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SNEX: SEMIANALYTIC SOLUTION OF THE ONE-DIMENSIONAL
DISCRETE ORDINATES (Sn) TRANSPORT EQUATIONS WITH DIAMOND
DIFFERENCED ANGULAR FLUXES

by

B. R. Wienke

ABSTRACT

SNEX 1s a code which exactly solves the spatial single
group, one-dimensional (plane, cylinder, sphere) discrete
ordinates transport equations with diamond approximation for
the angular fluxes. Its purposes are to provide a standard
for comparisons of spatial differencing schemes as well as
an exact numerical solution to the discrete ordinates equa-
tions in one-dimensional geometries. Full solutions are
generated by numerically integrating the inhomogeneous
source terms and adding them to the homogeneous (analytic)
solutions in the standard fashion. Simple relationships
between angular quadratures permit application of the
method to plane, cylindrical and spherical geometries.
Analysis is confined to isotropic scattering. Simple
theory and methodology are presented and discussed. A
code listing and sample problems are also included.

I. INTRODUCTION

Typically, multigroup discrete ordinates codes solve the transport equations
by using finite difference or finite element techniques on compatible meshes.
As the meshes are refined, solutions converge to the exact values. An alterna-
tive, exact (but more time consuming) approach consists in solving the transport
equations numerically by formal inversion of differential operators. Such pro-
cedure also has the advantage that exact solutions are generated independently
of mesh size for given convergence criteria. In the following, we describe and

detall SNEX, a transport equation solver which can be used to provide exact



numerical solutions to the linear transport equation in one dimensional plane,
cylindrical and spherical geometrics.

SNEX solves the single group transport equation with isotropic scattering
for specified left and right boundary conditions. It is structured closely to
ONETRAN1 as far as input/output formats. Coarse and fine meshes are defined
with material zones specified on the coarse mesh. External sources of any
functional form are admissible. Both the standard diamond and step starting
schemes are options. Iteration on the scattering source is controlled by a
convergence parameter computed from the difference in successive scalar flux
estimates. To stabilize scattering iteration cycles, weighted averages of flux
iterates may be employed. The code 1s structured for arbitrary Sn order, de-
pending, of course, on available core storage (which scales roughly as the fine
mesh size times the Sn order). All angular quadrature data, such as directions
cosines, welghts and angular coefficients, are read into the code directly.
Output consists of pointwise angular and scalar fluxes computed on the fine mesh,
as well as a listing of all input parameters and options. The solution algo-
rithm requires numerical integration of an inhomogeneous source term (composed
of external, scattering and angular edge components) and is effected with an
adaptive Newton-Cotes (7-point) routinez.

SNEX serves to provide an exact numerical solution to the monoenergetic dis-

crete ordinates equations and a standard for comparison of differencing schemes.

II. TRANSPORT EQUATION, DISCRETE ORDINATES APPROXIMATION AND
PHENOMENOLOGY

The time independent transport (linear) equation is written in the mono-

energetic case,
Vedy + oy =_/:m' o V' +q (1

where ¢ is the particle flux (density times speed), o,os are the total, scatter-
ing cross sections, 3,3' are unit vectors in the directions of particle travel
and q is the external source of particles. The streaming operator, V-ﬁ, takes

the explicit form in the one dimensional geometries,
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where u is the angle between the position vector (in the three systems) and the

direction of travel. The direction cosines satisfy,
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p? + n?

+eg2 =1 (3)
and,

= I,
tan ¢ m 4)

The discrete ordinates approximation assume that the value of the angular
flux, or ordinate, is determined at sets of discrete directions, Qm =
(Up? Npo gm) withm =1, 2, 3, ... M. The corresponding angular flux is denoted
generally by,

b = yEay) (5)

and angular integrals and moments involving wm are evaluated with quadrature

weights, LA such that

M
_/:p(?,ﬁ)dsz = 4 Z v wm(¥) (6)
1=1

for,
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Differencing of the angular variable is based upon the diamond approxi-

mation3 between edge, wmtl/Z’ and cell centered, wm’ fluxes,
200 = Vngay2 F V120 (8)

which yields a simple recursion relationship for the edge (entering) flux in the

nth angular cell,

Vae1/2 = PVpp ~ Vg + 0 F 20 20, (9

The angular differenced form of the transport equation in each of the three

geometries is written,

Mo 3%, o oy =S (plane)

H_ 9 -1 =
w55 PVy) + oy s Yiy1/2 T %ne1/2 Y1720Vt POV, TP Sy

(cylinder)

w3, 2 _ 1.2 _ 2
m V) F (/0 Vo172 %0172 Yoe1/20Vp T OV, = S

(sphere) (10)

with @p,q/, sets of angular coefficients satisfying,

%w1/2 = %m-1/2 =0 (plane)

