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THE APPLICATION OF FRONT TRACKING TO THEF SIMULATION OF
SHOCK REFRACTIONS AND SHOCK ACCELERATED INTERFACE MIXING

JOUN W, GROVEM S5 YUMIN YANGY QEANG ZIANEYS DAVED 1. SHARE,
JAMES CILEMMYT M BREAN BOSTON, AND RICHARD HOLMES

ARSTRACT. Wereport new pesults an the Rayleigh Favhr ik Richtimyer- Mosbihov instalali.
ties. Highhghts inehude calenbinons of Richtagver- Meshikoy mstalalines i enpsed geometres
without grul ortentation elfects nupeovesd agrecameat betweew computatnions and experiments
in the case of Richtinyer-Meshkov instabilities at s pane mteefiee, and a denonstrition of
i inereise in the Ravleigh-"Taykr mixing kiver growth pate with increasing compressibility,
along with a loss of ntiversality of this erowth rate. Fhe prmeaipal compntational tool nseld
i ohititiming these resalts was a2 ende bosesd on the Teeadd ek et hoeld

I. INTHODECrION

The mixing behavior of two or wore Huids plavs an importiant role in a wimber ol physical
processes and techoological applications. We coustder twa bitsie tvpes of nwechanieal (i, non
ditfusive) fluid wixing,  Woa heavy Buid is saspeuded above a lighter flnid o the presence of a
gravitational held, suall pertoebations at the Huid interface will grow,. FPhis process is known as
the Rayvleigh-Favlor iustability, Oue can visaalize this iustability in terms of labbles of the Lo ht
thiid vising imto the heavy Buid, and Bogers (apikes) of the heavy fluid falling o the Light theid.
A similar pracess, called the Richtmyer Meshkov instability [E ER], oceurs when an interfave s
accelerated by a shock wave, These instabilities kave several vommuon featurves, hindeed, Richtover’s
appraach to underitanding Che shoek tmheed instability was to view that praeess as resulting frenn
an acceleration of the twa Hnids by o strong seovitational liehd acting for i shoet timee,

We exatnine Three separate aspeets of the Rayvleipgh Pavlor and Richtyer Meshkov problens,
Section 2 diensses direet ummerical sinntbations of Richtmyer Neshkov txpe prablems nsiar, front
tracking. Front tracking is an adaptive method which provides sharep resolution o distiuet waves
in Huud Hows, Fhis is acconrplished by the e of o dywamically wmoving co dimeurion one prid
that follows the trached wave fronts, Our canvluston is that front trackine s a valuable miierieal
welhod die to its ability o remove nmetical dithusion, euhanee the resobtion of the compatation,
and redunee ar eliminale grish orientation elects. Section 3 deseribes an analysis of Che <ot term
jorewt e in the nnstable modes of a shocked mtetface asine o« inearization of the Fuler squatione.,
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We compitre the sedution of the Enearized ecquations witic o inrpulsive meolel of the mixing prowiss
due 1o Richtmyer, ad with numerieal solutions ol the Yall Faler squations. We show that Tar
subiciontly smie amplitudes ol the perturbations in the nid interface, the Bneir theory agees
with the munerical sohtions to the fully noutinear svstean, We noticed that in nsiy eiases the
results of the impulsive model disigreed with the exact solition to the linearizad ogpanions, W
also report in section -1 on recent work tHiat las examined the mole of compressibility in the Rayvhegh-
Taylor problem, Iis shown Qeat the wixing laver growth eate dnereases nickedly with inereasing
compressibility iond this elfect is accompauied by i loss of nuiversality, Phis is the fiest prediction
of an importiomt property of the Ravivigh- Taylor mixing wer cutside of the ramge ol existing
experitents,

20 FRANT  ACKING SIMULATIONS OF SHACK INDUCED SURFACE INSTALITIES

The from tricking imethod represents a sarface of aiscontinnity in a luid How as a sharp interficee,
thereby elimiminting numerical diffusion. "This results in a sabstantial inerease in compulational
resolution, amd a corresponding increase in ellicieney, which i been utilized 1o inerease the detail
ad scope of computations attempted. Morcover, front tricaing can he combinal with modern
shock capturing methods to provide a computational tool of great flexibility for modeling Hows
dotimated by shoeks awd Huid interfiees, The shoek eapturing provides @ robist alternative 1o
tricking when the interacting waves produes conliguritions that are too camplicated tetrack, while
Iracking improves The ability of the shoek captnring code 1o resolve secondary features of the fow.
The general goal of our effort is ta achieve a good bilanee between the inereised resolntion of the
tritcked wave fronts amd the robastness of the shoek capturing methods.

