LA-UR 80-2707

TITLE:  proMPT PISSTON NEUTRON SPECTRA AND GP

AUTHOR(S): David G, Madland M ASTER

SUBMITTED T(: Workshop on Evalnation Methods and Procidures
Brookhaven National laboratory
Upton, New York
9-22-25, 1980

DMCLAMIA — ————————

By urceplance of Chis artiele for publicadion. the
publisher recngnizes the Government's (Hieense) rights
to nny eopyrighi und the GovernmenCand 1 authorized
/ representotives have unrestricted right to reproduce in

whole or in parl sald article under any copyrinh(
< secnred by the prbiisher,

publisher ideniify 1hin article as work performed under

The Los Alamos Selentific Laboratory requesis that the
> the nuspleen of the UISERDA.

los alamos
sclentific laboratory

of the University of California /‘7
LOS ALAMOS, NEW MEXICO 87848 I\

DISTRIGUTION OF TS DOCUMENT 15 UNUMITED

An Athimative Acrion/Equal Oppodumiy Employe

UNITEN STATEN

Foum N M0 - ENERGY HESEARCH AND
M S HEVELOUMENT AIIMINISTRATION

CONTRACT W 7005 ENG W


About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


PROMPT F1SSION NEUTRON SPECTRA AND Gp

David G. Madland

Los Alamos Scientific Laboratory
University of California
Theoretical Division
Los Alamos, New Mexico 87545, U.S.A.

ABSTRACT

Methods used to obtain the evaluated prompt fissuion
neutron spectrum N(E) and the average prompt neutron
multiplicity v _ are reviewed. The relative influence of
experimental data; interpolated, extrapolated, and fitted
experimental data; systematics; and nuclear theory are
considered for the cases where (a) abundant experimental
data exist, (b) some experim- ntal data exist, and (c) no
experimental data exist. fhe Maxwellian and Watt dis-
tribntions, and the determination of the parameters of
these distributions by data fitting, are described and
compared to recent new theoretical work on the calcu-
lation of N(E). Similarly, various expressions for v
that have been obtained by data fitting and systemnticg
arc desvribed and compared to recent aew theoretical
work. Complications in the evalnation of N(E) and
W, due to the ouset of multiple-chance fission and
thf  interrelat ionships  Dbetween  N(E), Vg ., and  the
multiple-vhanre fission cross section aré.,disrnssvd

. _— . 35 "
nsing the example of the fission of u. aome
statistics and  comments are given on the cvalvations
of N(E) and v contained in ENDF/B-V, aund a ummber of
concluding n’( ommendat ions are made for fnture
evalnation work.

1. INTRODUCTION

The prompt fission nentron spevtrum N(E) aml the average prompt
nentron multiplicaty v are quantlties of crucial importauce in 4
number of practival ('onsid(erﬂtinns. Acvordingly, there is strong
interex! in the accurary and detail with whivh they are desvriied
in evaluated nuclear datan files., In thls work the methods of evanl-
uat ing these quantlties in preparation of snch files is revicwed.



In Sec. II a number of methods are reviewed by which prompt
fission neutron spectra are evaluated. These methods are then
classified according to the amount. of experimental data available
for the evaluation. In Sec. 1II models and two new theories of the
prompt fission neutron spectrum are discussed and reviewed.
Specific recommendations for the evaluation of N(E) in the cases of
least-squares fitting of experimental data and direct calculation
are made in Sec. IV. Sections V and VI, for_the methods of evaluat-
ing the average prompt neutron multiplicity v_, are completely
analogous to Secs. II and IV, respectively. summary together
with some concluding remarks is given in Sec. VII and a number of
statistics are_presented on the evaluation methods used to deter-
mine N(E) and v in ENDF/B-V,

The most recent reviews on prompt fission neutron spectra were
held at conferences in 1971 and 1975 [1-2]. A comprehensive review
of v by Manero and Konshin |[3] appeared in 1972.

I1. METIODS TO EVALUATE PROMPT FISS1ON NEUTRON SPECTRA

A nyumber of methods exist by which a representation of thr
prompt. fission neuiron spectrum N(E) can be obtained from experi-
mental data, theoretical calculation, or a combination of the two.
These methods include the following:

A.  Direct use of experimental data. N(E), where E is the energy
of the secondiary or emitted nentron, is usually given by the
experimentalis: in histogram form, that is, N, is given for
the i'th emitted ucutron energy bin (E.-E, 2]or for some
representative energy E. of that bin, Where E, has either been
measnred or defined. The spectrum N(E) is usﬁally measured for
a fixed incident energy E of the neutron inducing fission or
for spontanevns fission. l'l'ypically, the experimental data are
uot presented in absolute units, that is, N(E) is usually
wnnormal ized.,

The ENDF MF=5 LF=1 law (Arbitrary Tabhulated Function)
vian be used to tabulate a histogram of N(E). The emittedl
neutron encrgy hin limits or a representative bin c¢nergy can
be used to construct the tabulation. A complete enperimental
diata set for such a talmlation would perhaps vonsist of 10 to
15 fisston srectra which span emitted neutron energy ranges ol
~10 keV to ~ 20 MeV and which span an inuvident nentron energy
range of thermal energy to ~20 MeV. However, no such data set
yet exists. Points to conwider In this approach for the data
scty that do exist inclunde the following:

i, The experimental data cover a llmited range of the emitted
nentron energy K. The problem therefore exists as to what
to use In the externil reglons below the lowest emitted
neut ron cunergy cntoft (~200 keV to ~1 MeV) and above the
highest emitted neutron energy cutoft (~5 MeV to ~15 MeV).



2. The problem (1) is further compcunded by the fact that the
integral of N(E) over all emitted neutron energies E must
be unity, that is, N(E) is a normalized spectrum.

3. If one is specifying the energy bin of the histogram by a
defined representative bin erergy E, some awmount of care
must be exercised in the definitionlespecially in the tail
region (E > ~2-3 MeV) of the spectrum wlere the behavior
is approximately exponential. For example, the choice of
the mean energy of the bin in this region would distort
the measured shape of the spectrum.

