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RELATIVISTIC EFFECTS IN THE ATOHIC AND NUCLSAR PEW-SODY PROBLEHS

J. L. FRIAR

Theoretical Division, Lou Alsmos Scientific Laboratory
Los Alamos, New tfexico 07545

Abstract: Relativistic effects in the aLOMIC and nuclear few-body 6ystems are
classified and discussed with the emphasia on ●lectromagnetic transitions,

The size of relativistic correcting, calculational techniques and amhi-
guitie6, and comparison of theory and experiment are considered.

1. lntroduct.ion

The purview of my talk covers the influence If relativity on the atomic and
nuclear few-body problems. This presents bnth an opportunity and a problem. The

opportunity is to introduce practitioners in related ficlda to each other’6 prnh-
lems, methods, and solution6, while the problem which immediately arisea is the
layer of formalism, notation, and folklore which aurrounda a field, ●nd which ia

difficult for n nonexprrt to penetrate. Thr attempt Lo synthesize thr two ficlrfs

is particularly worthwhile for those of us in nuclear physira, since many of our
conceptual problems which have arisen have been dealt wilh in atomic physics.
Thr el~gance and richnes6 of the atomic few-body problem ■ust be sern to he .pprr-
ciated ). In general, the qbility Lo calculate wave funclions makrs Lhe few-body

sysLems the besL aludied of Lhe various aLoms and nuclei , and the firSL plurr Lo

look when examining small rorreclions.

The approach t!at 1 have adopted ia to treat nuclei and aloms as weskly hnwnd
ayaLema, for whirh the binding ●nrrgiefi are small comparrd LO rest massea, and

thrreforr the velorilies, v, of ronatiluenl p.lrLiclrn, nucleons nr r]ectrrms, trr

E1OW romparrd LO Lhe speed of ]ighl, r. This is a rruaonmhlr approximutioil for

any caae wr will d~al with, ainr~ in hydrogrnir (one-elrrtron) aLoms v/c ia Zo/11,
whrrr Z is Lhe nurlrar charge (in unils of P, Lhr lundamrnLal charge), a is Lhr

finr sLrurlurr consLanL (S 1/1’]7), and 11 iE Lhr plinripm] quantum numhrr of thr
hound slatt= in question. For nurlci, we ran wriLr v/L’ = p/tl and unr a Lypittil

nuclr r momentum p-lt10-20fl HrV/c to rslimalr v/r - .10-.20. Thin mrans Lh#L
!

(v/r) , which Charhrlerlzra thr sizr of rrlalivialir rffrcts, ia of thr ordrr of
a few prrrrnt in nuclri. We will drmonstralr Lhis Ia(t.r in n numrrira] rrnaml,lr.

It iri Ior Lhis rraaon chat Lhr rf[rcln of relativity will hr lrrnlrd ati

rorrr=rtions in hanira]ly nonrelativiritir nystrmn, ralhrr than itB frrimnry e!lr(’lh,

rlititifiguishina our weakly hound ❑ynLemn from rlrmpntmry pnrticlr~, for rxnmplr,
I’IIIH dor~ not imply that in rvrry inntancr r@laliviaLir r’nrrrclifrns ● rr smnll,
NIIIW cancrl lmtirms can cnhanrr thr rrlallvr l’orrrrt inn; nnr hrqjrN to find IUHI

rluch Vnnrn. ThlN lypr of Lrratmrnl ia nrr[ nrcrnnary in lhr two-body prnhlrm,

rithrr nlnmir ●nd nw[lrnr, whrrr n morr funila rnlml apprrmrh to lhr dynamii. w IN
?

Ilnssihlr by uninn thr Hrlllr-Sulprlrr rqust ion ), Ior rrlfimplrr N@VrrlhrlrBN,

thr L’OKL of unill~ such a formalinm Lhat inrorp(~ratrN rrlativily mnlliirntly and
●xactly in ● Iurmidahlr inrrratrr in rornplrxity, whirh mahrN intrrprrlnt ion difli-

rull. Alth!~uRh wr will [’omrnl Ialrr 011 Lhiri ●pljronrhl thr inlrretiLr q, L;#dpr Ill
rrlrrrrd 10 lhr irnprenhivr rnlrulatlrrnN of T]oI1 mnd hiN cnllnhorn(orh . Wr
WIII follow A ● nrr prdrntriau path, owtni(lr Ihr frw-hfllly I,rolllr.m thrf41. 11,111-
pr.rlurhnlivr mrthodti nrr no( ●vai]ahlr. Iloprful Iy, Ihr lrsNonri Irnrnod i:,
trral]ng n Irw parllrlrn rmn hr ●xlrndrd II) molly.