An impurtant aspeet of onr front teacking code in simmlations of the Richtmyer Meshkov justa-
bility is its ability to hiuntle interactions between tracked wieves, T can antamatically deteet the
collision of two wiave fronts, aualyze the resubting interaction, and modify the tracked wave data
structires accordingly, References [[L G, 9, FE E2] deseribe the basie algoritbons awd prowvide details
o the eonstretion of our fromt tracking codde,

Fignre | shiows it Framt tracking simulation of the aecoleration of a pertarbed cireutare interGiee
by an expanding shock wave, The compulation hegins with a hubble of heavy Hnid suspewdad
lighter fluid, "Phe two Huids are duilially at rest, and the bubbibe interface is given a slight sinnsouial
perturbation of the Torme v - (rg b oeos(nf)), where (£,0) are the polar coordinates of a point on the
bubble interface, Here rg - 08, ¢ 005 b o 120 Bath fluids stre madelad nsing a polytropie
equation of state with ¥y - L33, and the density rative across the bubble is 5. An expanding, shock
with aliesd Mach monber 6.6 (pressure catio 50) is instatled at adistanee 0.3 from the oripin, Phe
entire coanpitation tahes place within a square of side 00 maing a0 200« 200 prid,

At abaut time D3 the expamling shock reaches the babble interface and is refracted juto an
imwantly directed reeelietion wave, and an ontwardly divected transmitted shoek. Note that we
triek both edges of the rellected grrefiction, Fipuree Th shows the e hed winve conlipuration sheatly
alter the expacting, shoek has passed throupde the babblonterface, By this point the averiae vadin
of thee bhubble interface i approximately twice s aatal viane aued the vipples on the mterbace lave
experienced a phase mversion, Snelean invecaon i typieal feeinteraetion: that produce reflesred
ravefactions,

Figuie be shows the simubation just hiefore the handing, edpe of the relleeted preelaetion peaches rhe
siptine, e rellection of the rarelfaetion wave at the origin prodoe soadditional omwardly dives el
witver Phese aew waves are it trackhed i onn sibation, bt age <l reazonably well peolved 1n
ther <hesrck captarine, method,

Fiptre Ll <hows the biter tnne sbeselopoeent of the bubbde mptetbace, Heve the spihes of the leavy
e heing, ejected into the liphter fnid ot ide fave b ome quite elongated. We abacaee that e
hewtdd of the Hrgers ape <t tepinch oll - Fhe vebnity chear aceross the s ol the hueer e
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Fiaere 1. The aceeleration of a perturhed vicentar interlace by a shork wive, A signiliean
adviuttage ol front teacking s the improvement m the pesolntion of interfaer fatures not
ahigied with the mte dilferenee grel. Note that even at late tnaes the three tingers have
nearly the smme shape and extension,

substantial, which expthins the production af the Kelvin Hehimhaltz Gy pe roll up on the sides of the
lingers,

This compntation illustrites several iportant paints, Fiest is (loee ability of frant teacking to
redinee grid orientation effects on the Haid interface, Since the nnderlying rectangular grid is sqgnare,
the offeetive grid size in direetions diagonal to the grid is 2 times coarser Chan in divections paratlel
tonthe grid, lopless Che grid is quite fine, this can prodier asabstantial degeinbintion in the resolution
of wirves in these directions. This elfeer wis cited, for exameple, in [E 3] 1o explain the relalively
faster growth of Hpgers alipaed with the coordinate axes as connpared 1o lingees oriented ab obligue
anples 1o the grid, We emplisize that there s very little idication of grid orientation etheet in
otur computation, Simee the nitial ditais periodie in @ withe period 1 /6, cach o the three apihean
lipgn e | shonhl ve fdentical, tn anr simmlidtion we see thal there is only about a 2,570 ditfereice
e elongatione of the apihes at the Batest time shown,

