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J. R. NIX AND D. STROTTMAN
1. Introduction

We entered a new era in nuclear physics a few years ago. We had pre-
viously studied nuclei by bombarding them either with 1ight nrojectiles or
with heavy ions at low energy. Under these conditions, the nuclear density
remains close to its equilibrium value and the excitation energy is rela-
tively low. However, the development of accelerators that can accelerate
heavy nuclei to relativistic energies has made it possible to begin to ex-
plore what happens when nuclei become highly compressed and excited.

Such studies permit us in principle to learn about the nuclear equa-
tion of state, the fundamental relationship specifying how the pressure de-
pends upon density and thermal energy. At present we have experimental in-
formation about this important function only in the vicinity of the equi-
librium ground state. However, theoretical speculations suggest that it
may be extremely complicated, with nuclear matter undergoing one or more
phase transitions as its density is increased.

In order for us to achieve our objective of learning about the nuclear
equation of state from comparisons with experimental data, two important
conditions must be rea’ized in nractice. First, high-energy heavy-ion col-
lisions must involve some degree of coherent collective flow rather than
being merely a superposition of hadron-hadron collisions. Second, the cal-
culated quantities that are experimentally measurable must show some sensi-
tivity to the input equation of state. We pay particular attention to
these points here within the framework of two different types of fluid-
dynamics models. Although these models nave their limitations, they have
the strong virtue of dealing directly rather than indirectly with the func-
tion that we are interested in. Any many-body forces that may be present
at high density can be taken into account automatically through their ef-
fect on the equetion of state, whereas other approaches are currently lim-
ited to two-body forces.

We do not have space here to review the many contributions of other
groups to the field, but instead concentrate on those aspects in which we
have been directly involved, after first discussing our current knowledge
and theoretical cpeculations concerning the nuclear equation of state in
sect. 2. Corventional relativistic nuclear fluid dynamics, which is based
on the assumption that the nucleon mean free path is zero and consequently
neglects the interpenetration of the target and nrojectile upon contact, 1s
discussed in sect. 3. Results of such calculations performed for three
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different equations of state are compared in sect. 4 with experimertal data
for both all impact parameters and central collisions for the reaction 2°Ne
+ 238 at a laboratory bombarding energy per nucleon of 393 MeV. These
comparisons suggest that we need to take into account target ana projectile
interpenetration, which is done in sect. 5 on the basis of a two-fluid
model. We conclude in sect. 6 with ar assessment of the present status and
our future prospects for determining the nuclear equation of state with
high-energy heavy ions.

2. Nuclear Equation of State

A region of nuclear matter in local equilibrium can be described by an
equation of state, which specifies how the pressure depends upon density
and thermal energy. In the rest frame of the matter under consideration,
the total internal energy per nucleon is

E(nol) = Eo(n) + 1, (1)

where Eo(n) is the ground-state energy per nucleon at nucleon number den-

sity n and 1 is the thermal energy per nurleon, which is itself a function
of n and either thre en{ropy per nuclecn S or the temperature T. The pres-
sure p is then given by"’

o2 (n, 1) 2
= n ——gn———

(e
s

so that it contains separate contributions from the compressional enerqy
and the therma) energy.

We currently have three pieces of experimental information concerning
the ground-state energy per nucleon fo(n). The value of the eauilibrium
energy per nucleon aiven by a recent semi-empirical nuclear mass famula
st

fO(nO) = -15.99 Mev ,
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the value of the equilibrium density obtainad from analyses ot elastic
electron scattering and microscopic calculations of nuclear density distri-

butions is?»18s21

ng - 3/[4n(1.16 fm)3] = 0.153 nucleons/fm>
and the value of the nuclear compressibility coefficient deduced from nu-
clear giant-monopole resonances is"

dZEO(n)

- gl .
K-9n0——d;-2—- = 210 + 30 MeV .
n
0

Although unknown experimentally at higher densities, theoretical spec-
ulations suggest that Eo(n) may involve one or more phase transitions, as
illustrated®? in fig. 1. For example, doubling the nuclear density from
its normal value cculd lead to a pion condensate, or a state containing a
large number of bound pions.®*11s13s1%  Compression to several times normal
density could result in a density isomer, or a quasistable state existing
at other than normal density.'“s%s2“ Stil11 further compression could pro-
duce quark matter, in thch the quarks that comprise nucleons become
free.?»72!5 To determine whether or not any of these phase trantitions ac-
tually exist in nuclei is the exciting challenge that we face!

