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INTRODUCTION

This report gives tables for the Compton scattering of a +ight

quantum by an electron at rest. The tables are computed from the Klein-

Nishina formula, as recorded, for example, by Heitler
(1).

Computations were carried out

Machine Card Programmed Electronic

computing group of the Theoretical.

Parter, Stewart Schlesinger, Ralph

on the International Business

Calculator at Los A.lamesby the-

Division. The services of Seymour

Eikelberger, Donald Leman and

William Lane in this regafi are sincerely appreciated. Finally the

great bulk of the task of organizing the computation and preparing

the

A.

tables for publication has been done by C. Ann Burton.

THE COLLISION VARIABLES

We consider a Compton collision in

strikes an electron initially at rest.

,’

# 2
which a photon with energy

The collision is illustrated

(1)
W. Heitler, The Quantum Theory of Radiation, Oxford, Second Edition
1944, p. 155. The KLein-Nishina formula does not include the
radiative corrections of the new uantum electrodynamics.

2
These

corrections are of the order of e xc compared to the terms com-
puted here and are negative in sign. See M. Brown and R. P. I?eyn-
man, “Radiative Corrections to Compton Scattering”, Physical Re-
view 85,pp. 231-245, January 15,1952.

(2)
Throughout this paper energies will.be given in units of mc2, the
rest,energy of the electron.
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Fig. 1

I

in Fig. 1.
scattered

Conservation of

photon energy and momentum gives

* the following results:

b a) The collision occurs

f --- - . - -- -- -
Incident~ in a plane. b) If the

photon
photon is scattered through

Recoil
an angle 0, its energy

electron
E will be reduced to

If’

c) The electron

E=

and will make an

such that

‘*
will consequently

r-x’ ,

angle flywith the

Cot’e’= (l+if)tan :

d) The azimuthal angle # of the

coil electron, referred to

4’= &r .

Because of axial.symmetry,

.

. (1)

acquire an energy

(2)

direction of the incident photdn

(3)

scattered photon, and $’ of the re-

an arbitrary zero, are related by

(4)

however, none of the physical aspects of

I

I

the collision depend upon the azimuths, and these generally need not

be considered.

In the tables of this report, the energies ?f’,if’,and E, and the

v



cosines of the scattering angles

w= Cose, ~1 = c06e’, (5)

are used as variables. Given any two of these quantities, the remain-

ing three maybe found from equations (l), (2), and (3). For con-

venience these solutions are summarized in Table A at the end of this

introduction. Only limited ranges of these variables, however, cor-

respond to physically admissible collisions. For example, the colli-

sion angle for the photon lies between t3=0°corresponding to extreme

forward scattering and e=180° corresponding to extreme backward

scattering. The permissible ranges of the variables for a given energy

Y of the incident photon are--

Extreme backward Extreme forward
scattering of photon scattering of photon

l>W’>0

33. DIFFERENTIAL CROSS-SECTIONS

The natural unit for measuring Compton cross-sections is the

Thomson cross-section for the electron,

.

22

[1tio’p+=.6654X 10-2)+CUL2
IIlc

vi

(7)



The cross-section for scattering an unpolarized beam of photons through

an angle O(w=cosO), into the soiid angle m= dwd$ is

By transformation of variables and by integrations we can get cross-

sections for other physical processes. The Jacobians for these trans-

formations are listed in Ta%le A. T%US by integrating (8) river# we

get the cross-section for scattering into the region between two cones

of half angle 0 and O+de as

J

2n-

&2(w)dw = O!!(w,~)dwd#= 2Tr0’l(W,#)dW. (9)

#=o
,

ChapginG variable in (9) from w to w’, we obtain the cross-section for

scattering a photon into the energy range from T’ to ~’+d~~,

O&w’
which, by inserting the

(%(v’ )dlf’

(lo)

Jacobian dw/dlf’=-1/3’< from Table A, gives

(XL)

If the scattered photon is within the solid angle ~= dwd$, the

recoil electron

where #’ = &7r

section for the

willbe in the corresponding solid angle ~’ = dw’d#’,

and Wt is related to w as shown in Table A. The crosf3-

electron recoiling into ~’ is, therefore,

vil



The Jacobian for the

is given in Table A,

@4(w’,&)dw’d~’

transformation from the variables w,~ to w’,#’

and so we obtain

As in equation (8), integration over the azimuthal angle ~’ gives a

factor ~, and we can introduce as the cross-section for the electron

recoiling between two cones of half angles (3’and f3’+de’