Weitlso camment that the asyumetry in the Kelvin Hetiholtz voll up an the sides of the outer
spikhes appears teecbe due tocan additional artiticiat mode that s oo produeed by the interaction
of the tracked wave with the hanndary, For ellicieney we combueted thee sunulations nsing, a
et e circubiar prowetey with the axes of svimmetey alony, the pasitive o and g oaxes repliaced by
rellecting, bumnmdiries, \s inplomented, this vesnlts igca lipght lass of information at the boundaries.,
amd can lea o the development of additional wades sl highly anstable problems: aa Chiso one,
Weare curtcat by vestipating, ppros ed aleorithme for Che propagation of curves at vellectine wll.
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Fl1GaRrE 2, The interaction of a shovk wave with a thernal bonplary baver, Figurees da-h

show the carly stages of the sinmlation which is Jdonrinated by muphtiple wave intepaetions.
Fignre 2¢ shows a detail from (b) ilhnsteating the complexity of the trackel woaven, Node
thnt here the y connlinate has heen sealed by o factor of twe to improve the visibility of the
mubtiple wave internetions. Figure 2d shows the Iate tinee formation of a vettral geyser in
e layer.

which we hape will elininate this extra maode,

Finally we observe that the expanding nature of the antguing shoek wave his o elleet an tne
fluid turterface quite sipitie 1o that of a gravitational acceleration which enhanees the nustibids
hehirvior of the interfaer,

Fignres 2 shaw a siimmlation of the aceeleralion of a thermal bonndary Liver by an expamding
shoek wave, Such a layer might, for example, be pradueetd by volioat enerpy frane the explision
that tuitictes the shoek wave, This camprtation illusteate two importinn points, Phe liest is the
ability wl the front tracking code ta limdhe complex interactions betweea the teached waves, Fhe
secund is that a sharp resolution of these features s absalntely esential for obtaining, the conea
amswer (o The questions of interest here,

The kiver is modeled as o repgon of wirrm s bounded by the wiall and i vontact diseontinuity,
A civeular, expanding shock witve is initated at o distanee ot the wall of three times the welth
of the thernal Brver, and ancinitial radins of balf the Theemal Taver w e The Huid ontaide the
Shoek ioat rest, ol thee density tatio between the pas inside amd ot ade the thepmal Liser o0 5,
An aialetie exponent of 3 Bk weed for the equation of states hee pressuee ratio acian. the
shock s initially HEP, wldch pives aninitial shoek Mackommber of 9000 Phe cotlision betwee the
wheck and thermai iver oduees a mumber of inteestoang, wave interactiome and bifureations that
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are all imstalled and handled sintoutaticittly: by our eonds,

Whea e ineident shoek hits the thermal Baver, it prodaces o pair of conneeted shoek relre tians
with rellected rirefieetions. As Che blast eontitmes to expaml, there s eventwidly a bifureation i the
stoncture of the two dimensiowsd wive pattern ervated by the refraction of the blast wave throngh
the vhernaal laver boundary, When this keppens, te iensiatted wave outrans the inetdvem wave
producing a precuarsor 1ype configuration as deseribed in CHOL T modeling this bifureation we track
the precursor shock and the original incident shoek but pot the rellected rarelactions, This explanes
the nbaence of the two mikdte wive edges between ligures 2a and 2b, which ouly show the teackeld
wives in the simubittion. This rarcfaction il present in the computation as a capitured wave,

Figure 2¢ shows a detail from ligure 2b o the reltection of the trieked waves near the wall, he
expatding wature of these waves leads 1o aa eventual bilureittion from a regular to a Mack 1ty pe
refection that hias been instialled for the ontermost pair of reflections in lignre 2¢, The thermal
laver acts like a chimnnel for the waves inside i€ leading 1o o series of antltiple retlections, Al of this
camplicated strueture is resolved within a zone of only abont 20 x 10 grid blocks, Fyvemnally the
dotrimint charactoristion of the How shift from wave iteractions (o chaotie unxing, stied al sonne
point we evase tracking all of the waves exeept the thermal bonndary inmterface. Figitre 20 shows
the interface it Lite time.