*m1/2 " %m-1/2 = Vm Mm (cylinder)



*mt1/2 T “m-1/2 T ~29 M (sphere)

a1/2 aaM+1/2 =0, (all geometries) (11)

and Sm the sum of external and scatterfhg sources,

M
Sm = Ay * :E: Y % (un+um)wn ' (12)

n=1

Using Eqs. (8) and (11), we can rewrite Eqs. (10) into the simple general form,

Mo a 3% -
m 9q + Y Ym wm +taq 0¢m 1 Sm + Yo Ym lpm—l/2 (13)

where in the various geometries,

q=x

Y, =0, (plane)

qQ= p

Yo = (qm+1/2 + aurl/Z) (whum)—l (cylinder)

q=r

Yo = Coigyz * %e1/2) i) (sphere) 14

and the % +1/2 still satisfy Eq. (11).
Equation (13) is easily inverted, with the result,

-a(q-qp)
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for wg the boundary angular flux at 9=q,. The content of Eq. (15) is straight-
forward. The first term on the right hand side 1s the homogeneous solution
and the second term is the inhomogeneous iIntegral. The pseudosource angular
flux term, wm—l/Z’ appearing in Eq. (15) is generated recusively from lower
order solutions by means of Eq. (9). SNEX solves Eq. (15) by numerically inte-
grating the source terms and adding them to the homogeneous solutions. If
scattering is present, iteration takes place on the scattering term, Eq. (12),
subject to satisfaction of the convergence criterion for the scalar flux.

The angular parameters O W W are user specified. Typically in Sn
applications, the quadrature sets {um, wm} are chosen to be Gaussian and the
a are generated recursively from Eqs. (11) in the three geometries. The

coefficients Y, are automatically computed by SNEX.

III. METHODOLOGY

Equation (15) is evaluated numerically once boundary conditions and

starting direction options are specified. Space/angle sweeps start at the right
boundary for specified incoming boundary fluxes (um < 0) and proceed to the left
boundary for specified incoming boundary fluxes (um > 0) and then return to the
right boundary. Directions are angularly coupled through Eq. (9). In addition
to boundary values, the value of w1/2 must be specified to "start" the calcula-
tion. In cylindrical and spherical geometry, w1/2 corresponds to the angular
flux at y = -1, n = 0. Examination of Egqs. (2) reveals that w1/2 then satisfies
the slab-like equation in all three geometries,

/2
" T3q T Wis2 = S92 (16)

which can be simply integrated for constant source 81/2. Alternatively, one

might make the step approximation,



byyg = Yy a”n

in which case the angular coupling is somewhat simplified in higher orders.

Both options are available in SNEX. 1In the case of pure absorbing regions, the
computation is completed after one space/angle sweep. If scattering is present,
the scattering source, Eq. (12), is updated with the new angular flux iterate at
the end of each space/angle sweep until convergence is met, or the iteration
limit is exceeded.

The integral over the angular flux ¥ ../, on the right hand side of Eq. (15)
could be generated numerically from a corresponding lower order, % < m—1, equa-
tion of the same functional form. Thus, each angular flux term of order g < m-1,
appearing on the right hand side of Eq. (15) would be the result of 2-dimensional
nested integrations. Such procedure would be extremely time consuming and prone
to divergence, particularly 1if negative fluxes occur either at cell edges or in
the integrand. Early investigations4 have demonstrated the occurrence of nega-
tive fluxes (due to the angular diamond approximation) for highly localized
sources In absorbing regions. To avoid this situation, the effective source
fluxes, wm+1/2, appearing in Eq. (15) were approximated as pilecewise linear
functions on the fine mesh. That is, for given m in Eq. (15), each lower order
flux term, 2 < m~1 computed earlier, is linearly interpolated across the mesh
cell. As the mesh size decreases, the solutions converge to the exact result.
For this reason, the overall approach in cylindrical and spherical geometries

(Ym#o) is termed semianalytic.
IV. 1INPUT AND CODE PARAMETERS
Input to SNEX consists of the following parameters and arrays:

ANAME - title
A - Sn order (arbitrary)
ICT - coarse mesh intervals (arbitrary)
IACC - acceleration parameter (100-0)
IGEOM - geometry (l-plane, 2-cylinder, 3-sphere)
IBL - left boundary condition (O-specified
flux, l-reflective)



IBR - right boundary condition (O-specified
flux)