Use of experimertal data to determine parameters of models
which approximate the prompt fission neutron spectrum. Least-
squares or 'eyeball" fitting procednres of experimental fission
neutron spectra can be applied to determine the paiameters of

a model of the fission neutron spectrum. The parameters ex-
tracted from the fitting analysis can then be used in the model
expression to repiesent the fission neutron spectrum at, or
near, the incident neutron energy corresponding to the experi-
went. Of coursc, if experimental spectra exist for a number of
incident neutron energies for the isclope of interest, then

the model parameters can be extract=d and used in the model
expression to represent. the fission neutron spectrum on a set
of incident. neutron energies. Ir this case, if the experimental
spectra are sufficiently extensive and accurate, the dependence
of the model parameters upon the incident neutron energy can h:
determined provided that the model is a realistic physical
approximation.

Some of the more widely us=d model expressinn include the
Maxwellian distribution, the simple form of the evaporation
spectrum |{4], and the Watt distribution {5]. TlLese expressions
will be discussesl in more detail in Secs. III. A. and 1I1.B.
They are options for representing the fission neutron spectrum
in ENDF MF=% under LF=7, 9, and 11 laws, respectively.

Points Lo consiver in the approach of uring experimental
fission neutron spevirnm alata to determine rodel parameters
include the following:

1. The most obvious question is which of the commonly used
mode]l exprersions best approximates the fission neutron
spectrum? This topic will be addressed in Secs. 111 anl
1v.

2. A good examplie of the use of least-sqguares fitting proce-
dures in the determination of Maxwellian und Watt distri-
bution parameters, on prompt fission neutron spectra
mcasured at a single incident neutron energy, is given by
Johansson and holmqvist [6].

3. 1f the least-squares minimization procedure involves an cx-
perimental data et compriseld of measnrements from several
sonrver, the ponarthility exists that quite different experi-
mental error analyses were periormed.  This comlition van
lead to vver-blased and possibly erroncons resulin unless
the degree of thoroughmess, or lack thereof, of each error



I,

analysis is understood by the evaluator. Error adjust-
ment, of course, should only be done in collaboration with
the experimentalist.

4. At sufficiently high incident neutron energy (E_ > ~6-7
MeV) multiple-chance fission processes (n,xnf) gegin to
occur in which x neutrons are sequentially evaporated
prior to the fission of the last compourd nucleus. In an
experiment 0, 1, 2, ... up to x evaporated neutrons are
measured together with pure fission spectrum neutrons in
the same fission event (coincidence gate) to comprise the
total fission neutron spectrum. The model expression used
in the least-squares fitting procedure is thecrefore made
up of a certain number of evaporation speccrum terms and
a certain number of pure fission spectrum terms, depending
upon the magnitude of E . The number of terms and how
they a:e combined is exglained in Sec. I1I.C.

Direct ase of models which approximate the prompt fission neu-
tron spectrum. This approach is identical to the one just
discussed (Sec. T11.B) except that the parameters of the model
expressions are obtained by methods other than least-squares or
"eyeball" fitting procedures using experimental fission neutron
spectra. Therefore, the comments of Sec. I1.B.1 and Sec. 11.B.4
apply to the present discussion. The kiy to this approach is
the determination of an expression for the model parameter, such
as the Maxwellian temperature T, , either empirivally or by cal -
culation in terws of other known ynantities of the fissioning
system.

One well kinown example due to Terrell [7,8] is the rela-
tionship between the average energy of the prompt fission
nentron spectrum <E* zml the average prompt ncutron maltiplivity
“p' given hy

. N = " .
<h(h",) a + B\.\'p(h") + 1 ot)

where o ~ .75, B = 0.60, and where o awl fi vary slowly with E
and fissioning miclens.  Sinve the average energy of the Max-
weliian distribution is (3/2) T,, Ey. (1) determines T in

terms of v which can be 3rcuravoly measured.  In Sce.111LB it
will he shBwn that Eq. (1) is an approximation of a more general
expression also caleulated on the basis of Terrell's experi-
ments {7).

Use of systematics to approximate the prompt fission nentron
spectrum.  The use of systemativa in this casce meaus simply
that the fission neutron spevtrum Jesired is {dentificd with

an existing fission nentron spertrum, or average of existing
fission uentron spectra, for fissioning nuclei that share some
property, or propertics, in common with the one of interest.

Au cxample might be that thermal flssiop is a common property
and that the mass and charge mambers of the compouud fissioning



nuclei are very nearly the same. The cautions that need be
exercised in the application of this method are obvious.

E. Theoretical calculation of the prompt fission neutron spectrum.
Two new theoretical calculations of the p: mpt fission neutron
spectrum exist. Tne first of these is a statistical model
approach by Browne and Dietrich {9,10] which employs a full
Hauser-Feshbach calculation for forty fission fragments repre-
sentative of the fragment mass distribution. The second
calculation is an approach based upon nuclear-evaporation
theory by Madland and Nix [11-16] which accounis for a number
of physical effects which have usually been ignored. Both of
these calculations show significant advances in reproducing
experimental fission neutron spoctra. This gives credence to
their use in evaluation work. They will be discussed in mo:e
detail in Sec. III.

Evaluation of the prompt fission neutron spectrum for a given
isotope will generally involve the use of one or more of the five
methods, A through E, just discussed. It is useful to consider the
suitability of these methods as a function of the amount of quality
experimental data available to the evaluator. We consider three
cases: abundant experimental data, some exverimental data, and no
experimental data. In the casc of abundant experimental da{a the
methods A, B, and E may be suitable. If accuracy is the main con-
sideration in the construction of the evaluated file then methods
A and E may dominate, whereas if minimal computing time n the use
of the file is the main concern then methods B awl, to some extent,
E may dominate. In the case of .ome experimental ddld the methods
B, C, and E may be suitable. i1 methods B and C are both employcil,
but at different ranges of invideat nentron vnergy, then overlap
calrnlations should be performe:d (o insure continnity. In the cuse
of no experimental data the method: €, D, and E may be suitable.
Comparison of the resuits using methnds C and E wonld perhaps be
nscfnl in assessing 2 vonfidence level,

111, MODELS AND THEORIES OF THE PROMIT FISSTON NEUTRON SPECTRUM

tu the following K and N(E) are laboratury expressions, and
awd ¢(1) are center-of-mass expressions, where E and € are setondary
cr emitted nentron energies.  lUuless otherwise noted N(E)Y and ¢(f)
are normalized to unity when integrated from zeve to intimty.  All
cocrgies and temperatures are in units ol MeV.

