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CALCULATION OF PROMPT F1SSION NEUTRON SPECTRA

Dsvid G, Madlsnd and J. Ravford Nix
Theoretical Division
Los Alamcs Scientific Laboratery
University of California
Los Alamos, New Mexico 87545, USA

We presant a new calculstion of the prompt fission neutron spectrum N(E) as a function
of both the fissioning nuclevs snd its excitation energy. The cslculation, based upon
standard nuclear-evaporation theory, accounts for the physical effects of (1) the d!stribu-
tion of fission-frazment residual nuclear tempurature, snd (2) tlic energy dependence cof the
cross section for the inverse process of compound-nucleus formaticn, Laing a residual nuclear
temperatur: distribution bascd upon the Fermi-gas medel, we hsve performed calculatisnx for
twe different sesumptions concerning the cross scction fou compound-nucleus formatiorn. Use of
8 constant cross section lesds to 8 closed expresgsion feor the neutron e~ :rgy apectrum while use
of an energy-dependent cross section, calculsted with the optical model, yields a numerical
integration. Results obtained for the two assumptions agrec well with experimentsl] data
slthough theve is a preference for the energvy-dependent cross section calculation.

TRAD10ACTIVITY, F1SSION Calculaticn of prompt fisslon neutron spectrum as function of flssioning
!ggleul and excis!tion energy. Nuclear-evaporation model, Fermi-gas model. Comparisons to

“U(n,£) snd

Introduction

Nuclear reactor design and other applications
require knowledge of the prompt fiasion neutron
spectrua N(E) as a function of botb the fiasioming
nucleus and its excitation energy. Tbe dependence
upcn fissioning nucleus and incident neutron energy
is particularly important in cases where fiasion
neutron apectrum measurements do not exist ur are
not possible. We studv these dependencies by use of
standard nuclear-evag .ration theory to calculate the
neutrou energy spectrum in the fission-fragment
Center-of-masa system, and then trasnaform these
results to Lhe laboratory syatem.

The center-of-mass neutron energy spectrum is
obtained,ly integrating the nuclear-evaporation
spectrun for fixed residual nuclesr temperature
over the distribution function of this temperature.
The nuclear tesmperature is that of the residual
nucleus following neutron emiasion from the evapor-
sting fission fragment. The physical origina of the
residual nuclesr tempersture distribution sre the
initisl distribution of fission-frsgment excitstion
energy and the subsequent frasgment cocling ss neu-
trons sre emitted. Following the integrstien, the
resulting center-of-mass neutron energy spectrum is
transformed to the lsboratory system under the
sssumption that the neutrons sre emitted isotropi-
caily frow the moving fragments.

Our calculations hsve been performed using a
trisngulsr approximstion to the residual nuclear
temperature distribution determined by Terrell og
the basis of experiment snd the Fermi-gas model.
Two different sssumptions have been tested for the
inverse process of compound-nucleus formation. Use
of a constant compound-nucleus formation cross
section yields a closed expression for N(E) involv-
ing the exponentisl integrsl and the incomplete
gsmma function. Use of sn energy-dependent form-
stion cross section, calculsted with the opticsl
model, yields s numericsl dovble-integral expres-
sion. Comparisons to experimental dsta demonstrate
the importsnce of including both the distribution of
residusl nuclear tempersture snd the energy-
dependent compound-nuclyus formation cross section,
The calculstions snd results obtsined using the
constsnt compound-pucleuc cross section sre di
scussed in the next section snd those obtsiped with

Cf(sf) experimental prompt neutron spectrs.)

the energy-dependent cross section in the section
following that. Ve then compare the results of both
calculations with experimental data. Our conclusiens
are prerented in the final section.

Conatant Compound-Nucleus (ross Section

The nuclear=evaporation spectrum corresponding
to a fined relid?ll nuclear temperature T is given
spproximately by

o(e) = c(T) °c(‘) t exp(-e/t) , (1)

where £ is the center-of-mass energy, 0_(£) is the
cross aection for the inverae proceas of ¢
ompounc=-nucleua formation, and c(T) ia the normaliza-
tion integral defined auch that ¢(t) ia normalized

to unity whe: integrated from zero to infinity. All
diptributions in chis paper are normalized 1in thir
way. In the case of a constant compound-nucleus
cross section 0, &be normalization integral c(T)
has the value lfocT .

