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PROMPT FISSION NEUTRON SPECTRA AND
AVERAGE PROMPT NEUTRCN MULTIPLICITIES

David G. Madland and J. Rayford Nix

Theoretical Division, Los Alamos National Laboratory
Los Alamos, New Mexicc 87545, U.S.A

ABSTRACT

We present a new method for calculating the prompt fission
neutron spectrum N(E) and average prompt neutron ruvltiplicity v
as functions of the fissioning nucleus and its excitation enrrgy.
The method is based on standard nuclear evaporation 'heory and
takss into account (1) the motion of the fissicn fragments, (2)
the distribution of fission-fragment residual nuclear temperature,
(3) the energy depend=nce of the cross section 0 for the inverse
process of compound-nucleus formation, and (&) the pussibility of
multiple-chance fission. We use a trianguler distribution in re-
sidual nuclear temperature tased on the F:rmi-gas wodel  This
leads to closed expressions for N(E) and v_ when 0 is assumed
constant and readily computed quadratures when the e%ergy depen-
dence of 0 is determined fror an optical model. Neutron spectra
and nverné% multiplicities calculated with an energy-dependent
cross section agree well with experimental data for the neutron-
induced fission of 23%U and the spontaneous fiasion of 2%2Cf. For
the latter case, there are some significant inconsistencies be-
tween the =xperimental spectra that need to be resolved.

I. INTRODUCTIGN

Having been concerned thus far in this meeting with properties of the
delayed nentrona emitted from fission fragments, it is time now to ahift our
attention to the prompt neutrona. Both the prompt fission neutron apectrum
N(E) and average prompt neutron multiplicity v are required in the analysis
of many types of fission measurements and in The design of nuciear reactors
as well as in in many otier applications. For theae purposes, N(E) is
usually reprcaented by a Maxwellian or Watt spectrum. with parameters deter-
mined from adjuatments to experimental data, and v_ is al-o usually obtained
experimentally [1). Such approaches cannot be usd to predict N(E) and v
for fisaioning nuclei or excitation energies that have not been studie



experimentally. Also, because they neglect several important physical
effects, these approaches must fail beyond certain levels of precision.

The importance of a more fundamental calculation of the prompt fission
neutron spectrum N(E) has been recognized recently, and several calculations
based on conventional nulcear theory have been performed. Browne and
Dietrich [2] and Batenkov et al. {[3] have used Hauser-Feshbach theory to
calcuiate N(E) for the spontaneous fission of 252Cf. While removing the de-
ficiencies inher.nt in the Maxwellian and Watt spectra, these approaches are
sufficiently complicated that they are difficult to apply to a variety of

fissioning nuclei and excitatioz energies. In another study for the spon-
taneous fission of 252Cf, Marten et al. [4) used a complex cascade evap-
oratation model to calculate N(E). A similar evaporation model has been

uszd by Hu and Wang (5] to calculate N(E) and v_ for neutron-induced fission
of 235, 238y and 23%y ac functio~s of incideRt neutron energy.

With the goal of incorporating the relevant physical effects yet re-
taining sufficient simplicity to facilitate its practical application, we
have also developed a new method for calculating the prompt fission neutron
spectrum N(E) and average prompt neutron multiplicity v_ [6,7]). As illus-
trated in Sec. II, our method predicts N(E) and v_ as fdnctions of the fis-
sioning rucleus and its excitation energy, takifig into account multiple-
chance fission when it becomes energetically possible. Some comparisons
with experinental data are made in Sec. III for the neutron-induced fission
of 235U and in Sec. IV for the spontaneous fission of 2°2Cf. Because of the
importance of the latter reaction as a standard, we perform least-squares
sdjustments of Maxwellian spectra and our present spectra to some recent
experimental spectza for the spontaneous fission of 252Cf. This uncovers
some significant inconsistencies between the experimental spectra that need
to be resolved. Our conclusions are presented in Sec. V.

I11. SUMMARY OF NEW THEORY

We use standard nuclear evaporation theory to calculate the prompt
fission peutron spectrum and the average prompt neutron multiplicity as
functions of the fissioning aucleus and its excitatiou energy, for spontane-
ous as well as neution-induced fission. We take into account the motion of
the fiaaion fragmert: from which the neutrons are emitted, the distribution
of ficsion-fragment residual nuclear temverature resulting from frsgment
cooling as neutrons aie emitted, the energy dependence of the crouss section
for the inverse process of compound-nucleus formatioa, and the possibility
of multiple-chance fisaicn. In this section we present a summary of our

approach, but refer the reader to Refs. [6] and [7] for a complete descrip-
tion.