III lhr rour~r of Ilrrparinw thin talk, 1 Ilrttimr ,Lwtirr tha! thrrr wrrr nllhllr-

Iirn iII drfil,itln whal ● rrlnlivi~llr cnrrr-rllon i~! Thr rrnnon in $hnl lhFfrr,,,,-
rrrlimilm [0 Lht’ Ilonrrlnlivirnt ic limit nrr corrrrt lon H of orlfrr (1/1. ) rrlsl jvr It,
1. Clannicnlly, thin ~nifn lllr dinrwn NitJll, huf ill qunnt urn mrIh#ni(.K fa{lfjrR nf ~1

alr uhiquilollm, nu murh no Ihml (hey ● rr iRllored hy lhe(JritilH. It ill qllilr rosm)ll
It) lnj{lrporatr Illlrn farlor in[t) ffrf inili~lnn nf ~rIwpllllg tmImlalll N, nli I.h am

Iv ,. /)f, DoiIIK lhiN {mn hr miNlradiug, For rxnmplr, Ihr ll(MIL’1.l #ltvlNll(
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Coulomb Hamiltonian is (p2/2tf-Ze2/r), which can bc rewritten an (p2/2tt-Za~c/r),
and can be ❑ade ill this way Lo involve cl Hany yearg tgo Hideki Yukawa ahowed
that the ●xchange of a meson of ❑ aaa p between two nuc ●o a produced a potential

$ -Q
V which depended on their reparation r and varied as g ● /r, where x = pcr/fi.

Thus the Compton wave length of the ●xchanged meson, ~/pc, which nets the length
scale of the poteniial, involves c, and in tbia context haa nothing to do with

relativistic ●ffects in a nucleu~m Consequently, our rules for determining the
order of a relativistic correction will be to ignore the c’a thaL occur in the
dimensionleaa combination, x, ab~ve, and2to avoid incorporating c’s in defining
coupling constants (i.e. treat g , not B /Mc, above). Thus, the Yukawa poten-
iial defined shove ia nontelativistic. It is not clear that this prescription

suffices for all problems that ariae, but it will be sufficient for our use.
This procedure ia still too complicated for eany usage, because it requires

paper and pen; since VIC ia p/He, I therefore count powers of l/fl, where H would

be ei her the nucleon or electron mass, acco~ding to the problem. Consequently
!!

(v/c) will be dimensionally reckoned ,,s l/tl , To make thi~ prescription consis-
tent, in addition to ●xplicit powers of (l/H), it ia necessary to uae the we~k

binding assumption and count powers of the potentia ~ as powers of (l/fI), also.

The kinetic ●nergy of a nonrelativistic parLicle, p /2f’f (and ●xplicitly (l/f’f)),
is nearly ●qual in magniLudc and opposite in sign to the potential ●nergy; both
contain no powera of (l/c) and will be treated ●s (l/M). (Skeptics shol”!d take a
brief look at the virial theorem and convince themselves this argumenL isn’t Lo-
tally crazy). Relatively, of course, treala all forms of enerBy, potenLial or

kinetic, on an ●qual foolin~, an idea that has had enormous consequr=nres for our

● ra. We ■ ust therefore cxprrt some rrlativiatic corrections LO h~ of the kinelir

Lypt= and involve momt=nLa and massrs, whilr others will be potrntiai-dependenl.

Our counting prot-rdurr LreaLs them equally. Correrlions of the former type are
called nonsLaLir herausr Lhey vanish aB Lhe mass of the conslituentn btcomes vrry

Iargt (nLatic Iimil). In addiLion, brcause of the weak binding assumption, the~r

lwo Lypf’s of trrm~ will trnd to br of thr same ma.gnitudr and opposlle in sign, if
thry flrr Lhr anmr ordrr in (l/H). An an rxample, UP expand tllr kinctir ●nerRy

2 2 2 4,- ‘
T= ~p L’ +H c Hi”2+p2/2H-116/8M:’c2. The lrsding-ordrr relativistic corrcrt inn

2 -! 2
is Lhrrrfnrr of ordrr (l/c ) or (]/H ) and i~ manifrrilly a (1/H ) rorrrcticw 10

p~/21t ‘(’””“’n”“’”’s:li‘R‘L’r’’’’tivr” If a nnnrrlnlivistir rrdurt inn iK 1 .Idr

of Lhr Di rn~. rquill ion ) wilh n Coulomb polrnti ill V ior n rhnrRrd p~rlirlr
with mngnrl it’ mornt=nl p (ill mngnrtonr i), thr spin-nrhi!cmnd Darwin-F’oldy potentials

arr Ihr lwo Irntli ng-ord r.’ rrlativihtir rnrrrctinnH to Lhr polrlil ill V

rrNull :

~ which

p%%,,

‘m’= (z~l-1)
““l,.)