The initial distribution of totsl
fission-fragment excitation entrgy is spproximately
Gaussisn in shape, with a total sverage value given

by
* tot ,
<k > = CE> + - > .
E>= Er + Bn En <E‘ (2)

Here <E > is the sversge energy relesse, B_ a4 E
sre the separation energy and lin!kic energy of +Be
neutron inducing fission, and <E > is the total
sverage fission-fragment kinetic energy. Fer spon-
tsneous fission both B_ snd E_ in Eq. (2) sre zero.
In cslculating <E_ > an8 B_ we use the experlnenta}
and systematic malaea colﬂiled by Wapstra and Bos
vhere avsilable lad othervise the droplet-!SEel nass
formula of Myers. Messured vslues of <E > are
slso used vhere available snd otherviae t‘e formula

1/3

<E tot

f 2"’

vhere Z snd A sre the stomic number snd masa number
of the fissioning nucleus and ¢, and c, are deter-
sipned by least-squares ldjultleAt to cipurilentnl
dsts. For lowv-excitation fission we use (c .cz)
values of (0,13323 Mev, ~11.64 MeV) determided?by
Unik et al.,” snd for bigh-excitstion fission the,
vslues (071071 MeV, 22,2 MeV) obtained by Viols.

>z cl(zz/A ) + ¢



In a study of experimental distributiona of
fission-fragment kinetic energy snd neutron numoer
Terrell obtained tbe distribution of kinetic energy
that governs neutron emission.” This distribution

vas transformed into the diatribution P(T) of fission-

fragment residual nuclear temperature by use gf the
Fermi-gas model where the excitation energy E , the
nuclear temperature T, and the nucliar level-density
parameter a are related by E = aT.” Terrell

observed that if the resulting temperature distribu-
tion is approximated by the aharp cutoff triangular
distribution

2
M/T A, TeT
P(T) = { o » (3)

0 y T2 Tm

then the maximum temperature T is related to the
initial tptal average fxssion-Tragment excitation
ecnergy <E > by

T, = (€57 ()

For the present studies we uce the approximation
summarized by Eqa. (3) and (4) to calculate the
residual nuclear temperature distribution. . use
the simple relationahip

a = A/(11 HeV) (5)

for the nuclear level-cdensity parameter, where A is
the mass number of the fissioning nucleus. It must
be noted that a slight adjustment in Tm from the
value predicted by Eqs. (4) and (5) could in prin-
ciple be requi :d.

The neutron energy spectrum in the fiss.ion-
fragment center-of-mass system, ®(f), is obtained by
integrating Eq. (1) over the temperature distribu-
tion given by Eq. (3). This yields

o(c) = [ 6(e) P(T) dT (6a)

. 2 .
(2e/T)) E (/T (6b)

where E, (x) = fm [exp(=u)/u]du is the expouential
1ntegrli. This result haa been obtained previously
by Kapcor et al. The average center-of-maas neu-
tron energy <£> is tbe first moment of Eq. (6b) .nd
has the value (4/3)T..

The transformation of the fission=-fragment
center-of-mass neutron energy apectrum ®(c) to the
laboratory system, under the sasumption tbat the
neutrons are emitted isotrrpically from 8 fission
fragment moving with average kinetic epergy per
nucleon Ef, is accomplished by use of the general
result

1 ()
N(E) = m—flo(c)/ﬁ]dc , ¢))
f 2
(E-E))

vwbere E is the laboratory neution energy.z Inserting
Eq. (6b) and inte:-changing the order of integration,
we obtain {o; the laboratory prompt fisaion neutron
spectrum

NCE) = (/AET,) w2 B (u)) - w2 E ()
ey G -y Ghupl, (8)
vhere u, = (fE - EDYT

u, = G+ EDPT,

and y(a,x) = f: u".1 exp(-u)du

is the incomplete gamma function. The mean laboratcry

neutror energy <E> is the first moment of Ey. (&)
and has the value Ef + (4/3)TT.

