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RELATIVISTIC EFFECTS IN THE ATOMIC AND NUCLEAR FEW-BODY PROBLEMS
J. L. FRIAR

Theoretical Division, Los Alamos Scientific Laboratory
Los Alamos, New Mexico B7545

Abstract: Relativistic effects in the atomic and nuclear few-body systems are
classified and discussed with the emphasis on electromagnetic transitions.
The size of relativistic corrections, calculational techniques and ambi-
guities, and comparison of theory and experiment are considered.

1. Introdnction

The purview of my talk covers the influence nf relativity on the atomic and
nuclear few-body problems. This presents both an opportunity and a problem. The
opportunity is to introduce practitioners in related fields to each other's prob-
lems, methods, and aolutions, while the problem which immediately arises is the
layer of formalism, notation, and folklore which surrounds a field, and which is
difficult for a nonexpert to penetrate. The attempt to synthesize the two fields
is particularly worthwhile for those of us in nuclear physics, since many of our
conceptual problems which have arisen have been dealt with in atomic physivs.

The eliganre and richness of the atomic few-body problem must be seen to be appre-
ciated ). 1ln Reneral, thv ability to calculate wave functions makes the few-hody
systems the best studied of the various atoms and nuclei, and the first plscr to
look when examining small corrections.

The approach t!at 1 have adopted is to treat nuclei and atoms as weakly bomnnd
systems, for which the binding energies are small compared to rest masses, and
therefore the velocities, v, of constituent particles, nucleons or electrons, cre
slow compared to the speed of light, c¢. This is a reasonable approximation for
any case we will deal with, since in hydrogenic (one-electron) atoms v/c¢ is Zn/n,
where Z is the ninclear charge (in units of e, the lundamental charge), o is the
fine structure constant (T 1/117), and n is the principal quantum numher of the
boind state in question. For nnclei, we can write v/c = p/M and use a typical
nuclear momentum p~100-200 MeV/c to estimate v/c ~ ,10~.20. This means that
(v/c)®, which characterizes the aize of relativintic eflects, is of the order of
a lew percent in nuclei, We will demonstrate this later in 2 numerical example.
It is for this reason that the effects of relativity wil) be treated as
corrections in banically nonrelativistic systems, rather than as primary eflects,
distinguishing our weakly hound mystems from clementary particlen, lor example.
rhisv does not imply that in every instance relativintic corrections are small,
since cancellations can enhance the relative correction; one hopen to fiml juat
Auch canes. Thin type of treatment {8 not necessary in the two-hody problem,
cither atomic and miclear, where a more Inndn,rnlnl approach to the dynamicn 1s
posnible by nsing the Bethe=Salpeter equation™), lor example,. Neverthelesn,
the cost ol using auch a formalism that incorporaten relativity manilestly and
exactly in a lormidable increase in complexity, which makes interpretation dilli-
enlt.  Althongh we will comment later on this approach, the inlrrrlqu Erndrr In
relerreil to the imprewsive calralationn ol Tjon and hin colltaborators™ 7). We
will follow a more pedestrian path, (utside the few-hody problem thene non-
perturbative methodn are pot available. Hopelnlly, the lessonn tearned i
treating a lew particles can he extenderdl to many.

In the conrwe ol preparbug this talk, | became aware that there were aubtle-
ties in delining what a relativiatic correction in?! The reanon in &hnl there cor-
rectioas to the nonrelativintic Limit are correctionn ol order (1/¢®) relative to
1. Clawsjcally, this ends the discnsnion, bnt in quantum mechanicn lactors ol fe
are nbiquitons, o manch so that they are fgnored by thenrista. It in quite common
to |n50rpurnlo thin factor fnto definftions ol conpling conntantn, such an
o v /M. Hoing thin can be minleading. For exampte, the aonrelativintic



Coulomb Hamiltonian is (p2/2H-Ze2/r). which can be rewritten as (p2/2H-ZaMc/r).
and can be made in this way to involve cl Many years igo Hideki Yukawa showed
that the exchange »f a meson of maas p between two nuciegﬂs produced a potential
V which depended on their separation r and varied as g“e " /r, where x = pcr/H.
Thus the Compton wave length of the exchanged meson, M/pc, which sets the length
scale of the potential, involves c, and in this context has nothing to do with
relativistic effects in a nucleus. Consequently, our rules for determining the
order of a relativistic correction will be to ignore the c¢'s that occur in the
dimensionless combination, x, abgve, and,to avoid incorporating c's in defining
coupling constants (i.e. treat g, not g“/Mc, above). Thus, the Yukawa poten-
iial defined above is nonrelativistic, It is not clear that this prescription
suffices for all problems that arise, but it will be sufficient for our use.

