;!,, I 11,;),,

K and energy source S:

pxp(a, p – qa,, _ q~ap)+ 27’KT(a,, - fl~i - tap)

=a, p - a#l + (2 - q)a~~ — qapt,

[1S - S(2a,, – 3a,, - 4trrP)

-’a+w-w ‘0
(2)

Thr compk invariance oprralor ia a linr=ar ron]-
binatirm of the separate opcr~tms,

U = art!. + avilv + .,. + a,,U,, + apl?p,

whrrt= the al’s are arbitrary constants.

Thww groups represent rqww translations (1~~,
[Iv, [J, ), timr trnrrslalion (1~, ), Grdilran bolmts

([/Gr , !~t;v, [’c,), rotations (1 ‘rv, U“, , l~.r), Epmcp
scnling ([~,,), timr scaling ([~,t), density scaling
(l~,r), am! a spnretlrnr proj~.ct ivr grcrul> ([lP ).

For the rrnminder of thi~ work lroth l]rat COII.
~UFl it)ll and lIIC ~nergy aollrc~’ S arr ueglr-ctrd.

Thr m-rndition~ for th~ inclusion of these trrmo are
givrn hy (2), ahd uevrra] I-D analytic rwdulionn
inrlutling hrd. conduction nr~ given ill Nrfcrrnre
4, ‘~hrw ip no pr[ddrm finding Binlilnrity e(du-
tiolls to nmlt idilnrnHionnl llyt!rl~(lylllllllicr wi[ h ri-
thrr rondllrtirm or thr Ntmrcc tern) rrt nimd. II
ir4, Il(nvrvrr, murlI nwrr dilliru]l (r) rmlvr Rtlrdyl -

icnlly IIIC rduwll ordillnry (Illrcrenlinl rull:nti(mrr
with thrrw trrllls inrllltlrd Nunwricnl wdutiom

of thrw ~.)1)1’t’tinrr Rlr[li~lllf(lrwllr(l.

(’i,llhi(lrr mI rxnllll}lr’ 1’1)}’ I/(r,, y,, ,.. ) :. ()

willl II ill~lrlwn[lr’111 vnrlnlllw x rmI! III [h’lwll~lrltl
vnrlrrlllw y wllirh iN illvnrlnnl illldrr r. ~llllrrrll
tinl (ll~flrnl{,r Ir -- ~;(,il,, t >: r),r’lv, ‘1’tlnl irn,
/r// ,. () ~l,,!,,~~,!r // II, SIIIrr II IK n Iilwnr

dl[brrldl~ll (qwrnt(lr, wr kll~mv (l~y thr II IrIIIII{l (d

r-hnrnrlrrl~llrh) w Cnll rrwrllr // () Ill lrrlllN

l)r Illf. rl 1 } ?11Illtry,l:t(l(lll I’rlll%llllll% r, Ill the.

chnrn[ Irrlhlli’ rIIIIIiti IIIIW

fir I (lJ,, (1.vl I/j/,,,
—.. --.—- —, ,,, --—--
(1 L, 111 1/,,,



“l”tle use 01 the Integration constants trom tne
invariance characteristic equations M new vari-
ables is seen as the identification and introduction
of a new “preferred” coordinate system indicated
by the Bymmctries of the differential equations.

For PDE”E with two independent variables a sin-
gle such transformation reduces the equations to

ODE’S, ~o reduce PDE”s with n independent
variables to ODE’S, n -1 such reductions must be

made. These multiple reductions are facilitated
by examining the structure of the associated Lie
algebra Specifically, afle.r we perform the first
of several reductions, wc wish the resulting t=qua-
tions to retain the symmetries of the groups used
in the firs! step so that thr process can be con-
tinued. This is gu~ranterd through the fallowing
theorem: If a diffrrcnlinl equation A ifl invari-
ant under a Lic group G with R normal subgroup

S C G, thrn (IKI rrdIIcrd cquaf ion 3/.S ohlairmd
using the group .S will hr invnriant ulldcr lhe quo-

tlrnt group (;/.+”. (“orllplvtrrlmcripticm as w(’II M
exanlplm of this Ilrocrdur{’ rail hr found in Rcf-
● rrnrr 3,