A. _Calculation of Prompt Fissicn Neutron Spectra

We L(alculate the neutron energy spectrum in the center-of-mass system
of a given fiasion fragment and then transform to the laboratory system, tak
ing into account that the average velocity of the light fragment is higher
than that nf the Leavy fragment. The center-of-mass neulron energy spectrum



corresponding to a fixed residual nuclear temperature T is given appioxi-
mately by [8,9]

$(e) = k(T)o_(e) € exp{-£/T) (1)

where € is the center-of-mass neutron energy, 0 (£) is the cross section for
the inverse process of compound-nucleus fcrmation, and k(T) is the tem-
perature-dependent normalizatica constant given by

(- ]

k(T = [f o(e) e exp(-e/T)de)” ! . (2)
0

This spectrum, along with all other distributions in this paper unlese
otherwise noted, is normalized to unity when integrated from zero to infin-
ity.

As stressed by Weisskopf {£), T is not the temperature of the evaporut-
ing compound nucleus at excitation energy E*, but is instead the temperatuye
of the residual nucleus at an excitation energy E* - B thst is diminished
by the neutron separation energy B . The promp: fissfor neutron spectrum
depends strongly on the distribution of fissjon-fragment excitstion energy
E* and only weakly on the distributions of fission-fragment mass and kinetic
energy. Therefore, we take into account the former distribution, but use
average values for the last two distributions unless high accuracy is re-
quired as in, for exauple, a fiasion neutron spectrum standard.

The initial distribution of total fission-fragment excitation energy is
approximately Gaussian in shape, with a total average value that is given by

<E*> = <E > + B 4+ E - <Et°t> . (3)
I n n f
Here, <E > is the average energy release, £ and E_are E%i separation and
kinetic Snelgies of the neutron inducing ff‘nxon, Urd <E > is the total
average fission-fragment kinetic energy. For spontaneous fission, botl. B
and En in Eq. (3) are -~ero. n

Ctarting with an initial distribution of fission-fragment excitation
energy obtained from experimental distributions of fission-iragmeni kinetic
energy and neutrot number, Terrell {10] s'umed the residual distributions
following the emission of successive neutrons to obtain the distribution of
excitation energy that governs neutron emission. This distribution waw then
tranaformed into ‘he distribution P(T) of fission-fragment residual nuclear
temperature by use of the Fermi gas model, where the excitation energy E* i

related to the nuclear temperature T and the nuclear level density parameter
a by

E* = nT2

The reaulting temperature distribution is approximpately triangular in shape,
with a moderately broad high-temperature cutoff.



Terrell observed that if this diffuse cutoff is replaced by a sharp
cutoff, so that P(T) is approximated by the triangular distribution

2T/T: , TST,
P(T) ={ (4)
0, T>7T ,

then the maximum temperature T 1is related to the initial total average fis-
sion-fragment excitation energ? <E*> approximately by

T = (<r*>/2) /2 (5)

Equations (1) aud (4) form the basis of our calculation of the prcmpt fis-
sion neutron spectrum. We consider two cases in calculating the spectrum.

In the first case, the cross section for the inverse process of com-
pound-nucleus formation is assumed constant, which leads to a closed-form
expression for the spectrum. The integral of this spectrum over an arbi-
trary finite energy range is also of closed form, which has important prac-
ticel significance. In the second case, the energy dependence of the cross
section for the inverse process of compound-nucleus formation is explicitly
taken into account by use of an optical model. This spectrum is obtained by

numerical integration and is a more accurate spectrum than that of the first
case.

1. Constant Compound Nucleus Cross Section

If the compound nucleus cross sectirn has a constant value 0_, the nor-
malization integral k(T) has the value 1/(0 T2). The neutron energy cpec-
trum in the center-of-mass system of a fission fragment is then obtained by inte-
grating Eq. (1) over the triangular temperature distribution given by Eq. (4).
This yields

T
o [ ]
@) = [ ¢(c)P(T)AT = 2—; f ng-c Dar = 2—'2’ E (e/T) (6)
0 T°.°0 T
o m
where
[
El(x) = EEB&:E) du
X

is the exponential integral [11]. This result has been obtained previously
by Kapoor et al [12].

Althoygh ®(e) itself is given in terms of an exporential integral, the
moments <€ > of this distribution can all be evaluated simply by interchang-



ing the order of integration, which leads to

n, _ n _2(n + 1)1
<€ > = g € ¢(e)de = “n v 2 T: . 7

In particular, the mean energy and mean-square energy are given by

=4
<€> =3 TIII (8)
and
2. _ .22
<c>-3Tm . 9)

We transform the spectrum given by Eq. (6) from the center-of-mass
system of & fission fragment to the laboratory system, under the assumption
that the neutrons are emitted istropically from a fission fragment moving
with average kinetic energy per nucleon Ef. This is accomplished by use of
the general result [10,13)

EHE?
N(E,E,) = — ®e) 4

. fe
CEE?