This procedure is still too complicated for easy nsage, because it requires
paper and pen; since v/c is p/Mc, T therefore count powers of 1/M, where M would
be eijher the nucleon or electron mass, nccoiding to the problem. Consequently
(v/c)” will be dimensionally reckoned as }/M”., To mal:e thir prescription consis-
tent, in addition to explicit powers of (1/M), it is neceasary to use the wezk
binding assumption and count powers of the potentiu} as powers of (1/M), also.
The kinetic energy of a nonrelativistic particle. p°/2M (and explicitly (1/M)).
is nearly equal in magnitude and opposite in sign to the potential energy; both
contain no powers of (1/c) and will be treated as (1/M). (Skeptics chor'ld take a
brief look at the virial theorem and convince themselves this argument isn't to-
tally crazy). Relativity, of course, treats all forms of energy, potential or
kinetic, on an equal footing. an idea that has had enormous consequences for onr
era. We must therefore expect some relativistic corrections to he of the kinetic
type and involve momerta and masses, while others will be potentiai-dependent.
Our connting procedure treats them equally. Corrections of the former type are
called nonstatic hecause they vanish ar the mass of the constituents becomes vrry
large (static limit). In addition, because of the weak hinding assumption, these
two typers of terms will tend to be of the same magnitude and opposite in sign, if
they are the same order in (1/M). As an example, we expand the Kinctic energy

T= Jpzrz+nzva > HPZOpZIZH-pAIHH"rZ. The leading-order relativistic correction
is therefore ol order (I/rz) or (I/HT) and is manifestly a (I/Hz) correcticen to

pzlﬂﬂ. Note also that.ip is attractive. 1f a mmrelativistic reduction i 1 ade
of the Dirne equation "'") with a Conlomb potential V. lor a charged particle
with magnetic moment p (in maguetons), the spin-orbi! and Harwin-Foldy potrntials
are the two lemling=orde. relativistic correctinns to the potential Vr which
renalt:

\Is(I = (2p-1) 22 (1a)

VIIF = (2p-1) 22 (th)

Both are manilently I/Hz and l/rz correctionn to V , and together with the cor-
rection to the kinetic energy, generate the complele 1/¢” vorrectihv to the Rohr
energy ol n hydrogen atom which iv contained tn the Hirac eigenvalue. The
Narwin-Foldy fntrraction is a purely quantnm mechanical elfect, while the
spin-orhit fnteraction is the sum ol iwo clawsical phenomena:  the Thoman precen-
wion, and the electric dipole luteraction ol a moving magnetic dipole,

In aildition to the Hamiltonian, which generates the eigenvaluen and wave
fimctions of bonnd states, mr interest in slirected at trannitjons hetween two
sicch Ntates mediatedl by trannition operatnrs.  The two mont prevalent snch opera-
tort are ‘he charge (p) and cnrrent cennity () operators, which can conple to



external electric and magnetic fields, and are responsible for such pheromena as
photon decay or absorption by a nystem and electron scattering from the system,
both elastic and inelastic. Just as we made an_expansion of the Hamiltonian in
powers of 1/M (1/c), we do the same with p and J as indicated ir fig. 1, neglec-
ting henceforth factors of f and ¢. The nonrelativistic charge operator shown
there has the form

Po(®) = T &8R4, (2a)

while the nonrelativistic current is given by

> ei +» 3,» » ui >, 3> >
Jok) = Eagw (B8 G - X gy 6(i)x¥8” (x~x,) (2b)

for a composite system whoae ith parficle has coordinate, momentum, charge, mass,
magnetic moment, and (Pauli) spin: x.,, p., e., M., p., and o(i). Most electro-
magnetic ‘ransitions in both atoms and nudlei’are'callulated using lhess opera~
tors. Both the ionvection (first) and magnetization,(second) terms in are
manifestly (1/M), while the charge operator is (1/M) . One ingredient enters the
nonrelativistic current in nuclear physics which is not present in the atomic
problem: interaction currents. This 15 an important distinction and we must
momentarily digress,

