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EULERTAN-LAGRANGIAN RELATIONSHIPS IN MONTE CARLO SIMULATIONS

OF TURBULENT DIFFUSION*

J. T. lee and G. L. Stone
Atmospheric Sciences Group (MS D466)
Los Alamos National Lstoratory
Los Alamos, NM 87545

1. INTRODUCTION

Monte Carlo techniques have been used 1in a
number of studies to simulate turbulent diffueion
in the otmosphere. In fheae atudies the
Lagrangian velocity autocorrelatlon function waa
used to calculate the tfrajectories of a large
number of tracer particles through a turbulent
flow field. One difficulty 1in applying thls
method 18 determining the Lagrangisn integral
time acale, eapecially for nonhomogenious flows
such ar the plsanetary boundary laye'. Scaling
relationships and theoretlcal results have bheen
used to relate the lagranginn time scale fto the
local Rualerian properties of the turbulence which
can be measnred .lirectly.,

In thln paper we presesat a Monte Gurlo
technique which uses the Fulerian rpace-time
veloeity aatncorrelation function to caleunlate
particle trajectaries. Thia methodl 1a ghown  t)
he  eqalvalent ta the lagrangian  approach iy
humogencons  turbalenee, and 1te exteagion ta
nonhomogenronn condit lons Appears to be
wtralpht lotwarl, We slio dderlve wn analytie
telattonship between  the lagraugian time Aceols
and the Kalerian spnee ol | lee wealva,

7. TUKDRETILAL ANALYS S

We cnunlider one -dimeugional dltfaslon v n
alatiounev,  homogeneoun  field of turbulenrs, A
typteal  parcitele trajectory In et rated

schemat feally 1o FIR. 1 where 4w tlee time
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trafectorien ave calealaled  In
et ey the velat fann

vt bl
A oatep by mey

Ay = v(I1Yht )
vii 1) = () Ry(AL) vt (8]

AThia windk  cne anpported by the M4, Army
Atmouphervte % teneces tabmvatory . ahe 104,
gt nl v, We  gratelully  ackaowleds o
nactal  diteeasatons with  JBumuer Rave, Fyantk
Bitiavd, mul WEELlan yimavegle,

——
[ J t
' 1+81
Fig. 1. Parlicle Trajeetory
where R K the tagrangian vieluelty
nnlm-urru-i'nlnn function which depends nuty o the

time geparation 1, R'.(l) w y(t)v(t t 1)'v/. Thiw
definitton of R (1) ta valid tar arblteary values
ol 1, but Ky, l'l) tw vallil ouly tor a wanll time
wtep M, The velovrlty v' 1w a unrmal vamutom
vartubte which tn statintleally  fndepeadent ol
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Sure tue Lnlettan ol lagranp lan
atalfatteal  prgertlen of  the tarlmbem Hiehl
vontaln Lhe Aume tufovmen tan, partlele
teafeetovien can atws b caleulated yntag the
Entevion atat tatlea,  lu ahe Hleal part ol our
analywla we o an Ealet ban velevonre Leane whileh



moves with the mean wind epeed i. This will be
referred to as the ccvective reference frame and
will be denoted by the subscript C. To calculate
the particle trajectories 1in rhis reference
frame, Eq. (2) is replaced by the relation

vt + 8t) = vit) Rp(by,bt) + v’ (4)

where Re 18 the FEulerisn sapace-time velocity
autocorrelation function in the convective

reference frame. Tt depends only on the spatial
separation ¢ and the time meparation t, R.(Z,x) =
vy OOy # 0 FTI/VT, In Bq. (4) R.(8y,6t)
la) coupled to v(t) eince 8y = v(t)bt¢ From Fq.
(1.