IL - iteration limit (arbitrary)
ISTEP -~ starting direction option (0O-slab
exact, l-step)
CS(A) - direction cosines
W(A) - weights
B(A+1l) - angular coefficients
X(ICT+1l) - coarse mesh
IIT(ICT) - fine mesh intervals/coarse mesh
SG(ICT) - total cross sections/coarse mesh
ST(ICT) - scattering cross sections/coarse mesh
Q(ICT) - external source/coarse mesh
FB(1,A/2) - left boundary flux,
FB(IFT+1,A/2)

right boundary flux

with IFT the nuuwber of fine mesh points. Additionally the following parameters

and arrays are employed in SNEX:

Z(IFT+1l) - fine mesh points
DX(ICT) - fine mesh interval widths/coarse mesh
FB(IFT+1,A+1l) - angular flux
SF(IFT+1l) - scalar flux
PB(IFT+1,A+l) - previous iterate angular flux

CV - convergence parameter
IN - iteration count
RIACC

acceleration parameter (IACC/100).

In present form, A+l, IFT+l are set at 17 and 301 in array statements, while
ICT is set to 10. The user is free to change these parameters to suit his needs.
The left boundary flux FB(1,A/2) for outgoing directions is only read if
IGEOM = 1 (plane). Otherwise, in curved (cylinder, sphere) geometries
(IGEOM = 2,3), a reflective boundary condition is assigned at the origin (left
boundary). The acceleration parameter IACC is used to fractionally weight pre-
sently computed values of the angular flux with the previous flux iterates. The

welighting parameter used on the kth flux iterate is RIACC = IACC/100 while the
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parameter RIACCM = 1.-RIACC is used on the (k—l)th flux iterate. In most appli-
cations, successive flux iterations monotonically approach the convergence
criterion and one uses IACC = 100. In oscillatory situations, further mesh
refinement and/or taking IACC<100 will aid convergence. If ISTEP=0 is chosen as
the starting direction option, wl = w1/2’ yielding a slab solution for wl, as
seen from Eq. (13). If ISTEP = 1, wl # w1/2’ and the slab equation for ¢1/2 pro-
vides the starting point for space/angle sweeps.

The origin is a singular point in curved geometries, as seen from Eq. (13)
or (15). Integrations over the origin diverge (overflow). In these cases, the
origin is automatically set to 1x10—6 for computational simplicity.

The data are read into SNEX in the following order and formats:

ANAME (10) 10A8
A,ICT,IACC,IGEOM,IBL,IBR,ISTEP 10(17,1x)
CS(A) 5(E14.8,2x)
w(a) 5(E14.8,2x)
B(A) 5(E14.8,2x)
X(ICT) 5(E14.8,2x)
IIT(ICT) 10(17,1x)
SG(ICT) 10(F7.2,1x)
ST(ICT) 10(F7.2,1x)
Q(ICT) 10(F7.2,1x)
FB(1,A/2) 5(E14.8,2x)
FB(IFTP,A/2) 5(E14.8,2x) .

V. SAMPLE PROBLEM

As a sample problem, we consider a scattering/absorbing sphere (IGEOM=3) 1
mean free path (mfp) thick with uniform os/ot = .5. An isotropic source is
placed in a localized slice of thickness .00002 mfp at unit distance from the
origin. Reflective boundary conditions are automatically assigned at the left
boundary and the incoming right boundary flux is taken to be zero. An S4 an-
gular quadrature (Gaussian) 1is assigned and the slab starting direction option
1s used (ISTOP=0). The acceleration parameter is set to maximum value (IACC=100)
and the iteration 1limit to 30 (IL=30). The sphere is coarse meshed into 3

regions of approximately .l mfp (fine mesh) intervals.



The input file for the above sample problem is given below.

ASSIRIER/SCATTERIR SIYICE TEST PRIBLEM

4 3 139 3 1 0 30 0
-+36113532E+00 =.3337981JJE+00 «33998102E+090 «36113630E+00
«1737927005+20 «32507200E+02 «32507200E+00 «17392700E+00
«00200092)3E5+920 «29355000E+20 «52126707€+30 «29955000€E+00 .00000000E+00
«1700392)E=25 «732000920£=-02 «101001799%€E-01 «10000000E+02
1 1 190
13 «10 .10
0.05 7.95 0.05
J.09 1.99 0.99
J2.09 1.97 .00
0.09 1.00 0.120
0.00 1.99 0.30
«000030072+99 «2037397735+79

The corresponding output is listed below.
Angular and scalar fluxes are given.

Entries are self-explanatory.

For a given order A, there are A+l angular
fluxes printed, with the (A.+1)St entry the starting direction flux, w1/2° The
last two (unlabeled), numbers are the iteration count (IN) and acceleration para-
meter (RIACC).