—_—
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Fig. 1. Categorization of charge and carrent operacors acvording to relativintae
content .,

The marn qanlitative diliecence ol thy inclear and atomic lorce problem:
that we will tlenl with is the lact that the mnclecr lorce in mediated hy the
exchange ol meannun which may he charged, an oppoaeit 10 the aentral (aud mansbensl
photon.  Thit ix illustrated in f1g. 2, whers the upper row ol procesnes ile-
picts elertrons (volid hine) Interacting via photon exchange (wiggly line),
ponnibly in the preseasce ol an external interactlon (croan phun wiggly Hoe),
The ltower row depivts nuclear procennen meliated by charged pion exchange, which
converts a proton (nentron) fnte o nentron (proton).  The change of nacleon
charge (iaonpin) wtate: in rellected in an isospinsepemlent paclear force jn
(d1. Clearly the tlow ol charge annocinted with the meson constitutes a corrent,
aml thevelore the enrrent operator must have an lnteraction or excliinge component .
In tact, withont ft, the carrent {8 not connervess, That i, the cnrrent contjim=



ity equation

30 = - 1,p(0)) (3)

is not satisfied because the potential in H = T + V fails to commute with p and
thereby necessitates an additicnal (potential-dependent) component. The nonrela-
tivistic exchange current is isovector (that is, it vanishes for neutral meson
exchange) and static ( no ggglicit povers of 1/M). Neveitheless, because it is
potential dependent, we ca’l i§ of order (1/M), just as is. Although we will
not discuss it in any detail, generates 10-15 percent contributions compared
to . This sounds anomalously Bmall in view of our argument that the kinetic

and interaction parts should be roughly comparable, bu. it does illustrate an im-
portant point: dimensionless factors can be large and change a 50 percent effect
into a 10 percent effect or vice versa. Th2 typical process that we will deal
with is an isovector Ml, or magnetic dipolc:, transition. The spin magnetization
current dominates this type of transition because it is proportional to (p_-p ),
the isovector nucleon magnetic moment (in nuclear magneton units) wnich is®numer-
ically large: 4.7 n.m., Thus we are comparing 10 percent to the 4.7; were p _-p

of "normal"” size (1.0), meson exchange effects in these M| processes would be n
typically 30-50 percent.
e” a) (b)
—— ( - (c)
.-
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P n
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Fig. 2. Graphs ol phyrical processes which contribvite to binding nnd trankitions

in atomn mud mclei.

In adlition to the nonrelativisyvic compgunentn, hoth p and J have relativinatic
correction pieces ol kinetic type (Ap0 and Al ) and potentiai-dependent type (4p
and AJ ). The Former are nonstatic and runlgin expliclt powers ol (1/M), whllvr
the laltler type may or may not bhe static, An example ol n static exchange con-
lrlhnll9n to  Ap in the twn=honon- exchauge rh!rgr dennity ol llyuga and
(htynbo” ), which dan be shown to be ol order 1/¢”, acgording to onr ruler, and
I/M° by iuspection, wince bt han the schematic torm V° aml we treap V~1/M. Thixk
type ol term in lsovector and vanishes for nentral wmeson exchangen’),

The mont important contribntions to A(n( are the name onen we gaw ecarlier in
the potentials In eq. (1): the rpin-orblt Jnd Harwin-Foldy interartionn., 1n the
present context, ome has to replace V., bt eq. (1Y v the external electromagnetic
potential which generates the electrid tteld, but the physics Is the aame., |1}
one probes the denwjty ol charge in an atom or incleas by placltag 1t in an ete.:-
tric tield, the lact that the constltnents are moving huternally generaien a con-
tribution to ficx) via h, ., while iy resalts becanne ol zitierbeweging. i
mic bei, the large nrnlrk“ maginet o moment, =1.91 n.m., generates a small bnt non-
negligible component i p trom nentrons which leadr to a ditierence hetween the

D=



proton density and the charge density, and historically led to,a clarification
of the anomalous charge radius differences of the ,Ca izgtopes ).

