R T L
LA-UR -83-2045

Los Alamos Natonal Laboralory s operaled by the Universily of California for the Uniled Siales Departiment of Energy under contract W-7405-ENG-36

LA-UR--83-2045

DEB83 015231

TTLE: RELATTVE SYMMETRIES OF DIFFERENTIAL EQUATIONS

AUTHOR(S) BorEA. Kup

SUBMITTED TO Proceedings of 2nd International Conference on Differential
Equations, Uriversity of Alabama, Birmingham, AL, March 1983

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the Unitod States Government nor any sqency thereof, nor any of thelr
employces, makes uny warranty, express or implied, or ussumes any legal liability or responsi-
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or
process dinclosed, or represents that ita use would not Infringe privately owned rights, Refer-
enco herein to any specific commerclal product, process, or service by trade name, trademark,
manufacturer, or otherwise does not neceasarlly constitute or imply ita endorsement, recom.
mendatizn, or fuvoring by the United States Governntent or any agency thereof. The views
and opinions of authnrs expressed herein do not neceasarily stale wr reflect those of the
Unlted States (invernnient «r any agency thereof.

By acceptarce ot thia arhicte Ihe pyubhsher tecogmzas thal the U S Gove' iment retams g noneaclusive toyaity -t se hcense lo pubthish or reptoduce
Ihe pubbst-ed lurar of s contbibuhornt m i allow others 1o do 50 tor US Governmant purpones

The Los Atantos Nahonar Lalroratery taguests that the pubhshes identity s aticts as work peitormed nnder the suspices ot thaU S Departmant ot Fnetgy

MASTER
LOS ASIANO'S 1sAamos Nationai Laborsicry

TORM NO oW 4 \

et WSTRNITION OF IS DOVINT 1S UNIWIED || ]


About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


RELATIVE SYMMETRIES OF DIFFERENTIAL EQUAT{ONS
B. A. Kupershmidt®

Department of Mathematics
Urniversity of Michigan

Ann Arbor, MI 48109, U.s.A.%"

Let 4 : J v+ J3n be a differential operator, where v
(resp. J 1) is the infinite-jet’bundle of the bundle v :
F-+ M (resp. n ; E~+M). Let lv be the Cartan aubmogulg
of the module A (Kv) of 1-forms over the ring Kv = C (Jv).
Among all derivationu of K_ into K_along A', we classify
those which map I_ into I;. They Yurn out to be quasi-
evolution equations.

4.INTRODUCTION
Let n : E~+M, v :F +HMbe bundles (smooth, like everything else in the paper).
Let nk : Jkn - M, nk g ¢ Jkn - Jﬂn be the corresponding jet bundles, denocte Jun =

(- 3 -
lim proj J'n, Ke= € (J™m) = lim ind c®*). Let A : J% » 3%

= E be a bundle
map (over M), which can be thought of as a differential operator A r(v) = T(n),
where T(v) denotes the sheaf of sections of the bundlv v : Z(y) = 5-(j'(v)(y)),
Vycr(v), where j. = j.(v) : T(v) » r(v.) denotes the navural lift. Tangent

(Y)(M)|yeT(v)} form the Cartan distritution in ka. Its

annibhilstor in Al(th) is the k-th Cartan subuodule Ik(v)' The Cartan submodule
Il(v) in A](v) = Al(J“v) = ]lim ind Al(Jkn) is d\ "ined by the Tormula Il(v) = lim
i:d Ik(v)' ketlul deTote by A the natural lift of A into J’v, L va -
J n. Then A (]")C Iv (lemmo 11 2.14 [3]).

planes to graphs {j

We consider the following problem: find the set !)q'v(A) of all dei.ivations

Z: K" * Kv alorg the homomorphism A*. which map ]; into I;. There are at least
three wmotivationa for this problem:

A. In the casen = v, A= id, the set of all such Z's is the set of evolution
derivations bev(n); in locsl coordinates, the equations of trajecturies of thesc
evolution derivationt are evolution equations (Proposition 1 [2]; Theorem 1

5.6 {3]). (1n the engineering literature, these derivations pass under the

misleading name "Lie-Backlund trrnsformations'.)
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B. B5uch Z's arise in practice as the "generalized sine-Gordon equations” asso-
ciated with classical simple complex Lie algebras ([{4),[6)) and even with Kac-
Moody Lie alggbras (11).

