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NUMERICALSIMULATIONOF MULTICONSTITUENTDIFFUSIONAND HELIUMRELEASE
CHARACTERISTICOF ~ 238PU02WT so~a USED IN

RADIOISOTOPICTHERMOELECTRICGENERATYIRS

by

BruceD. McLaughlin

ABSTRACT

This reportdescribesan analyticalmodelthatwas developed
to simulatemulticonstituentdiffusionwithina heat sourcesphere,
heliumgenerationwithina heat sourcesphere,and heliumrelease
fromthe surfaceof a heat sourcesphereintothe surrounding
environment.Thismodelrepresentsthe firstattenptto simulate
milticonstituentmass transportusingthe continuumthermomechanical
theoryof mixturesand demonstratesthat this theoryis a viable
alternativeto irreversiblethermodynamics.

I. INTRODUCTION

A radioisotopicthermoelectricgenerator

plutonium-oxidespheres. Duringmanufacture,

nomimlly stoichiometricplutoniumoxidewith

(RTG)derives

a heat source

varioustrace

its power from

sphereconsistsof

impurities.Six

plutoniumisotopesare present,with 238Pu,239Pu,and 240puaccountingfor more

than99% by weight. Radioactivedecayof 238Pu, by a emission,is responsible

for the generationof heliumwithina heat sourcesphereand the generationof the

heat itself. At the operatingtemperatureof an RTG, the heat sourceis charac-

terizedby variousmass transportphenomena. Withineach individualsphere,

traceimpuritiesredistributeby meansof thermaldiffusion,sinteringand

associateddensificationcan occur,heliumis releasedfromthe spheresurface,

* and sublimationof traceimpuritiescan occur. Becauseunderstandingthese

phenomenawouldbe usefulto the systemdesigner,it is hopedthat the work

* presentedhere constitutesa beginningtowardthe ultimaterealizationof a

serviceablemass transportmodel.
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The initialmodelingeffortcoveredonly a smallpart of the overallmass

transportproblem,which includes(1)multiconstituentdiffusionwithina heat

sourcesphere,(2)heliumgenerationwithina heat sourcesphere,and (3)helium

releasefrom the surfaceof a heat sourcesphereintothe surroundingenvirmment.

Becausethis effortwas onlypartiallysuccessful,the analyticalnmdelpresented

in this reportshouldbe regardedas a first-generationmodel. The modelcan

adequatelysimulateheliumgenerationand release,but it cannotadequately

simulatethe diffusionof all constituentsof interest. The numberof consti-

tuentsshotddbe increasedby at leasttwo, and explicitprovisionsshouldbe made

for usingtemperature-dependentconstitutivecoefficients.

My reasonsfor publishingthiswork,as opposedto waitinguntilthe nmdel

was revised,are twofold. First,thismodelcan adequatelysimulatehelium

generationand release. Second,it representsthe firstattemptto simulate

multiconstituentmass transportusingl’ruesdell’stheoryof mixtures. The partial

successof this first-generationmodeldemonstratesthat thiswell-founded,but

not widelyused,theoryis a viablealternativeto nonequilibriumthermodynamics.

For this theoryto be acceptedby the materialssciencecommunity,theremust

be progressin certainareasassociatedwith the theory(e.g.,the experimental

determinationof constitutivecoefficients).Possiblythe wrk presentedhere

will stimulatethatprogress.

The geometric-materialsystem,on whichthe model is based,consistsof a

heat sourcesphere,with initialradiuslA, placedconcentricallyinsidea

stationarysphericalcontainerof radius$ The sphericalcontaineris presumed

to be impermeablewith regardto matterand permeablewith regardto heat flux.

The firstapproachto solvingthe problemstatedabovewas the straight-

forwardapplicationof Fick’sLawD~/Dt = div(Dgrad$), whereD representsdif-

fusivityand D/Dt indicatesthe timederivativefollowingthe velocityof the

mixture.1 Unfortunately,certainassumptions,indigenousto Fick’sLaw, are in-

compatiblewith a heat sourcesphere. Fick’sLaw is obtainedby substitutingthe

constitutiverelationB(~-V)= -D g-radsintoEq. (1)and invokingthe assumptions

that the mixtureis incompressibleand the mss of constituenta is conserved.

Furthermore,it is tacitlyassumedthat the mixtureis binary. Hwwer, these

restrictionsare not insurmountable;nmdifiedversionsof Fick’sLaw can be

devisedto accommodatecompressibility,chemicaland nuclearreactions,and more

than two constituents.The two othertacitassumptions,which are also incompat-

iblewith a heat sourcesphere,are that the stateof stressand the temperature

2



are constantthroughoutthe mixture. Thesetwo assumptionscannotbe removed

by any straightforwardprocessof acconmmdation.It was thereforeconcludedthat

Fick~sLaw is not an appropriatebasisfor developingan analyticalnmdel that
. characterizesa heat sourcesphere.