(111)
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external ●lectric and magnetic fielJa, and are retsponmible for rsuch phenomena as
photon decay or absorption by a system and ●lectron acatte:it?g from the ays$tem,

both elaatic and inelaotic. Just aa we made an ●xpanoicur of the Hamiltonian in
powcra of l/M (l/c), we do the aarae with p and ~ aa indicated in fig. 1, neglec-

ting henceforth factora of ~ and c. The nonrelativistic charge operator ahown
there has the form

(2a)

while the nonrelativistic current is given by

for a composite system whose ith par}icl$ has coordinate, ❑o~entum, charge, mass,

magnelic moment, nnd (Pauli) afin: x,, p,, e,, H., p., and o(i). Heal clectro-

❑aunetic ranaitions in both stoma an~ nufleilarelcnl#ulated using Chea

tor6. BoLh the LOnVeCtiOII (fir~t) and magnetizationO(srconrf) termq in

j o:;:a-

manifrstly (l/fI), while the charne oprrator is (l/H) . One ingrrdierrt e~ters Lhr,

nonrclativistic currrnL in nuclrar phyfiirs whirh is not prrsent in the alomic

‘-—” ––intr-raclion CUrrenL~. This laprohlrm:

momentarily digrr~s.

an importanL distinction and wr murit

~()
3AX, A~x (rmstotic)

M

CURRENT~

CHARGE p ~

()

fi~(nonral),~x (isovacfor, static)

M—

.. t-



ity ●quation

i6 not satisfied because the potential in H = T + V failE to commute
thereby neceuaitates an ad itirmsl (potential-dependent) component.
tivintic ●xchange current 3 _.. is ifiovector (that is, it vanishes for

(3)

with p Bnd

The nonrela-
neutral meson

●xchange) and ~tatic ( no ●fifilicit powers of l/tf). Neve theleaa, becauEe it is
~potential dependent, we ca~l i~ of order (1/tf), jus& as ~ in. Although we will

not discuss it in any detail, ~ generatea 10-15 percentwcontributiona compared
to ~o. This aounda ●nomalouslyegmall in view of our ●rgument that the kinetic

and Interaction parts should be roughly comparable, buL it doeri illustrate an im-
portant point: dimenaionleas factors can be large and change a 50 percenL effect
into a 10 percent effect or vice versa. Ths typical process that we bill deal
with ia an isovector Ml , or magnetic dipolu, transition. Thr apin magnetization
currenL dominatea this typr of transition because it ia proportional Lo (p -pn),
the isovector nucleon ❑agnetic moment (in nuclear magneton units) which iapnumer-
ically large: 4.7 n.m. Thus we arc comparing 10 percenl to the 6.7; were p -p
of “normal” sizr (1.0), meson ●xchange ●ffccta in these tll proceEaea would bep n
Lypically 30-50 percenL.

(d) (0) f—-–– ( (f)

ionri

nlic
4)

Iltrx
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proton dennity ●nd the charge denaiity, and historically led to9a clarification
of the anomalous charge r~diua differences of the ~Ca ia topes ).

A wide spectrum of contributions of order l/H to J can occur, and we men-

tion only qfle: the Lorentz contra tion o m%ent of a movin8 magne-
tic dipole ) by a factor ~l-(v/c)$-

,-p~,:;~ magnetic
This nonstatic teru haa ~

claasical origin and will play an important role later, when we discuna H]
transitions in few-electron ● toms.

A variety of ●echaniam lead to the transition operatora we hav? diacuaBed.
The ❑ost important for the interaction currents are the procesaea (b) and (e) in
Figure 2, which illustrate virtual ●lectron-positron pairs, or nucleon-antinucleon
pnirs, which are created and dcatroyed by the potential and the ●xternal interact-
ion. If the formalism one uses does not ●xplicitly include negative energy

~ /2H term in the !lchroedinger ●quation is ger#~;e~s

(Dirac) components, contrib $iona of thi9 type to operators will occur.
the ❑echaniam by which the

i

rom the Dirac ●qustion, which is linear in the electromagnetic vector potential ,

tfore exotic interaction currents are generated in (c) and (f). In (c) an
●iectron in the Coulomb field of a nucleus (shaded line) can interacl with ~~a

own ●lectromagnetic field (Lamb shift) while ●mitting or abaorbing a photon ),

In (f) the ●xternal field can interact with mesons being Lrana y~tted between nu-
cleons; ●ven the nature of the meson can be changed in mid air )1 Many oLher

mechanisms are also poasiole.
Our discussion above haa centered on a few phenomena of re]ativifiLic

which generate transition operatora of (relative) relaLivistir orde f (v/#’R’n

Earlier we disc,lased contributions to che Hamiltonian of ord r (1/Pl ). Clearly
5

thear termE genrratr wave function components of order (v/c) , and Lhey will con-
triimLe to transition ma rix ●lements in the same order. Two types of terms arc
generated in the wave function: cor~~ctions to thr cenLer-of-mazs or interl]al

wave funrtion, and ❑oLiona] corrections caused hy the overall molion of the sys-
tem as a whole. Thus wc find 3 sources of (v, )2 terms in ❑atrix elrmenls: (1)

Lhe Lrsnsi lion opera lor~; (2) the inlrrnal wavr ~“uncL ion: (3) the moLionnl correc-
tions. Thr latLer corrccLion is relfll.ivrly unimporLalll in atoms, h~rausr of Lhr
larRr nucleus mass,

The Lhird cate~ory has received a let of aLtention
13,14

), howrvrr, in
nuclear physics, h-rsune this iu the mechanism hy which such phrnomrnn au Lhr