30 T0E RiewrsMyer MESUROV (88 rane ey aN PLANE GroMeTay

The extremely complex nature of the Richtmyer Mueshkov instability makes it essential ¢ in
vestigite shuplified fluid coufigurations that can be used 1o interpret experinents and to validate
mmnericit computations, We ainaly ze here the case where a plane thiid interface at rest is acevleritod
by t ke passage of a single plane shock wave throngh the interfiee,

If we represent the imterfiee position ot time £ by y(r) - o) coskr, a formula for the amplitude
growth vate, i), was ronjectared by Ricidmyver [15] as

a(l) = ku S a(01) (.1.h
re tp

where o is the average velocity of the eontiet surfave after the interaction, py and p o are the

post shocked lensities on the two sides af te coniaet, cad a(@ ) is the pertarbation amplitnede

mnediately after the shock-contact interaction,

Formulia (3.1), callal the tmpulsive model, is bised en thie assmmption tat the main effect
of the shock wave passing throngh The iterfaer is (o compress the Huids on vither side of (e
imterface and 10 give the Huid near the interface @ push s also assmmed et ones the shock
has passed through the interfaee the Haids are incompr ssible. Richtmyer verilied his conpjecture
usitg a lneivizin ion of the Fole s equations, and e demonstented agreement between the impulive
ieoddel il the sohition of the hinearized vgquations for a swall parameter sange rorcespondine to
the case of @ retleelad shoek.

A st step i one progeam we sobvesd the linear equations mnnevically for aowmeh broamter
ranee ol parameters, inchndiag bothe the casend tellevtet siock - amd ravefaetions, tHastrative pealts
are piven in table L Oar anits are chowen sach tha 17y Eowheve ) is Ul e ol
ieident shock, pyis the density of the state gheant of the inepdent shoek, and & 3 the perturbation
wave veetor. Wo ean aleo sot of) ) tecome sinee i the Linear theory the prowth rate, art), i
proportional te this pee shorked perturbation amphtde, Phe sobition of the linearizasd sprations
is completely deterntined by fou dinensiontbess paviones e the adiabatie exponents ypand 5. the
pre sheched dbesity catio py /e mnd the incident shoek stvemeth g pg) /e Phe sabaetipee Banl
D peefer apeamtitios an Che meident e teaeitted side of the fuid interfaee pespectively, awd wa
b rofer 1o the ahead and behind siles of the ierdent shovk. For the rellected shock ene wee
paints of aprecurent as well as disaprectuent hetween the impalbiive nodel and the Liear ey
Fhe telleetoad pnvelaction sase showed sabsGantial disaeperwent Letwesn b two thearie
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Table 1a Tuble: 1h
Rellectend Shock Retbeeted Raretienim
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(a) (I

Tantk t. Comparison of terminal velocities hetween the impulsive moddel and linear theory.
The tefl cohnnn of table 1a shows the incident shock strength [(ps = po)/ps]. and the top
row Lhe pre-shocked density ratio (py /). The npgeer imtnber in each entry s from the
impulsive model, amt the lower is the result of wnmerical sinmlations of the hinear theory
The two adiabatic exponents apte 9; = 32 = L.,

We have also compared the resalts of the linear theory to those obtiained by sinlation of the
fall Enler equations, ‘fhis serves both 1o determime the range of validity of the hnear theory and
ta validite the solution of the full Fuler equuations at small inuplitudes.

Figures 3 and 1 show i conparison of the linear theary and the full Enler equantions, In this
prolilem the interface is aecelerated by i shoek woving from air to SFe The pirameters woere chosen
to agree with those occurring in he experiments reported by Benjauin 2], The density ritio of
SFq ta air at standard conditions is b1, and the adiabatic oxponents were taken as 3, = 1.l
and ygp, = LO39L The uitial amplitude, a{0-), was 0.0637 times the period af the sinusoidal
perturhiatian, Figure 3 shows a plot of the normalized amplitnde of the fluid interface, (0 /at0 - ),
after its accoleratian by a shock with aheid Mach mnnber My = 121 Figure | shows the vibe
of a(?)/a(0=) for the siune simulation together with the vithie calenlated from the Benjamin's
expreritnents [2). The harizontal time axis in these figures is nornalized so that ¢ = 0 correspomda
to the time at which the shoek wave hias completed its refraction throngh the interface,

