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CONSTITUTIVE EQUATIONS FOR ANNEALED METALS
UNDER COMPRESSIONAT HIGH STRAIN RATES AND

HIGH TEMPERATURES

by

G. T. Gray III, Shuh Rong Chen, W. Wright, and M. F. Lopez

ABsTRAcr

Several metals were subjected to split Hopkinson pressure bar
loading in compression to determine the stress-strain relationship over a
wide range of temperatures and strain rates. Metals examined in this series
of tests include 4340 steel with a tempered martensite structure, rolled
homogeneous armor (RHA) steel, tantalum, OFE copper, A1-7039, and Al-
5083. The range of temperatures varied from –196°C to 600°C. The strain
rates ranged from a quasistatic value of 0.001/s to a very high rate of
7000/s. Curves are presented for each and fits are made using the Johnson-
Cook or the Zerilli-Armstrong constitutive material model. The constants
for each model are shown at the bottom of each graph to allow readers to
assess the fairness of fit and choose the most applicable set of curves for
their calculations.

INTRODUCTION

Modeling materials undergoing high rate deformation has been of great interest to the

materials science community for many years. The availability of modem computers allows us to

develop codes to model complex problems (e.g., plate perforation by a shaped charge jet, cylinder

impact into massive targets, etc.). In great demand are both an accurate description of the material

properties and having predictive capability outside the measured range. Two models used

particularly for high-strain-rate applications are the Johnson-Cook (JC) model[ 11 and the Zerilli-

Armstrong (ZA) model.[zl With large scale predictive computations in mind, these investigators

have succeeded in developing simple, easy to use forms of constitutive equations. We report data

for several materials over a wide range of strain rates by fitting with these two models, and a

modified ZeriUi-Arrnstrong (MZA) model by Goldthorpe,[31 which uses temperature dependence

in a form corrected by the shear modulus. Data are presented in a series of figures with the model

parameters shown at the bottom of the page.



DATA ANALYSIS

Data on the materials tested were obtained using a Split Hopkinson pressure bar in

compression for strain rates at several thousands per second. The Split Hopkinson pressure bar

facility is equipped with a vacuum furnace to perform high-rate tests up to 1200°C. The low-rate

data were taken using either an Instron or an MTS testing system. Metals examined in this series of

tests include 4340 steel with a tempered martensitic structure, rolled homogeneous armor (RHA)

steel, tantalum, OFE copper, A1-7039 and A1-5083. Pertinent technical data on the materials are

included in Appendix B.

The constitut.ive equations used in this study are in the following forms.

Johnson-Cook ModeI:[l]

o=(A+B. ~n)(l+ClnL*)(l –T*m) (1)

&* is a non-dimensional strain rate value. The original form of T* is (T – T~wM)/(TwLT – TRmM).

In our data analysis, we use the original form to fit data above room temperature and use T* =

Tfl=T if data below room temperature rue included; T is in deg~s Kelvin.

Zerilli-Arrnstrong Model:[2]

6 = Co +C1 exp(–C3T+C4T. ln&)+ C5 en

c = Co +Cz En exp(–C3T + C4T. ink)

@cc)

@cc)

(2)

(3)

and Modifkd Zerilli-Armstrong Model:

u(T)
o = Co + Cl exp(–C3T+C4T. lnri)+ (CS En +C6)— (BCC) (4)

~2!33

v(T)
6 = Co +Cz En exp(–C3T +C4T. lnk)— (FCc) (9

U293
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One observation in the JC model on the use of T* needs to be addressed in detail. In the paper by

Johnson and Cook,[ll they used

T*= (T – TRmM)/(TWT – TROOM) (6)

and called it the homologous temperature. The disadvantage in using this definition for temperate

is that the model can not be applied to test data below room temperature. Secondly, it does not

really correspond to the homologous temperature that is defined as the temperature with respect to

the absolute melting temperature.

T* = T/TmT

This definition of homologous temperature has been widely used in recrystallization (for example,

see [4]) and has served as a rough demarcation of certain material properties. In recent papers by

Johnson et al.,[s~ 61 they used the same definition for T* with the explicitly written form of T* in

[5] and without the form in [6], but in both papers they called it the homologous temperature.

Furthermore, we found that it was not necessary to subtract the value of room temperature before

fitting the JC model.