To illllslralr Ibis prorcdurr wr umsidt-r thr

tw(k(lilll(’llsi[]llml ;Ihisyllllllf’lric sil]llllific:~lioll of

](lu;lti[ms ( l). \f’r work in sl]llcric:tl rtltlrdir)nlrp

with itldt’]1(’lilltmlll vhrl;llllw r, 0, mIIII /, mId Irt u

AIIII I IN’I III’ r- nn~l O rorllll(mrnls of Ihr vrhwity,
rfvq)f.rliv(,ly. \VIO rhf I(vw lWII kl]l)grolllw nl]nwr{i ill

lIIIsgmllwtry f~u n 1111111110rl’llurli{)ll, IisIng tir~l
(;’ = 1’,1 1 0/’,, ! ;1111! 111~’11 1“2 = l?,, + /)/”,,,

wlwrr fi mItl /f nrr nrl))l r;lry mlI .tal Ils, for 1111,

two rq-(lucll(llls. \\ ’I’ i(h,l~t 1(! /: 1 = rli~, -+ IZi)f t

r(I~- :Jtb’),l+ (r- 11()f’L- Itil– ~’~’fi~lnll’11‘:’~
rf’1, .+ p(;) 3);),, + Ill’),, I I ;), \ 2’/’i)l, \\”l”(1!)

11~~1llf’~vl III f’nlflllal(’ 1111.[llfl’h~tll INI rtlunt i[m~

-, -., . . . . ..- . .
Since U1 is a normal subgroup of U’, we are

amured that the equations obtained by reducing
with U’ will inherit tl, e property of invariance

under [)2, and a furlher reduction is then possi-

ble. We can therefore write Ila in terms of these

new variables as U2 = 1,8,, + .. . + /68,,, where
the functions ~i can be calculated from ~i = U2ci.
We find U2 = Cl&l,, +rs(fl--3)8,, +c48~d+c58,, +
2C60=6, with the characteristic equationq

dcl dr2 +3 de, dr5 dcg
—=— = .—
c1 0 C3(8-3)=T=T5=XS”

Th~ integration constants of this set of ●qllat ions
become the new similarity variables:

Thr fill~l ~tr-1~ is to transfornl thr original
PllE’ri into ODE’H in thrsv nr=w varinijlrs. IIsing
the chain rule, we chlculiItr lhr drrivalivcs rr.

quiml Ill ( 1) in t?rlm of IIIIS nrw varinldrs Kg.,

For thirn raw Al = H fiinrr A = 0. \\ ’hrII tllww
rxl)rrssiol~s hr~ Nulmlilulrul irlt.o ( I ), thr rqllnlif;lls

hwoltw ol)l:’r4 for //(,}), /r(A], I’(A) nlld (J(A).

AIIV K(IIIIIIINI “d lhMI’ 01)1’:’h I)rob’l(k A l) Arll(_UlrIr

Ar)lutllul Ill (1 )

dr’ (10 1!1 (// ,
.- ——.. —_-

rl “ii 7 /?(11 :!1)

(Ill III d’!
-—. ---- .— ------
,. :)/’111 If I

‘1 III, 11111.I:IJIII III II II I< IJIIIK III IIIIWIO I.,lII:IIMMIW nrr’

1110 119.w Y:lrll,lr.x
,.

(’1 (’;, /), f.;, /)/:’1.’’/’,l’, lif t“,
f’

t.., ,/ 1, //”’



ti~e reduced ordinary differential equations are
listed hero.