LnrenLz rolltrncLion, Thomas pr~~rs~ion, etr., for the cn

~~~rm~~~~~~~f~’ ‘n impreaalve

~r,-iea or papers hy Foldy~3~rs~~{~~i~~l~%~~~~

) has deLailrd Lfi. m~g~~~l.fltp lhaL thr wavr funrt ion of n mnlly-
hody systrm mu~l saLisfy in order to ❑aLisfy thr ronsLrsinLn of ❑pp,.lnl relnl iv-

iLy, Thror conntrtiinta must h~ !.,, rormul
.—. .-

●d thaL a systrm ol manN H in thr
~}+H2 whc,, Lop syntcm is giV~ll a

momerlumj. Thi~iRmorr Lha,]a,l,. ~tyiorl,rartirnl r~lc,,laLit,,,s, si,,~r,,lmt,s,

syMlrm’~ rst framr RrnrraLrs an rllrrRy ~

rvrry rxLrrnal intrrarL ion rhnnRrN ii sytit~m’s mnmrnlurn. To ordrr (v/r) Foldy
showed lhal Lhr WaV” funrlioll in n grnrral I“rsmr had 1(! hnvr Lhr form

(4)

Mhelr 41(, iN (Iw rrst Irnmr wntir funrt inil nnd x(l) nrcountt4 for nll LIIF mnl i{lll{ll
rllrcln. Thv oprrnlor X r~n hr dividrd inl~l hinr tic (Xo), ~nd llntrlll ial-(lrl~r,lltlrlll
trrm~ (Xv). Thr formrr arrnuutn for l,orr yhz rontrnr[ioll ), ric,, whllr Ill@
Isller can hr dl!lrrl~nt ifl rtrry formnlintn ); Wr Will ,Irnl Wllll illiS prol,lt-m

Intrr. Fllldy slNl} ShnWrd Ihnt Ihr pnlrlllial rnrrRy (I n nyNlrm (II llfirliclr~

krllmllRrH wlir II (IIP nynlrm llr Rinn (n movr wilh momrlllllm :

v(f)=V(()) - #V(,/2H2 - il)((l,v(,l - ,[Xv, Il,)l , (5)

Uhvlr v nlld H nrr lhr nunrrln(lviml it, llt)trlltial nlltl Ilnmi It on inn. This rrla-
ti,,,, i$’im],(,rtti,,l, l,r,ni,”r it ,: Fm,,,nl, nl,Nl,, ,hll, rl,, ,te,,l,nl l,rlWrF,,21, mrli,lrK,

-!)-



for ●xample, in ❑edified by relativity when buth particlen are moving together

relative to the center-of-mas6 of a many-body syntem. IL doen not deal with the

::::e::::n:m::’~:~JjbO’”ever’ ‘his relation’ Or fOmali’ms equiva’enLtOit’hd*

The theoretical ■echaniam which takes a system at reut and ❑skes it move is
the “boost” operator, ● fundamental operator in sny theorv, together with the
Hsmiltonian, ❑ omentum and angular momentum operators. The boost is intimately
relsted Lo x ●nd knowing one you ●ssentially know the other. Having calculated
1$ by some means, knowing the boost S11OWE you to deduce $ in a genernl frame.

T8LE ia illustrated in fig. 3, which depicts a sphericzl aysLem ac rest with a

#+H2 and L,orentz contraction
❑ ass H and a radial density p(r). “When the “bo t“ causes the objecL to move
relntive to a fixed frame, t,he ●nergy becomes

occurs. This i6 aluo one of the mechanisms which contributes Lo Foldy’s rela-
Lion (5). Another manifestation ia the fqct ~~at the form factor F, Lhe Fourier

~~~?~form of P(r), develops
); nonrelativistically

&&r

c)
M

p(r)

Fig. 3, EII(.I.ls (][ thr

Thr mrillod~ urird LO

vnlwrs nlr nn varird find

an arbwment q’ ❑ ~A+~ q;, which is a Lorentz i!rvari-
we would have only q .

P

“BOOSI”

-0

(p2+p#12)i/2

F(ij2.q:)

“I1[1OS1’” Operattlr on a rOmporiiLr syslrm,

2, Calrulatiwn~l mrthrds

cslrulrilr wavr f’hnrtionri, LrnnsillonN rfltrfi and riRrn-

uunirroum as thr nrnulr W!MJ uar Lhrm. 1 likr 10 dividr
thcm iuLo Iwo hn:,i~ c~lrgorirri, Oor cmlr~or~ suhnumr~ aLoIuir phyNicR calrtll@-

tiou~ ald al, initlo nut,]rar ralculntinn~ snd unrn n model for rxrhnllgrx of
qw~nlm which pr~;dutr= llindin R, Thr oLhrr lynr usrs Foldy’H rrlalion (5), or itB
rlluivnirlll 10 [i l(Illnlr lhr l.orro(,lions which m-isr Ior n fixrd Lwo-bndy polrnl i.)]

in lllr Iwo- hn(lv wnlor of-milsN, Thr Iallrt (ypr Lhrrrfy& (’annn( rnlclllalr all
rrlativiri:ir rllFrtN, Alnrtiyylarly rlrrlromagot-(ir onrN ) and thnar arining

from lt4rrr-lmdy ti,rcrN. Wr will ronrrnlrntr 011 lhr formrr Lypro

honl lwRin in principlr with lhr tlrthr-Salprtrr rqualionl itN Frvnmau

arapl. iral rquivdlvnl , or lhr underlying firld throry. Allhnush tl.r formrr

apprllslrh raw stand by itnrlf , munt r(fnrtn trr drvulrd tn mapping thin four-
dlmrl:Mionml mlwnlion illlfl sn rquivnlrni tllre~-dimrllnil)llal Fqy?tion, callrd .4

qua~iloolrlll in] equation, UI s HlallkPlllte(l{ir-!il~Knr rrriurt ion ) in Nnmr rasrn.

