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answuing this qucsticm, wc find ha~ cnsnng L-D n-icmels ccm.
rc!@ [0 pMtJCU]M S~lfiCMKm! Of fluid and flOW prO~l_OCS

wllhin one comprehtruive rko~.
T/u 1-D ICr rrmiek arc Q rrunca on of rhcfull 3-D sysrcm

(which hm lnfinllc males In three space and one IJmCchmcn-
slons) m afmfre ruurhrof wknowm (omdcs) In oru space (ax-

hl ccmrchna[e) and one rime dimenstoru.

AnaJogous muncauons CCCLUm all numerical sunulauons
of 3-D flmdx FW example, in ~ctnl mcrhcds one chcmsti
to m.m-catc u am 6niIe m-m in tic Fourier * expon~on.
In 5*c appl.icsom~ of(cn one exploiu rpmkl propcmes
anda symmcmu of tie full 3-D b.v.p. ro uoncatc rt-des
ancVa spti dimensions. Two examples am rhe emcr rrun -
carion [o vomex shat ~d vortex Iaycr cquacions fa 3-D EUICT
flows, ad k von K4rmAn [1] velcciry protile assumption for
3-D NcwtoniM flow tttwccn rmamg concenmc cyl Indcm.

When k rrmcarion scherxu IS noI m cxti rcducricm of the
full sysLCIQ M m Uises u [0 Lhe bell way 10 “Close Lhc system”
ad prcdwc r-he MKIW nmbr of cqumons U unkmowns (a cfo-
JIAW WI), RAITly can m d- one qtdify t.hc $CnK m which
a u-urkcm~ non-cx=l closure mcxlcl approxbnalcs dtc full sys-
mrn The prwf is usually by ccmpuitun with ex@mcnu. A
I-UYVClryof the pcwnt ~plic~rion m 3-D jet flows u dus we &-
duct -lo?iC@ V&, 1-D CbSW7 modekJ%o+n lhefd[ 3-D
b.vp. Ilu uymprcdici u baud cm a skndujcr gmcrxuy.

Iluough-cm( LM pqxr we refer to k unkmowru u modal
Vtilu, ~ m-M.Io~ with am Ltde vtridlu in Fouriu @
expanmcms- We then refer to LRcrcdd qu.uiwls rklu govcln
tbcw us—bowu u nmdd equariom.

-n’!+ rcm.k ofd-lkp apcruorpizedu foumvs. lrlk-
cm HvmdkLu.9uI ~mJKuiocI fmncm-Newtcmi.m M-

wudaftlow-s rmafb.rmc ltityctcmof l- DtmxWcqushm
(Th.lSa mJl-K-lncmtiuim ll.Mns’tkn ”UTOLbcmk”~
ofcurpcnmtmtkm~fcx~ Crcc~fiowI.) We
ctttnrmm thuwkna frusurf~is i.nmxlwxd. rhc3-DJ-lm-
facb.lbwmkr-y cOrKLid’auowwwnin b pwi.oudy cm
~ arml MIim 10 dial dy Uivid bcdddau exisL

lrl SdCulC 3 -rvwcshowlhumtp- I-D Cl-
samlbuny cMte M.lVlgedillm ~ K-a-l@ lirniL Ill
~ w ex-ptil Wem l- Dclcmurc KOC&l of Sccticm El in
a pmnsrlmclm Iq4dCm, Wlrh a de9—dmMm lui’ourJ-la~-

-~
WllaLIXg ofqpcd.smm l-Dtihfmfme

NuwuxlAM d jclXorQnrufaTcd mulbn”thi.rlfW
~’ m “~= ~ ~ “~Y
alagltktd” flo’w lb d@.Ml fcmmddcm hduato Nla-
m& Pem-Km[2] Lrltha IllKlydnk @l-uling. M.My au-
clxmhthxa dopsccldwb ~. xlwam, whkh iI

P
flXIIml*ti ~~ ii m kknrifkd

mumdmyspdk ~~afi~w.m-
-nrbbdsc ku-paofdntiuayckdl r.p?lkakt8d Lh4

z&!77.&&i2E%%!wEKRAH’%
uxxbb b Alscl Lhaedtd.llg makbumpc&meclU%4

@Jd&=mQ.’
T.+

ofu W rmukdcnu (e.g., us du ab
, Lhcu ~ plviry,

Maff=ts aJ’KllurfKatLll.l ),udkmtul bylbla@mlf.aI
~lkdsxm AU exluin~ rrcdl.t am ulrpmrrd.