Each analytic solution gives the material prop-
●rtim (denuity, velocities, temperature) as a funr-
tion of space and time. Unless otherwise notd.
the velocities arc always (u, II, u,) s (u’, u’, u*),
being radinl, theta and phi velocities in standard
cpherical coordinates. The varinhle r is thr spher-
ical radius and R is the cyli]ldriral radius,

2-D nxiriymmdric flow, (r, 6) m (R, z ):

2, If+ - 2,/)/”,,.+ l;, : O,ll/’(, : 1:

/J(r’, (1,f) :-. /1,,/ ;1.:11:1(;1+1)[> 1)/1 >+1) (1,,.4)’”

(11(1”,/),/). -r I
~l? ““ 1—-r, ll.~(1

(, 711 )
I,(r. /) /) ‘1? ‘r\——-,, Slllo,,)%f)

-)tlt

I)(2 -)) r :

()‘/’( r, (1,f ) ~J-——-– -
1’(> I 1)~(, i I :’J /

(, W;’(7

/i(t”, fl, /) /+1/:’ ‘I” “(!.111//)’‘ ((1,41’:1

11(1”,0./) ;I’ll!.v
1’

1’(!’!f~ 1) -%111/1( (1?.(/
t

.,,

‘l(l, (~, f)
()

“Ii, ‘“ (!.11,/1)’ ‘ (l,,.. /J)”’ ‘
/

4,/3= –2, aUo = 1:

p(r, fl, f) = pot2(’-1)r-2 (sinfl)27-4 (COSt?)2-27

u(r, d,t) = :(1 - t-de)

u(r,ll, f)= ~sinOcostJ

()
7’(r,8, t) = 7h ~ 2 (Bin0)4-27 (cosfJ)2T-z

5. HIi with the anmlz A = ():

‘1’(It ,:, q=+

6. 7f14 with Ihr almntz II = ():

‘I(r’, o,f)
V() I)(2? 1) )

111)‘-—--—:------- hill (1

21 ):’

2-1) rylill(lri~.nl n,llllli(,ll~ ( /i, III)

Ilr,, 11,(. y,,ll,,,lh (/’,, I ,,/’,, , {,,; ’,, I (,/”,,,,

1’ ,~ 1 (41”,, I (’,!/” ,,,) Ml,f I,\(ll 1(1 ,,,!,,(,,!1! 11,!



similarity variables

A = R’tbe-’o, p = H(J)
()

R dtc “~

T’
= U(A):,

2
U* = V(J):,

()
T= G(A) ; .

8.y=2, e=O:

u~(R,4,t) = :

R
u$(R, d,f) = tIr)7

()
2

T(R,.A t)= - :

9.~=2, e=O:

3-D molutim, npherical coorclbateo (r, 8, ~):

For the 3-D reduction to ordinary diHeren-
tid equations, the groups (U,l + cl U,, + C2U=W+

CSU,P, [1,1 +c~u., +CU(J,P, va~+cevmp) were used,
which generated the similarity variablea

A = 8, p = }f(A)tdrbe’*, u’ = U(A);,

u’ = v(J):, U“ = 1!’(,$ T= G(A);.

12, V=0,H = Ho + HI(sinb9)a, c = O, 7 = 5/3:

[

r 4rTo(b + 2) (sinO)b+2
u’(r, t?, ~,t) = ●Z

po + plsin”~

2 4rT0 (sinfl)b+2
T(r, fl,d,f) = (*

H P(I + plsilfo

(l/J,) 1

(p,, + plsin’’fl)(b + 2)(IJ+ 2 -a) ‘(lr+2 -a) 1
Figllrr 1 rrhmvs t.lw mntcriml trajr=ctorim for Solu-
Lim 12 wilh lIw cllt)icrs a = 1 and b = 2.

Y.
a

\———— .— .,— —-1 —,.n n a #n

Fi~llrr I Mnlorinl trnlr,lt,rlm f,lr !+,lllli,,ll 12

W,(1I /1,, (), /1, 1,(1: 1,11 “.’