Tlli* in nnl n wniqwe ~lrol’rdwrr, 11 iN nnl rvrll rlrar thnt ncy ow mrlhod in

hrllrr Ihal, all tilrnthrrc. TIIr pr(dllrm In rHIi~ly ~llllnlralr(l hy rmnmilli R,thr
H

for-m 0! ihr rnrhanRr of n Mi,lalr mrNon (JI mMNn II qyil ~nu~ mnmrn~llm q ❑ (q ,q)
hrtvrIrII lwn nwt.lroww ill *IIY Frynman dinnrnm: v/(q - q +}1 ), Thr vrrtrx [nctnr

iIl thr numi-rstot. in Unlmpr(mwt, ●nd iRnoriuR thr ii

#

-t~rm Irm,l” di rrc( ly in lhr

Yukawn pvlrnliml wr n

~rl~itvi”ii “,,ni,,Rl,@~y ‘nr”rr

Thr rrlnlivr rnrr y vnrinhlr qO hns III) IIOII-

/, ind III rrquirrd 10 n{rornodalr Ihr rrlsrdntlon 01 Ihr
II II IIFm It, tt, r illlr 10 IIlr I IIli tr props Rni ion nprt,!l of fllRll~lU . It rann~lt br

igworrd ill m~uy cnmrx Ninlr il lrsdn dirrl’lly 10 rrlnlivinll~ corrrrlinwnl hut

tllrlr i~ un Unlquv melll(jd Ior rliminnl inH q[, ill lnvor of olllrr qllmlllilir~. A



similar situation exists in the Coulomb problem if we net IJ=O. There the ●mbi-
Euitiea are nimply the choices of gsuge used to deocribe the ●lectromagnetic

field of the ●xchanged photon. ‘~$~ya~”~~u~:~A this Smbiguity first showed UP
in the atomic potentials ~{ Breit ). For ❑ oat applications
Breit’e form is preferred ).

If there are ambiguities in potentials, is there an smbiguity in the physicti?
The answer is no, if calculations are perfomed cormistently, but interpretation
❑sy be smbiguoufl. To understand this we have to underctsnd the sources of the
problem. In mapping the four-dimensional formslism into s three-dimensional one,
●any rneth~ds generate sn ●ffective potential which depends on the energy (eigsn-
value of the fiysLem). This ●nergy dependence haL so ❑any unpleasant consequences
when it cornea to calculating transition matrix ●lements, that 1 (and many others)

regard it aa a serious technical defect. The reasor, ia that the ●nergy is actual-
ly ● time deriv6Live in Lhe Schroedinger ●quation, and it is this derivative term
thaL leads to the definition of the probability density. Adding potential-
dependenL terms of this type modifies the very nature of tbe probability density

~:o:~6~npleasant way. It also modifies the wave function orthonomality condi-
Consequentlyl considerable ●ffort has been devoted Lo formalisms that

●liminate this problem. Among these techniques are: (1) the5renormalization
❑ethod, similar to the renormalization ~,m~!hods of fie~q theory ) and used by thr

present auLhor in ~~e nuclear problem ‘ ) and Drake ) in the atomic problem;
(2) the FST method ), which uses proj~btion operators; (3) the folded diagram
❑ethod popularized by tlihk~l J~~nson ); (4) crrlain of the quasipotential
methods, Euch as Franz Gross’s ) in thr one-boson-exchange apprOXiIIIaLIOI1.