, (10)

where E is the laboratory neutron energy. Upon incerting Eq. (6) and inter-
changing the order of integration, we obtain for the laboratory prompt fis-
sion neutron energy spectrum of one of the fragments

1 3/2 3/
N(E,E,) = {u)’“E_ (u,)) - uT’'"E_(u,)
f 3(EfT )1/2 2 1'72 1 1'71
m
+ ¥G,up - ¥Gaupl (11)
where

=
|

2
= GE - EDYT

=
"n

=2
= WE+ EpYT,

and



S |
y(a,x) = [ u * exp(-u)du
0

is the incomplete gamma function [14]. Tuis spectrum can be calculated read-
ily on a modern computer, as both the exponential integral and the incomplete
gamma function are usually standard library functions. For applied purposes
we present in Ref. [6] a closed-form evpression for the integral of Eq. (11) over an
arbitrary energy interval.
From conservation of momentum it follows that the average kinetic en-
ergy per nucleon of the light fragment is given by

tot

o2l
L
where
<E;°t> = total average fission-fragment kinetic energy
A = mass number of the compnund nucleus undergoing fission
AL and = average mass numbers of the lignt ard heavy fragments, respec-

tively.

Similarly, the average kinetic energy per nucleon of the heavy fragment is

tot
n_o A Ee > (13)

f AH A

For the fission of actinide npuclei, the average number of &cutrons
emitted from a given fragment depends strongly on fragment mass in accord-
ance with the familiar gawtooth curve [1,15]. He/ever, in the vicinity of
the average fragments, the average numbers of neutrons emitted from the
light and heavy fragments are approximately equal [1,15]). Accnrdingly, we
equate the prompt fisci.n neutron spectrum to the average of the spectra
calculated for the light aad heavy fragments. The laboratory prompt fissicn
neutron energy spectrur N(E) is therefore vritten as

N(E) = 3 [N(EED) + N(E,ED]. (14)

1
2
The mean and mean-square energies for this spectrum are given by

_1 L H 4
<E> = 3 (l-:f + Ef) + 3 '1‘.l (15)



and

2, 1 L2 H,2, , 20 . L, _H 2
€S =3 (€D + (E") + 55 (B + BT+ 3T . (16)

We now discuss some illustrative examples of the laboratory prompt
fission neutron spectrum given in Fj. (14). 1In these examples, as well as
in all others given in Sec. II, we use values of the constants as deter-
mired in Ref. [6].

"he spectrum calculated from Eq. (14) is shown by the solid curve in
Fig. 1 for the fission of 235U induced by 0.53-MeV neutrons. This reaction
15 chosen because of the existvuce of recent experimental data on the prompt
fiesion neutron spectrum [16]). The dashed curve in Fig. 1 shows the Watt
spectrimm that is obtained by approximating ®(e) by a center-of-mass Max-
wellian spectrum and by using the same average kinetic energy per nucleon
Ef, from the average of Eqs. (12) and (13), for both the light and heavy
fragments. Transformation to the laboratory system by use of Eq. (10) yields

exp(-Ef/Tw)

N(E) = T sinhlz(sfa)’/z/Tw]exp(-s/Tw) : (17)
Ty

wheire the effective Watt temperature TH is given by

-8
TW -9 Ta

By construction, the mean laborstiory neutron energy for this spectrum is
equal to that given by Eg. (15) for the exact spectrum.
The dot-dashed curve in Fig. 1 shows the laboratory Maxwellian spectrum

N(E) = 372 ’ (18)

where the effective Maxwelliau temperature

1,1, H 8
Ty=3 (Eg+E) + 3T,

is determined by reqniring that the wean laboratory neutron energy of this
spectrum be ecqual to that given by Eq. (15) for the exact spectrum.

As can be seen more clearly in Fig. 2, where we plot the ratio of these
two aprroximations to the exact spectrum, the Watt spectrum is accurate to
withiu a few per cent for laboratory neutron erergies between O and ~ 7 MeV.
For higher energies, the Watt spectrum is smaller than the exact spectrum
becausc the Watt temperature TH is smaller than the wer1mum temperature Tm.



In practice, the Watt spectrum is usnally increased at high energies to bet-
ter reproduce experimental data there by increasing Tw and decreasing Ef to
values that are somewhat unphysical.

The Maxwellian spectrum, which neglects the motion of the fission frag-
ments from which the neutrons are emitted, is a less accurate approximation.
The Maxwellian spectrum is larger than the exact spectrum for laboratory neu-
tron energies between 0 and ~ 1 MeV, whereas it is smaller for energies be-
tween ~ 1 and 5 MeV. For higher energies it is larger than the exact spec-
trum because the Maxwellian temperature T_, which must account for the motion
of the fission fragments as well as the center-of-mass motion of the neutrons,

is larger than the maximum temperature Tm’ In practice, the Maxwellian spec-
trum is usually decreased at high energies to better reproduce experimental
data there by decreasing T . To preserve the normalization, this simulta-

neously increases the specf%um somewhat at lower energies.