ABSORBER/SCATTERER SOJRCE TEST PROBLEM

4 ORDER

3 INTERVALS

ACCELERATION

3 PLANE/CYLINDER/SPHERE

1 LEFT BDY/SPECIFIEND/REFLECTIVE
0 RIGHT 3JY/SPECIFIED
O ITERATION LIMIT
0 STARTING/STEP

CJARSE MESH

10

«10000000E-05 «39200000E-02 «10100000E-01 «10000000E+02
FINE MESH
1 1 19
«10002000E-35 «39000000E-02 «12100000E-21 «10090900E+01 «20080800E+01
«30072720E+01 «40J350530E+01 «50350500E+01 «60040400E+01 «70030300E+01
«30020200E+01 «90010100E+01 «10000090E+02
C0SS SECTIINS
.10 <10 .10
«05 «05 35
SJURTE
0.090 1.00 0.00
0.0 1.30 0.20
0.00 1.00 0.00
0.00 1.00 0.00
QUADRATURE(5AMMA/BETA/COSINE/WEIGHT)
«17222743E+01 «25172875E+01 «25172876E+01 «17222743E+01
0. «29355000E+00 «52126700E+00 «29355000E+00 0.
-+36113630£+07 =.33338170E+00 «337981092E+00 «86113630E+00
«17332707E4+30 «32597230E+J0 «32607200E+00 «17332700E+00



LEFT/RIGHT S0UNDARY FLUXES

o.

POSITION
«100000E-05

«9900J0E-02
«1019020E-01
«100309€+01
«200808E+21
«300707E+01
«400606E+J1
.5005055*0i
«600404E+01

«700303E+01

«800202E+01
«900101E+01

«100000E+02

PISITION

«10000000E-25
«99000000E-02
«10100000E-01
«10090902%E+91

3.

ANGJLAR FLUX
«224181E-03
«224181E-93
«2553375-03
«224199E-03
«243263E-04
«2419352E-04
«782370E-05
«7090265E-05
«284547€E-05
«262568E-05
«153357€-05
«13951%E-05
«311333E-0%
«341656E-06
«3581500E-06
«334350E-26
«3759935E-26
«342760E-06
«235725E-05

«213554E-06

«136243E-05

«121278€-06

«5933907€E-37

«525233€-07
0. 0
00

SCALAR FLUX

«22418071E-03
«59964634E-03
«58418732E-03
«15570912E-03

«224182E-93
«589812E-03
«245563E-04
«104182E-04
«381833E-05
«204510€E-05
«125765E-05
«B8246B1E-06
«555322E-06

«3720939€-06

«235955€E-06
«120848BE-06

.224182E-03
.312321£-03
<130919€-02
«166968E-04
«799981E-05
«407675E-05
<252053E-05
.169865E£-05
<119909€-05

«357638BE-05

«631622E-06
«448721€-06

«285307E~-06

«224181E-03
«563086E-03
«334020E~03
«842342E-03
«203275€-03
«361263E~-04
«456267E-04
«273466E-04
«177189E-04

«121113E-04

«8360545€E-05
«629554E-05

«471160E-05

«20080800E+901 «39703920E-04
«30070700E+01 «17238235E-04
«4006060J3E+J1 «93251853E-05
«50050500E+01 «56802532E-05
«600604023E+01 «371326156E-35
«70030300E+91 «25518933E-05
«8002020%E+J1 «18233086%-05
«9001010JE+01 «12911359E-05
«10000000E+02 «91250462E-06
9 1.022300

VI. CODE LISTING

The present code listing of SNEX used on the CDC 7600 under the Livermore
Time Sharing System (LTSS) is listed below.

commands to a terminal.

All reads and writes to unit 59 are

Units 5 and 6 are the standard input and output devices.

11



LASL Identification No. LP-1066.

12

10

20

30

40

50

60

70

PROGRAM SNEX (INPUT,IUTPUT»TTY» TAPES=INPUT,TAPES=JUTPUT,TAPESI=TTY

1)
COMMON /ANZ70UT/ HIOWFAT, VALU?