I also investigatedthe statistical-kinetictheoryof diffusion,which
,

basedon randomwalk analysisand the statisticaltheoryof atomicjumps.

Unfortunately,the basic irreversibilityof mass transportin a temperature

gradientis outsidethe scopeof a quasi-equilibriumkinetictheory.z

is

This left,to my knowledge,two possiblebases for developingthe analytical

nndel: (1) irreversibleor nonequilibriumthermdynamics3and (2)Truesdell’s

continuumthermomechanicaltheoryof mixtures,4 which I ultimatelychose.

To solvethe balanceequations,whichare fundamentalto Truesdell’stheory

of mixtures,severalconstitutiveequationsmust be devised. My approachwas

guidedby the followingassumption:when the onlyprocessestakingplace are

multiconstituentdiffusion,$heliumgeneration,and heliumrelease,the heat source

spherebehaveslikea materialthatretainsno menmy of previousconfigurations.

This assumptionis presumedto be legitimateonly if the sphereis not subjected

to externalloadingand if the spherehas achieveda steady-statetemperature

distributionfor a sufficienttimeto ensurethe relaxationof all residual

thermomechanicalstresses.

A materialthat retainsno men-m-yof deformationhistoryusuallyis called

a fluid. To devisethe constitutiveequations,the heat sourcespherewas re-

gardedas a mixtureof fluids. The part of the geometric-materialsystemoutside

the heat sourcespherewas also regardedas amixttireof fluids. Presumably,any

mterial releasedfromthe heat sourcespherebecoms a gas where 1A <R~ 2A.

This universal~ssump~ionof fluidityjustifiedthe use ofhfiller’sconstitutive

equations for ? and fithroughoutthe geometric-materialsystem.

II. MATHEMATICALPRELIMINARIES

The balanceequations,fundamentalto the continuumthermmxhanicaltheoryof

, mixtures,are presentedbelow. Referto Refs.4-7 for backgroundinformation.

Basedon Truesdell’stheoryof mixtures,Eqs. (l)-(4)must be satisfiedat each

. regularpointof a mixture,and Eqs. (5)-(7)must be satisfiedat each surfaceof

discontinuity.Intrinsicsurfaceproperties,suchas surfacetensionand surface

productiondensitiesfor mass,linearmnentum, and energy,were ignoredin the

3



derivationsofEqs. (l)-(7). Furthermore,it was assumedthat the various

constituentsare nonmagneticand nondielectric.It was also assumedthatno

couplestressesexist.

()(iw + )p.vJ-~.?ij - ~j -&igi -B=P: .ciaa -

‘j

i 1
-x ●fi=o.

@@ -j)%- Pj] eiej= il= 6.

Quantities~, #, and ~ representthe productiondensitiesfor mass,linear

momentum,and energy,respectively.Exchangesof mass, linearmmentum, and

energybetweenconstituentswill not influencethe mass, linearmxnentum,and

energyof the totalmixture. Therefore,

(1)

(2)

(3)

(4)

(5)

(6)

The balanceequationsforthetotalmixturecanbe obtainedfromEqs. (l)-(7)by

usingthe followingdefinitions.

(7)

(8)

.

.

.

,

4

(901)



and

In additionto viewing@e

view it alsoas a collectionof

groupis denotedby ~. For all

Also,
r

I
r

P F ~

‘=ain$’

Usingthesenewlydefinedgroup

(9.2)

(9.3)

(9.4]

(9.5)

(9.6)

(9.7)

mixtureas an agglomerationof n constituents,

n groupsof constitue~ts,rti~reQ < n ~d the rth—

~
ar

constituentsa in $, t = ~, jj= a =_gE ~,ands=s.

x
Cxin a

and
r

i=
c1

. (lo)

quantities,the balanceequationsfor a groupof

(11)

(12)

(13)

(14)

5



[:(a) ]]efi=o.— (15)

(16)

.

(17)

When it doesnot seemreasonableto view a groupof constituentsas one constituent ‘

fromthe very beginning,use Eqso (11)-(17)insteadof Eqs. (l)-(7)to reducethe

numberof equationsto be solved. One usefulcharacteristicof a groupof constit-

uentsis that the

are unaffectedby

functionsof time

figuration.