A wide apectrum of contributions of order 1/M” to can occur, and we men-
tion only gRre: the Lorentz contrlition o£ thi magnetic moment of a moving magne-
tic dipole ") by a factor J1-(v/c)® ~ 1-p“/2M°. This nonstatic tema has a
clagsical origin and will play an important role later, when we discuss Ml
transitions in few-electron atoms.

A variety of mechanisrm; lead to the transition operators we hav2 discussed.
The most important for the interaction currents are the processes (b) and (e) in
Figure 2, which illustrate virtual electron-positron pairs, or nucleon-antinncleon
pairs, which are created and destroyed by ihe potential and the external interac-
tion. If the formalism one uses does not explicitly include negative energy
(Dirac) components, contrib Eions of this type to operators will occur. This is
the mechanism by which the * /2M term in the Schroedinger equation is generated
iron the Dirac equation, which is linear in the electromagnetic vector potential,

More exotic interaction currents are generated in (c) and (f). In (c) an
electron in the Coulomb field of & nucleus (ahaded line) can interact with jts
own electromagnetic field (Lamb shift) while emitting or absorbing a photon” ).
In (f) the external field can interact with mesons being lransTitted between nn-
cleons; even the nature of the meson can be changed in mid air “)1 Many other
mechanisms are also possiovle.

Our discussion above has centered on a few phenomena of relativistic Qrigin
which generate transition operators of (relative) relativistic orde5 (v/c)”.
Earlier we discissed contributions to the Hamiltonian of order (1/M”). C(learly
these terms generate wave fuaction components of order (v/c)”, and they will con-
tribute to transition ma rix elements in the same order. Two types of terms arc
generated in the wave function: corrections to the center-of-mass or internal
wave function, and motional corrections caused by _the overall motion of the sys-
tem a8 a whole. Thus we find 3 sources of (v, )" terms in matrix elements: (!})
the transition operators; (2) the internal wave fuaction: (3) the motional correc-
tions. The latier correction ig relatively unimportant in atoms, bhecause of the
large nucleus mass. 13. 14

The third category has received a lct of attention “' '), however, in
nuc lear physics, because this is the mechanism by which such phenomena as the
Lorentz contraction, Thomas preuvrscion, etc., for the enkgrr composite Rystem
are manifested. An impressive rr.ies of papers by Foldy ) and his collabor-
ator Krajclk ) has detailed trh. constralnts that the wave function of a many-
hody system mnkt satisfy in order to satlsfy the coustraints of spes-lal relativ-

ity. These constraints must he :.. formulakedzthnl a nystem ol macn M in the
system's [est frame gencrates sn cnergy P +M° when tae system is given a
momertum P, This is more than a ni. ety lor practical calentatlonn, sinir n kmost

every external interactlon changen o system's momentum. To order (v/c¢)® Foldy
showed that the wavs funrtlon in a general Frame had to have the lorm

ifR '

bt (1 ix(®) )y e (4)

wicle g in the rest trame wave hunction and x(ﬁ) accommtn for al} the mel bmal
eflecta’ The operator x can be divided into khinetic (xo)l,nd potential=deprudent
termr (X,,)- The former acconats lor Luru?hz contraction ), ete,, while the
latier caa be dllfercnt In every formaling " ); we will deal witlt thin problem
later. Foldy alwo showed that the potential energy u# a syntem ol particlen
changen when the aystem begine to move with momentnm

v = vea) - ﬁzv“/zn2 - 1|x".v“| - 'lxv'"ul ' (5)

where VoAb L are the npnrelatlvistic potential and Hamiltonjan. Thin rela-
tion §m Impurlgnl. becanse it ydemonstraten how the potential hetween ? particles,



for exemple, is modified by relativity when both particles are moving together
relative to the center-of-mass of a many-body system. It does not deal with the
corrections inlg(ga, however., This relation, or formalisms equivalent to it, has
been much used "'“7).