[
+’ )~w, 2T=

&j(w’,$’)dw’d$’ = 2T&h,(w’,~’)dw’. (14)
o

Finally, the cross-section for finding the recoil electron with energy

between E and E+dE may be obtained from (11) by transforming from the

variable Y’ to E. Thus, since ~E/c&’ = -1, we obtain

o@dE = CX3 [-f(E)]l~l cm = u3(~’)d~’.

The six differential cross-sections

2v@w,#)dw = U2(w)dw =

introduced are related so that

C73(ti’)d#=

27rcY&,$’)dw’ = @(w’)dw’ = &6(E)~.

(15)

(16)

In the tables al, ~, and ~ are listed; the remaining cross-sections

maybe readily obtained using (15) and (16).
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c. INTEGRATED CROSS-SECTIONS

We term the cross-section for scattering into a finite range the

integrated cross-section.For exsmple, the integrated cross-section

for scattering a photon so that its final energy lies between lf’l’and

J‘ O&’ )dif ●?g is @-.+Y2’) = ~1, Similar integrated cross-

sections could be defined for

lar interval WI to W2, or the

interval Wls to W2’ or having

the scattered photon being in the angu-

recoil electron being in the angular

energy between El and E2. Because of

(16), however, there is a simple relationship among all.these cross-

sections, and it is sufficient merely to consider~3. It is cle=,

furthermore, that we need tabulate only the integral I(~ If..’+ti)from

a variable lower limit to the fixed upper limit ~, for then the inte-

gral between any two limits may be obtained by subtraction. The

required integration can be performed analytically, giving

qrl’+f)=f 3

~o$~+2:2;i)~l+2+(~-2-:)nt/. ’17)

If the integration extends over the entire permissible range of

I

I

I

I

I
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scattered energies from ~1’ = ~/(l+2n up to &, we get the total

cross-section

(18)

Tables of both&(~l’+~) and ~ are included in this report.

D. ENERGIES

Consider a beam with unit flux of incident photons of energy ~.

The nudber of quanta per unit time scattered out of this beam into

the energy interval ~1’ to ~2’ is just ~3(Y1’+~2’). The energy

scattered in the process is

[

X2’

%(++y2’). 7fO$?t)W’ .
ifl’

(19)

This energy is divided between the scattered photons, which are given

the energy

f%’

and the recoil electrons, which are given the energy

(20)

(21)

x



The average energy per scattered photon is then

I

I

and the average energy per recoil electron is

The fraction of the scattered energy

.

in the form of photons is

(22) I

I
(23) I

I

(24)

and the fraction given to the recoil electrons is

Ee(@~;) .
Fe(~;+@ = (25)

Et(ti;+7;)

Just as in the case of the integrated cross-sections, it is suffi-

cient to tabulate the integrals from a variable lower limit ~~ to the

fixed upper limit ~. The integrals can all be dohe analytically.

We have Et(l&@ = $43(5:+X) 2 (26)

(27)

(28)

I



Values of the energies (27) and (28) are included in Table IV with

values of the integrated cross-section (17).

Since the case where the scattered energy limits cover the entire

permissible range is particularly important, a separate listing of it,

Table VIII, is included in this report. The analytic forms for the

various energies are obtained by substituting the minimum possible

energy of the scattered photon} til =~/(l+2w, as the lower limit,

and the maximum possible energy of the scattered photon, ~2 = F ~ as

the upper limit, in the preceding formulae. We have

‘t =Et(2f/(l+=)+F) = lf~,(~givenby(la)).

Ee =Ee(T/(l+2t)--+T9 =

Equations

scattered

tained by

. 2

analogous to (22) to (25) give the

photon and electron as well as the

each.

(29)

(30)

average energies of

fractional energy ob-
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E. DESCRIPTION OF TRE TABLES

The differential cross-sections, integrated cross-sections, and

the energies defined above have been computed using the IEM CPEC. The

numerical.