Referring to the ligures we emphiasize the follorving points. Fiest, for sulliciently surall ameplitudes
the simulations af (he huear theory and the full Faler equalions agree. Secotd, the growth rite
as determined hy the solntion of the full Fuler equations is in substantial agrecment with the
experimentally measured growth rate. Third, The growth rate as predicted by the inear theory,
whicn agrees with the wmnpolsive model i this case, ddisagrees with experiment by a Fretor of
approximately two,

it these lignre we also compare front tricking caleulations where all curves were tracked (incilent,
rellecLed and transmillial shock waves aied nneterial interBiee) sind where only the giterial interlaee
is tracked. We note that while the Twa gonhinear computations ageee for el of the simalation
they hiegin to diverge at Late Giunes,

It ongoing work we are investigating the case ol vellected rarelaetions, the elfects of neeechitha o
on The mixing eates, and exploring, the imteraction over i wide ranpe of low paraeters,

. T'UE INFLUENCE OF COMPUESSTIILIEY N CHE Gruoaw g Rare oF A Raveemin Pavion
AN Laven

Previous investigations [¢, N, 6] veparted an the fshavior of The onter cuvelops of the bbb
praduced by a Rayvleigh Favlor unstable interfaces Farincompressible ar nearly incongnesable
Hows, the height of thic envelape is viven by

h(’l ) ‘l[’.'. 1 h
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FiGURE 3. A cowparison of three separate valentations of (ko amplitude, a(t)/a(0-), of
a shocked air-SF; interface. We see that the linear theory ngrees with the nonlinear comn-
putations for salficiently sinall amplitudes. Fignre 3b shows a detail for early Limes in the
compulations.

where A = (p2 — p)/(P: + M) is the Atwoad ratio of the deusities of the two fluids, g is the grav.
itational acceleratioun, and « = 0.06 is an approximately nniversal constant. We use M? = Ag/c?
as a dimensianless measnre of the compressibility, where A is the wave length of the perturbatiau,
and ¢ is the saund speed of the heavy flnid at the interface. T'he number « is universal in the
soense that it is independent af hoth the thermodynamic properties of the twa fluids, as well as the
initial copnditiaus at the nustahle interface. This forumla agrees with the experimental results of
Read and Yaungs [1H].

Further justification of the validity of formula (-1 1) was provided by analysis which established
the existence of a renormalization group fixed point far a set of equatious that approximate the
fluid mmotion in ters af the dynamics of a statistical ensewmwble of clementary imodes governed by
pairwise interactions (8, 16]). Nmnerieal solutions of this model gave a valne for a in exeellent
agreetent with both experitnents and campntations,

The above investigatious, which were conducted for compressibilities M2 < 0.1, have heen ox-
tended to flaws with moderate Lo farge values of M2, We condueted a series of nnmerical simn
lations of Rayleigh-Taylor unstable flows for a variety of different parameter regines and vadues
of M? ranging from 0.1 (o 1.0 [3]. Two sigaificant observations were miade on the basis of these
mmmerical commputations, The lirst is (hat o shows a mirked depondence an M2, with the value
of a for M? = 1| pearly two and a half times the vithie of the incompressible (A2 2 0) it of
Wemap - 006 T geneval, «oappears (o an inereasing function of AL, Phie secand observation was
that o was no lotger universal for arger valoes af M2, which is expressed by a dependencee af o an
the tunitial distribution of the perturbitions on the nustable interface,

Table 20 sumuarizes the results of onr investigation into (he dependence of a on compressibility,
The vadie of o, as swmmarized in the fast colmmn af table 20, was cauputed by fitting the bubble
height A(1), as measured from an ensewble of Voditferent mnmerieal stinnlations, versus t*. Facli
individual siantation wsed a ditferent set of random suefiee pertnebations 1o act as seeds for the
nustable modes, and the reparted vadue of a is the stitistical average of the individonal o,'s of the
separate s, For sample runs with ¥ 2 B the ool aean square (ems) is also reported, The other
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F1GURE 4. The rate of change. a(t}, of the amphitnde of a shocked air-SF; interface. ‘Fhe
dark dashed line shows the nieasuretnent of a(f)/u(0-) obtained fromr thwe experimments of
Benjamiu [2] using the samc flow parameters as used in this cottjtutatiott. ‘Fhe experimental
utrtnber has been convertrd into dititensionlvss units as mentioned hr the text.