A Previons work.,  The Maxwelliauw distribution is given by

. R N V) . ,
Ny(E) = (2/JnTy) E / exp(-1./Ty) (2)

where T, is the Haxwellian temperature.  The average envrgy of
the Maxwellian distribution is given hy



<1-:>M = (3/2)'rM . (3)

The Maxwellian distribution is properly a center-of-mass ex-
pression and its use to describe fission neutron spectra mea-
sured in the laboratory system means that the temperature T
is accounting not only for the emission of neutrons from the
fission fragments, but also the renter-of-mass motion of the
fragments as well. We use the notation for the laboratory
system here because the distribution is used in this way,
historically and at present, to describe measured fission neu-
tron spectra.

The center-of-mass neutron evaporation spectrum [4] is
given by

o(e) = k(T )o_(e)e exp(-£/T,) (4)

whiere k(T ) is the temperature-dependent normalization, o _(g) is
the cross®section for the inverse process of compound nucleus
formation, and T_ is the temperature of the residual nucleus
following neutron emission. T.e center-of-mass simple neutron
evaporation spectrum is ohliined by assuming Oc(e) constant.

In this case k(Te) = l/oc Te and

o(c) = (£/T2) exp(=£/T ) (5)
for which the average cnergy is given by
<> = 2T . (¢)

One use of Fys. (4) and () is in the description ot the
evaporation-nentron compenent of the total fission nentron
spectrum in lhvrcuse of multiple-chance fission, as discussed
in Sev, 11.B.4.

The Watt [5] distribution is given by

Nw(E) = onp(-Ef/Tw)/JanTw] x

(7)

lexp(-E/T.) sinh(ZJHHf/Tw)l

In this circumstance the nentrons arc evaporating from a compound
fiisioning nncleus just prior to fission and the distinction between
laboratory and center-of-mass systems is negligible.



where T,, is the Watt temperature and E_ is the average fission-
fragmen! kinetic energy per nucleon. fhe average energy of the
Watt distribution is given by

<E>, = E. + (3/D)T, . (8)

The Watt distribution is obtained by assuming that the center-
of-mass fission neutron spectrum is Maxwellian, that both
fission fragments are moving with the same average kinetic
energy per nucleon E_, and transforming to the laboratory
system. In the limi{ that E_ approaches zero, N,,(E)
approaches N_(E). The Watt 5istribution is clearly more phy-
sical than tne Maxwellian distribution because the contribu-
tions due to center-of-mass fragment motion and neutron
emission from the fragments are separately taken into account.

New work. Two new theoretical calculations of the prompt fis-
sicn neutron spectrum exist. They have been briefly described
in Sec. II.E.

The first new calculation is the statistical-model Hauser-

Feshbach calculation of Browne and Dietrich [9,10]. This
approach may ultimately provide the most exact agreement with
experiment. At the present time, however, this is not the case
because of insufficient knowledge of three main input quantities
to the calculation. These arc the initial fragment spin and
excitation energy distributions, the fragment nuclear level
densities, and the neutron plus fragment transmission cocffi-
cients. The status of this work is that fairly good §§;ormrut
with experiment has been achieved in calculating the “7“Cf
spontaneous~-fission neutron spectrum. The next step would b
to improve the physics content of the three main input gnanti-
ties., Thiu would perhaps be crurial in using this approach in
evaluation work. The Hauser-Feshbach formalism is sufficiently
complex that the final expression for the fission neutron spet -
trum cannot be written without considerable preliminery defini-
tion. Acrordingly, a readiny of Ref. [9] is recommended.

The seccond new calenlation is the approarh based upen
standard nurlear-evaporation theory by Madland and Nix [11-16]
which accounts for the physical efferts of (1) the center-ot-
mass motion of each fission fragment, (2) the distribuntion of
fission-fragment residunal nuclear temperature, (3) the encrgy-
lependence of the vross section o _(v) for the iaverse process
of compound nuclens formation, and (4) the acrurrence of
multiple-chance fission procerses at high excitation energy.
This approach is somewhat mure ecasily applicd for various
fissioning nuc;ei and incident neutron energies. Moreover,
the formalism similtaneously yields expressions for N(E) aund
v). for high- as well as low-excitation fission. In addition,
thiz work gives formulas for the parameters of the Maxwellian
an:l Watt Cistributions as a funvtion of fissioning mnclens and
incident nentren energy. A cantivnary note simi lar to that
{or the Hansger-Feshba~h approach is that vertain inpnt quonti-



ties to the calculation, such as nuclear level-density para-
meter and average fission energy release, could have improved
physical content.

The fission neutron spectrum has been calculated for two
different assumptions concerning the cross section g (£). Use
of a constaat cross section yields a closed expression for the
spectrum while use of an energy-dependent cross section,
calculated with the cptical model, yields a numerical integral
expression. The expressions for the prompt fission neutron
spectrum N(£), the average energy of the spectrum <E>, and the
average prompt neutron multiplicity v_, under the two assump-
tions are as follows: P

oc(s) = counst. at

N(E) = ZINCE,E}) + N(E,ED)] (9)

where EL and EH are the average fission-fragment kinetic energy

per nuc{eon of the light and heavy fragment, respectively, &nd

NGE,EQ) = (1/3VET ) Tu)2 E (uy)
- E )+ ¥(3/2.0)
- Y(3/2,U1)| (10)
vhere
u = WE - JED?

