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A GEOMETRIC INTERPRETATIONOF THE DIRAC EQUATION

t.
by

R. Lee Aamodt

ABSTRACT

In the space of special relativity, a Lorentz trans-
formationand a rotation of the spatial axes through an
imaginaryangle generate two new coordinate systems in
which a vector is described. The Dirac equation appears
as a relation between the sums and differencesof the
componentsof the vector in the new coordinate systems.

The Dirac equation for a free particle may be

written as two equationswhich resemble spinor ex-

pressions for rotations:L

(~)= c,~-mo~)(~+ip, ~ip’) (<) ‘1)

and

It is not difficult to show that Eqs. (1) and

(2) arise from two rotations of a four-dimensional

Cartesian coordinate system through complex angles.

One of these rotations is a Lorentz transformation

and the other is a complex rotation in which only

the spatial axes are transformed.

The derivation is simpler if the angles of ro-

tation are at first assumed to be real so that ordi-

nary spinor expressionsfor rotations can be used.

Consider a rotation in ordinary space through
-1

the angle 2cot a. Let the direction cosines of the

axis of rotation be aj (j = 1,2,3).

Define two spinor components,

and “thearray

The adjoint of E

u+
A vector

rotation

= C+E

-cl’

)CO* “

may be written

. 1.

(3a)

(3b)

(4)

C+, and we note that

(5)

with components x’. (j = 1,2,3) before the

will have componen~s xi afterward. The Xj

may be mitten in the form -

2
as is easily verified.

-ix’
X’1 2

)

~, (6)
-x!

3



A fourth component of x which is unchanged by

the rotation may be added to Eq. (6) in the form

Let

(8)

and

(
a-ia -a

3
-ia
21

)

M’
-ia

‘2 1
a+ia

3

The spatial rotation of Eq. (6) may then be written

as

(
a+icf

3
a2+ia

1
.

)

M* . (12)
-a2+ia

1
a-ia

3

()
●

‘1 ‘2
M’l-MI =

●

‘2
-u
1

(13)

(14)()
●

‘3 ‘4
M’l+M1 = .

●

‘4
-u
3

(9)

Then from Eq. (12), we may write

A different rotation, involvingall four dimensions,

may be written as

M“ = ~+M~+ . ,10] (:)”~c+ia2 ~:a2)(Y( 1’)

Then from Eqs. (9) and (10), To make the rotation angles complex, we let

or

M!,

~Mt,

()= ~+2M’ a+ia.

It is shown in the appendix that Eq. (10) then be-

comes a Lorentz transformationand that the relative

= ~tM! . (11) velocity of the frames divided by the velocity of

light is

Writing & and titexplicitlyfrom Eqs. (3) and (4),

we see that 6 = 2/(a+l/a)

-1/2

(d)

appears on both

Eq. (11) may be

The transformationof

sides and may be cancelled, so PII /a3/a

written

L2) “ \Pl+i’32)/a

(16)

Eq. (15) becomes

P1-iaJ’a ‘3

)( )

(17)

-a3/a ‘4
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and its inverse

()(‘3 ‘3 ahiaz) “1
.

‘4 )()‘Pl+iaz) ‘Us ‘2 “ “8)

If the a; are the direction cosines of the

momentum, a >’1, and

@ = 2/(a+l/a)

Eqs. (17) and (18) are

IPI c/(E-mOc2)

, then

just Eqs. (1) and (2), since

= 6/[1.(1-82)1’2] =

2/(a+l/a)
~1-(a-l/a)/(a+l/a)I = a “

(19)

Similarly, \P!C/(E+mOC2) = l/u “ (20)

The physical significanceof the imaginary

rotation in real space is obscure. A real vector

“quantityin the frame correspondingto M is des-

cribed as complex in M’, after

a+ia

is substitutedin Eq. (9).

If we let

a + -ia

in Eq. (16), it becomes

f3 = i2/(a-l/a)

i. e., Eq. (15) could be a wave equation for a

tachyon-like3object, but one which has a real mass

and imaginarymomentum.

The quantity a is more informativethan 6.

There are two values of a for each value of B, one

less than one and one greater than one. A particle

for which a < 1 can never have a value of a greater

than 1 because it must attain the velocity of light

to pass through 1. For an electron,a < 1, while

a positron has a > 1. The transformationa + I/a

is charge conjugation.

Potentials may be included in a, i.e., if

a= J.&4, (21)
E-eV-mo C2

the expression

~ = 2/(a+l/a)

is still relativisticallycorrect (Ref. 1, p. 58),

and Eqs. (17) and (18) become the Dirac equation

with potentials.

This geometric interpretationof the Dirac

equation resembles the picture of space axes and

body axes hypothesizedby Corben,4 who generated

Lorentz invariant operators, possibly suitable for

describing elementary particles, by projecting the

angular momentum of a spinning top onto axes fixed

in the body of the top.
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APPENDIX

Proof that the four-dimensionalrotation de- We may set al = 1, a2 = a3 = O in the exPres-

fined by M“ = ~ft.l~fis a LOrentz transformation sion for co and El, so

when the rotation angle is complex.
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()
1/2

E. = a/ l+a2

()

1/2

El = -i/ l+az

Then M“ = (+M~+ may be written

(

~11~ + ix!!
4

xl!
1
- ix”z

x!!~ + ix!!
2 -xl!

3
+ ix!f

4 )

= (*K :)K:2 ::::4

Expanding,we have
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If B = 2/(a+l/a) theny = 1/(1-132) =

. (A4 )

(a+l/a)/(a-l/a)and y13= 2/(a-l/a). Equation (A4)

becomes

[1

~11
1

~!l
2

xII
3

xII
4

.

YofJ iBy

010 0

001 0

-if3y O 0 Y [1
‘1

‘2

‘3

‘4

(AS)

This is the familiar form for a Lorentz transforma-

tion with coordinates Xl, xz, x3s x4 = ict.
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