A relation berween R (5t and (6y,8t) can
he obtained ky mnlriply%ng Equ. (Z) and (4) by
v(*), taking the ensemble average, and equating
the resulting right hand sides of the equations.
This relatfon, which {8 walid only for a time
step 6t << f),. can be written as

R (80 = vZ(r)R(By = w(0)br, 80 /vE  (5)

The ensemble average tn Fq. (5) can be ecvaluated
{f the probabilircy dens ity funetion for v
and rhne funcltional form of (Z.1) are kuown, We
assume rthat v {a a normally  dlstribures  random
variahle with A_z2ero mean awd g standarvd
deviation of 0 (;7)l 2, noonr wunlysla 1t Is
conwendent to let v = g,n where o 1a n random
vartabie with n = 0, n/ = 1, nand o probability
deaalty function Pn) = ('27()"/2 uxp(-n""/'l).
Sinee the ane of Eyeo (2) produreas an expouential
for R'(r) 1t aeema tikely that Fy, (4) wil!
prmlm'u; an exponeatial  lor R(.‘(C.z). Wee  lhave
vieril et thin by  numerical Moute Crrvlo
sxperiment ke e vesalta ghow thet the Bderlan
approanch CONVETRUK to a asolutlon that Iw
fudepeudeat al the ateqp afze &t ouly If R. 1w of
the form R.(C,1) = exp{ - 1 /W exp(=1/t) where
anl toare the Falevian frtegral tength awd  time
avalen  lu the couvertive rotference frame.  Heing
theae expeesolate Toe voand Ko, Eg. (%) can  be
weltton an aa {utegral relation

. D W
RL(.'.[) - ('}/“)”" exp ( <M/!(.) f w0 /7
u

)

where the pavameter a te delined iy a = uv«'n/l..

e tategeal tn Bypo (6) depetn valy na the
pruvameter a, Htocan be evatuated to abtatn R nn
n tupetvane wtb A, LA P Al te dov aod g,
Hwever | nowove getoval aad aselal vemlt ean )»'v
abtalned by onoving that ., far  an expenem al

antvorurvelat ton fanct b, t, can be abtataed fyvan
the celalion, £ toed (lon?&\
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The limiting value of R, as &t + C can be
obtained by cxpanding the exponentials
exp(—ét/tc) and exp(-an) 1in Eq. (6) for small
values of 6t. This gives a series of intregrals
which can be eialuated analytically.
Substituting the resulting expression Into Eq.
(7) provides the desired relation between the
Lagrangian and convective integral scales

1ty = (1/ee) + (8/m 2 oy (8)

It {8 useful t> express Eq. (8) in terms of the
Fulerian parameter a avrc/h gince this
parameter lias been used in  previous studies of
Eulerian-lagrangian relations, e.f., Philip
(1967) and Baldwin aud Johnson (13%72). The
result is

/e = 1+ 8/ 2 ) 9

A priorl a {8 expeeled to be of order nnity, awd
for @ = 1, t,/tn = 039,

The stutistical properties of turbalence are
normally mearkutet  dn o fleei=frame Falerian
coordinnte aysutem which we will denote by the
aubscript  Bo Since foocunuor be cnslly measaved,
it 18 aseful to relate te to tg. This can  be
done Wy notlag that the stractare of homogencoun
tgntrople tarbulence 1s fuvarfant ander a autform
trauntation af the coordinate aysteme  Thereloree,
the  three=dimensfonal  tnlerfan antocareelal ton
frmerinue RI-‘. !l "l‘ are velat el by the trann
formal ton '

Ra(hx, by, b2, &) =~ Rye (BX = dx -ty Ay, fizy M)

(ta)

where @ Ua the mean whind spest s xo and o X arve
the mean wlml  convdinatea I abe Tixet ol
civective relerenee tramea,  vespectively. Wi
apmame  thet R vartes  exponent bally tn &% fov
eonataloey with the exponenttal vavtatlon fobhy
fn the aboave analysrla, Loy

ReCAX My 0 00 = expC (EAXTU YY) /L) e e/ 1))

on

hdog Yooy Q1) awad (1), tfs temparal vavtat fon

ol R ean e enpeeaned an Ry hey o -

cp( v /1) e ""/'(T) . The  tempureal v Lat fon

ol Rooeon alban e mpreased oo R, an ne) =
3 K

o p( l"/'l{) .

tapaat fap theae twi wpre v
Lwialu to

l/'l-i = (/1) 1 (/) o

Fape (12) v cbun b vxovemmal b tevme ot thae
prrrmett et oy



fc/fE" 1 + (a/1) (13)

where 1 18 the turbulence intensity, { = g,/u.
For low turbulence intensity, {1 m» 0,1, te is an
order of magnitude larger than tg.