(Ascczdgrcm c41-DJetmahb meticm@Mdsel.f-
cmui-nt ID J II (d, [3]), -f-ha amwdlXU ‘a~ h

%
tdl-DrIMYMs a.ndddvukxufrcmdu 3-D I%w Iu#=

Vdtm
e

km Uedlbcuti in [4],)
ln!3crkm we Mve M yvd.bi. l.Dtk

cry c#d.enrkjeIckmIm ctdal~
T

is c-mtpebldwl
l.rllhu lrmtugin withrhfuu3-@ free 1 K9bmdlr-yv.lw
- wi~ the fo~ng pilydd efl~ ~tcd: dnm
@CrMklU, LttC.UlmUCk klclTtLl effccu, vlhCOclUdCky (ViS-
am.ily, mb.xkticm d rctiti~ ef’ku), ~v-ily, M= mnm
dcmmdpropmlit id!kunbkmfiuld Ulhcym

‘e
in t-h+

k swf- ktccrfwis.1 codtkms. In W way we vclop r-he
tend cmrttfxl UIKkf wtuch CVC~ ID jti CiOILUC rmxici (WIh



tiese physical effecu conscimcive law and choice of modal vari-
ables) is deduced

As is shown in Section V, existing I-D jet thcmies COITC-
spond in this general framework to Lhc lowest ofdcr equations
in the asymptodc expansiom with u posreriori suppression [0
Ieding order of many of M physical effccu We thereby IJe-
nve pmviouz 1-D amdcls from lhe 3-D fi surface kund.sry
value problem and clarify the wnsc of the 1-D closure model
approximation.

In ddirion. WC have dCdUCOdnew, asympcodctiy va.li~
1-D closure models for viscoelaatic tke “eLs. Onc pmicular
new feature is the extmaion to elliptk.al Iree surke symme-
try. Morcmver, higk?r odr comctiom am available from rhis
suulydc tiwork both b within a -c model and due
to physical effects that am suppressed in tie lowest onier equa-
tions.

We kgin with the equations of rmfion for an afbitnsy, im-
cosqmedble 3-D ainiiDuum

8V
—+(v. V’)v)-~+dlvT,

%
T=-pI+t’=TT, diur -O. (-l-l)

%visdtevc lahy,’I’ isthedemmktc putofthcmcss
(mmmT,ptsthcccmuaint

‘K’
sump ishmaasdaui (as-

-12msm11 &gratitadon,al kdy ftmz. ua-
tiosu (I. lt) an$(fib)%%dance laws b hear momentum
andm@arsramm mmmpuaibility cQn-ttmLasd(Llc)is Lhe”
*L

Aamadrudw lawosuuboadjoiaed to~thcstmas

‘t’. hlthb K wacuui& d8cochstkthidaaDd adopa
Maawll-k Umahtldveal:

(L2)

:(.) - (: +v . v)(o) + (0)w

- w(o) - 4(ti)D + D(o)]. (L3)

t%rthe8pedd vdssea@ -1, -l, o,themm(I.3) lams+
ImXtlytwfm’mdmmu

r
cmem~and

~ mqd
J’

