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A STATISTICALMODELINVESTIGATIONOF NUCLEARFISSION

by

RichardEdwinPepping

ABSTRACT

To assistin the improvementof

libraries,the statisticaltheoryof

fissionproductyielddata

fissionhas been investigated.

Calculationof the theoryemploysa recentnuclearmass formula

and nucleardensityof statesexpression.Yieldscomputedwith

a simplestatementof the theorydo not givesatisfactoryresults.

A slowlyvaryingempiricalparameteris introducedto improve

agreementbetweenmeasuredand calculatedyields. The parameter

is interpretedas the spacingbetweenthe tipsof the fragments

at the instantof scissionor as the lengthof a neck in the

fissioningnucleusimmediatelypriorto scission.With thisspac-

ing parametersemi-quantitativeagreementis obtainedbetween

calculatedand measuredmass chainyieldsfor six casesinvest-

igated,
233

‘(nth9f),
235

‘(nth>f)$239Pu(nth,f),
235

U(n+14,f),

238U(n+14,f),and 252cf(sf).An indicationof the sourceof mass

asymmetryin fissionis presented.

The modeldevelopedpredictsa mass and energydependence

of someof the parametersof modelscurrentlyin use in data

generation.A procedurefor the estimationof the fissionpro-

ductyieldsfor an arbitraryfissioningsystemis proposed.

-----------——-----------
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Tq’rI?ODIJCTXON

Reliablenucleardata i-srequiredfor both civilianand mil-

itaryapplicationsof nuclearenergy, Tn reactoroperation,fis-

sionproductbuildup

neutronabsorption.

affectsreactivityand fuelburnuptlarough

The fissionproductsthemselvesare sources

of decayheat whichmust be takenintoaccountin the designof

safetysystems. Afterleavingthe reactor,shieldingand cooling

requirementsof the spentfuelagaindemandthat the composition

be known in orderto insuresafehandling, In some casesof i~.

portanceaccuratemeasurementshave been made to determinethese

sources, For less frequentfissioneventsand for lesswell meas-

ured fissioningsystems,modelinghas been employedto estimate

the yieldsof the variousfissionproducts. It Is the objectof

thiswork to Improveupon themethodof yieldestimationthrough

the use of a reasonablephysicalmodel.

In selectinga model for use here, thereare basicallytwo

schoolsof thought. By computingfrom firstprinciplesthe dynamic

behaviorof a heavynucleusas it proceedsfrom its originalstate

to two fissionfragmentsone may expectto understandthe entire

fissionprocessin additionto understandingthe probabilityof

the formationof a givenpair of fissionfragments,the fission

fragmentyield, Such a calculationis possible,in principle,but

is tediousand prohibitivelyexpensivein practice. AlternatZvely~

one nay make a s<mpl~fyingqssumpttont~atrendersthe exqctde-

tailsOS the fissionprocessof Iittle”lmportanceand concentrates



upoq the fisszonyields. Such a simplifyingassumptionwouldbe

to assumethatthe entireprocessts statistical,completelydeter-

minedby the propertiesof the finalstate. This assumptionap-

pearsto have been firstmade by Fong,l

That the fissionprocessmay indeedbe statistical3s indica-

ted by examiningthe availabledata on fissionyields. The dis-

tributionsof productmassvary slowlybetweenfissioningsystems,

differenceswhichappearbeingunderstoodthroughsimpleconserva-

tion laws. The mass yieldsalsovary slowlywith particleenergy

in particle-inducedfission, Again,the finalstateappearsto be

the importantfactorin determiningytelds,

The applicationof statisticalmodelsto the fissionprocess

is not a new idea. Fonglpresentedthe Ideaover 20 yearsago and

has writtenprolificallyon the subjectsincethen. More recently,

2,3
calculationshavebeen presentedby otherauthors. Most re-

4
cently,Wilkins,et al. gave an extensivetreatmentof the topic

givingqualitativeagreementwith observationsof many fissioning*

systems. It shallbe the objectof thiswork to investigatethe

statisticalmodel to determineits validityin a quantitativesense

for

tke

~ossibleuse in improv~ngfiss~onproductdata libraries,

As an a~d to the reader,the followingis a brief guideto

orgqnzzat~onof the presentationthatfollows, The fission

process*S bxieflyreviewedZn CindertQ qualitativelydescribethe

prcvqeseand establ$shscvqeof che Ianguqgeto be used GO describe

+$, Xhe theory is them c?st quantitativelyto demonstratethe



natureof the assumptions

It shouldbe kept in mind

necessaryto make the theorycalculable,

thata largenumberof thingsmust be

assumed,any one of which,if in error,is of sufficientconse-

quenceto changeany conclusionsdramatically.Givena set of

assumptions,a numberof thingsmay be computed,tn additionto

theyields,as diagnosticsand are discussedtn the section“The

Yield and Its Moments.” Followingthis section,threesetsof as-

sumptionsto be used in calculationsare describedand motivation

givenfor theirselection.

essaryto the evaluationin

calculationmay proceed.

After specifyingsome expressionsnec-

the sectiontitled“TheDensities,”the

The firstyield calculationis performedfor

It employsthe densityexpressionmost similarto

severalreasons,

the otherstatis-

ticalmodelevaluationsmentionedand giveshistoricalcontinuity

to thiswork, It also allowssome experimentationwith themasses

and single-particleenergytreatments.Most importantly,it is

used to demonstratethe equivalenceof two of the

tions,therebysimplifyingthe calculation.This

sets of assump-

particularcal-

culationis performedwith extremecomputationalcare in order to

insurethatnone of the conclusionsmade are the resultsof numer-

ical artifacts,

Havingbecomesomewhatmore at easewith the calculationand

the variousinputquantities,a new densityexpressionis 3ntro-

ducqd,a featurewhich,al~ngwith the mass formula,sets this

3



work apartfrompreviouscalculations,with thisexpressionand

the mass fonmulqthemodel is completelyfreeof adhocparameters

other than thoseexplicitlyappearing. Afterestablishingthe

computationaltechniqueto be used with the new density,a set of

sampleyieldsts computedand discussed,

To obtainquantitativeagreement,some parametrizationis

necessaryin orderto achieveoverallagreementbetweenmeasured

and computedvaluesof the chain-yields,promptneutronnumber,

totalgawa energies,and totalkineticenergy. In describing

independentyields,themodel employedwhen data is poorlyknown

requiresthe use of someempiricallydeterminedparameters,Work-

ing backward,one may extractthevaluesof theseparametersfrom

both the publishedyieldsand calculatedyi.elds.Comparingthese

valuesrevealssome smalldifferences,Possiblereasonsfor these

discrepanciesare discussed.

Finally,observationsof potentialpracticaluse by way of

simplemodelsand scalingrelationsare discussed. The various

physicalmodelsnecessaryfor the calculationare brieflydis-

cussedin severalappendices.Any one of thesesubjectsis, by

itself,deservingof a thoroughtreatment.The appendices,how-

ever,describeonly the featuresnecessaryfor thiscalculation

and the#.rmethodsof implementation.

yssxor’1WiyJ.q

92?one examinesthe familiarplot of bindingenergyper nucleon

for stablenuclei,5f.tmaY be seen thatnucleinearmass number60



are most tightlyboundwith about8.5Mev of bindingenergyper nu-

cleon. With increasingmass numberthe bindingenergyper nucleon

decreases, For a sufficientlyheavynucleusit may thenbe ener-

geticallyfavorablefor the nucleusto splitinto two lighternu-

clei..To do this the heavynucleusmust deformand elongateto

such a degreethat the repulsiveCoulombforceis sufficientto

overcomethe attractivenuclearforce. At this point,the nucleus

may split,or fission,ratherthanreturnto its groundstateshape.

In orderto describethe nucleusas it elongates,one must be

able to describeits behavioras it proceedsalongsome trajectory.

in a multi-dimensionalspaceof shapecoordinates,Shapesthat

have been usefulin describingthe behaviorspecifysuch general

quantitiesas elongation,mass asymmetry,axialasymmetry,and

neck formationof the deformednucleus, Initially,the.heavynu-

cleusmay resistdeformationsuch thatan elongationof its shape

is accompaniedby the increasein the potentialenergyof the

system. At largerdeformationsthe potentialenergymay actually

begin to decrease,a manifestationof shelleffectsin the defo~ed

nucleus. Theseshelleffectsdependstronglyupon the shapeof

the nucleus. In the multidimensionalshapespacethe potential

energysurfacemay have many localmaximaand minima, The minima

are associatedwith so calledshape-isomerism~n heavynuclei?

metast~bl.estatesof the deformednuc~eus, At somepoint Che

Cou\~mbre~u~s~onbecomess~fftc~eqtlyStxongthat At cayer~cmes

the nuclearattraction,The nucleagpotentialenergythen de-

creaseswith furtherelongat~on, Xn general,any of tihelocal

5



maximaclef%nesaddle-pointsin

cussionthat fozlows,the term

fer to thatshapeat which the

tractionexactlycancel.

the potentialenergy. In the dis-

“saddle-point”shallbe used to re-

Coulombrepulsionand nuclearat-

AS the nucleusproceedsbeyondthe

the shapemay beginto resemblethatof

saddle-pointdeformation,

a dumbellwith two lobes,

the nascentfragments,connectedby a neck. The Coulombforcemay

drivethe elongationfurtheruntilthe nuclearrestoringforceis

no longerable to hold the systemtogether. The neck snapsand

fissionoccurs. At this instant,calledthe scission-point,the.

systemconsistsof two separatenuclet.

Duringthe descentfrom saddleto scissionthe fragmentsmay

acceleratein the Coulombfieldsuch thatat the scission-point

the fragmentspossesssome translationalkineticenergyassociated

with the motionof theircentersof

act natureof the descentand snap,

theirshapesvibrating. Beyondthe

mass. Dependingupon the ex-

theymay alsobe rotatingand

scission-pointthe fragments

may furtheracceleratein the Coulombfield. The energyassociated

with translationalkineticenergyat the sclssion-pointand the

energyobtainedfrom the Coulombrepulsionmay be measuredin the

lab as the fragmenttotalkineticenergy, The energyassociated

with rotat~on,shapevibrationand deformation,and any internal

exc~tat~ongainedduringthe descentprovidesenergyfor prompt

neutranand gammaray emlsston. The distinctionshallbe made be-

tween fiss~on t??dgnwmts.and fission~oducts, the fragmentsbeing



the two nucleiimmediatelyfollowingscissionand the productsre-

sultingafterpromptneutronemissionfrom the fragments,

THE THEORY

Duringthe descentfrom saddleto scission,the nuclearshape

is drivento furtherelongation,the nascentfragmentsacquiring

translationalkineticenergy,underthe influenceof Coulombre-

pulsion. Dependingupon the natureof the nuclearHamiltonian,

the collectivedegreesof freedommay be coupledto internalde-

greesof freedomsuch that the collectivemotionis damped,some
..

of the energy

nal heat. At

leased,

G = M* -

*

gainedduringthe descentbeing convertedinto inter-

the scission-pointan amountof energy,G, is re-

-m
9 2-C

Here,M“ is the mass of the fissioningnucleus,mi is the mass of

th
the i fragment,and C is the Coulombinteractionenergy. As a

resultof the strongCoulombrepulsion,the fragmentsmay be de-

formedsuch that theirmassesare increasedby the amountD re-

lativeto the ground-states
+
~ any parametersassumedto

scission,G may be written,

+ *

values,mio”
Denotingcollectivelyby

describethe fragments!geometryat

G(cY)= M
- ‘lo - ’20

- D1(&) - D2(&)- c(;) ●

This energymay appearas fragmentexcitationenergyor rotational,



vibrational,and translationalkineticenergy. Energiesassoci-

atedwith rotat~onand vibrationare neglected,justificationof

whtch i.sofferedin AppendixC. The energyat the scission-point

is assumedto be partitionedbetweenIntrinsicdegreesof freedom,

or heat,and collectivetranslationalkineticenergydegreesof

freedom,

Formally,the decaywidth is givenby the FermiGoldenRule,6

r@@&) = l<flHfissliP12p(G) ~

Here,A and Z specifythe mass and chargeof the lightfragment,

the mass and chargeof the heavy fragmentgivenby conservation

laws,Hfissis the perturbingHamiltoniancausingthe decay,Ii>

denotesthe initialstate,the fissioningnucleus,and If>denotes

the finalstate,two fragmentsof specifiedmass,charge,and any

+
otherparameters,o!,assumedto describethe scissionconfigura-

tion. Hereinlies the problem.

Specificationof the mass and chargedivisionalonedoesnot

adequatelydescribethe scission-point.Until the;-parameters

are given,the calculationcan not begin. Theseparametersare

givenby Hfiss,makingit an extremelyimportantquantity, This

may be illustratedwith regardto the nuclearshapesby assuming

the phase-spacedensityto be givenby a constanttemperature

Boltzmanexpression,

P(G)= exp(G/T) ~



and Hfi~~ to be a constantfor all possiblefinalstates. The

most probablescissionconfigurationis that forwhich G is a max-

imum, Wilets7has determinedthis configuration,inthelimitof

the liquid-dropbehavior,to be two infinitelylongnuclearneedles

of vanishingdiameter, In a realnucleus,thislimitis not at-

tainable. The conclusionIs similar,however,that the overriding

factoris the Coulombenergydrivingthe shapeto one of extreme

elongation,a shapethatmay be attainedwith sufficientlymany

degreesof freedom.

For more modest

arises. The energy,
*

deformationsof the fragmentsanotherproblem

G, to be partitionedmust be positive. It

has been suggested~thatat the scission-pointthe fragmentsare

tangent. Even for the largestdeformationswhich the mass formula

allows(AppendixA), positivevaluesof G can not be obtainedwith-

out introducinga spacingparameter,6, to be interpreted

distancebetweenthe tipsof the fragments. Introduction

as the

of this

parameterallowsthe Coulombenergyto be reducedsufficientlyto

allowpositivevaluesof G. As the parameterincreases,G in-

creasessuch that the most probablescissionconfigurationcorre-

spondsto fragmentsat infiniteseparationwith C = D1 = D2 = O.

It would thenappearthat the natureof Hfiss is quiteimpor-

tant s%nceit is the only factorremainingwhich can prohibitthese

configurationsso stronglyfavoredthroughthe phase-spaceterm,

Proceedingfrom firstprinciples,one must then computethebe-

haviorof the fiss~oningsystemas it descendsfrom the saddle-

9



point to the scission-point,the end of the fissionprocess,keep-

ing trackof all energies, coordinates,and quantumnumbers.

Havingdeterminedthe scission-pointshapes,separations,matrix

elements,and energypartition, an importantquantityto be

discussedlater,for all possiblefinalstates,the phase-space

termmay be computedfor eachand theyieldof a givenmass and

chargegivenby integratingover the uninterestingvariables,

The descenthas onlybeen calculatedfor a few nuclei,and

thenonly in the contextof a simplifiedmodel. Rather

temptto solvethisproblemhere,the GoldenRule shall

thanat-

be used

with

cess

this

8
existingfissionproductyielddata to view the fissionpro-

in hope that the natureof Hfissmay be extracted. Clouding

viewwill be otherassumptionsand modellimitationsnecessary

to rqakethe calculationpossible.

THE YIELDAND ITS MOMENTS

It shallbe assumedthat,apartfrom determiningthe scission-

point energypartitionsand shapes,the matrixelementis a con-

stant. The shapesare presumedto be givenby some distribution,

f(:). The yieldof a givenfragmentchargeand mass is thenpro-

portionalto the sum over& of the decaywidths,



IY(A,Z) =
z

p[G(i)]”f(;) .

+
a

The yield is givenby normalizing,

I (A,Z)
y(A,Z) = .

‘z
IY(A,Z)

A,Z

To evaluate p[G(&)],thermalequilibriumshallbe assumedbe-

tweenthe intrinsicdegreesof freedomand the collectivetrans-

lationalkineticenergydegreesof freedom. Suppressingthe:

argument,

G G-k

p(G)=JfP(k p1(E1)p2(E2=Gk-E1)dE1dk ,

0 0

where p(k) is the densityof statesof translationalkineticen-

th
ergy,k, and pi(Ei)is the densityof statesof the i fragmentat

excitationenergyEi.

In additionto the yieldintegral,two momentsof interest

shallbe computed,

IE(A’Z)‘zf(:ip(kJ~’l(E’)p’(G-k-E’)dE‘
a o 0

G Gk

11
Ik(A,Z)=~f(~) kp(k) p1(E1)p2(G-k-E1)dE1dk.

+
a o 0



With respectto the;-parameters,weightedaveragesmay be

computedfor any quantity,Q,

IQ(A,Z)=~Q(&f(&p[G(&)] .

+
a

Then the averagevalueof any quantityis givenby

‘Q’=% ●

Y

Of particularinterestare the quantities<D>, <C>,<k>, <E,>,and
A

~2> = <G>

These

metersand

- <k> - <El> .

momentsmay be used as checkson

assumptions.For example,after

the variouspara-

normalization,the

moments,~>, <C>, <Ei>,and ~i> may be comparedto experimental

valuesof the totalfragmentkineticenergy,<TKE>,and the decay

energyfor promptneutronand gammaray emission,X.,

With

<C>++>=<mE>

<Di>+-<E>=CX.>
i 1

a tableof neutron

J.

s

.

separationenergies,an upperboundon

the numberof promptneutronsmay be determinedfromX..
1.

In makingcomparisonsbetweenmeasuredand computedyields,

someof the terminologythatshallbe used is as follows:

1) Independentyield:theA and Z dependentyield,y(A,Z).

2) ‘Mass-chainyield,mass yield,or chain-yield:the yield

of a givenmass, independentof charge,

12



Y(A) ‘~Y(A, z) .
z

3) Chargeyield:the yieldof a givencharge,independentof

mass,

y(Z) =~y(A,Z) .
u
A

Energiesand diagnostic

and summedare referred

Withina fixedmass

vialedby the chainyield

fiy(A,Z),

Y(LLZ)fLy(A,Z)=—
Y(A)

:ermsweightedby the independentyields

:0as integralvalues.

chain,the independentyieldsmay be de-

to

THE SCISSIONCONFIGURATION

Beforethe calculation

form the fractionalindependentyield,

canbegin,the parameters,;, describ-

ing the scissionconfigurationmust be specified. Sincethe frag-

ments are neutron-rich,unstable,and highlydeformed,experimental

knowledgeof theirmassesis not available.Amass formulamust

thenbe used to estimatethemass and its shapedependence. Seeger

9
and Howard give sucha formula,describedin AppendixA, with two

parametersspecifyingthe shape. Theseare theNilssonparameters,

s and E4, used to describethe single-particlepotentialwell of

the nucleus. They describeaxiallysymmetricshapes,only. Some

13



of the

of the

shapesconsidered

coefficientsof a

are shownin Figure1. Approximatevalues

collectiveradialexpansionin Legendre

Polynomialscorrespondingto theseshapesappearin Table1. The

chargeis assumedto be uniformlydistributedthroughoutthe nu-

clearmass. Onlymultiples of evenorderappearin a multipole

expansionof the Coulombinteractionenergysinceonly even order

multiples appearin nuclearpotential. The scissionconfigura-

tion is thenspecifiedby four shapeparametersand the spacing

parameter,d, which shallinitiallybe held constantfor all

masses,charges,and shapes.

The distributionof shapeparameters,f(~),is givenby Hfiss.

As an exampleof sucha distribution,it has been proposedthatthe

fissioningnucleusis extremelydissipative

from saddleto scissionis so slowas to be

1
is the case,it is argued, the nucleusmay

and that the descent

quasi-static.If this

followa minimumpotential

energytrajectoryon itsway to scission. The energyrelease,G,

is equivalentto the negativeof the potentialenergy. Then a con-

sistentmethodexiststo definea scission-pointconfiguration,

which shallbe calledthe GMAX configuration,

f(z)= 1. G(z) = maximum

f(z)= 00 all other;.

More detailedinvestigationsof the behaviorof viscous

dropsrevealthat the presenceof high viscositycauses

liquid-

the tra-

jectoryto deviateconsiderablyfrom thatof minimumpotentialen-

ergy for the caseof symmetricmass splits. Tt may thenbe antici-

pated that the view of the scission-pointmay be somewhatobscured

14



by computingyieldsat the GMAX shapes. Two othershapedistri-

butions,f(;),shallalsobe considered.Withinthe spaceof al-

lowedshapecombinationsin the fragments,the yield integralsmay

be evaluatedat all pointsand a yieldsurfacedeterminedfor a

givenA and Z. Assumingf(~)= 1. for all ;, the yield is givenby

summingover all ~, definingthe SUM method. Havingthe yieldsur-

face,the shapecombinationat which it takeson maximumvaluede-

finestheYMAX configurationand the YMAx shapedistribution,

f(:)=1. p[G(;)] = maximum ,

f(:)= o. all other; .

The interestin these

following.Assumefor the

for the phase-spaceterm,

P(G)= exp(G/T) ,

The yieldsurfacepeaksat

threeconfigurationsmay be seen in the

timebeing a constanttemperatureform

the GMAX configurationand may be ap-

proximatedas a Gaussianabout thispoint. The SUM methodis then

approximatelythe integrationof a

the productof the peak value,the

Gaussian,the resultof which is

GMAXvalue,and a width para-

meter. To the extentthat the yield surfaceis approximatelyGaus-

sian and thewidth parametersmoothlyvaryingwith mass and charge,

the GMAX and SUM yieldsare identical,the width parameterentering

as an overallconstantwhich dropsout of the yield expressionup-

on normalization.Comparisonof the two yieldsshouldindicatethe

validityof theseassumptions.



In fact,the phase-spacetermis not of a constanttempera-

ture form. In additionto the Gdependence single-particleterms

in the fragmentsaffectthe yield. It is for this reasonthat the

YMAX yieldis greaterthan

yieldmay be comparedwith

the assumptionof Gaussian

thatof the GMAXyield. Again,the SUM

theYMAX yield to testthe validityof

behaviorabouttheYMAX configuration

and the smoothnessof thewidth parameter.

A practicalproblemariseswith theYMAK and SUM yields,

namelythatthe yieldintegralsmust be evaluatedat all combina-

tionsof the shapeparameters.When possible,this is done. In

the largershapespaceultimatelyto be considered,thisis too

tediousand a restrictedarea in the vicinityof GMAX is explored

to find theYMAX configuration.The SUM methodis too expensiveto

be appliedin this case.

THE DENSITIES

A. The Kinetic

The density

EnergyDensity

of linearmomentumstatesfor a two-particlesys-

tem of reducedmass,V, in a volume,V, is givenby,

p(k)=% N(k) ,

wherek is the translationalkineticenergyand N(k) is the total

numberof translationalstatesof kineticenergyless thanor

equal to k,

P

r

ax
N(k) =% d3p

h
o

16



4?TV 3/2
== (2pk)
3h

Hence,

‘(k)=w
The reducedmass of the two particlesof approximatemass Al and

A2 iS

p. ‘lA2 mass units .
Al+ A

2

As only proportionalitiesare important,the expressionused for

p(k) is takenas.

p(k) T=(A1A2)3k .

In latercases,theAl and A2 termsare dropped,thesebeing slowly

varyingquantities.

B. The NuclearStateDensity

The densityof statesfor a nucleusof N neutronsand Z pro-

tons at excitationenergyE is formallydefinedas the inverse

Laplacetransformof the partitionfunction,G?(aN,c%Z,E),for the

system,

1P(N,Z,E)= —
U{

exp[G!(aN,az,f3)- aNN - azZ + 13E]daNdcZd~ .
(2mi)3



The partitionfunctionis computedseparatelyfor the neutronand

protonsystems,

n(aN,(3z,f3) = S2N(Q) +f2a(av,f3) .
IY AL

may be well approximatedat reasonableexcita-

saddle-pointmethod,

The contourintegral

tion energiesby the

es
P = ~2T)3/2Dl/2 ‘

where S is the entropy,

‘=Q - a ~N - CXZZ+ f3E ,

and D is the 3x3 determinantof thematrixof secondderivatives

of Q with respectto ~, az, and ~. Throughthe saddle-pointap-

proximation,the quantitiesa and @ takeon the identitiesof the

chemicalpotentialand reciprocaltemperatureof the system. All

quantitiesare to be evaluatedat the saddle-point,definedby the

locationof the peak of the.integrand,

The partitionfunctionhas been determinedfor a systemof Fermions

with a residualpairinginteractionby Sano and Yamasaki.
11

Den-

sitiescomputedwith thispartitionfunctionhavebeen investigated

by Moretto
12 13-15

and Huizenga,et al., and are the basis for

yieldscomputedlater. The formalismand its implementationare

describedin AppendixD.
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By assumingthe single-particlestatesto be uniformlyspaced

an analyticaldensityexpressionmay be obtained. The expression

16
was firstproposedby Bethe andwas latermodifiedby several

17-21
others in order to improveagreementbetween

measuredneutronresonancespacings. The formof

the constantspacinglimitis givenby

whereU is the excitationenergy

It is upon the densityparameter

sinceit allowsthe introduction

predictedand

the densityin

and a is the “densityparameter”.

thatefforthas been concentrated

of empiricismto accountfor the

shortcomingsof the constantsingle-particlespacingassumption.

This expressionis describedin AppendixE.

The analyticalexpressionis significantsinceit was the only

expressionavailablebeforefastelectroniccomputersallowedthe

implementationof themore realisticmethodproposedby Morettoand

Huizenga. It is stillin use
22

and has been usedby Fong to com-

1
pute fissionproductyields. Yieldsbasedon both methodswill

be presentedin thiswork.

A SAMPLEYIELD CALCULATIONBASEDON AN ANALYTICALDENSITYFORMULA

As an exampleof the methodof evaluation,yieldsare computed

for
235

U(nth,f)assumingthe nucleardensityof statesexpression

to be givenby the analyticalexpressionof Gilbertand Cameron.17

This formulais discussedat lengthin AppendixE, The expression

is writtenin two piecesand describesthe densityof statesat



excitationenergy,E,

The

p ‘E)‘:-&w “‘xH
a

E-E

()
PL(E)=~exp & E < Ex

subscripts,L and H, referto the valueof E relativeto a

transitionenergy,E~, L (low)for energiesless thanEx and H

(high)for energiesaboveEx. The two formulasare requiredto

join smoothly

appearing,T,

The

ten

at Ex, a conditionwhich definesthe two parameters

the temperature,and E
0’

5

Ex
-E E

x

E. = Ex - T log [T pH(Ex)] .

excitationenergyin the high excitationenergyformis writ-

as U

E.