III.ASSUMPTIONS

A. Constituents

groupmass fractions,definedby

umr=ar r
P/P_, where a containsa , (18)—

the motionof the mixture. In otherwords,the~ are, at most,

and can alwaysbe determinedfroma stationaryreferencecon-

Developmentof

for comparisonwere

the analyticalmodel

done simultaneously.

and generationof the experimentaldata

Consequently,the selectionof constit-

uentswas basedas much on intuitionas on fact. All six plutoniumisotopeswere

includedas constituentswith the elementplutoniumrepresentinga group. Oxygen

was selectedas an individualconstituent,insteadof beingattachedto the

plutoniumisotopeconstituents,becausethe heat sourcematerialis slightlyhype-

stoichiometricwith respectto o~gen evenunderconstanttemperatureand stateof

stressthroughout.Uranium-234and heliumwere selectedas constituentsbecause

of the decompositionreaction238PU+ 234U+ 4He. Finally,a constituentcalled

?Itrace~uritY!! was includedto acco~t for speciessuchas alfium> siliconY

and calcium,whichare presentin concentrationsfrom 50 to 500 ppm. Individual .

constituentsand groupsof constituentsare listedin Table I.

B. sYmmetrY

It was asstnnedthatthe geometric-materialsystemis characterizedby

sphericalsymmetrythroughoutits lifetime. Therefore,if a spherical,curvilinear,

coordinatesystemis used,whereU1 = R is the radialcoordinate,then

6



.

,

.

TABLE I

CONSTITUENTAND GROUPIDENTIFICATIONS

Constituent236Pu239Pu239Pu240Pu241Pu242Pu234U Helium—— —— —— .—

Trace
Oxygen Impurity

9 10 ‘

; i

(a)

b)

any scalar,vector,or second-ordertensorquantity,which is

generallyfactionallydependentonuiandt, can be expressedas

a functionof R and t; and

the onlypossibl~n~nzeroaco onen~0$ d is 01

T

; @l = 0, where

i represents~, ~, ~ b, b, _, ~, ~, ~, ~, and fi.—
c. singularSurfaces

As mentionedin Sec..I,the analyticalmodelwas developedto representa geom-

etric-materialsystemthatconsistedof a heat sourcesphereplacedconcentrically

insidea fixed,impermeablesphericalcontainer.Duringdevelopmentwe assumedthat

the only singularsurfacein this geometric-materialsystemwas the R= 1A surface.

Consequently,manydiscontinuitysurfaces,characteristicof a realheat source

sphere,wereignored.Exa.mplesofsuch surfacesare grainboundaries,surfacescreat-

ed by agglomerationof vacancies,surfacescreatedby the formationofheliumbubbles,

and pore surfaces,whicharecreatedin the heat sourcesphereduringthe sintering

process.Althoughsomeof these“ignored”singularsurfacesmay have a significant

influenceon themasstransportcharacteristicsofaheat sourcesphere,thesimulation

of that influenceis beyondthe capabilitiesof this first-generationmodel.

The justificationfor assumingthat the stationarysurfaceR= 1A is a

singularsurfacefor all t is thatat t = O thereis a physicallydiscgrmible

surfaceat R = lA. This surfaceis singularwith respectto~, ~,and~ and is

probablysingularwith respectto grad 0.

When t > 0, one would stillexpectto finda physicallydiscerniblesurface

atR= lA, althoughmulticonstituentdiffusionand heliumgenerationhave occurred

whereO~R<lA and heliumhasmovedacrossthesurfacefromtheregionO~R <lA tot~

~eg~nrlA<R s #. Wheret>O, thissurfacemightbe singularwith respectto all p_,

~ ~ ~, ~ andtheirderivatives.Consequentl~itdidnot seemreasonabletoassumethat

thejump equationsareautomaticallysatisfiedat R = ,A (henceforthdenotedby ~).

A= b because~is stationary,and ii= el = el {ecause~ is a sphere.

Usingthe assumptionof sphericalsymnetry,Eqs. (15)and (16)become

7



[[ 11
rr
pv = o,—

[[; (;)2-?1!=0,

[[ IIr21
~ = o,

aid
rs1

[[_ IIT=O.

(19)

(20)

(21)

(22)

Equations(7)or (17)cannotbe usedwithoutaconstitutiveequationfor:. Such

an equationwouldcontaina thermalconductivity,whichis characteristicof con-

stituenta and may differfromthe thermalconductivityof tie mixture. Because

thermalconductivitiesfor individualconstituentshave not been definedadequately,

we used the followingapproachto avoidusing suchparameters.Equation(7)was

summedover all a to yield

[[ P++f*7-G]]. *
We then assumedthat the energyflow,attributable

vection),is insignificantwhen comparedwith heat flux

[n
Eq. (23)reducesto 6 c ii= O or

HIq=o*

= o. (23)

to mass transport(con-

(conduction).Therefore,

(24)

xIn otherwords,we assumedthatq is continuousacross .

D. Body ForceDensities

It was assurmdthat = D for all constituentsa.