Tke spurious enhancement of the Maxwellian spectrum for energies below
~ 1 MeV ironically accounts for part of its popularity in practice. As shown
in Sec. I1.A, the energy dependence of the compound nucleus cross section
O increases the spectrum at low energies relative to that calculated for a
constant cross section. For the wrong physical reason, the Maxwellian spec-
trum reproduces this increase at low neutron energies somewhat better than do
other spectra calculated for a constant cross section.

Our approach provides definite predictions concerning the dependence of
the spectrum on both the fissioning nucleus and the lkinetic enecgy of the
neutren inducing fission. Figure 3 shows how the spectrum increases at high
energy and decreases at low energy as the charge of the fissioning nucleus
increases, for thermal-neutron-induced fission. Figure 4 shows how the spec-
trum increases at high energy and decreases at low energy as the kinetic
energy of the incident neutvon increases, for the first-chance fission of
235y. As discussed in Sec. II.B, the inclusion of multiple-chance fission
processes at high incident neutron energy decreases the spectrum at high
energy relative to that calculated for first-chance fission.

2. Energy-Dependent Compound-Nucleus Cross Section

when the energy dependence of the cross section O (¢) for the inverse
. . c
process of compound nucleus formation is takea into accoun , the neutron
energy spectrum in the center-of-mass system of a fission fragment is again
obtained by integrating Eq. (1) over the triangular temperature distribution
given by Eq. (4). We obtain

20 _(e)e

m
@(c,oc) = —5—2———- f k(T)T exp(-¢/T)dT . (19)

T 0
m

The neutron energy spectrum N(E,E_ ) ir the laboratory system for a fis-
sion fragment moving with average kinétic energy per nucleon L is obtained
by inserting this result into Eq. (1). This yields



WEnE? T,
1
N(E,E_,0 ) = - f o (e)Jede f k(T)T exp(-¢/T)dT . (20)
v ZJE;T; 2 0
(E-E))

The center-of-mass neutron energy spectrum ¢(e) is obtained by evaluat-
ing Eq. (19) for neutron emission from the light L and heavy H average fis-
sion fragments and averaging the results in accordance with the discussion
of Eq. (14), namely,

$(e) = % [#(e,a") + o(e, )] . (21)
c c
The center-of-mass ~nergy moments of this spectrum, <cn>, are given by

™ = e"o(e)ie . (22)
0

The laboratory prompt fission neutron spectrum is obtained by evaluat-
ing Eq. (2) for light L and heavy H average fission fragments and averaging
the results, namely

L L

NE) = 3 [N(,E[,00) + NCE,EF, 0] . (23)

N »—

The laboratory energy moments <E™> of this spectrum are given by

<™ = § E"N(E)AD . (24)
0

Considering again the ficsion of 235U induced by 0.53-MeV neutrons, we
illustrate in Figs. 5 and 6 the laboratcry prompt neutron energy spectrum
calculated from Eq. (23) using energy-dependdent compound nucleus cross
sections 0 _(e). Results are shown and compared to the constant cross sec-
tion result for three choices of the optical model potential used to calcu-
late oc(c). These potentials, which have beer widely used in neutron scat-
tering calculations, are due to Becchetti and Greenless [17], Wilmore and
Hodgson [18], and Moldauer [19]). The potentials are utilized in Eq. (23) by
calculating o (£) for neutrons incident on the central fragment of both the
light and heavy average fragment groups, in the present case 965, and 140xe.

Inspection of the figures shows that the energy-dependent cross sec-
tions soften the laboratory spectrum above ~ 2 MeV arnd harden it below,
relative to that calculated for a constant cross section. Also, a broad
peak with a msximum enhancement of ~ 10% exists in the energy-dependent
cross-section calculation relative to that for a constant cross section.



Thus, the eftect of the energy-dependent cross sections is to change the
shape of the calculated spectrum in such a way as to increase the probabil-
ity for emission of low-energy neutrons and to decrease the probability for
emission of high-energy neutrons. Correspondingly, the energy moments
calculated with Eqs. (22) and (24) for energy-dependent cross sections, are
smaller than those calculated with Eqs. (7) and (15-16), for constant cross
sections. Finally, we note from Fig. 6 that detailed comparisons of experi-
ment and theory in the high-energy tail of the spectrum require use of an
optical potential based on relatively high-energy neutron scattering data in
order to draw meaningful conclusions. Of the three potentials presented
here, that of Becchetti and Greenless [17) best meets this requirement. We
therefore use this potential in the r :mainder of the present work.

B. Calculation of Average Prompt Neutron Multiplicities

The excitation energy of fission fragments is dissipated primarily by
prompt neutron emission and to a lesser extent by prompt gamma emission 1n
cascade dc-evwcitation processes. The average prompt neutron multiplicity v
is the average total number of prompt neutrons emitted per fission from al
contributing cascades. As in the case of the prompt fission neutron spec-
trum N(E), we calculate v_ as a function of both the fissioning nucleus and
its excitation energy.