P is the

accounts

and is related

U+P .

pairingenergy

to the

of the

excitationenergyargument,E, by

nucleus. This particularstatement

for the factthat thereis a residualinteraction,pair-

ing, in the groundstateof the nucleus, Its effectis t. ca~e

an overallshiftof the energyaxis. The transitionenergy,Ex, is

actuallygiven

Ux “E -
x

where

in termsof Ux,

P

20



Ux = 2.5+ 150/A

This resultwas determinedempiricallyby Gilbertand Cameron.
17

The fit expressionreproducesthe data to approximatelyf 200 keV.

As shownin AppendicesE and F, use of this formulaalso requires

a single-particleshellenergy,S, which entersthrough~, the den-

sityparameter. The densityparameteris usuallythe objectto be

modeledwhen usingthis formula, as discussedin AppendixF.

Dependingupon the valueof E relativeto the cross-over

energy,Ex, threetypesof integralsare encounteredin the yield

calculation,

H (j)(G-k_E)dEdk~n/2 Emp~i)(E)pL
11 =

12 ‘Jkn’yEmp:i)(’)p:’) (G-k-E)” ‘k

*3 = 11
kn/2

‘i)(E)p~j)(Gk-E)dE dk ,Emp ~

where,for the yield,n = 1, m = O, for the mement,<IE>,n = 1,

m =1, andforthe

to the formof the

or high excitation

moment<I >, n = 3, m = O.
k

The subscriptsrefer

Gilbertand Camerondensity,low excitation(L)

(H),and the superscriptsindexthe single-

particleparametersappropriateto that fissionfragment. 11 may

be evaluatedanalytically.The orderof integrationin 12 may be

reversedand one integrationperformedanalytically,the second

,.
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integrationperformednumerically.Both integrationsin 13 must

be performednumerically.

For this firstexample,it is desiredthat the integralsbe

evaluatedsufficientlyaccuratelythatnumericalerrorsmay con-

fidentlybe ignored. Any choiceof computationalmethodmust sat-

isfy thisrequirement.To determinethemethodof numericaleval-

uationof the integrals,fragmentdatawere scannedto determine

extremeand medianvaluesof the energies,S, P, Ex, and T. Test

caseswere then chosenand the integralsevaluatedby a standard

23
adaptiveNewton-CotesQuadratureRule with a relativecomputa-

-9
tionalerrorof 10 . Thesesame testintegralswere thenevalu-

23
atedusingGauss-Legendreand Gauss-LaguerreQuadratureRules

and comparedto theNewton-Cotesvalues. Ultimately,combinations

of 12-pointGauss-Legendreand Gauss-LaguerreRuleswere chosen

giving

of the

faster

4
valuesthatdeviatedby less than 7 partsin 10 from those

Newton-Cotes.The GaussQuadratureRulesare generally

thanthe Newton-Cotes

Modelingof the density

F. For thisexample,simple

Rulemakingthemmore desirable.

parameter,~, is discussedin Appendix

model formsshallbe used, The model

itselfaccompaniesa set of single-particleshelland pairing

energies,S and P, and is of the form,

a/A = p1 -P2 s ,

whereA is the mass numberand pl andp2 are constants,An older

18
set of single-particleenergiesis thatof Cook et al. Values

of PI and P2 they give are

22



PI = 0.120

P2 = 0.00917 .

In orderto computethemass formulaof AppendixA, S, and P values

are againcalculated,the resultsdifferingfrom thoseof Cook.

Determininga model for the densityparameterbasedupon these

valuesgives,

PI = 0.1624

P2,= 0.0131 .

As mentionedin theAppendix

computedand measuredmasses

keV. This is a ratherlarge

A, the standarddeviationof the

usingthe mass formulais about 700

erroron a termwhich appearsin an

exponential.The Garvey-Kelsonrecursionrelations
24

give stand-

ard deviationsbetweencomputedand measuredmassesof only 157

keV, but the relationsdo not give the deformationdependenceof

the mass. One may entisiona mass formulawhich givesa ground-

statemass accordingto Garvey-Kelsonand a shapedependence

accordingto themass formulaof AppendixA. While the two mass

expressionsdifferby less than2 MeV, on the average,it shallbe

shownthatthe effectupon the yieldscomputedis quitepronounced.

of the possiblecombinationsof single-particleenergiesand masses,

threecombinationshave been selected,

1) S and P valuesand ground-statemassestakenfrom the

mass formulaof AppendixA.

2) Cook S andP valuesand Garvey-Kelsonground-statemasses.

3) Garvey-Kelsonground-statemassesand S and P valuestaken

from the mass formulaof AppendixA.
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As with the Garvey-Kelsonmasses,the mass formulaof AppendixA

is used to determinethe deformationdependenceof the Cook shell

and pairingenergies. For all of thesecases,a constantvalueof

the spacingparameter,6, was chosenwith d = 3 fm. Also in this

example,fragmentshapedegreesof freedomwere restrictedsome-

what by not allowingE4 to vary freely. The

thoseof Figure1 with C4 assumingthe value

respondingto themidlineof the grid,i.e.,

zero.

The integralsmust be evaluatedat

shapeparametersin each fragment. The

shapesallowedwere

for a givene cor-

&4 usuallyequalto

everycombinationof the

YMAX configurationis that

combinationof shapesat which the yieldintegralis maximumand

the GMAX configurationis that combinationwhichmaximizesG,

whichmay be determinedpriorto actualevaluationof the integrals.

At eachpointin the spaceof shapeparameters,the energiesessen-

tial to G, the Coulombenergy,the masses,the shelland pairing

energies,must be computed. Thesemay be recordedas diagnostics,

Otherquantitiesrecordedfor laterreferenceare such thingsas

the scission-pointelongationof the fragments,the deformation

energies,the parametersof the densityof statesexpression,T,

Ex, and Eo, or any combinationof any of thesequantitiesdeemed

of interest. The computedyieldsprovidetheweightingfunction

for computingaveragesof thesequantities.Of particularinterest

are two quantitiesaveragedover all chargesand masses,the total

kineticenergy(TKE)of the fragmentsand the energyappearingin

24



promptde-excitation,~> + <E>. Assuminga simpleneutronemis-

sionmodel,describedin AppendixJ, an estimateis made of the

numberof promptneutrons,v , and promptgammaenergy,E . Ex-
P Y

25
perimentalvaluesof thesequantitiesare

v = 2.40
P
Ey = 6.96MeV

TKE= 169.6MeV .

The yieldsobtainedfor eachof the threecasesfor the GMAX,YMAX,

and SUM methodsare shownin Figures2-10. For reference,the

chainyieldsfromENDF/B8for this reactionare shownin Figure11.

The totalkineticenergies,promptneutronnumbers,and totalgamma

energyappearin Table2. Overallagreementis reasonable,the

promptneutronnumberbeinga littletoohigh. Thismay be a re-

sult of the fact that the computedchainyield,theweightfunc-

tion for computingtheseaverages,is displacedsomewhatfrom the

measuredmass-chainyield.

Regardingthe mass yieldplots,the locationof the fragment

mass peaksseemsleastsensitiveto the choiceof massesand single-

particleenergies. The peaksare determinedby the quantity,

G - PI - P2

since,in the saddle-point

proportionalto

approximation,the yield integralis

exp~2J(a1 + a2)(GP1-p2)l

where a1 and a2 are constants. The plot in Figures12 shows
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this quantityfor the caseof S and P valuesand massesas givenby

Seeger. The sourceof the peak is the shellcorrectiontermto the

bindingenergy,shownin Figure13.

Experimentally*the mass distributionrisessmoothlyto mass

90, is fairlyflat frommass 90-100,peakingat 95, and dropsinto

a valleyaboutsymetricmass splits. The ratioof theyieldsat

mass 95 and 118 is about600. The computedmass peaksare then5

to 6 unitstoo closeto symmetryas comparedto data. Still,the

resultsare encouragingin lightof the simplicityof themodel.

The valleyis well definedfor yieldscomputedassumingthat

the ground-statemassesare givenby the Garvey-Kelsonformula,

However,the Seegermass formula,of AppendixA, givesa much more

shallowvalleyin theYMAX and SUM casesand a thirdpeak in the

GMAX case. This servesas an illustrationof the sensitivityof

the calculationto the inputquantities.AS a general~le~ it is

not advisableto correctone mass formulawith another. Since

only the Seegerformulaallowsdirectevaluationof themass of

nucleiin shapesother thanthatof the ground-stateand has been

testedfor agreementwith neutron-richmass measurementsin a few

cases,as discussedin AppendixA, it is more desirable. It

shouldnot be surprising,however,if mass asymmetricyieldsare

not easilyachieved.

AS mentionedin previousdiscussion,the hope here is to dem-

onstratethe equivalenceof eithertheYMAX or GMAXmethodswith

the 8UM method. The chainyieldplotsare qualitativelysimilar,
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especiallythe resultsof the SUM and YMAX methods. The SUM method

is dominatedby theYMAX term,by definition.The variablesover

which the sum is performedare the shapevariablesdescribingthe

fragmentsat the scission-pointso thatthe yieldmay be seen as a

surfacein the shapevariables. If thissurfaceis sharplypeaked .

at theYMAX configuration,the SUM methodmay be seen as an inte-

grationover a sharplypeakedsurface. To the extentthat this

surfaceis Gaussian,the resultis theYMAX valuemultipliedby

some term typicalof thewidth of the Gaussian. To the extentthat

thewidthvariableis a constantor a slowlyvaryingquantitybe-

tweenfragments,this termdropsout of the yieldexpressionupon

normalization.The extentto which theYMAX and SUM yieldsare the

same is thena measureof the constancyof thiswidthparameter.

Thereis one complicatingfactor.

The spaceof allowedshapesis somewhatlimitedin that in

all of the threecasesconsidered,the GMAX shaperequiredthat the

heavy fragmentassumethe shapeof maximumprolateness.TheyMAX

casehad a prolatnesscorrespondingto about0.1 less thanmaximum

valueof s, i.e.,CEO.6 for GMAXVS c=O.5 forYMAX. With the

distributionpeakedso closeto the edge of the shapegrid,there

may be some termsmissingin the SUM method,all of themajor con-

tributingtermsnot appearingwithinthe spaceof allowedshapes

(Figure1).

The problemmay

following.Denoting

axis of the fragment

be castsomewhatmore quantitativelyin the

by a the fractionalelongationof the symmetry

relativeto thatof sphericalfragment,the
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effectupon the G energyof an elongationis given

ships,

1/3D a U2 c a l/R Ra Ro~ R. = roA

where R is the fragmentcenter-to-centerdistance.

configuration,G is approximatelyparabolicin tie

by the relation-

r. = 1.2254fm

About the GMAX

a variablesfor

each fragment,alight
and a

heavy”
Then

=Gmax-[:;::ht+cr09~i

From the averagevaluesof the

titiesare C = 166 MeV, R = 19

yieldscomputed,the necessaryquan-

fm,D
light

= 2 MeV, D = 15,5
heavy

‘ev’‘light
= 102, and

\
= 134. Thesevaluesare represent-

eavy

ativeof the threecases. Then,

( )(2alight- ao,light -
u
heavy- ‘o,hea

‘)

2
G= Gmu - 0.153 0.093

In termsof the a-coordinates,the spaceof allowedshapesis lim-

ited to valuesof a < 0.43• For theYMAX case,the averagevalues

are ~ = O.3 in both fragments. To the extentthat thewidth of the
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SUM distributionabouttheYMAX configurationis measuredby the

valuesof the secondderivativesof G aboutGMAX,the edgeof the

gridis too closeto assureinclusionof all of the dominantcon-

tributingtermsin the SUM method. Errorsmay be introducedinto

theYMAX and SUM comparisonsas a resultof thisalso. Comparison

of the computedmass-chainyieldsbetweenthe YMAX and SUM results

showsvaluesin errorby a multiplicativefactorof 1.57on the

averagewith extremevaluesof 0.6 and 3.1

sidered. This typeof erroris compatible

basedupon limitationsof the shapegrid.

be assumedto be typicalof the SUM yield,
*1

multiplicative3 .

for the threecasescon-

with thoseanticipated

The YMAX yieldmay then

maximumerrorbeing a

YIELD CALCULATIONSBASEDON THE MORETTODENSITYFORMULA

To evaluatetheyield and interestmoments,threeintegrals

must be evaluated,

G Gk

I =

II
kl’2p1(E1)p2(Gk-E1) dE1dk

Y
00

G G-k

//
E1kl/2

IE =
p1(E1)P2(G--k-E1)dE1dk

00

G

//

G-k

Xk = k3’2p1(E1)P2(G-k-E1)dE1dk .

00

IntegralIy is the unnormalizedyield,IE is the excitation

moment,and Ik is the translationalkineticenergymoment.

energy

The
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quantitiesin the integrandsare Pi(Ei),the densityof statesof

th
the i fragmentat excitationenergyEi, G, the energyreleased

at the scissionpoint, and k, theprescissiontranslationalkinetic

energy. In thiscase,P(E) is assumedto be givenby the Moretto

densityexpression
12

developedin AppendixD. By thismethodthe

thermodynamicfunctionsnecessaryto determinethe densityof states

are evaluatedas sumsover realisticsingle-particlestates. In

AppendixD, splinefitsare determinedto the requiredfunctions

in termsof the temperature,T, of the excitednucleus. Recallthe

definition,

Havingtheseanalyticalexpressions,the integralsmay be evaluated

employingthenumericaltechniquesused to evaluatethe integrals

over the analyticaldensityexpressions.However,with littleloss

of accuracy,theseintegralsmay be evaluatedby the saddle-point

technique.Very simply,thismeans thatthe integrandis approxi-

mated as a Gaussiancompletelydescribedby a widthand a peak

value. The integrationlimitsare extendedto * ~with the fol-

lowingexpressionresulting,

1= uf(x,y)dxdy=2nf(xo,yo)~ ●

D

D is the determinantof 2
nd

partialderivativesof !k ~f(x,y)]
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evaluatedat the saddle-point,x y . The saddle-pointis defined
00

by the solutionsto

Applyingthese

“~!l.nf= ~
ay .

conditionsto theyield integral,I the follow-
Y’

ing equationsmust be solved

T1(EIO)= T2(E20)

k = 0.5TI0
o

G - k. - E1$T1)- E2$T2)= O .

The secondderivativesare, denotingf = ln[kl/2p1p2]
Y

Since Ei =
af3. df3i.

Ei(6 only), ~ -
aE. ~

Hence,in additionto the

splinesdeterminedin Appe~dix~, splinesare alsoneededfor
dflf

Ei(Ti)and—. This derivativewas computedexactly,but it was
‘i

foundthat the splineapproximationto Ei(Ti)was so good that the

splineitselfcouldbe differentiatedto give thisquantitywith

betterthan 1% agreementto the exactevaluation.



For the integral,IE, the saddle-pointis givenby

T2 = (EIT1)/(E1+ Tl)

k. = 0.5T
2

G-k - E1(T1)-
0 E2(T2)=0 .

LettingfE = kn[E1k1/2P1P2], the secondderivativesare

a2fE a@2-1 + —— =—
~k2 2k~ aE2 ~

For the integralIk, the saddle-pointis givenby

T1 = T
2

k. = 1.5 T
1

G-k - E1(T1)- E2(T2)= O .0

Lettingf = 2n[k3/2
k

P1P2],the secondderivativesare

a2fk a~2

aE1ak‘q ‘
o
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Hence,the saddle-pointapproximationyieldssimpleplug-infor-

mulasby which all integralsmay be evaluated. The accuracy

the approximationmust be determined.

To test the validityof

the densityof the statesto

P(E)= exp (2=) .

the saddle-point

be givenby

For thisexperiment,the a-parametershallbe

by

a = A/9.5

whereA is the

span the range

approximation,

of

assume

assumedto be given

MeV
-1

26
mass number, and empiricallyobservedresult . To

of valuesanticipated,valuesof A, assumedwere A. ~&•ˆÄ•D•••
J. J.

= 75, 95, and 118with A2 givenby 236 - Al. The integralswere

23
evaluatedusinga standard7-pointNewton-CotesQuadratureRule

and the resultscomparedto the saddle-pointapproximationfor

valuesof G rangingfrom1 to 65 MeV. The Newton-Cotesevaluation

was carriedout to a relativecomputationalerrorof 10-4. The

approximation

at 1 MeV, the

monotonically

for Iy reproducedthe Newton-Cotesvalue to within25%

errordroppingto 2% at 5 MeV and increasing

to 10% at G = 65 MeV. This monotonicerrorindicates

a smallsystematicerrorin the saddle-pointapproximation,but its

smallnessmake the expressionacceptable.In the caseof the inte-

gral,IE, the saddle-pointexpressionreproducedthe Newton-Cotes

valuesverywell with an errorof 5% at 1 lleVand a nmnotonically

decreasingerrorwith increasingG. The k-momentintegral,Ik,

was consistentlylow by about10% relativeto the Newton-Cotesvalue.
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The smallvalueof k predictedby this theory,k = 1 MeV, makes

thiserrorof littleconsequence.

A SAMPLEYIELDBASEDON THE MORETTODENSITYFORMULA

Considerthe predictionof yieldsfor the reaction
235

U(nth,f)

usingthe splinefit expressionsfor the thermodynamicfunctions

requiredto evaluatethe densityof statesexpressionaccordingto

theMorettoprescription12 (AppendixD). As an example,assumethe

spacingparameter,6, to be a constantfor all mass and charge

splits,6 = 3 fm, and allowboth shapesof freedom,E and E4 in

each fragment. Two casesare considered,describedpreviously,

the GMAX andYMAX cases. The YMAX methodis modifiedsomewhatby

requiringtheYMAX configurationto lie in the vicinityof the GMAX

configuration.This is doneby exploringthe shapecombinations

aboutGM4X until the localmaximumis found. This is necessary

due to the sizeof the spaceof possibleshapecombinations.With

39 shapespossiblein each fragment,thereare 39 x 39 combinations

forwhich the yieldintegralwouldhave to be evaluated. This is

simplytoo expensive. Recallthat the interestin theYMAX con-

figurationcomesfrom the possibilitythatsingle-particleeffects

may displacethe centroidof the shapedistributionfrom thatex-

pectedby assuminga minimumpotentialenergyconfiguration.Mas-

9
ses are takenfrom the SeegerandHoward mass formula. There are

no explicitsingle-particleenergies,S or P.

In Figure14, the GMAX and YMAX yieldsare shown, Both yields

rise rapidlyto aboutmass 90 and thenmore slowlytowardsymmetry.

34



The GMAX showsa localminimumat mass 102. Both yieldsfavor

evenmass numbers. The energyto be partitionedis shownfor both

casesin Figure15. The behavioris similarto

obviouspairingeffect. The source

at mass 102 is apparentin the GMAX

theYMAX G but is totallyabsentin

this,the effectof single-particl’e

of statesmustbe investigated.In

of the GMAX

G. The dip

the yieldwith the

dip in the yield

is suggestedin

theYMAX yield. To explain

correctionsupon the density

theYMAX case,the single-

particleshellcorrectionenergiesfor the fragmentssum to -1.5

MeV in the vicinityof mass 102 whereasthe same energiessum to

+0.5 MeV in the GMAX case. Thismay be understoodin the context

of the analyticaldensityformulation, namely,that the nucleiwith

the smallershellcorrectionshave the largerleveldensities,

This calculationwas repeatedfor 6 valuesof 6 such that the

yield and configurationparameterswere scannedthroughvaluesof

lfm<dS7fm. Similaryieldswere obtainedand,basedon this

factalone,it is concludedthat the statisticalmodelof fission

basedon the assumptionof fixedscission-pointtip-to-tipsepara-

tion is not very good. One point is noteworthyand has implica-

tionsregardingthe analyticaldensity

are plottedthe valuesof the spectrum

single-particleshellenergiesfor the

formulation.In Figure16

averagedvaluesof the

fragment(light)

and compliment(heavy). Theseplotsseem to supportthe observa-

tionof Gilbertand Cameron
17

regardingthe effectof the shell

correctionenergyupon the density.
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A caveatis in orderhere. In computingtheYMAX and GMAX

yields,the shapesof the fragmentsat the scission-pointwas re-

corded. For the earlieryield calculationbasedon the analytical

densitymodel,mentionwas made of the fact thatthe scissioncon-

figurationusuallyoccurredat maximumvaluesof the c shapepar-

ameter,E* 006. In the caseof yieldsbasedon theMorettoden-

sitywith two shapedegreesof freedom, E and &4, the problemwith

E is diminished.However,the valuesof E4 now assumethe prolate

maximum(seeFigure1). It wouldbe a tediousbut straightforward

processto extendthe spaceof allowedshapesin the E4 degreeof

freedom. To do so, however,wouldbe to admitsome ratherunphys-

ical shapes,shownin Figure17,with surfaceripplesand sharp

corners. Lookingat the fragmentelongationsfor the two casesin

thisyieldexample,a
lightand aheavy’

a’light a’heavy

0.504 0.494

0.441 0.504

With both & and &4 degreesof freedomavailable,

gationis 0.613, In the caseof & only varying,

the maximumelon-

the maximumelon-

gationis 0.432 (AppendixH and Table1). It may be seen that

while the maximumvalueof e was not attained,a greaterelongation

was attained. This is a manifestationof the effectdescribedin

the discussionof the scissionconfiguration;as more shapedegrees

of freedomare addedto the collectiveshapedescription,the GMAX

configurationassumesshapesof greaterelongationuntil,with
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infinitelymany degreesof freedom,the shapeis thatof an in-

finitelylongneedle.7 Of course,beforethatlimitis attained,

the descriptionof the nucleusvia the mass formulabreaksdown

completely.

SEMIQUANTITATIVEAGREEMENT

The yieldscomputedfor fixedvaluesof 6 bear littleresem-

blance to experimentaldata. The yieldintegralsare quitesen-

sitiveto 6 throughthe energyrelease,G. Allowingd to becomea

freevariabledependingupon such thingsas mass, charge,and in-

cidentneutronenergy,it may be possibleto parametrize the yield

in termsof 6 in a way whichvariessmoothlybetweenfissioning

systems. .

In any comparisonmade betweencomputedscission-pointyields

and measuredfissionproductyields,a treatmentof promptneutron

emissionis necessary. The emissionof promptneutronsappearsto

be post-scissionphenomenon,the neutronsemittedfromhighlyex-

citedfissionfragments.Modelshave been developedto treatthe
.

generalproblemof the decayof highlyexcitednuclei. Theseare,

in general,too expensiveconsideringthe largenumberof nuclei

forwhich such calculationswouldbe performed. Two simpletreat-

ments are presentedin AppendixJ. Theseare proposedas methods

of estimationof the numberof promptneutronswhichmay be emitted

from the fragments,

To furtherminimizethe effectof promptneutrons,a p~rame-

terizationis attemptedin termsof the fragmentcharge. While



the chargeyieldis not affectedby the emissionof promptneutrons,

it may be affectedby any beta-decaycontaminationin the data.

That such contaminationmay be presentis indicatedby the fact

that the yieldfor a givenchargeis not necessarilyequalto that

8
of the complimentarychargein the accepteddataset. In the

●

absenceof betterinformation,theyieldof a givenfragmentcharge

is assumedto be the averageof theyieldsof that chargeand-its

compliment.

Yieldsare computed,y-, for all massesand chargesfor
L

sevenvaluesof 6, 1 fmS6 S

Thesevaluesare thenlumped

yield,yc(Z,6),

~c(z,6)=~yc(A,z,6)

A

7 fm, giving

accordingto

.

a set of yc(A,Z,d).

chargeto give the charge

For a givenZ, log[yc(Z,6)]is a smoothfunctionof d allowing

cubicsplineinterpolationfor intermediatevalues. Assumingsome

60 and Zo, the solutionof

yc(z,c$) Yc(zo9~o)

Yd(z) p Yd(zo) ?

for all Z, whereyd ‘s the measured(data)yieldof a givencharge,

givesa familyof 6(Z;Z0,60)which reproducesthe chargeyields.

To aake the finalcomparison,the logarithmsof the computedyields,

YC(A,Z,C$), are also interpolatedusingcubicsplinesin 6. ‘Figure
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18 showsthe smoothbehaviorof both chargeand independentyields

integrals.

As an example,yieldsfor 235U(nth,f)were computedfor both

theYMAX and GMAX casesfor sevenvaluesof 6. AssumingZ = 460

and 60 = 2 fm, the familyof 6(Z)shownin Figure19 results.

Using thesed(Z),the yieldswere redeterminedand are shownin

Figures20 and 21. The two treatmentsof promptneutronsdescribed

in AppendixJ give the finalfissionproductyieldsshownin Fig-

ures 22 and 23. In general,theYMAX yieldsare smootherand more

satisfactorythan the GMAXyieldsand the simplecascadetreatment

of promptneutronsis betterthan the 2T model. Smalldiscrepan-

cies in the computedand measuredchargeyields,Figure21, are

apparent. This is due to the fact that,in spiteof the smooth

behaviorpredictedin Figure18, the computedyieldhas some small

discontinuousvariationas G, increasingwith 6, allowsother

termsto “turnon” and contributeto the totalchargeyield,

Other integralquantitiesare of interesthere, the total

numberof promptneutrons,v s and the totalenergyavailablefor
P

gamma-rayemission,Ey, computedfrom the two neutronmodels,the

prescissionkineticenergy,k, the Coulombenergyat the scission

point,C, and the averagecoolingenergy,the totalenergyof de-

excitationtakenawayby emittinga neutron,E
cool’
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CASCADE 2T

GMAXYMAX YMAX—— ——

Yp 3.96 4.21 3.52 3.77

‘Y
5.43 5.01 7.66 7.41

E 7.32 7.45 7,70
cool

7.72

k 1.42 1.38 1.42 1.38

c 158. 157. 158. 157.