E. Growthof Mass

Because239Puand 240Pu possesshalf-livesof24300 and6600 yr, respectively,

theywere viewedas stableisotopes. Further!
236W 241h ad 242k are present

s 9
236h

in such smallquantitiesthat theywere viewedas unchanging,althoughthe

and 241PU half-livesare smallerthanthe
238Pu half-life. The only reaction

considered,duringdevelopmentof the mdel, was the nucleardecomposition

reaction’38h + 234U+ 4He.

8



.

Let f representthe atomicdensityof constituenta. BY definiti~n~~ = M
a

whereM is the atomicmass of constituenta and is presumedto be constant. Now

considerahypotheticalsituationin which the nucleardecompositionreaction

238W + 234U+ 4He is allowedto takeplacebut all constituentvelocitiesare

constrainedto zero ($ = d for ~11 a). ~der such ~onditions2afi/~t= O for

c!,=1, 3, 4, 5, 6, 9, 10, and aN/at= - aN/at= - aN/at= - AN. The constituents,

referredto by number,are identifiedin Table I, and A = - Ln(l/2)/tl/2where

‘1/2
= 87.8yr so that A = 2.51 xlO-10 S-l.

We obtained@ bydetermining@/atwhen all constituentvelocitiesare con-

strainedto zero. Under suchconditionsp~=@/3t = fia~/W. It followsthat

O for 1, 3, 4, 5, 6, 9, and 10;pfi= -As;p;=
27 2 28 2

p~ = ~PM/M; andp;= APM/M. Sting

the expressionsforp~over allain $ yields

I a 21 1

Iw =-1 m p ,—.
aina

cxina

(25)

aina

and

Herewe deriveexpressionsfor the variousa~. Note that ‘~ is neededfor—
Eq. (25)and that all the al are contained~ ~., (31),~~ich~$i.neslinear

momntum groyth~f~r a ~gr~uPo Obviously ~ = ~ = ~ = g = 1 because

eachof the a, a, a, and a groupscomprisesone constituent.To determinethe

remainingsix a! , recallthat the a~ are unaffectedby the mtion of the— CY,
mixtureand thuscan redeterminedfroma referenceconfigurationwhere all ;

are constrained2to~. Under suchconditi.onsawat= O for a = 1, 3, 4, 5, and

6 anda~at = -~p. IntegrationyieldsB= ~ fora= 1, 3, 4, 5, and6, and
2

.

2 ‘At wherethe various~ are,at most, functionsof spatialposition(uI).P = Xe

It followsthat

9



21 2 -Xt

m= Xe
L
xc-At+7X

u

L
a =13334$5,6

and

.

(26) ,

a= 1,3,4,5,and6.

The ~ represents~ at t =
a“

O; that is,:= P (ul,()).At t = O it is reasomble,

but not necessary,to assumethatplutoniumis distributeduniformlythroughout

a heat sourcesphere. This assumptionimpliesthat the Y are constants. The

experimentallydetermined“typical”valuesused are givenin Table II.

F. Stress g
GeneralizingMiillerfsexpressionfor T, to an arbitra~ numberof constit-

uents,yields5

where

B B a13

: ( ) 1(:
ij = ; Vi,j + Vj, i and Sij

= T i,j
-Cj,) -+(!ij .!j,).

Y

(27)

TABLEII

VALUESOF PLUTONIUMISCYI’OPEDENSITIESATt = O

236W 238k 239ti 240W 241W 242W
Constituent

a 1 2 3 4 5 6 .

a

X (kg/m3) 0.012 8112 1609 306 66 14

10



(28)

~ definition,<~) = ~ - 1/3)(tr~ ~.

k

The assumptionof sphericalsymmetry
2X.–~ ~d–tr

impliesthat~ =Q[l/R2~[~(R2~)/~Rland that theonlynonzero,double—
11contravariantcomponentsof ~ are ~ %22= a~/aR,_

L ~~
~“ = ~g’3/R.= ~g /R> and _

Lettingj = fi~e, it followsthat ?il = O for i # j and--

(29)

and

G. Growthof LinearMomentum

GeneralizingMiller’sexpressionfor ~, to an arbitrarynumberof constituents,

yields~
n n

11



where

BecauseZ3=
cientsin Eq.

a,we have the followingrestrictions

(31).

on the constitutivecoeffi-

‘? (32)

13yassumingthat the geometrir -materials stem is characterizedby thermaland

ah
1?

mterial isotropy,we obtain = fi~.Usingthe assumptionof spherical=r_~ and ~ _

symmetry,we obtain z
s

~2-. ~ fi3=Omd

al-n Clin5

(33)

@

Accordingto constil-ltiveatheor’y,scoefficientssuchyg~, ~Zand~ should

be time independent.If F and mare time independent,thenl and~are also

time independent.However,the~~generallyare functionsof ttie,@. (26),and

&
it wouldappearthatthis time dependencesho d be transferredto ~“ This incon-

sistencycan be renmvedby assumingthat the G are identicalfor all B in a given

group;therefore,

.