For each model, programs were developed to solve the equations according to the methods

described in references 1 and 2. Once this had been done, the range of corresponding constants is

developed by comparing calculations at a given strain rate with the experimental data at that strain

rate. This process is repeated for every curve we want to fit until a good agreement is found. A

computer program which performs an optimization routine to fit the digitized data was developed.

The time required to do several million calculations is only on the order of minutes using a personal

I computer. A parameter indicating the degree of fit is defined as

I ( .)-6n ~calculated ‘I
z’

..Pti.nt~(Ei)l

~ = i=l ~..Pti..~(Ei) .

n (8)

Two points representing the characteristic hardening behavior on each stress-strain curve were

taken to compare to the calculated stresses at the corresponding strain values. The deviation

parameter for all the model fits presented is better than 2% except for Al alloys where it is slightly

greater than 5%. The raw data for the materials

A1-7039, and A1-5083) are given in Appendix A.

used (4340, RHA, tantalum, OFE copper;
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FIGURES AND DISCUSSION

Figures 1 and 2 show the data fits using the JC model for 4340 and RHA steels,

respectively. The homologous temperature (T~W~~) (Eq. 7) is used for T* in these fits. The JC

model fits the data well for the high strain rate data over a range of temperature from boiling liquid

nitrogen to about 600°C. All the models have been optimized to the high-rate data because it is felt

these strain rate levels are most relevant to the applications of interest. Above 600”C, the material

loses its tempered structure. The stress level at 800”C that is shown in Appendix A is very low.

Figure 3 shows the model fitting using the same method as in Figure 2 except the data were

above room temperature. Here we strive to maintain the same magnitude strain rate sensitivity as

that derived from data taken at liquid nitrogen temperature at both high and low strain rates. The fit

is slightly better for the tests at 400°C and 600°C. If we allow the rate-sensitivity term, m, to vary

in order to flt the data at room temperature at 7000/s and 3500/s (Fig. 3), then the constant C is

more than ten times higher than the data of liquid nitrogen suggests. The results of using the

original formula for temperature in the JC model for 4340 and RHA are shown in Figs. 3 and 4.

In principle, it gives the same result for both temperature definitions. We will discuss these results

later in the report. A similar argument on rate sensitivity is shown for comparison in Fig. 3a and

Fig. 4a.

We did a thorough model fitting using the same method and all the data available on

A1-7039 and AI-5083 alloys. Figures 5–16 are the results after fitting. Figure 5 shows the fitting

for low- and high-rate data from liquid nitrogen temperature to 200”C. As shown in this figure, if

we attempt to flt all the data using the JC model, the results are not very promising. It raises a

concern that one should exercise utmost care in extrapolating the model constants beyond that

&rived for a particular range of almz

Figure 6 shows the result as in Figure 5 but only fitting with the high-rate data. The fit is

improved. If we examine the experimental data, the stress level for 200°C is much lower than that

suggested from the difference between the room temperature and the 10O°C test. The

microstructure of AI-7039 after deformation will be investigated to elucidate the cause of the stress

drop at higher temperatures.

Figure 7 reveals the model fitting for all data above room temperature. The same procedure

was taken for the fitting in Figure 8 but with the original temperature definition. High-rate data

above room temperature we~ fitted using both temperature definitions on A1-7039 in Figures 9 and

10. One lesson that we learned here was that by fitting the JC model using a different range of data
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we could obtain quite different model constants; compare values of the constants on Figures 7–10.

We have to make a judgment decision in order to choose the appropriate range for data fitting.

Most importantly, we can not rely on only a few tests to derive the model constants.

The same sequential approach was taken to fit the data for AI-5083 (Figures 11–16). The

tests that were done at room temperature indicate that dynamic strain aging occurred because the

stress level of the strain rate of O.1/s is lower than that of 0.001/s (see the raw data on the figure

for AI-5083 in Appendix A). It is probably due to Mg solute present in this alloy. The fitting as

shown in Figure 11 for all data of A1-5083 is not good. On the contrary the fit for the four tests

done at high rate and above room temperature in Figure 15 is excellent.