All energiesare givenin MeV, Energyaccountingis very good

with Vp x cooling+ E the energyin promptde-excitationchan-
Y’

nels,agreeingto within0.5lleVfor the two neutrontreatments

for both theYMAX and GMAX cases. Again,the SimpleCascadeModel

promptneutrontreatmentfissionproductspectra(Figure23) agrees

betterwith the experimentalyields. me totalnumberof prompt

neutronsfor this caseis high by about1.5 while the totalgamma

energyis only about1 MeV low. It then appearsthat the total

fragmentexcitationenergyis high by 10-12MeV, ratherthanim-

properlydistributed, on the average,betweenneutronand gamma

decay. Note also that the totalfragmentkineticenergy,k+ C,

is low by about10 MeV.

Up to thispointit has been assumedthatall of the energy,

G, iS to be partitioned.From thisexample,however,it appears

that10 Me’vor so of the G energyshouldbe constrainedto remain

in the translationalkineticenergydegreeof freedom,i.e,,G =

k. -bEl + E2 +k, fith k. ~ lo MeV. men G - k is the ener= t.
o

be partitioned.Note that thepostulatedslow,quasi-staticde-

1
scentfromsaddle-to-scissionis incompatiblewith the apparent
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requirementof a high prescissionkineticenergyto achieveoverall

agreementwith experimentalobservation.A scissionconfiguration

whichnearlysatisfiesexperimentalobservedvaluesof the total

fragmentexcitationenergy,translationalkineticenergy,and

yielddistributionmay be achievedby carefullychoosingan amount

of energyto be shiftedinto a constantk coupledwith the 6(Z)
o

determination.

In the processof determiningthe 6CZ),the energiesrelevant

to determiningany

minedas functions

splinesin d. The

energyto be shiftedintok. may alsobe deter-

of Z and 6(Z)and interpolatedwith cubic

energiesof interestare G, the energyreleased

at the scission-point,the scission-pointCoulombenergy,C, and

the scission-pointenergyof deformation,D. All quantitiesused

are the spectrum-averagedvalues, AssumingZ. = 46 and examining

theseenergiesas functions

suitsare obtainedfrom the

8 <G>
o

2 21.9

3 32.2

4 41,6

5 49.4

6 56.9

7 63.3

All energiesare

yield givesV =
P

<c>

158.

152.

145,

138.

133.

129.

of the valueof 6., the followingre-

GMAX case:

q>

14.03

9.57 .

7.16

6.40

4.36

3.06

inMeV, For the caseof d ‘2 fm, theGMAX
o

3.96 and an averageneutroncoolingenergyof 7,32



MeV/neutroneFor this case,the value,<G> = 21.9MeV, yielded

6 or 7 chargesfor eachmass,similarto ENDF/B.8 This valuemay

be takenas a lowerboundon <G> with lowervaluesgivingto few

charges. The promptneutronyieldis governedby the sum of the

excitationand deformationenergies,<E> + ~>. For the purpose

of thisexercise,it shallbe assumedthat<E>~<G> since~> is

generallysmall, The valueof Vp is high by about1.5 in the 60

8
= 2 fm case. At 7.32MeV coolingenergy,the indicationis that

<G> -I-<D> is highby about1.5 x 7.32MeV~ll.O MeV. The amount

of energynecessaryfor the desirednumberof promptneutronsis

then about (21.9+ 14.03)- 11.0s25.0 MeV. By increasingthe

valueof Oo? the energy,G, in excessof about22.0MeV may be

arbitrarilymovedinto the prescissionkineticenergydegreeof

freedomand, afteraddingthe Coulombenergy,comparedto the ex-

perimentalvalue. At the same time,the sum of the deformation

energyand G may be comparedto the valueneededfor the prompt

neutronsand gammas,25.0MeV. Definingthe energywhichmay be

shifted,b, as

A = <G> - 21.9MeV ,

the totalkineticenergyis givenby *> + <C> -I-A.The energyfor

promptneutronsand gammasis <E> + <D> = <G> + ~> -<k> - A

e<G>+ <D> - A , The followingresultsare obtained:
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6 A <c>+ A <G> + Q> - A
o

3 10.3 162.3 31.47

4 19.7 164.7 29.06

5 27.5 165.5 28.03

6 35.0 168.0 26.26

7 41.4 170.4 24.96

Recallingthe k is of the orderof 1 MeV and that the gammaray

energywas low by about1 MeV, some 6~ between5 and 6 fm should

giveacceptableresults.

Assuming60 =5 fmandZ = 46, the computedGenergy is
o

arbitrarilyshiftedby 27.5MeV. The yield integralsare evaluated

at 5, 6, and 7 fm and quadraticsplinesused to interpolateinter-

mediatevaluesof d. Fittinggivesthe familyof 6(Z)shownin

Figure24. Using thesevalues,the yieldswere recomputed.In

Figures25 and 26 the fragmentmass and chargedistributionsre-

sultingare shown. Assumingthe simplecascadetreatment(Appendix

J) of the promptneutrons,the fission-productdistributionshown

in Figure27 results. Again,YMAX yieldsare somewhatbetterthan

GMAXyields,

Energyaccountingmay be performed. The spectrumaveraged

energiesof interestare



vpl

v
ph

‘yl

‘yh

cool

coo
;

c

k

GMAX

1.223

1.586

2.338

2.412

7.401

7.073

141,3

28.33

Again,energiesare

1.067

1.948

2.230

2.890

7.427

7.162

139.4

28.28

in MeV, Where appropriate,the termsare

listedseparatelyfor the light(l)and heavy(h)fragment, Experi-

mentalvaluesare available8’25 for Vp, EY, and totalkinetic

energy,~, a bar over the quantitydenotingan experimental

value,

7“ 2,40
P

~y G 6.96MeV

= = 169.6Mev

The computednumberof neutronsis high and the gammaenergylow.

With the averagecoolingenergyavailablefor eachemittedneu-

tron,AEV may be defined,

(Vpl+ ‘Ph - VP) X
[

‘pl

1

xcooll+vhxcoo\
+V =AEV .vPI ph

Here,AEV is the estimateof the excessexcitationenergyin the

neutrondecaychannel. For the gammadecaychannel,a similar
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quantitymay be

(Eyl+ EYh

defined,

-Ey) =AE
7“

Then the totalexcitationenergyexcessmay be defined,

AEV+AE = AE .
Y

In makingthisdefinition, any excessenergyin eitherchannelmay

be compensatedbyan energydeficitin the other, Recallingthat

gammacompetitionhas been ignoredin thissimpleneutrontreat-

ment,it is likelythat the availableenergyhas been improperly

partitionedbetweenthesechannels. The followingtableresults:

(vpl+ Vph - 3P) AE AEY AE
v

GMAX 0.41 2.95 -2.21 0.74

YMAX 0.62 4.46 -1.84 2.62

The resultingAE valuesindicatea littleexcessexcitationenergy

in the fragmentsalthoughthe originalestimateof 25 MeV was not

too bad.

The total

energyand the

kineticenergyin thismodel is givenby the Coulomb

constrainedand computedprescissionkineticenergies,

TKE TKE-~

GMAX 169.6 0.

167.7 -1,9

Addingtheseerrorsto thosein the excitation

resultsappearconsistent,withinthe accuracy

energy,the (3MM

of the mass formula,



with the 5 fm scissionconfiguration.The YMAX case couldperhaps

be improvedby shorteningthe separationby a few tenthsof a fm.

In Figure24 it shouldbe notedthat 6(Z)has not been de-

terminedfor ZS27. The experimentaldata extendto Z = 23. The

yieldscomputedfor thesechargesis zerobecausethe valueof G

is negativeafterthek. energyis removed. Evenby reducingk.

to zero,6(Z) can not be determinedfor Z = 23 and 24 withoutex-

tendingthe currentallowedmaximumvalueof the parameter,dmax=

7 fm. Thiswould thenadmitextremelylargescissionseparations.

While it may not be unreasonableto expectk to varywith masso

and charge,introductionof sucha variationwithouttheoretical

guidanceor experimentalevidencefor suchbehaviorreducesto

furtherparamaterization.Consideringthat the computedand meas-

ured chargeyieldsagreewell over 5 ordersof-magnitude(Figure

26), concernover thebehaviorof theselow probabilityeventsis

not warrantedand shallnot be addressedhere.

Note thatin the analysisof the variousscission-pointener-

gies,onlyGMAX quantitieswere considered.The additionalshape

degreeof freedomin theYMAX configurationintroducesa random

variationmakingit difficultto determinethe configurationwhich

simultaneouslysatisfiesall constraints.It was observedempir-

icallythat theYMAX quantitiescomputedfrom a scissionconfigu-

rationdeterminedby GMAx energiesgenerallygave acceptableagree-

ment. This sameprocedurewas used in the determinationof all

subsequentscission-pointconfigurations.
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It is not out of placeat this time to comparethe empirically

determinedscissionconfigurationto that givenby calculationof

the dynamicbehaviorof viscousliquid-drops.These calculations

describesymmetricfissiononly and vary dependingupon the nature

of the assumedpotentialenergyand viscosity,10’27-30 Typically,

resultsindicatek. to be in the regionof 20 to 30 Me’Vand values

‘4
=0) par-

E=o.35-

for the spacingparameter,6., and elongation(with

ametermay be inferredgiving60 = 3.5 - 7.5 fm and

0.55.
31

The scissionparametersdeterminedempirically,CSo= 5 fm

and k. =

The

27.5,are not out of linewith thesepredictions.

methoddescribedabovehas been appliedto fiveother fis-

sioningsystemswith similarresults. In each case,Z. is chosen

to correspondto the valueof the chargefor symmetricsplitsand

60 was chosento be 5 fm. The minimumvalueof G is choseneach

time to correspondto thatvaluegivenwith k. = O and 6 = 2 fm,
o

thatvaluealwaysgivingthe desired6-7 chargesyieldedfor each

mass. k. is thendeterminedby the valueof G at 5 fm in excess

of the valueof G at 2 fm. The systemsconsidered,the experimen-

tal energiesto be obtained,and the valuesof k. determinedare

here tabulated.
8,25

-E—
Y w ‘o

1.
233

U(nth,f) 2.49 7.60 167.4 28.0

2.
239 ‘-

Pu(nth,f) 2.87 7.78 176,0 28.0

3. 2351J(n-f-14MeV,f) 4.37 6.96 169.6 25.0
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T E
P Y

4.
238

U(n+14MeV,f) 4,43 6.26 170.0 25.2

5.
252

Cf(Sf) 3.76 8.60 185.7 27.0

The 8(Z)and theyieldscomputedwith themare shownin Figures

28-47. Comparingpromptneutrons,promptgammaenergy,and total

kineticenergy,as for the
235

U(nth,f)case,Table 3 is obtained.

As expected,the predictedchargeyieldsagreewell with measured

values. The YMAX yieldsare, in general,smootherthan the GMAX

yields. The comparisonsin Table 3 show the energiesagreeing

withina fewMeV, the most noticeableerrorcomingfrom the im.

properpartitioningof energybetweenneutronand gammadecaychan-

nels due to the simplisticneutrontreatment.The six sets of 6(Z)

parametersare shownin Figures48 and 49. Apart from the even-

odd variation,all vary rathersmoothlyas the chargedeviates

from the symmetricsplitvalue,Z The spontaneousand 14 MeVsym”

neutronfissioncasesall tend to followthe same smoothtrend.

The Uraniumthermalfissioningsystemsfollowa parallel,but dis-

placed,trendrelativeto thesecases. Plutoniumis somewhatpe-

culiarin thatit behavesas the thermalUraniumcasesnear sym-

metricsplitsand is more similarto the spontaneousand 14 MeV

fissioncasesin the vicinityof the mass peaksand more asymmetric

regions,aboutfive chargeunitsfromZ in this case. The rise
Sym

in 6(Z)valuesmovingaway fromsymmetricsplitsseemsto be re-

latedto the magnitudeof the peak-to-valleyratio. The thermal

systems,havingthe largestvaluesof thisratio,have 6(Z) rising
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most rapidly,smooth

peaks,five to seven

INDEPENDENTYIELDS

behaviorfollowed

chargeunitsaway

afterreachingtheyield

fromZ
Sym”

Havinga modelwhichqualitativelyreproducesthemeasured

mass yields,the questionof independentyields,the distribution

of chargesyieldedfor a givenmass,may be addressed. For fixed

mass, the yieldof a givenchargehas been observedto be givenby

32a Gaussianaboutsomepeak value,Z
P’

yp(A)

Y(A,Z)= — exp[-(Z-Zp)2/202]
Om

More recently,pairingeffectshave been observed,
33-35

superim-

posingan even-oddfluctuationonto the Gaussian. The model,for

fixedmass, is then characterizedby threeparameters,Zp, 0, and

1! the pairingterm. Empirically,Z is known to differby aboutz’ P
one chargeunit from thatvaluepredictedby UnchangedChargeDis-

tribution(UCD),

zp,UCD= (Zo/Ao)A ,

where Z andA characterizethe fissioningsystem. The valueofo 0
35c1used to determineyieldswhen datais poorlyknown is

0= 0.56 t 0.06 .

Pairingenhancementshave been reportedto causefluctuations

235about23% aboutGaussianbehaviorfor U(nth,f)35depending

whetheror not the fragmentchargeis even or odd. A similar

effectis anticipatedwith regardto neutronpairing,howevex,

of

upon

promptneutronemissionis expectedto wash-outthiseffect, The
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35
valuereportedis about4%. In any case,thisis a smalleffect

to expectto seewith a 10% calculation.Othererrorsresulting

from the 6(Z)parameterizationare’alsoexpectedto affectcomputed

quantities.All computedyieldsare neverthelessexaminedto ex-

tractmodelpredictionsof thesequantities,The yieldexpressions

are evaluatedand fit,withina givenmass chain,to a Gaussianin

z,

.
logIy(Z)]= aZ2+bZ i-c+ (-)zAz .

Havingdetermined

givenby

thesecoefficients,themodelparametersare

Zp = -b/2a

fJ. -1/2a

7

even-zenhancement= expl(-)”Az]- I ,

then,y
P
= exp(c- z~/2a2). Insteadof listingthe valueof Zp,

its valuerelativeto UCD is noted. All quantitiesare then com-

puted for both theYMAX and

235
U(nth,f)are typicaland

averagedresultsare listed

Figures50 and 51 show

GMAX configurations.

are shownin Figures

in Table4.

The resultsfor

50 and 51. The

a greatdealof noise,but some of the

grossfeaturesmay be understood.The valueof Zp is expectedto

be greaterin the lightfragmentthan thatvaluepredictedby UCD.

This is a resultof the behaviorof the masses, For a givenmass

number,themassesof the membersof thatisobaricfamilyexhibit
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an approximatelyquadraticbehaviorin the chargeor neutron

number,Z or N, and make a smallexcessof chargein the light

fragmentan energeticallymore favorablesplit. The magnitudeof

the preferredexcessis proportionalto the differencebetweenthe

massesof the lightand heavy fragments.This behaviorin Figure

50 is not as apparentin Figure52, where 6(Z)is held constantat

5 fm. The effectsof 6(Z)varyingwithina mass chainmay be un-

derstoodsincethe 6(2)valuesare largerfor lowerZ membersof

the mass chain. This enhancestheiryieldssomewhat,drawingthe

peak of the distributiontowardlowerZ-values,closerto UCD,

For the caseof 235U(nth,f)the 6(Z)valuesused appearin F3gure

24. The variationof 6(Z) is most rapidin the vicinityof sym-

metricsplitsand is more pronouncedin the GMAX case thanin the

WAX case,Near symmetrythe mass differenceis smalland the light

mass preferencefor excesschargeweak. In thisvicinitythe ef-

fectof 6(Z)varyingmay be seen as causingthe

comeless than the UCD predictionin Figure50.

the smallereffectin theYMAX case than in the

Zp value to be-

Also apparentis

(WAX case.

The effectof promptneutronsupon the deviationof Z from
P

UCD may be understoodby notingthat the emissionof neutronsre-

ducesthe masswhileholdingthe chargeconstant. The resulting

productis then lessneutron-richthan

charge-to-massratiomore than thatof

to lowestorder,is to shiftthe curve

obtainthatof Figure51. In Table4,

the fragment,havinga

the fragment. The effect,

of Figure50 uniformlyto

comparisonof the valuesof

ii showsthat the magnitudeof the shiftrangesfrom0.2 to 0.7
ucd
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for the

systems

In

six casesconsidered,the shiftbeinggreaterfor the

emittingthe greaternumberof promptneutrons.

orderto compareto data,ENDF/B8valueswere processedin

the samemannerto extractvaluesof Zp, a, and the even-zpairing

enhancement.The Zp valuesobtainedare plottedin Figure53 as

deviationsfromUCD for
235

U(nth,f)>a typicalcase. The difference

in Zp ‘valuesbetweenthe calculationand ENDF/Bare plottedin Fig-

ure 54. The calculatedvalueis generallyless than theENDF/B

valuein the light

mass 110,whereZ
P

~e widthsof

mass region,the deviationbeing greatestabout

is closeto (JCD(Figure51).

the Gaussian,U, are shownfor the fragments

and products,as computed,and theENDF/Bdatain Figures55-57

for 235
U(nth,f). The valueof 0 appearsto varywith mass,how-

ever,the variationappearsto be random,no modelsindicatedby

the data. In each case considered,the behaviorof o is consistent

with a constantvalueof o for all productmasses. Resultsappear

for all six casesin Table4. The valueof o extractedfromthe

ENDF/Bdata for
235

U(nth,f)is 0.597,somewhatgreaterthan the

valuesindicatedin Table4. Note that in thisregard,the prompt

neutrontreatmentdoesnot significantlyincreasethe valueof a

in the fissionproductsover the valuein the fissionfragments,

That the valueis low is of some consolationsincemeasurementer-

ror and a propertreatmentof promptneutrons,includinggammacom-

petitionin the latterstagesof decay,would tend to broadenthe

distributionover thatoccurringin the fissionfragments.
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The even-Zpairingenhancementsare also computedand tabula-

ted in Table4. Due to the simplicityof the promptneutrontreat-

ment and the anticipatederrorsin the evaluationof the yield

integrals,a sizeableuncertainty

ties. Nevertheless,the computed

is anticipatedin thesequanti-

235
value for U(n.L,f)iS about

I-11

55%which is closeto the ENDF/Bvalue of 46%. An estimateof

the errorin the pairingenhancementterm is providedby the per-

sistenceof the pairingeffectinto the 14 MeV and spontaneousfis-

sion cases,where the pairingeffectis expectedto be completely

35
washedout. Examinationof Table4 thenindicatesan errorper-

haps as largeas 20% in thisquantity.

The valuesof Aucd give some indicationthat the 6(2)para-

metrizationmay not be the correctway to view the process. The

presenceof a Z-variationof 6 withina mass chain,as mentioned

above,is to enhancethe low Z yieldsand

z This effectis most prominentnear
ucd”

where the valueof 2P becomesless thanZ
u

draw the 2P value toward

symmetricmass splits

-a” That this effectis

presentin Figures50 and 51, but not in Figure53,

datavalues,indicatesthat the 6 valuesshouldnot

the measured

varywithina

givenmass chain,otherthanperhapsan even-oddvariation, Note

235
also that the valueof A~cd is low in the caseof U(nth,f)>

even thoughthe numberof promptneutronscomputedis high,a

processwhich causesthe deviationfromZucd to increase. This

givesanotherindicationthat the computedvalue of Zp fs too

closeto the Zucd value,as comparedto the measureddata. To
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correctthissituation,anotherparameterizationwithouta Z-varia

tionmay be preferable.

A PARAMETERIZATIONIN THE MASS NUMBER,A

In orderto removethe effectsof a Z-varying6 withina given

mass chain,valuesof 6 averagedover themass chainmay be ex-

tractedfrom the computed

extracttheseparameters,

simultaneouslyin Figures

yieldsand used to recomputeyields. To

the six sets of 6(Z)parameters,plotted

48 and 49 for the GMAX and YMAX cases

and listedin Table5, were examinedto estimatethe averageeven-

odd Z behaviorin the parameterswhich appearson top of an other-

wise smoothvariationwith Z. To be sure thatsuchbehaviorwas,

in fact,the case,each set of 8(Z)parametersoccurringfor the

six casesconsideredwere examinedforboth the GMAX and YMAX

cases. In each case,the 6(Z)were modeled, as describedin Appen-

dix 1?,tO

6(Z)

determinecoefficientsof the followingproposedmodel,

= f(z - Zo) + (-)zg(z- Zo) ,

where Z. is the valueof the chargecorrespondingto a symmetric

chargesplitand f(Z)and g(Z)are polynomialsin Z, Resultsof

thismodelingindicatethatsuch a decompositionis possible,model

valuesdeviatingfrom inputvaluesby 0.03 to 0.07 fm. Most im-

portantly,for thisexercise,in each case themodelwas consistent

with the hypothesis,

g(z-zo)= g. = constant,
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i.e., the even-oddbehaviorwas well describedby a simpleconstant

magnitudetermof varyingsign. The valuesof g. encountered

variedbetween- 0.05 and - 0.08 fm with averagevaluesof

g. = - 0,059fm GMAX

&’.= - 0.060fm YMAX

To determinethe averagevalueof 6 for a givenmass chain,

the smoothpart of 6(Z) is thenaveragedover the fractionalin-

dependentyieldsfor thatmass to obtainthe 6(A)parameter,

6(A)= ~fiy(A, Z) [6(Z)-(-)zgo] ,

z

where

z
fiy(A,Z)= 1.0 ,

z

Yieldsmay thenbe recomputed,as previouslydescribed,usinga 6

parameternow dependinguponboth mass and charge

cS(A,Z)= 6(A)+ (-)zgo c

The 6(A)values

listedin Table

the 6(Z)Values

resultingappearin I?igures58 and 59, and are

6, Theseare similarand are to be comparedto

appearingin Figures48 and 49,

Recomputingyieldswith the new 6(A,Z)parametersgivesmass-

chainyieldswhich differlittlefrom thosecomputedwith the d~Z)
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parameters.Again,
235

U(nth,f)is typical. Yieldsfor this case

are shownin Figures60 through62 and are to be comparedto those

shownin Figures25-27. As expected,thereis a noticeable10SS

in qualityof agreementbetweenmeasuredand computedcharge

yields. Energyaccountingwas performedin all casesand the

resultsappearin Table7. Agreementis againcomparableto that

achievedwith the 6(Z)parameters,shownin Table3.

Of particularinterest,havingprovidedthemotivationfor

thisnew parametrization,

the Gaussianmodel. These

with the valuesin Table4

are the independentyieldparametersof

appearin Table 8 and are to be compared

obtainedwith the 6(Z)parameters.For

the caseof
235

U(nth,f)the valuesof o and A are plottedas
ucd

functionsof themass number,A, in Figures63 and 64. With the

8(A)parametersthe Zp valuestend to be furtherfrom the UCD value

thanwith the 6(Z)parameters,as anticipated,In Figure65 the

Zp valuesare plottedrelativeto thoseextractedfromENDF/B8data,

Agreementis improvedover thatindicatedin Figure54, the same

plot for the 6(Z)parameters.However,discrepanciesof about0.4

stillappearin thevicinityof the lightmass peak. Thisbehavior

appearsin all of the six casesconsidered.

ComparingTables4 and 8, showsthat thevalueof thewidth

parameter,0, is not particularlysensitiveto differencesin the

parameterization,the resultsbeing consistentwith no changeat

all, The valueof the even-Zpairingenhancementchangessomewhat

betweenthe two parameterizations,If any conclusionis to be
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drawnregardingthis term,it is againan est~mateof the error

associatedwith the computedvalue,derivedfromthe persistence

of the pairingeffectto the high energysystems. The indication

here is thatan errorof about

YMAX casemay be anticipated.

later.

35% in the GMAX

This featureis

At thispointa “model’seye view”of the

case and 20% in the

discussedfurther

sourceof mass

asymmetryin the fissionprocessmay be extracted. In Figure66
.

are plottedthreerelevantparametersas functionsof the fragment

mass for 233U(nth,f).The parametersD and S are the deformation

and shellcorrectionenergies,respectively,averagedover all

chargesyieldedfor thatmass, The parameterAA is the ratioof

the fragmentcenter-to-tipdistanceinthe scissionconfigurationto

thatof a sphericalnucleusof the samemass numberand is a mea-

sure of the fragmentdeformation.ExaminingFigure66, the defor-

mationenergyis risingtowarda largevalue in the vicinityof

mass = 120while at ratherconstantdeformation,AA = 1.5. By

mass = 125, the fragmenthas assumeda nearlysphericalshape,

indicatedbyAA ~ 1.1. In this region,the heavy fragmentis pqss-

ing throughthe vicinityof two closedsphericalshells,50 protons

and 82 neutrons. This is evidentfromthe largeshelltermsin

thisregion. To understandthe effectupon the yield,recallthat

the GMAX configurationis determinedby

G=S - @ + C) -t-constant .

At sufficientlylargevaluesof D, a lesserdeformedshapebecomes
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more energeticallyfavorable, even thoughthe Coulombenergyis

largerfor thatshape. To demonstratethat the shelleffectis in

factdrivingthe G energyand, throughit, the yieldin this

vicinity,Figures67 and 68 are to be examined. In Figure67, the

233
yieldand G energyare shownas a functionof mass for IJ(nth,f).

If shellcorrectionsare the sourceof the asymmetryin both

curves,the effectshouldbe removedby subtractingthe shell

terms,S1 and S2. In Figure68 the quantityG S1 - S2 is plotted.

While the plot is somewhatnoisy,thereis no indicationof an

asymmetricpeak. Supportingevidencefor this conclusionis ob-

tainedfromplotssimilarto Figure66 for otherfissioningsys-

tems. The Coulombenergyis proportionalto the productof the

fragmentcharges,Z1Z2. In the vicinityof mass ~ 135 the heavy

fragmentchargeis slowlyvaryingwith the complimentarycharge,

Zl, takingon thatvaluewhich conservescharge. The Coulomben-

ergy in thevicinityof the mass peaksshouldthen increasewith

the chargeof the fissioningnucleusand a largerD energyshould

becomenecessaryin orderto overcomethe differencebetweenthe

deformedand the nearlysphericalCoulombenergies. Examination
●

of Figures69 and 70 confirmsthe expectation.

