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SOLAR OPACITY AND EQUATION OF STATE

W. F. Huebner
Theoretical Division, T-4
University <f California, Los Alamos Scientific Laboratory
Abstract
The disadvantages of radiative diffusion over radiative transfer in the

photosphere ss used in structure calculations is reemphasized. Uncertain-
ties in the opacity due to uncertainties in cbemical composition and in
approximations of the physics are described and estimated. Internal con-

sistency of equation of state and opacity is recommended.



Energy produced bj nuclear reactions in the inner core of the sun is
transported primarily in form of photon radiation outward to the photo-
lphgre and coroas. There the energy manifests itself through luminosity
and to a smaller measure through the solar wind. Opacity determines the
rate of diffusion of the energy which in turn determines the:temperature
gradients and to a lesser degree the temperature in the core. Since some
nuclear reactions that produce neutrinos depend sensitively on conditions
in the solar interior, opacity and equation of state (E0S) directly affect
solar neutrino production.1

I will not describe the details of opacity calculations; for astro-

physics this has been done in several earlier papers.z-s

Instead, Y will
discuss sources of uncertainties conn?cted with opacities and indicate
limits of accuracy, where possible, in regard to the following aspects:
(1) Radiative diffusion vs. radiative transfer in the photosphere.
(2) Changes of opacity due to changes in total metals mass abund-
ance Z relative to hydrogen and helium.
(3) Changes of opacity due to changes in relative abundances of
metals relative to each other (constant 2).
- (4) Changes of opacity due to multipole radiation, relativity,
collective effacts, and electron conduction;
(5) Internal consistency of equation of state (EOS) and opacity.
Before going into the details the standard for compariscn must be
deSfined. The opacities presenﬁed here for temperatures ahove 1 eV were

obtained from our Astrophysical Opacity Library.6 This Library is based

on two models for the ions: the explicit ion model for temperatures less

than about 100 eV and on the mean ion model for higher temperatures and

*]1 eV = 11605 K



for some of the higher densities at the.lower temperatures. Experimental
dats and screening constants are used in the atomic structure determina-
tions. Opacities based on these models for inaiviiual elements heavier
then Mg are in good agreement with opacities based on models using a Thomas-
Ferai potential. The usual processes for opacity cilculations are consid-
ered: photoionization, inverse bremsstrahlung, line absorption and scat-
tering.

(1) Radiative diffusion vs. radiative transfer in the photosphere.

Recently Ulrich and Rhodel7

pointed out that evea though the structure
of the sclar envelope does not iufluence the interior structure directly,
it does determine the mixing-length parameter for the tonvective zone.
Since the mixing-length parameter is sensitive to the composition of the
solar mixture, it is then possible to test the low-Z (low metal abundance)
solar model that had been invented to explain the lack c¢f detection of
solar neutrinos. The eff=ct of iow-Z on opacity is described in tﬁe next
section. Here I want to make a few remar«s about radiative transfer vs.
diffusion that may affect the solar envelope.

The diffusion approximation to radiation flow is appropriate for
conditions where local thermodynamic equilibriﬁm (LTE) is valid and the

gradient of the net radistion flux normal through a surface, dFv(:)/drn, is

small, Under those conditions

& (7) . .
e 34— = o 00, - 3BT, m
a .

is about zero and the zeroth moment (or angle averaged) intensity is J“(;)==

lv(T,:). This leads to the Rosseland mean opacity



= [ [«;! 2B (T)/oTIav/ [ (8D (T)/8TIav . (2)

In these equations Ky is the mass extinction (absorption corrected for
stimulated emission plus scattering) coefficient, Ks‘). the mass absorp-
‘tion coefficient corrected for stimulated emission (both depend on density
p and temperature T) ani B“ is the Planck intensity function. These con-
ditions apply in the solar interior but not in the photosphere. More
precisely, the Rosseland opacity applies only under LTE conditions at
depths At-.! below the photosphere where the optical depth

| v = IAI Ky dr , 3)
at frequencies v between spectral absorption lines is large compared to 1.

T

1f, on the other hand, the magnitude of the flux gradient is large

(e.g.. J" %~ 0), then the Planck mean opacity

(-]
Kp = [ K B, (T) dv/f B,(T)dv , (4)
(¢}

is obtained. But the flux gradient is large at all frequencies only if the
opticel depth, Eq. (3), is small at physical depth Arnin at the centers of
the strongest absorption lines. Arnin and Arnax are measured inward from
the photosphere (or from some point T at which B“(T,;)zz 0). There is no

easily defined grey opacity that applies between Ar- and Arm’

in aX"

Many structure calculations match the observed solar luminosity, but
ignore the details of the boundary layers particularly in the lower photo-
sphere. Some atmosphere models correct this with line blanketing 'r opacity
distribution function approximations or a statistical sampling procedure.