.

.

(34)

12



fu r~
and the m timedependenceis removedfrom G.

When r =
rL—

!L,it can be assumedthat
%

= O with no lossof generality.Thus,

thereare ~(~-l)kp~ssiblenonvanishing~, whichare constrainedby the n linear

equationsr~l (~ - ~ = O of whichonly~-1 are independent.z
—

. Therefore,the

maximumnumberof independentnonvanishing~xis (Q-1)2. Duringdevelopmentof—
. the nmdel,we assumedthatf= ~ This assumptionprovides(1/2)n(n-1)independent——

linearequationsand reducesthe maximumnumberof independentnonvanishingco-

efficientsto (1/2)n(n-1).——
Note that Eq. (30)doesnot containeithera nucleardecompositig~or a

chemicalreactioncontribution,whichwouldpresumablyhave the formu~, where;

is &he mean velocityof newlycreated,or destroyed,a mass. a~Ign@ng the WV

to ~ contributionis equivalentto assumingthateither~ = O or ~ = b. Because

the reaction23*M + 234U + 4He is occurringthroughoutthe heat sourcesphere,we
27 8

cannotassumethatu, u, and u can be approximatedby zero. Suchan assumption

~oul~,i? fact,be incon~istentwith Eq. (25). However,we did assumethat

V=v=v=o. Because~ representsa mean velocity,thiswould seem to be a

reasonableassumptionfor @l regionsexceptthosenear the surfaceZ. It is

hopedthatdeviationsfrom ~ = d, near X, are of insufficientmagnitudeto in-

validatethe use of Eq. (30).

H. Heat Flow and Temperature

summingEq. (4)over all a yields

k (’c)+(p&v’- ‘iTij - ‘j)$j‘Pvibi - ‘s= 0$
(35)

whichrepresentsthe

assumptionsthat

(a)bi = O and

(b)the flowof

with heat flux,

and introducingthe new assumptionsthat

equationof energybalancefor the mixture. Recallingthe

energy,due to mass transport,is insignificantcompared

(c)steadystatehas been achievedwith regardto energyflowand

(d)~ = ~.grad8,

causesEq. (35)to become

(Ki’@,j),i+ Ps = 0. (36)

13



Recallingthe assumptionsof

(e)thermalisotropy(fi=K~) and

(f)sphericalsynmetry,

and introducingthe new assumptionof

(g)thermalhomogeneity(K is a constant),

causes@. (36)to become

In additionto the sevenassumptionsabove,it was alsoass~ed that

(h)K=lKand Ps = Q (whereQ is a constant)in the OSR CIA region,

(i)K = ~K and PS = O in the 1A .CR region.

The solutionto ~. (37),consistentwith assumptionsh and i, is givenby8

and

(37)

and

(38)

9 ‘Q (1A)3/3(2K)RinlA< R=

The temperatureprofile,definedby Eq. (38),is characterizedbycontinuity

of 0 acrossZ. However,gradeis discontinuousunless~K = 2K. Note that this

first-generationmdelcontainsno provisionsfor convectiveor radiativeenergy

transfer.

The constitutivecoefficients~, ~~ ~~ ~~ ~~ ~, ~K, and 2Kare essentialto

this first-generationmodel. No restrictionswere placedon ~, ~~ ~! ~K, and

2K, and the only restrictionplacedon~~ ~~ and~was that Z # = b. Thereare

restrictions,however,that shouldbe placedon all but ~. Theserestrictions

are a resultof the requirementthat the entropyinequalitybe satisfied.

Unfortunately,it is impossibleto guaranteesatisfactionof the entropyin-

equalityby restrictingthe rangeof valuesoccupiedby coefficientsin linear

constitutiveequations. EL 6k 1? t? fiTherefore,any restrictionsplacedon _, _, _, _~ _~

~K, and 2K may be necessary,but they can neverbe sufficient.s For this

reasonand becauseof the lengthycalculationrequiredto findthese,

constraints,we decidedto use someof Miiller’smore tractablerestrictions

14



for a two-constituent,nonreactingmixtureand to assumethat

~LO. ~r>O and fir>O

~K>O, ~K> O,

. .

.

—— ~—— ~ ——

IV. ANALYTICALM3DEL

By combiningEqs.

assumption,we obtain

1

(11),(W, and (26)and usingthe sphericalsymmetry

4

and
5

(R2a=0,

(39)

(40)

(41)

(42)

(43)

2 -At, [; + ;e-At 3where$1= Xe— +x+;+;+;).

CombiningEqs. (12),(29),(32),(33),and (38)produces3 ~ equations

(~ for each i). The 2 ~ equations,which correspondto i = 2 and 3, reduceto

o = O becauseof the sphericalsymetry assumption.The ~ equations,which

correspondto i = 1, canbe expressedin a reasonablytractableformby defining

the followingquantities.