This investigationmay be carriedone step furtherwith in-

terestingresults. Combiningthe observedbehaviorof D forA

100

the

in Figures66, 69, and 70, the followingmodelapproximates

deformationenergy,

p&F 0.345A- 29.2FleV ,
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where the a-subscriptdenotesthat thisvalue is typicalof a

highlydeformedshape. At the valueof A correspondingto the

changefromdeformedto nearlysphericalshapes,the Gvalues must

be equal,i.e.,

Ga = G. ,

or

Da t Ca =DO+CO ,

where the o-subscriptdenotesquantitiescorrespondingto a nearly

sphericalheavy fragment. Writingthe Coulombenergyas,

c = z1z2f(c0

where f(a) contains

Y

all of the shapedependencies,the followlng

relationis obtained,

D -D
cto=f - f(a) .
‘1Z2 o

From the figures,D. ~ 2.0 and assumingDa as givenabove,

0.345+ - 31.2

’122

= fo-f(a)=Af ,

where
%

is the ‘transitionmss,’~thatmass at which the shape

transitionoccurs. Examiningthe computedyieldsto determinethe

chargestypicalof themassesat which the shapetransitionoccurs
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and notingthat the complimentarycharges 21 iS given by c-erva-

tion of charge,the followingtableis obtained,

‘2
Af

‘T

233
U(nth$f) 122 48 0.00518

239Pu(nth,f) 125 49 0.00543

252
Cf(sf) 128 50 0.00542

On the average,Af = 0.00535and z2 = 490 Using theseresults>

the followingformulais offeredto estimate

shapetransitionmass,

%
= 0.7592.+53.2 .

Beyondthis transitionmass, the curvesshow

termwhichhas been identifiedas the source

mass peak. The transitionmass thenlocates

the locationof the

a rapidlyrisingshell

of the asymmetric

thatmass at which

the mass yieldsrise rapidlyto formthe asymmetricpeak and may

be takenas an indicationof thewidthof the symmetricvalley,

the valleyextendinga distanceof % - ‘Sym
aboutthatmass cor-

respondingto symmetricsplits,A This predictionmay be
Sym”

checkedby comparingthe followingpredictedvalleylocationswith

themeasuredyields,Figures25, 29, 33, 37, 41, and 45.
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A. Z. AT Valley

234 92 123 111-123

236 92 123 113-123

240 94 125 115-125

239 92 123 116-123

252 98 128 124-128

The six casesconsideredshow thispredictionto be reasonably

confirmed,the effectbeing somewhatmore obscurein the 14 MeV

fissioncaseswhere the valleyis shallow.

This Informationmay be addedto the generalobservationthat

the heavymass peak is relativelystationaryfor all of the fis-

sioningsystemsconsidered,the peak extendingapproximatelyfrom

mass 134 to mass 146. Exceptfor the depthof the valleyand the

finerdetailsof the shapeof the peak, the locationof the peaks

and valleyare givenapproximatedby thesegeneralresults.

SUMMARYOF PRECEDINGWORK

With the simplemodel developedthus far, the fissionprocess

has been viewedthroughthe FermiGoldenRulewith a simplifying

assumptionof thermalequilibriumin orderto extracta view of

the scission-pointconfigurationof the fragments. The resulting

parameterizationhas a simpleinterpretationin termsof the spac-

ing of the fissionfragments. TWO configurationshave been exam-

inedwith regardto the shapedegreesof freedom. While them

configurationis more in keepingwith the spir~tof the thermal
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equilibriumassumption(maximumphase-space),a specialrolehas

implicitlybeen givento the (2K configuration(minimumpotential

energy)sinceit providesthe startingpointfor the searchfor the

~ configuration.Comingsomewhatas a surprisewas the obser-

vationthatoverallagreementwith experimental

be achievedonlyby constraininga largeamount

main in translationaldegreesof freedom.

measurementcould

of energyto re-

Semiquantitativeagreementis achievedwith measuredmass

chainyields. Parametersof the independentyieldsagreeless sat-

isfactorily,the Z and ~ valuesbeing consistentlylow in spite
P

of a slightexcessof promptneutronscomputed,an errorwhich

shouldcausean over-estimationof thesequantities.Even-Zpairing

enhancementsare consistentlyhighwith a possiblesystematicerror

indicatedby theirpersistenceto high energyfissioningsystems.

A potentialsourceof errorwhich directlyaffectsthesequantities

is the treatmentgivento the promptneutrons.

would givesome treatmentof gammacompetition

simpleenoughto be appliedto the hundredsof

encounteredin thiscalculation.

An improvedmodel

while remaining

fissionfragments

CONCLUSIONSOF POTENTIALUSEFULNESS

A few thingsmay be said regardingthe generalbehaviorof the

computedyieldswhichmay be of use where data is sparseby way of

simpledependenciesand scalinglaws. Beforebeginningthisdis-

cuas~on,a fewwards are Zn orderconcerningthe mannerin which
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errorsin variousquantities, inputto the calculation,are propa-

gatedthroughto the yields. Of particularinteresthere are er-

rors in themass, the energyconstrainedto remainin translational

degreesof freedom,ko, and the &parameters. All of the quanti-

tiesenterthe calculationthroughthe energy,G,

The yield is proportionalto the integral,I,

G Gk

I =
JJ

p(k) ~1(E1)P2(Gk-E1)dE1dk ,
0 0

All densitiesinvolvedare assumedto be zero for argumentzero so

that,

G Gk
dI=

JJ

dp2(Gk-E )
p(k) P1(E1) 1 dE1dkdG dG

o 0

With the definitionof the temperature,T, thisbecomes,

G G-k
dI _

JJ

P1(E1)P2(G-k-E1~
dG

p(k) T2(G-k-E1) dE1dk .

0 0

In makingthe saddle-pointapproximationto evaluatethe integral,

‘1
= T2 = T = constant ,

so that

dI=I
dG T’

or,

G/TI(G) = Ioe .

Errorsin the mass formula(AppendixA) are estimatedto be about
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700 keV. Note howeverthatnewerinvestigationsof themassesof

neutron-richnuclei,mentionedin AppendixA, revealthat this

errormay be as high as a fewMeV. For saddle-pointtemperatures

of the orderof 1 MeV, thismay give rise to an errorof a factor

of 7 or more from themass termsalone.

An errorin the k. energy,of magnitudeAk entersdirectly
0’

into the calculationthroughthe G-energyas

,=1 J%)=lf+) .
0

The temperatureis a quantityslowlyvaryingacross

spectrum,makingan errorin k enteras an overall
o

the chain-yield

constantmul-

tiplierwhich dropsout of the yieldexpressionuponnormalization.

Variationsof the d-parametersshallbe treatedmore care-

fully. The yieldof the i
th

fragmentor chainis givenby,

I
Y~ “ $ “

jj

The dependenceupon the k
th

&parameter,6k, is givenby

dyf

mk = ‘ik 1[1(~) (~)
1k ‘k - Ik ‘iyk “

where theKronekerdeltahas beenwrittenas A to avoidconfusion
ik

w$th the &parameters, Assuminga randomerrorin 6k of magnitude,

thOk, one wouldwrite the errorin the i computedyield,a , as
yi
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()
2

02 =
yi E (AikYk- YiYk)2 *. .0; ,

k k

Assumingthe quantity

()

dJ?nIk2002
to be constant,the sub-

~k

scriptsmay be droppedgiving,

or,

2
‘yi=

x 2 .
The sum, yk$ may be bounded,

k

Y:sE ‘kyk,max= ‘k,max
k

whereyk max is the largestyk encountered,of the orderof
9

‘k,max
= 0.1 .

Hence,

z CAikyk- YiYk)2 : y; C1.1-2 yi) ,

k
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dknIThe quantity~ may be determinedby chain-ruledifferentiation,

but a simplerestimateis givenby examiningFigure18 and others

like it giving,

dloglOI -1
dd

=2t03.5flll 9

or,

d!tnl -1—=4.6t08.lfm .
d~

Then,

-1
wherea rangesfrom5 to 9 fm . To insurethat ~ < 1, the &para-

Y
metersmust thenbe specifiedto 0.1 to 0.2 fm, To do a 10% cal-

culation,the 6-parametersmust be specifiedto 0.01 to 0.02 fm.

and one may justifiablyarguewhetheror not the locationof the

nuclearsurfacemay be specifiedto suchsmalltolerances.The

conclusionto be made here is that the computedquantitiesare

quitesensitiveto themodelparameters, The fact that the degree

of agreementachievedbetweencomputedand measuredchainyields

is so good indicatesthatsome cancellationof errorshas occurred.

A bettermethodof errorestimationis not obvious.

Not addressedhere for lackof an intelligentway to do so

are errorsIntroducedby incorrectspecificationof the nuclear
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shapesat the scission-point,Sincethe assumptionhas been made

that theseare the shapesof eitherthe GMAX or YMAX configuration,

the errorsmay be assumedto be zeroand the computedyieldsviewed

as a testof theseassumptions.The indicationis that theYMAX

assumptionis the more valid. In view of the largeerrorpossible,

the smallerrorsremainingbetweenthe measuredand computedmass-

chainand chargeyieldsare of diminishedimportance.

One predictionof the simpleequidistant-spacingdensityof

statesmodel thatis confirmedin this calculationregardsthe

independentyieldparameter,~, thewidth of the Gaussiandes-

cribingthe distributionof chargesyieldedfor fixedmass.

Accordingto thismodel,theyield,y, is proportionalto

2a
y=e s

where~ is the densityparameterand, in simplemodels,is pro-

portionalto Ao, themass of the fissioningsystem. It was pre-

viouslynoted that the G-energyis quadraticin the charge,Z,

aboutsomemost probablevalue,Zo,

G= Go+ GZ(Z-ZO)2 ,

where Gz is the strengthof the variation.

Then,
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r;GZ(Z - 2.)2 .
y(Z) a e , 0

The widthof the parameter,a, may be identifiedas

T

2 1 ‘o
‘“r<’ z

The predictionhere is thatu scaleswith the energyas G
1/4

and

-1/4
with the mass of the fissioningsystemas A. . For example,

takingCJand G valuesfromTables3 and 4,

235
U(nth,f) ~= 0.462 0.458

235
U(n+14,f) O = 0.521 0.508

235
U(nth,f) G= 18.75 16.78

235
U(nl-14,f) G= 32.29 29.36

Scalingfromthe thermal(th)to the 14 MeV (14)cases,the Pre-

dictionis,

1/4

=0
()

’14
’14 th ~

.

The predictedvaluesof CS14are,

{

0.529 GMAX

’14 F 0.527 YMAX ‘

Agreementis reasonable.Note thataveragevaluesof G have been

used rathezthanaveragevaluesof the Go. This shouldbe accept-

able if the chargedistributionfor fixedmass is sufficiently
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sharpthat the averagevalueof G is a good approximationof Go.

Encouragedby thisresult,the same argumentmay be applied

to predictvaluesof thewidthparameterfor individualfragment

235
massesfor U(n-1-14,f),014(A),in termsof the valuesfor

235U(nth,f),Gth(A),

()G14(A)
1/4

CS14(A)= ‘th(A) ‘~ “

Comparisonof computedvaluesof 014(A)with the valuespredicted

by thisscallngrelationreveala smallsystematicerrorin ad-

ditionto a smallvariance. The resultsare tabulatedhere for

the GMAX andYMAX cases. Tndicatedare the averageerror,BAR,

its standarddeviation,VAR, and the maximumerrorobserved,MAX,

BAR VAR

0.015 0.029 0.065

0.023 0.032 0.069

To comparevaluesof a betweensystems,one may write,

()
1/4

cJ=c& .
0

Solvingfor a in the six cases,againusingTables3 and 4,
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233
U(nth~f)

235
U(nth,f)

239Pucnth,f)

235
U(n+14,f)

238
U(n+14,f)

252
Cf(Sf)

The indicationis

G 0

GMAXYMAXGMAX YMAx

C4

GMAX YMAX

18.45 16.63 0.462 0.460

18.75 16.78 0.462 0.458

21.63 19.11 0.484 0.469

32.29 29.36 0.521 0.508

30.77 27.40 0.520 0.506

24,97 22.86 0.512 0.492

that

0.872 0.891

0.870 0.887

0.883 0.883

0.857 0.855

0.868 0.894

0.913 0.896

I 0.877k 0.018 GM

a= 0.884? 0.014 ~

0.881f 0,016 overall

The conclusionto be made here,isthat themodelmakesa definite

predictionof thebehaviorof the chargewidth,0, with the mass

and excitationenergyof the fissioningnucleus.

Lest tQQ much gaithbe pl~ced$U t$I~.~R&fiQTOf the Yields

as predictedby the equidistantmodel,the mass chainyields are

to be investigated.Applyingthe model to individualchain-yields

givesless satisfactoryresultsas shallbe shownhere. In con-

junctionwith the Gaussianmodelfor chargewidths,the chain-yields

is givenby,

Y~A~ ~ e~(zfi)

where G is the charge-weightedvalueof the Genergy for thatmass
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chain. Knowingthat the a-parametervariessonewhatbetweencl%f-

ferentfragmentsand havinga set of chain-yieldsfor one ~n~~deqt

neutronenergy,one may ask if thissimplemodelmay be used to

estimatetheyieldat anotherenergy, By solvingfor the

th
a-parameterin the expressionfor the i yield,

the resultingset of ai
may be used to estimatethe yield at the

new valueof the Genergy resultingfrom absorptionof a neutron

of differentenergy. Again,only ratiosare known and one value

of the a-parametermust be assumed. Thisvalue is denotedby a.

as is takento be givenby the empiricallyobservedrelationship

betweena.
26and Ao, themass numberof the fissioningsystem,

a = Ao/9.5
o

The remainingai are obtainedby solving

Yi(Yo= exp(2~ - 2%) .

The resultinga
j
may thenbe used to estimateyieldsat some

differentenergy,G?, xesultingfrgm a differeatinc$dentneutron

energy. Usingyieldscomputedfor 235?,J(nth,f)to determinethe

a and using thesea to estimatetheyzeldsfor 235
i i u(n+14,f)

givesratiosof the est~matedto computedyieldsfor thisreaction

of,



‘i,est \1.013~ 0.781 GMAX

‘i,calc = i0.832&1.001 YIL4X “

The predictionsof themass chainyieldsbasedupon the equidistant

model are not sufficientlygood thata reliablescalingrelation

is indicated.

PROCEDUREFOR AN ARBITRARYFISSIONINGSYSTEM

The calculationof yieldsfor an arbitrarysystemproceedsin

foursteps,

1) Generationof yieldintegralswith fixed6 and constrained

k. for use in interpolation.

2) Selectionof &parameters.

3) Interpolationof the fixed6 intergralvaluesat the de-

sired6 values.

4) Empiricaladjustment.

The averagevalueof k over the six casestreatedis 26.8MeV.
o

As mentionedpreviously,errorsin the termdo not introducelarge

errorsinto the yield calculation.From the casesconsidered,it

appearsthatit is sufficientto evaluatefixeddeltaintegralsat

only threevaluesof 6, 5, 6, and 7 fm. AlthoughYMAX configura-

tionsgivebetteragreementwith measuredyields,the GMAX config-

urationmust be computedto begin the calculationand offersdiag-

nosticinformation,beingfreeof the shapevariationof theYMAX

configuration.

In figures48, 49, 58, and 59, the six setsof 6 are plotted.

The samequantitiesare tabulatedin Tables5 and 6. As previously
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discussed,the 6(A) and~cases are recommended.It shouldbe

noted thatit is the 6(Z)parameterswhich are determinedfrom the

yields,the 6(A)parametersdeterminedfrom the 6(Z) afteran as-

sumptionconcerningthemagnitudeof the even-oddZ termis made.

One couldin principleuse anothereven-oddterm fromTable5 to

redeterminethe 6(A). The peak-to-valley

the rapidityof the rise in 6 valuesnear

seen in

fission

rapidly

ing the

to use.

Figures48, 49, 58, and 59 as the

ratiois determinedby

symmetry. Thismay be

thermalneutron-induced

cases,allwith largepeak-to-valleyratios,risemost

movingaway fromsymmetry, Informationavailableregard-

peak-to-valleyratiomay dictatea best set of &parameters

In the absenceof this information,averagingmay be per-

formedwith the six sets. The resultsof such averagingmay be

presentedmore simplyby fittingthe 6’s to a simpleform,

6(X)= f(x-.xo)1-(-)zg(x-xo) ,

wherex is Z or A and x is the valueat symmetry. fandgare
o

assumedto be polynomialsin X-xo. The polynomialswere deter-

minedas describedin AppendixF with the same form resultingin

all cases,

6(X)= fo+f2(x-xo)2+f3(x-xo)3+f4(x-xo)4+f5(x-xo)5+f6(x-xo)6+(-)zgo_

The valuesof the coefficientsappearin Table9 with the observed
.

standarddeviations,The standarddeviationsare largecompared

to thatneededto insurea smallerrorin the computedyields,
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The six data sets,strictlyspeaking,shouldnot be lumpedto-

gether,however,as may be obviousin the figures,sincesuch dis-

similarbehavioris exhibitedby the varioussetsof &parameters.

The formulasdeterminedby the abovefit thenrepresentsomething

of a best guess. As shownin Figure71 for representativecases,

use of thisformulawill introducepotentiallylargesystematic

errors.

To illustratethe utilityof the polynomialformulafor the

&parameters,yieldswere recomputedwith coefficientsfor the

6(A)parametersin Table9. The resultsare shownin Figures

72-77for a few cases, As expected,the chainand chargeyields

have suffereda loss in qualityof agreementwith the measured

yields. Also, the peak-to-valleyratiois too smallin the thermal

cases,as expected,sincethe 6 parametersused are not as rapidly

increasingin the regionof symmetryas thosespecificto thisre-

action,as may be seen in Figure71.

Energyaccountingmay be done againfor this set of 6-para-

meters,the resultsof which appearin Table10 and show a small

loss in agreementrelativeto thosevaluesin Table7. In Table

11 the parametersof the independentyieldGaussianmodelappear.

ComparingTable 8 and 11 shows that the Gaussianparametershave

changedvery littlebetweenthe two cases,indicatingthatthe

main effectof the 6(A)is to determinechainyields.

Havinga set of computedyields,severaladjustmentsare

poss$bleby way o~ empiricalfixes, For example,thewidth of the
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Gaussiandescribingindependentyields,O, for 235U(nth,f)is cal-

culatedto be

0= 0.47 ,

whereasextractingthe samequantityfromENDF/B8for thisreaction

givesa valueof

0= 0.59 .

The reasonfor thisdifferenceis not understoodbut may result

from the simplepromptneutrontreatment,the presenceof gamma

competitionbroadeningthe distributionsomewhat. Anotherpoten-

tialsourceof erroris indicatedby examiningthe yieldsin

ENDF/B8and lumpingthemaccordingto charge. It was the charge-

lumpedyielddata thatwere used to determinethe original6CZ)

parameters, Examiningthe

parentviolationof charge

y(z) # y(zo-z) .

charge-lumpedyieldsrevealsan ap-

conservationsince,in general,

This fact indicatesthe presenceof some combinationof measure-

ment error,beta-decaycontamination,and modelingerrorin the

data. It then seemsreasonableto assumethe computedand measured

Gaussianwidths to be relatedby an errorterm through

2 =~:alc+meas

where the subscripts

terms,respectively.

2
err ‘

indicatethemeasured,calculated,and error

Using the
235

U(nth,f)resultsto determine
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err giveso

Cs = 0.36 ,
err

Hence,with the computedchainyields,a correctionmay be con-

sideredin which the Gaussianmodel is broadenedin this fashion.

The computedZ valuesdiffersomewhatfrom theENDF/Bvalues
P

235
as shownZn Figure65 for U(nth,f)O The resultis nearlyiden-

ticalfor the othercasesconsidered,deviationsbeing about-0.3

throughthe lightmass peak and+0.2 throughthe heavymass peak.

Again,assumingthat the chainyieldsare given,eitherby measure-

ment or calculation,one may considera smallcorrectionin the

computedZp valuesas indicatedin Figure65. A further,smaller

correctionresultsfrom the fact that the computednumberof neu-

tronsis high by about0.5. ExaminingTables7 and 8 showsthat

the Zp valuemoves relativeto UCD by about0.16 for eachneutron

emitted(light-productonly). This impliesan additionalcorrec-

tion of 0.08 to the Zp valuefrom thepromptneutrontreatment

alone.

The even-Zpairingenhancements,as computed,are to be used

with extremecaution. Valuescomputedwith the original6(Z)-para-

metersof Table 5, appearingin Table4, indicateerrorsconsist-

entlyhigh by as much as 18% relativeto the same quantitiesex-

tractedfrom theENDF/B8data,appearingin Table12. In Table8

the same quantitiesare againcomputedassumingthe even-oddZ

termin the &parameters to be -0,06, As indicatedin Table5,
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the valuesof thisparameterrangefrom-0.05 to -0.09,the value

of -0.06being the averageover the six cases. Examiningthe var-

iationin the pairingtermbetweenTables4 and 8 and the deviation

of the even-oddZ term from-0.06for each caseshowsthat the

even-Zpairingenhancementchangesby 0.1 for a changeof about

0.01 fin.Thus,accuratedeterminationof the enhancementrequires

an extremelysmalltoleranceon the specificationof the location

of the nuclearsurface>perhapsunphysicallysmall.

To summarize,it appearsthat the modelmay be usefuleven in

the completeabsenceof experimentalinformationto predictchain

yields,eachpieceof evidencethatis availablebeingusefulin

the selectionof a betterset of &parameters. Havinga set of

chainyields,eithercomputedor measured,independentyieldsmay

be computedand adjustedempirically,In makingany such adjust-

ments,it is recommendedthat the adjustmentsbe made in the frag-

ments,ratherthan the products,to insurethat chargeconservation

is not violated. Thiswill,

the promptneutronand total

completeset of yieldsfor a

fissioningcompoundnucleus,

of course,affectsmallchangesin

gammaenergycomputed. With a fairly

particularexcitationenergyof the

yieldsat anotherexcitationenergy

may be estimatedby scalingthemeasuredyieldsby the ratioof

the computedyieldsat the two energies,
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APPENDIXA

The &ss.—

In orderto determineG, the fragmentmassesmust be known.

As fissionfragmentsare unstable, neutron-richand highlydeformed,

theirmasseshave not beenmeasured, and a mass-formulamust be

used. The earliestmass formulas,
36suchas proposedby Weisaecker,

were basedon liquid-dropcomparisons.Perhapsthe best pure liquid-

drop formulais thatof Myers and Swiatecki.
37

Comparisonof their

computationswith experimentalmeasurementsshow thatwhile smooth

behaviorwith mass and charge is reasonablywell given,deviations

of severalMeV are observed,presumablydue to single-particleef-

fects. Theseeffectswouldbe of littleconsequencewere it not for

the fact that in the regionof interest,the lightactinides,the en-

ergy releaseat the scission-point, computedfrom liquid-dropconside-

rations alone,is nearlyzero. Hence,in thiscomputation,the

smalldeviationsare importantand a bettermass formulais needed.

Sincesingle-particleeffectsseem to be the problem,a

single-particlemodelwould seem to be in order. Here, the problem

is just the reverse. Fluctuationsassociatedwith shelland pairing

effectaare reasonablywell predicted,but the bulk mass is diffi-

cult to obtainin a generalsense. A usefulformulamust thencom-

bine thesetwomodelswith the liquid-dropformulagivingthe smooth

mass and chargedependenceand the single-particlemethodgiving

the observeddeviationsabout this smoothbackground.
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Such a methodwas proposedby Strutinsky
38

and implementedby

Seegerand Howard.g By thismethod,the nuclearmassmay be written

as

M = ‘Id +z
(6U+P) ,

n,p

‘iere‘Id
is givenby a liquid-dropformula,and 6U and P are

single-particlecorrectionand pairingenergies,respectively.The

procedurepresentedhere for determining&l and P is takenfrom

References9, 32, 39, and 40.

The correctionsare determinedby firstassumingsomesingle-

41
particlepotential. Seegerused a deformedNilssonmodel char-

acterizedby deformationparametersE and E .4
Single-particlelev-

els were determinedfor each shapeon a discretegridof 20 values

of c ranging-.35 <c < .6 and fivevaluesof S4 ranging-.08<e4~ .15

with the grid turningupwardin C4 for the largervaluesof C, as shown

in Figure1. This gridwas chosenafterpreliminaryworkwith other

gridssuch that the middlevalueof E4 correspondsroughlytO the

most probablevalue for a givenE on the grid.

In treatingsingle-particleshelland pairingcorrections,

neutronsand protonsare treatedindependently,correctionscom-

puted for each,as indicatedby summingovern and p.

Havingsolvedthe SchroedingerEquation,a set of levels~in-

dexedby j, with energyEj, are given. TheselevelsmaY thenbe

filledwith N particlesto give the totalenergyof the system,E,

E=~ .j=~Eg(E)dE s

=
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,

whereg(E) is the densityof states,

g(E)=
E

6(E-~) ,

k

and A is the Fermienergyof the system,the energyof the lastoc-

cupiedstate,definedby

A

N= J g(E)dE .
-m

Accordingto the Strutinskyprescription,everythingis assumed

to be separableintoa smooth,averagebehavior,denotedby a tilda

(-)over the quantity,to

and a deviationresulting

E = i + 6E 9

g(E)=~(E)+6g(E)

be associatedwith liquid-dropbehavior,

fromshellcorrections,i.e.,

●

The smoothFermienergyis definedwith respectto the smoothden-

sityby
N
A

N= J ~(E)dE .

-w

Then,

i

1?= f E~(E)dE ,

and the

6E

Ja

quantitydesired,6E, is givenby



Hence,the problemreducesto one of separatingthe smoothbehavior

of the density, g(E),fromthe actualdensity,g(E).