TtKItmtmm Dud Wamtheqm
lmuicudabwpms kcldygmdbaaL

lu~
71tau8tu!td ve16typro6b tlmtreveals asupmdcmof

vMiabks UdthBcltoka c#velocity mvariabkhtthisthe-
Osyb

P
wMta~dt hevonKdmdnvek@

~ l]:
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rcprcsenls the ~xia-1direction. Consistent w-ids the ~
(II. 1), we lake tie ~vi!ational body force ~ to be along q

In addi~on 10me velmity ansau(II.1) weas-sumcrht stress
and pressure arc also given by truncated power mia in z, v.
Substituting these expansions into k 3-D field cqhom (Ll).
(1.2) and equating cocfticients of wcmof z,p yieklJ rheexus

rclosure mcdel of28 aquationsin 8unknown tiauof z ad
t, involvlng five arbimag functions of t - three consmaintl
(see [5] for demils).

We now assume hat the fluid is bounded by M elliptical free
surface, given by

& V2 .,

w ‘m
(U-2)

Each cross section s = ~ is an ell.i
Y 3

With semi-m Icn
#I, ti, which defomin za.rsdt. cc Figml. ItIC =
unknowns #l(s, t), A(z, t) arc dditional csmMvmMIu To
complete the 3-D visccdastic froc surface boumktY due ~
le~ we adjoin to (I. 1), (1.2) the intaffi bsmluy ddosM

1) The tiwfnafic bou.miaKYCotlds’dolu: The b ad- b -
vcctcd with the fluid. From the velcd atssasz (U-I) awl free

1%surface mm (IL2), rhis condicica yie m

&aJ+VdW=+m&, a- 1,2, (#f - Aw -0. f?L3)

The ~nd conditicm is very ~vw: ti - is CKJ
sw-iri(# =0), orthcswirting flowutuub ~(#1=
~ and ~-~).Forlkmmi&~lti~~-m
I)M cue of M swirl, + m O.

2] Tk tinedc 50
-%

Cotsdliom: Sb ~m~
continucw ~ dw ui%rnbknl intiU ~ * -
rnalsrlwl isdisml-lMwls- Thcjltrxtp tss--~
Uwthemrfwcisa amtmcdtotxtmhnd bYdW~$W-
face tctuion 8 Iinxs tiejkc @acg mean cmrvmww n, T’km
Condioons $tatc:

.to..c~ (-U4)

;7
whcrctfand~ucshc HVa@X’shstkjamd
ambient mmcrkl, ma Civcly, nisthmkmis ascw8fdnmmd”
to tie inurf~. Ftx fllmusrfacaw)tirn~a

(n-s)

Given thcK fme surf= boumluy condtbash my chum
rmdcl (or he jets derived frun h 3-D *L9H

Yonthcelli@cvc wtKAm4nansmz(11.1) (thin ,811a9ti
on the axisynuswuic Spcial c-) mum

T
hblmtiwy

condiclonr, Fw w ea~t clowra tt%xkL * ~
cond~ons (11.4) ovcrdcrwmk he rymcu d * ~~
so that cmly a very limited ClAU of mti- W b b
cm. m the

r
weT series definidcm of mesa d m rsnxMl

!%\tiables tsmes dw stress and prc.aaum vdabk h bsd-
ar~ conditions. See [5] fordetils, We now tw,srn w dm _
v(uanon when there is no exxt

r
w=ti~d

rcaswis the choice of rmd.d vda la.
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ID. MGRATED MoMEm ~M!
CONSTTKITWE EQUAlTONS . SELECllON OF

ANI ) PREWREE v

To daive 1-D jet rocukls frmrt tie 3-D sheory with the nec-
essary fletibil.icy LOdewibc interesting txhavicm, such as non-
sxi~ fret jcrs s.rbdjeLs wifh sweU, we retain h ~wcr
Scricswlsllption (11.l)oll v , butchomes ucssmclprcsslwc un-
knuwns to be inte@s over W jet cross secricm. Il_tis approach
u taken by [2, 6].