2
2 (JE + JEf) )

[
n

E. is the exponential integral [17], y is the incomplete gamma
function {17), and T_ is the maximum temperature of the fission-
fragment residual nuclear-temperature distribution. The average
energy of the spectrum is given by

<F> = Z[Efﬂ-:f] + (1./3)Tm . (1

The average prompt neutron multiplicity Gp is given by



) <E"> - <gtots
vp = Y . , (12)
<sn> + (4/3)'1‘m

where <E*>tég the initial total average fragment excitation
energy, <E > is the “otal average prompt gamma-ray energy,
and <Sn> id the average fission-fragment neutron separation
energy.

oc(c) calculated using the cptical model

N(E) is given by Eq. (9) where

N(E,E_) = (1/2 JE Ti) x
f f'm (13)
u2 T
[ €0 (e) Je de [.™ k(T) T exp(-¢/T)dT .
ul c 0

The average energv of this spectrum and the average prompt
neutron multiplicity are given exactly by Eqs. (11) and (12)
with the quantity (4/3)T, replaced LDy <&£> which is the average
energy of tie center-of-mass neutron spectrum obtained by
numerival integration (see Ref. [15]).

Equation (10) can be evaluated easily on auy modern com-
puter with a svientific program library. Similarly, Eq. (13)
can be numerically inteprated by o number of techniques; for
example, Gaussian quadrature is used in Refs. i12-16l.*

The initial average fragment exrvitation eneigy “E > and
the maximam temperature Tm arer related by the Fermi-gas law

T = (<E »/a) /% (la)
m

where a is the nuclear level-density parameter. The average
excitation encrgy 18 obtained from

<> = k>R +E - <E:°‘> . (151

where <E > is the average energy release given by tne differ-
r S

ence between the groand-state mass of the fissioning compound
nucleus and the ground-state masses of thr two fission frag-
ments, B and Eu are the separation enecgy and kinetic enerpy
of the niutron induring fission, and <K, "+ is the tuotal aver-
age fission-fragment kinetic energy. T is obtained by sub-
stitution of E¢q. (15) into Eg. (14).



The quantities <E_> of Eq. (15) and <S_> of Eq. (12)
must be carefully calclilated by averaging oVer the peaks of
the fragme t mass distribution [15]._ The rﬁmaining quantities
in the two equations together with E_ and E_ can be obtained
directly from experiment or empiricafly based formulas [13,15,
18, 19].

discussion

Expressions for the Maxwellian and Watt temperatures T
and T, in terms of the above physical quantities are obtained
by equating the average energies cf the two distributions to
that of the exact calculation. In the o_ = constant case,
using Eqs. (3) and (11), one obtains ¢

_ 1. .L H
while use of Eqs. (8) and (11) yields
Tw = (8/9)Tm , (17)

where Tm is given by Eqs. (14) and (15). Going one step
further, a quadratic relation between T and v_ is obtained
by substitution of Eq. (14) into Egq. 1% yielHing

T = (26p/3a)
+ J(zGP/Sa)2 + (5 <5 >+ <€) a (18)

which can be used in Eqs. (16) and (17), respectively, tc
obtain T,, and T, in terms of v_. The well-known expression

due to Tgrrell Y?] given by Eq? (1) is obtained in the limit
that the first term in the square-root exesgssion is negliy, ble
compared to the second and that <S > = <E_~ ">, Substitulion of
the approximate T into Eq. (16) and multyplying by (3/2)

gives Eq. (1). m

235 The prompt fission neutron spectrum for the fission of

U induced by 0.53-MeV neutrons is shown in Fig. 1 for the
present calculation, where O0_ is assumed constant, given by
Eqs. (9) and (10), for the Mixwellian distribution given by

Eq. (2), and for the Watt distribution given by Eq. (7). The
average cnergies of the Maxwellian and Watt distributions are
identical to that of the exact calculation by construction
using Egqs. (16) and (17). 1In Fig. 2 where the ratios of these
two approximations to the exact calculation are plotted, the
Watt spectrum is accurate to within ~5% for laboratory neutron



energies below ~7 MeV, but for higher emergies is less than the
exact calculation because T,, is less than the maximum tempera-
ture T . In fitting experimental fission neutron spectra to
the WaPt distribution, T, is usually increased and E_ decreased
to somewhat unphysical values, in order to simultaneously
optimize the fit at intermediate and higher energies where most
of the data exist [6]. The Maxwellian spectrum is a less
accurate approximation, especially at high energy because T

is substantially greater than T . In fitting experimental
spectra to the Maxwellian distr?bution, T,, is usually decreased
in order to preserve the fit at high energy [6,20,21]). This
simultaneously increases the spectrum somewhat at lower encrgies
because of the normalization.

The present calculation predicts a definite dependence of
the prompt fission neutron spectrum (and v_) upon both the
fissioning nucleus and the incident energy of the neutron
inducing fission. Figure 3 shows the changes in the spectrum,
at both low and high eunergy, as the charge and mass of the
fissioning nucleus increases, for thermal-neutron induced
fission. Figure 4 shows the dependence of the spectrum upon
EBS incident neutron energy, for the first-chance fission of

U.
Figures 5 and 6 show comparisons of the present calcula-
tions, for the two cases of 0_ = constant and 0 _(£) calculated
using the optical model, with®the experimental data of Johanssor
and Holmqvist [6]. The optical-model parameters of Becchetti
and Greenlees [2”] are used for ieasons given in Ref. [15].

In Fig. 6 it is apparent that the energy-dependent cross sectior
calculation has introduced some structure into the spectrum and
has softened the high~energy portion. It is clear that the
calculation performed with the energy-dependent o _(£) is more
exact than the calculaticn performed with o. = constant. The
same effect and the same conclusion is obtained in 3 comparison
to the expeiggental data of Boldeman [20] for the spontaneous
fission of Cf, shown in Fig. 7. The calculations shown in
Figs. 5-7, togecther with those in Figs. 1-4 discussed ahcve,
have all been performed assuming a nuclear level-density para-
meter a in Eq. (14) given by

a = A/(11 MeV) , 19)

where A is the mass number of the fissioning compound nucleus
(see Ref. [15]).