The total average fission-fragment excitation energy <E*> is by energy
conservation equal to the product of the average prompt neutron multiplicity
v_ and the average energy reTczed per emitted neutron <n> plus the total av-
egage prompt gamma energy <EY . Thus,

- tot
CE*> = v <> + <L > . (25
P n Y )

The average energy removed per emitted neutron <n> has been studied by
Terrell [20) and is represented reasonably well by the sum of the average
fission-fragment neutron separation energy <S > and the average center-of-
mass energy of the emitted neutrons <€>. Thus,

<> = <sn> + <g> . (26)

Combining Eqs. (25) and (26) and solving for Gp yields

_ <E*> - (E;°t>
vp = <sn> + <g> ’ (27)

In this equation the total sverage fission-fragment excitation energy
<E*> is already lnown as a functicn of the fissioning nucleus ano its exci-
tation energy and is given by Eq. (3). Similarly, the average center-of-
mass energy >f the emitted neutrons <g> is identical to the mean energy of
the center-of-mass prompt fission neutron spectium ®(&¢) and is also known as



a function of both the fissioning nucleus and its excitation energy. For
the case of a cronstant compound nucleus cross section, <&> is given by Eq.
(8), and for the case of an energy-dependent compound nucleus cross section,
<g> is given by Eq. (22).

We obtain the explicit expression for the average prompt neutron multi-
plicity vp by inserting Eq. (3) into Eq. (27), which yields finally

<E > + B + E - <EO> _ (gtot,
r n n f

o = Y
Yp T <5 > + <g> : (28)

This equation is valid for neutron-induced first-chance iission and spon-
taneous fission, in which casec E_and B_ are set equal to zero. In addi-
. . n n Lo
tion, the various terms of the average prompt neutror multiplicity for
neutroc-induced multiple-chance fission, to be discussed next, are con-
structed using this expression for first-chance fission. Imn Secs. III and
IV we will compare experimental and calculated average prompt neutron multi-
pPlicities.

C. Lultiple-Chance Fission

At incident neutron energies above ~ 6 MeV the excitation energy of the
compound nucleus is sufficiently large that fission is possible following
the emission of one or more neutrons. Consequently, Eqs. (14) or (23) for
the prompt _neutron spectrum N(E) and Eq. (28) for the average neutron mul-
tiplicity v must be solved for successive fissioning compound nuclei that
occur in thé competing multiple-chance fission reactions. The final expres-
sions for N(E) and v_ are then obtained by combining the contributions from
the individual compé%ing reactions in proportion to their corresponding
probabilities of occurience. We present here the final equations for N(E)
and v_ for the effects nf and compctition between multiple-chance fission
procedses up through third-chance fission and refer the reader :o Ref. {[6]
for a complete derivation of these equations. We then iilvctrate these
effects for the neutron-induced multiple-chance fissicn of 235U,

The prompt fission neutron spectrum for neutron-induced, multiple-
chance fission is obtainesd by construction, using the expression for the
prompt fission neutron spactrur N(E) due to tirst-chance fission, the ex-
pression for the evaporation spectrum ¢(E) due to neutron em&ssion prior to
fission, and the multiple-chance fission probabilities P_ .. The total
prompt fission neutron spectrum due to first-, second-, and third-chance
fission events is given iu the laboratory system by

_ A - A -
N(E) = { Pf vp NI(E) + Pf2[¢1(E) + vp NZ(E)]

171 2

EANOREHOREN A



A - -
sPPaev )+ P @ ), (29)
£, P £, P

where E is the energy of the emitted neutron and A is the mass number of the
fissioning compound nucleus. The first term of this equation is the first-
chance fission component; the second and third terms are the second-chance
fission component; and the fourth, fifth, and sixth terms are the third-
chance fission component of the spectrum. The spectrum conmstructed in this
way gives unit normalization when integrated from zero to infinity.

When Eq. (29) is evaluated as a function of incident neutron energy E_,
one obtains the prompt fission neutron spectrum matrix N(E,E ). This matrix
is illustrated in Figs. 7 and 8 for the neutron-induced fifsion of 235U up
through third-chance fission. In Fig. 8 the ratio matrix F(E,E ) = N(E,E )/
N(E,0) is illustrated to enhance fine details of the matrix. hese flgures
clearly illvstrate the dependence of the matrix upon the incident :.eutron
energy E 0’ particularly in tbe tail region corresponding to high secondary
neutron energy E, where the matrix generally becomes harder with increasing
E . As E increases beyond about 6 MeV, the tail region softens somewhat
because part of the auclear excitation emergy is dissipated by the emission
of a ncutron prior to fission. This softening is observed again just beyond
13 MeV where the threshold for the emission of two neutrons prior to fissicp
occurs.