The separationis performedby expandingthe delta-functionin

HermitePolynomials,Hm,

g(E)=
x “E-Ek)=*ze-u~2 cmHm(uk) s
k

E - Ek
whereu =—

k Y
s y definesan

k m=O

arbitrary“smearingwidth,” and

Cm is givenby

[

(-)m/2
2m(m/2)! m = ‘Ven

c=
m

o m = odd

The sum overm may be splitinto two pieces,

The lower-orderpolynomialsvary ratherslowlyand smoothly,whereas

the higher-orderpolynomialsvary rapidlyand must be includedto

describethe rapidfluctuationsassociatedwith shelleffects. The
.

distinction betweensmoothand fluctuatingbehavioris arbitrarily

made by fixing

polynomialsof

shellbehavior

smoothdensity

p, the smooth,liquid-dropbehaviorrepresentedby

orderless thanor equalto p, and the fluctuating

representedby the higher-orderpolynomials.The

sought,g(E),is givenby
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and the smoothenergy,R, is givenby

The sum over k includesall levelsof the Nilssonpotentialbut,

in practice,need extendonly to a few shellsabovethe highestoc-

cupied. Then the Strutinskyshellcorrectionterm,&l, is givenby

N
8U = dE =

x ‘j
-; ●

j=l

As no physicalsignificanceis associatedwith the parameters,Y

and p, resultsshouldbe independentof theirvalues. Such is the

case if, as Seegeruses,

P6= Y = 1.2fiuo ,

wherefiwoiS the oscillatorstrengthin the NilssonModel. For os-

cillatorstrengths

llu = 35.37
on

Seegergives

MeV/A1~3 hop =
1/3

31.08MeV/A

for neutronsand protons,respectively,whereA iS the mass number.

The pairingterm is determinedfrom the same set of levelsused

to computethe shellcorrectionterm. Using a BCS .amiltonian,the

nucleargroundstateis givenfor an N-particlesystemby

E
BCS = Eodd-particle

where the sum over j runs

BCS ground-state,where n

over the n levelsused to determinethe

‘NifNis even,andn=N+lifNis



odd. Any odd, unpairedparticleis excludedfrom the sum and ap-

pears explicitlyin the firstterm. The pairingstrength,G, is

relatedto the pairinggap,~, the smoothleveldensity,and the

smoothFermienergyby

1–=~(x) log
G .1[(* 12 I+1]1/2 +.& .

For the gap parameter,Seegeruses the phenomenologicalresult,

ii= 10.5MeV/A112 .

Havingdeterminedthe energyof the nucleuswithoutpairingfrom the

shellmodel calculationabove,the pairing

differencebetweenthisenergyand thatof

‘BCS‘

p= EBCS-E ,

energyis givenby the

the BCS ground-state,

Note that this is the totalpairingenergy,as opposedto a Strut-

insky-typepairingcorrection.Hence,the parametersof the liquid-

drop portionof themass formulaare determinedby fittingan ex-

pressionfor BE1d ‘“

‘Eld = ‘Ee.xp- (6U+P) ,

whereBE is the experimentalbindingenergy.
exp

The bindingenergyof the nucleusis then givenaccordingto

Seegerand Howardby

BE = ‘Eld
+ 6U+P ,

where
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+ ~A1/3~ (c ~ IN-ZI
ki

- Ec(Ei) - 35 A + 14.33x 10-’ Z2”3’

Ec(&i) = EdirBc(Ei)+

(c ~= ~ Z(Z-l)e2
‘dir 1 5 R

E + E~o
exch

● [1+ 18.0295(;)3-85.2330 (;)41

1
2/3 z4/3e2

E =—
Z ‘dir

- 3(+)
exch R

“[1.-1.3356(:)-f-7.127(;)2- 18.2104(;)3]

E = (.0369A- .0805Z) z~
[li-m2(:)2]

so

R=roAl,3[l+3.’(~;-&.4(-7)].
The valuesof the variousconstantsare givenas

r. = 1.2254 a = 0.153

a = 15.2568MeV

B = 33.166MeV

Y = 17.073MeV

c = 3.28

4 = -0.76MeV .
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The parametersCi appearinghere denote a particluar’pointin the

two-dimensionalspaceof shapesconsidered.The B~,Beand Bk are the

surface,Coulomb,and curvatureshapedependenciesof the liquid-

drop termsas computedby Hasse.42 Thesetermsare normalizedto

unity for sphericalshapes.

For a givennucleus,the bindingenergyformulamay be evaluated

at eachpoint in the c, E4 space. The ground-stateof the nucleus

correspondsto a maximumof the bindingenergy. In the vicinityof

the maximumbindingenergygridpoint,a biquadraticinterpolationis

used to determinethe exactlocationof the ground-state.Comparison

of thebindingenergiescomputedin thisfashionwith 1553measure

masses” givesa standarddeviationof 704 keV.

The questionof the validityof extrapolatingthe mass formula

intoneutron-richregionsmust be addressed. Recentmeasurementsof

52 neutron-richmasseshave been made by Aleklett
44

and comparisonsto

two othermass formulasof the droplet-plus-correctionstype45,46have

been made. This studyindicatedthe Seegerand Howardformulato be

best, observederrorsrangingfrom0.3 to 1.0 MeV.

measurementof themassesof neutron-richrubidium

has been made
47

showingdeviationsas largeas 2.0

Anotherrecent

and cesiumisotopes

MeV from the predic-

tionsof the Seegerand Howardformula. It would thenappearthat the

mass formulaused,whilenot perfect,is as good as one may expect.

In general,mass recursionrelationsgivebettermass predic-

tionsnear e-stability.This is to be expectedsincetheycontain

many more parameters. One such set of relationshas been determined

by Janecke24 givinga standarddeviationof 157 MeV frommeasured
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masses. The Janeckerelationsappearto work as well as the Seeger

and Howardformulain the neutron-richmass studiescitedabove. As

a generalrule,extrapolationof theserelationsinto theneutron-

44,48,49rich regionis not advised, and the observedagreementmay

be happenstance.Howeverill-advised,someyieldswere computed

assumingJanecke’svaluesor, whereavailable,experimentalvalues50

of the ground-statemass. The shapedependence,not givenby the

.
recurs~onrelations,was then takenfrom the Seegerand Howard

formula.



APPENDIXB

The CoulombEnergy

The two fissionfragmentsare consideredto be uniformly

chargeddeformedsphereswhosechargedistributionsmay be charac-

terizedby a set of multipolemoments. The fragmentsare assumed

to be axiallysymmetricand theirsymmetryaxesare assumedto be

colinear. For sucha system,the generalexpressionfor the

51Coulombenergy,takenfromHirschfelder,Curtiss,and Bird ,

reducesto a particularlysimpleform. Denotingthe Coulomb

energyby C,

wherer is the

and Qn is nth
-.
J. r

In

of

center-of-massseparationbetweenthe fragments

thmultipolemomentof the i fragment,

Q J ‘i= pi(;i) ri Pn(cosO)d3ri .
‘i

practice the assumed shapes are given in terms of the parameters

the Nilsson model, C and E .
4

The multiples may be determined

40numericallyby using the expressionof Nix for the radius, R,

[

1 - .+ + +P2 (coSet) 11/2R(e)= Ro/~ 9
1 - : EP2(coSet)+ 2&4P4(coSet)

where

[

1 :E-—

cOse =
t

l++- E COS2(I11/2.Cose ●

88



Assuming the charge density, p, to be a constant, this expression

may be inserted into the integrandand the integrationperformed

23
numerically.A standardNewton-Cotesquadraturerule with

-9a relativecomputationalerrorof 10 was used to do this. The

volumepreservingfactor,~, was determinedby requiringthemono-

polemomentto be -Ze,whereZ is the atomicnumberand e is the

electroncharge. The radiusterm,Ro, is givenin termsof the

mass number, A, by

R = r A113 ,
0 0

with r taken from the mass
o

r = 1.2254fm.
o

Since the Nilsson model

only even-orderdeformation

formula of Appendix A,

employed in the mass formula employs

parameters,only even mutipoles appear

in the charge expansion. The multiples were evaluated through

order 16 and the higherordertermswere assumedto be zero.

Defininga dimensionlessmultipolemoment,dependentonlyupon

shapeparameters,

Qn
qn = s

ZeR~

the expression finally used to evaluate the Coulomb energy is given

by

2

c= ‘lz2e
r

even
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The series expansion of the Coulomb energy is not of such a form

that that an error bound may be made. Examinationof the higher

order multipole-multipoleinteractionterms for some test cases

gives some indication

The interactionterms

raised to some power.

of the magnitudes of the neglected terms.

are proportionalto the reciprocalof r

The smallestvalue of r that occurs in

thiscalculationcorrespondsto the case of tangent fragments.

‘he largest value of an interactionterm involvinga 16
th_order

-4multipolewas 10 timesthe monopole-monopoleinteractionterm.

Separatingthe fragmentssuch that the distancebetweentheirtips

-6
was about2.4 fm. reducedthisterm to 10 timesthe monopole-

monopoleterm. Hence,the firstneglectedtermmay be of the

orderof 100 eV. Assumingthatthe seriesdoes converge,thisgives

someindicationof the errorpossible.

Also of interestfor thiscalculationis thatfractionof the

Coulombenergyresultingfromthemultipole-multipoleinteractions

otherthanmonopole-monopole.For themost extremedeformation

allowed,this fractionwas lessthan12% for the caseof tangent

fragmentsand less than8.5% for fragmentstipsseparatedby 2.4 fm.

At largertip-to-tipdistancesthisfraction,as well as the trunca-

tionerror,shoulddecrease.

The valueof the nuclearradius

here. The valueuseduniversallyin

by Seegerand Howard.
9

Thisvalue

constant,ro, should be noted

the calculationis that given

was determinedin the mass
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formulawork by allowing it to be a free variable, determinedby

least-squaresfitting. A more conventionalvalue
30 is givenby

high energy electron scatteringexperiments,

r = 1.18fm.o

Sincethe Coulombenergyscaleswith thisparameter,use of the

smallervaluecouldincreasethe Coulombenergyby a few percent.

Notingthe errorsreportedin the yieldcalculations,thiserroris

of littleconsequenceand wouldbe compensatedby an adjustmentin

the scission-pointseparation.



APPENDIXC

The Neglect of Rotationsand Vibrations—

The presenceof rotationsand vibrationscomplicatesthe scission-

pointpicture. Thesemay simplybe ignoredor includedin the listof

assumptionsabout the scission-point.However,modesof vibrationin

the fissioningnucleusat its saddle-pointhave been identifiedwhich

couldgiverise to rotationsand vibrationsin the fragmentsat scis-

Sion.x It thenseems preferable to attempt to estimate the effects of

rotationsand vibrationsin thehope that theyare of littleconse-

quence. Such shall be argued here.

Two effects result from the presence of these modes: both consume

energy and both affect the density-of-statesexpression. The energy in-

volved in rotation is given by

E
= J(J+l)h2

rot 211 9

2
whereJ is the totalangularmomentumof the nucleus,h is the square

of Planck’sconstantover 21T,and IL is themomentof inertiaof the

nucleus about an axis perpendicularto the nuclear symmetry axis. Ap-

proximatingthe nuclearshapeas thatof a pure ellipsoiddescribedby

a radiusvector,R(e),

R(e) = Ro[li@2(cose)] ,

the appropriatevalueof 11 is givenby

11 = (2/5)AmnR2(10-1-a/10) ,

whereA is themass number,m = mass unit = 931MeV/c2,R.
n

= radiusof

1/3
a sphericalnucleusof mass A, R = roA , and r. = 1.2254fm. ‘l%isis

o
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the so-called“rigidbody”momentof inertiaand
.

rotationalbehaviorof excitednuclei.
53,54 The

thenlargestfor smallmassesand deformations.

best characterizesthe

energyof rotationis

For mass 70,
.

E = 0.03J(J+l)MeV .
rot

Hence,J must be of the orderof 5 or more in order to involveas much

as 1 MeV of energyin rotation. Experimentally,fissionproductspins

55,56
are observedto be of the order7-10. However,thisis presumed

to resultfrom torquesexperiencedas the deformedfragmentaccelerates

in the strongCoulombfieldof the complimentaryfragment. As shownby

Strutinsky,
57

the presenceof a smalldeviationof the fragments’symme-

try axes from collinearitycan easilyaccountfor valuesof J as high as

20. Hence thereis no experimentalevidencefor high scission-pointro-

tationin binaryfissionthatwouldbe requiredto consumemuch energy.

In the presenceof a stabledeformationof the nucleus,a rotation-

al bandmay be builtupon each single-particlestatecharacterizedby a

quantumnumber, Q, specifyingthe projectionof the totalparticlean-

gularmomentumon the nuclearsymmetryaxis. The densityof statesis

15
enhancedby the presenceof the rotationalstates. Huizengaet al.

have shown that thisenhancement

whereo? is relatedto I, by

T iS

tion

is givento goodapproximationby ~~ ,

the nucleartemperature.WhileG. may itselfbe large,its varia-

5/3 1/2
among the fissionfragmentsis slow,varyingas A /G , and may
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be ignored as an overall constant,

upon normalization.

The presence of vibrations at

dropping from the yield expression

the scission-pointmay also consume

energy. In orderto estimatethese,simpleharmonicmotionshallbe as-

thsumed. If the frequencyof oscillationof the i mode is w.~ the total
1

energy involved in vibrations is given by

‘V=xnfhf=z ::-1 ●

i ie

For simplicity,only quadruple and hexadecupolevibrators shall

sidered. Also, for simplicity,liquid-dropinertial parameters,

shall be assumed,”

be con-

‘A’

DA= (3/4T~).A.mnR~ ,

A = 2,4

To low order,the quadruple (A=2)shapemay be associatedwith the

Nilssonquadruple parameter,s, and thehexadeculpole(A=4) with the

E4 parameter. The oscillatorstrengthis againassumedto be givenby

liquid-droparguments
58

where

b = 17 MeV
surf

The

r = Coulombconstant= 1.2254fm
o

Z, A = nuclearchargeand mass

ground-stateoscillatorenergiesmay be estimated,

flqAo
1/2=fi(cA/DA) “
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Assuming Z to be given by Uniform Charge Distribution,

z = (Zo/Ao)A ,
ucd

236U
where Z. and A. describe the fissioningsystem, taken here to be .

Then the ground-stateoscillator energy is given by

[ 1

1/2

h= 157.3
A(A-l)(a+2)_ ~09A=.1 .

A 2A -1-1

Some test cases are given here.

A A ~A(MeV)——

70 2 4.0

170 2 2.3

70 4 12.6

170 4 8.0

Assuming the temperature,T, to be of the order of 1 MeV, energies of

the order of hundreds of kilovolts might be expected to appear in vibra-

tional modes. This is a small’amount of ener~ relative to that shown

to be responsible for overall trends. It is, however, sufficiently

large to effect small changes, and this result should be kept in mind.

The presence of vibrations also affects the density of states ex-

pression.

troduce an

where T is

across the

This problem has been addressed by Moretto
12

and shown to in-

1/2
overall multiplicativeT -term to the density expression,

the nuclear temperature. The temperatureis slowly varying

mass yield spectrum.

overall multiplicativeconstant

upon normalization.

The main effect is then that of another

which drops out of the yield expression
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The

APPENDIX D

Moretto Density

Moretto ‘2 and others 13 have proposed a method of computing

nuclear density of states functionsnumericallyfrom the partition

functionassumed to describe the statisticalpropertiesof the

nucleus. The partition function,Q, is derived from a BCS

Hamiltonianby Sano and Yamasaki
11

and is given by

where,

‘k =

‘k =

A=

A’

G =

quasi-particleenergy = (ek- ~)’ + A’

th
energy of the k single-particlelevel

a Lagrange multiplier,to be identifiedwith the
chemicalpotential,a, a = f3A

a Lagrange multiplier,to be identifiedwith the
nuclear temperature,@ = l/T

A(a,6) = the pairing gap

the pairing interactionstrength,assumed constant.

In the presence of pairing,A # O, these quantitiesare related

by the ‘iGapEquationll,

2
z

tanh(f3Ek/2) .
—.
G

k ‘k

These relationsexist separatelyfor the neutrons,N, and the protons,

z. The density-of-statesis formally given as the inverse Laplace

transformof the partition

energy, EN, the density of

function. For N neutrons at

states p(EN,N), is given by

excitation
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P(EN,N) =

where S
N
is the

sN.=f2N-

12H{2ri daNd(3Nexp LSN) ,

entropy of the neutron system,

CINN- @ E
NN “

In the real nucleus with both neutrons and protons present,

the two systems are assumed to be in equilibriumsuch that,

(3N= f3z= 6 .

The appropriateexpressionsfor use are

p(E,N,Z)

s =Q-

E = EN +

‘=%+

CXNN-

‘z ‘

QZ ●

(“XI daN daz d13exp(S) ,

azZ + 6E ,

0

The contour integral. may be evaluatedexactly, as proposed by

Fordsg , or by the computationallymore simple saddle-pointapprox-

imation, as proposed by Moretto. The saddle-pointis defined by

Through the saddle-pointapproximation,the Lagrange multipliers,

a and f3,take on their definitionsof the chemical potential and

reciprocaltemperature.

Evaluating the saddle-pointequations for the neutrons,

[

(ek - X)N . ~ l
1

tanh(13Ek/2)
k ‘k

The Number Equation,

[

(ek - A)
%

1
tanh(6Ek/2) The Energy Equation.

k
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The entropy at the saddle-pointmay be evaluatedusing the Number

and Energy equationsand the expressiongiven by

T2X !h[l + exp(-@Ekfi+ 26
‘k

‘N= k 1 + exp(6Ek) . “

Similar expressionshold for the protons. With these equations

the density of states may be evaluated for an arbitrarynucleus

by the followingprocedure,

1) The Number and Gap equationsare solved simultaneouslyfor the

pairing gap and chemical potentialwith the assumptionof zero

temperature (6 = ~)

equationsare then

to obtain the total

for both neutrons and protons. The energy

evaluatedafter substitutingthese values

ground-stateenergy, Eo,

E. = EON+EOZ .

2) The critical temperaturesfor the proton and

the temperaturesat and above which the pairing

neutron systems,

gaps are identically

zero, are determinedby assuming the pairing gaps to be zero and

solving the Number and Gap equations simulataneouslyfor 6 and A.

These values define the critical temperatures,TN Cr and TZ cr.
Y 1

3) For an arbitrary specific temperature,T <Tcr~ the Number and Gap

equationsmust be solved for both the neutrons and protons to deter-

mine the pairing gaps and chemical potentials. If T>Tcr, only

the Number equation needs to be solved for A. With these values,

the total energy and the entropy may be evaluatedas well as the

other functionsrequired to evaluate the density-of-statesexPression.

98



With all of

temperature,the

by

the necessary quantitiesknown for a

density is given in the saddle-point

specific

approximation

exp(SN + SZ)
P(E,N,Z) =

~2n)3/2~1/2 ,

where E is the excitationenergy, defined as the differencebetween

the total energy evaluated at this temperatureand the ground-state

energy, Eo, SN and SZ are the entropy expressionsfor neutrons

and protons, and D is the determinantof

partition function,$2,evaluated at this

of A and A determinedin step //39

D=

where

the second derivativesof the

temperatureand the values

I
af3a~N af3z I

A similar expressionholds for the proton term, DZ.

The above expressionfor the density of states involves states

of all spins and parities. In Appendix E, the decompositionof

this expressioninto a parity and angular momentum dependent form
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is presented. A quantityof importancefor the angular momentum

dependent form is the spin cutoff parameter,0. In the model of

Moretto, this quantity is given by

21
‘N = ~ z~ <“sech(6Ek/2) ,

‘ ~ ‘ spin Projectionof the kth single-particleneutron

state. A similar expressionholds for the protons. The spin cut-

off parameter for the entire nucleus is then given by

2 =O:+u; Q

With this definition,the angular momentum dependent form of

Appendix E may be used with the Moretto expressionfor the total

density of states.

To evaluate

states, a bit of

the ground-state

the various infinite sums over single-particle

digressionis in order. In its most general form,

gap equation is written

<kklGlkOk->.~
,.* 9

where Ak is the pairing

the pairing interaction

gap for the k‘h level and <kk[Glk-k’>is

matrix element between nucleon pairs in

levels k and k“. The gap equation is triviallysatisfiedif Ak = O

for all k. Making the standardassumption that ~ = ~. for all

k and k-, an overall A may be removed. It must be remembered,how-

ever, that A = O is always a solution to the gap equation. To make

the assumptionthat the matrix element is constant,with a value, G,

a correspondingassumptionmust be made as to how the sum should be
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terminated. The matrix element goes to zero for values of k and k-

correspondingto states differing in energy by very much. Removing

this term from the sum leaves

z–
1

k
‘k

which diverges. Any prescriptionfor evaluatingG then goes hand-

in-handwith a statementas to how the sums should be terminated.

Such prescriptionshave been made by Nix
40.

and by Nilsson et

al. 60-. The Nix procedurehas been used by Seeger and Howard 9.

in the mass formulawork, described in Appendix A. This shall be

discussed later.

With the assumptionsmade with respect to G and A, use of the

Moretto density expressionrequires that one first determinewhether

or not there exists a nonzero solution to the gap equation,which

is now written,

2.
z–

1—=
G

k%”

In order to determinewhether or not there exists a ground-state

26
pairing gap, Moretto suggests the followingprocedure . Ground-

state even-odd mass differencesindicate pairing gaps to be given

approximatelyby,

A. = (nfljlm MeV ,

where A is the mass number. Hence, a small value of A. may be

assumed, say 0.2 MeV, and the number equation solved at zero



temperature

values, the

to 2/G. If

to determine the chemicalpotential. Using these

sum of the gap equationmay be

the sum is greater than 2/G, a

is needed and the number and gap equations

taneously. If the sum is less than 2/G, a

needed and A = O is assumed.
o

Such A. = O

closures.

The procedure for truncatingthe sums

evaluatedand compared

larger value of A.

must be solved simul-

smaller value of A. is

cases occur at shell

is tiostsimple for the

case of T>Tcr since there is no gap equation to satisfy. For this

case, the sums may be truncatedat a value of k approximatelyequal

to the maximum number of particles to be treated,higher terms

contributingnegligibly.

For T<Tcr, the procedure is somewhatmore complicated.

Nilsson et al.
60

give

G/A = 19.2 t 7.4[(N-z)/A] ,

where the plus sign holds for the protons and the minus sign holds

for the neutrons. With this prescription,only terms with k-values

in the range

N/2 -@<k< N/2 +-

are allowed in the neutron sums and similarly for the protons. This

prescriptionis recommendedfor nuclei of mass 190 and above.

Also recommendedare oscillatorstrengths for the

the dimensionlessenergies of the single-particle

energy dimensionedvalues, V,

conversionof

states into
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v= 41/A1/:’
[
1 f l/3(N-z)/A1MeV .

In this expression,the minus sign applies for the protons and a

plus sign for the neutrons.

A set of rules for terminatingthe suqs and determiningG also

9comes with the mass formula of Seeger and Howard . For the pairing

strength,G, the follc]wingexpressionis used,
i

The quantitiesg and ~-are

density of single-particle

ground-statepairing gap,

identifiedin

states at the

respectively.

Appendix A as the smooth

Fermi energy and the the

The value of ~ used

here was taken to be the empiricallyobservedvalue,

IN= 10.5 MeV

(1.6N+ lo)1t6 ‘

Zz = 10.5 MeV

(8Z/3- 50/3)1’6 ‘

where the N and Z-subscriptsrefer to the

neutrons and protons. It should be noted

empiricallyobserved for nuclei along the

values used for the

that these relations are

& stability line. Their

use for the neutron-richfission fragments is a source of potential

error. The n which appears in the G-equationrefers to the number

of levels included in the sums, the value of k at which the .&urnsare

teminatd, given by

INor Z for
n=

N+l or Z+l

N or Z even

for N or Z odd
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The values of n, G, g, and ~ are given independentlyfor the neutrons

and protons. Also given by Seeger and Howard
9 are oscillator

60
strengths,different from those of Nilsson et al. ,

VN = 35.37/A1’3MeV VZ = 31.08/A
1/3

MeV

One last differencebetween the Nilsson and Seeger and Howard

prescriptionsis the maximum number of levels used for the T>Tcr

cases. Nilsson et al. recommend that the sums be terminated

at k = 150. Since this has been determinedto be adequate for

masses 190 and above, it seems reasonable to scale this value for

the mass region of interest in this work and k = 120 is taken as

the maximum value for the high temperatureregion.

The originalversion of the Moretto code for the calculation

of densitieswas used for heavy masses. As an illustrationof the

sensitivityof the computed densities to the two prescriptionsfor

evaluatingG, the sum limits, the maximum number of levels, and the

oscillatorstrengths,each of these prescriptionswas changed, one

at a time, and the change in the various computed quantitiesnoted.

The results are shown in Table 13 for two nuclei, startingwith

the Nilsson prescriptionand ending with that of Seeger and Howard.

These results are presentedmerely as an illustrationsince it makes

no sense to assume part of the prescriptionfrom one source and the

other part from another source. The point to be made is that while

the density may be quite accuratelyevaluatedhy this method, the

results are quite sensitiveto errors in the input models. For this
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reason, it is important to have an independentcheck on the model

in the mass region in which it is to be used. For the fission frag-

the Seeger and Howard
9

ments, prescriptionis taken with the

successfulmass formula offered as supportingevidence.

