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EULERIAN-LAORANCIAN RELATIONSHIPS IN MONTE CARLO S1?HJLATIONS

OF TURBULENT DIFFUSION*

J. T. he and C. L. Srone
AtmosphericSciencesCroup (HS D466)

Loo AlamofiNationalLnEorntory
LOa Alamoa,NM 07545

1. INTRODUCTION

Monte Carlo technlquea have been used in n
number of sfudien ro almulate turbulenr diffusion
in the .?rmoaphere. In rheae .srudlea rhe
Lagranglan VC!lOC~fy aUrOCOrrClatiOn fUnCriOn WiId

used to calcu!nre the !rajectoriea of a Large
n.xnber of tracer part.icleo throuRh a rurhulenr
flow field. tie difficulty in applying rh18
method ia daterminlnR the ~grnn~t[n inregral
rime scale,●apeci~llyfor nonhomogen,,oun flnwe

such ap the plnnet~ry boundary laye:. Scnl Ing

relnrionehipa and rheoret[cal reaulra have hccn
us~d ro relare rhe l~grnngtnn rime ncnle to thv
local Eulerian propertlen of rhc rurhulcnc,, which
con he ❑enaur~d Jlrectly.
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moves with the mean wind epeed C. ‘1’hia will be
referred to as the ctnvect?ive reference frame and
will be denoted by the aubscrlpt C. To calculate
the particle trajectories in this reference
frame, Eq. (2) la replaced by the relation

The limiting value of ‘L as 6t + C can be
obtained by expanding the expomentlals

exp(-6t/tC) and exp(-an) in Eq. (6) for emall
valuea of 6t. This givee a serie8 of inregrala
wh!ch can be e ~alunte? analytically.
Subatiturfng the result~nfi exprearriob-b Into Eq.

(7) provides rhe deeired relation between rhe
Lagrangf.an and convective integral ecalea

V(t + 6t) - v(t) Rc(6y,6t) + v’ (4)

1/2
l/tL - (1/tC) + (8/n) av/L (8)

when Rc is the I?ulerian apace-~lme velocity
autocorrelation function in the convective
reference frame. It depends only on the aparial
ee~n_ration t and the time aeparistion r, RC(~,7) -
v{ y , tl v7jfTi:t”-+-TT/7. In Eq. (4) R (rSy,6C.)
in coupled to v(f) since 6y - v(t)6r !rom f?q.

(1).

A rel,!rio,, between R (fit) and

1’ ?
(&y,bt) Cnll

hc obtained hy multiply ng fiqd. ( ) nnd (1+) by

v(*), taking the enaemhle avcraRe, and equ~ttng
t ht, r~tiulrtrrg right ban.! sides of the equntinno.

This relntfon, whir,h ia ,,alid only for n time
srep 6t << tI, can be written ns

R,J(fit)- VT(”t)Rc(iY””- ‘~(-t)~t,6-t)/v7 (5)
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It is useful to express Eq. (8) in terms of the
Ewlerian parameter a - rlvtc/L since this

paramerer haa been userl in prev:oua studies of
Eulerian-Lagrangian relatione, e.fl., Philip

(1967) and Baldwin tind Johnson (1?72). The

result i13

tL/tc- 1/(1 + (B/rr)’/2 [x) (9)

A priori m in cxpoctwd to he of ordor unity, nnd
form= 1, tL/t~ - ~)!39.

(1[1)
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.

It is .w2en that tla << 1 is a necessary
condition for aaaumiw L * iirE. Using u s 1 in
Eq . (16) may provide a better way of estimating
L if tE and i are known, hut this is not terrain!
Although a is of order unity, it may vary
aigr.+.ficantly for different ‘low fields.

tc/r~ - 1 + (a/i) (13)

where i is the turbt.lence inten~ity, i = uv/ii.
For low turbulence intensity, i m CI.1, tC is an
order of magnitude larger than tE.

The aaeumption that ~ variea exponentially
in 6X and 6y with a single length scale L
violates the Karman LI(I Howarth (1938) relation
for the apatlal variation of the autocorrelation
functiom in three-dimenalonal homoueneoua
isntropic turbulence. However, Eqa. (9) and

(13) Agret, very closely with more exac ,
calculatlona which use the hrman and l{nwnrth
relation as will be discussed in Section 3.