The assumption that R, varies exponentislly
in 6X and 6y with a single length scale
violates the Karman &nd Howarth (1938) relation
for the spatial variation of the autocorrelation
functicn in three-dimensional homogeneous
isotropie turbulence. However, Eqs. (9) and
(13) agrec very c¢losely with more exac.
calculativns which use the Karman and Howarth
relation as will be discussed in Section 3.

An cquation for f = t /rE can be obtained by
eliminnting tec from Fqa. 8) ond (12) resulling
in

= 11 = Gie 1) = (8/m)1/2 1) (14)

Stuce the tength scale 1, {8 the same In the 1ixed
amd the conveetlve reference framen, ULq. (14)
provides o relarion for calculating t 1f the
Fulerian parametrers tps Ly and 1 are known. This
rennlt can he  expressed  In terms of « by

naltiplyfag Bp. (9) by Fyg.o  (13)

Bom (14 (/D] + 8/ 2] (an)

Far aom 1ol 1 Y F (1)) reduens Lo (1 13/
wheere the congtoul G = a/(1 + (ﬂ/n)lhn). For
wo= b, B =001 whiteh e withiin the roange ol
theovet Leal ek bmatew wmmmertzed by f'magqal 1l
(1974) tu whleh the "countanl™ ¢ tanges Lrom 0,1
ta D,

A et weakarement ol {0 e ant eany
wluce HEovequlves on avvay of anemomet evg aluang o
Plne that hae o tixed ovientaltion vetatlve to the
mean whad, hevefare, the Taylor or  lragen
tnrhalence hypnthealn e lrequeatly  na tn
detevmine Lo tn Phis approxtontton s ]
that  the v rnetave of  the  tarhalenee Iy the
convest bve vfoervenes frame te Trozen d1a ttne ol
b ennvecte b with  the mean wlmd wpesl vy hta
el b L= utn el permita L Lo b e et ald
fvim o wlagte I'rxu'll o fat Balevian aeanuvenent o

"-’.' finbat Ltat ton ol thbw approx bnet toa Intn by,
QD) et 0 = w aml, aherefare, b

ronvert bve wulnestrelal tan fanet loa ll(. In
Dabepedeat ol Sy detting 10 = it po e dg, T (h)
veantte ta gt = D6/, whivh 1 otng withiln ihe

raape ol themetteal vesaltu aammac izl by
Faonqat it (174,

At Lopad tnutpht tuto the Tovlo
hepothenta voo be olitatned by oxpeeantng L/, ta
terau of the puvametora a owl U, Buleyg fi, t‘l )

wald the deftatt taoe ol o and 1 owe oblala

I,/u!M - bt (/) (1a)

It 18 seen that 1{/a << | 18 a necessary
condition for assuming L ~ ntp. Usirg a« ™ ! in
Eq. (16) may provide a hetler way of esttimating
L if t and {1 are known, but this {8 not certain!
Although a 18 of order wunity, {t may vary
sigrn'ficantly for different flow fields.

3. COMPARISONS TO MONTE CARLO STHULATIONS AND
OTHER THEORIES

The analytic resnlts preseuted in Section 2
were derived trom the hypotliesis that valid Monte
Carlo simulations of rurbulent diffusion can be
formulated 1in efther the Lagrangian or rhe
Fulerian reference frame. More specifically, we
have .ssumed that efther Eq. (2) or Eq. (4) can
be uscd {u thes sgimulations. In order to verify
this hypothesis anid the avalytic results we have
conduclte! extenslve Moute Carlo simulationsg using
both the lagraugtan and  the Hnleriar  approach,
Typical rewnlts are presentenl here.