“floating

venience,

results of such calculation are obtained in a so-called

decimal.”notation, which, “forreasons of mechanical con-

has been retained in printing the tables. In this notation>

a positive number N of the form

N=AxlOp; l<A~lO.

is recorded in the tables by giving the digits of A followed by a space

and then two digits q

Several examples are

Number

1.732

= 50 + p representing the exponent.

‘Floating Decimal” Equivalent

.001732
47.59

Negative numbers are indicated

1732 50
1732 47
475951

by the letter N or by an asterisk fol-

lowing the exponent. In some exceptional cases, readily discernible

in the tables, ordinary decimal notation is used.

The differential cross-sections 0’1, CX3, and a4 aze each listed

in two sets of tables. The second set, Tables V, VI, and VII, lists

respectively &l(w,#) vs. W, CY.3(V’)vs. %’, and CY4(W’,4) vs. w’ SU

with & , the energy of the incident quanturn,asa parameter. The first

set of tables, Tables I, II, and III, is an elaboration of the second.

In each table, ~ is considered as a parameter and one variable is

taken at regulsr intervals; the other corresponding variables and dif-

[

I

I

I

. I

I
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ferential cross-sections are then calculated. For exmple, in Table I

w is chosen at regular intervals. Next CYl(W,#) is listed. The vslues

of ~’ and E corresponding to w are found together with CY3(Y’) in

columns 3, 4, and 5. Lastly, w’ and the associated C74(w’,~’) for

these values of w are recorded in columns 6 and 7. Thus all the parts

of th@ Compton process can be related at a glance.

Table IV lists the integrated cross-section1~(~~+~), (equa-

tion (17,));theenergy of the scattered quantum Eq(tf~+~)~ (equation

(27)); and Of

a function of

considered as

the recoil electron Ee(t~-~), (equation (28)); ~1 as

the lower limit of the scattered quantum energy ~~,~

a parameter. In an abbreviated table, Table VIII,

the total cross-sections and total averaged energies are given for

various X*

F. RECOWNDED INTERPOLATION PROCEDURE

Tables I and V: al as a function of % and W.

Linear interpolation for intermediary values of ~ is

good to better than l% for all Y . Linear interpolation for inter-

mediary values of w is also good to better than l% for all values of

w provided that K=1O. For large y, errors in linear interpolation

exceed l% for values of w close to 1. In this range, however, we may

use linear interpolation in Table 111 which lists &l computed at very

small, but unequal intervsls in w.

xiv
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Tables II and VI: &3 as a function of Wand W’.

Linear interpolation for intermediary values of W gives

small errors for Y z 1.0. Errors increase to about ldp in going to

y =0.5. For smaller values of ~ the tables are not canplete enough

to make interpolation feasible and equation (Id.)must be used directly.

Linear interpolation for intermediary values oflf’ is good for all ~

and ~’.

Tables III and VII: 04 as a function of ~ and w’. ,

Linear interpolation for intermediary vslues of Y gives

small errors throughout. It also is satisfactory for all intermediary

values of W* provided that ~< 1. For Y> 1, interpolation errors

become large at places in the tables where the intemwil.in w’ is in-

creased and when w’ is close to 1.0. At the former points, quadratic

interpolation is necessary. At the latter values, one can refer to

Table I where CY4 is computed for smzdl but unequal intervs& of w’ in

this range.

Table IV: Integrated cross sections and energies.

Linear interpolation for intermediary values of Y gives

errors less than 2$ for all three integrals with the general error con-

siderably smaller. Linear interpolation on W’ gives very small errors

for all %, except in the region of 6’ = W. The errors are sti~

1

I

I

I

I

I

small, however, for the first two integrals. The large error in the

third maybe overcome by interpolating for the desired %’ in the first

two integrals and applying equation (28).
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very

tion

Table VIII:

This

small error6

Total cross-sections and

is a single entry table.

throughout.

energies.

Linear interpolation gives

Table B at the end of this introduction summarizes the interpola-

errors in the seversl functions.

G. ASYMPTOTIC FORMULAE FOR LARGE %.

The tables do not list values of the functions for r, the energy

of the incident quantum, greater than 50. They may be computed by

using the following fomuilae: For the total cross section, cf. equa-

For the energy of the scattered quanta, cf. equation (30),

For the energy of the recoil electron, cf. equation (31),

(33)
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