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AN INSTABILITY LOCALIZED AT THE INNER

SURFACE OF AN IMPLODING SPHERICAL SHELL

S. J. Han

Los Alamos National Laboratory

University of California

Los Alarnl, New Mexico 87545

ABSTRACT

It is shown that in an imploding spherical shell the surface

instabilities are of two different types. The first, which occurs at the

outer 8urface, is the Rayleigh-Taylor instability. The second instability

occurs at the inner surface. This latter instability is not as disruptive as

R-T modes, but it has three basic properties which differ considerably from

those of the R-T instability: (1) it is oscillatory at early times; (2) it

grows faster in the long wavelength modes; (3) it depends on the equation of

state. It is further shown that this new instability IS driven by amplified

sound waves in the shell.

PACS numbers: 47.20,+m, 52.35.Dm, 6R.10-m.
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BASIC EQUATIONS

We consider an imploding spherical shell that obeys the followlr.gideal fluid

equations:

P(:) = -~p ,

ap + v*(pv) - 0 ,
z--

;F(P/Py) -0

(1)

(2)

(3)

A self-consistent description of the shell motion can be obtained by

Intioduclng Sedov’s hypotheaisa of self-similar motion, which in the

Lagrangian representation ia simply given af3

R(ro,t) = r. f(t) .

dro,t) - Po(ro) f-3, P(rolt) - Po(ro) f-3y ~

(4)

(5)
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THE UNPERTURBED MOTION

Ueing the time-depeni.entpressure in Eq. (l), we obtain the unperturbed

motion

d ~(r))--~u-l,
,~r clr(p

i(t)f3@t) - - ——
t2
c

The time--dependentpart of Eq. (6) yields on integration

(6)

(7)

where the initie,l values f(l))u 1 and ;(O) - 0 have been ueed. Here

a- 3(y- 1)6 When y = 5/3, Eq. (7) can be integrated once again to give

where 0< t <1.

Po(r) - &((r2 - r?)/(r~ - r~))l/(T - ‘) ,

where r+ and r- are the outer and inner radii of the shell;

(8)

(9)
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po(r) - ~o((r2 - r?)/(r~ - r?))y’(y - 1) ,

A

vheze P. is a constant pressure at r = r+.

(lo)
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STAEILITY ANALYSIS

When a perturbation ~ ie introduced, the position vector of a

Lagrangian variables becomes IJ+~. A straightforward,

7311 shows that ~ obeys the equationtedious, calculation

fluid element in

though somewhat

(11)

We now limit the discussion to the case of incompressible, irrotational

perturbations for which the surface instabilities occur. That is, we choose

the perturbations such that ~0~ = O and ~x~ = O. This implies that 5 = yx

with V2)( = o. In spherical coordinates

-(f+ 0] Ylm(e,$) “x(r,e,$) ‘~[ Q~(t)rg+ Q!(t)r

To obtajn Qf(t), we expand the perturbations in spherical harmonicsll

~-~[ {~(r,t)~l + C~m(r,t)~2 + g$m(r,t)~~] ,

. . .
al= erYh , ii2=r-Wgm , a3- ~x~Ygm .

(12)

(13)

(1~)



.
,.

. . .

-6-

TIME-DEPENDEFTTEQUATION

The Classical Rayleigh-Taylor Instability:

g(t) - R(t) - r i’(t) - - r f-3Y+2 ,

t: m Eq. (15) can be written as

;)]~Q@-o ,Qi(t)+[; w+,

(16)

(17)

Notice that Qi-(t) modes localized at the inner surface are oscillatory in the

static limit, whereas QR+(t) ❑odes are unstable.

The growth rate of the unstable mode is given by

+

This

got (;) - Igolke , (18)
o

is the growth rnte of the classical Rayleigh-Taylor instability for

static media.
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Here

SOLUTIONS FOR AN ARBITRARY TIME

(19)

(20)

(21)

where d+ = [8a{~~(~+~)} -(a+ 2)2]1’2.
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As in Ref. 10, we obtain the stability criteria by evaluating the

asymptotic limits:

and

:$ %
*(E,y,t) g (a-2+idt)/2 + c. c. ,
f(t)

=bkf

where

i

-Idt
r(~)r(w)

2+id+
)
.

r(;+ *)r(; - ~

.