C. Let UC J'nt be a closed set considered as a difterential equation: yel(m) is

s solution if (jk(y))(H)c U. Let UC J°n be the infinite prolongation of U.
Then the symmetries of U are those evolution derivations XeD®'(n) which preserve
the ideal F(U) of functions from Kn vanishing on U. Suppose, however, . hat

Ve 3™V is another equation &nd A(V) C U. Then more general symmetries of U

will be those Z's which -api(ﬁ) into F(V). That such relative symmetrirs are
useful was demonstrated in a spectacular tour-de-force by Vinogradov and
Krasil'shchik who used nonlocal symmetries to compute all (absolute) symmetries
of the Korteweg-de Vries equa%ion ([5]).

2.CLASSIFICATION

Denote bya(nu) the K"-nodu]e of derivations of C“(H) into Krt clong n:, where
n, J°n + M is t'e natural projection. Note that a(n’) is generated over l("
by the Lie algebra ®(M) of vector fields on M. If X c.‘b(nm) then its lift X =
X 59(1( ) into the Lie algebn of derivations of I( is uniquely defined by the
univerlal prOperty Jo (y, X = JE(Y) Xjo (V) ,Vytr(!l), where £ is such that
XM e ¢ (J n). The set of all such X's is denoted byb(n ) and is5 a L:e
algebra and a K module (Theorem I 3. 6 [3]1). The annihilator of b(ﬂm) in A! (K")
is nothing but the Cartan submodule I [This 1s the definition of t' e Cartan

submodule; the fsct that the correlponding distribution is spanned by the
tangent planes of graphs of jetr of sections of N ia a corollxry (Theorem I
4.4 [3]).]
- - - o *-
If X&@ S(M) then the lifts Xv and X" are A-related.: XvA, z A Xﬂ (Lemma 11
2.13 [3).) Obviously, if Xea(nn), then again there exists s unique iv cb(\)m)
- W * .
such that va x A X"; the resulting map b(nu) - .B(v’) is a Lie al3ebra homo-

morphism.

vemma 2.1. Let ¢ : Kl - I(2 be a homomorphism ¢( commutative ringsa ll'l and
KZ' let xl e 3(](1) and th 5(](2) be two ¢-relsted derivations. Let D(¢) be
a Kz--odule of derivations of I(l into I(2 along ¢. Then for any Z&3 (¢),

(XZZ - le) t®(9).
Proof. Obvious.

Recall that if mc/\l(l(), X,2 ed(K), then the Lie derivative of w with respec!t
to 2 ia defined by the formula [Z(w)](X) = Z(w(X))-w([Z,X]).

Lesma 2.2. In the notations of lemma 2.1, P(9) actx by derivations
along ¢ on Al(l‘l) with values in /\1(1(2). In particular, for wc/\l(l(j)
lZ(u')l(X ) = Z(w(X,)) - w(ZX,-X 2Z) (2.3)

where on the right hand side the pairing between A (I( ) and ©5(9) is unders: nod
naturally : (fdg)(Z) = ¢(f)2(g) , Vf,gl:l(
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Again, the proof is obvious.

