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ANALYSIS OF THE MACROSCOPIC EQUAT IOIS

FOR SECOMD SOUND IN SOLIDS*
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The microscopic theories of second sound in solids can be ex-
pressed in macroscopic form (Guyer and Krumhansl, 1966; Ackerman and
Guyer, 1¢583) whea the normal and resistive process phonon relaxation
times T,.(%,T) and 7_(v,T) have been averaged appropriately over all
w's, Thus, for given temperature T, 7.(T) and 7 (T) can be regard-
ed as fixed parameters. The macroscopic equations given in Ref., 2
for the h=at current in 3-dimensions can be expressed in one dimen-
sion according to
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vhere v = ¢ //3 = gecond souni velocity, c, = meen Debye velocity,

T = 9r,/5, and we have here inserted an impulse driving function
o%er tHe plane x = x_, Eq. (1) represents the experimental situa-
tioun in vhich the single crystal solid is excited by a heat pulse
epplied cn one face g% x = 0, DBoth the foce et x = O and the oppo-
site face at » = L servelas reflectors of the heat current Q. Sen-
sitive thermometers on the plane at x = L measure the second sound
paenonenon,

Our purpose is to show a method for solving (1) in closed form
and for calculatinz the temperature excursion ATéL,t) for nompari-
son with expeciment., Leiting Q(x,t) = Y(x,w)exp(-iwt), we obtain

a°¥/dz® + kY = - FQ(xo,m) §(x-x)/(1 - dwr ), (2)

K - (m2 + iw/TR)/[ V2(l - iwfo)] . (3)

*Work performed under the auspices of the U.S.D.O.E,



In (1), (2) the driving force is confined to the vlanc x=x._ by the
delta function, but tnis is but a special case of the more general
function F(%,w); O« E< L. For the more general cas: the particular
integral is

= -[k(1 - iur )]J(. F(E,n sin k(x-E) 4 , (4)

and the general solution is ¥ = A sin k¢ + B cos kx + VY _, Using
boundary conditions for totel reflection of the heat ¢ ent at x =
0, » = L, we obtain B = O and, using (4), we can evaluate A, The
solutiocn can be put in the final fornm,

v(x,w) = [k - 1wwo)]‘lpjr§ as F(F,»)sin k(L-%) sin kx/sin kL

+ fg a2 r{7,w) sin x(L-x) sin k%/sin kL] . (5)
The response to a forecing function of unit amplltude and frequency
w/2n, concentrated at x , is then obtzinc. frua (5) as the Green's

funchtion Y (x,»)/F(x ,n)? in the form
sin k(L-x)(1- cos kxo)

;y O< x<x
2 . . o
k(1 - i no) sin kL (5)

G(x,xo,w) =
sin k{1 - cos k(L-xO)]

5 5 x0< x< 1.
k(1 - 1uno) sin KL

N sherp heat pulse aﬂpllcd at xo= 0 can bz represented by ().
(n1/°)ocn( ‘tﬁ the fournnf transfom of which is 7°{0,m):(ta”)/
(:2+ a?), -hus, we obta

Q) = (&/2m) [ an G(,,_ ) exp(=1ut)/(L + n2/a?) . (7)

This line integral can be evaluxted tfor t ® 0 by suimine roaiduszs of
the poles of the -iv half plane. Thic numbﬂr is finite becouse the
nunber of allowed values of k is finite, although large. 'Tho poles
at - 1/TR, i/t _, and O have zero residu2s.
For' the plane x = L, vhere thermomaters of the experiment are
located, the poles associnted with kL = nm (n = *1, i2,...,NmaY)
are determined by solvinm the quadratic i

K17 - (L2/v2)(m2+ iw/rﬂ)/(l - iwro) - non- (8)
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A sccond set talls on the - iv axis at wm = & lhn - 1F1/P for all
n >N, In view of (8), anl sinc2 n ocaurs only as n?"in (9), no

twn poles ever fall at the same point. Thus, it is only necessary
to sum residu2s on the first Riemann sheet. Tn order to determine
N, let * T be the solution of the quatratic obtained from (9)



(%)

by setting (0 = O, thea N is in the range TM-1 < §¥ <M+1l. Usin~ .
and Tnfor soTJd 3te at T <1 %, we find N varies from U to ﬂbol.'ﬁc
and M usually = 1, With x_ = 0 in (7) we can obtain the resi-
dues and determine Q(x,t). The derivative 23/2x then gives C, T/,
vhich, when evaluated at z = L, can be expreszed in thc

C AT(L,t) = K3 2,(n " v 2y L(1- ﬂouﬂn)[-Q cos_t-(0 € /2)s i t)

l B
,nt/?+ ZD(n D n b )(1 cosnn)[WQCOJhW t+(wr/a)91 nwnt]e ’nt/g}

M+l
; 2 (10)
D =1 - (nﬂVTo/u + L/nmer )<, (11)
Instead of using T TR values obtained from theory, we select
chosen arbitracy paraneters to calculate the waveforms described

by (10). The computational procedure is to adjust values until ag-
reerent with thz experimeatal second sound wz esh2pe is obtainsd
The adjusted TN, TR arc than used separately co caluulate the the‘-

mal conductiviiy which is then compared witn static experimental
data, Although thz azreement is nct quantitative, the result ob-
tained for solid 3ie at O.4 K is 60% of the static value., Thus, tha
two approaches are at least aualitatively consiztent,.
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riz. 1.e - poles for M< n< IN;
A~ forn >N, A~ poley for
inncosrect transmission line
ana2lo;: of Rel. 2,

Fig. 2. (&) Calewl~ted wavaform
with 1.5 0.99 us, 7.+ h.h us, (b)

Onsecved for solid © 3o at 0.5 s
f- firsh arrival; g- fircot reflection; 10 us p2r division. Ref. 3.
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