15



and

r!? Lr
Usingthe assumptionsthatii = O and F = ~, we obtain— —

16
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.

.

r=l r=l

(48)

where @ is definedby Eq. (38).

Equations(39)-(43)and (44)-(48)expressthe balanceof mass and balanceof

radiallinearmomentum,respectively,for each groupof constituents,at

regular~ointsof t~ mixture. Theseten equations,whichcontainthe ten un-

knowns~ (R,t)andv (R,t),must be satisfiedateachpoint in the OC_RK 1A ~

_ ~ reg;ons.andlAKRc The appropriateboundaryconditionsare~ (O,t)=
r
y (#,t) = o.

Equation(19)is repeatedhere,for referencepurposes,as Eq. (49).

[[ $]]6 ‘o ●—— (49)

Combining Eqs. (20), (21), (22), and (29) produces3~ equations(~for each i).

The

the

are

2n equations,which correspond

sphericalsynmetryassumption.

toi= 2 and 3, reduceto O = O becauseof

The Q equations,whichcorrespondto i = 1,

(50)

Equations(49)and (50)expressthe balanceof mass and balanceof radiallinear

momentum,respectively,for each groupof constituents,at the surface2.

Equations(39)-(50)comprisethe analyticalnmdel thatwas developedto

simulatemulticonstituentdiffusion,heliumgeneration,and heliumrelease. The

numerical integrationof the nndel is discussedin Sec.V.

This first-generationmodel is consistent

thatbalanceof mass, linearmomentum,angular

with the fundamentalrequirement

momentum,and energybe achieved

17



for the totalmixtureat all pointsof the O < R c ~ region.—.
(a)

(c)

(d)

Becausemss is balancedfor each groupof constituentsin

the O ~ R: 2A region,thenmss is alsobalancedfor the total

mixturein thatregion.

Becauselinearmomentumis balancedfor each groupof constituents

in the O < R < ~ region,then linearmomentumis alsobalancedfor——
the totalmixturein that region.

Equation(13)is automaticallysatisfiedbecauseeach~is symmetrical..

It follows,fromEq. (9.3),that? is symmetrical.The symmetv of ~

ensuresthat angularmomentumis balancedfor the totalmixtureat all

regularpoints. At Z, angularnmmentumis balancedfor the total

mixturebecauselinearmomentumis.balancedfor the totalmixture.g

Energyis balancedfor the totalmixtureat all regularpoints

becauseEq. (38)was obtainedfromm. (35). At X, energyis

balancedfor the total”mixturebecauseEq. (24)is automaticallysatified

byq=K&e ‘ .

dR

v. NUMERICALINTEGRATION

differenceFORTRANcode to integrate

progra.mnow acceptsonly constantvalues

~~ ~ and ~, althoughfor a given

I developeda semi-implicit,finite

Eqs. (39)-(50)numerically.The computer

for theconstitutivecoefficients~, ~~ ~~

coefficient,a differentconstantmy be used in the O s R < 1A regionth~ i:used

in the 1A z R: 2A region. This constantcoefficientrestrictioncannotbe justified

by constitutivetheory. Accordingto constitutivetheory,eachcoefficientcan be

functionallydependenton ~ and 6 (Ref.5). Unfortunately,the natureof the
. —

functionsfi(~,e),~f~,e),fi~,O),~@,8), ~~,e), and~(~,e) is UnknOWIL one—— —— -— —— ——

is temptedto use some typeof Arrheniustemperaturedependencefor certainco-

efficientsas is so oftendone for the diffusivityin Fick’sLaw,but the validity

of suchan assumptionhas not been demonstrated.

VI. CONCLUSIONSANDDISCUSSION

A. Helium

Figure1 showsthe existingdata on heliumreleaseobtainedfromactualheat

sourcespheres. The datawere obtainedfromtwo spheres(sPo-30and SPO-39)by

maintainingtheirsurfacetemperaturesat 1308and 1278K, respectively,and

monitoringreleaseratewith a heliumleakdetector. Beforetesting,the two

.

.

.
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Fig. 1.
Heliumrelease.

sphereswere cooledto 800-825K for

severaldays. At such low temperatures,

heliumreleaseis severelyretardedand

significantamountsof heliumaccumulate

withinthe sphere. Figure1 showsthat

more heliumwas storedin SPO-39than

in SPO-30. This is a reasonablefind-

ing consideringthatSPO-39was allowed

to “incubate”at 800-825 K for about

400 h longerthan SPO-30.

Each sphere,which consistednom-

inallyof 0.253kg Pu02,had a radiusof

0.0186m. Beforeobtainingthe helium

releasedata shownin Fig. 1, the spheres

were used.foriridiumcompatibilityand

heliumvent evaluations.