The theovetical mechanism which takes a system at rest and makes it move is
the "boost'" operator, a fundamental operator in any theory, together with the
Hamiltonian, momentum and angular momentum operators. The boost is intimately
related to X and knowing one you essentially know the other. Having calculated
. by some means, knowing the boost allows you to deduce ¢ in a general frame.
Tg!s is illustrated in fig. 3, which depicts a spherical system at rest with a
mass M and a radial density p(r). when the "bogst". causes the object to move
relative to a fixed frame, the energy becomes Jg +M” and Lorentz contraction
occurs. This is also one of the mechanisms which contributes to Foldy's rela-
tion (5). Another manifestation is the f!ct 55’l tae form factor F, the Fourier
trn?,form of p(r), develops an argument q° = q +5 Gg» which is a Lorentz invari-
ant " ); nonrelativistically we would have only q".

Rest P

@ "B oost”
—

" (B2 + M2) /2
plr) F(EZ_qg)

Fig. 1. Elh-vets of the "hoost” operator on a composite system,
2. Calcnlational methods

The methods used to calculate wave functions, transltionn rates and eigen-
values are as varied and mmerous as the people who use them. | like to divide
them into two hauidv categorien. One category subsumes atomic physics caleula-
tions ald ab initio nuclear calculations and ases o model for exchanges of
gquanta which prodnce hinding. The other tyoe unes Foldy's relation (5), or its
equivalent to cilentate the corrections which a~ise lor a fixed two-hody potential
in the two=lndy center-of-masn.  The latter type lhrrrf?6r cannot calenlate atl
relativintic eliectn, particularly electromagnetic onen ) and those arising
from three~bhody forcen., We will conmrentrate on the former type.

Most begin in principle with the Bethe-Salpeter equation, its Feyinman
graplical ejnivalent, or the uaderlylng fleld theory. Although the former
approach can stand by itsell, mont eflorts are devoted to mapping this four-
dimeinional equation into an equlvalent three-dimensional eq qtiom, called a
quaripotent ial equation, o1 a Blankenbecler-livgar rednction "1 in nome canen,
Thisx is not a unigue procedure. It in not even clear that any one method is
better than all the otheri. The problem is easily H)ustrated by exnminlﬂg'lhr
form ol the excuange of a shiagle menon ol masa p ‘!d 5““5 momentnm ¢ = (q ,q)
between two necleonn in any Feviman diagram: V/(q“=q. +p" ), The vertex factor
In the mimerator is wnmpertant, and jgnoring the s, ~Uerm leaas itlrectly to the
Yukawa petential we naw earller. The relative energy variable q. has no non-
relat (visiic anatogne™ ), and {8 required to accomodate the retardation ol the
miclear boree due to the hinlte propagation speeol of kignale. It camot be
ignored 1 many casex Ninee it leads directly to relativiatic corrections, bnt
there {0 no amique method lor eliminat bng Uy in lavor ol other qaantities. A



similar situation exists in the Coulomb problem if we set p=0. There the ambi-
puities are simply the choices of gauge used to describe the electromagnetic
field of the exchanged photon. Fi;ty yeara agg, this ambiguity first showed up
in the atomic potentials Eg Breit””) and Gaunt” ). For most applications

Breit's form is preferred™”)

If there are ambiguities in potentials, is there an ambiguity in the physics?
The answer is no, if calculations are performed consistently, but interpretation
may be ambiguous. To underatand this we have to underatand the sources of the
problem. In mapping the four-dimensional formalisa into a three-dimensional one,
many methods generate an effective potential which depends on the energy (eigen-
value of the system). This energy dependence hat so many unpleasant consequences
when it comes %o calculating transition matrix elemeats, that I (and many others)
regard it as a serious technical defect. The reason is that the energy is actual-
ly a time derivative in the Schroedinger equation, and it is this derivative term
that leads to the definition of the probability density. Adding potential-
dependent terms of this type modifies the very nature of the probability density
in aEbunpleulnnt way, It also modifies the wave function orthonormality condi-
tion® ). Consequently, considerable effort has been devoted to formalisms that
elipinate this problem. Among these techniques are: (1) the.renormalization
methnd, similar to the renormalizatio?7mishods of fieiﬂ theory™) and used by the
present author in EBe nuclear problem "'“") and Drake®”) in the atomic problem;
(2) the FST method””), which uses projsslion operators; (3) the fnlded diagram
method popularized by Mikkel Jg?nson ); (4) certain of the quasipotential
methods, such as Franz Gross's” ") in the one-boson-exchange approximation.