An equntlon for f3 - t,/t= can be obtalnert by

3. COMPARISONS TO MONTE CARI.O SIIIULATIONS AND
OTHER THEORIES

The analytic reaulta preacnted in Section 2
were derived from the hyporl,csia that valid Monte
Carlo aimulationa of turbulent diffunion can he
formulated in either the Lilgrangian or the
EulerIan reference frame. More ❑pecificoliy, we

have ,issumerf tlmt either Kq. (2) or flq. (4) cnn

be used in rhea 9Lmulationa. Tn order to verify

this hypothesis and the aualyfic res~tlte we l)llvr

conducte,! extensive Mnntti Carlo simular!:~ns using
both thv lx~rang{nn and :he Zuleriao approtich.
Typical resultu nre prt,sclltcd here.

eliminating tc from Eqs. ?8)Ga-vl( 12) rvsultlti
in

P- 1-

In both Approaches thll vnri~ncr nf t lie
rnndorn velocity v’ mtt~t ht. rclatwl t> :~,(ht) nfi
shown in F,q. (3). Thervfnrr, lti the ‘fhler!iln
~ppronrh RI (&t) ottlst ho c.llc~ll~lt(~(l nt ,. ,1(*)1 r imf,
titt!p for ‘tlit. “P{ic{ft(. d vnl IIt. tI of tr, 1,, nnd o .

Thl H can h.I donv IIHinR I:q. (5) ‘Iy ’ Yntun[,ri(,nl y

Calculortng tilt. l~nRwrblc twer.t~:t, nt eorh I !mv
ntvp. It can !)V (!orll, mor,. t,lrllly llrlln~ t Ilt,

rolatlnn R, (At) - exp(-5 t/r ) kl]t,r(, t, [H rt”ldtt,[l

t~~ f’ 1,, ;11(! 0“ hy K({.
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h WnleS![l( ’1, tile1,.np, 14 in thv same in the f X(.[I

(14)III](I tilt, rnnvvrrtvc reference frtimen. ill ,
providef4 u rolattun f’nr culculnting t, if IhC

Ih)lorlan par}imoterti t .~,, l,, nnd t nro known. Thin
ron~llt 1’*II he t.xprt.8rtd 1n tcrma of II by
m,,ltlplytn~ Eq, (9) hy Fq. (1?)

‘f’111$ Ht {Ill(!llr(l ,I,l,llnr, l,)n (1‘ t 111. pnrt 1,$1(,
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numerically us!.ng the velocities
trajectories. l%is value Cf t.

along these

was ueed to
normalize t and Oy for dire:t c~mpa-ison to Eq.
(17). It is Been that the numerical results
reproduce the Taylor diffusion curve very well.
Since the Taylor :urve is an exact eolutio~ in

he Lagranglan reference frame, this comparison
mronstrates the validlty of the Euler Ian Monte

.1o approach.

< comparison af analytic and Monte Carlo

resul : for the aut.ocorrelat.ion function IS

presen ed in Fig. 3. An exponential

autocol relation function was used aa input in the
Monte Carlo calculation, RC(C ,T)
. exp(-lCl/L)exp(-r/tc), and the solid curve

shows the temporal variation of this function for

c - 0. The values used for the input parameter

tc, L, and a resuit in a value of a - 0.91. The
Yequare Eymbo s are calr.ulatt-d valuee of

‘L ‘n
which 10,000 pnrticle trajectories were used to
evalunt.e the enrxvnble averagea. The dashed curve
in the annlytic solution for RL which, ustng Eq.
(9), can be written an

?

- exp(-~/tL) -
exp[(-T/tC)(l + (8/n)l/2a)l. Th s can also be
expressed ns ~-R+C - (8/fc; l 2rJvI,-t) which
8I1OWS thst

%
drops of ❑ ore rapidly in time than

R hccHtIntI t e
ri’ispli+cernent ::av;r%%~%;: ‘;;.%;:::
anrf numerirnl results nre a .moet identical.
Itqunlly KCN,d agrewnenr wns obtained over a large
range nf vuluQn 0[ a, ~.1 ( a ( 6.4, hy vnryin~

the Inpur value~ nt tc, L, and Ov.