None of tnese go smoothly over into the Rosseland mean opacity with in-



creasing depth. Planck and Rosseland group mean opacities coupled with an
interpolation scheme that gives Planck opacities at Arnin and Rosseland
opacities at A'..: has apparently not been tried. The larger the number of
pho;on energy groups is the closer the two mean opacities approach one
another and the closer the calculation approaches radiative transfer.

Table I, column A is the solar metal abundance as taken from Cameron's
coupilations that was used in calculations of the low temperature opacities
and EOS presented in Table II for X = 0.770, Y = 0.212, Z = 0.018. Some of
the more important molecular tran;itions have been included in this table.
Figure 1 illustrates the extinction coefficient as a function of photon
energy at a typical temperature and density. Group mean opacities, not
presented here, can be formed from such calculations. The non-LTE condi-
tions in the chromosphere and in the corona must still be considered separ-
ately. Perhaps the convection zone below the photosphere introduces grest-
er uncertainties in the flux and'temperature profile than these impfove-
meats warraﬁt.m

(2) Changes of opacity due to changes in total metals mass abundance
Z relative to hydrogen and helium.

A reference set of opacities, presented in'Table I1I, was calculated
for a mixture with X = 0.770, Y = 0.212, Z = 0.018 and a set for a
metal poor mixture is presented in Table IV for X = 0.8832, Y = 0.1150, Z =
G.0018., The relative composition of the metuls for these two calculations
is presented in Table I, Column A. The maximum difference of opacity of
the metal poor to the ref-rence mixture is 80% at kT =5 200 eV, in the
density range 0.2 to 1.0 3/cm3. A contour map of the logarithm of the

Rosseland opacity for the reteicnce set is shown in Fig. 2 as a function of

density and temperature. The bumps are due to the shell structure of the



constituent elements. Also shown are the conditions for the standara solar
model as a function of radius.9 Consulting this map it is seen that the
maxisum change of opacity due to the above chsnge in metal abundance occurs
st 0.6 RU of the standard model. Curve A in Fig. 3 illustrates the rela-
tive difference of opacities at temperature-density points as function of
solar radius.

(3) Changes of opacity due to changes in relative abundances of
metals relative to each other (constant Z).

To check the sensitivity of opacity, to changes of abundances of
metals with respect to each other a calculation was made using the abund-
ances in Column B in Table I. These abundances correspond tn those given

9 It should be kept in mind that all these calculﬁtions are done

by Allen.
vith the Astrophysical Opacity Library.6 This implies that the basic
equatibn of state and opacity data for each constituent element is the same
regardless of the relative proportions in the mixture. This could never be
guaranteed'in previous calculations which always started from scratch. The
maximum change of opacity, relative to the reference case is 13% at kT = 300
eV and p~ 0.1 g/cm>. Additicnal maxima of 12% occur at kT=60 eV and p =~
1x 10_3 g/cm3 and at kT = 1.5 keV and p = 100 ‘g/cma- ﬁe relative differ-
ence of opacities at temperature - density points as 2 function of radius
in the standard solar model is shown in Fig. 3, curve B.

As a further test the elements P, C1, Ti and Mn were removed from the
list given in Table I, Column A and the abundance of Fe was increased to
include the abundances of Cr and Ni. The metal abundance was then renor-
malized to give Z = 0.018, The maximum reduction of opacity relative to

the reference mixture was about 6%. This tast serves &s a sensitivity in-

dicator for completeness of chemical composition.



(4) Changes of opacity due to multipole radiation, relativity, collec-
tive effects, and electron conduction.

When the photon wavelength is comparable or smaller than the size of
the ions, then the dipole approximation of the matrix elements for cross
sections is insufficient. Multipole contributions to the opacity become
important for conditions found near the center of the sun. Contributions
to the matrix elements due to relativistic effects involve the same para-
meters. Multipole and relgtivistic contributions should therefore be
considered together. These effects had in the past not been included im
solar opacities; they have been included in the bound-free contributions to
the opacities as prerented here., Figure 4 illustrates the mass extinction
coefficients as a function of reduced photon energy u = hv/kT at densities
and temperatures found in the standard solar model. Reading from the
bottom up the curves correspond approximately to distances 0, 0.2, 0.4,

0.6, 0.8, 0.9, 0.95, 0.995 times the solar radius R, as measured from the

(.
sun's center. The Rosseland weighting function, appropriate for all these
extinction coefficient curves, is plotted at the top of Fig. 4. At kT =
1.25 keV important bound-free cross sections influenced by multipole and
relativity effects contribute to the extinction above u.==6 where the
Rosseland weighting function is rapidly decreasing. At lower temperatures
tliese contributions add-in at still higher u values and thus become even
less important.