COMMON Z(301)» S3(10), F31301517)» CS(15), 5(16), S(300s15),

1 0)
COMMON PB(301,17)» Adll6)» Ky Mp» KC» AH, ISTEP
DIMENSIIN SF(321), ANAME(10) .
DIMENSION x(11)s DX(10), IIT(10), Q(10,16), B(17), KG(30))
INTEGER A» AP, AHs AHP
READ DATA
READ (5,280) (ANAME(I),I=1,10)
SV=l.E-4
TMAX=1.0
READ (55290) A,ICT,IACC,IGEOM,IBL,IBR,IL,ISTEP
AH=A/2
AP=A+l
AHP=AH+1
RIACZ=IAZC
RIACC=RIAZZ/10).
RIACCM=1,-IACC
READ (55390) (CS(I)elI=ly4)
READ (55397) (Ad(I)yI=1,sA)
READ (5,390) (8(I),I=1,AP)
ICTP=ICT+1 :
READ (55,390) (X(I)sI=1,ICTP)
IF (X(1)eEJe0s00.ADIGEDMNELL) X(1)=1.F-6
READ (5,290) (IIT(I),I=1,ICT)
READ (59272) (SG(I)eI=1,ICT)
READ (5»270) (ST(I)»I=1,ICT)
DO 10 N=1,A
READ (5,272) (Q(I,N)sI=1,ICT)
FORM MESHeMATERIAL REGIONS
IFT=)
DO 20 I=1,4A
G(IN=(3(I}+B(I+1))74d(1])
DO 30 I=1,ICT
FT=sIIT(I)
IFT=sIFT+IIT(I)
DX(I)s(X(I+1)=X(I))/FT
IFTP=IFT+1
READ (5,330) (FS(IFTPyI)yI=1,A4)
FB(IFTP»AP)=sFB(IFTP,1)
IF (IGEOM.ZQ.2.JR,ISEOM.EQ.3) IBL=1
IF (IBL.EQJ.1) 53 T &9
READ (55392) (F3(1,I),I=AH4P,A)
FB(1,AP)}=F3(1,1)
CONTINUE
DO 59 I=1,IFTP
DO 50 J=1,A
PB(I»J)=0.00
L=0
DO 70 I=1,ICT
IT=IIT(I)
DO 70 Js=1,1IT
LsL+l
DO 60 N=1,4A
SRILH,NI=I(IHN)
KG(L)=I
Z(LY=X(I)+(J-1)*%DX(I)
ZUIFTP)Y=X(ICTP)
WRITE DATA
WRITE (65,230) (ANAME(I)»I=1,10)
ARITE (65410)

st




80

90

100

110

120

130

WRITE (6,380) A»ICT,IACC,IGEOM,»IBLSIBRIIL,ISTEP

WRITE (65309)

WRITE (65,330) (X(I),I=lsICTP)

ARITE (5,310)

WRITE (65,230) (IIT(I)»I=1,ICT)

WRITE (65390) (Z(I)sI=1l,IFTP)

ARITE (6,»320)

WRITE (65,270) (SG(I),I=1,ICT)

WRITE (6,270) {ST(I),»I=1,ICT)

WRITE (65330)

DO 80 N=1,A

WRITE (6,270) (Q(IsN)»I=L,ICT)

WRITE (6,340)

WRITE (65330) (G(I)sI=1,A)

ARITE (65330) (B(I),I=1,AP)

WRITE (6,390) (CS(I),I=1s4A)

WRITE (65,390) (W(I),I=1,4A)

WRITE (6,370)

IF (IBL.EQ.0) WRITE (65330) (FB(1l,I),I=AHP,A)

WRITE (65,330) (FBU(IFTP,I)»I=1l,AH)

WRITE (59,280) (ANAME(I)»I=1,10)

WRITE (59,410)

WRITE (59,380) A»ICTsIACC,IGEIM»IBL,IBRsILSISTEP

WRITE (590309)

WRITE (59+392) (X(I)»I=1,ICTP)

ARITE (594310)

WJRITE (59,230) (IIT(I),I=1,ICT)

WRITE (59+3990) (Z(I)yI=1,IFTP)

WRITE (59,320)

ARITE (59,270) (SG(I)sI=15ICT)

WRITE (59,270) (ST(I),I=1,ICT)

CH=0.20

DO 90 I=1,ICT

IF (ST(I)eNE.O0.00) CH=ST(I)

WRITE (59,330)

20 100 N=1,4A

WRITE (59,270) (Q(IsN)»I=1,ICT)

ARITE (59+340)

WRITE (59»390) (G(I)»,I=1yrA)

WRITE (539+390) (B(I)»I=1,AP)

WRITE (59,390) (CS(I)»I=1,A)

ARITE (53,330) (Ad(I)sI=1),A)
SPACE/ANGLE SWEEPS

IN=0

CONTINUE

IN=IN+1

WRITE (59,420) IN»TMAX

KC=1

DO 120 I=1,IFT

KsIFT-1I+1

Y=2(<)

M=KG (K)

FB(<»AP)=S1(Y)

CONTINUE

DD 140 I=1,IFT

KsIFT=-I+1

Y=Z(K)

M=KG(K)

DO 130 J=1,AH

KC=J

FB(K»J)=FF(Y)

IF (JoEQ.1.AND.ISTEP.EQ.1) FB(XK»1l)eS1(Y)