Odd particlenumbers present a problem in this theory. In the

absence of pairing, the ground-statenumber equation becomes,

[,

‘k
-A

N=~l-
4

= x. k ‘k - A k
‘k ●

The terms in this equation are

I

ek> A
~= 0 9

2 ek< A

i.e.,this is an even particle number theory. To apply the

theory to the case of odd particle numbers, Huizenga and

Bekhami 13 introducethese-called “sliding energy scale”. The

observationis made that the ground-stateof an odd particle

system already possesses one quasi-particle(unpairedparticle)

relative to the neighboring

allows it to reach the same

even particle number systems. This

density of states at one quasi-particle

‘nergy, ~, less than that of the even system below with one particle

less. The sliding energy scale is applied by computing the density

as prescribedand shifting the energy correspondingto that density

by the energy of the ground-statequasi-particle. This assumption

has been investigatedin the vicinity of mass number 60 and found

13
to give good agreementwith measured densities .
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At low temperature,the saddle-pointapproximationused to

evaluate the density fails. This manifests itself as a local mini-

mum in the density at low excitation. This is a problem only at

the lowest excitationsand is less significantfor odd particle

numbers than for even since the location of the minimum is shifted

off of the scale. The saddle-pointapproximationhas been checked

by comparing its predictionsto those of combinatorialcalculations

and found to give errors of about 20% at 5 MeV excitationand 1%

at 20 MeV excitation.

Another peculiarityof the saddle-pointapproximationis the

discontinuityin the temperatureat the critical temperature,

–= alnp 31
T

—== [ s
aE

- ~!2n(D)] .

The saddle-pointapproximationintroducesthe determinantof

second derivativesof the partition functionwhich is discontinuous

at the critical temperature. The discontinuityis small, typically

11
a few percent , and is the type of error encounteredwhen the

number of particles is not sufficientlylarge that the statistical

limit, N >> !k(N), is achieved.

The formalismpresentedhere allows the evaluationof the

nuclear density-of-statesexpression to be performedat high

accuracy. However, the number of fission fragments to be treated

is large and, allowing for the possible variation in the nuclear

shapes, the computationaltask is enormous. Another simplification
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is possiblewhich considerablyreduces the computationalchore

with little loss in accuracy.

As presented, the entire density model may be written in

terms of independentproton and neutron contributions. The only

differencein the computed densities,say, for a fixed number of

neutrons, comes about through the oscillatorstrength,V , and
n

its A’/’ term. If the step in which the dimensionlessenergies

of the Nilsson model are converted into energy dimensionedquanti-

ties is bypassed, the thermodynamicfunctionsrequired to evaluate

the density may be computed once and for all for that particular

particle number and type and the set of Nilsson levels required

as input. (Shapedependenciesare implicit in the Nilsson levels.)

The density-of-statesexpressionmay then be assembled after a table

look-up of the required values of these thermodynamicfunctions,

P(T) = [
exp SN(TN) + SZ(TZ)1

[ 1(2.)3/2 % .l) + % * D 1’2
&la; TN z aa; Tz N

where

‘z = Tlvz

TN = T/VN

DN = V:ODN(TN)

‘z = V;*DZ(TZ) .

The quantity,DN(TN) denotes the determinantof the matrix of



second derivativesof the neutron partition function,~, with

respect to the dimensionlessreciprocaltemperature,~ = l/TN,

and chemical potential,aN, which is dimensionlessby definition.

A similar expressiondescribesDZ(TZ). The correspondingexcitation

energy is given by

E(T) = V~EN(TN) +V~EZ(TZ) ,

and EZ are dimensionlessif dimensionlessNilsson energies

to compute them.

computationalsavings may be realizedby noting that,

where E
N

are used

The

in general, 350 or so fragmentpairs occur in a given yield calcu-

lation and that, for each fragmentpair, at least ten shape combin-

ations may be considered. This would then require 3500 evaluations

of the density-of-statesexpressionfor each yield calculation.

Using the dimensionlessprocedure describedhere and noting that

the yield calculationrequires about 110 differentneutron numbers

and about 55 “differentproton numbers, the dimensionlessevaluation

requires about 6500 evaluationsfor all of the possible shapes to

be considered. After this is done, no further evaluationsare

necessary. Noting that about 60 good yield evaluationswere per-

formed, not counting those that failed for various reasons, the

savings was considerable.

The thermodynamicfunctionsneeded in the evaluationof the

density of states were computed dimensionlesslyon a dimensionless
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temperaturegrid. The resulting functionsare smooth in the

dimensionlesstemperatureand cubic splineswere used to interpo-

late their values at the temperatures,TN and TZ. The actual

grid used spanned the range

0.028< TN < .463 0.028 < TZ < .463

in steps of 0.015. Comparisonof evaluationsof the density of

states computedwith the dimensionlessscheme and the exact method

showed very good agreement, typically to four significantfigures,

with the worst error occurring at low temperatures. For excitation

energies greater than 1.0 MeV, the worst error observedwas less

than 1%. Also needed in the yield evaluationvia the saddle-point

approximationis the derivative,dE/dT. Spline interpolationof

this quantity also gave better than 1% agreementwith exact evalua-

tion.

Splineswere generatedand saved for Nilsson levels corre-

sponding to the 39 most prolate shapes consideredby Seeger and

Howard
9

, shown in Figure 1. Only values of E~O were used and,

for each E, only the three smallestvalues of E were used.

Particle numbers in the range

20< Z < 80 36< N < 120

were assumed. This defines the range of particlenumbers and

space of allowed shapes assumed to describe the scission-point

fragments in the yield calculationsperformed.



APPENDIX E

The AnalyticalDensity of States Expression—

The nuclear density-of-statesexpressionof Appendix D may be

evaluatedanalyticallyif it is assumed that the single-particle

states of the constituentnucleons are uniformly spaced in energy.

The resulting expression,first proposed by Bethe
16

, has been

applied to the problem of predictingvalues of the observedneutron

17
resonance spacings by Gilbert and Cameron . The expressionis

derived in References 17 and 58. The treatmentgiven here is a

summary of the treatmentgiven in Reference 17.

The assumptionof equidistantspacing of the single-particle

states gives the single-particlestate density for neutrons,IZN>

N
gN ‘~ ,

F

where N is the number of neutrons and eF is the Fermi energy,

defined by

f
N. ‘F

gN(E) dE .
0

A similar expressionholds for the protons. This assumptionallows

the entropy and derivativesof the partition function to be directly

evaluated, giving

exp(n2g/3f3)
P(E,M) =

[ 1(2T)2‘rr2g4<m2>/(12b6)1’2 ‘

where (3isthe reciprocal temperature. The M dependenceappears in

B as will be shown below. The presence of the terms Mand <m2>
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results from the inclusionof the z-componentsof the nuclear spin,

M, and the single-particlestates, m, into the partition function.

The nuclear spin is accompaniedby a correspondingchemical potential,

~S in the partition functionand the single-particlem-values sum

to M. Also assumed in this expressionis the equality of the neutron

and proton single-particlestate densities,

1
gN=gz=yg ,

The density parameter,a, is defined as

a=+- ,
In the derivation,the expression for the excitationenergy, U,

relative to the energy of the fully degenerateground-state,which

introducesthe M-dependence,is given by

u. M’ + a

2<m2>g f32 ●

This expressionmay be solved for 13giving

1 M2—=
6

)2<m2>Ug ●

Defining the spin cutoff parameter,02, as

T=g<m2>/@ = g<m’> ~ ,

the density-of-statesmay be writt’en

P(U,M) = 1
exp(2~ - M2/2a2)

l/4u5/4a
*

lzfl a



Gilbert and Cameron give an expressionfor 02,

0 = 0.0888 fiA
2/3 .

In using this formula, the energy, U, has been defined as

the excitationenergy, the energy of the system relative to that

of the fully degenerateground-state. This would be the ordinary

ground-stateof the nucleus were it not for the presence of the

residual pairing interaction,not present in the highly excited

nucleus this formula is supposed to describe. If X. denotes the

energy of the ground-statein the absence of pairing and E. denotes

the energy of the ground-statein the presence of pairing, the

two energies are related by

xo- E. = P s

where P is the pairing interactionenergy. If E is the energy of

the nucleus, the excitationenergy to be used in the formula,U, is

given by

U=E-XO=E-EO- P .

The quantity,E - Eo, is the usual definitionof the excitation

*
energy, E . Hence, in using the formulawith the standard definition

*
of the excitationenergy, U = E - P is the energy to use.

In this form, the density-of-statesexpressionis not very

useful, the appearanceof the unobservablespin projection,M,

appearingexplicitly. One may, however, extract from this expression

the angular momentum dependentdensity-of-statesexpressionwhich

may be integratedover all angular momenta to give the total density-
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of-statesexpression.

integratingover M to

f

m
P(E) = P(E,M)

-m

so that

This expressionis most easily obtained by

get the total density-of-states,p(E),

dM - fi exp(2 ~ )
12 l/4u5/4 9

a

P(E,M) =
(-)

P(E) em -M2
●

a% 2CS2

The angular momentum dependent form must be extracted,however,

since it is necessary for the modeling of the density parameter,

described in Appendix F.

For a given value of M, the M-dependentdensity

of all angular momenta, J, with J z M. Denoting the

contains states

contributing

nuclear states by IJ,M> S consider the densities,p(u,M=J) and

P(U,M=J+l). Terms which appear in p(U,M=J) are

IJ,J>, IJ+l,J>, IJ+2,J>,.... ,

and in P(U,M=J+l),

IJ+l,J+l>,IJ+2,J+1>, IJ+3,J+1>,....

For every state,IJti,M>,there is a state, IJfi,M-1>,where n=l,2 and

so on. The difference,p(U,M=J)- P(U,M=J+l)contains only the

terms, IJ,M=J>. Therefore, the density of states of IJ,M=J>is

Each of these states is (2J+l)-fold degenerate. This expression is

used in the modeling of the density parameterin Appendix F.
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No mention has been made so far of the parity of the

states in these results. The density-of-statesexpression

includes states of all parity. At high excitationenergy,

various

derived

the

number of states of even and odd parity, denoted by IT= even and

T = odd, are assumed to be equal. Hence, the density of states

of a given parity is related to the above expressionsby intro-

ducing an overall factor of 1/2. For example,
.

p(E,T=even)= p(E,lT=odd)= *P(E) .

This point shall also be important in the modeling of Appendix F.

Gilbert and Cameron sought an expressionfor the density

of states for use over the entire range of excitationenergies to

be used in calculationsof the capture processes. The expression

derived diverges at low energies. They proposed the inclusionof

the empiricallyobserved behavior of the density at low excitation,

(E - E.
pL(E) =~exp T

where the L-subscriptdenotes

9

low excitationenergy and E and T,o

the temperature,are constants. This form is then coupled to the

higher excitation form, derived above, in such a way that the den-

sity may be described continuouslyas a functionof energy. To do

this, they defined a crossoverenergy, Ex, at which the two formulas

join smoothly,

pL(Ex) = pH(Ex) p;(Ex) = p;(Ex) .
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The H-subscriptdenotes the high excitationform based upon the

equidistantspacing assumptionand the prime (-) denotes differe-

ntiation with respect to energy. These two conditionsdefine the

low excitationform constants,T and Eo,

1 ca 5—=
T –-T ‘u

E. = Ex - T Ln[TPH(Ex)] ●

In defining the temperature,T, here, the total density-of-states

expressionhas been used. With these forms and a data set describing

nuclei at both high and low excitationenergies,a model for the

density parameter,a, was determinedand an expressionfor the cross-

over energy, Ex, was given. The crossoverenergy was found to occur

at

Ex = 2.5+ 150/A+’P ,

where P is the pairing correctionenergy and all quantitiesare

given inMeV. This formula was determinedby finding a value of

Ex for each nucleus that best fit both the low and high excitation

energy data. The formula reproduced the Ex values thus determined

to about t200 keV.

One of the objectivesof the work of Gilbert and Cameron
17

was to model the density parameter,a, to include the observed

effect of nuclear shells upon the density. They found that the

predicted and

parameterwas

a/A

measured values were in better agreement if the density

assumed to be of the form,

=P1+P2S ,



where S is the shell correctionto the nuclear mass and p and p2
1

are constants to be determined. This model is further discussed

in Appendix F. One may see, however, that in order to use this

expressionfor the density, a set of single-particleenergies,

S and P, are needed. Before the introductionof the Strutinsky

38procedure , the method for determiningthese energieswas ill-

defined. However,with two empiricallyadjustableparametersfor

each nucleus, a great degree of flexibilityexists to improve the

agreementbetween predictedand measured values of the density while

maintainingthe simplicityof the equidistantmodel.

A first order correctionmay be made to the assumptionof

equidistantspacing

the analyticalform

proposed for use in

spacingsby Kataria

of the single-particlelevels without losing

for the density expression. This has been

the problem of predictingobserved resonance

et aL21 . In this treatment,the single-

particle spectrum is written as a Fourier series,

g(~) = ~gmcos(lnw - om) $
m

where E is the energy of the single-particlestates,w is the

fundamentalfrequencyof oscillationof the spectrum,and @m is a

phase term. Dropping all but the m=O and m=l terms

sion, they give expressionsfor the entropy, S, and

U, by

from the expan-

the excitation,

A

( I
S=2aT+$

T2W2T2 cosh(wuT) _ ?TUT

sinh2(?woT) 1sinh(muT) ‘
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U = aT2 + As

[

n2u2T2cosh(TuT)

sinh2(n@T)

the density parameter is again denoted

-1

1
Y

by ~ and T is the temperature,

determinedby solving the

U, again differs from the

excitationenergy equation. The energy,

nuclear excitationenergy by the pairing

energy, P, and, to avoid confusion,the shell correction term has

been written as As. These expressionare to be used with the high

excitationenergy form of the analyticaldensity expressionwith

S being the argument of the exponential. To determine the model

parametersby fitting, the J-dependentform must be used. The spin

cutoff parameter used in the model is given by

CT2= ‘y (+ 9

I = ; MR’ .
rigid

where M

of that

is the nuclear mass, R is the radius of a sphericalnucleus

mass, h is Planck’s constant,and I denotes the rigid-
rigid

body moment of inertia. Note that these expressionsasymptotically

17
assume the Gilbert and Cameron values,

c
T=: s “ 2@ ,

w is assumed to behave as IJ.)oA
1/3

with U. in the range 0.15 to 0.2 .

The density parameter is assumed to be of the form,

a/A = y(l. - 13Bs/Al’3) ,

with y and S constants to be determinedand Bs being the ratio

of the surface area of the nucleus relative to a sphericalnucleus
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of a sphericalnucleus of the same volume. Note that, through the

Bs term, this model introducesdeformationin a natural way, a fea-

ture not present in the Gilbert and Cameron
17

model. This is an

importantpoint in this work since, in general, the fission fragments

are highly deformed at the scission-pointand the single-particle

correctionenergies are also shape dependent.

Each of the models presented here shall be examined in Appendix

F and their parametersdeterminedand discussed.
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APPENDIX F

The Density Parameter

The observed neutron resonance spacing, <D>, provides an

experimentalmeasure of the level density,

P
1=—

<D> “

In the mass range 70 to 165, 99 values of < D > are available18

from s-wave neutron capture measurementswith a corresponding

excitationenergy of the compoundnucleus formed of one neutron

separationenergy. With this data, one may assume a model for

the density paraneter,a, to be used in the analyticaldensity-

of-statesmodel of Appendix E, and determine its parametersby

fitting.

Single-particleshell and pairing energies, S and P, appear

in the analyticaldensity models and must be known before fitting

can begin. In principle, these are the Strutinskycorrection terms

described in Appendix A. Since the analytical density expression

predates the Strutinskyprocedure,various empirical sets of these

energies have evolved and are generallyused with this model.

The first set of single-particleenergies was determinedby

Cameron and Elkin
(61) 17

and was used by Gilbert and Cameron in

their model. The procedure for determiningthese is described

in Appendix G. In determining their model for the density para-

meter, Gilbert and Cameron found it necessary to devide their

data into two sets, one correspondingto nuclei with spherical



ground-stateshapes and one correspondingto nuclei with deformed

ground-stateshapes. They chose a model with a linear dependence

of the density parameterupon the shell correctionenergy. The

model was otherwiseassumed to be proportionalto the mass number,

A. Fitting then gave,

a/A = 0.00917s + 0.142 undeformed

a/A = 0.00917s + 0.120 deformed

Later, Cameron and Brancazio
20

concluded that the required

separationinto deformed and undeformedgroups was the result

of an improper determinationof the single-particleterms. They

redeterminedthe model with the result,

a/A = 0.143 + 0.0091(s

where S was the old shell term and D

number of neutrons or protons in the

that of the nearest sphericalclosed

Cook et al.18 took the Gilbert

- 0.23D)

is the differencein the

nucleus in question from

shell nucleus.

and Cameron model and

empiricallyadjusted the S and P values to improve the agreement

between predicted and measured values of <D>. The P values

21
were taken by Kataria et al. in the determinationof their

model, also described in Appendix E. Their shell terms were,

however, determinedindependentlyby using

9
of the Seeger and Howard mass formula and

to give

the liquid-droppart

50
experimentalmasses

As = mexp - mld - PCook

120



‘Id
is the liquid-dropportion of the Seeger

mass formula,Pcook is the paring term as given by

m is the experimentallymeasured mass
50

exp
, and As

correctionenergy.

Fitting was performed to detemine models for

9
and Howard

Cook et al.18,

is the shell

the density

parameterusing several of these published data sets. For the

disussion that is to follow, the two data sets appearing in

Tables 14 and 15 are used. The data in Table 14 is determined

from the Kataria prescriptionand the data in Table 15 is taken

from the mass formulawork of Appendix A. These two data sets

are chosen to compare the results achievedwith the empirically

determinedenergieswith those given by the Strutinskyprescrip-

tion of Appendix A. The conclusionsare not changed by the use

of any of the other data sets mentioned.

In the fitting procedure, several models are to be consi-

dered. Needed is some criterion for determiningthe preference

for one model over another. The quality of fit is indicatedby

the sum of squares of the residual errors, SS,

Ss = d , [ - ‘~i(;)]2
9

where f
i is the fthdatum and fci(~) is the calculatedvalue of the

~th
datum, dependentupon model parameters,~.

As the number of parameters in the model increases, SS de-

creases, in general. The criterion for determiningthe signifi-



cance of an additionalparameter is provided by analysis of var-

62
iance techniques . This is done by testing simple hypotheses.

Assume that a p-parametermodel has been determinedfrom n data

points giving a sum of squares of SS1. If one wishes to determine

the significanceof q of these parameters,the q parametersare

set to zero and the model redeterminedfor the remainingparameters,

giving a

One then

sum of squares, SS2. In

forms the F-statistic,

general, SS2 is greater than SS1.

SS2 - Ssl

Ssl
n-p

the ratio of the variance per gegree of freedom attributableto

the q hypothesesand the variance per degree of freedom of the

residual fit. This’ratio is distributedas F the F-statis-
q,n-p’

tic with q and n-p degrees of freedom. If the hypotheses are

valid, the q parameterswill add little to the quality of fit,

SS2, and a low value of F will be obtained. If the hypotheses

are not valid, SS2 will increase such that a larger value of F

is obtained. For a given value

given by a,
pal

C L =
J

( X )dx
~ ‘q,n-p

of F, the power of the test is

The power of the test is related to the confidence level for

rejectionby

confidence= 1 - a
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In general, 95% is taken as the confidencelevel for solid re-jection

of a hypothesis,or u = 0.05. The hypothesis that q of the para-
..-

meters are insignificant(zero) is then rejected if

F~F
q,n-p,a Y

where values of F 62are taken from standard tables . The
q,n-p,a

determinationof a model for the density parameter,a, of the

analyticaldensity model may now begin.

In s-wave neutron capture by a nucleus, the parity, T, of the

target

target

in the

nucleus is presumed to be a good quantum number. With a

nucleus of spin, Jo, either of two states may be formed

compound nucleus, J t 1/2, with only the J = 1/2
o

state being formed for a spinless target. The predictedvalue

of the observed neutron resonance spacing, <D> , is then given by

1
z = P(EX,J)

= P(Ex,Jo+l/2,?r)+ P(Ex,Jo-1/2,T)

= ~ [P(E ,Jo+l/2) + P(E ,J -1/2)] .x Xo

As a starting point, consider the model originallyproposed

by Bethe16,

a = plA ,

where A is the mass number of the compound nucleus. Using a stan-

dard Marquardt fitting algorithm63 and data from Table 15,

PI = .27712 Ss = 4.135 x 108 ,
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Gilbert and Cameron suggestedthe inclusionof a shell energy

17
correctionterm, S,

a =plA(l - p7S) .

Refittingyields

PI = .25317 P7 = .11713 Ss = 3.151 x 108

The hypothesis,p7 = O, may now be tested to determine the sig-

nificance of p .
7

Forming the F-statistic,

4.135 x 108 - 3.151 x 108

F=
1 = 30.3

3.151 x 108
99-2

since there are 99 data points in Table 15. Consultinga table

of values of F2,97,.05 62 gives ‘2,g7,005 = 3.95. The hypothesis,

P~ = O, may then be rejected at greater than 95% confidence.

19
Ignatyuk et al. pointed out that the shell effects

present in the ground-statetend to wash out with incresing

excitationenergy. To include this effect, they proposed a

model of the form,

a = ~[ 1 - F(U)~S/U] F(U) =1- exp(-p7U) s

where U is the excitationenergy reduced by the pairing energy

and ~ is a polynomial is A. Assuming this model with ~ = plA,

PI = .27012 P7 = .16279 Ss = 3.099 x 108 .

a slight improvementin the quality of fit over that given with

the Gilbert and Cameron model. The two models with the shell term

are not related by a simple hypothesisand an F-statisticcan not
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be formed. Model selection

The wash-out feature of the

is thereforekept.

becomes subjectiveat this point.

Ignatyukmodel
19

is desireable

Continuingwith the Ignatyuk form for the shell term

dependence,the followinggeneral form for ~ is tested,

~ = plA + p2A2+ p3A3+ p4A4+ p5A [1 - (-)z]+ p6A [1 -

and

(-)*],

where N and Z are the number of neutrons and protons in the

compoundnucleus. Note that the terms p5 and p6 allow pairing

effects in the a-parameter. Of particular interesthere is the

question of possible error in the pairing energy term, P. If

such errors are’present,the parameters,p
5
and p , $hould com-

6

pensate somewhat.

significantgives

density parameter

The extent to which these parametersare

an indicationof even-odd behavior in the

from this, or any other, source.

The parametersof this proposed model are determinedby

fitting and the significancedeterminedby comparisonof the

quality of fit to other models connectedby simple hypotheses

through a F-test. The results of the fitting and testing are

tabulatedhere. The quantity,Fcrit, denotes the values of

F taken from Reference 62.
q,n-p,.05
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F-test
relative

Case pi allowed to Ss x 10
-8

n-p q F F
crit

o 1,7 3.099 — reference case —

1 1,2,7 case O 1.150 96 1 163.5 3.95

2 1,2,5,6,7 case 1 1.146 94 2 .16 3.10

3 1,2,3,7 case 1 1.020 95 1 12.1 3.95

4 1,2,3,4,7 case 3 1.011 94 1 .84 3.95

5 1,2,3,5,6,7 case 3 1.027 93 2 <()

The parametersof case 3 give the best fit without introductionof

insignificantparameters. Of note here is the apparent lack of

sensitivityof the model to the pairing terms, p5 and p6.

21
In the modeling of the density expressionof Kataria et al. ,

the same procedure is used. A differentquality of fit indicator

is suggestedalso, differing in a rather fundamentalway from

that used previously. Since the observedvalues of the resonance

spacingsvary over some three orders of magnitude,a more pleasing

overall fit may be achievedby fitting logarithmsof the predicted

and measured values. This gives, as a measure of the quality of

fit, the sum of the squares of logarithmsof the ratio of computed

and measured values. The model error, by this assumption,is given

in terms of an overall multiplicativefactor rather than and addi-

tive factor. The coefficient,(3,in the Kataria model can not be

determinedvery well since there is such little variation in the

21
values of Bs in Table 15. Theoretically,f3=l is expected . This

is a hypothesiswhich may be tested. In each of the models postu-

lated below, fittingwas performed for both of the cases, @ = O and
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f3 1.= The F-test may then be applied to the hypothesis,(3=0.

To compare the model
17

of Gilbert and Cameron to that of

Kataria21, only subjectivechoices may be made since the models

are not connected

the Kataria model

by simple hypotheses. Recall, however, that

is expected to be an improvementover the

Gilbert and Cameron model. For the purpose of comparison,each

of the models is tested with each of the two data sets, Tables 14

and 15, and for the two quality-of-fitindicators,denoted here by

4ss and $Ln,

o .
S sF ( Dmea~ured - Dca1cu1ated)2

ata

q (Dcalculated‘Ln = data ‘n ‘measured )

The results of the the eight possible

Table 16.

Regarding the f3parameter of the

12
combinationsare summarizedin

Kataria model, three of the

four models indicatedno preference for this parameter, i.e., the

hypothesis, 6 = O, could not be rejected

remaining test indicateda clear loss in

The U. parameter of the Kataria model is

with confidence. The

quality of fit with @ = 1.

to be in the range of

0.15 to 0.2. Three of the four tests then give undesirablylarge

values of this parameter. Overall, the best results appear to

come from the empiricallyadjusted parametersof Table 14. Using

~gn as the quality of fit indicator gives a larger number of computed

values within an overall multiplicativefactor of two of the mea-

1
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sured values in the range,

D
2> calculated

D
measured

This may reflect the adjustmentof the S and P terms performed

18
by Cooket al. . Worthy of note here are the predictionsof

the numerical density expression(AppendixD) made by Huizenga

et alo14’15. With no adjustableparametersand no explicit

shell and pairing energies, the numericalmodel achieves

predictionsof comparablequality for both sphericaland

deformednuclei.

“-1
The quantity denoted a

It representsthe value of the

devided by the mass number, A,

i.e., excluding shell effects,

that

in Table 16 is also noteworthy.

polynomialpart of the a-model

and averaged over the data set,

A-1
a=A/a . The indicationis

.

Computingdensities

and solving for the

gives

with the numericalmodel

density parameter of the

of Appendix D

analyticalmodel

with an average of 9.5. It has been argued that 2-1 = 20 should

be used with the analyticalmodel in computingfission product

yields~. The basis for this statementis unknown and the indi-

cation here is that it is wrong.
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The pairing terms, p5 and p6, appear to be of significance

with both data sets. No conclusioncan then be drawn regarding

the presence of a error introducedby using the entire pairing

energy in Table 15 rather than a correction-typepairing term.