A final note of this discussion is that the o = constant
calculation given by Eqs. (9) and (10) is much simgler. with
respect to both computing time and coding time, than is the
optical-model o _(g£) calculation given by Eqs. (9) and (13).
The question arises as to whether tlie energy dependience of tie
compound-nucleus formation cross section O _(E) can be simn-
lated. An approximate solution is found by a slight readjust-
ment of the level-density parameter from the value given by
Eq. (19) to the value



a = A/(10 MeV) . (20)

eff

A comparison of Figs. 5 and 8, which differ only in the choice
of the level-density parameter for the 0_ = constant calcula-

tions given by the dashed curves, indicafes that the approxi-

mation is reasonably gcod.

Multiple-chance fission. At high incident neutron energy E
multiple-chance fission processes (n,xnf) occur in which x
neutrons are sequentially evaporated prior to fission where
x=20,1,2, ... . In this circumstance the total prompt fission
neutron spectrum is comprised of evaporation-spectrum terms

and pure fission-ueutron spectrum terms depending upon the
magnitude of E . If E ~ 7 MeV first- and second-chance {ission
occur whereas if E_ ~ 14 MeV up to third-chance fission is
possible. The totdl prompt fission neutron spectrum where
first-, second-, and third-chance fission are energ:cically
possible is given hy

N(E)

{Pllel(E) + PZI¢I(H)+v2N2(E)I

+

P_.,MI(E)+¢2(H)+\:3N3(F-)1}/{Plvl

-+

P2(|+52) . v3(z+63)} : (21)

The average prompt nentron multinlicity, as a function of the
inrident nentron ecnergy E , where first-, second-, and third-
chzace fission hecome rnvrgetically possible as E" inrreases,
is given by

u(En) {Pl(Hn)vl(H") + Pz(Hn)ll + vZ(H")I

+

Pn(E")IZ + v3(E")I|/{Pl(H")

+

Pz(Hn) + P3(H")] . (22)

In these two expressions P, N, and V_are the fission prob-
ability, pure fission reentron HpOClTHmT and average prompt
nentron nultiplicity, respectively, for m'th chanve fission
whereas ¢ is Lhe evaporation spertrum for the m'th evapora-
tion neutron,

A methaml to calenlate the figsion probabilities is develop-
ed aud used in Ref. [15].



F.gures 9 and 10 illustrate the influence of multiple-
chance fission processes on .. ¢ prompt fission neutron spec-
trum. The cuarve labeled "0 = Constant” is calculated using
Egs. (2) and (10) under thecassumption of first-chance fission
only. The same is true for the curve labeles "o (e) First-
chance fission” except that Eqs. (9) and (13) aré used. The
curve labeled "o (&) Multiple-chance fission" is calculated
using Eqs. (4), f9), (13), and (21). Figure 9 shows how the
high energy tail of the spectrum softens and the evaporation-
neutron peak appears as multiple-chance fission processes are
switched on. In Fig. 10 the evaporation-neutron peak is seen
more clearly as a ~1-2 MeV wide peak centered at ~0.5 MeV.

IV. PRCMPT FISSION NEUTRON SPECTRUM RECOMMENDATIONS

Genera. recommendations for evaluating the prompt fission ueu-

tron spectrum depending upon the amount of quality experimental data
available have been given at the end of Sec. 11. More specific
recommendations as a consequence of the developments outlined in

Sec.
A.

B.

111 are given here.

Least-squares fitting of experimental prompt fission neutron
spectra. The recommended expresszions *o use in fitting pro-
cedures are given in decreasing order of physical content:

1. The prompt fission neutron spectrum N(E) for o (g) =
constant ,iven hi Eqﬁ. (9) and (10). The threé fitting
parameters are E_, E,., and T .

2. The Watt distribution N, (F) given by Eq. (7). The two
fitting parameters are Ef and T,,.

3. The Maxwellian distribution NM(H) given by Eq. (2). The
single fitting parameter is TM'
If »ltiple-chanve fission spectrum data are fit, a com-

bination of N(E) terms and neutron evaporation terms ¢(E) must

in prinviple be invluded in the fitting expression according to

Ev. (21).
1f extracted T , T, , or T, values are themselves para-

meterized in terms Of t“o incident nentron energy E or v, it

iz recommended that the depemlencies follow those given i

Eqs. (14) through (18).

Dircet calenlation of prompt fission nentron spectrs.  The
recommended expressions to use in ealeulating prompt fission
nentron spectra are given in devreasing order of physival
content

1. The prompt flssion nentron spectrnm N(E) for UC(L) cal-
culated with the optical medel and given by Eqs. (9),
(13), (14), and (19).

2. The prampt fisslon nentron spectrum N(E) for o (¢) =
constant given by Egs. (9), (10Y, (14), aund (2b).



3. The Watt distribution N (E) given by Egs. (7), (14),
(17), and (20). Note l“at Eg. (18) can be nsedd in
place ol Eq. (14).

4. The Maxwellian distribution N,(FK) given by Eqs. (2), (14),
(16), and (20). Note that Ev. (18) can be used in place
ol Eq. (14).

Equition (21) should be used when calculating multiple-
chance fission neutron spectra. Equation (4) should be used
for energy-dependent U((L) calculations and Fq. (5) shonld he
used for a( = constant czlculations.

V. METIODS TO EVALUATE THE AVERAGE 1'ROMIT
FISSTON NEUTRON MULTIPLICITY vp

A number of methods exist by which a representation of the

average prompt fission neutron multiplicity v~ can be obtained 1rom
experimental data, theoretical calceulation, of 4 combination of the

two,

A.

.

These methods inclnde the following:

Dircet_use of experimental data,  The experimentalist usnally
gives v as a funetion of the incident encrgy E of the neatron
indnrinE fission. A relative measurement is nsially performesd
hy which v for the isotope of interest is measured relative to
thngrinr shine standard reaction such as the spontaneous fission
of <t Acvordingly, vare must be exzercised ia the use of
experimental v -ratio sets fram diverse sources becanse differ-
ent _standard rBaction: may have heen used or the accepted valae
ol v for o common standard may have changed with time.