CONTINJE
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140 CONTINJE
IF (IBL.NE.1) GO TO 160
DO 150 I=AHP,A
150 FB(1lyI)=F3(1lyA=I+1)
160 CONTINUE
DO 180 I=1,IFT
K=l
Y=Z(K+1)
MaK5(K)
DO 170 J=AHP, A
KC=J A
170 FB(K+1,J)=FF(Y)
18D CONTINUE
IF (CH.EQ.2.00) GO TO 229
o CONVERGENCE TEST
TMAX=CY
20 200 I=1l,IFT?
TP=9,.0
TF=0.0
DO 190 J=1sA
TP=TP+P3(I,»J)*d(J)
TF=TF+FS(I,J)*d(J)
190 CONTINUE
CMAX=ABS((TP=TF)/TF)
IF (CMAX.GT.TMAX) THMAX=CMAX
200 CONTINUE
IF (TMAX.LE.CV) 50 TO 229
DO 210 T=1.IFT?
30 210 J=1,A
210 PB(I,J)=FB(I»J)*¥RIACC+PB(I+J)*RIACCHM
IF (IN.GT.IL) 37 TO 220
GO T3 110
227 CONTINYE
o WRITE OQUTPUT
dARITE (59,410)
DO 240 I=1,IFTP
SF(I)=0.0
DO 230 J=1,A
230 SFUI)=SF(I)+FB(I,J)ed(J)
240 CONTINUE
WRITE (6+350)
DO 250 I=1,IFTP
250 ARITE (65400) (Z(I)s(FB(IsK)sK=1,AP))
WRITE (65,350)
J0 260 I=1,IFTP
260 WRITE (65390) (Z(I)»SF(I))
dRITE (6,4190)
WARITE (55,420) IN,RIACC
sTae

270 FORMAT (10(F7.2,1X))

280 FORMAT (10A8)

290 FORMAT (10(I7,1X))

300 FORMAT (1X,4X»11HCJARSE MESH/)

310 FORMAT (1X»4&X»I4FINE MESH/)

320 FORMAT (1X»4X»14HCR3ISS SECTIONS/)

330 FORMAT (1X,4X»54SOURTEY) )

340 FORMAT (1%X»4X»36HQUADRATURE (GAMMA/BETA/COSINE/WEIGHT)/)

350 FORMAT (//2XsBHPOSITION,7Xs124ANGULAR FLUX)

360 FORMAT (/1X»SHPOSITION,8X,11HSCALAR FLUX)

370 FORMAT (1X»aXp26HLEFT/RIGHT 8JUNDARY FLUXES/)

380 FORYAT (1X,4¥X,I13,6H JORDER/5X»I13,10H INTERVALS/5XsI351314{ ACCELERATI
10N/5X»13,224 PLANE/CYLINDER/SPHERE/5X»13,30H LEFT BDY/SPECIFIED/RE
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390
400

410
420

2FLECTIVE/S5X, 13,204 RIGHT 8DY/SPECIFIEN/S5X»sI3s164 ITERATIOIN LIMIT/S
3 X»I35144H STARTING/STEP//)

FORMAT (5(El4e8,2X))

FORMAT (1X»E12.653X94(EL12.601X)/15Xs0(E12.691X)/716X»4(EL2.5,1X)/16
1 X»5(E12.6,1X))

FORMAT (/)

FORMAT (1X»I16,2¥»F13.6)

END

FUNCTIIN QNC7 (FOFsY1sY2s FERR)MXEVALS»XKIUNT)

ADAPTIVE NEWTON-COTES INTEGRATIIN ROUTINE

INTEGER DELTEV

COMMIN /QNC70UTZ HOJFAT, VALU?

DIMENSION FOT(20)s F1T(20)s F2T(20)s F3T(20)s F4T(20)» F5T(20),

1 F6T(20), F(13), W(4), LEG(20)» DXT(20)» XMT(20), ART(20), EPST(29D

2 )y ESTT(2D)» SUM1(20)

10

20

30

49

50

79

DATA W /74.8309523309523809524FE-02+2.57142857142857142957E-01,3.214
1 2857142857142857E-02,3.23809523809523809524E-01/
DATA TWLTH /0.03333333333333333/

K INOCR=+1

MAXEV=MXEVALS

DELTEV=MXEVALS

LMAX=2D

AsyYl

B=Y2

EPS=FERR

DA=3-A

AREA=1.

EST=1.

L=0

H2=DA*TWLT 4

20 10 I=1,13,2

PT=sA+H2¢&(I-1)

F(I)Y=FOF(PT)

CONTINUE

KQUNT7=7

DX=0.5%0A

42=)A*TWLTH

XM=A+DX

J0 30 I=2,12,2

PT=A+H2%(I-1)

F(I)Y=FJF(PT)

CONTINJE

QANC 7=0.