The thermal contribution to the pressure can be written as’’

I
n n2 %ll e bnl ,
(A i b

ptherma1 nla

where b is in general a function of hoth n and I. However, b becomes es-
pecially simple in certain 1imiting cases. In the nonrelativistic Fermi-

gas model
b=2/3, (?)

reflecting the proportionality of the thermal energy per nucleon to n’/'.
When the effect of interactions between the nucleuns is taken into account
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Nucleori Number Density n (Units of n,)

Fig. 1. Schematic 11lustration of three possible phase transitions in nu-
clear matter with incrrasing density.
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by means of a density-dependent effective mass meff(n)' this result gener-
alizes to?®

- 2 d In meff(n)
-3 d Inn

When mesons or cther particles are produced, this result at high tempera-
tures generalizes to

b=2/(3+Nm) [

where Nm is the number of mesonic end other degrees of freedom that are ex-
cited per nucleon. Finally, in the ultrarelativistic Fermi-gas morcel with
constant effective mass and no particle production

b=1/3.

To study the sensitivity of the calculated results to the input equa-
tion of state, we use the Fermi-gas result (2) for the thermal pressure ard
the three curves®' shown in fig. 2 for the ground-state enerqy per nucleon
Eo(n). The solid line.shows the result for a conventional nuclear equation
of state with compressibility coefficient K = 200 MeV, and the dashed line
shows the effect of doubling the compressibility coefficient to 400 MeV.
The dot-dashed curve in fig. 2 shows the result for an equation of state
with a density i{somer at a density that is three times nnrmal nuclear den-
sity, with an energy 2 MeV higher than at normal density and with the same
curvature. This curve is qualitatively similar to suma that have been com-
puted num2rically by Hecking and Weise,!' who shcwed that pion condensation
leads to a density isomer for certain values of their parameters.

For each of the three curves in fig. 2, we use the value lo(no) = -8
MeV to simulate the effects of surface and Coulomb energics for finite nu-
clei and an older value’’ of ng * 0.14% nucleons/fm' Tor normal nucleon
number density. The curves are calculated from a new functional form®
which has the property that the speed of sound approache. the speed of
Tight in the 1imit of infinite compression. This is achieved by parameter-
izing fo(n) for n greater than a critical value n. in terms of three
smoothly Joined parabolas in the squave root of the density, so that in the
limit of infinite compression it increases linecarly with densitv. In the
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1imit of zero density, Eo(n) is taken to be the difference between a speci-
fied term proportional to n2/3 that represents the kinetic energy of nonin-
teracting nucleons and a term proportional to n whose coefficient is ad-
justed so that the two forms join smoothly with continuous value and first
derivative.

3. Relativistic Nuclear Fluid Dynamics

In order for conventional relativistic nuclear fluid dynamics to be a
valid description® of high-energy heavy-ion collisions, there must be (1) a
large number of degrees of freedom, (2) sufficient time during the colli
sion to establish local equilibrium, and (3) a short mean free path for
stopping a nucleon. The first condition is satisfied moderately well and
the second condition is satisfied less well, but perhaps well enough., The
third condition is more subtle, since estimates based on free nucleon-
nucleon collisions give relatively long mean free paths®® whereas ccherent
collective-field effects could in principle reduce the mean free path sig-

nificantly.!!

The applicability of conventional relativistic nuclear fluid
dynamics to high-energy heavy-ion collisions is an important question that
must be decided from comparisons with experimental data rather than from
theoretical arguments.® This is one of our purposes here.

In a complete nuclear fluid-dynamics calculation, we would need to
take into acrount nuclear energy, Coulomb energy, nuclear viscosity, ther-
mal conductivity, and single-particle effects, as well as the production of
additional particles and the associated radiative loss of energy from the
system. However, in heavy-ion collisions at the laboratory bombarding en-
ergy per nucleon of 393 MeV considered here, these effects are small com-
pared to those caused by the deminant kinetic, compressional, and thermal
energies, and are consequently neglected.

The covariant relativistic hydrodynamic equations that we solve ex-
press the conservation of nucleon number, momentum, and energy, for a spec-
ified nuclear equation of state. In units in which the speed of light c =
1, these equations are’

%% +v (VW) =0,
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aﬁ ey -
a-t + V (V[) = Vp ’
and
3E > - . . -
3t Y v (VE) = -v (vp) ,

where N, ﬁ. and E are respec’ively the nucleon number density, momentum
density, and energy density (including rest energy) in the laboratory ref-
erence frame and v is the velocity of matter relative to the laboratory
frame. The three laboratory-frame quantities are related to rest-frame
quantities by

N=vyn,

mele s p)V,
and

E=Y2(E+p) - P

where v = (1 - vz)'l/2 and ¢ is the internal energy density in the rest

frame, which is related to the internal energy per nucleon of eq. (1) by

£ = &0+ E(n,1)]n .