Collective effects to scattering have been described by Watson.lo
These effects reduce the scattering cross section in high density plasmas
at high photon energies. Since scattering is not a domirant process where

the Rosseland weighting function is large even ac¢ the highest temperatures

in the sun, the reduction of the opacity is only a few percent.



Table V presents opacities due to éelectron conduction. The largest

effect on the total Rosseland opacity _
gm0t ©)

at temperatures and densities appropriate to the standard solar model is a
reduction by about 0.5%. Kr and Ko are the radiative and conductive
opacity, respectively.

The net effect from all corrections is small since they tend to cancel.

(5) Internal cousistency of equation of state (EOS) and opacity.

S8ensitivity of the solar neutrino flux to changes in opacity and EOS

hss been investigated by Bahcall et al.ll

They found that the neutrino
flux is much more sensitive to local EOS changes tﬁan it is to local
opacity changes. In their analysis EOS and opacity were treated as inde-
pendent quantities, while in fact (for a constant composition) they are
not. Comparirg the two mixtures presented in Table I the relative differ-
ences of opacity as a function of solar radius are shown by curve B in

Fig. 3. In contrast the relative differences in the EOS are less than
20.1%. Although uncertaintier of EOS have a much bigger effect on solar
neutrino production then opacities have, the uncertainties of opacities

are much larger. It appears that solar structure calcuiations havn not
been carried out with an internally consistent set of EOS and oracity. The
tables provided here are internally consistent and show the effects of
shell structure at low temperatures. At conditions appropriate to the

deep solar interior, shell structure effects due to the heavier constituents
are not clearly discernitle, but bumps cf the order of a few percent cannot

be ruled out.



Summary.

There does not exist a single experimental verification of opacitiss
in the temperature-density region of interest to solar structure. This is
so because opacity is nonlinear with respect to plasma properties suza as
the density and temperature and attempts to measure these to‘the required
accuracy have failed. LTE and optical depth requirements restrict the ex-
perimental range and fluiddynamic coppling greatly complicates interpreta-
tica of experiments.

All opacities sre obtained from calculations based on well founded
theory. Some experimental data for cross sections and energy levels are
used; but even these data are incomplete and often very sparse and must be
lupplgmented with calculated values thch are fitted or normalized to
experimental data in neighboring regions. As is the case in most calcula-
tions, approximations must be made to keep problems tr;ctable. Thus,
‘experimental errors In the data and uncertainties due.to approximrations
must be combined in the error analysis. For this purpose I have tabulated
_ the uncertainties for relative abundance between metals (Fig. 3, curve B),
uncertainties for relative abundance in terms of X-Y-Z, the errors in basic
qpacity data and uncertainties in the atomic model approximations. It is
extremely difficult to make a complete, quantitative inalysis. Although
only very few opacity programs can handle general astrophysical mixtures,
about ten programs have been available to make comparisons for individual
elements or sirple mixtures in‘overlapping regions of density, temperature
and atomic number. Four of these opacity programs exist at Los Alamos.
Variovs independent investigators have made comparisons using two of my
programs: LEO (light elements opacity) and HEO (heavy element opacity) as

a standard., In all compirisons most disagreements have heen traced and
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explained. LEO, based on a scaled Hartree-Fock model of the aton,.and HEO,
based on the Thomas-Fermi potential have also been compared with each other
and are in -ood agreement (better than 30%) as already indicated in the
introduction. From the general nature of these comparisons, and the many
calculations, studies of results and improvements that we have made (see,
e.g. Ref. 5) some rules have emerged to estimate opacity uncertainties.
Uncertainty values are presented in Table VI as a function of solar radius
appropriate to conditions in the standard model. Since the values in
columns A and B depend on composition, they are correlated with radius.
The values in columns C are based primarily on uncertainties of the pr:iial
phetoelectric cross sections and the values in columns D take into account
the cgmplexity of the spectral structuce as apparent in Fig. 4. Colummns
C and D depend on atomic structures (e.g. electronic occupation numbers)
vhich change with temperature and are therefore uncorrglated.

