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1. lh~ODUCTIOS

(1,11

= U“(.R, )+ -; (,h,*:- A,. I,)U“’(x,)+ 0 (A?),

l.~l=! , (1. ?1

Lu(a, rl=f

L~u=F+T

l.h(U limi.hf =1



s~mll~ f.)1 ~ alIIC~I= ECIIHJJC lIIlplJCS Uldl UK I(IVCIX 111 UKUJJICJWILZ cqmauw (malnxt, LA , IS

tmurukl imlcpdcm of k mesh sin; thaI is,

liLill, s C

Thus, if h dlflcrcncc schcmc IS mahlr, wr CrI h usua! rcsulI,

I:f: S(- l’~ (1.51

However. in rcc.cm work on ordmav dlfkrtmn~l cquatl(m$ NIwkuffcl and “~7111Lm!5], Kmis~ rI d [t,;, II

hm hccn shcwm tiat, in sornc cases. lhls appwcnl loss of ii~cum~j is an arrlfacl of W smckl

txmvcrgc~c proof and mu: no! acluall) occur The follrwng slmplc cxarnplc shous ho~ [his mlghl

happ ?hL’ dlf!crcncc Cquimm.

wtwrc A,+ln=x,. l -2, . am an apprukimalmn 10

Uf(ll= .4 . -j: +f(l )=()

lk’ !nmxillon mm IScawl) vxn I(Ihc

A,*t, - b, .1,

l,=-
A ““‘“ U’(x, )+o(ifl .
I*’1+A, .1,

(1 f,,

(1-’

Wlwe

L=-+A, ,1*B ‘(a,●IA)



Solving (1 .9s) for /,. WC ~1

/,=g, =O(A)

IIIus, tie error, /. ducto W lcx!lngtxdcrlcnn in (1.8) is Rally O(A), MN 0(1 ) M wc migh[ have

su~scd fmm tic mncaticm error

In a mom gcncm! sming. which will b? lhc wmplalr for wh~r follows in the rcmairung Scctlcms, LIM error

equation on an irregular grid mighi lx unuen u

Lhc= 11+1:,

when K1is CIUI pan of dr truncamm crrvr CXPIICVLI!auscd h) tic imgular grid and

I,=ol Ar”’), 1:= (-)(,h~)

11wc can rcwnlr 71 in hc fo;lou-mf UJ!,

Tlml. h(+olhl~ , /=ol.lr) .

~< in (].q~), then (1,10)txcomcs

Al r.h~ pnlnl, thr usual c-cuwcrgcncr

(110)

(1,111

(1 17)

I,f - q scliilJ

and wncc Mh t and;: am O (Ar ). wc have

l’u-k];=o(s~)

The kc), of counc. is king ahlc to sallsf! (1.11) In Scctmn 2, wc will cxarninc IWC “upwind’ diffcrcnir

schrmcs dlscussc,l m Pike [7] for appm~lma:lng lhc srdullon of tic $cdar waI’c cqu~!lrm on an irm Ful;lr,

bul C-arkslall pndua grid in Swhon ?, wc MIII illuslmw lhc di!fic]ltlc~ dim an<c frvm a mesh allr~u:,!

IO mow imgularl] in time, bj appm~lmallng lhc solulion of Msimpl,s hcw cqu~[]or, on such a Fnd III

SCCIIOII 4, wc WIIImakf some bncf commcrm cm lhs work

2. HYPERRO1.1(’ EQ1!ATIC)NS ON PRO131KT CiR!DS

In this scrtion. wr WIII cxamInc (using h)~rtmlic tq~alicm as a vchl~lc) hc cmor anal)~Is (JI dl!lcmmc

SChCmC.Scm pKAILI I gndS, b parucu]ar, we Wil] kmh al (x ,r ) grids of lht form

(1;.1;) = (1, ,f’ ) , (:1)

thal is, lhc gnd is a pmlucl of Iwo, rmc dlmcrwirmal. irregular grids For J dlffrrcm ap;vvu~.h IP thI~

prvhlcm, SCC,fin cxampk Orva~ and Japc IRI or Chm [Vi Pike [7] IIW rmtcd lh~l al[t)ough ar] upwlr),!