In both appronches the variesace of the
random velocity v' muut he related to :l‘(f,r) as
shown in  Eq. (1). Therefore, in the ‘Katerinn
appronch Rl,(“) muat he caleulated at each  tlme
atep for the wpecified valaer of foo Ly and ay.
Thia can be done aning Ui, (5) "y nnmvrlunle
caltentaring  the ensemble  average at each ©ine
step.  Mfocan be done more caslly  aslag the
relation RL(M) = oxp{ -6t/ .) wvhere 1) 1w related
to tn, L, and a, by Fq. (R). Arx na counslvtency
(‘lll'(‘E we  performed  rthe ealealations bath ways,
anld the resall s were the name,

T wbadavd deviatipn of  the pavt bele
dlsplarencutsn, n = (y7‘) v ol ghown dn Pl 2
The solll carve Jwis oblebanl Trom  the Taylor
(LY Autegral  cnquation uslng  as exponent tai
tvgrang tan nutaenveel ot bn farel ton, R, -
exp(-1/E ) Ml venatt can be expresael an'’

||v/()‘/)uv!L) S R TA T T B !/!L))l/ﬂ an

The  aymlnls ave vomecieal  vesnlls that were
caltvolatemd o the convert by telereace feame an n
fanct ton  at t lav speetbbed vabaen nl !". Lo, aml
Ny fekemble averages were abtatunl by nvm'.nz‘lug
nyer ta,nhn purt tels trajectovten, 1he
Lapranglon foteguad thne conde !‘ wni  calealated

18} - 1 + 1 o
— TAYLOR DI USTON
o MUNTE CARLO
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numerically wusing the velocities along these
trajectories. This value ¢€¢ ¢t was used to
normalize t and o  for dire:t comparison to Eq.
(17). It is geen "that the numerical results
reproduce the Taylor diffusion curve very well.
Since the Taylor :urve is an exact s8olutior |{n
he Lagranglan reference frame, this comparison
‘monstrates the validity of the Eulerian Monte
‘lo approach.

A comparison of analytic and Monte Carlo
resul. : for the autocorrelation function is

presen ed in Fig. 3. An  exponential
autocor relation function was used as input in the
Monte Carlo calculations, Ro(Z 1)

= exp(-({1/L)exp(-t/t.), and the solid curve
shows the temporal variarion of this funerion for
{ = 0. The vslues used for the input parameters
tc, L, and o, resuit in & value of a = 0.91. The
square symhoYs are calculated values of R in
which 10,000 particle trajectories were used to
evaluate the enscmble averages. The dashed curve
is the analyric solution for Ry which, using Eq.
(9), can e written as - exp( 1/rL) -
expl (- t/rc)(l + (B/n)l/za)] T:gs can also he
expressed (¢ = (8/1(,l gyr,t) which
shows that drops o?f more rapidly in time than
R~ because the "average" }yf the particle

Ysplacemenr s C = (ﬂ/ﬂ) g,t. The analytie
and numerical results are almost {dentical.
Kqually gp.oul agreement was vwbtained over a large
range of values of a, 3.1 < a € 6.4, by varying
the Iinput values ot teo Ly aud o,

<]

b 4 T T T
(@]
- — Rc(O.ch)
Q08 R
é === R (T/1g) ANALYTIC
[ ) RL(T/'C) MONTE CARLO
5 0.6 R
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-
3 -
o 04
%
8 0.¢ —
5
a O .
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ffige 1. Atororrelat lon Fumeilonn

A compavienn of the ratlo of the Lagrauglaa
ta the couvectlve tutegral time wealen e nhiow
tu Flp A an a function of the Ealerlan
paeameter n, The aol L envve  fn Lhe  analytie
voualt  from By (9), and the aquave aymbola are
Ihe Monte Cavla resalla,  ‘The dashed  carve will
he dlaenaned  toter,  The clore apreomenl ol the
repatta ta Flga, 3 aml 4 demonatvate connlulecey
hetween the auwalylle reantta {0 Section 2 aad the
namerteal Monte Cavlo aloaulat toan aplug By (),