In summary, the comparisonof computed and measured values

of <D> does not indicate the periodic level scheme to be a great

improvementover the equidistantspacing scheme. Comparisonof

the predictionsof the analyticalmodel to those of the numerical

model over a wide range of excitationenergies gives some indica-

tion of the validity of the assumed e
2G

dependenceand the

adjustmentnecessary to obtain agreement not only with the <D>

measurements,but also with values of the density at higher

excitationenergies than those at which the measurementof <D>

was made. Tests on the i3-parameterof the model of Kataria et

al..21were inconclusiveleaving open the question of the effect

of deformationon the density parameter. Lf one

analyticalmodel for the predictionof <D> , the

obtained using the empiricallyadjusted P values

must use the

best results are

of Cook et al.

and the shell energy prescriptionof Kataria et al., as in Table 14. “

It should be noted that these are determined from measurements

on’nuclei lying near the line of 13-stability.The questiOn of

extrapolatingthis model into the neutron-richregion remains

open. Again, the numerical density model of Appendix D avoids

all of these questions.
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APPENDIX G

The Single-ParticleShell and Pairing Energies— —

In order to improve the quality of mass formulas,Cameron and

Elkin’l attempted to extract single-particleenergies, S, the nuclear

correction term, and P, the pairing energy, from measured masses. To

do this they define a correction term for each mass, C(N,Z),

C(N,Z) = mexp(N,Z) - mld(N,Z) ,

where mexp(N,Z) is a measured mass, and mld

liquid-dropmass formula. The object is to

vidual contributionsfrom shell and pairing

protons independently,

is the mass predicted by a

decompose C(N,Z) into indi-

effects for neutrons and

C(N,Z) =C(N)+C(Z) =S(N)+P(N) +S(Z)+P(Z) .

The general procedure for the determinationof the S and P values is to

minimize the sum,

Z[
m 1exp(N,Z) - mld(N,Z) - S(N) - P(N) - S(Z) - P(N) 2 .

data

However, for each “known,U m four “unknownsMare introducedand
exp’

there are more “unknowns” than equations. To circumvent this problem

and simplify the algebra, difference equations are formed. Letting

6(C)i and &zC(i) be defined as

de(i) = c(i) - C(i-1)

62C(i) = c(i) - 2C(i-1) + C(i-2)

where i may be N or Z, the follo%ntngdifference equations,with values

of h and k, may be formed,
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h= (1/2)62C(i) = (1/2)[&C(i)+6C(i-2)1 - 15C(i-1)

= (1/2)d2s(i) + (1/2)[N?(i) +@(i-2)1 - ~p(i-1)

= (1/2)62S(i) + (1/2) [P(i)-P(i-3)1 - (3/2)[p(i-l)-p(i-*)]

k = -(1/2)d2C(i+l)

= -(1/2)dzS(i+l)-(1/2)iP(i+l)-P(i-2)1+ (3/2)[p(i)-p(i-l)]

To guarantee a unique solution, the assumptionsare made that for odd

particle numbers, i, P(i) = O, and that the shell terms vary smoothly
●

between closed shells such that 62S(i) = O. These assumptionsreduce

the number

be solved.

ing set of

h=-

k=-

of unknowns and simplify the set of difference equations to

The P(i) are then given, for even i, by solving the follow-

equations,

;P(i-1) -+ P(i-3)

+P(i+l) -: P(i-1)
L L

The S(i) are then given, for even i, by

s(i) = c(i) - P(i) .

For odd i,

P(i) = o

s(i) = c(i) .

By this procedure, Cameron and Elkin
61

determined their set of shell

and pairing correction energies.

Cook et al.18 later addressed the problem of shell and pairing cor-

rections in order to improve the agreementbetween the measured and
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predicted values of neutron resonance spacings. They empiricallyad-

justed the Cameron and Elkin values as necessary to improve the agree-

ment. In their work, the values S and P were constrained to sum to the

constant determinedby Cameron and Elkin,

[s(i) + P(i)]cook = [s(i)+ P(i)]cameron-E1kin= c(i) ●

The Cook data set thus determined appears to be the most widely used

with the analytical density expression,the improved fit offered as

justificationfor the adjustment.

This method of determiningsingle-particlecorrectionenergies pre-

dates the Strutinskyprocedure
38

and is still in widespread use. The

Strutinskyprocedure, as describedby Nix,
40

predicts S and P values

with the same physical significance.

of Seeger and Howardg is discussed.

is computed and may be used with the

In Appendix A, the mass formula

In it the shell correction energy

analyticaldensity expression. The

pairing energy is not a correction,in the Strutinsky sense, but repre-

sents the total energy attributed to the pairing interaction,i.e., it

includes the smooth Strutinskypairing term also. As such, it may not

be suitable for use in the analyticaldensity expression.

this error, the density parametermodel of Appendix F was

hibit even-odd fluctuations.

To allow for

allowed to ex-
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APPENDIX H

~ Extractionof Shape Parameters

The fragment shapes are given

40
meters, c and E , by Nix4

in terms of the Nilsson para-

R. I 1 -+& ++ &P2(cos6t)

I

1/2

RE(6) = ~ s
E 1 - $Ep2(coset) + 2 E4p4(coset)

where

COS(8J =
L

where A is a
E

expressionis

Polynomials,

3
1/2

Cos(e) ,
l+$E- ECOS2(e)

volume preserving factor. A more transparent

given by expanding the nuclear radius in Legendre

Ra(e) = Ro/~a[l +~2p2(cos6) +a4p4(COSg)] .

The term, Aa, is also a volume preserving factor. The coefficients,

cti,may be extracted from the Nix expressionby evaluating the

integrals,

~ Aa 1

J“a2=T”q -1
RE(e) P2(cose) d(cose) ,

= 9 ‘a
I

1

a4 2 AE -1
RE(9) P4(cose) d(cose) .

Seeger and Howard

52
a2

= $& + —E
63

9 give approximatevalues of these coefficients,

50 2
++%+ mE4 ‘
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a4 = -c +gc’ - S..4 +~.: ●

All yield calculationswere performedusing the Nix

give the nuclear center-to-tipdistances,needed to

expressionto

evaluate the

Coulomb energy. For illustration,a’s computedby the above

integralsappear in Table 1. Other terms appearing there for

comparisonare AA, the exact center-to-tipdistance, RC(6=O),

and AAP, the center-to-tipdistance given by the two term

Legendre expansion,Ra(9=O). Both are given in terms of Ro.

The term, AAP, is the volume preservingfactor, Au. .
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APPENDIX I

The Energy Available for Prompt Neutron Emission

The prompt neutrons are assumed to be emitted from the fis-

sion fragmentsafter scission. The amount of energy in internal

excitationdetermines the probabilityof neutron emission. At

scission, the fragmentsare excited by an energy, E, and have

an amount of energy, D, involved in shape deformation. As the

shape relaxes to that of the ground-state,the deformationenergy

is fed into internal degrees of freedom giving the energy avail-

able for prompt neutron emission, En, by

E~En~E+D

The rate at which the deformationenergy is converted into internal

excitationis then important. If the time is long relative to the

time required for the emission of a neutron, the neutrons will

appear to come from a nucleus of excitationless than E+D. If

the relaxation time is short, the

a more highly excited nucleus. A

is presented and discussedhere.

The nucleus is treated as a

parameter,M, spring constant,K,

Assuming the shape to be described

nate,a, the Lagrangiandescribing

L = T.- v = (1/2)M&2-

neutrons will appear to come from

estimationof the relevant time

viscous vibrator with inertial

and dissipationcoefficient,~ .

by a single deformationcoordix

the motion is,

(1/2)Ka2 9

and the Rayleigh dissipationfunction is

(1/2)?-l&2
.



The equation of motion is

M’d + Qb + Ka = O. .

Assuming the intitial conditions,a(0) = a. and &(0) = O., the

solution is

()
a(t) = aoexp(-yt)[cos(ut)+% sin(ut)] Y

where

Y= rl/2M U2 =W2 -y2 ~2 =
o

K/M .
0

10
Davies, Nix, and Sierk give, for ellipsoidal-shapedliquid-drops,

n = 4?T(R:/C2)U “M = +[ 1 + ( R o / c ) 3] Mo

where

The value

Estimates

R. = relaxed nuclear radius = roA
1/3

c = semi-majoraxis length

M. = rest mass = Am

v = 3 x 1010 Poise n

m = one mass unit = 931 MeV/(speed of light)z
n

1 Poise = 10
-33

MeV-sec/fm3

A= mass number .

of r. is taken from the mass formulawork of Appendix A,

r = 1.2254 fm. .
0

of the damping time may then be made.

From Table 1, it may be seen that values of c range from

1.0 to 1.6 times R For the heaviest nuclei of interesthere,
o“

A=150, y is approximately2.0 x 10
21 -1

sec . This gives a charac-

teristicdamping time of 5.0 x 10
-22

Vandenboschand Huizenga
32

sec.

report a characteristictime for the emission of neutrons from the
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fragmentsof about 10
-20

sec. Hence, it appears that the shape may

be relaxed before a neutron is emitted. The implicationfor this

work is that all of the deformationenergy should be included as

excitationenergy of the nucleus from which the first neutron is

emitted.

A related quantity in this regard, leading to the opposite

conclusion,is the kinetic energy of the prompt neutrons as given

32
in the yield calculation. According to Vandenboschand Huizenga ,

the average laboratorykinetic energy of the neutrons is about

2 MeV. Of this, approximately2/3 MeV is the result of the center-

of-mass to laboratory transformation. In the yield calculation,

the center-of-massneutron kinetic energy was recorded. For

235
‘(nth$f)$ the value is about 1.5 MeV, about 0.2 MeV higher

than that indicatedby Vandenboschand Huizenga. An estimate of

the error indicated in the fragment excitationenergy may be made.

The neutron kinetic energy in the center-of-massof the fragment,

Tn, is related to the temperatureof the nucleus, T, by

Tn = 2T .

The nuclear temperatureis related to the excitationenergy, Ex,

approximately,by

Then,

()

T
dT = ~ $ dE
n x

x

For Ex = 12 MeV, an average computed for
235

‘(nth>f),
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and T = 1.5 MeV, dTn = 0.2 MeV implies that dE = 3.2 MeV,
n x

a value typical of the deformationenergy of the fragments in

the vicinity of the mass peaks. The inclusionof the deformation

energy in the calculationof the emission of the first neutron

may then be in error. This point should be kept in mind in using

the computed fission product mass-chain yields. As indicated

in Appendix J, the problem of prompt neutron emission is an area

for potentiallygreat improvementin this model.
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I

Prompt Neutrons

Two methods

APPENDIX J

are offered to estimate the number of prompt

neutrons emitted from the highly excited fission fragmentsand

to relate the computed fission fragment yields to the measured

fission product yields. The spectrum of neutrons emitted from

an excited nucleus is assumed to be given by a simple evaporation

model,

P(k)
()
= ~ exp(-k/T)
2

where P(k) is the probabilityof emitting a neutron of kinetic

energy, k, from a nucleus excited by an energy, E, to a temper-

ature, T. This particularprobabilitydistributiongives:tin

average value of the kinetic energy of 2T . In emitting a neutron,

the nucleus cools by an energy of S
1
+ 2T , where S1 is the neu-

tron separationenergy of the emitting nucleus. The simplest

assumption,valid at high excitation energies, is that the

nucleus will emit a neutron of kinetic energy, 2T , if it is

energeticallypossible, i.e., if E ~ S1 + 2T . The procedure
●

may be repeated for the product nucleus until emission of further

neutrons is energeticallyimpossible. The remaining en”ergymay

be assumed to appear as prompt gamma-ray energy. This method is

called the 2T-model in the text.
.
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In the next treatment,it is noted that the spectrumhas a

finite upper limit, k = E - S1. If S2 is the neutron separation

energy of the product nucleus, emission of a neutron of kinetic

energy, k > E - S1 - S2, will result in a product nucleus too

cool to emit another neutron. Any neutron emittedwith energy

less than this results in a product nucleus with sufficientexcit-

ation energy to emit

the neutron emission

P
stop

, is then given

another neutron. The probabilityof terminating

sequencewith the emission of one more neutron,

by

pstop=’~fi::sJ:)e~(-k’T)dk ●

The probabilityof continuing the sequence,P “, is given bygo

P 1 -P
go = stop “

C is the normalizationconstant given by integratingthe spectrum

to its upper limit, E - S1.

For each case, an average neutron kinetic energy may be

computed and recorded. This is used to give the average excitation

of the product nucleus and the average neutron kinetic energy for

the neutrons emitted from that fragment,necessary to compute

v. Once neutron emission is no longer possible, determined
P

by P c 10-3, the remaining energy is assumed to appear as prompt
go

gamma-rayenergy. This treatmentis called the Simple

Model in the text.

The treatmentssuggestedhere for computationof

Cascade

the
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prompt neutron number and kinetic energy is not meant as a defini-

tive answer to the problem, but is offered as an estimate of the

relationshipbetween fission fragment and fission product yields,

A more realistic treatmentmust properly address the problems of

gamma decay competitionwith neutron emission in the later stages

of decay and the rate at which deformationenergy at the scission-

point is dissipated,producing internal excitationenergy which

may lead to prompt neutron emission. Both of these problems

are left open for further improvement. A careful treatment

should improve the estimates of both V and the neutron kinetic
P

energy.



EP EP4 ALAMP

-.35 -.08 1.011
-.30 - ●08 1.009
-.25 -.08 1.006
-.20 -.08 1.004
- ●15 -.08 1.003
-.10 -.08 1.002
-.05 -.08 1.001
0.00 -.08 1.001

.05 -.08 1.001

.10 -.08 1.002

.15 -.08 1.003

.20 -.08 1.005

.25 -.08 1.008
●30 -.07 1.011
.35 -.06 1.014
.40 -.05 1.018
.45 -.04 1.023
.50 -.03 1.029
.55 -.02 1.035
.60 -.01 1.042

-.35 -.04 1.010
-.30 -.04 1.008
-.25 -.04 1.006
-.20 - ●04 1.004
-.15 -.04 1.002
-.10 -.04 1.001
-.05 -.04 1.000
0.00 -.04 1.000

.05 - ●04 1.000

.10 -.04 1.001

.15 -.04 1.002

.20 -.04 1.004

.25 -.04 1.007

ALPHA2

-.2211
-.1903
-.1592
-.1278
-. 9599E-01
-. 6385E-01
-. 3135E-01

. 1532E-02

. 3481E-01
●6849E-01
.1026
.1371
.1721
.2073
.2431
.2795
.3166
.3543
.3928
.4320

-.2229
-.1921
-.1609
-.1293
-. 9744E-01
-. 6521E-01
-. 3261E-01

. 3634E-03

. 3373E-01

. 6751E-01

.1017

.1363

.1714

Table 1: Approximaterelationship
(41) , Ep and EP4, andNilsson model

expansion in Legendre polynomials,

ALPHA4

.1122

.1037
●9639E-01
. 9051E-01
. 8606E-01
. 8309E-01
. 8167E-01
●8185E-01
. 8370E-01
●8729E-01
. 9269E-01
. 9997E-01
.1092
.1093
.1113
.1156
.1222
.1313
.1431
.1578
. 7495E-01
. 6574E-01
. 5786E-01
. 5137E-01
.4633E-01
. 4278E-01
. 4079E-01
. 4042E-01
. 4174E-01
. 4482E-01
. 4972E-01
. 5653E-01
●6533E-01

.8812

.9056

.9314

.9587

.9874
1.018
1.049
1.083
1.117
1.154
1,191
1.231
1.272
1.303
1.336
1 ● 370
1.406
1 ● 444
1.484
1.525
.8432
.8669
.8921
.9187
.9469
.9765
1.008
1,041
1.075
1.111
1.149
1.188
1.229

AA

.8559

.8847

.9147

.9462

.9792
1.014
1.050
1.089
1.130
1.173
1.219
1.269
1.321
1.358
1.396
1.435
1.476
1.520
1.565
1.613
.8271
.8538
.8817
.9108
.9413
.9732
1.007
1.042
1.079
1.119
1.160
1.205
1.252

between the parameters of the
those of a collective radial

ALPHA2and ALPHA4,described in

Appendix H. The Nilsson parameters here correspond to those taken
by Seeger and Howardin the mass formula determination ‘g). Other

quantities appearing here are described in Appendix H.

.
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EP EP4

.30 -.03

.35 -.02

.40 -.01

.45 0.00

.50 .01

.55 .02

.60 .03
-.35 0.00
-.30 0000
-.25 0.00
-.20 0.00
-.15 0.00
-.10 0.00
-.05 0.00
0.00 0.00

.05 0.00

.10 0.00

.15 0.00

.20 0.00

.25 0.00

.30 ,01

.35 .02

.40 .03

.45 .04

.50 .05

.55 .06

.60 .07
-.35 .04
-.30 .04
-.25 .04
-.20 .04
-.15 .04
-.10 .04

ALAMP ALPHA2 ALPHA4

1.009 .2070 . 6541E-01
1.013 .2432 . 6762E-01
1,017 .2801 . 7212E-01
1.022 .3177 . 7906E-01
1.027 .3560 . 8862E-01
1.034 .3950 .1010
1.041 .4348 .1164
1.010 -.2243 . 3834E-01
1.007 -.1933 . 2852E-01
1.005 -.1620 . 2006E-01
1.003 -.1303 . 1300E-01
1.002 -. 9827E-01 . 7411E-02
1.001 -. 6589E-01 .3337E-02
1.000 -. 3314E-01 . 8456E-03
1.000 -. 111 OE-13 -. 8993E-14
1.000 . 3353E-01 . 8690E-03
1.001 . 6748E-01 .3525E-02
1.002 .1018 . 8043E-02
1.004 .1366 . 1450E-01
1.006 .1719 . 2299E-01
1.009 .2080 . 2316E-01
1.012 .2447 . 2555E-01
1.016 .2821 . 3032E-01
1.021 . 320~ . 3766E-01
1.027 .3591 . 4776E-01
1.033 .3987 . 6082E-01
1.040 .4392
1.010 -.2253

. 7708E-01

. 2252E-02
1.007 -.1941 -. 8143E-02
1.005 -.1626 -. 1717E-01
1.003 -.1308 -. 2476E-01
1.002 - .9855E-01 - .3087E-01
1.001 -. 6598E-01 -. 3543E-01

1.261
1.294
1.330
1.367
1.406
1.448
1.490
.8059
.8291
.8536
.8797
● 9074
.9366
.9675
1.000
1.034
1.070
1.108
1.147
1.188
1.220

AA

1.285
1.319
1.355
1.392
1.431
1.472
1.516
.8005
.8255
.8515
.8786
.9069
.9365
.9675
1.000
1.034
1.070
1.108
1.148
1.191
1.221

1.255 1.253
1.291 1.286
1.330
1.370
1.413
1.458
.7694
.7919
.8160
.8416
.8688
.8977

1.320
1.355
1.393
1.432
.7758
.7992
.8236
.8489
.8753
.9029

Table 1, continued.
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EP EP4 ALAMP ALPHA2 ALPHA4

-.05 .04 1.000 -. 3302E-01 -. 3837E-01
0.00 .04 1.OOO . 3313E-03 -. 3964E-01

.05 .04 1.000 . 3408E-01 -. 3916E-01

.10 .04 1.001 . 6826E-01 -. 3686E-01

.15 .04 1.002 .1029 -. 3264E-01

.20 .04 1.004 .1379 -. 2644E-01

.25 .04 1.006 .1734 -.1816E-01

.30 .05 1.009 .2099 -. 1787E-01
●35 .06 1.012 .2472 -. 1526E-01
.40 .07 1.016 .2852 -0 1016E-O1
.45 .08 l.o2l .3239 -. 2366E-02
.50 .09 1.027 .3634 . 8315E-02
.55 .10 1.033 .4037 . 2211E-01
.60 .11 1.040 .4448 . 3927E-01

-.35 .08 1.010 -.2260 -. 3342E-01
-.30 .08 1.008 -.1946 -. 4439E-01
-.25 .08 1.005 -.1629 -. 5395E-01
-.20 .08 1.004 -.1308 -. 6206E-01
-.15 .08 1.002 -. 9836E-01 -. 6866E-01
-.10 .08 1.001 -. 6554E-01 -. 7368E-01
-.05 .08 1.001 -. 3234E-01 -. 7705E-01
0,00 .08 1.001 . 1272E-02 -. 7870E-01

.05 .08 1.001 . 3529E-01 -. 7856E-01

.10 .08 l.oo2 . 6974E-01 -. 7654E-01

.15 .08 l.oO3 .1046 -. 7257E-01

.20 .08 1.004 .1400 -. 6656E-01

.25 .08 1.007 .1758 -. 5840E-01

.30 .09 1.009 .2129 -. 5796E-01
●35 .10 1.013 .2507 -. 551 OE-O1
.40 .11 1.017 .2892 -. 4963E-01
.45 .12 1.022 .3286 -. 4135E-01
.50 .13 1.028 .3687 -. 3004E-01
.55 .14 1.034 .4097 -. 1546E-01
.60 .15 1.041 .4516 . 2654E-02

AAP

.9283

.9605

.9945
1.030
1.068
1.107
1.148
1.182
1.217
1.254
1.294
1.336
1.380
1.427
.7333
.7553
.7789
.8041
.8310
.8595
.8899
.9219
.9558
.9916
1.029
1.069
1
1.144
1.180
1.219
1.259
1.303
1.348
1.397

A

.9317

.9618

.9934
1.027
1.062
1.099
1.138
1.165
1.194
1.225
1.256
1.289
1.323
1.359
.7527
.7747
.7976
.8214
.8461
.8719
.8988
.9269
.9563
.9871
1.019
1.054
1.089
1.115
1.142
1.170
1 ● 199
1.229
1.261
1.294

Table 1, continued.
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Table2:Comparisonof thecalculatedandmeasuredvaluesof

the totalkineticenergy,TKE,prom@ neutronnumberdetermined

by assumingthe2TpromptneutrontreatmentofAppendixJ, NUP,

andthetotalpromptgammaenergy,EGAM4A,for235U(nth,f)oThis
calculationassumestheanalyticaldensityof statesexpression

withs as theonlyshapevariable.Referencevaluesforthis

reactionare(8,25)9
TKE= 169.9MeV

NuP= 2.4

EGAl!4A= 6.96MeV
18)s ad pv~ues andGarvey-Casesconsideredare1) Cook(

Kelson(24)ground-statemasses;2)SeegerandHoward(9)S andP
valuesandground-statemasses;3)SeegerandHowardS andP

valuesandGarvey-Kelsonground-statemasses.