.
Another combination of groups (U1, U,t+CIl~~~

+CZ[JSV+C9[J,0, (J., +c4[),1+cS[I’,P) produces the
trimilarity variables

A = t?, p = JY(A)r’’e’6, u’ = [~(.l)rbede,

u’= V(A)rbe~6, U* = H’(l) r’ed$, T = G(A)r2be2d6

The U.Wof time translation alone in one generator
creates a steady-state solution,

5. Extension of Solutions

Since the considered Lie groups of point. trans-
formations arc invariance transformr,tions, they
transform solutions imo other .soluticrns. Given
any solution cIf ( I), we can use the global group
transformaticms[3] to conslrllct a furiher set of Eio-
lu(icrns to ( 1) with various choices of the group pa-

rameters, For I hr axisymnwt rir caw, IIIC glollal

transforl~]ations for the allmvrd transformations
are

c~ r
F=—

1–s1’

e=o,
~=s.+r,I ~1

(:1)/iQPir~J(l(1– K/):’,
“IH(I-sf)-t. w],ii-nr:,l.5

i = C:lv;’1’[1 –s1),

‘i-~ 11;c;21’(I - d)2,
M-i Ill arl~ltr;lry rIIIIKliLIIl* (,, .q, rIII(l r. ‘1’hmdlm.,

If W(r, fl, f) is il s(,llllilul Ifl ( l), tlwll w) ill~() is

i(!’, i,i)

All I IIVWS iilltlit II IIIAI frrr Ilnr;l]ll([f’rs nrc [riv

in] rxcq)l for !~, ulll III is Il;f’ ljr(~jvrlivr grfmp

Imrnmrtf-r ‘1’111, Illrll:hilul t~f s IIlllsl l~f’ rIIllsls

lrul wllil Ihf’ r[)ll~ll[l(ms givf’11 ill {2) (wllf’rr h WIW

rilll{’(1 II,>), WIIICII rl~r S(JIIIINMIS I 7 (’l l) :ixisylll

Ilwlrlr, II,) c(III{III(II(III or ~ffllr~.f’) Is ~ : !~/3 ‘1’111~
I,r,,ltwtllf. Ir;lll+f(,rrllnli{]ll cnrl grllf.rnlfm n Ilor)lrlv

Inl rXl IIII SII\II ~ f ,111C’XISI Irlg PIIIIIII (III It 1~ Ilwflll

h) l, XIilllllll’ ~tll- I.frf.l”t (JI fhl$ llrllJt’rtl Vf’ trnrl+fllr

lllnll~nl (III sillll~l?. I 1) ht,llllltuls
k!’,, rtulsl,lf.r n 1 1) Il(,w wll,’rr Illf’ vf’ll~f”lt! i%

u . u,lr/l, WIII( II ~i~ml r ‘.” r(ill l”” Iilr [:l!. I r~l.;f’l’

I(lrlm. f)[ rll;lt,.rl;ll {Ii!,, Alilll} illl:ll}lll I 1) Wllll
lII,II\ {)( 1111~I“(,rlll ,:111 1,~ Iollll(l, I,)r t’i;lllll~lt’, Ill

Reference 4. Under the action of this projective
group these relations are transformed into

()
r Ucf+ at

u =
z l+st’ r

= roltluoll +stl’-uo.

The wdue uo = O (u = O) is a trivial solution 10

(1), and under the action of this projective group
becomes a nontrivlril solution. Figure 2 shows the
●ffect of the projective group on this solution, For
Uo = 1 this projective transformation is an iden-
tity tra.nsformatian, so solutions with trajectories
shown in Figure 2b arc unchanged. An interesting
I-D solution, Solution 2 from Reference 4, has the
value uo = 1, 3/4, ~r 1/2 for planar, cylindrical,
or spherical geometries, respectively, for a y =5/3

material. For UD = 1/2, the material trajectories
are shown in Figure 3a and the trajectories for
the corresponding projected mlution are shown
in Figure 3b. As in Figurm 2a and 2b, we see

i -

1 ‘Jn

r=roII

1 18



Figure 3a. Material trajectory for U. = I/2.

that theprojec$.ive group haa introduced anolher

zero on the time uis. In Figure 3b we find a
bounded solution between times i = -1/s and
t = O. This solution begins wilh a point explosion
(like n “Big Bang”), expands, turns around, and
collapses back into a point.

The transformations (3) can also be used in 2
and 3 dimensions to generate new solutions from
old ones, For example, Solution 2 becomes, under

the extension (3),

13. (2-D axisymmctrir)

( -)-1
1- :1— ) sr

cos?o +
7+1 C$ + S(f - r)

3(!, (? – 1 )rsinkwfl
I’(r, flql) “=

S(7 + 1) {[f – T-, f5/(2s)]2 - ~}

- 1/s

Figure 3b. Trajectory after projective transfor-
mation. Note the region bounded in apace.