I wish to acknowledge the collaboration of M. F..Argo, N. H. Magee,

Jr., and A. L. Merts particularly in the production of tables and graphs.
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 TABLE I
METAL NUMBER ABUNDANCES

A B
¢ 2664  .2565
N 0844  .0712
0 4854 5065
Ne 0777  .0636
Na .0014  ,0014
Mg .0240 .0206
Al : .0019 .0017
8i 0226  ,0257
» .0002  ,0003
s L0113 0124
(5] .0001  ,0003
Ar .0026  .0049
Ca 0016 .0015
T™ . .0001  .0001
Cx .0003  .0006
Mn .0002  .0002

Fe .0187  .0310
Ni .0011 _.0015

1.0000 1.0000
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Table III B

for X = 0.770, Y = 0,212, Z = 0.018
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Table III C

‘ i 2
High Density Rosseland Opacity [cmzlg], Energy [erg/g], Pressure [dyn/cm®]
for X = 0.770, Y = 0.212, Z = 0.018
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Table IV A

Low Density Rosseland Opacity [cmzlg]. Energy [erg/q], Pressure [dyn/cmz]
for X = 0.8832, Y = 0.1150, *Z = 0.0018
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Table IV B

for X = 0.8832, Y = 0,1150, Z = 0.0018
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Medium Density Rosseland Opacity [cmz/gl. Energy [erg/q], Pressure [dyn/cmzj
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Table IV C

High Density Rosseland Opacity [cmz/g], Energy [erg/g], Pressure [dyri/cmz]
for X = 0.8832, Y = 0.1150, Z = 0.0018
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kT[eV]

50
60
80
100
125
150
220
250
300
400
500
600
800
1000
1259
1500

o2
98800

&=y

Table V

Opacity due to Thermal Electron Londuction [cmzlg]

oS5

27100
36100
53400
69800
88800

9060
13000
20800
28200
37000
45500
61400
76300
90300

2

2300

2750

7490
1080C
14900
18700
26100
32900
39500
51600
62900
73500
93100

plg/cm
5

691
836
1130
1410
3980
5330
7920
10400
12700
17100
2120C
25100
32300
38900
46700
53900

3)

10

467
654
1060
1510
1970
2520
3000
4110
5180
7200
9100
10900
14300
17400
21000
24400

20

128
187
338
499
727
957
1370
1850
1990
2910
3780
4610
6170
7620
9320
10900

50

20.
31.

-

155
219
348
484
651
930
1230
1390
1950
2470
309¢C
3670

61.
97.

ownwuw

100

111
165
222
338
464
588
833
1036
1290
1560

.87
.61
15.
25.
42.
62.

W

200

1.12
1.76
3.59
6.16
10.6
16.2
3.8

47.8

69.4
115
162
217
319
423
549
640



Table VI
Summary of opacity uncertainties in % as function of radius

in standard solar model.

Composition
R/R.o * Standard Low-Z
A B C D Total A B C D Total

0 102 6 8 14 5 2 5 4 8
o2 8 2 810 15 4 2 6 5 9
4 8 21012 18 4 2 8 6 1
.6 6 11515 22 3 112 8 15
.8 S 32020 29 3 41512 20
.9 57 20.20 30 3101512 22
.95 210 20 20 30 1151512 24
.995 0 72015 26 01015 8 20

A = uncertainty due to relative metal abundance between metals.
B = uncertainty due to a 5% change in Y with Z held constant,
C = uncertainty in data (primarily photoelectric gross section).

D= uncertainty in model based on complexity of spectrum.
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Extinction coefficient k' [cmzlg]_vs. pnoton_energy [ev] at
temperature kT = 0.5 eV and p = 3 x 10-7g/cm”. Some important
molecular contributions are included. Most of the absorption
lines are of atomic origin.

Equal opacity contour map as a function of temperature and den-
sity for a standard solar mixture. The dotted circles indicate
conditions in a standard solar model as a function of solar
radius from R/R' = 0 to 0.995.

Curve A is the per cent change in opacity of the low-Z mixture
relative to the standard mixture., Curve B is the per cent change
of opacity using the Allen composition of metals relative to the
standard mixture which nses the Cameron composition for the
metals.

Extinction coefficient as a function of u = hv/kT. Curvec read
from the bottom up correspond to conditions in a standard solar
model at radii R/R = 0, 052. OQIO. 056, 058, 059. 0095, 0.995,
The strong line at u = 4 in the top extinction coefficient curve
is the hydrogen Lo line. The Rosseland weighting function appro-
priate for all extinction coefficient curves is shown at the very
top. \
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Exrinerion CoerFicients AT kT =058V, Ro = 3'10'7 cs/cm3

o

[6f 2] 7%

lo”!

hy [eV]

Fig. 1.



Log kT [eV]

Log p [g/cm 3]

Fig. 2
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% Change Of Opacity

Fig. 3.
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