For a given nuclear equation of state and for given initial conditions
we solve these equations numerically in three spatial dimensions by use of
an improved version’® of a particle-in-cell finite-difference computing
method.'? This is done for the reaction “°Ne + >*"U at a laboratory bom-
barding energy per nucleon of 393 MeV, for which there exist experimental
data on the cross section d’u/dEd:> for outgoing charged particles, both in-
tegrated over all impact parameters’® and for high-multiplicily events that
can be tentatively identified with nearly central collisions.”?»*° For
each of the three equations of state illustrated in fig. 2, we scive the
equations of motion for five different impact parameters. We continue cal-
culating the fluid-dynamical expansion to relatively small densities, where
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the thermal energy per nucleon is negligible, rather than perform a thermal
foiding after the system reaches a freezeout density at which fluid dynam-
ics ceases to be valid.!’

We show in fig. 3 the calculated time evolution of the matter distri-
bution for an impact parameter that is 0.1 the sum of the target and pro-
jectile radii, corresponding to neariy central collisions. Each column
presents a cide view of the matter distribution evolving in time fcr a dif-
ferent equation of state. The initial frame in each case shows a ??°U tar-
get bombarded from above by a Lorentz-contracted 2°Ne projectile whose en-
ergy per nucleon is 393 MeV. The projectile and taraget are represented by
computational particles, which are initially aligned so that in the direc-
tion perpendicular to the page only a single point is visible. However, as
the impulse resulting from the collision propagates throughout the systeu
this alignment is destroyed and additional particles come into view.

The target and projectile are initially deformed, compressed, and ex-
cilted by the collision, which produces curved shock waves. These are fol-
lowed by rarefaction waves and an overall expansion of the matter into a
moderately wide distribution of angles. The results for the three differ-
ent equations of state are very similar to one another, but the expansion
starts later because the matter is compressed to a higher density for our
equation of state with a density isomer compared to our two conventional
equations of state, I; particular, for our equation of state with a den-
sity isomer the matter is compressed to a maximum rest-frame density of
5.1 ny and remains above about 3 njy for 1.4 x 1022 5 and above 2 ng for
1.9 x 10°?% s, For our conventional equation of state with compressibility
coefficient K = 200 MeV, the matter is compressed to a maximum rest-frame
density of 3.3 No and remains above 2 o ror 1.0 x 10722 s, For our con-
ventional equation of state with K = 400 MeV, the matter is compressed to a
maximum rest-frame density of 3.4 ny and remains above 2 ng for 0.7x 107" s

4, Comparison with Experimental Data

For a given impact parameter we construct from the velocity vectors at
some large time the energv and argular distributions for the expanding mat-
ter. The small amount of matter that already has passed through the top
and side boundaries of the computational mesh is also included. By inte-
grating over the appropriate ranges of impact parameter, we compute the
doubie-differential cross section corresponding both to all impact
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®Ne+U at E___/20-393 MeV
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Fig. 3. Time evolution of the matter distribution in a nearly central col-
lision of 2°Ne with “*?U, calculated i three different nuclear equations

of state.
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parameters and to central collisions constituting 15% of the total cross
section. The cross section for the outgoing matter distribution i< then
converted into the cross section d®c/dEd2 for outgoing charged particles
urder the assumption of uniform charge density.

The results calculated for our three equatiors of state are shown in
figs. 4-6 in the form of energy spectra at four laboratory angles ranging
from 30° to 150°. Some measure of the fairly large numerical inaccuracies
inherent in fluid-dvnamics calculations can be determined from the fluctua-
tions in the histograms, which are obtained using anqular bins of 10° width,
We also inciude in the figures the experimental data for outuoing charged
particles. The data of Sandoval et al.”® for all impact parameters include
contributions from protons, deuterons, tritons, *He particles, and “He par-
ticles. The data of Stock et al.-?»?% for high-multiplicity events, which
are presumably associated with nearly central collisions, include contribu-
tions from only protons, deuterons, and tritons.