Now we can handle the problem of classification of elements ofi)qev(A). Let
2 tsqev(A), that is, Z—(I&)C I Take "ny w ¢ I Ann(sal:)). Then Z(w) ¢

tI = Amn@(v_)) = Ana (M) ) iff chsa(n), [Z(w)](X ) = 0. By formula (2.3),
thil is equivalent to 0 = Z(m(ﬁﬂ)) - w(th-XXZ). But w(xﬂ) = G since wcl;
Thus (Zi"-in) must belong to the kernel of I;, that is, we must have

(zX -% 2) ¢ va’f;sW)n, VXD . (2.4)

*
Theorem 2.5. Every Z qev(A) is uniquely defined by its value Z-n_ o Con-

versely, any derivation Zc‘b(n A) is uniquely lifted in 3(¢) to become
cbqev(A), such that Z- n 0 = Z.

Proof. To study (2.4), first notice that, like in the absolute case

2

(n =v, A=z id), one has a direct sum decomposition

D8) = Bv_) A" 03T, (2.5)

where'ib(A)Vert ! ab(p)lZ n = 0}, and decomposition (2.6) is provided by
—ﬂ-

X

the formula Z = (Z- n.) ea" +[Z - (Z'n o), »a'}. Sinze Z-n_cl ) =

D) , then Z_. : = (Z'H;) cZKvm) aad (2.4) fer 2 =12 Af is obviously
C M) 1 v 1

catisfied. Therefore we shal. restrict ourselves to vertical ZI's CS(A)vert

only.

Let (xi,...,xm) be local coordinates in M, lq;Ia =1,... dim E - dim M, OCZT}
be standard local coordi. tes on J’n. and lpolb =1,..., dim F-dim M, OCZT] be
local coordinates on 1”v. Let, locally, Z = A —2:, A EK . It is enough
qu .
to check (2.4) for the basis vector fields X = 5-8— eDM). Since (52-) =
Xy in
D, 9 8 (using swmation over repeated indices) we have
Bx 9544 8q® > )
Y%
X -Kze @ 2o e 2 -
Bo® :) ‘ Hti 3 b
Qg qp
S G e YA By o fatnce 8T () = (o) ) =
8xy  THH 8q i *y
¥ (o] n v
-
. l-l(—) (A% -a" -2 e A, G e
8q 3 4
v [] o n



-q-

_ :) a a * 2
= {l‘(s;f) (Ao) + Ao*i]A ‘—:}
i 3q

\Y a

oy
This last expression must belong to KvA.S(H)". Since there are no components

, . a a

along M, it must vanish, and this happens iff Ao*i (Di)v (Ao), where (Di)v
a (o] a (o] ol 9

stands for (a/axi)v. Thus, Ao = (D )v(A ), (D )v: (Dil)v . i

A'' s are arbitrary.

A TRAJECTORIES

Ordinary differential equations are equatioont of trajectories of vector fields
on manifolds. Analogously, evolution cquations are equations of trajectories

of vertical evolution derivations (Theorem 1 5.6 [3]}). (The reason for con-
sidering only vertical fields is explained in §I 5.3 [3]: for nonvertical
fields, equations become overdetermined.) Now let Z cE)qev(A), and consider

Z to be vertical. A trajectory of ,Z is,a one-paramefer (t) family of sections

y = y(t):M » F such that [j(v)(y)]eZ = 5I°|j(n)(Ay)] . Let us find a coordinate

*
version of the last equation. Let locally Z = (Do)v(A.)'A a/aq;. Then 0 =
* *
M2 - el e] =

= o 1e®,am" 2 - G eyl maen)” & -
%, 84,
= P MW Lim et 2 - & P m e @1 men
8q 8q
o o
o % —— . o, _ ,
where D : = (8/8xi) < (B/Bxi ) ©. Since [38/3t,D] = 0, the above equslity
m
is reduced to
2 menl” @1 = oo @ . (3.1)

Thus we obtain the coordinate fcrm of quasievolution equations.

Remark 3.2. 1In contrast to the evolution equations, quasievoliutinn ones
need not be formally integrable. Obviously, integrability of a generic 7Z
depenas only upon A. I conjecture that this integrability depends cnly upon _
d‘lenlionl and codimensions of the finite number of prolongations of the map A :
Jv - E.
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