\ 1

, “1 ....!>...J
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M@JTE CARLO
TMEORY,BALDWIN AND
JOHNSON 1,.

oo~ *~ 1 !
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Fig. 4. Ratio of Iagrangian tu Con.rectit. Time
Scales

empirical relationa for first order- statistical
properties nuch as ihe velocity autocorrelatton
foncrlon and the correspondin~ integral scales.
One of the more ~,,,ful theoretlcnl approaches la
t he lndependenre hypothesis rruggeated by Corr~!n
(1959) in which the Lagrnnginn mutororrelatlon
functinn is rulared to the P,ltleria:\ cnnvec.tive
apace-time outocnrrel(lt in,) function by propet-ly
weighting the latter to acc,unt for the spatl~l
dinrrlh~ttinn of diffusinR parrlcles. Th{ri
Ren~,ral Approuch Wna used by Philip (1967) AI)(I
Snffman (1963) to rul,lre R (T) to

1’
~(n,T)

Philip’s ~nnlysls has hrwn ex endcri and improved
hy Baldwin AI1(I .Iohnsorr (1972) wI]() nlsn provldr au
Cxc(,l lent survey n n d (Ovulunt 10n () f (.xlst ln~

th~,orieti {1.1[1 data. It Re(,ln 9 appr~)pr tare t n

Cvnl Ilntl, Our nnnl yl ic m>lttt (I)ns hy vnmpar{w~n tu>

thv rhl, ory of lhIldwiII 411111 ,10111181)1) Hil)rc t IIvI r
rt,~lll t~ rt, prorivnt tll{, m,lflt dvtnl Id nnd rnmpl,, t r
nppl trot It)n 1)1 (hrrt;ln’ .s iIIIlt.llt,Il[l*IIIt,{, !Iyp, Itht~sl ,s,
TIIi. I r ro~~ll r~ iirt, nl so III }Ienurill ilfirt$ctnt, nt WI tl}

many 01 11(,I’ thvorioN nll(l I, <I>{,rlmt,lll ~.
l~xlw,riment;ll RI 11(1{OH nr,~ l~t~lnfl ..,ltl{l, t,. l,,, i hy III

nt!d Mertjnc,y (lqtll) to f tlrt Ilor vi,rl Iy IIMI(Iw II1 111$,1

,rl)tllbnt):l’ u !Ilvo? ’y, IIINI ,Iwtr [,l[tlt{l (!nt~ AII. III

(, loNt. n~rvt, mellt WI r 11 t I)t, tilt.,>ry.

11) 111!+ lJlp,l’,lll~ 1(111 Ffl)lltl$ (’:11 Ill Ilplll(lalll /111!1 11) Illt$
rnINItnn ro~(e I II I$[)lV Ulld b~j (;I I 1411{1 ( I W:I ) ,111(1 hv
1,0,$ nt)t{ S!!)llt (l’)t {l). ‘111(.1Pf<lrl.b I l\l, {, I I)P8(,
aKlt. #.m Ptll Wltll (III, Illl,l)t’y t)! Ihllllwlll 1111(1,I!)lllltl!lll
(!111114.1 I* AI ill) I I 1111,,?t ( Ilt t!n$~f !,1 Ilt, fltt 4)[ t 114.
I .Il)lltm 1$)1(,1. t 1 I$l)rv.
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turbulence can be formulated in terms of the

EulerIan space-time velocity aUtocor”Lelation

function. Numerical results obtained using this

approach agree with results obtained by Taylor
(1921) using the Lagrangiac autocorrelat’i on
funcrion. We have used the equivalence of the
L%grangi,ln and Eulerian Monte Carlo approaches to
derive analytic relar{.ons between the ‘Lagrangian
inregral time scale and the EulerIan integral
space and time scales. “Theae analytic results
hcive been verified by comparison to Monte Carlo

simulafio~s and to other theoretical reaulta.

They are in general agreemenr wtrh many exiaring
theories and serai-empii”ical relariontr.

‘001=iii=771
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01 I,0 10 100
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