The second source of ambiguiLy is more subtle, and certainly more confusing

;:oj~~,;q;fi;~a:d. In th? first complete LreatmenL of the (v/c)z conLrillu-

from one-pion-exchange, iL was pointed OUL thal different
appro~chea produ%d charge, current, and tfamilLonian operators (and wave funr-
tions) which verr different, but unitarily ●quivalent, ennuring thal Lhe differ-
ence in thp form of operaLors does not affect observableB such as ●nergirs, mag-

~~~~~i~~~~hs’ ‘0”” factors, t=Lc.

Recenlly it was shown LhaL Lhe four differrnl
) Iiatrd ahovr lrad to (in R~nrral) diffrrenl looking, buL unilarily

●quivalenL, Lrratments of thr druleron charge form factor. %vrral other obsrr-
vaLions follow from Lhe ahovc rfiscumaion: (1) Lhr many phyairal phrnomt’na
that wr discussrd in Lhr inlrodurlion arr aprrad LhroughouL varioua Feynrnan riifi-

grams diffrrrntly in rliff~renL reprrarntalionm; (2) Lhr amounl of meson-cxrhanRr

conlrihut ion of orrlrr J/c to a givrn prorcs~ is MO! an ohsrrvablr ●nd call hr
varirrl by changinR rrprracnLalion; (3) 1~~ prrcrnLaxr of D-statr in thr dc-utrroll

ia nnt an olmrrvahlr, (i.r. unmraaurahlr )) and varipa rrum repr~urnlat ion LO
rrprrnrntalion; (4) collsi~Lrllcy3~rmnllllK Lhal holh wave functions and op@ratorH

hr c Iculaled 10 thr Hamr ordrr j,
1

All of lhrNr prohlrrn~ arr bnairally of nrdrr

(1/c ) and don’t tif”rrt Lhr nonrrlntiviNtic limitN.
J

Almnat rvrry nuclrar culru-

lalion 01 4) or hati violfit~d (4), mnd conurqurnlly ia uarlrnn, For thr
atomic proh]$%, lhr fiffual choicr=zof Coulomb gnuRt= 10 prrform cmlrulnt ion

iN ~rr(,54’’~rN
lhr rrpr ntvllillinn 10 ord~r (l/r );

1
for 011--llll[ltoll-rxrllnllar 41 ) (Lll-

1I1OURII /1 iti 111)1), mnd Lhis nimplif ien many calculaliona.

‘iM

T~~rr is in fnct N

rloII.. ronl ret ion hrtwrrn Lhr rholcr of Rtiu Rr in thr nlomir prohl~m anti thr choirr
of rrprrNrlllat ion,

We suammrizr Lhis nrciion hy Nttn[ing thnt lllrrr is on shorlaRr of mrlllod~

(each *i Ill iiN own thamlj on), hut thi~ nhulldanrr hati not mlwmyn Ird to Ill) incrril~r.

in inNiEhll

:1, Exprrimrnt

Hurry phy~i{p nludrvll IN rxpoNrtl 10 lhr hydroRrll alnm prnhlrm repr(lLodly nlld

in detail. Mrvrrthrlrsn, thin mi)Nl mtudird 01 thr nimplr qunnlum nyrilrmn contill-
urN 10 hr n rrpearch Inllic, hrrnuwe 01 thr rich vnrirly [II ni~lr~ nnd thr lranHl-
iionH hrlwrrn [hrrn, a~ wrll an lhr grrnl rxprrirnrnlnl prrci it ion of rnnny of lhr
mranurrmrnt n. II iN rrnnnnnhlr In look In Ihia ❑yplrm for rxnmplr~ 0[ rr,l.71ivifl-

-’f-



tic effects i.n transition. The fine structure splitLi[lga a-z ●xamplea of rela-
tivistic corrections to ●igenvalues, as we have discussed. Figure 4 shows the
four lowest-lyiog atatea of a hydrogenic ion (1 electron, arbitrary Z), includiug
the 2p3/2-2pl/2 fine structure and the 2sl/2-2pl/2 Lamb shift. Electric dipole
transitions dominate the a-p transit.ions, including the exotic 1000 KHz (in H)
one(aee Fig, 2c). More interesting for our purposes is the 2al/2 + 1s1/2 transi-
tion, which prefers two-photon (2EI) decay, but can aluo prc.-eed via the retarded

Ml decay by a single photon, although this has not been observed in light
●lement6. The leading-order (nonrelativistic) Ml decay amplitude vaniahes

Hydrogenic
!Ons 2 P 3/2

f
2s1/2

T

-..

‘E’+ ‘@oN’< L“”’ ‘hi”

Retardation 1 Current

FiR. 4, Low-lying sLtitPs and transitions in hydrogenic ions, The 2s$-1s$ tll
ompl iludr is decomposed inlo components.
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becauue wc .irq dealing with
‘rthogona] a-atai5s”

The amplitude A for this decay

to order (l/c ) involvca three contributions ): (a) the retardation correction

to the nonrelativimtjc matrix ●lement; (b) th~ Lnrentz contractio~l correction to

Lhr magnetic moment operator; (c) a number of contr;butiona from the spin-orbit

inLeracLion, which inrludea an interaction current component aa WFII aB a kinetic

part (the aum of which vaniahea). Theme have been arranged aB illuatratrd in

iig. 4; thr factor A containti all the parameter involved. There is actually an
ambiguity of th~ typ~ wc diacuaaed earlier. It ia pouaible to uae the Schroe-

dinger equation to eliminate hnlf the interaction current component in terms of

a kinatic coutribuLion. The eimple structure of one-electron atcma allows ua

LO calculate all the maLrix elements analytically for this problem.