The second source of ambiguity is more subtle, and certainlyzmore confusing
to thi7u5§nitinted. In the first complete treatment of the {v/c)” contrihu-
tions ''“") to Ap__ from one-pion-exchange, it was pointed out that different
approaches produsgd charge, current, and Hamiltonian operators (and wave func-
tions) which were different, but unitarily equivalent, ensuring that the differ-
ence in the form of operators does not affect observables such as energies, mag-
netic momeghs, form factors, etc. Recently it was shown that the four different
techniques ) listed above lead tn (in general) different looking. but umnitarily
equivalent, treatments of the deuteron charge form lactor. Several other obhser-
vations follow from the above discussion: (l) the many physical phenomena
that we discussed in the introduction are spread throughout various Feynman dia-
grams differently in diffErent representations; (2) the amount of meson-exchange
contribution of order 1/c“ to a given process is no! an ohservable and can be
varied by changing representation; (3) °* 5 percentaye of D-state in the denteron
is not an observable, (i.e. unmeasurable™")) and varirs from representation to
representation; (4) rouninlrnrngemnuds that both wave functions amd operatorn
be calenlated to the same order™ ), All of thene problems are bagically of omler
(1/c%) and don't ngjrrl the nonrelativistic timite. Almost every nuclear calcu-
lation ol Ap _ or has violated (4), and consequently is useless. For the
atomic prohlSﬁ. the fifnal choice of Coulomh gallge to perform rnlrulnlion*alixru
the representntion to order (1/c%); for onn=photon-exchange An in zero” ) (ail-
though A in not), and this simplifies many calculations. There is in fact n
cloap vonﬁgrlion hetween the choice of gauge in the atomlc problem anw the choire
of representation.

We summarize this section by ntating that there iy no shortage of methods
(each with itsn own champ on), but this alindance has not alwayn led to un inrrease
in innight.

1. Experiment

Every phynica student In exponed to the hydrogen atom problem repentedly and
hn detall. Neverthelesn, this mont stndiel ol the simple quantum systems cout b=~
uern to be a research topic, becanse ol the rich varlety ol states and the tranni-
tionn between them, as well an the great experimental preciaion ol many of the
meanirementa. It in reasonahle to look to this system for examplen ol relativia-



tic effects in transitions. The fine structure splittings a-> examples of rela-~
tivistic corrections to eigenvalues, as we have discussed. Figure 4 shows the
four lowest-lying states of a hydrogenic ion (1 electron, arbitrary Z), including
the 2p3/2-2p1/2 fine structure and the 281/2-2p1/2 Lamb shift., Electric dipole
transitions dominate the s-p transitions, including the exotic 1000 MHz (in H)
one(see Fig. 2c). More interesting for our purposes is the 251/2 + 151/2 transi-
tion, which prefers two-photon (2E1) decay, but can also pro.;eed via the retarded
M1 decay by a single photon, although this has not been observed in light
elements. The leading-order (nonrelativistic) M| decay amplitude vanishes

Hydrogenic
F
2si/2 fs. _
*I jﬂ* 2P1/2 | 1000 _MHz Lamb Shift
Mi

El
A(2s— Is)= Agla-1—1)=2A
LISI/Z/ ° ! °

Kinetic Current - Interaction

Retardation Current
Fig. 4. Low~lying states and transitions in hydrogenic ions. The 2s4~-1a% M}
amplitude is decomposed into components.
2lp,
2 3Pz
2 3p, (1s 2p)
\ I
2'So / r 2 3, ————
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2E by 235| (s 28) —— — -
El E:
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1 1sg (182

Fig. 5. lLow=-lying staten and trausitlons in helium=-like ions.
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Fig. 6. Ratio of experiment to theory for the JS] + IS0 and 3P1 + 150 transi-
tions in helium-like ions. '

because we arg dealing with orthogonal s-stn&gs. The amplitude A for this decay
to order (1/c) involves three contributions™ ): (a) the retardation correction
to the nonrelativistic matrix element: (b) the lLorentz contraction correction to
the magnetic moment operator; (c) a number of contributions from the spin-orbit
interaction, which includes an intera~tion current component as well as a kinetic
part (the sum of which vanishes). Theae have been arvanged as illustrated in
tig. 4; the factor A, contains all the parameters involved. There is actually an
ambiguity of the typg we discussed earlier. It is possible to use the Schroe-
dinger equation to eliminate half the interaction current component in terms of
a kinrtic contribution. The simple structure of one-electron atcams allows us
to calculate all the matrix elements analytically for this problem.