Figure 17 shows curves plotting the third term (1 – T*m) in the JC model versus the

temperature using both definitions. The curve with open circles uses T*= T/’I’~~~~with m = 0.75

for 4340 steel. If we do another calculation with the same parameter m, but using T* =

(T – T~oo~)/(T~~~~ – T~oo~), then the dotted line is the result. This line shows a different

temperature dependence especially if the temperature is less than 500 K. Adjustment of m is

therefore necessary to have the same temperature dependence; the result is shown as the solid line

in this figure. In order to bring the open circles coincident with the solid line, we only need to

multiply the ordinates by 1.33; that is shown as the solid circles. Basically, these two definitions

of T* could have the identical curve fitting but with a different m and a constant ratio between the

two sets of constants in A and B.

One example is shown in Figure 18. With a different m used to preserve the same

temperature dependence and a factor of 1.33 between two sets of A and B, n and C could be kept

the same; the fit indicated by the open circles and the solid triangles is essentially identical. This

implies that we shall use T* = T/T~~~~ = homologous temperature instead of T* =

(T - T~m~)/(Tm~~ - T~m~) # homologous temperature. However all four materials were fitted

using both temperature definitions. We felt that the tests done at lower temperatures were

meaningful in the sense that they give us an indication of how much the materials can strengthen.

Therefore we should not ignore the importance of the upper bound. The only ad~~antage in using

the original temperature definition is that the value of A is close to the yield stress of the test at

room temperature. In this case we suggest that it be called normalized temperature instead of

homologous temperature.

Figures 19–24 are the fitting results using the ZA model for 4340 and RHA steels,

tantalum, copper, A1-7039, and A1-5083. The JC model failed to yield a reasonable fit on copper
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that we tested at high rate. The high dependence of stress on the strain hardening, as indicated by

the divergence of stress at higher strains, was the cause. Figures 25–29 are obtained using the

MZA model. (There is no modified ZA fit for tantalum.) The shear modulus corrected temperature

dependence of the stresses in the MZA model is seen to give a slightly better fit to the data in

general.

It is interesting to examine the curve fitting found in the literature. Fjgure 30 shows one

example for 4340 steel taken from [1]. The corresponding set of constants accurately reproduces

the curve for the test at 450”C and 650/s but not as well for the other two curves. Figure31 shows

the stress-strain curves for high hard armor (HHA) by Johnson and Holmquist.[71 The curves

accurately fit the room temperature data but the accuracy at other temperatures is debatable. This

set of constants fits our current 4340 tempered steel data reasonably well for the room temperature

high-rate test (Figure 32). This implies that the HHA used in their study is very similar

microstructurally to the 4340 steel we tested. As we mentioned above, the temperature dependence

of their fit could be altered. If we emphasize it a little more so we have a better fit in terms of the

test temperature (changing m from 1.17 to 0.9), then the fit is still within their data range. In this

case, it fits well for the curves at21 ‘C and at 550”C (Figure 33). Using this set of constants to fit

our data again, the stress level for each test condition is now satisfactory (Figure 34). However,

the strain hardening rate is lower than the high-rate data shows. Their curve fitting captured more

of the behavior of the low-rate test as can be seen in Figure 35 (10-3/s for 4340 steel). Again it

emphasizes that extrapolation of data outside the measured range must be done carefilly. This

brings us to a recommendation that the datajit using any model should always be plotted with the

experimental curves. We have supplied the experimental curves as Appendix material so the reader

can make an individual judgment. We have also presented the results of all of the various fits of

the curves together with their constants. This will allow potential users to judge how good the fit

of the constitutive equations is and to what extent it can be extrapolated.

Figure 35 compares the four different kinds of steels we have assembled in this study on

one set of axes. The HHA characterized by Johnson and Holmquist is very similar to our 4340

tempered steel. The 4340 steel Johnson and Cook studied in 1983 had a very low stress level that

indicates that it was probably annealed and cooled very slowly or might be quenched and then

tempered at high temperature. The RHA steel we tested is different from both. In a recent

discussion with Raftenberg at U.S. Army Ballistic Research Laboratory, he studied the plate

perforation on RHA.[81 He observed that the hardness on the surfaces of the RHA used were, in

Brinell hardness, 364 for a l/2-in. plate, 320 for a l-in. plate, and 300 for a 2-in. plate. The

strength of the l/2-in. RHA plate is close to the value for the steel we tested, but the strength of
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2-in. plate is closer to the 4340 JC used. Therefore it is very important to give a stress strain curve

at low temperature (e.g., room temperature) and at low strain rate (e.g., 10_3/s). Before choosing

the set of constants to use in calculations, one should do a simple test to verify the similarity

between the material used in generating these constants and the material that will be used in the

study of interest.