tfuch ❑or~ interesting arr the helium-like (~ electrons, arbitrary Z) aloms

i])uslrdted in fig, 5, showinp the types of transitions. Particularly relevanL



i- the 3s + 1s tr~ngition Wflich h~m v~rtually the S*E ■tructure am thp

2s1/2-1-1}2 trtiflmition we ●nalyzed earlier. al 37h rmtio of ●xper~nt to theory
is shown mbovs .nd is ~ ●xc~llent ●gremment D ) with 1. The other interest-
ing trsnoition i- tbe P + S transition, which is El in nature. However,

i- ~becaune the nonrelativim ~c ●l ctric dipole operator ban no ■pin flip component,
tbe transition induced by tbim operstor i- greatly inh~bit~d, proceeding only
throuth relativistic components of the wave function ( P - P ■ixing) induced
by the spin-mbit potentitl. AIn ●ddition, retardation ●Ad r lativistic correc-
tion ~~ the dipole o~rator play a coqasable role; the latter tw c~gtributionn
cancel ). The agreement of theory ●nd ●xperiment in aaain ●xcellent ). Thin
transition offers excellent Iessonm for nuclear phynics becaune the r~lativintic
correction- to the wave function cannot be neglected (mm they usually are in our
problemm) ●nd because the relativistic correction to Lhe dipole operator violate
Siegert’s theorem (actually ●n ●pproximation), which hms pluyed such ●n Important

role in photonuclear pbymics.
After listing the ●uucesren of ●toaic physicn in the relativistic regime, it

is with come trepidation that I dimcuso the nuclear problem, In the past, two
●pproaches hove been ULed when discumming relativistic corrections. Strictly
speaking one should cmpare the results of ● complete calculation with ● purely
nonrelativistic one, ● s is done in •t~ic phyoicm. Becaume the ■trons interac-
tion dynamics ●re poorly understood, ●very mb initio calculation contains st
least ● fed mdjuatable parameter,

.—
It is not clear whether mme of these should

be readjusted before ■aking cnmparimonn. Thus vhrious calculational ●pproaches
could produce different answers to the samr queotion: how large ● re relativistic
corrections? Consequently, ~anlngful ●xperimental comparison with theory ●re
difficult to formulate. In mmt easer, three-body calculation of relativistic
●ffectn ●djuet the two-body Hamiltnnian to reprcduce the known two-body data in
the two-nucleon center-of-mssn. S= don’t do Lhio, however.

lone p~oblem in nuclear physics in the lack of clean, “forbidden” transition.
The So + S1 rsdiative transition rate involving s proton ●od thermel neutron io
not ●mall aa it is in ●toms, b~caune the neutron and proton magnetic ~ntm ● re
different, The the-l n+d + H+y transition,
tially3~he saw

however, is very small for ●amen-
reanon thst the atomic HI trannition~ that we dincumsed are

amsll ). Thin transition proc~eds through wave function cnmponentm that ●re
induced by the repin-dependence of the nucleon-nucleon force (which can be non- 39
reJntivimLic in origin), and th:ough (nonrelstivistic) mrnon-exchange currents ).
Although this is ●n ●xtremely interesting proceam, thrrr is no direct ●violence
of relativistic ●ffects.
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Fig. 7. Theoretical (a) ●nd ●chmstic (b) denaitien for the trin.:.leon ■ymtem.

rfuch attenLinn ham been directed recently ●t the ●xperimental HP charge dell-3

●ity, which io repuLed to hove e ■all “hole” in the middlr, if the ●ffecl of the



❑ucleon finite mize i- removed from the datm40). This hole i! Intimately re-

lated to the behsv~gr of the fom fmctor F ●t large momentum trannferm as the
following sum rule ) ●hews:

(6)

A large negative contribution to q2F nuppressem p(0). Sinre the behnvior of F at
large q is m reasonable place to look for relmtivistir phenomena, hmve w. Been
the ●violence we are looking for? Thr anrwer to this is noL known. One thing is
clear, h~er; ●tandard potential ❑odels do not produceh~ hole, ●n indicmL~d by
fig. 7, which -hour the renu’ 3 nf ● Faddeev ~~lc~lati~n ) for the Reid Soft
Core potential model for the scalar, vecL~r, He, and H densitiem. Unfortunately

little im known ●xperimentally ●bout the H density, ●xcept the radius. Nexl to
it we hsve illustrated scbemsticslly whet a dennity with a utrnng central deprenb-
ion might look like. The first observation is3thst the smount of chsrge involvrd
is nmsll (1/54), becsuse the volums ●lement d r suppresses small-r contribution;
similsrly, the fractional chsnge of ‘he rms radius in cnly .00B, Although