KQUN 7sKJUNT+5

IF (KJUN7.GT.MAXEV) 30 TO 100
ESTL=(W(L)®(F(LISF(T7)I+N(2)*(F(2)+F(6))+W(3)*(F(3)+F(5))ed(L)*F (&)
1 )*DX
ESTR=(A(L)I®(F(TI+F(L13))+4d(2)%(F(B)+F(L12))+W(3)*(F(I)+F(11))+d(4)*F
1 (19))¢d3X
AREA=AREA-ABS(EST)+ARS(ESTL)+ABS(ESTR)
SUM=ESTL+ESTR

IF (ARS(EST=SUM)-EPS*AREA) 50,50s60

IF (EST-1.) 80,560+80

IF (L-LMAX) 70,380,390

LsL+l

LEG(L)=2

FOT(L)Y=F(7)

F1IT(L)=F(8)

F2T(L)=F(9)

F3T(L)=F(13)

FaeT(L)=F(11)

FST(L)=F(12)

FOT(L)=F(13)
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DXT(L)=DX
XMT(L)=XM
ART(L) =AREA
EPST(L)=EPS/1.4
ESTT(L)=ESTR
DA=DX
F{13)=F(7)
F(11)=F(6)
F(3)=F(5)
F(7)=F(4)
F{5)=F(3)
F(3)=F(2)
EST=ESTL
EPS=cPSTI(L)
50 13 29
80 IF (LEG(L)=2) 140,90,90
90 SUMLI(L)=SU4
LEG(L) =1
A=XMT(L)
‘DA=JIXT(L)
F(1)=FOT(L)
F(3)=F1T(L)
F(5)=F2T (L)
F(7)=F3T(L)
F(I)=F4T (L)
F(11)=F5T(L)
F(13)=F6TI(L)
AREA=ART(L)
EST=ESTT(L)
EPS=EPST(L)
GO0 T3 29
100 CONTINJE
IF (KINDSR.EQ.+¢1) 50 70 120
110 DELTEV=0.5¢JELTEV
MAXEV=MAXEV+IELTEYV
LMAX=10.¢(Y2=-A)/(Y2-Y1)+l.
<INDCR=-1
GO T3 40
120 H04FA7=A
VALU7=0.0
IL=L
130 IF (IL.LT.1) GJ TO 119
IF (LEGUIL).EQs1) VALUT=VALU7+SUML(IL)
IL=IL-1
60 TO 130
140 SUM=SUM1(L)+SUM
L=L=-1
IF (L.LT.1) 60 T2 150
GO TO 39
150 QNC7=SUM
KOUN7=ISIGN(KTUN7,KINDIR)
RETURN
END
FUNCTIJN R1 (Y)
SLA3 SOLUTION INTEGRAND
COMMON Z(301)» SG(10)» FB(301»17)s CS(16)» G(16)s» SR(300,16), ST(1
1 0)
COMMON PB(301,17)» W(15)s K» My, KCs AH, ISTEP
EXTEQRNAL SFUN, SSS
INTEGER AH
YB=Z(K+1)
SB=SG(M)
tB=-1.0



©

IF (ISTEP.EQ.1) CBslS(1l)
SS=SFUN(Y)+SSS(Y)
R1=EXP(S3*Y/CB)*SS/TB
RETURN
END
FUNCTION S1 (Y)
SLAB SOLUTION STARTING DIRMESTIIMN
COMMON Z(3J21)» SG(10), FB(301,17)» CS(16)» G(16), SR(300,16)s ST(1
1 0) )
COMMON PBU(301,17)» M(26))» K» My KC, AH, ISTEP
EXTEINAL AINC?7, R1
INTEGER AH
KP=2%AH+1
YB=Z(<+1)
SB=SG (%)
CB=-1.0
IF (ISTEP.EQ.1) CBe=lS(1)
FaF3 (K+1,KP)
S1=F®EXP(=SB*(Y-YB)/CB)+EXP(-SB*Y/CO)*QANCT(R1,YsYBrleE=43500,K0OYN?
1 )*(-1.)
RETURN
END
FUNCTION Q23 (Y)
INHOMIGENZIUS TITAL SJURZE INTEGRAND
COMMIN Z(301), SG(1J), FB(301,17)» CS(15), G(15), SR(300,15), ST(1
1 0)
COMMIN PB(301,17)» d(16)» K» My KC» AH, ISTEP
EXTERNAL R, SSS, SFUN
INTEGER AH
$B=SG(4)
CB=CS(XKC)
GB=5(K7)
SSesSFUN(Y)+SSS(Y)
QQ=Y**(G3/CBI*EXP(S3*Y/C3)*(SS/C3+G3/(CI*Y)*RA(Y))
RETURN
END
FUNCTIIJN FF (Y)
INHIMIGENEJUS TOTAL SDOURZE INTEGRAL
COMMON Z(301)» SG(10)» FB(301»17)» CS(16)» G(16)» SR(300,16)s STI(1
1 0)
COMMON P8(301,17)s W(16)» K» M» KC» A4, ISTEP
EXTERNAL 922, QANT7?7
INTEGER AH
CB=CS(KC)
GB=G(<C)
$8=S5(4)
IF (KC.3T.AH) 6] TJ 10
FsFB(K+1,<C)
YB=Z(<+1)
FFaF®EXP (=S3%(Y-YB)/JB)*(YB/Y)**(GB/CB)+EXP(~-SB*Y/LB)*Y**(~-GB/CB)
1 *QNC7(QQ,Y»Y¥Bsr1.E-4,300,KIUNT)I*(-1.)
60 TO 20