Since there are two fission fragments, each
emitting approximately the same average number of
neutrons, but each moving with generally quate
different average velocjities, the transformation
given by Eq. (7) must be separately applied tu each
fragment. This leads to

-1
NE) = 3 IN () + Ny(B)] , 9

vhere the subscripts refer to light and heavy
fragments. Equation (8) is used to evaluate each
term of Eq. (9). The values of the average kinetic
energy per nucleon for each fragment transformation
are given by

tot tot
L AP <[-:f > and M <A> <Eg >
f <AL> A f (AH) A

(10)

where <A, > and <A,> are the average integer fraggent
atomic mkss numbeys as obtained from Unik et al.

The mean laboratory neutron energy for the spectrum
given by Eq. (9) is

_ 1

(E)-z
The preuwpt fission neutron §gEctrum calculated

from Eq. (9) for the fission of U induced by
0.53-MeV neutrons is shown in Fig. Also ahown
are the Watt and Maxwellian spectra” calculated for
the same fissioning aystem by uaing temperatures T
and T,,, respectively, constructed to yield mean
energ?el identical to that given by Eq. (11) for the
present claculation. Tbese temperatyreg havz the
valuea T, = (8/9)T_and T, = (1/3)(E;+E.) + (8/9)T .
In Fig. ! the same calculgted npectr‘ lfe comparedm
by forming ratios to the preaent calculation. The
Watt spectrum ia accurate to witbin a few percent
for laboratory neutron energiea between O and about
7 MeV and smaller than the present calculation for
higher energies because the Watt temperature T, is
less than T.. The Maxwellian spectrum is a much
less accurafe pbysical apprcximation, particularly
at energies greater tban about 5 Me\' where it is
most sensitive to the large value of T,, which must
account for the motion of the fiasion " -agments as
well 483 tbe center-of-mass motion of tL: emitted
neutrons. Finally, the dependence of the present
calculation upon the fisaioning nucleus and the
incident neutron energy is illustrated in Figs. 3
and 4. Figure 3 illustrates how the high-energy
portion of the spectrun increasea as the charge of
the fiasioning nucleus increassea, for thermal-
neutron-induced fiasion. Figure 4 illustratea a
similar behavior of the spectrum as the kinetic
energy of tassincident neutron incresaes, for the
fission of U.
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Fig. 1. Prompt fission neutron lpectigg in the
laboratory syste. for the fission of U induced by

0.53-MeV neutrons. The solid curve gives the present

spectrum cajculpted from Eqs. (8) and (9). The
values of E/, E_, and T_ are, respectively, 1.062,
0.499, and i.Ols HeV. The mean laboratory energy,
cslculated from Eq. (11), 1s 2.138 MeV snd is equal
to the mean energy of both the calculated Watt and
Maxwellisn apectra which are abown for comparison.
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Fig. 2. Ratio of Watt spectrum ar:d the Mazwellian
spectrum to tbe preaent apectrum, correaponding to
tbe curves ahown in Fig. 1.
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Fig. 4. Dependence of the prompt fission neutror
spectrus upon the kinetic engIgy of the incident
neutron, for the fission of L, ps calculated from
Eqs. (8) and (9). The values of Ef aud E,, obtlained
from Eq. (10), are held fixed fcr g]l incident neu-
tron energies. The 14-Me\ spectrur is calculated
for first-cbance fission only.

Energy-Dependent Compound-Nucleus Cross Section

In this section we calculate the prompt fission
neutron spectrum in the case of an energy-dependent
cross section for the inverse process of comround-
nucleus formation. We obtain this cross section
using the optical model. The calculation proceeds
exactly as in the previous section except that the
integrations must now be performed by numerical
methods. The complete expression for the numerical
integration is obtained by combining Eqs. (1), (3).
and (6a) into Eq. (7) which yields the double
integral

(J}':wff)z T, '
N(E) = ,.—:,E—f Ve cc(c)[f (21/1.9)
E-Ep? 7O

x c(T) exp(-£/T) dT] de (12)

wbere the normalization integral c¢(T) is given by

> e e ' - .

: 1 ~. (ZA) dependrin e of ] c(T) = U' v 0_(v) exp(-v/T)dv} !

< 10 ! : Nisa10011n1g nucteus o o ¢

£ 3 Gauss-Laguere and Gausa-Legendre quadrature of order

- ] 32 are used to evaluate the three integrals appearang

§ 0" in Eq. (12). We represent the optical-model compound-

= 3 nucleus formation croas section by a cubic-ipline

} fit to a calculated array of 75 points extending {rom

10 ) 1 keV to 30 MeV.