Prhe ENDF MF=1 INP=2 law (Tabulated pairs) can be nsed to
tabnlate experimental vp vialues dirvectly, as a function of E“.

lise of experimental data and systematics to determine para-
meters of models which_approximate v . It in well known ex-
perimentally [3] that v varles apprgximnlvly linearly with
the incident nentron entrgy E . The simplest approach of all,
therefore, in to fit the vxpr?imuntnl data for a given isotoepe
to the lincar expression

vn(H") th o+ cH" (T

hy the method of least=ggquares, where b and ¢ are the para-
metecs Lo be determined,  This approach has been wiscely used,

# gaud example heing that of Soleflhac (23], The ENDF MF= 1
LNP=1 law (Folynomial represeuntation) cin be used to represent
M oas a polymmnial ln B up ta third degree. Note that ase of

) . . 1

qhndrnllr and cubic terhs In this appruach can yleh!l unphyslyal
results when extrapolating the it to high K values where, In
many {nstancen, Httle or no eaperimental dula exint. lowever,
n vareful aml extensive study of the polynomlal representation



of v (1) by least-squares analysis has heen performed by
ManeFo Bnd Konshin [3] in which, fvr some cases, fifth-degrec
terms were statistically sigaiticant.  The theoretical energy
dependence of v is obtained fhiom Eqs. (12), (14), and (15)
and is of the fbrm

- _ . _
\,_.,(h") (dﬁ.")/(lm\hﬂ.") (24)

where d, £, g, and h are approximately constant with E [19].
The encrgy-dependence of Eq. (24) is dominated by the Yinear
term of the numerator, but is moditied to turn slightly
downward with invreasing Foine to the energy-depemlent term
uf the denominator, "

Much attention has been given to the determination of the
parimcters b_and ¢ of Eq. (23) by o study of the systematic
behavior of voin actinide and t ns-actinide nuelei (3], Ia
particvalar, Ghrdeeva and Smirenkin [24] determined a linear
expression for b oin terms of A vl 72 af the fissioning nacleus.
Theit expression, vilidd for thermal=nentron-indnced fission,
nltimitely proved to he atenrate to within ~8-9% [3). Simi-
Larly, Ping=Shin T and I'vinece {25] found that b could by
described in terms of 2°JA with an acviuracy of ~10%.

Howerton {26], in a study of the systematics of nentron-
induced ftission fo ineolent nentron encergies ranging 1rom
thermil to ~0 MeV deteiwined expressions for both b and ¢ of
Eq. (23). The pmameter bois descerihed in terns of A and 2
of the target anclens mol a gquantity Eo . The parameter o s
expressed an teems of Ao When Eoo s nﬁtimnlly djusted to fit
the v (K ) datu of a given isotops the overall agreement in
bettel than ~5% to1 the data of that isotope. In this approach
fig, simply shifts the zevo-encrgy intercept of Eqg. {2°1) to the
oplima] valne. Obtaining, in this way, a sct of K. values
for the v (k) data of a set of actanide nueled, ovirall apree-
ment s n“ln?nvd to within ~%% fw1 the entire set of experi-
mental data.  The results obtained in Ref. (20 ave therefore
usefnl iv represeprting the experimental v (E ) data that were
used to obtain those resnlts, pon

Theoretival Calenlatian of V . A new theoretival eoleulation
of v ex!sts based upen stanlard nuc lear-evaporation theory.
A ditiussion ol the calvulations [11-16] and presentation of
the resnlts han been given in Sec. LB and 111G Do
Emary: Vv (K ) is obtalned using experimentally known or
calenlated Hnnﬂ!illoa ag input. Calculationx of v (K ) are
performed for two different assumpt ionn rnn(ﬂrnlng)lhu Crosu
sectlon a () for the inverse provess of compound=mic lons
formatlon'  In the cake o = tonstant, v (F ) is given by
Fas. (12), (141, (15), andl (20). 1o thel'vake u (1) 18 calen-
Iatesl anlug the optical model, v (E ) 15 given by Fg. (12)
with (4/3)T  replaved by o4, anll H”N. (14), (1h), and (19).
As shawn 1n"Ret, {1h]), elther of these awgumpt fons can he 00 0



for the calculation of v (F ). The energy dependence of v (L)
is given, approximatoly,pbynEq. (24). VWhen mgltiple-chancg
fission occurs Eq. (22) is used to cslculate v (E ). A catco-
lation of v_(E_) is compared to experimental dBta"in Fig. 11.
The calculabiofls were performed using the encrgy-dependent
cross section assumption. In one case it is assumed that only
first-chance fisgion occurs whereas in the other casc first-,
second-, and third-chance fission contributions are combined
according to Eq. (22).

As in Sec. II, it is uscful to consider the suitability of the
methods A, B, and C as a function of the amount of quality experi-
mental data availab ¢ to the evaluator. In the case of abundant
experimental data the methods A and the least-squnares fitting pro-
cedures of method B may be most suitable. Methoil C may serve as
0 guide. In the case of some exprrimental data the methods B and €
mhy he most suitable. If both are used, overlap calculations are
required. Irc .he casc of no experimental duta methou C is preferred.

V1. RECOMMENDATIONS FOR G“

General revommendations for evaluating v (E ) as a function of
the amount of gquality experimental data availih1¢ have Just heen
given at the end of See. V. More specific recommemlations are
given here.