(22)

(23)

(24)
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SUMMARY OF THE ANALYSIS

1) 2= O mode.

For y < 5/3, the limits of 3 +/f and ~ +/f are finite.

If y < 5/3, 3 _If and 4 -/f diverge asymptotically, which signals

instability.

2) The ~tmodes with 1 > 1.

3/
#

In the asymptotic limit, both ,+ f and ~+ /f dltiergeas fK as f + O,

where K is real and negative.

3) The ?.symptcticlimits of both % - f and * -/f of Q! diverge for

4>landy<5/3.



.
.’

-1o-

REFERENCES

1. D. L. Book and I. B. Bernstein, J. Plasma Phys. 23, 521(1980).—

2. S. I. Anisimov a~d N. A. Inogamov, Zh. Eks. Teor. Fiz. Pis. Red.

20, 174(1974)[SOV. Phys. JETP Letters, 20, 74(1974)].— —

3. R. E. Kidder, Nucl. Fusion~, 1(1976).

4. D. L. Book, Phys. Rev. Lett. ~, 1552(1978).

5. Francis H. Harlow and J. Eddie Welcn, Phys. Fluids ~, 842(1966);

S. Chandrasekhar, Hydrodynamic and Hydromagnetic stability (Oxford

University Press, London, 1961).

6. F. C. Perry, Shock Waves in Condensed Matter -1981, AIP Conference

Proceedings, ~,639(1982).

7. S. J. Han and B. R. Suydam, Phys. Rev. A~, 926(1982).

8. ?.,.1. Sedov, Rev. Mod. Phys., ~, 1077(1958) and Similarity and

Dimensional !4ethodsin Mechanics (Academic Press, New York 1959)

pp.271.

9. Fritz Oberhettinger, in Handbook of Mathematical Functions, edited by

M. A. Abramowitz and I. A. Stegun (U. S. GPO, Washington, D. C.),

Chap.15.

lU. D. L. Book and 1. B. Bernstein, Phys. Fluids ~, 79(1979).

11. I. B. Bernstein and D. L. Book, Astrophys. J. 225, 633(1978).

12. S. J. Han, Phys. Fluids &,1723(1982).



1.0

0.8

~ 0.6
w
+

0.4

0.2

.

.

\

\

L_Ll
1 !

1

I 1
I

0.0
0.0 0.2 0.4 0.6 0.0 1.0



.“

12

—

r+
o

103

102

10‘

,~o

..-”’:
4

.0 ,0 9$2
.0

●ego.0
.9

..O .-o ,0
.e ,,0

.0007=5/3
●@@o ,0 ..0

..0 ..OOO.’
,.01

●°
●0°0 .,..O.’”OO .OOO.O. ●*” 7S4/3

● go .00 .,0
● .0

● .0 ●000 ●Oo
●

● ●0::0..0
.0 ●.*O

● 000●.O
;to

1 I I I I I I I ).-
0- 5 10 15 20 25 30 35 40 45 50

4 (mode number)

Fig. 1. The absolute values of a$(y) given in Eq. (20) ●re plotted against the

mode number f - 1 to 50.
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Fig. 2. The exponent of the divergence factor u 10 plotted ●gainat the node

number.
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Fig. 3. The cbsoluto V~lU@U of as(y) for y M 4/3, 5/3, ●nd 2 are plotted

●gainst the mode number f = 1 to 50.
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FIB. 4. The absolute VZIUeO of 8(YsuA) for Y - ~fss 513J ●nd 2 ●re plottLd

ngainat the mode number ~, Here P2 Is the smallest ●igenvalue for a

given t with r+ - 700 cm and r- - 5*O CID”