Much more interesting are the helium-like (2 electrons, arbitrary Z) atoms
ilJustrated in fig. 5, showing the types of transitions. Particularly relevant
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is the 33 + 'S  tranaition which haa virtually the aame atructure as the
251/2-1.1}2 trualition ve analyzed earlier, 3Ihs7rltio of experiment to theory

is shown above ind ia 5" elcillent agreement™ '~ ') with 1. The other intereat-
ing tranaition ia the "P, + "S_ tranaition, which is E] in nature. However,
becsuae the nonrelltivillic elgctric dipole operator haa no apin flip component,
the tranaition induced by thia operator ia greatly inhébitfd, proceeding only
through relativiatic componenta of the wave function ( Pl- P, mixing) induced

by the apin-orbit potential. In addition, retardation and rllltivi:tic correc~
tiona sa the dipole operator play a comparable role; the latter tvo csgtributiona
cancel”™ ). The agreement of theory and emperiment ia again excellent™ ). Thia
tranaition offera excellent lesaona for nuclear phyaica because the relativiatic
corrections to the wave function cannot be neglected (aa they uaually are in our
problema) and because the relativiatic correctiona to the dipole operator violate
Siegert'a theorem (actually an approximation), which haa pluyed such an important
role in photonuclear phyaicse.

After liating the auuvcessea of atomic physica in the relativiatic regime, it
ia with asome trepidation that I diacuas the nuclear problem. In the paat, two
approachea have been used when discusaing relativiatic correctiona, Strictly
apeaking one ahould compare the reaulta of a complete calculation with a purely
nonrelativiatic one, aa is done in atomic physica. Because the atrong interac-
tion dynamics are poorly understood, every ab initio calculation contains at
leaat a few adjuatable parameters, It ia not clear whether aome of theae ahould
be readjuated before making compariasona. Thua variouas calculational approaches
could produce different anawers to the same queation: how large are relativiatic
corrections? Consequently, meaningful experimental compariasona with theory are
difficult to formulate. In moat cases, three:-body calculationa of relativiatic
effecta adjust the two-body Hamiltonian to reprciuce the known two-body data in
the two-nucleon center-of-masa. Some don't do thia, however.

IOne psoblel in nuclear phyaics ia the lack of clean, "forbidden'" traniyitiona.
The 'S -+ sl radiative transition rate involving a proton and thermal neutron ia
not amall aa"it ia in atoma, bscnule the neutron and proton magnetic moments are
different. The thermal ntd * “H+y transition, however, is very amall for eaaen-
tilllyaihe aame reason that th. atomic M) tranaition- that we diacuased are
amall 7). This tranaition proc2eds through wave function componenta that are
induced by the apin-dependence of the nucleon-nucleon force (which can be non-
relativiatic in origin), and through (nonrelativiatic) meaon-exchange currenta
Although this is an extremsely intereating proceas, there ia no direct evidence
of relativiatic effects.
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Huch attention haa been directed recently at the experimental 3He charge den-
aity, which i9 reputed to have a amall "hole” in the middle, if the effect of the



nucleon finite aize ia removed from the dltlao). This hole i1 intimately re-
lated to the behav or of the form factor F at large momentum tranafera as the
following aum rule ') ahowa:

p(0) = L [Taqq%F(q?) (6)
2n2 0

A large negative contribution to qu suppreasea p(0). Since the behavior of F at
large q is a reaaonable place to look for relativiatic phenomena, have v+ seen
the evidence we are looking for? The anewer to thia ia not known. One thing ia
clear, however; gtandard potential models do not producea! hole, as indicated by
fig. 7, which ahowa the reau” 3 of a Faddeev sllculltign ) for the Reid Soft
Core potential model for the acalar, vectqQr, “He, and “H densitiea. Unfortunately
little ia known experimentally about the “H denaity, except the radius. Next to
it we have illuatrated achematically what a density vith a wtrong central depreus-
ion might look like. The firat obaervation is.that the amount of charge involved
is umall (1/54), because the volume element d~r auppresses amall-r contributions;
aimilarly, the fractional change of *he rma radius is cnly .008, Although
pictorially the depreasion is a maasi.e change, only a amall change ia made in
glival properties auch sa the radiua.