& E

& . Following the numerical integration of Eq. (12)

£ 0" "-\ . for E, valuea and energy-dependent crosa sections

> i N 3 npproﬁrilte to each fragment, we obtain the laboratory

: T )G WA ] prompt fission neutron apectrum using Eq. (9). 5,0

< . =T o (00 Me\) N Calculations were perfo.med for the fisaion of Y

4 10 o — " " s o induced by 0.53-Me!' neutrons using three, well-known,
Ll

neutron-nucleus global optical-model gotentials.

Lau Neution bnergy £ (MeV)

Fig. 3. Dependence of the prompt fiasion neutron
spectrum upon the fisaioning nucleus, for thermal-
neutron-induced fission, .a calculated fron Eqs. (8)
and (9).

Theae nriothe potentials of Moldauer, Yilnore and
Hudgson, and Becchett: and Greenlees. The
results are shown in Fig. 5 where the ratioa of the
three calculationa to the constant compound-nucleus
cross aection calculation of Fig. 1 are plotted.
The resulta are similar for tbe three potentials,



namely, there ia approximately a 10% enhancement at
a laboratory energy of about 700 keV and a gradual
decrease above 2 MeV, relative to the constant cross
aection calculation. Theac structure changes are
due to the gradual decreaae of 0 _(£) witb energy and
the relative maxima and minima of 0_(€£) below the
1-Me\' region. ¢

Compariasona with Experimental Data

We compare our results to experimentally
determined prompt fission neutron lpectr,agn Figs. 6
snd 7 for, renpectiviiy, the fission of U induced
by 2533-Hig n~utrons"” and the apontaneous fission
of cf. Calculations using the constan. compound-
nucleus cross section agree reasonably well with
this data although they are slightly bigh in various
portions of the tail region. In both figures a
clear preference exists for the energy-dependent
compound-nucleus cross section calculation shown for
the case of the Wilmore-Hodgson optical potential.
This is evident in tbe high-energy region as weli
as in the 1-Me\' region where the data appear to
support the exiatence of enhsanced atructure. How-
ever, our energy-dependent calculation is unable to
reproducssihe magnitude of this structure in the
case of Cf(af).

Conclusions

A new calculation of tbe prompt fission neutron
spectrum has been presented. The calculation demon-
strates the importance of accounting for the pbysical
effects of the residual nuclear temperature distribu-
tion and the energy-dependence of tbe croas section
for the inverse process of compound-nucleus forma-
tion. The calculation predicts clear dependencies
upon fissioning nuclear species and incident neutron
energy. Fission neutron spectra can now be calculated
in regions devoid of experimental spectrum measure-
ments.
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Fig. 5. Ratio of tbe prompt fisaion neutron spectra

calculated with energy-dependent compound-nucleus
cross sections to that calculated using the conatsnt
conpound-nucleu,agroll section shown in Fig. 1, for
tbe fisaion of U induced by 0.53-MeV neutrons.

Tbe dotted curve is for the potential of Moldauer,

the dashed curve is for the potential of Wilmore and
Hodgaon, and the dot-dashed curve ts for ﬁhe potential
of Becchetti and Greenleas. The E  and E; values

are the same for all four of the c‘lculntfonl.
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Fig. 6. Prsggt fission neutron spectrum for the
fisaion of U induced by 0.53-MeV neutrons. The
dashed curve gives the constant cross section calcula-
tion identical to that of Fig. 1 and the solid curve
depicts the energy-dependent croas aection calcula-
tion uaing the optical potential of Wilmore pod R
Hodgaon. In both cases the same values of Ef and E
have been employed. The experimental data are thosg
of Johansson and Holmquist.
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Fig. 7. Prompt fisaion,pgutron spectrum for the
np:ntlneoul fission of zg!CI. Tbe dnshed_curve

givea the conlttnt fiross section cnlculnt;on vhere
the valuea of E, Ef. and T_ are, respectively,
0.984, 0.553, ahd 17209 MeV® The aolid curve depicts
the energy-dependent croas section calculation using
the optical potential of Hillort and Hgdgson. In
both caaes the aame values of E  and E_ have been
employed. The experimental dnt‘ are tﬂone of
Boldeman, et al.
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