Examining first the results for all impact paramet:rs civen in the
left-hand sides of figs. 4-6, we see tha. at low energy ine calculated re-
sults are for all angles and equations of state higher than the experimen-
tal results. This is because of our neglect of binding, which causes the
entire system to completely disintegrate into slowly moving matter for an
arbitrarily small impulse. At higher energy the calculations with all
equations of state rep;oduce. to within numerica: unzertainties, the exper-
imental data at all angles. The nuclear equation of state has little e¢f-
fect on the single-particle-inclusive cross section d”~/dfd: integrated
over all impact paramcters.

Turning now to the results for central collisions given in the right-
hand sides of figs. 4-6, we see that at intermecdiate anqles the results
ralculated with the three equation; of state are very similar to one an-
other, to within numerical uncertainties. Howeve:, at » = 30" the slope of
the energy spectrum decreases significantly as we go from a stitf equation
of state with K = 400 MeV through an intermediate one with K = 200 MeV to a
suft one that contains a density isomer. Also, at v = 150" the results
calculated for the density isomer are somewhat higher than those caiculated
for the two conventional equations of state. These differences arise be-
cause the softer density-isomer equation of state leads to higher initial
density and thermal energy per nucleon, which increases the thermal contri-
bution to the cross section in regions where 'L would otherwise be small.
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calculated for our conventional nuclear equation of state with compressi-
bility coefficient K = 400 MeV.
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“Ne + U at E,_/20 = 393 MeV

Compressibility coefficient K = 200 MeV
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Fig. 5. Comparison of experimental energy spectra™ »?":'% with histograms
calculated for our conventional nuclear equation of rtate with compressi-
bility coefficient K = 200 MeV.
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“Ne + *U at E__/20 = 393 MeV

K = 200 MeV with density isomer
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Because of our neglect of binding, at 1ow energy the calculated re-
sults for central collisions are also higher than the experimental results
for all angles and equations of state except for & = 150° with the two con-
ventional equations of state, where the rapid expansion 1n the backward di-
rection suppresses the cross section. At higher energy the calculations
with all equations of state reproduce, to within numerical uncertainties,
the experimental data at all angles except 0 = 30°, where the calculated
energy spectra for all three equations of sta.e have signif cantly larger
slopes than the experimental spectrum. This important disc'epancy for cen-
tral collisions in the forward direction suggests one or mcre of the fol-
Towing possibilities: (1) an experimental contamination from large impact
parameters, (2) a direct component involving single-nucleon scattering,

(3) a high-temperature thermal component, (4) a soft nuclear equation of
state, or (5) interpenetration of the target and projectile upon contact.
It is this latter possibility thet we regard as most 1ikely and to which we
now turn our attention.

5. Interpenetration of Target und Projectile

In microscopic approaches such as the intranuclear cascade,'! the tar-
get and projectile intarpenetrate upo. contact by amounts determined by a
superposition of individual hadron-hadron collisions. An aiternative way
to incorporate target and projectile interpenetration while retaining some
degree of coherent collective flow is by use of A two-fluid model,” in
which coupled relativistic equatiors of motion are solved for separate tar-
get and projectile nuclear fluids. The terms in the equations that couple
the two nuclear fluids are obtained from the cross section and mean lonqi-
tudinal momentum transfer for freec ricleon-nusleon collisions. At low rel-
ative velocities the target and projectile fluids merqge, in which case con-
ventional relativistic one=-fluid dvramics 18 rocovered.

For our calculations with the two-fluid model, we use an older nuclear
equation of state in which the ground-state enerqy is of the form'"

2/3

lo(n) - an" /3

5
- bn v oen .

with values of the constants that lead to a nuclear compressibility coeffi-
cient
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K= 294.8 MeV .

For consistency, we also use this same equation of state in those calcula-
tions with our one-fluid mrdel that are reported in this section.

We show in fig., 7 the resulting energy spectra calculated for central
collisions in both the one-fluid and two-fluid models, along with the ex-
perimental data of S*ock et al. For the three angles o = 70°, 110°, and
150°, the two models reproduce equally well, to w “hin numerical uncertain-
ties, the experimental data at high energy and are both larger than the ex-
perimental data at low energy because of our neglect of binding. For 0 =
30°, the two-fluid model agrees with the experimental data substantially
better than does the one-fluid model, although the slope calculated from
the two-fluid model is still somewhat larger than the experimental slopc.