diffcrcrwc schcmc for



v: - v:., ~&. ] J

—+ ’’=0, (2.?)A v Hc l/+( A,+)A+ 4-1~~
AT

but notes that ~c mncation crmr ic O ( I ) on an irregular grid. However, umnpula[icm wifi ticsc rww

schcmcs leads 10 OK obscma[ion fhal algorithm (2.3) yields solutions “similar in qualily m rhc filsl-order

acbmrate nonccm.smativc solulion “‘ in whal follows, we will show Ihal Lhisrcmarli is in facl ~n’ccl, thaI

algorithm (2.3 ) is firsl-order accumlr.

Calculating I.!Wmncalion crrur fur (2.3) yelds lhc error equation,

(2.4)

where O(A) here refers LOIems lvolh in AI and AT, We now ~a[ [hc lcadmg order term in (2 41 is duc

cn[]rrl! m tic spa[lal dlffcrcrht In (23) In fact. tic upwind alg(~n Uvn (- .7 7) is pnxiscl} Lhc same as (1,6)

idcnli[y.

-b
f - / *,.,

1 =,.M- +()[.jl ,
L’,,l,.I:+A: ,,)

mesh is the same,

(’-’-(’ 1 u,ft,*l,:.r’41\-u~(I,. ~,.f’)
,4, ,11 [ ---- -------

.—. _— —]=o\A)A,, - z-j

AT

pmvidcd (!w soluliim i~ wfflcicn:l) smooth ~(lml+nlng (z Sa) and (2 6), wc (’an rvwn[c tic crmr

-!-,(.

is slablc, lhcn

17K11is, in spiw L)l

order accuralc.

via W upwind cliffcrrwc sdvcmc,



However, just as in W linear case, Uic leading onlcr term in tic !.n.mation error can & rcadi:y

incmporatcd inm Ihc nordincar opcramr,

1 au ‘~ A, -,* --:”.?U-,k= u,’ + —
dl

C.hl

NOM, combining (2,11) with tic modlkd mmca~icm tnvr cxprrssiiv) (2 9J,h I will yicid sharp enmr

cstlmalcs for W notiincar poblcm.

3 PAR4BOLIC EQV.4TIONS ON NOW’RODI:CT CIRl DS

lr! LhI$ scclicm, wc will hc primaril} conccmcd wirh Ihc solution of IJw inhomogcnccms heat cquwion u:

onc-.spud dlmcnsmn,

71M. Jditinnd ccmlplc~ily will come fmm allowing tic spalial grid poinls m move in lime. Wc nmc In

pa~slnr Lhalif [hc mesh Imjccmncs arc smom.h functions of 1, Ihcn WCcan uansform tos ncw cmwdln~:;

syswm and dcriwc diflcrcnb”cschrn:rs in tic ncw umrdma[cs on a producr grid, Thus, wc will allou U}.

mckh mmmn 10 br imcgular.

In \la, ,!cuffcl and Whllc

( 1 1)). can * wrmcn as

[5], II WJS shown IMI tic [runca!ion crrnr for tic scccmd-divided dlflcrrncc (s:.;

L):u, =U,”+D$, +i)I,j2) l’:

.



Because the x -grid does not change in time, the t -diffemnct just passes through the gnd infonna[ion,

yielding

gy-g)-l
[

Uu, (l/_+.f A) – u=, (xj_/~J k-l)l

AT
– = ~ ~ A;+ ~ ‘-”- AT

1=1 J

and if u(x ,r) is sufficiency smooth hen

k k-1

=/- = 0 (A?) (3,5)

Witi (35) in hand,

Qh(u\-g})=f+O(A2) (36)

Onet again. emplo)ing (3.3) and (.3.6), the war-dard cnn~ergcn~c proof will yield a sharp crrvrestimatc

for (3.3) dc!incdon aproducl grid.

l_JnfOfluna[e]},when tic .x-grid is al!ow’edto mo~c, (3.5) is n[~longer t,rucunless some res[ric[iom arc

placed on the mesh mo~emen[. Recalling the dchn]tion of g, and for simplicllj &$suming tial

urn (XJ ) = 6, we have

In order for the argument m work M before, wc need to show tiat this time diffcrenct is O (A2), A

sufficient condition is

lilak+1~ - Ax,k+J[... .. . . .... .—— =(){ AT),
Al

(3,7)

which :s rt?u.ghl! cquivalcn[ 10 sa)rng thJI .aiklies in tic dotlcd, funnel-shqwd region in Figure 3.1.