Teve In A large body ol lltevatuve  on
Ealorian Lagrangltan  velat tonahd pes,  Samwavien ol
Ihia work can bhe fumnl, Tor example, v Uaagqal il
(19724), awl the general mathemal teal natwre ol
the problem oy Haenamal by tumley  (1962), 1t
arems to be gracvally wecepted that theve 18 an
oxact  thenvet teal velat tonahilp betwesn t b
fagrangian  and  Pulevian  atatiatloa, flowe ver,
theve ave a "arge aumber of approxbnete and nenl
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Fig. 4. Ratio of lagrangian to Convectiv. Time
Scales

empirical retations for first order statistical
properties such as the veloclity autocorrelation
fanction and the corresponding Integral scales.
One of the more w.:fur theoretical approaches 18
the {ndependenre hypothesis suggested by Corrasln
(1959) in which rhe Lagrangian autocorrelatinn
function 18 telated to the Fulerian conveetive
space-time aatocorrelarion fanction by properly
weighting the latter to accwnt for the spatial
distribation of diffusing pnrticles. This
gencral  approach was uscd by Phllip (1967) aund
Saffman  (1963) to relate R (1) to RC(C.'I)
Philip's annlysis has heen extended and fmproved
by Baldwiu and Jolhmson (1972) who also provide am
excellent snrvey and cvalaation of existling
throries aad  duta. It 8crems appropriate  to
evaluate  oar analytic saolurfons by comparidgon to
the theory of Baldwiv  and dotmeon glace  thefr
rewalts  represent the moslt detalled and enmplete
appltication of Lorretu’s falepewdence hypothesls,
Thetlr resalts ure alan tn geneeal agreement with
many nther theonrles nad ciperiment s,
Experimental  dtadfes  are beloy comtaetig by LI
Al Meroney (1982) ro farther vertly fatdwin mel
Jotmena' s theory, amd chele nbttal data arve In
clone agreemenl with the theory,

Baldwlin wud dolmson’ o veanlta wor o/t are
comparel o our analyt e vemles to ”y, hy A
comperiron of t /l La ahown au a Oanet bon nl ks
pavameler o/t In I'ly. Y the parvameter (- Il./ll"
T compared tn gy boan a fanctton ol 1 for w
vange ol valaes ol av The very eloan agresment
between  LTheae  twn thvorien [ vremarhable,
eaperetolly  atuee Mabdwia oul dolmaon wae Lhe
vxnel form of  the ¥avman awd Howavvh  (1910)

velat fou lor the theee dbmenatonal  apat tal
vinrtatton ol R, They alon e the ot
avallable expeecbment al datan v apeedtly the

tempuoral vavtat bn of I!( v Mila apvecment may  he
part Loty Portatimee, bat 1t wloe PEbantvaten ¢ he
valwe of the Ealervfan Mo Pavio approacl, ta
tavhalent dttfunton, thty approweh ta ecgqulvalent
to the Lagranglan Monte Caclo aqpproasech ol to the
vandom foree theary need by GEEtord (PRI sanl by
Lee  and Htone  (1001), Theveloree,  the ciane
agreement  with che theory of babdwle and tolomm
favrthev  eatabtiabes ol
vawdam tovew tlenry,

unel et bt na nl t hae

[ ML NI

The  venalta ol thta navaly abow that Mate
G by admalat tone  of At tanten Tn lmsugsaasan



turbulence can be formulated in terms of the
Eulerian space-time velocity autocnrielation
function. Numerical resnlts obtained using this
approach agree with rasults obtained by Tajlor
(1921) using the Lagrsngiar autocorrelaliiou
function. We have used the equivalence of the
Lagrangian and Eulerian Monte Carlo approaches to
derive analytic relartions between the Lagranglan
integral tiwme s&scale and the Eulerian iafegral
apace and time scales, These analytic results
have been verified by comparison to Monte Carlo
simulations and to other theoretical results.
They are in general agreement with many existing
theories and semi-empiiical relations.
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