The Fig. 1 datawere obtainedusinga Veeco leakdetectorattachedto a

vacuum-tightfurnacechamber. The solidlinesrepresenta computer-simulated

heliumrelease. In both cases,the heliumdistributionwithinthe spherewas pre-

sumedto be uniformat t = O. The two curveswere generatedwithoutchangingany

of the constitutivecoefficients.The only inputparameterchangedwas the initial

heliumdensitywithinthe heat sourcesphere. The heliummassesthat correspond

to theseinitialdensitiesare ind”caed al~ngth~ ordinate-
rr?trir!tr

We will not itemizethe ~, ~, Q, ~, g, and ~values used to generatethe

solidlinesin Fig. 1 because(1)no independentdeterminationof constitutive

coefficientswas made and (2)a reasonabledata fit may be obtainedby usingnwre

thanone set of inputparameters.Althoughthe worthof the

susceptibleto criticismon thesegrounds,the fit in Fig. 1

B. Trace Immritv

All the existingdata on traceimpuritymass transport

TableIII. The data,accurateto within+20%,were obtained—

model is certainly

is undeniablygood.

are containedin

from SPO-40by

maintainingits surfacetemperatureat 1713 K for18293 h; obtaininga radial

section;dividingthisradialsectioninto fourparts;and analyzingeachpart

for calcium,silicon,and aluminumby emissionspectroscopy.

It is unlikelythat the traceimpuritydistributionsgivenin Table III

were characteristicof SPO-40duringmanufacture.Moreover,if all threetrace
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Specimen

1

2

3

4

impurities

centration

bution.

Calcium

m

250

250

250

500

were uniformly

gradientcould

TABLEIII

TRACEIMPURITYCONTENT

Silicon

-@?@_

140

150

100

90

Aluminum

--Qm.L_
270 Surface

60

100
1

120 Center

distributedimmediatelyaftersintering,then the con-

not have been the dominant“drivingforce”for redistr.i-

It appearsthat the calciumin SPO-40migratedtowardR= O, whereasthe “

aluminumand siliconmigratedtowardX. Becauseit did not occurto me, during

developmentof the model,that two differentcationictraceimpuritiesmightmove’

with differentvelocitydistributions,all cationictraceimpuritieswere “lumped

together”as one constituent.Consequently,the modelcannotsimulatethe mass

transportof more thanone traceimpurityat a time.

Becausecalciumis the dominanttraceimpurityin heat sourcespheres,we

attemptedto reproducethe generalshapeof the calciumdensityprofile,indicated

by the data in Table III,while simultaneouslysimulatingheliumrelease. Figures

2-5 representcomputer-simulatedradialdensityprofilesfor 5, 50, 500,and S000

h, respectively.Each curvewas generatedusingthe same inputparametersused to

generatethe lowerheliumreleasecurvek Fig. 1. Traceimpuritydensity,at

t = O, was set equalto 2.5 kg/m3throughoutthe heat sourcesphere. Figures2-5

show thatthe traceimpurityis migratingtowardthe centerof the sphere. How-

ever,each curveis eitherflator concavedownwardnear R = O. Even after10000h

of simulatedmass transport,the curvaturecenterscontinueto lie belowthe curve

in this region. It is my opinionthatat leastsomeof the constitutivecoeffi-

cientsmust be allowedto varywith temperatureto generatethe typeof calcium

densityprofileindicatedbythe Table III data. This is an unexpectedconclusion

becausethe temperatureat the centerof a sphereis only 100 Khigher than the

temperatureat its surface.

.
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Fig. 3.
Cmmuter-simulatedr~dialdensitypro- Computer-simulated~adialdensitypro-

file for calciumfil~ for calciumat 5’h. at 50 h.

mass transport

c. Plutonium-Uranium-Oxygen

Thereis no experimental

tonium,uranium,or o~gen in

information

heat source

availableon the

spheres. Emissionspectroscopy

of plu-

is not

a satisfactorytechnique. The electronmicroprobecan detecttheseelements,but

it cannotdetectsmalldensitychangesduringa radialscan. Otheranalytical

techniques,suchas spectrophotometry,x-rayfluorescence,and perhapsion probe

analysis,will be evaluatedin the future.

For severalyears,it has been knownthatthe variousconstituentsthat

make up hypostoich~om;~ic(U,PU)oxidereactorfuelrods tend to redistributeby

therml diffusion. - For example,plutoniumtendsto migratetowardthe higher

temperature(-2700K) centeraxis of a rod,whereasuraniumand oxygentend to

migratetowardthe lowertemperature(-1300K) cylindricalsurface. We can expect

21
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the sametypeof thermallyinducedmass transportto occurin a heat source

sphere--theonly differencebeingone of degreeratherthankind.