In ~vcrrnorc, hfamcurfcl, and W“hIIc[1(1],II is show-n that 0-ank.Nlcholscm-like schcmcs can be dcri~cd

which rttain their second-order accuracj on meshes witi the pmpcrr) lh~[

x:=x:”’ + O (AT j (11~}

This ccmc!tuon requlrcs thal a} approach x: “ in the l’-shd~d region in Figure 3,1, is ICSSrcstric[ivc th:m

(3,8), and mom rcaswuhlc,

A famil! of d]ffcrencc schemes dcpcndln~ on tic point, (X ,~k+’+), at which thr func[lon, ,f (x J ). is

evaluated, is consldrrcd in Lcvcrmorr cl al 1101 The stencil of inkrcs[ for tic (I J )th cqua[ion i~

shown in FIpJx 3.2.

Wc will compam the cornpulaliorml order of corw’crgcncc of rmc of {hcsc .whcmcs (A’ =
] ~,, +lk))
yx, ,

which has frrst-order truncation error with anmhcr schcmc whose :nkncalion crrw happens w he O (Az)



I

~k-1
1

Figure 3.1.

Mesh Motion Consmairns

xk_l x;

x-. ...... ...............

I
J———
~k-l X:-1 *k-l

1 1 1+1

Figure 3.2,

Six-poin[ slcncil.

The easiest way to display the diffcmrw schcmc is AEa firs!-orckr systcm, employing the dcfinilion,

V,’*l - Vik
w,’4(~ = -.. _.—..—.

A;-:,2
(3.1OJ)

W’iti (3.103’) in hand, the approximation to (3.1) is civcn by

(3.I(MJ

In W followlng two figures, WCdisplay lhc rCSU]LKof approximating an equation of the form (3,1) 011J

squcncc of inrgular grids. Each pninl shows tie makimurn crmr versus maximum mesh size on a

diffcrcnl mesh Each mc.sh had a unifrmn I -rlcsh (AT = cm~lani = ~) and h’ x -grid Poin[s chosen w

4-1 tic new grid ~in[, X,4,ww chosen al random in Ihc~[isfy (3,9). Tha[ i!.. given a grid poiru, X,*-’, at I ,

allowatdc imcmal (SCCV-sha~d region in FIp.Im ?. 1). Oncc all grid pims at rk were chosen. Ihcy were

soned LOprcvcnl grid lines from crossing.

FIgum 3.3 shows ~c accumcy of IIIC schcmc given by (3. l(la.b), whose truncation error is O (A). The

Icast-squares fi[ m this scancmd datu (slow of Iinc. 2.713) indicalcs that the approximate solu[ions arc

O (Aa). For mmparison, in Figm 3.4, wc show lhc accuracy of a diffcmncc schcmc which has 0(A2)

tmncation crmr, There is no qualitative diffcren~ hclwecn lhcsc two figures, which lcrvls crcdcncc M W

claim that, although the truncation cm of (3. 10a,b) is O(A), tic approxima[c solutions main o (A2)

accuracy even on an inqular, mmproduct grid.
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4. REMARKS

The truncation error smociated witi a finik diffcmncc scheme is oficn of lower omicr on an irregular grid

than on a umfcmn (or srnootily va~ing) one This fact gives rise to tie feeling LhatLhr accuracy of Lhc

discrc!r solutions arc likewise degmdcd. Fcrnunaicly. this k no[ always t.ruc. In facl, many schcmcs

reuin the same sale of convergence a! on a unifclrrn grid. Unforcu.naIel>,this is mm a-lwaysuuc eiticr. as

seen in Krciss c1al. [6] for the Nurnerov .schrmc.