A. Least-squares fitting of experimental 5'(E") data, The
recommended expressions to use in filtihg proitcdures are given
in decreasing order of physical content:

1. The expression for \-))(I-Z") given by Eq. (12). See Ey. (24)
tor a parametric form
2. The expression tor vP(H") given by Eq. (235).

i Direct '"lv” |&inn sr p S“ g. The rfrnmmgndudlrxprPNannn to
tise in cateuiating 3('H nfe given in decreasing vrder of
physical content: J

1. The expre-sion for v (K ) given by Eq. (12) with (4/3)T
replaced by <>, nnngqH. (14), (15), and (1v). m

2. The expression for v (K ) given by Egs. (12), (14), (15),
and (20). _l) n

3. The expression far vp(H") given by llowerton [26].

Eynation (22) is used to calculate 6,(H") In the multiple-
chonee fiwsion region, !
Vil. SUMMARY
General revommendat fons o the evalunation of the prompt finsion

nentron spectvum N(E) aml “he average prompt neutron mdtiplivity
“p as a functlon of the amotut of guallty data avoliable have been



given at the ends of Secs. Il and V, respectively. Specific recom-
mendations with respect to least-squares fittiag procedures and
direct calculation of N(E) and v_ have been given in Secs. IV and
VI, respectively, where the avaifable options are listed in de-
creasing order of physical content. Recommendations have been
given for the evaluation of N(E) and v at high incident neutron
energy where multiple-chance fission ppocvssrs occur. All ol the
recommendations given in this work have heen made from the perspec-
tive of the most accurate physical represcentation of N(F) and v,

In actual practice, however, the evaluator must weigh these rectm-
mendations against the other constraints of his task.

A new calculation of N(E) and v_ based upon standard mm lear-
evaporation theory has hecn ouElinvd'and shown to yield good resnlts
in the prediction of N(E) and v_ for high- as well as low-vxcilation
fission. The theory has demonsPrated the dependence of N(E) and v
upon fissioning nucleus and 1ncident nentron energy. 1t has heen '
shown by derived relationships that N(E) and v shonld be calculated
anid evaluated simultaneonyly. P

In conclusion, a survey was made of the forty ENDF/B-V actinide
and trans-actinide evilnations having MF=1 and MF=h v amd N(E) files.
The intent was to gather statistics or the methods used to evalnate
N(E) and v . ‘The results of the survey are given in Tables 1T and 11,
vhicl, are gvll-vxplnnntnry. Some noteworthy vomments are Lhe follow-
ing. In Table 1 (€) for the statistics of the total fissian nentron
spevtrum (MT=18) it is scen that in 35 ol 40 cases the Maxwellian
distribution is nsed.  In 16 of the 35 cases a single Maxwellian
temperature represents the romplete energy dependence.  Morcover,
in 1% of these 16 cases, the single Maxwellhian temperature has the
same value, namely, T, = 1.3 MeV.  This constitutes an unphysical
desiription of N(E] for the 1% cases in that the dependence of N
upon fissioning mn leus and incident nentron energy is ignored.
lu Table 11(B) it is scen that only in B cases ont of 40 15 a dix-
tinction mule between the total and prompt v, Other over-simplifi-
cations in the description of N(k) for multiple=vhame fisgion pro=
ceases can be seen in Table 1. The twn tables illustrate that mach
wiitk can be done to improve the physical deseriptions of N(F) ol
v" in futnre wor k,
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(A)

(B)

()

(b}

TABLE 1

Statistics on the Fission Neutron Spectrum Files of
Forty ENDF/B-V Actinidi: and Trans-Actinide Evaluation:

Nuclide Mass Number and Charge Number Ranges
230 < A < 253 90 < Z < 98

Distribution of Fission Neutron Spectrum Files Accordiap
Total Fission and Multiple-chance Fission Components (MT=»3
is total fission, MT=19 is first-chance fission, MT=20 is
second-chance fission, MT=21 is third-chanre fission, and
MT=38 is fourth-chance fission)

__ File Types lncluded Number of Cases
MF=5, NT=18 22
MF=5, MT=18,19 0
MF=H, MT=18,19,20 12
MF=5, MT=18,19,20,21 4
MF=5, MI=18,19,26,21,38 2
total number of cases 40

Distribution of rfission Neutron Spretrum Representations lsed
for MI=18 Files (Total Fission)

Representation Nuwber of Cases
Maxwel lian spectram 16
(single temperature)
Maxwel lian spectrn 10

(array of temperatures)

cnergv-dependent Watt spectrum ]
total mumher of cases 40

bistraibution of Fission Neutron Spectrum Representations Used
for MI'=1Y Files (First=vhame Fission)

Representat ion Numlter ot Cases

Maxwellian spectram 12
(single temperature)

Maxwellian spectrum 1
(array of temperatures)

encergv=dependent Watt spectrum 3
total mmmber ol vases 18



(E)

(F)

(G)

Distrisbution of Figsion Neutron Spectrum Representations Used
for MT=2( Files (Second-chance Fission)

Representation Nuher of Cases

Maxwellian spectrum 12
(sineie temperature)

Maxwellian spectrum 2
(array of temperatures)

Maxwellian spectrum (array of 1
temperatures) and evaporation
spectrum (array of temperatures)

energy-dependent Watt spectrum 3
and evaporation spectrum (array

of temperatires) _
total number of rases 18

Distribution of Fission Neutron Spectrum Representations Used
for M¥=21 Files (Third-chance Fission]

— Representation B Number of Cases
Maxwellian speirtrum 2
(arvay of temperatures)

Maxwellian speitrum (array 1
of temperatures) and evaporatinoa
spectrum (array of Lemperatures)

energyv=depemdent Watt snectrum
and evavoration spectrun (array
of temperatures)

e

cuergy=dependent Watt spectrum 1
and two ovaporation gprctra

(arrays ol temperacures)

total pnumber of rases (

Distrihirtion of Fission Nentron Spectiam Representations Useil
for M=% Files (l'ourth-chance Fission)

Kepresentatvion Number of Cases

energy-dependent Watt kpoctrum 1
and vvaporation spectrum (array
of temperatures)

encrgy=dependent Watt spectrum and 1
three evaporation specten (arrays of

temp--ratnres)

total tumber of canex P



(A)

(B

()

TABLE 11

Statistics on the v Files of Forty ENDF/B-V
Actinide¢ and Trans-Actinide Evaluations

Nuclide Mass Number and Charge Number Ranges
230 < A < 253 90 < Z < 98
Distribution of v Files According to Total (5 ), Prompt (v.),

and Delayed (Gd) Components (MT=452 is Voo MT=456 is v, a d
MT=455 is vd) ]

___File Types Included_ Numher of Cases
MF=1, MT=452 32
MF=1, MT=452,456 ]
MF=1, MT=452,456,455 7
total number of cases 40

Distribution of v Representations Used for MT=452 Files (Gt)

Representation Number of Cascs
linear 25
tabujation Ih
total mmber of cases 40

Distribution of v Representations Used tor MT=456 Files (5,)

Representation Number of Cases
lincar J
talmlation 6
tota] number of rases 8

Di-tribution of v Represcutations Psed for MT=45%% Files (\"d')

Representation Nunber of Cases

tabnlation 7
total number of cases 7



Fig. 1.
Fig. 2.
Fig. 3.
lig. 4.
Fig. 5.