Figures6-8 show the computer-simulatedradialdensityprofiles,at 500 h,

forplutonium,uranium,and oxygen,respectively. Each curve was generated

usingthe same inputparametersused to generatethe lower

in Fig. 1. Plutonium,uranium,and oxygendensities,at t

8400,84, and 1130kg/m3,respectively,throughoutthe heat

degreeof agreementbetweenthe computer-simulateddensity

densityprofilescannotbe determinedwithoutexperimental

heliumreleasecurve

= O, were set equalto

sourcesphere. The

profilesand actual

data. The direction

of transport,indicatedby each figure,is probablycorrect. However,the model

.

\

to

may not be able to simulatethe actualshapeof the radialdensityprofileswithout

usingtemperature-dependentconstitutivecoefficients.
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Computer-simulatedradialdensitypro-
file for uraniumat 500 h.

We have establishedthat this first-generationmodel,which represents

the firstattemptto simulatemulticonstituentmass transportusingTruesdell’s

theoryof mixtures,can adequatelysi~ate heliumgenerationand heliumrelease.

We feelthatwith someminoradditions,suchas incorporationof two more constit-

uentsand explicituse of temperature-dependentconstitutivecoefficients,the

modelwill alsobe able to simulatemulticonstituentdiffusion.

Thismodelwas basedon so many assumptions,some of which are so restrictive,

that the modelmighthaveprovedto be totallyinadequate.For example,all grain

boundarieswere ignoredalthoughtheyprobablyprovidea preferredpath for helium

diffusion. One of the weakestassumptionsis that a heat sourcesphereis a

mixtureof linearlyviscousfluids. If the internalheliumgenerationwere to

producea significantstresson the (U,PU)oxidelattice,Eq. (29)couldnot
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Computer-simulatedradialdensitypro-
fil~ for oxygenat 500 h.

describethisstres~. Nfiller’sconstitu-

tiveequationfor T was used onlybe-

causecomparableequationsfor nonfluid

mixtureshave not been developed. How-

ever,the use of Eq. (29)for helium

may not be too unreasonable.Note that

all the computersimulationspresented

*herewere obtainedwith _set equalto

Tlforr= 1, 2, 4, and5.

Furtherprogress,in using~es-

dell’stheoryof mixturesto modelthe

classof phenomem discussedin this

report,awaitsdevelopmentsin three

areas:

(a)Experimentaldeterminationof

constitut.vecoefficients--howdoesoneir r~
measure~, G and :?

(b)l%=oreti~alpredictionregard-

ing the variationof constitutiveco-

reasonableto let~~~--is~it

efficient with te
= [~(E)le-@/8.—

where@ is a constant?

(c)Theoreticalpredictionregard~

ing constitutiveequationsfor$ (and~

applicableto crystallinesolidmixtures.

The work presentedin thisreportshouldbe regardedas merelya firststep.

The ultimategoalsof the programare to develop

(a)

(b)

(c)

A model that can simulate(1)diffusionof plutonim, urani~s heli~~

oxygen,calcium,aluminum,and siliconwithina heat source(2)generation

of heliumwithina heat source,and (3)releaseof plutoni~~ urani~>

helium,oxygen,calcium,aluminumiand siliconfromthe ~rface Of heat

sourcematerialintothe surroundingenvironment;

Computercodesthat can producenumrical solutionsfor variousheat:

sourcegeometries;and

Measuredconstitutivecoefficientvaluesover a rangeof 0 (andpossibly

.

,

.

_.
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The next stepstowardthesegoalstill be to reworkthis first-generation

nmdelwith the objectiveof incorporatingtwo more constituentsand certainother

featuresintendedto extendits generality;rewritethe computercode in accordance

with the revisedmodelwith explicitprovisionsfor variableconstitutiveco-

efficients;obtainmore dataregardingthe radialdensityprofilesof various

constituentsas functionsof time and temperature;and obtainat leastrudimentary

dataconcerningsublimationof traceimpurities.

Furtherstepswill dependon how much progresshas beenmade in the use of

Truesdell’stheoryof mixtures. Problems,suchas experimentaldeterminationof

constitutivecoefficients,theoreticalvariationof constitutivecoefficientswith

temperature,and theoreticaldeterminationof constitutiveequationsfor crystal-

linesolidmixtures,havenot been seriouslystudied. The solutionsto suchpro-

blemsare of real interestonly to thosepersonsinvolvedin the practical

applicationof Truesdell’stheory,whichhas not been regardedby the materials

sciencecommunityas a viablealternativeto nonequilibriumthermodynamics.

However,thisreporthas demonstratedthatTruesdell’stheoryis a viablealterna-

tive. Furthermore,thosepersonswho have been unsuccessfulin understandingthe

fundamentalaxiomsof nonequilibriumthermodynamicsmay findthatTruesdellts

theoryis a very satisfactoryalternative.
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