In order to further explore this question I have cooked up a model of two
identicai nucleons in their center-of-maas frame which is totally unrealistic
and unphysical, but has ce-tain featurea that are illuatrative of relativistic
effects in general, and that will provide us with a numerical example and
posaibly aome insight. The model Hamiltonian is

2
H
- 200 12 4 Mo
H=2(M" + HOH) T2M ¢+ H, wmt o (7a)
= 2 4 2 2
= 2M +p“/M e V- p /M - [pEV]/4M - VT M (1
where H = p2/H + V ia the nonrelstivistic Hamiltonian, This mode) has bLe¢'n con-

structed 5o ( at the ecact and the nonrelativistic iolutiona are identical: wore-
over the eigenvalues differ by a trivial amount (1 KeV) if HO ylﬁld' the deuteron
binding energy ED (we have used the Malfliet-Tjon 1V potential ), for vhich

E, = 2.24 MeV). "ln addition the form has been chosen ao that if V = 0, one ia
left with the correct kinetic energy., Terms of the form [p”,V]/M are cxtremely
common relativiatic coriﬁckionn, aa V°/H-terma are, although aigns and factors

of two may be different™ '"'). 1n our model the first potential correction ir
repulaive, while the aecond is attractive. Cancellations of the type we have
forced in this mouel may be poagible between rrlqziv:stic corristienn of the
kinetic and potential typea, sa nofed by Coe:ter ) and others "'“7). Many
people neglect terms of the form V', preiciring to use only one-boson-exchange
potentials. We can investigate the eficct o) such an approximation in our crmle
model by adding V“/4M to V and molving H, for ¢y. Thia neglects a nuaber of
higher order (in 1/M) terms but uhouid give rough)ly the correct wave functlon fecr
the relativistlic model without the V°-term, The diffrrence in & for the two
caaes ia ahow. in the next figure. Although V°/4M ia numerically small for large
separationa, it ias very repulsive for small r. Thua, adding or subtra.ting sma}ll
relativiptir terms may have nornegligible effects on amall parts of kE' wave
functjon’), even producing nodes from nonlotnlities lu the potential ~). Leaving
out V°/4M in our model could be compensated by adjusting the parameters in V to
reproduce E_; this would alter ¢(r) in yet a differept way. In the three-body
problem, one must also worry about three-body forces ), which have the schematic
form V- of oyr model and can have a nonrelativiatic origin. For all theae
reaacns the “lle dengity iw inconcluslve evidence of what we neek.
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relativistic correction.

If there is scant experimental evidence of relativistic effects in light
nuclei, we will have to resort to theoretical studies., Of all the numerical
calculations to date of relativistic corrections in few-nucleon systems, in my
opinion only those ol Tjon and his collaborators are sufficiently comprehensive
to be considered "realistic"., They include spin, for example, whic¢' is nontrivial
and probably necessary, and go beyond the ladder approximation in t.r Hethe-
Salpeter treatments, Although they do not make a pure relnlivislic-uou;elnliv-
iatic £9mggrison. they find small relalivistic corrections '°ra§h£q‘"“"' ) amd
three~- "' ") body problems. In the former case, the consensns ' ') is that the
effects are repulsive. The calculations by Gross and his ccllaboratorn ol the
deuteron form factor show relativistic corrections which are very T&mibnz7lga sd
those of Tjon. The various calenlations for the three-lhody aystem %7 7" 7'
indicate a small residnal altraction if the two-bhedy Hamiltonian in lixed to
conform to experimeni 1l two-body properties. Unlortimately, the varions cnbenla-
tions all compire their renultn to different Limitn., Breanse ol cancedlations
which occur, it is not clear that a small rrsigunl1rrpnlniun is ruled ont,.

For pedagogical purponcs we note that <-p~/4M7> = = 3% MeV while «p™/m* =
11.9 MeV for our potential model, yielding a 3% relutiyistic correction to the
kinetic enerpy. The two potential terms ol order (1/M7) give +.15 MeV. Thiewe
numbers confirm onr earlicr estimaten. Clearly mich more work needs to be done
in this field.

This work was perlormed mehrr thir anspices of the tt, 5. llept. ol Encrgy.
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