CASE QUANTITY

1 TKE
NUP

EGAMMA

2 TKE
NUP

EGAMMA

3 TKE
NUP

EGAMMA

GMAX

166.6
2.96
6.07

168.9
2.91
7.32

166.1
3.27
7.04

YMAX

169.!5
2.81
5.26

170.6
2.75
6.82

168.9
2.95
6.92

SUM

170.6
2.80
4.72

171.4
2.89
5.32

170.1
2.99
5.51
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DZ

o
1
2

:
5

;
8

d
11
12
13

:2
16
17
18
19
20
P
kO

233U-TH 235u-TH239PU-TH

5.000 5.000 5.000
5.145 5.178 4.879
5.140 5.162 5.302
5.598 5.535 5.442
5.686 5.692 5.735
5.880 5.951 5.783
5.890 5.935 5 ● 933
6.144 6.128 5.735
5● 999 5.946 5.769
5.994 5.967 5.656
5.986 5.950 5● 816
6.184 6.160 5.802
6.245 6.227 6.046
6.555 6.511 6.127
6.613 6.583 6.372
6.711 6.644 6.420
6.764 6.671 6.565
6.951 6.845 6.600

6.828 6.858
6.939

-.048 -.054 -.053
27.5 28.0 28.0

235u-14

5.000
5.186
5.060
5.445
5.464
5.724
5.630
5.819
5.609
5.676
5.614

238U-14

5.000
5,163
5.067
5.427
5.445

252cF-s

5.731 5.378
5.595 5.501

5.458

6.173
6.194
6.325
6.319
6.595
6.544
7.231

5.000
5.038
5.370
5.418
5.519

5.706
5.499
5.635
5.553

5.873 5,769
5.884 5.758

7.827
-.077
25.0

6.085
6.158
6.375
6.273
6.533
6.496
7.044
7.662
-.083
25.2

5.624
5.503
5,770
5.672
5.846
5.790
6.076
6.114
6.459
6.524
6.718
6.754
7.482
-.072
27.0

Table5:GMAX6(Z)parametersdeterminedby fittingto ENDF/B(8~

chargelumpedyieldsforthesixreactionsconsidered.DZ isthe
deviationof thechargefromthesymmetricsplitvalue,Zsw,

DZ=Z -Z. P isthemagnitudeof theeven-oddfluctuationSym
aboutthesmoothZ behavior.Theenergyconstrainedtoremain

inprescissionkineticenergy,ko,isgiveninNleV.
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DZ - 233U-TH

5.000
!/ 5.107
2 5.120

5.472
: 5.527
5 5.759

5.741
; 5.896
8 5.788

5.917
1; 5.925
11 6.116
12 6.195
13 6.511
14 6.564
15 6.708
16 6.759
17 6.933

;:
20
P -.051

k 27.50

235U-TH239PU-TH

5.000 5.000
5.138 4.876
5.152 5.234
5.454 5.338
5.535 5.542
5.783 5.447
5.747 5.605
5.899 5.510
5.795 5.663
5.902 5.589
:.::; 5.748

5.742
6:169 6.006
6.466 :.;::
6.507
6.632 6:357
6.665 6.562
6.830 6.582
6.803 6.840

6.888

-.051 -.061
28.0 28.0

235U-14

5.000
5.127
5.010
5.258
5.147
5.377
5.286
5.514
5.410
5.593
5.543
5.784
5.803
6.122
6.078
6.339
6.281
6.562
6.529
7.216
7.795
-.086
25.0

238U-14

5.000
5.087
5.008
5.243
5.134
5.358
5.241
5,455
5.356
5.550
5.481
5.694
5.710
6.050
6.069
6.311
6.259
6.516
6.467
7.028
7.671
-.077
25.2

252CF-S

5.000
4.989
5.224
5.141
5.324
5.248
5,398
5.349
5.545
5.517
5.761
5.699
5.904
5.844
6.116
6.162
6.503
6.518
6.783
6.821
7.530
-.070
27.0

Table5,continued:YMAX6(Z)parameters.
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DA

o
1
2

i
5

;
8

d
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

Z33U-TH

5.063
5.060
5.087
5.170
5.242
5.252
5.482
5.600
5.600
5.737
5.745
5.766
5.819
5.867
5.854
5.945
6.005
5.993
6.068
6.063
6.075
6.066
6.026
6.046
5.952
6.032

Z33U-THZ3YPU-”1’H

5.059
5.099
5.109
5.139
5.218
5.280
5.297
5.498
5.708
5.684
5.754
5.846
5.861
5.900
5.985
5.977
5.994
6.019
6.022
6.056
6.049
6.044
6.005
5.939
5.982
5.938

4.940
4.954
4.961
5.198
5.306
5.279
5.486
5.489
5.535
5.662
5.722
5.735
5.837
5.843
5.852
5.868
5.841
5.863
5.825
5.803
5.784
5.728
5,739
5.714
5.618
5.739

Z33U-14

5.062
5.101
5.092
5.128
5.132
5.193
5.119
5.374
5.460
5.475
5.533
5.628
5.634
5.666
5.683
5.685
5.693
5● 707
5.706
5.741
5.730
5.719
5.671
5.633
5.651
5.638

Z3UU-14

5.071
5.081
5.101
5.116
5.139
5.177
5.333
5.396
5.444
5.501
5.548
5.586
5.644
5.661
5.664
5.659
5.656
5.653
5.646
5.622
5.600
5.587
5.572
5.572
5.581
5.596

Z32LF-s

5.169
5.044
5.150
5.292
5.346
5.331
5.458
5.436
5.469
5.463
5.468
5.461
5.454
5.450
5.411
5.443
5.465
5.466
5.512
5,530
5.539
5.560
5.558
5.574,
5.570
5.632

Table6:W 6(A)paramtersextractedfromTable5 values

assumingan even-oddZ termof -0.0S9fm. DA isthedeviation

of themassnumberfromthatof thesymmetricsplit,ASym’
DA=A - A. Theenergyconstrainedtoremaininprescission

kineti?%ergy,ko,isgiveninWV.
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Z33U-TH

6.036
6.053
6.113
6.179
6.184
6.302
6.420
6.381
6.491
6.550
6.577
6.669
6.660
6.686
6.680
6.814
6.812
6,817
6.887
6.873
6.892

27.5

Z35U-TH239PU-TH 235U-14

6.006
6.049
6.055
6.115
6.245
6.239
6.291
6.394
6.392
6.473
6.600
6.604
6.639
6.606
6.671
6.637
6.729
6.760
6.739
6.783
6.887

28.0

5.749
5.772
5.851
5.901
5.894
;.:;;

6:051
6.182
6.258
6.255
6.327
6.431
6.430
6.479
6.499
6.536
6.525
6.652
6.668
6.671
6.794
6.900
28.0

5.674
5.745
5.753
5.819
5.891
5.906
5.947
6.043
6.048
6.119
6.193
6.205
6.252
6.264
6.304
6.303
6.381
6.467
6.439
6.529
6.560
6.562
6.601
25.0

23MJ-14

5.615
5.643
5.687
5.717
5.739
5.793
5.846
5,906
6.012
6.108
6.141
6.200
6.233
6.279
6.311
6.325
6.342
6.368
6.423
6.455
6.497
6.565
6.714
25.2

Z5ZCF-S

5.624
5 ● 704
5.716
5.723
5.735
5.775
5.790
5.803
5.851
5.954
:.:;;

6:105
6.100
6.182
6.352
6.362
6.423
6.545
6.528
6.587
6.650
6.713
27.0

Table6,continued:WAX 6(A)parameters.
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DA

o
1
2
3
4
5

;
8

1:
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

233U-TH 235U-TH239PU-TH 235U-14

5.058 5.061
5.061 5.072
5.052 5.097
5.154 5.101
5.165 5.209
5.197 5.284
5.376 5.260
5.388 5.394
5.437 5.535
5.576 5.482
5.573 5.594
5.596 5.661
5.685 5.636
5.707 5.720
5.717 5.781
5.798 5.771
5.805 5.807
5.805 5.828
5.832 5.798
5.833 5.839
5.839 5.851
5.846 5.847
5.851 5.855
5.860 5.846
5.870 5.887
5.968 5.876

Table6,continued:W

4.938 5.061
4.545
4.949
5.127
5.177
5.206
5.390
5.365
5.402
5.457
5.444
5.482
5.503
5.502
5.509
5.537
5.542
5.549
5.569
5.581
5.579
5.602
5.625
5.620
5.650
5.672

5.064
5.064
5.068
5.072
5.111
5.096
5.173
5.174
5.200
5.209
5.255
5.244
5.312
5.331
5.341
5.355
5.423
5.415
5.453
5.464
5.474
5.478
5.521
5.542
5.554

6(A)parameters.

238U-14

5.052
5.048
5.042
5.049
5.067
5.087
5.137
5.165
5.181
5.190
5.201
5.224
5.260
5.286
5.298
5.306
5.325
5.350
5.384
5.402
5.413
5.427
5.445
5.470
5.494
5.517

252CF-S

5.013
4.988
5.053
5.117
5.093
5.162
5.185
5.186
5.204
5.244
5.241
5.267
5.300
5.300
5.311
5.332
5.347
5.352
5.401
5.428
5.432
5.483
5.534
5.529
5.579
5.657
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DA

26
27
28
29
30
31
32
33

;2
36
37
38

%
41

:$
44
45
46
47
48
kO

233U-TH 235U-TH 239PU-TH

5.967
5.990
6.050
6.140
6.129
6.252
6.351
6.327
6.451
6.562
6.542
6.621
6.638
6.663
6.677
6.810
6.801
6.820
6.869
6.856
6.874

27.5

5.960 5.684
5.990 5.702
;.;;; 5.789

5.828
6:193 5.832
6.188 5.937
6.236 6.044
6.344 6.022
6.337 6.151
6.419 6.221
6.550 6.214
6.540 6.290
6.568 6.394
6.573 6.382
6.662 6.422
6.631 6.485
6.724 6.521
6.744 6.519
6.732 6.637
6.769 6.653
6.863 6.653

6.773
6.870

28.0 28.0

235U-14

5.600
5.655
5.661
5.728
5.815
5.821
5.876
5.995
;.W:

6:117
6.139
6.158
6.262
6.273
6.292
6.341
6.409
6.395
6.496
6.545
6.534
6.587
25.0

238U-14

5.540
5.565
5.605
5.647
5.694
5.753
5.816
5.885
5.965
6.029
6.077
6.128
6.174
6.216
6.256
:.:;:

6:340
6.387
6.428
6.475
6.538
6.705
25.2

252CF-S

5.638
5.700
5.736
5.739
5.766
5..828
5.843
5.857
5.903
5.986
;.;3;

6:165
6.157
6.233
6.386
6.374
6.454
6.557
6.560
6.596
6.710
6.784
27.0

Table6,continued:W 6(A)parameters.
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Table9: Coefficientsof the~(Aor Z]formuladeterminedby
fittingoverthesixsetsappearinginTables5 and6. Theform

determinedis

d(y) = f.+ f2x2+ f3x3+ f4x4+ f5x5+ f6x6+go(-)z

wherey isA or Z andx isA -AorZ -Z. StandardSym
deviationforallfitsis .17. AH qua~?tiesareh h.

Estimatedk. forusehereis 26.8MeV

GM4Xd(z)

f. 4.9626

‘2 1.3740E-01

‘3 -3.6844E-02

‘4 3.9233E-03

‘5 -1.8512E-04

‘6 3.2365E-06

g. -.059

YMAx(s(z)
4.9749

8.8966E-02

-2.4254E-02

2.7002E-03

-1.3278E-04

2.4061E-06

-.060

W 6(A)
5.0336

1.8313E-02

-1.8376E-03

7.2840E-05

-1.2735E-06

8.2215E-09

-.059(input)

5.0220

1.0537E-02

-1.0306E-03

4.1576E-05

-7.3924E-07

4.8280E-09

-.060(input)
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Table12:Independentyieldparametersof theGaussianmodel,

extractedfromENDF/B(8)data. AuCdi.s the deviation Ofz
P

fromtheUCDvalueforthelightmassproduct,only,G Ls the

widthof theGaussian,andAz
redefinedhereas exp(Az)-l.

weightedaverages.

Reaction Aucd

233U(nth,f) 1.039

235U(nth,f) 1.077

239Pu(nth,f)1.118

235U(n+14,f)1.234

238U(n+14,f)1.187

252cf(sf) 1.234

is theeven-Zparingenhancement,

Allquantitiesarechain-yield

0

.595*.011

.598f.021

.595*.011

.596*.011

.593t.o13

.593f.oll

Az

.305

.464

.258

.035

.077

.107



QUANTITY

GN
GP
DNO
DPO
TCN
TCP
LNC
LPC
EON
EOP

LN(.245)
LN(1.063)
LN(2.045)

Table13:

START

.28543

.31698
1.9778
1.9219
1.102
1.041
49.585
44.104
1483.2
1071.3
-.379
13.51
26.07

SUM
LIMITS

.26015

.28070
1.5916
1.5098
.9075
.8033
49.606
44.218
1483.8
1072.5
-.915
14.49
26.07

LEVELS

.26015

.28070
1.5916
1.5098
.9075
.8033
49.606
44.218
1483.8
1072.5
-.915
14.45
26.07

G

.89425
1.0663
15.0468
14.6462
7.8675
7.6176
48.076
42.559
1382.1
976.1
8.509
-.957
-4.76

v

.18631
;:%;0

.9436

.4862

.4944
41.518
34.727
1239.6
841.3
-.651
17.60
32.49

A = 71 Z = 32

Theeffectof cumulativechangeuponthevariouscom-

putedquantitiesof thenumerical

AppendixD. Quantitiesappearing

andprotoninteractionstrengths,

protonground-statepairinggaps,

protoncriticaltemperatures,LNC

desity-of-statesexpressionof

hereareGN andGP,theneutron

DNOandDPO,theneutronand

TCNandTCP,theneutronand

andLPC,theneutronandpro-

tonchemicalpotentialsat thecriticaltemperature,EONandEOP,

theground-stateenergiesof theneutronandprotonsystems,and

thevalueof thelogarithmof thedensity-of-statesexpression

evaluatedatthethreetemperaturesshown.Allenergiesarein

MeV. Thecolumnmarked“START”showsvaluesobtainedusingthe
(60). Colm headingsthenshowprescriptionofNilsson,et.al.

changesinthetabulatedquantitiesas theprescriptionof

SeegerandHoward(9)isassumed.Thelastcolumngivesvalues
obtainedwiththepureSeegerandHowardprescription.The

transitionillustratedhereisdescribedinAppendixD.
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QUANTITY

GN
GP
DNO
DPO
TCN
TCP
LNC
LPC
EON
EOP

LN(.161)
LN(l.019)
LN(2.039)

START

.10848

.12425
1.5291
1.3251
.7897
.7118
51.676
40.989
3807.4
2127.8
-.783
37.94
66.20

Table13,continued:

tionforevaluating

ofAppendixD.

SUM
LIMITS

.10848

.12425
1.7466
1.3859
.9116
.7441
51.660
40.989
3805.9
2127.5
-.462
37.94
66.20

LEVELS

.10848

.12425
1.7466
1.3859
.9116
.7441
51.660
40.989
3805.9
2127.5
-.462
37.94
61.14

A=165 Z=68

G

.41500

.55871
17.5674
16.9606
9.1246
8.7447
49.712
39.679
3464.5
1858.3
6.326
-.765
-5.56

v

.06527

.07722

.8179

.6297

.4178

.3392
42.137
33.059
3105.7
1715.3
-.600
43.23
82.22

Effectof cumulativechangesof theprescrip-

thenumericaldensity-of-statesexpression
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D AZ S EX P J ERR

320.00 70 31 -.874 7.655-.280 1.5 90.00
190.00 72 31 -1.643 6.522 .040 1.5 50.00
2000.00 71 32 -1.785 7.420 ,880 0.0 800.00
3900.00 73 32 -1.982 6.7821.200 0.0 1500.00
77.00 74 32 -1.65610.2002.790 4.5 9.00

8500.00 75 32 -1.260 6.5061.410 0.0 4500.00
8000.00 77 32 -1.591 6.0731.600 0.0 800.00
87.30 76 33 -1.482 7.329 .010 1.5 11.40
200.00 75 34 -2.423 8.0281.370 0.0 350.00
1200000 77 34 -1.887 7.4191.580 0.0 600.00
150.00 78 34 -2.47810.4973.080
4500.00 79 34 -2.493 6.9611.770 0:; 10%::8
1600.00 81 34 -.749 6.7021.360 0.0 600.00
6900.00 83 34 .405 5.9281.520 0.0 1100.00
61,00 80 35 -2.525 7.883 .160 1.5 13.00
52.00 82 35 -.573 7.604-.250 1.5 14.00

1100.00 86 37 1.072 8.651 .040 2.5 200.00
1800.00 88 37 1.688 6.081 .050 1.5 600.00
350.00 85 38 -1.190 8.5261.080 0.0 120.00

Table14:Datausedinmodelingthedensityparameterforthe

analyticaldensity-of-statesexpressiondescribedinAppendixE.

QuantitiesappearfigareD, theobservedresonancespacing,ineV,
(18),A ad Z,themassandchargeof thetakenfromCook,et.al.

compoundnucleus,S, theshellcorrectionenergy,inMeV,given
(21),~, theexcitationenergyasprescribedby Kataria,et.al.

atwhichD wasmeasured,inWV, P, thepairingcorrectionenergy

x givenby Cook,et.al.,inMeV,J, thespinof thetarget

nucleus,andERR,theexperimentalerrorinthemeasurementofD,

ineV.
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D AZ S EX P J ERR

2100.00 87 38 .856 8.4281.240 0.0 1000.00
210.00 88 38 2.64511.1142.170 4.5 80.00

12000.00 89 38 2.027 6.3651.250 0.0 2000.00
1600.00 90 39 2.072 6.859 .300 .5 400.00
3300.00 91 40 2.105 7.2041.100 0.0 800.00
250.00 92 40 1.545 8.6361.710 2.5 50,00
3400.00 93 40 1.207 6.733 .590 0.0 1100.00
3300.00 95 40 -.200 6.4741.220 0.0 900.00
1100.00 97 40 .028 5.586 .440 0.0 300.00
36.00 94 41 .671 7.230-.240 4.5 4.60
100.00 96 42 -.421 9.1552.590 2.5 40.00
1200.00 97 42 -.733 6.8191.300 0.0 500.00
120.00 98 42 -1.671 8.6432.690 2.5 60.00
790.00 99 42 -1.092 5.927 .520 0.0 550.00
400.00101 42 -1.838 5.3991.090 0.0 75.00
26.00100 43 -1.146 6.765-.420 4.5 5.00
200.00100 44 -.831 9.6742.670 2.5 50.00
15.00102 44 -1.155 9.2201.950 2.5 4.00
10.30104 45 -.835 7.001-.160 2.00
11.10106 46 -1.321 9.5612.640 2:; 1.70
50.00108 47 -.375 7.269-.130 .5 12.00
19.10110 47 -.811 6.806-.100 .5 3.80
34.00112 48 -.503 9.3962.020 6.00
200.00113 48 -.691 6.5441.130 0:; 75.00
27.00114 48 -1.032 9.0412.700 3.00
7.10 114 49 -.703 7.275 .360 4:; 1.20
9.50 116 49 -.546 6.784 .170 4.5 2.40

140.00113 50 .516 7.747 .830 0.0 50.00
320.00115 50 .071 7.5471.350 0.0 90.00
50.00116 50 -.406 9.5622.920 20.00
250.00117 50 .171 6.9471.160 O:; 40,00
65.00118 50 .069 9.3262.530
730.00119 50 .648 6.485 .810 0:; 1;;:;;
62.00120 50 .692 9.1052.330 12.00
240.00121 50 .542 6.1731.490 0:; 50.00
400.00123 50 1.786 5.9471.200 0.0 150.00
250.00125 50 3.003 5.7321.370 0.0 75.00
13.00122 51 .347 6.807 .220 2.5 2.00
30.00124 51 1.588 6.467-.070 3.5 13.00
130.00123 52 .094 6.9341.270 0.0 8.00

Table14,continued.
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D AZ S

33.0012452 .337
46.00126 52 1.355
550.00129 52 3.729
5700.00131 52 5.698
19.00128 53 1.815
21.00130 53 3.089
31.00132 54 3.324
500.00136 54 6.803
20.70134 55 3.397
120.00131 56 .727
380.00135 56 2.815
35.00136 56 3.182

3800.00137 56 4.316
460.00138 56 5.074
9600.00139 56 4.530
41.00139 57 4.199
110.00140 57 3.782
3000.00141 58 3.193

EX P J ERR

9.4242.600 9.00
9.1172.420 :; 11.00
6.165 .780 0.0 125.00
5.925 .700 0.0 800.00
6.826 .100 2.5 5.00
6.461-.270 3.5 6.00
8.9371.920 1.5 1.00
j.~;;2.050 1.5 100.00

-.260 3.5 4.70
7:4951.300 0.0 40.00
6.975 .850 0.0 100.00
9.1072.390 1.5 9.00
6.8991.200 0.0 2400.00
8.6122.250 1.5 240.00
4.724 .950 0.0 3400.00
8.7781.250 5.0 6.00
5.162-.050 3.5 20.00
5.4291.150 0.0 1000.00

1000.00143 58 1.720 5.1561.190 0.0 200.00
83.80142 59 2.140 5.844 .680 2.5
19.00144 60 1.262 7.8192.610 3.5
25.00146 60 .702 7.5661.900 3.5
5,70 148 61 1.243 5.903-.410 3.5
7.90 148 62 .513 8.1422,090 3.5
3.22 150 62 .693 7.9871.930 3.5
24.00151 62 .920 5.597 .810 0.0
1.30152 62 1.289 8.2591.910 1.5
60.00153 62 1.703 5.868 .850 0.0
.72152 63 .821 6.306-.290 2.5

1.30 154 63 1.839 6.438-.250 2.5
1.99156 64 1.893 8.5371.890 1.5
75.00157 64 2.594 6.361 .710 0.0
6.10158 64 2.386 7.9381.910 1.5
4.30 160 65 2.834 6.376 .010 1.5
2.55 162 66 2.897 8.1971.570 2.5
42.00163 66 3.381 6.273 .560 0.0
9.60 164 66 3.181 7.6551.750 2.5
5.67166 67 3.429 6.244 ,220 3.5
7.10 163 68 2.095 6.904 .690 0.0
17.00165 68 3.092 6.650 .320 0.0

12.10
9.00
9.00
1,50
1.30
.53

10,00
.50

20.00
.14
.40
.32

19.00
1.60
.78
.38

6.00
1.60
.74

1.20
5.00

Table14,continued.
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D AZ S UX J ERR BS

320.00 70 31 -3.1746.4931.5 90.001.004495
190.00 72 31 -2.3546.3081.5 50.001.005016
2000.00 71 32 -3.2035.8980.0 800.001.005286
3900.00 73 32 -2.5415.5730.0 1500.001.005641
77.00 74 32 -2.1097.0304.5 9.00 1.005016

8500.00 75 32 -1.3995.4320.0 4500.001.006268
8000.00 77 32 -2.8473.4730.0 800.001.001236
87.30 76 33 -2.1606.8561.5 11.401.006965
200.00 75 34 -3.6855.7300.0 350.001.007165
1200.00 77 34 -2.5315.4800.0 600.001.007901
150.00 78.34-3.7056.138 .5 40.001.003000
4500.00 79 34 -3.1374.7960.0 1000.001.001987
1600000 81 34 -1.3924.7320.0 600.001.001186
6900.00 83 34 .4044.2760.0 1100.001.000546
61.00 80 35 -3.8336.4731.5 13.001.001837
52.00 82 35 -1.8356.5941.5 140001.001186

11OO.OO 86 37 .2327.6682.5 200.001.000636
1800.00 88 37 .8215.5591.5 600.001.000301
350.00 85 38 -2.1606.5760.0 120.001.001066

Table15:Datausedinmodelingthedensityparameterforthe

analyticaldensity-of-statesexpressiondescribedinAppendixE.

QuantitiesappearingareD, theobservedresonancespacing,ineV,
(18) A ~d Z,themassandchargeof thetakenfromCook,et.al. ,

compoundnucleus,S, theshellcorrectionenergy,inMeV,UX,

theexcitationenergyatwhichD wasmeasured,reducedby

subtractingthepairingenergy,inMeV,J, thespinof the

targetnucleus,ERR,theexperimentalerrorinthemeasurement

ofD, ineV,andBS,theratioof thesurfaceareaof thecompound

nucleusto thatof a sphericalnucleusof thesamevolume.The

energiesS andUX andthetermBSwerecomputedwiththeSeeger
(9) describedinAppendix‘“andHowardmassformula ,
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D AZ S UX J ERR BS

2100.00 87 38 .4846.8790.0 1000.001.000481
210.00 88 38 2.4198.7064.5 80.001.000000

12000.00 89 38 1.2344.9270.0 2000.001.000222
1600.00 90 39 .9896.684 .5 400.001.000576
3300.00 91 40 .6585.0790.0 800.001.000234
250000 92 40 -1.2834.3662.5 50.001.000000
3400.00 93 40 -2.0942.9210.0 1100.001.000000
3300.00 95 40 -2.3563.1520.0 900.001.000171
1100.00 97 40 -3.6102.1390.0 300.001.001676
36.00 94 41 -1.0735.5254.5 4.60 1.000316
100.00 96 42 -2.7403.8952.5 40.001.000000
1200.00 97 42 -2.1783.6550.0 500.001.000160
120.00 98 42 -3.0424.2122.5 60.001.000000
790.00 99 42 -2.8163.2730.0 550.001.001491
400.00101 42 -1.7404.0160.0 75.001.005531
26.00100 43 -2.2945.0944.5 5.00 1.001641
200.00100 44 -2.1105.1032.5 50.001.000000
15.00102 44 -5.3552.6942.5 4.00 1.000000
10.30104 45 -1.8685.487 .5 2.001.003255
11.10106 46 -2.5955.4442.5 1.70 1.001147
50.00108 47 -1.3525.850 .5 12.001.003305
19.10110 47 -1.6625.422 .5 3.801.004181
34.00112 48 -2.7995.042 .5 6.001.001397
200.00113 48 -1.7774.2080.0 75.001.003075
27.00114 48 -1.8625.412 .5 3.001.002760
7.10 114 49 -1.9664.7184.5 1.20 1.001540
9.50 116 49 -1.4694.8074.5 2.40 1.002051

140.00113 50 -.8034.8250.0 50.001.000000
320.00115 50 -1.1494.5580.0 90.001.000000
50.00116 50 -1.1685.922 .5 20.001.000000
250.00117 50 -1.2304.1860.0 40.001.000423
65.00118 50 -2.1664.539 .5 15.001.000000
730.00119 50 -1.1143.7790.0 180.001.000328
62.00120 50 -2.3563.616 .5 12.001.000000
240.00121 50 -.8483.2440.0 50.001.000210
400.00123 50 -1.1971.8000.0 150.001.000000
250.00125 50 .4982.0230.0 75.001.000000
13.00122 51 -.5385.2072.5 2.00 1.001361
30.00124 51 .4135.0833.5 13.001.001133
130.00123 52 -.9364.8890.0 8.001.002110

Table15,continued.
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D AZ S UX J ERR BS

33.0012452 -1.0195.672 .5 9.001.001369
46.00126 52 -.9094.700 .5 11.001.000535
550.00129 52 -.4731.6510.0 125.001.000000
5700.00131 52 2.5962.6620.0 800.001.000000
19.00128 53 .4075 ● 757 2.5 5.00 1.001880
21.00130 !53 -.2084.0633.5 6.001.000201
31.00132 54 -1.5342.8901.5 1.00 1.000000
500.00136 54 5.8665.7021.5 100.001.000000
20.70134 55 -.8803.5303.5 4.70 1.000000
120.00131 56 -1.3375.2900.0 40.001.003227
380.00135 56 -1.6362.5970.0 100.001.000000
35.00136 56 .1314.3641.5 9.00 1.000000

3800.00137 56 2.5754.4570.0 2400.001.000113
460.00138 56 4.1405.7851.5 240.001.000000
9600.00139 56 2.7332.1160.0 3400.001.000000
41.00139 57 3.5697.3805.0 6.001.000000
110.00140 57 2.1673.5773.5 20.001.000000
3000.00141 58 1.7912.8420.0 1000.001.000000
1000.00143 58 -.5021.6190.0 200.001.000000
83.80142 59 1.2384.2482.5
19.00144 60 -.8572.8123.5
25.00146 60 -2.8062.0183.5
5.70 148 61 .1164.9433.5
7.90 148 62 -1.1174.3353.5
3.22 150 62 .2915.1383.5
24.00151 62 1.7615.139 0.0
1.30 152 62 2.4266.1071.5
60.00153 62 3.1415.4420.0
.72152 63 1.3616.2312.5

1.30 154 63 2.6966.4732.5
1.99 156 64 3.1666.8211.5
75.00157 64 3.0635.5400.0
6.10158 64 2.8305.8791.5
4.30 160 65 2.8526.3151.5
2.55 162 66 2.8866.7142.5
42.00163 66 3.0035.7890.0
9.60 164 66 3.2396.4802.5
5.67 166 67 3.2716.3113.5
7.10 163 68 2.1106.4030.0
17.00165 68 2.7936.3990.0

12.101.000146
9.00 1.000000
9.001.000000
1.501.004575
1.30 1.001528
.531.006030

10.001.008680
.501.009845

20.001.010949
.141.008854
.401.010804
.321.011117

19.001.012016
1.60 1.011783
.781.012662
.381.012018

6.001.012256
1.60 1.012435
.741.013201

1.20 1.011275
5.00 1.012080

Table15,continued.
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