An alternative and perhaps more illuminating way of making the compar-
isons for central collisions is in the form of angular distributions for
fixed outgoing laboratory momentum per nucleon, as shown in fig. 8. The
experimental angular distributions for low outgoing momenta contain a small
peak that shifts to smaller angles and finally disappears for higher outgo-
iny momenta. The histograms are calculated with eneray bins of 20 Mev.
Because of our neglect of binding, the results for the lowest outqoina mo-
mentum calculated in both the one-fluid and two-fluid models are much
larger than the exporiéentn1 data. With increasing outaoing momentum, the
one-fluid model predicts anqular distributions that are narrower than the
experimental distributions and that are peaked at increasingly laraer
angles, which is opposite to the experimental trend. However, the two-
fluid model predicts angular distributions with peaks that shift to smaller
angles with increasing outqoing momentum, as is observed experimentally,
For intermediate outgoing monenta the experimental data arve lower in abso-
Tute value than the two-fluid calculations, but for the two hiqhest outqo-
ing momenta the experimental data agrec with the two-fluid calculations to
within their numerical uncertainties.

6. Conclusions

By focussing in figs. 7 and 8 on those regions in enerqy and anqgle
that are sensitive to the model used, nanely high-enerqy outgoing particles
in forward directions resulting from central collisions, we conclude that
conven! Jwonl nuclear fluid dynamics is inadequate and that the
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“Ne + ®U at E__/20 = 393 MeV

Central collisions (15%)

r 103 T T 7T r[ rrr—r] T T I‘TT T 1T 7T T j-Tfr—l T T°71 7*]7 LN 1177
n
E 10° 6 = 30 6 = 30°
3 10 —l —;L_H
ji . ) o % ° T__J__l__i
S 10 *
) L 70 2 =
T o <10 70"

10 _ -2
Nb ° — -L_ .. ° ><].0
© 10-2 . 1_ ® .. ® __[’
s R
Eoop bl 1 110

] -4

§- MLXIO .. L—\ l xlO-‘
U - T A— ——
; 10" * ‘{ I ‘ * o‘l I l
(-T1]
E l(rb . - }u_ ® _1__ )
& > l l * l__.
2 150° . o
© 10 o 1V 10-® [ l 150° . .
1: l(rq 9 - ® x10
©
T I 1 ¢ ¢
E 10 One-fluid ¢| Two-fluid
b model model
= l()"°74lllllLJAJllJlllllL AL4ALLAAAIA_LLL11144
&)

0 n0 100 1560 0 H0 100 150 200

Laboratory Kinetic Energy per Nucleon (MeV)
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interpenetration ¢f the target and projectile upon contact must be taken
into account. The two-fluid model that is used here to describe this in-
terpenetration predicts sidewards peaking for centra?l collisions that is in
approximate agreement with experimental results, alchough for intermediate
outgoing momenta the calculated peak is somewhat higher than the experimen-
tal peak. In contrast, the microscopic intranuclear-cascade calculations
of Yariv and Fraenkel,*!*?? which are based on a superposition of hadron-
hadron collisions, predict for central collisions angular distributions at
d11 outgoing momenta that are forward peaked, to witi.in statistical errors.
Furthermore, the two-component direct-plus-thermii model of Schurmann and
Chemtob?¢s27 yields for central collisions angular distributions that are
forward peaked at low and intermediate outgoing momenta and slightly side-
wards peaked at higher outgoing momenta. From this we conclude that cen-
tral high-energy heavy-ion collisions involve some degree of coherent col-
lective flow rather than being merely a superposition of hadron-hadron col-
lisions In particular, the flow appears to be somewhat intermediate be-
tween that of two-fluid dyramics and an intranuclear cascade.

From figs, 4-6 we see that, apart from central collisfons at 0 = 307
and to a less extent 1507, the double differential cross section d*../dLd:
1s relatively insensitive to the nuclear equation of state in one-fluid dy-
namics, &nd we expect even less sensitivity 11 two-fluid dynamics., How-
ever, as stressed by Buchwald et al.® and Csernai et al.," the triple dif-
ferential cross section du/dEdods should be more sensitive. This is be-
cause for a yiven impact parameter that is intermediate between central and
peripheral, the mean angles of the emitted projectile-11ke and target-like
matter depend upon the maximum density reached and the time that the system
remains compressed and consequently upon the nuclear ecuation of state.
With the experimental development of 4n detectors in the near future, the
exploration of this new possibility should become a reality.

Other promising directions that deserve further studies include
charged pion spectra, two-particle correlations, composite-particle produc-
tion, and anomalously short mean free paths of projectile fragments.'®
Learning whether or not the nuclear equation of state contatins any sur-
prises represents an important challenge, but this will require more pre-
cise experiments and thcory and the development of a clearer sianature.
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