Throughout this work, we havc made several assti :ptions. Fire, we relied on smooth exacl solutions. so

tic efficacy of these Rsuh for prcrblcms with shocLc or contacl disconlinuities is in question. Second,

Ououghour. we assumed thal the differcnw schemes examined werr slable in the usual sense. This is

often very difficul[ to prove for imgular grid:.. Third. wc hake ignored boundaq cmndilions al[ogcticr,

~<~um.i~~fia[ ~cy can k approximated appropnaml~.
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NUMERICAL SOLUf’10N OF PARTIAL DIFFERENTIAL EQUATIONS ON
IRREGULAR GRIDS*

C. David L?vermore
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Thomas A. Manteuffel and AndRw B. White, Jr.
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1. INT’RODIJCTION

The discretization of differential equatiom is often done on irregular grids in an attempt to concentrate

points where the solution is most rapidly changing. Perhaps the reason is to improve the accufacy of the

approximate solution or to illuminate regions where the solution is most interesting. In any case, many

authom have noted that the order of the tnmc-:ticm error associated with finite differences defined on

inegular grids is less than tiose defied cmuniform ones. For example, the second-divided difference him

truncation error,

2U(X,+l) 2U(x, ) + 2u(x, _,)
D2U E

Ai~]h(A4+Ih+ At-Ih) - A,+Idi J~ A,-MA, g~ + A,~~
(1.1)

= U“(X,) + ~ (A,<h - A,-JA)U “’(x, ) + O (A2) ,

which is clearly O (A] on an even moderately irregular grid. Below, we Sketc’1the standard wnvergencc

proof for a finite diffenmce approximation,

Lhv=F , (1.2)

to a dlffcmruial equation (and associated boundary conditions),

LU(x$)=f .

The truncation cmor, T, is defined by applying the difference operator to the exact solution,

Lh U =F+T .

An equation for the error, e = u - v, is found by subtracting (1.2) from (1.3),

Lh (U - v)m Lhe=T .

(1.3)

(1.4)

——. .—.._
●IIuK wori was dam undc! ~hc●urpms of the U S ~mwm of Energy under CUWWI No w’ 740$ENG.36



Thus. if tk diffcrena achcme is siible, v-c get f.heusual resul~

Coupl*g this r~e of thumb with (1. 1), it is oficn *oughl that the accuracy of a finite differwtce scheme

employing the smnd dividrd diffemn~ mu~ ~ demed on an imgular grid. A number of remedies

have been suggested to cimmvent tis app~nt 10ss of accuracy: use of quasi-regular grids where the

mesh sixs change by O (Az), Hoffman [ 1]: use of smooth mesh t.ransfonnations to define a new

difference equation on a regular grid, Wh.iU [2]; solution of the differerma.1 cquaboms tewntten as a first-

onkr sysurn Keller [31; and use of implicll differenw a.ppmximations, Mel [4].

However. in recent work cm ordina~ diffemntia.1 qua:mm Manteuffel and White [5], Weiss et al. [6], it

has bum shown ht, in some cases, W appmnt loss of accuracy is an artifact of the standard

converga= proof and may not actually occuf. ne following simple example shows how this might

happen. 77w difference quatiom,

v, -v,. ]
V. =A , ... . —— +f(x, )=O , i=l,2, . . .

;5(A4Gh+ A,JA)

where A#~~=x, +] - x,, arc an approximation 10

du
u(0)=A . -–+ f(x)=o

&

7%e truncation mm is easily stcn to be

l,=-
A,~~-/$d~ ~~(x, )+o(A) o

A,dA+ A,>h

and, thus, the diffcrtmct approximation (1.6) is jnconsist~ [ with the diffcrcntia.1 quation (1,7).

However, before we abandon this scheme, let us take a closer look at the cnor, Recalling (1.4) and

rewriting the tnmcatmn emr, (1 ,8), ignonng terms which are O (A), wc gei the following dlffcrcncc

equations for the error, /. caused by the incmsistcnt mm in (1 .8),

/,-/, 1 8, -81-1~— .—.—_ .— ~ ——-..
‘AA, +Ih + A, 14)

——=T, +0 (A), i=l .2,, ,
‘h(A, 4A + At .Ifi )

(1.6)

(1,7)

(1.s)

(1.~a)

(1 ,9b)