CONCLUSIONS AND

The models we

FUTURE WORK

have examined adequately describe our high-strain-rate data, but fail to

describe the whole spectrum of all the test data (from liquid nitrogen temperature to high

temperatures, and from low strain rates to high strain rates, as shown in Appendix A). We have

presented our interpretation of the data based on selection of several temperatures and strain rates.

The simplicity of the model is its merit, but that also limits its capability to handle more complex

material behavior (for instance, the Peierls’ stress contribution found for pure BCC material at low

temperatures, the dynamic strain aging encountered in several engineering materials, and twinning

which occurs at low temperatures and at high rates, etc.). A constitutive description of the

deformation of copper at strain rates from 10~ to 10$/s has been successfully developed by

Follansbee and Kocks[91 based on the use of the mechanical threshold stress as an internal state

variable (MTS model). This model has been extended to other FCC materials as well as some

BCC materials. Fitting our data using their model and comparing them with the results obtained

using the models in this study is in progress.
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Figure 9. Fit of the high rate data only for above room temperature using our homologous T*.
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Figure 10. Fit of the high rate data only for above room temperature using the original Johnson-
Cook equation for T*.

19

-



Al -5083

t

$400

b“

200

t

~of)o

gm
000:~oo
0000
0000

1
Experiment

o 0 Model fitting 1
01 1 I 1 I
0.0 0.1 0.2 0.3 0.4

&

Johnson-Cook Model:

a = (A + Bc”)(l + Clni”)(l - (T/T~)m)

A=21O MPa B=620 MPa n= O.375

C= O.0125 m=l.525 Tm=933 K

-196°C;

-196”C;
25”C;
25”C;

100°c;

25 ‘c;
25 ‘C;

200”C;

2000/s

0.001/s

7000/s
2500/s

3000/s
o.001/s
0.1/s
3500/s

Figure 11. Fit of the A1-5083 low and high strain rate data across the temperature range –196°C
to 200”C.
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Figure 12. Fit of A1-5083 over the same temperature range (–196°C to 200°C) using only the high
strain rate data.

21



800

600

$400
b“

200

0

Al -5083

25 ‘C; 7000/s
25 ‘C; 2500/s

100”C; 3ooo/s
25°C; 0.001/s
25°C: o.lh

2oo”c; 3500/s

Experiment
o 0 Model fhting

# , 1 I I

0.0 0.1 0.2 0.3 0.4
&

Johnson-Cook Model:

a = (A + Bzn)(l + Clni”)(l - (T/Tm)m)

A=275 MPa

C=O.01 125

B=545 MPa n= O.475

m=l.65 T~=933 K

Figure 13. Fit of all strain rate data for AI-5083 for RT and above using our homologous T*.
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Johnson-Cook Model:
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Figure 14. Fit of the same data as Figure 13 but referenced to room temperature using the original
Johnson-Cook equation for T*.
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Figure 15. Fit of the high rate data only for above room temperature using our homologous T*.
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Figure 16. Fit of the high rate data only for above room temperature using the original Johnson-
Cook equation for T*.
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Figure 17. Plots of curves of the third term (l–T*m) versus temperature.
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Johnson-Cook Model:
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C= O.0028 m=O.85 Tm=1783 K
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A=21OO MPa B=1750 MPa n=O.65

C= O.0028 m=O.75 Tm=1783 K

600°C; 2000/s

Figure 18. Fit of 4340 data using both temperature models with different values of m to preserve
the same temperature dependence, a constant ratio of 1.33 between A and B, and n and
C the same for both sets of curves. Note the two curves are nearly coincident.
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Figure 19. Fit of 4340 data using the Zerilli-Armstrong model.
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(7 = CO + C1exp(-C3T + C4T ink) + C~&n
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C4=0.000045 C5=1200 MPa n=O.62