We also obtain the average prompt neutron multiplicity for neutron-in-
duced multiple-chance fission by comstruction, using the expression for the
average prompt neutron multiplicity v Piue to first-chauce fission and th<
sultiple-chance fission probabilities The total average prompt neu-

tron multiplicity due to first-, second”, and third-chance fission events
is given by

=Py s e ) e p (2 + v )]/(pA +PA 4Py, Go
i 6 P2 £, H 2 L

We show a comparison of experimental and calculated average neutron
muitiplicities using this equatior, as well as Eq. (28), in th< next section.

n-
I11. SOME COMPARISONS WITH EXPERIMENT FOR THE NEUTRON-INDUCED FISSION OF 2"‘)U
We firct compare the spectra calculated for both a constant compound
nucleus cross section O  and an energy-dependent cross section O (c) with
the experimental spect;im measured by Johansson and Holmqvist [11] for
0.53-MeV neutrous incident on 235U. The comparisons are shown in Figs. 9
and 10. Figure 9 shows that both of the calculated spectra agree well with
experiment although there is a clear preference for the energy-dependent
cross-section calculation in the tail region of the spectrum above ~ 3 MeV.
This preference can be seen more clearly in Fig. 10 where the ratios to ithe
constant cross-section calculation are plotted. This figure shows conclu-

sively that the energy dependent cross-section calculation is the physicallv
preferred spectrum.



Second, we compare the calculated average prompt neutror multiplicity
with experiment for the neutron-induced fission of 235U for incident nettron
energies ranging from thermal enrgy to 15 MeV. Ue corpare the experimental
data with two different calculations. The first calculation, shown by the
dashed curve in Fig. 11, assumet that first-chance fiss’on only is occur-
ring, whereas the second and more realist:c calculation, shown by the solid
curve, includes the effects of first-, second-, and third-charce fissicn.
In the first-chance fission region the two calculations are of course identi
cal and agree well with experiment, although discrepancies as large as 3%
occur near 5-MeV incident neutron en2rgy. In the multiple-chance fission
region beginning near 5.5 MeV, the agreement of both the first- and mul-
tiple-chance fission calculations with experiment is very good, of the order
of 1%. The multiple-chance fission calculation introduces a smooth upwa:d
steo at the second-chance fission threshold near 5.5 MeV and a very slight
drop at the third-chance fission chreshold near 12 MeV. relative to the
smoother first-chance fission calculation. It appears therefore, for 235U
fission, that multiple-chance fission processes introduce only slight cor-
rections to the calculaticn based on first-chance fission.

IV. PROMPT FISSION NEUTRON SPECTRUM AXD AVERAGE PROMPT NEUTRON
MULTIPLICITY FOR THE 252Cf(sf) STANDARD REACTION

We npow turn our attention to the prompt fission spectrum and average
prompt. nuetorn multiplicity fcr the spontaneous fission of 252Cf. These are
very important quantities as they are used as standards in many neutron
physics measurements and in many areas in applied programs. Therefore, we
use our energy-dependent cross-section calculation here. We have already
reported our preliminary studies on 252Cf at the 1982 Antwerp meeting in
Ref. {16] and ip this section we summarize our progress since that wmee*ing.
_ As in Ref. [16], we take two important anew steps to calculate N(E) and
v for the 252Cf(sf) reaction. The first of these is that we pecform a com-
pYete integration for the average energy release .n fission <E > without ap-
proximstion instead of using our normal seven-point npproxiJ;tion. In so
doing, we obtain mass values from the new 1981 Wapstra-Bos mass evaluation
{17] when they exist and otherwise from the new macroscopic-microscopic mass
formula of Moller and Nix [18]. The second step is that we perforw a least-
squares adjusiment of our calculated spectrum to a well-measured experimen-
tal spectrum in order to determine the vsiue of the nuclear level-denmsity
paramcter a that enters our calculations of N(®) and v_ through Eq. (5. A
least-squares adjustment i3 performed becasuse we wishPto obtzin the most
accurate representations of the physical spectrum and physical neutron mul-
tiplicity as is poseible and we do so with reapect to the nuclear level-
density parameter because it is the least well-known paresmeter that enters
our formalism. The aver.; e neutron multiplicity is not included in the
least-squares adjustment because it depends only weakly on the nuclear level
density, as shown by Eq. (28).

We perform the least-squares adjustments with respect to two recent
measurements of the spectrum. The first of these is the measurement of
Boldeman et sl. [19], experiment no. 7, final data analysis [20], and the



second is the measurement of Poen:tz and Tamura {21,22]. Our results are
giver in Figures 12-15 and in Tables I and II where they are compared with
the two experimental measurements as well as with the results of least-
square adjustments that we have performed with respect to a Maxwellian
spectrum.

Considering first our results for the irreasurement of Boldeman et al.
[16,20), shown in Figs. 12-13 and tabulated in Col. 1 of Tables I and II, we
find that a Maxwellian spectrum with temperature T = 1.426 MeV gives a
better value of x%in than does our encrgy-dependent'kross-section calcula-
tion with temperatire T_ = 1.124 MeV. The values of x2, are 1. 175 and
3.529, respectively. Ig%pection of Fig. 13 indicates ﬁ%gl the difference
between the two x:i values is due largely to contributions to x? from the
region 800 keV to about 1.1 MeV, wherein the Maxwellian spectrum is =very-
where in better agreement with experiment than our calculated spectrum.