lllillculs llssorwoi.uspmm [ pints FmL our pwu sc-
ricsansmz fcxvlimiutkdi.hy ofthisthocny cotncmveiaity

amditkm$ such as no slip. Sina bc.urdq vslws of
vclcrity arc explkit cmnbi.nsdmss of & vckcisy mahl vari-
abla (Le., Use ccd6cicntx in Gw pow saics expansicm) d
tsusasrf= mcdslvarixbks+l snd~, shcimposicion ofa
Cotulidal 03 velocity al k botmdsq mC41klcUtsUxin k @Qc-
ity Wi5hinthc Cr055ti0m~, txrsccudpintissfu
histcxiCaUy, Lbcfusat forthc LIXdsllX-t~ Suussnd
p’=ssm~s(sad=ti~ -- em-
skuss)u pocbe.ly mnotlimcitt bolbi.lity mCtme’tsmwatmUsd-
mycmdkkms fcw&@m. Wlthdm~mics eqxusions
fcrmsdprculuc fkcbnaa’tmgbkib wycomcttbc
MbouuInycmdiLm& forthe!+sssm relmndwvsJ’UUx
fxtls M3mostfbtKbuf&y ccmdsncmLTlstbourduyvskaof

sucami~uccxpuat CmBMmbmdthc-al’d
Fcs=msmM~(ie,bc--u I.ntkpwfse
rksaxpdoas) asnifmB ssnfKss ctrddvMisbks #lsIMl*.

Tlld$Xm dut=lsschj coadimnls (113)usdm4) as=cQupld
mdmm9dsl qls@Yusummc Camm411u al ttm Cbs d sOlu-
dom80fdMmodAfeq~ Mdbllcsntthc abd.lty IocsXXkl
lo- k * pber\

-ftmflns teputocomplm cauincnMs~uui.n-

c@uic9m ad SsSoSrmintq msimsddsacaqamnm Ofd’tc

~ d umxnmm eqti (L1O, mwkaud an fht
~ ~ (11.1). We - w a prid Jmss dpru.sum
nuAd~ ‘

V4txqmn tin fd.bbglnw@cmswc? LIwsrca A

tmuntaby cbqunxd 8,givcntq’ (112):

//,{s.(Lla),}@ /,/j”. (-1.la~}u

H 0-10s4 (uLI)
A



*

We now compute area and moment integrations of the cm-
stiturive equasions 0.2) [o obtin equations for tie resulmrIu
-411. -4ZZ, An, A131 , A232. llc IMYXSWyintegmtions are

sddwsuull pauzwmr cisrhcmdodlengds scab,

Cms<<!.
L.

(IV.lb)

6



Thw the appoximatkm is ht a typical W scale is much
shamrdm ,Ip axml wk. andtkrebc uctdlcd k slen-
derness m.lm~

The fmc sufacc and vclcci~ r.mdal variables arc nomdi-
IIXruimalizd al

+m”im. b=+ v = w., (Iv.lc)

L. ro

“ ‘“”z-z”
(lV. Id)

t+’) - e’v.ifi +0(2),
JJ) - Cum + O&), (IV.le)

9(’) = u.0 + (N) ,

RDbiARK W cakdwkiIy forrmla (lYle)idduMg*

NuIwQ*dn 3Dpc$UueM daru9cmqXuUllmu

(ijj - I, Z3),

~-v ~+ru(’) +..., p-$~+ #)+..,,

h-+p+a+j’’ +,.., (N.2)



.

physicczl tam. Thus, specifying the physical prqerties will alwr
k rclllivc Cinder of the Iowa tclllls we keep, but I.hcw will
km the Ieuiing order Conrnbuticms of -h physical propcny no
ITUUU which physical prqmrnca danhtc. (All dc~ndent vari-
ables in (IV.3) arc the leading order conmbutions; we omit tie
.supa%crip (o).)

#
B. f f

“ L“=%!

Wrftcc tefukm (capillary) eflw
=

in.enkl eflccu

8



Aj=A@, ~-&/. (TV.4)

B(AII -p) - &.&
B(An - n - +d?