Figure 20. Fit of the RHA data using the Zerilli-Armstrong model.
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Figure 21. Fit of tantalum data using the Zerilli-Armstrong model.
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Figure22. FitofcopperdatausingtheZerilli-Armstrong model.
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Figure 24. Fit of A1-5083 data using the Zerilli-Armstrong model.
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4340 tempered martensite
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PO’’) JP293 = 1.05455 - 0.0001862T

Figure 25. Fit of 4340 data using the modified Zerilli-Armstrong model.
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Figure 26. Fit of RHA data using the modified Z.eriUi-Armst.rongmodel.
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Figure 27. Fit of copper data using the modified Zerilli-Axmstrong model.
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Figure 28. Fitof Ai-7039dati ustigtie moMled~flfi-hstiong model.
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Figure 29. Fit of A1-5083 data using the modiiled Zerilli-Armstrong model.

38



4340 Steel by Johnson and Cook, 1983
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“Proceedingsof the Seventh International Symposium on Ballistics”,

The Hague, The Netherland, 1983, p.541, Figurel.

Johnson-Cook Model:

a = (A + BE”)(1 + Cln&*)(l - ((T - TRm~)/(T~~L~ - TROOJ)m)

A=792 MPa B=51O MPa n=O.26

C= O.014 m=l.03 TM=1783 K

Figure 30. Johnson-Cookfitto4340datafrom 1983. Note the curve onlyfitsthe450°C and
650/sdata.
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Johnson-Cook Model:

a = (A + Ben)(l + Cln~*)(l - ((T - TROOJ(T~~L~ - TRoo~))m)

A=1504MPa B=569MPa n=O.22

C= O.003 m=l.17 T~=1783 K

Figure 31. Johnson-CookfittoRHAdatafrom 1983. Curve fits only theroomtemperatum
data well.
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4340 tempered martensite
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Johnson-Cook ModeI:

+Clnk”)(l -(~-TROO~)/m~~L~-TROO~))m)a = (A + BE”)(1

Using constants derived by Johnson &Holmquist for

Figure 32.

their High Hard Armor :

A=1504 MPa B=569 MPa n=O.22

c= O.003 m=l.17 Tm=1783 K

The set of constants (derived from Figure 31) fits our room temperature data at high
strain rates. Our 4340 steel data was obtained on steel reheated, homogenized,
quenched, and tempered by Los Alamos.
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HIGH HARD ARMOR by Johnson and Holmquist
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A=1504 MPa B=569 MPa n=0.22

C=0.003 m=O.90 Tm=1783 K
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Figure33. Data from Figure 31 fitbychanging mfroml.17to0.90.
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4340 tempered martensite
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derwed by Johnson &
.

Holmquist for

their High Hard Armor .

A=1504 MPa B=569 MPa n=O.22

C= O.003 but m=O.90 instead of 1.17 TM=1783 K

Figure 34. Data from Figure 32 fit by changing m from 1.17 to 0.90.
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Figure 35. Plot of four different steels on the same axis for comparison. Note that the curve
fitting matches only the low strain rate, room temperature data reasonably well.
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Appendix A

Appendix A consists of figures A-1 through A-6, which present the raw data for Los

Alamos 4340 tempered martensite, RHA steel, tantalum, OFE copper, AL-7039, and A1-5083.
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Figure A-1. Raw data for Los Alamos 4340 tempered martensite.
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Figure A-2. Raw data for RHA steel.
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Figure A-3. Raw data for tantalum.
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Figure A-4. Raw data for OFE copper.
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Figure A-5. Raw data for Al-7039.
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8. 200”C; 3500/s

Figure A-6. Raw data for A1-5083.
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Samples of aluminum were taken directly from the assembly line at FMC Corporation in

San Jos6, CA. These were supplied in one inch thick sections as cutoffs from the material used in

the assembly of BFVS. We felt that the aluminum was an appropriate representation of the vehicle

armor and already homogenized, so samples were cut perpendicular to the large surfaces. The

MIL spec~lcation requirements are included in this Appendix.
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Appendix B

We wrote this report in an unclassified fashion so that it can be given wide distribution

among the computational community. Users may question the type or the pedigre% of the materials

used to obtain the data. The information in this Appendix (Figures B-1 through B-4) is included to

establish the credentials of the materials characterized. We feel that what is represented in this

report is close to the characteristics of the metallic materials used in current armors.