Considering second our results for the measurement of Poenitz and
Tamura [21,22]), shown in Fi, = 14-15 and tabulated in Col. 2 of Tables I aund
I, we find that our energy-dependent cross-saction calculation with tem-
perature T_ = 1.094 MeV gives a better value of x%. than does a Maxwellian
spectrum with temperature T = 1.429 MeV. 1In tb}glgnse, the values of x2.
are 0.552 and 1.201, respecggvely. lnspection of Fig. 15 indicates that fie
difference between the two X2. values is not due to the preference of our
calculated spectrum in a spe%gfic energy region, as 1is the case for the
Maxwellian spactrum preference with the Boldeman et al. experiment, but is
instead due to uniformly better agreemsnt with the experiment over most of
the experimental range.

Thus, we see that the two spectrum meastrements are inconsistent with
each other and that these inconsistencies, although slight, are significant
because they lead to different conclusions as to what the shipe and energy
moments of the real physical spectrum are. Therctore, additional existing
or new =2xperimental measurcments of this spectrum are required to determine
exactly the prompt fission neutron spectrum for the ?52cf(sf) standard reac-
tion.

In closing, we note that our calculsted values of v appearing in Table
I1 are quite close to the experimertal values of 3.7197 ¢ 0.009, obtained
from the m~asurements of Amiel (23] and Smith {[24), and 3.773 % 0.007,
obtained by Spencer et al. {25}.

V. CONCLUSIONS

We have formulated & new method for the calculation of the prompt fis-
sion neutron spectrum N(i£) and the average prompt neutron multiplicity v
that incorporstes the known relevant physical effacta and is sufficientl
simple that it can be used in most applications. Our calculations augree
well with experimeat and where measurements do not exist, or are not pos-
sible, we are able to provide calculations of N(E) and v_ as a function of
fissioning nucleus and excitation energy. In caaes requifing maximum accu-
racy, our approach leads itaelf to least-squares adjustments of the spectrum
with reapect to the nuclear level-dencity pavameter. In the case of the
2820f(af) atandard reaction, we have demorstrated small, but very signifi-
cant, inconsiatenciea between two measurements of the spectrum that prevent



definitive conclusions on the physical shape of the spectrum and the values
of the spectrum energy moments.
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FIGURE CAPTIOUNS
Fig.1. Prompt fission neutron spectrum in the laboratory aystem for the

fission of 23%U induced by 0.53-McV neutrons. The solid curve gives the
present spectrum calculated from Eq. (14); the dashed curve gives the Watt



spectrum calculated from Eq. (17); and the dot-dashed curve gives the Max-
wellian specirum calculated from Eq. (18). Ehe values of ﬁ*e three con-
stants appearijaog in the present spectrum are ¥. = 1.062 MeV, E_ = 0.499 MeV,
and T 1.019 MeV, whereas those in the Watt sﬁectrum are E_ =70.780 MeV and
TU = 3.905 MeV. The value of the single constant appearing in the Maxwellian
spectrum s T, = 1.426 MeV. The wmean laboratory neutron energies of the
three pectra Qre identical.

Fig. 2. Ratio of Wwatt spectrum and the Maxwellian spectrum to the present
spectrum, corresponding to the curve:; shown in Fig. 1.

Fig. 3. Dependence of the prompt fissio. nmeutron spectrum on the fissioning

nucleus, for thermal-neutron-induced fission. The values of the constants

are E% = 1.106 MeV, E? = 0.457 MeV, and T = 0.989 HeV for 229Th + n; E% =
1.033 MeV, E% = 0.527 MeV, and T = 1.124 HeV for 23%py + n; and E% = 0.995
MeV, E? = 0.575 MeV, and T_ = 1.304 MeV for 249Cf + n.

Fig. 4. Dependence of the prompt fission neutron sgectrum on the kinetic
energy of the incident neutrun for the fission of 235U. The maximum tem-
perature Tm is 1.006 lieV when ti:» incident ncutron e:lergy is 0, 1.157 MeV
when the incident neutron energy is 7 MeV, and 1.290 MeV when tbe incident
neutron energy is 14 MeV. The values Ef the average kineﬁic encrgy per nu-
cleon are for each ase held fixed 4t E_; = 1.062 MeV and E_ = 0.499 MeV. For
the last two cases, the spectra are ca{culated for the figst-cbauce fission
only.