pictorially the depression is s massi-.e chsnge, only s ems]] change ia ●ade in
gl,;al properties such as the radiua.

In order to further ●xplore this question I havr cookrd up ● mod~l of tvn

idrnticai nucleons in their crnter-of-mass frsmr which is totally unrraliatir
●nd unphysical, but bas ce:cain features that ~re illustrative of relativistic
effects in general, ●nd that will provide uo with a numrrical ●xample ●nd
possibly some insight,

where ffn = p2/H + V is

The model Hamiltoni-n ia

H= 2 (H2 + HOH)]’2 Ho

2
‘o
-m+””’ (7a)

= 2H + p2/H+ V - p4/4H- [p2,v]/4f! - v2/4H (71))

the nonrelstivistir Hamiltonian, This modrJ has b,, .Ii <c)ll-
strucLe~ so I ~t che ●xact ●nd the nonrelaLivisLic Iolutions ar~ identical ’ morP-
over the ●igenvaluea differ by m trivial amounl (1 KeV) if Ho y~~ld~ Lhe drutrron

blndinR energy ~ (we have used the tfalrliet-Tjon IV potenlial

= 2.24 HeV).

), for which

‘D In ●ddition the fom has been chosrn so th L if V ❑ O, one is
2

lefL with the correct kinetic ●nergy,2 Terms of thr form Ip ,V]/tf ● re cxtrcmrly

:~w: :;”::::; ;:r::;56:!i;nn J ●mv /“-tpms are’ a1‘houEhg‘Rna‘nd ‘“”LorH
]n our ●odel the firsL potenLlal rorr~rtion ip

repulsive, while the second ia ●ttrmrtive. Cancrllatinns of thr Lype we have

forred in this mouel ●ay bc ponsiblr beLween rrla ivlalir corr
kinetic and pntential types, ●s no ●d hy CI-W$lCI

$
w!

) and others16:~8~! ‘~n~~e
people neglect terms of the fore V , PrelLl ring to USP only onf-boaon-exchange
potentials. We c~n invesLigaLe Lhe rflI’rL 01 such an ●pproKimaLion in our crudr
●odel by ●dding V /4H to V xnd solving Ho for ~. This neglmts a n~hrr of

higher order (in l/H) terms hut shou d IIIVr roughly the correct wavr function fc.r
i

the rrlativintlc ■odrl wiLhout Lhe V -Lrnm, T~P difference in * for thr Lwo
cases is show,] in Lhe n~x~~urr. AILhough V /4tl is numerically smull [nr larRr

o~parallons, it is very repuloivr fnr small r. Thus, ridding or subtra. ling small

rrlalivl~tin temn may have nonnrglinihlr eff~cts on small parts of )# wavr

i
funct on ), ●ven producing nod~a from nonloruliLirs JII the potmtial ). Leaving
out V /4H in our mode] could be romprnsaled hy adJusLinR lhr paramrLers in V 10

reprndure E - Lhis would altpr $(r) in yet a differq~ umyi In thr thrre-body
prohle~, on~’must alao worry ●bouL thrrc-bocfy forrro ), which havp thr firhematir
fors V nf oyr model and cdn havr ● nonrrlaLivinlir ori~ln. For nlJ Lhrnr

reascns thr Iir densily is inronrlunivr rvidrnrr Or whnl UP srek.
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Fig. 8. tkl>tcron wave function with (soljd) and without (da6hed) Lhe V2/4tJ
relativistic correction.

If there iH ncant ●xperimenLa] evidence of re!ativifitic effecLn in lighi
nuclei , we will have Lo resorl Lo Lheorelical ~Ludleg, Of all Lhe numerical
calrulationa to date of re]aLivistic corrections in few-nucleon syaLemri, iu my
opinion only Lhose 01” Tjon and hia collahoraLors are suffirienLly comprrherssivr

to be considered “realistic”, They include apin, for ●xample, whi(’ is nonlrivinl
?nd probably ns=resaary, and go bryund Lhe ladder approximtiLion in L,)(, flethr-

Salpetcr Lr@aLmenLs. Although thry do not makr a pure relalivi~tir-non F nliv-
.5,4

:~j:~-f?~e~rinon, thpy find small relnliviBLir rorrrrtionri for
4\:~tJtw[!

) Und

) body prohlrms. III the former carir, the conarnnu~ ) lIi Lhnl thr

effecLs arr rr~u]nive. Thr ca]culnLionR by Gross and his ccllnbornlor~ ol Iht’
drule-on form fartor’show rrlntivixlir rorrrctiona which arr vrry
thonr of Tjon. Thr vtiriouti ctil~[llilti~ll~ for thr Lhrrr-body Nystrm

M: M:17!8R,S()
)

indicate n smnll rrsidmll allrilcl ion if thr Lwn-hrdy Ilami]lollian i~ Iixrd 10

conform 10 rxprrirnrnl II two-ll(ldy prillrrlirfi, Unlorlunatrly, thr v~lr;oii~ cnlcul.l-
tions all compilrr Lhf Ir rrNulLs 10 dilfrrenl limilH, Hrcausr ol rnllcrilnti~jnti
which occur, it is not clrnr Lhal n fim.111 rrfii Uill rrllulHioll is rulrd 0111,

!) ‘)
For pedagogictil purpnMrn wr notr Lhnt ~-p /4tf’ ~ = - .35 firV whilr ~p2jm’ =

11.9 firV for our polrnlinl modrl, yirl(linR n 3% rrllltis(iHtir {nrrrcliou 10 lhr

kinrlir rnrrp,v. Th- Iwo potrl)t in] irrmH of ordrr (l/H’ ) ~ivr +.35 flrV, Thrnr

numhrrH CONI Irm our rnrl ier rfiLiswrtrH. CI rn r I y much morr w~,rh ntwvlII t o he dour

in lhis firld.
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