Three generic materials are included in the report-copper, tantalum, and 4340 steel. The

4340 steel was homogenized at temperature, quenched, and heat treated at Los Alarnos to Brinnell

hardness 360. The hardness was uniform across the surface; thus this is an idealized specimen.

The analyses for all three generic materials are included below.

The request for steel and aluminum armor specimens was made to the manufacturers of the

M1A2 tank and the Bradley Fighting Vehicle. The specimens of RHA from the Warren, MI tank

plant were lost in shipping so we obtained a piece of RHA from the principle supplier of RHA to

manufacturers in the U. S., Heflin Steel Co. of Phoenix, AZ. No further heat treatment was given

this specimen before the strain rate tests were conducted. Test samples were carefully removed

from the material in such a way as not to alter the heat treat of the RHA. Samples were taken both

perpendicular and parallel to the rolling direction. Data presented are a composite of all of the

measured data analyzed as described in the figure caption.
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Element

c

N

o

H

Fe

Ni

Cr

w

Nb

Tc

P

s

Mo

B

n

Sb

l%+

Sn

Pb

Si

Cu

Mn

Mg

Zn

Ti

Others, Each

Others, Total

Al

Chemical Composition of
Copper, Tantalum A, 4340 Steel, RHA Steel, A1-5083, and Al-7039

Sample Composition in

Cu Ta
in wt Yo in ppm

9

18

44

<1

<5

<5

<5

<150

123

balance

99.99*

* Remainder must meet ASTM B170 standards.

4340 steel
inWt 70

.405

major

.851

.0108

.0002

.233

.248

.178

.696

.25

major

1.43

.010

.(M5

.23

.Ooo1

.005

.0050

.0060

.015

.001

.22

.14

.22

.002

.021

AI-5083
in wt 70

.40 max

.05-.25

.40 max

.10 max

.40-1.0

4.0-4.9

.25 max

.15 max

.05

.15

remainder

A1-7039
in wt ‘ZO

.40 max

.15–.25

.30 rnax

.10 max

.10–.40

2.3-3.3

3.54.4

.10 max

.05 max

.15 max

Figure B-3. Chemical composition of copper, tantalum, 4340 Steel, RHA Steel, A1-5083,
and AI-7039.
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Mechanical Properties of
Copper, Tantalum A, 4340 Steel, RHA Steel, A1-5083, and A1-7039

Mechanical Properties

Sample Thickness Tensile UTS
Strength,
psi

Cu n/a 45,000 40,000

Ta 5mm

4340 Steel n/a

30,000 da

Elongation,
%

20

da

200,000- 192,000- 10-11
21O,OOO 198,000

RHA Steel tia 150,000 135,000 18

A1-7039 up to 1.5 in. 60,000 51,000 9

<1.5 in. 57,00Q 48,000 8

A1-5083 .25–.499 in. 45,000 35,000 8

.5–up to 2.00 in. 45,000 37,000 8

2.04)-3.00 in. 44,000 35,000 9

Notes

The copper is oxygen-fkee copper, made
tkom plate stock. Electrolytic coppcx was
annealed at 600°C for 1 hour and cooled to
mom temperature in vacuum. The
microstructme exhibited equiaxed grains of
approx 50 pm average size.

The tantalum used in other tests at Los
Alamos was supplied in as annealed plate
and contained equiaxed grains of approx 45
jun average size.

4340 plate was fully annealed by heating
at 1000”C for 15 hours, followed by cool-
ing to 500”C at 3°C/hr. After this it was
air-cooled to room temperature. It was
then reheated to 825°C for 15 tin,
quenched in oil, tempered at 400”C for 2
hours, and allowed to air cool. Sections
of the plate were cut perpendicular to and
along the rolling axis for strain
measumments.

n/a

A1-7039 plate was obtained from FMC in
San Jos4, CA, directly from the manufac-
turing line for the Bradley Fighting
Vehicle. The l-in.-thick sample was “cut
off” directly from the fabrication line.

AI-5083 plate was obtained from FMC in
San Jos4, CA, directly from the manu-
facturing line for the Bradley Fighting
Vehicle. The l-in.-thick sample was
“cut off” directly from the fabrication line.

Figure B-4. Mechanical Properties of Copper, Tantalum A, 4340 Steel, RHA Steel, A1-5083,
and A1-7039.
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