14. (&D, ~ = 5/3)

p(r, tl, ~,t) = [(t - 7)(1 + 8(t - 7))]-(b+3)’2
x rb(po + plsinafl)

r
U(r.f?,d,i) =

2s {[t - T + 1/(2s)]2 - 1/(4s2)]
m

+
l+s(t -r)

[

1 41’’liI(b + ~)(sintl)~+z
ul(r.fl,~,l)=+~

pn + plsina~

n pn 1
1/2

(PI) + ~lbill”fl)(~ + 2- n) + b+ j- ~

r
x—

S{[I -7 + I/(2s)j~ – ll(w)j

[

1 4rYi, (sinfl)b+z
‘f’(r, fl, d,/) = —

4r PI, +plsina O

(l/l,, I
——.

(pit + plsill”O)(b + 2)(b + 2- a) ‘(/)+2–(1) 1
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OH wrnf inli) l“lgurr 31). ‘1’hih H[dIlt i(~ll t hrrf.f(mm

Ilk% a IMJIIII(I?’(1;~(mtiou wl]irll inwdviw n poilll Px-

plt MtIIII (Iinl ril)ltls oulwnr~l. sh,jm rXII;III(l IIIg mItl

thm r(dliilws lIiIrli (111111ilsrlf :LQ II r~mlIIIIIm to

shill



6. Boundary conditions

The analytic solutions as given above contain
no boundary conditions, which must be taken

into account for numerical solutions. There are
two Approaches to this concern, The first and
simplest i.s to consider a finite region initialized
with the properties of any of the ana]yt it solu-

tions with no consideration of special boundary
conditions. In this approach the evolution at the
boundary immediately deviates from the analytic

solution, and a rarefaction wave propagates into
the mkterial of inter~t. The solution is valid only

in the region which has nol felt this rarcfaction
wave. This approach, while simplmt to imple-
ment, causes the region of validity to shrink as
the problem evolves.

The secoud approach is to appl} the correct
boundary conditions at the edge of the prrhh-m.

This is immediate if the calculation is Eulrrian.

For a Lagrangian calculation one must calculate
the locatlon of thr boundary at all tirrws nnd the

apprw riate material properties for that Iocat ion
musl c imposrd. One concern with this ap
proa( is that snln]l errors rnadr ill tlwsr- hrmnd-

ary conditions can propagatr illiu thr pmhlrm
and confuse the investigation of intrrllatly genrr-
ated errors. For t Ilis reiuxm W- g, Ilrrally um th~
fird and 6implmt approach, hlorr gmrral discu6-

sicms of the trratrlwrll cd’Imlllidary conditions CRII
1-wfound in Iiefr=rencc , 2 al)tl 4,

111 this work w illvvstig;llr~l III(’ i,ir groul,
invarinn-r ~]roljrrll~,s of Il)r 3.1) lly(lr~~tlyll;llllirs
rqunli{ms, including noulinrnr CI;II{IIICI i(jll nlltl all

Art)itrary Orlf’rgy s(ulrrr l;fiill~ IIIHC pr(q,rrtirk
We mllslrllclml I)rrfvrrml r(lor(lln~lr kystrl IIs ill

which 11111I’i)l;’h arr {ral]sf(,rllw,l ill(l) O1)I;”K

This procedure is therefore a deterministic
method fox constructing similarity solutione, and
includes dimensional analysis w a subset. Tht
reduced ODE’s have been solved for a few cases
to provide analytic solutions to multidimensional
hydrodynamic, These solutions can be used as
numerical benchmarks for hydro codes.

We also demonstrated the property of trans-
formation of solutions into new solutions using
the global transformations of the allowed Lie groups.

In particular, the use of the projective transfor-
mation generates nontrivial solutions from triv-
ial ones, and can also provide quite complicated
time-dependent solutions rm.rch aa the given 3-D
●pinning/exparlsion/coll apse solution, Solution 14.
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