Fig. 5. Prompt fission neutron spectra in the laboratory system for the
fission of 23% induced by 0.53-MeV neutrons. The short-dashed curve gives
the spectrum for 0. = constant calculated with Eq. (14) and is identical to
the solid curve in Fig. 1. The remaining curver are calculated with Eq.
(23), but differ by the choice of optical model potentisl used to calculate
0 (¢) for the average fragment of each mass peak. The solid curve gives the
lﬁc:trum calculated using the potential of Becchetti and Greenless [12], the
dot-dashed curve gives the spectrum calculated using the potential of Wilmore
and Hodgson {18], and the long-dashed curve gives the spectrum calculated
using the potential oﬁJHoldnuer {19). Ehe values of the constants appearing

in the spectra are Ef = 1.062 MeV, Ef = 0.499 MeV, and Tm = 1.019 MeV.

Fig. 6. Ratjo of the spectra calculated using different optical model
potentiala t»> generate oc(c) to the upectrum calculated with 0C = constant,
corresponding to the curves shown in Fig. 5.



Fig. 7. Prompt fission neutron spectrum matrix N(E,En) for the neutron-in
duced fission of 235U as a function of incident neutron energy En and emit-
ted neutron energy E.

Fig. 8. Prompt fission neutroq spectru@ raFio matrix R(E,ED) = N(E,En)/
N(E,0) corresponding to the matrix shown in Fig. 7.

Fig. 9. Prompt fission neutron spectrum in the laboratory system for the
fission of 235U {nduced by 0.53-MeV neutrons. The dashed curve gives the
spectrum calculated with Eq. (14) for a constant cross section, whereas the
s0lid curve gives the spectrum calculated vith Eq. (23) for energy-dependent
cross sections obtained using the optical model potential of Becchetti and
Greenlees [17]. TEe values of th corstants appearing in the calcu-
lated spectra are E, = 1.062 MeV, E_ = 0.499 MeV, and T = 1.019 MeV. The
experimental data are those of Johansson and Holmgvist llg].

Fig. 10. Ratio of the spectrum calculated using energy-dependent cross sec-
tions and the experimental spectrum to the¢ spectrum calculated using a cor-
stant cross section, corresponding to the curves shown in Fig. 9.

Fig. 11. Average prompt neutron multiplicity as a function of the incident
energy for the neutron-inducad fission of 235U. The dashed curve gives the
multiplicity calculated with Eq. (2B) assuming first-chance fission. whereas
the solid curve gives the multiplicity calculated with Eq. (30) ussuming
multiple-chance fission. In both cases, the optical model potential of
Becchetti and Greenlees [17] is used to determine the center-of-mass
energies used in the equations. The original sources for the experimental
data ar: given in Ref. (6]. Note the suppressed zero of the verical scale.

Fig. 12. Prompt fission neutron spectrum in the laboratory system for the
spontaneous fission of 252Cf. The dashed curve gives the least-squares
adjusted Maxwellian spectrum calculated with Eq. (18) and the solid curve
gives the least-squares adjusted energy-dependent cross-section spectrum
calcu” ed with Eq. (23). The experimental data are those of Boldeman et
al. [19] aud Boldeman {20}, experiment 7, final data.

Fig. 13. Ratic of the energy-dependent cross section spectrum and the experi-
mental spectrum to the Maxwellinn spectrum, correspoiding to the curves
shown in Fig. 12.



Fig. 14. Prompt fission neutron spectrum in the laboratory system to the
spontaneous fission of 252Cf. The dashed curve gives the least-squares ad-
justed Maxwellian spectrum calculated with Eq. (18) and the solid curve
gives the least-squares adjusted energy-dependent cross-section spectrum
calculated with Eq. (23). The experimental data are those of Poenitz and
Tamura [21]) and Poenitz [22].

Fig. 15. Ratio of the erergy-dependent cross-section spectrum and the exper.-
mental spectrum to the Maxwellian spectrum, corresponding to the rurves shown
in Fig. 14.



TABLE 1

Least-Squares Adjustments of Maxwellian Spectra
for the Spontaneous Fission of 252Cf

Quantity Experimental Spectrum

Boldeman et al.? Poenitz and Tamurab

Number of data points 95 51

Energy range of experiment (MeV) 0.801-14.239 0.225-9.800

Fraction of theoretical

spectrum (1%) 77.13 95.39

TH (MeV) 1.426 1.429

<E> (MeV) 2.139 2.144

<E®> (Mev?) 7.626 7.658

x;in 1.175 1.201
TABLE 11

Least-Squures Adjustments of Present Energy-Dependent Cross-Section
Spectra for the Spontaneous Fission of Cf

T Quantity ~ Experimental Spectrum
Bol.leman ot al.® Pr~enitz and Tamurab

Number of data points 95 o 51

Energy range of experiment {MeV) 0.801-14.239 0.225-9.800

Fra-tion of theoretical

spectrum :1%) 78.80 95.99

a (1/MeV) A/9.65 A/9.15

TH (MeV) 1.124 1.094

<E> (MeV) 2.171 2.134

B> (Mev) 7.637 7.364

v 3.789 3.810

xzin 3.529 0.552

®Refs. [23] and[24]
bRefs. {29] and [26]
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