AI I +Al[AIIJ +WA114 -((h+ Ik +h)AIIl

= 2Z#I~[~ +AI(fi J +~z - ~;)l ,

9



A33 + AI [A33,1+ VA3Y4– (CS+ Q + huz)AYJl

h his rcg-irw, inatis.Ieff~ surfz knsion and graviry sue SU
Ieaiing or&r in rk axial &crion (see cqu~rion (IV,5c)). Norc
IhQSlhis demmdj imriia.1 @CLS w be higkr order in rhe trans-
verse dimaiom (SCCcqumiom (IV.5Ab). Viity, relsxnrion
and rermkicm effecm arc all k.ding cmk in the consritucivc
rmdelirl lllisrcgime

In this
w“ ‘-’W ‘o-’ -’ ‘tiO”sm ‘Cld $&so mm? qulllm fa she mm? rmkdal Vsulables

~J#;v:;;[O):~t@”) Afi),40,A!? ~ ~ *s=

131, J% -k UI IOWCSI* * CWItiOIU
(IV.5), d appear in * pmbleml fcr the fust m-da comcclions

#))#, v(’)! em. (w [9]). The IXdlav-icmpmdkted by (IV.5)
fcmom set of Swy no2zlc corn%tkll-lsd pcrxnwms is shown
in FIgurc Z N- has dwse SOluticnu prcdics swell of tie eUipti-
Cal exulMlxsc (-Jfthc

l!%
Ucf#l&f rlXnLhcvaluc 1 at

the node) msd diswdon (c ge of fhc Upecl SmiJ A/#1 ).
Addicicmal -s and ccmnplcw dkussicms of rhc bchxvmr in
Lhisrcgi.rme mtcfdin [4, 10, 11].

AI M exumk of ● 1-D closure rmdel fct s difkacnt ict
rcginx, cuuirkrcbccx.tewhm Al is O@), d B,&}, A-2,

*lJ+v+l#-#lfl, +2J+vh#” h-a,

All +AIIAIIJ +vAII~ – ((h+ Ik +n)AIIl =0,

An +AIIA~+vA~ -((2a+ l)Q+o)Aa] =0.

Ltimgbtidfecsam !3”=[fa mlxioll
wishin ti)a~ ~ (SM fV~b), pry is qkct.cd
m Idlng caxk. Thug choicu &mad IM mmuncum u con-
- in A? dal dimxfon (equati IV,&). Only Tlsxdon
efku are inclsmiai m kdiq - b the continsavc tmxle~
eqlLa.shM m.6f,@.

Ill ti ‘C*, dw 10WCS4 * Cqtiw Is’e a clod set
(0) (0 (o)Of Cighfcquasina forcbceighl rIxBddvuhblu 41 ,+ ,W ,

i(o) (o) m (o) O) ~~smmdmt A$~,mi
f] ,fl ,@ ,All, +.
k saus ruuhma Afi)l , A% decouple frurn dtis lowcm
actuksn

~“-R% Wi%2xY’J”&Uf-fcrs mgrdf,cmdy
O-V.S), S’ctlccdmofdwdispamlep mrrmrs Casiom. -l-he
behavicx pred.ictcd fm me set Cf

r
ten and My nozzle

cosvlitiom is shown in FIgum 3. Ote hat ‘hew Solusims J)Tc-
diclcwcil.lticm in s ofr.bt rMjmui90f she & surf~ellspd-
cal csms sccdms lxtween the ●l s.nd q di.rccsiom Addirimul
cues d di.msssicm CM & fm in [ 10]. Lnpsrticukr, Lhespe-
cial cuu ofel.1iptics.1 inviscid snd Newtcmim free jcu subjecs
Only 10 surfaIx Iensim and grxvily, arc considered W mXkl

10



predicts cmilhcia of * m8jcu axis of she free surface cross
sccrion bctwemI ~ Xrdimmicm s and draw down of k
-moss -KIM, in sgrccmmt wirh obsavcd bchwim