FIGURE CAPTIONS

Prompt fission neutigg spectrum in the laboratory system
for the fission of U induced by 0.53-MeV neutrons. The
solid curve give the present spectrum calculated from Egs.
(9) and (10), the dashed curve gives the Watt spectrum
calculated from Eq. (7), and the dot-dashed curve gives
the Maxwellian spectrum calculated from Eq. (2). The
values of the three constants ﬂppearing in the present
spectrum are E_ = 1.062 MeV, E_ = 0.499 MeV, and T_ =
1.019 MeV, w!ereas those in the Watt spectrum are £ -
0.780 MeV and T,, = 0.905 MeV. The value of the single
constant appearing in the Maxwellian spectrum is T, =
1.426 MeV. The mean laboratory neutron energiec o? the
three spectra are identical.

Ratio of the Watt spectrum and the Maxwellian spectrum to
the present spectrum, corresponding to the curvee shown in
Fig. 1.

Dependence of the prompt fission neutren spectrum upon

the fissioning nucleus, for thermal -neutron:induced

fﬁssion. The values of the constants aESQE = 1.106 Eev,

F{ = 0.457 MgV, and T = 0.989 MeV for Then, arg,f. =

1.033 MeVy Ef = 0.527 MeVy and T = 1.124 MeV for © butn,

and gyg E = 0.995 MeV, E = 0.575 MeV, and T_ = 1.304 MeV\
1 f [\

for Cf+n.

Dependence of the prompt fission neutron spectrum upon the
h%evtir encrgy of the incident neutron, for the fission of
“U.  The maximum temperature T is 1.006 MeV when the
incident neutron energy is 0 MPVT is 1.157 MeV when the
invildent nentron energy is 7 MeV, and is 1.290 MeV when
the invident neutron encrgy is 14 MeV. The values of the
averagoe kifetir energy per HUﬁIPOn arc for each rase held
fixed at E,"= 1.062 MeV and E, = 0.499 McV. Foi the
latter two cases, the spectra are calirnlated for first-
chance fission wonly.

Prompt fission neut;qg spectrum in the laboratory svstem
for the fission ot 77U induced by 0.53-MeV neutrouns.

The dashed curve gives the present spectrum calculated
from Egqs. (9) and (10) assuming a constant cross section
whereas the solid curve gives the present spectrum cel-
cnlated from Eys. (9) and (13) using the optical-model
parameters of Becechetti and Greenless [22].  The values of
the three vonstants appearing in lhﬁ calculated spectra

are in bhoth cascs HE = 1.062 MeV, Lf = 0.499 MeV, and



Fig.

Fig.

Fig.

Fig.

Fig.

10.

T = 1.019 MeV. The experimental data are those of
oha isson and Holmgqvist {6].

Ratio of the present spectrum calculated using the optical-

model parameters of Becchetti arnd Greenless !22] and the
experimental data of Johansson and Holmgvist [6] to the
present spectrum calculated assuming a constant cross
section, corresponding to the curves shown in Fig. 5.

Proggb fission neutron spectrum for the spontaneous fission
of Cf. The dashed curve gives the present calculation
calculated assuming a ronstant cross sectlon whereas the
solid curve gives the present calculation using the opti-
cal-model parametr s of Becchetti and Greeuless [22].

The values of tlie three constants,uappearing in thﬁ calcu-
lated spectra are in both cases F = 0.984 eV, E_ =
0.553 MeV and T = 1.209 MeV. Thée experimental data are
those of BolderMan et al [20].

L L 2
Prompt fission neutron spectrum for the fission of 35U

induced by 0.53-MeV neutrons illustrating the simulated
energy dependence of 0 (¢). The two calculated spectra
are in every respect identical to those of Fig. 5 except
that the level-density parameter used in the constant
cross section calculation, shown by the dashed curve, is
given by Eq. (20) instead of Eq. (19).

Prompt fission neutron spectrum for the fission of 235U

induced by 14.0-MeV neutrons. The dashed and dot-dashed
cv. res give the present spectrum calculated for first-
cl .~e fission assuming, respectively, a constant cross
section and an energy-dependent cross section ~alculated
using the optical-model parameters of Becchetti and
Greenless [22]. The solid curve ;ives the present spec-
trum calculated for first-, second-, and thira-chance
fission contributions using Eq. (21) and assuming an
energy-dependent cross section calculated with the samc
optical potential. The values of the three constants
anearing iE the spectra foE the first compound nucleus,

U, are E_ = 1.062 MeV, E_ = 0.499 MeV, and T_ = 1.290
MeV . f f m

Ratio of the present spectra calculated using cnergy-
dependent cross sections and assuming either first-chauce
or multiple-chance fission to the preseat spectrum calcu-
lateil using a constant cross section and assuming first-
chance fisksion, corresponding to the curves shown in

Fig. 9.



Fig.

11.

Average prompt neutron multiplicity as a function of inci-~
ngt neutron energy for the neutron-in .ced fission of

U. The dached curve, for first-chance fission, is
calculated using Eq. (12), but replacing the term (4/3)T
with the corresponding quantity obtained by nunerical in®
tegration in the energy-dependent cross section calcula-
tion. The solid curve, for first-, second-, and third-
chance fission contributions, is also calculated using
energy-dependent cross sections, but Eq. (22) is used.
The optical-model parameter of Becchetti and Greenless
{22] were used. The Ref. experimental data references
are compiled in |15].