coluinns of table 2 report respectively, the compressibility M* of the initial configuration, the grid
sizes used for the simulation, the minitnumn and maxinun of the fourier niodes used to generate
the initial random interface, the number uf fourier modes (kmax = Kma + 1), and the numhber N
of samples, In cach sample, the amplitudes of the fourier modes were selected from independent
Gaussian random variables.

T'he data renorted in table 2a clearly indicate an increase in o far larger valies of M2 We also
nate that for M? = 0.5, a is also dependent on the unnhier of mwodes on the initial random surface.

We also comipared the predicted values of «r as computed from the renormalizatian gronp fixed
point model with the munerical computations. These results are sunviarized in table 2h, We

observe a dependence of o on M2, and note that the G fixed paint wodel beging to fail for larger
values of M2,

. CONCLUSION

This article sunnarizes recent work by members of our group on the modeling and anilysis of
uastable fluid intorfaces. Our experience is that frout tracking is an eflective ool for the campn
tation of these flows in two ditensious and allows us 1o weliieve good resolution of complex flows
even e relatively coarse grids,

Ta sunnuarize, oar principal conelusions are: frant tracking substautially rednees grid orientation
clfects for computations in curved geometrivs, the solution of the linearized Foler equations agroees
with nuerical solutious of the full Faler equations for the Richtinyer Moeshkav problem at sufli
civnlly simall amplitudes, our frout tracking simation of the Richtmyer-Meshikov probleur igrees
with the experinental resulte of Benjamin, and the rate of growth of a Ravieigh ‘Taylor mixing
layer increises with invreasing comprossibility.
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Tuble 2a
The growth rate o fur 2 Raybagh-"Toy b naxing layer

——— -

L [ M7TT Domain | kyax | Kwen | Modes | Sanggetes T Modualaton o
T NETTELREEREE 13 R T A Y BT T

) R <3 | I8 | 6 13 1 Yos e

3 W B0 | 22 | 1 13 1 Yis 066 £ 004
I W = J00 | 22 | 13 N Na UGN £ 004
5 510 = 300 | T8 | 39 10 1 Yos 072

B FPREEEREED T 20 1 No 084 £ D03
T | 3 | 320300 | 37 | I8 20 1 No 001 1 .004
X | 5 | 10Ax300 I | & b i Yos KRR

) 104 =300 { 10 | 5 6 8 No 009 4 DR
10 320300 | 37 | 18 ) 1 Yox 105

1 220300 | 37 | 18 20 N No 121 £ 006
12 20=300 [ 2 | 0 2) 1 Yo 106

13 420 %300 | A7 | 4R 20 1 Yos 6

1 640 x 300 | 71 | 35 10 1 Yos o

15 950 ~ 300 | 1 | &4 65 1 Yoy NRE]

16 1280 x 300 | 159 | 80 R0 1 Yos 116

17 | U [ el0~300 ] «f | 3 . 10 ] Yos NE.
IR M0~ 300 | 1| ah |6 |1 Yes | LM

Tnble 2b
A comparsiont uf a 1o RGO Theory

Bk N vrp Mepaniel vrror ('4)
0.1 | 0.062 0.070 | 0.061-0.0706 ) 7
02| 0.081-0.D87 | 0.073-0.080 1
0.3 1 0092-0.100 | 0 DRO-0.084 T
05 ] 0.114-0.128 | 0.089 1.0+ 19

J.() D.137-0. 14 | 0.105-0. H)? L. 21

TasLr 2. ‘Fable 2a shows the restelts of onr munerival camputations ol the growth v
for a Rayleigh-"Taylor unxing laver. A Conaparison of o as predicted Ly mmerieal simmlatie,,
v, Lhe renormatization gronp theory s shown ne table 2 Flis tabde & reprodaecd fron
reference ).
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