As a L+ird exampl% coruider the particular jeI regime where

~, +, + ~ q~). ~em * (lV.3), wc obtain the lowest
order equaricm:

In this rcgirm, only WI C%X8 m leading mkr. Here
dons are a w of six cquxriom for rhe @e

‘e ‘owe~-~ to) f[~,f~m,wtichmdysbwnmkUnknow-rls+, .,* to !
ovcrconSlllir@ Ma m fm illcoqaci.ble. WILIIthisrcgim we
have demons Ulted MOrk impaml?[rcslshof Ibis analysis: Ihe
abiliry to dcmminc what popima of sleruk viscoclnstic free
jca combine to pm .4 coIuissenf 1-D closure, and which do
nw

MarIy orhu spi.alkd clown? rmxkls uc clcuiy available.
We rcfm to [3, 4, 10, II] fcr @.kacicMu WhiCh have lktdy
daivcdfrcun thixwxk Addi&nda kUiOtlIUCpti

lrI[8]wa cxhibitadanuIymtiM & mckrcxmocdoiu to the
lowest * ~ h M** equations allow us
ro[estrhe@ctioaa dtblDkmZst cdrXmo&Lhtodctcmml eif
negktcd effects kocrm impt81sL dtoohi.omcmdcrdal
inftim akms h 3-D k

--da

--

II



we see lhti T(z) is che avalgc nom-td sucss over the jet cross
scccicm in he tixJ direction ~, and P(z) is the svcsagc nof -
nul sucss in chetmnsversc dkecrions. In tiis regime tie leading
order effccu me viwxity md elasticity, witi inertia m lhe axd
d.i.rcction, surf= tensioo. gravity and rcmrdation time efkls
suppress.cd The axisyrnmcnic, s[eady form of [his regime with
uppcrconvccmd rates is also d-wsteady form. equations (16) and
(17), of the viscaxlastic rncdcl in [13] with the Wwcr law vis-
cosity pamncter n in s.heir mmkl set K@ so I , the mcxlel of
[6] (ccIu~tii (18), (19)), wids t.hcrxrio v of stress differences
in their consritutive model taken u zero, and the rndel of [ 14],
with a specuum Gf OllCrckmion tin.

lle I-D makl in [15] fma&jet ofm Oldroyd fluid B
is Obmined al Ihc U.isymmcuic, !tdy fom2 of the lowest order
Cq.mnom from (W.7) WiIh the plrMMcsl B,z, Al, A2dl

We hvc sati5fid the gods set in be ahmxs and inmahc-
cicm. Beginning with the fdl 3-D vi~kUiC k bxs.ndq
VdlX pmblc~ w be daival by kdasSUJ Uymptics!
a cmsprchuuivc fsmsEwmk of 1-D clcrauc umdcl.s fm slerrkr,
& viwcdmicjem The phyricd effects of incr@ gmvity, vis-
cosity, elasziciry, wrkc mciocL curvwurc, and tie free mrf~cc
Ixnuduy mcnlitiutu involving surface bmsion, ambient pru-
Slmalsd shecutwurcoflhcbocsllsfm, at-crept’cscnmdindle
1-D rsds.1 cqtm~ UKIumst impcntartdy, rhesc effccm appear
utheyckdvc fKss22thc hAJ3-Dfrc4Y SldEb.SlK@VdU4

fxobksn These rcsadtarit 1-D ~UMk2tLI hAVC he flexiti to
xV&IY the reladva sucngrtu O( h physicsl propcrdm of the uid

ad incabx. tiring I-D htie, cmerpxd m spcCiaJCw
WiIhinour germ. lfntrlewa-k.

~0~ : M.G.F. wishes to d2’10WkdgC
m vesy isultnmdd cmvusadcm with Harvey Segur, tie hoa-
pitaUty oftha Catufcr NasJ.&ar S~Lrrs Alasnna. whcra
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