10 F=FB(K,KC)

YB=Z(K)
FFaF®EXP(-SBR*(Y-YB)/CB)*®(YB/Y)**(GI/CBI+EXP(-SBeY/CB)*Y**(~-G3/28)
1 #QNC7(QQsYBy Y¥»1.E-4,500,KIUNT)

20 CONTINUE

RETURN
END
FUNCTION R (Y)
LINEAR INTERPILATION OF PSEUDOSOJURCE EDGE FLUX
COMMIN Z(301), SG(10)» FB(301,17), CS(18), G(16)s SR(300,16), ST(1
1 0) .

17



18

10

20

30

10

20

COMMON P3(301,17)» W(16)» Ky My XC» AHd, ISTEP
INTEGER AH4

DIMENSIIN R(17)

DO 20 KK=1,KC

KTsKK=1

IF (KKoEQeal) KT=2%AH+1

IF (KC.GT.AH) GJ TO 10

YB=Z(<+1)

RUKK)I= (F3(pKTI=F3(C+1pKTII/(Z(K)=Z(K+1))*(Y¥=YB)+FB(K+1,<T})
GO T2 29

YB=sZ(K)
RIKK)=(FBIK+1,XT)=FBIKsKT))/(Z(K+1)=Z(K))*(Y-YB)+FB(KsKT)
CONTINUE

TOT=0.00

IC=1

20 30 I=1,XC

IC=IC+1

JsKC-1+1

AT=2,0

IF (J.EQ.1) WT=1,0

SN=(=1)#%*]_

TOT=TOT+SN®JTER(J)

RR=TAT

RETURN

END

FUNCTION SSS (Y)

SCATTERING SOJRTE FUNCZTION

COMMON Z(301)» SG(19), FB(321,17)s CS(16)» G(16)s SR(309»15), ST(1
1 0)

COMMON PB(301,17), W(15), X» M» KCs AH» ISTEP
INTEGER AH

IF (ST(M).EQ.0.Q0) RETURN

A=0,00

NN=2#¢A4

J0 20 J=1,\N

IF (KC.GT.AH) GN TO 19

YB=Z (K+1)
AB=(PB(KyJ)=P8(K+1)J) )/ (Z(K)=Z(K+1))*(Y-YB)+PB(K+1,J)
A=A+ST(M)*4(J)*AB

GO TO 20

YB=Z(K)
AB=(PB(K+1oJ)=PB(XKyJ) )/ (Z(K+1)=Z(K))E(Y-YB)+PB(<»J)
AsA+ST(M)® 4(J)eA

CONTINUE

SSS=A

RETURN

END

FUNCTION SFUN (Y)

ceXTERNAL SOURCE FUNCTION i

COMMAON Z(391)» SG(12), FB(301,17), CS(15)» G(15)» SR(320»16)» STI(1
1 0)

COMMON P3(301»17)» d(15)s K» Ms» KC» AH, ISTEP
INTEGER AA4

SFUN=SR(K,XC)

RETURN

END
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APPENDIX A.

DIFFERENCE SCHEMES AND INVERSION OF THE ONE DIMENSIONAL
TRANSPORT EQUATION

As described in the foregoing, SNEX formally inverts the discrete ordinates
equations with diamond approximation in angular variable by numerically inte-
grating the inhomogeneous term. Partitioning the spatial domain into i = 1, 2,
3, «+s I, with cell boundaries at qix1/2

-1/2 294 2 9441/2

A=ay9/2 7 Y172 (A-1)

in the 1ith cell, the general solution can be written in the standard representa-

tion

~0(q-qy_7/5)

Ym “Ym
wi’m(Q) = wi_l/z’m € —9a_
94-1/2
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u_o-Y u Y S Y ¥
+emqu dq'emq' m i,m_*_mi,t?-l[Z

Ho q

94-1/2 (A-2)

with 1 denoting the cell and i-1/2 the cell edge (left). The form of Kq. (A-2)
suggests bases for differencing schemes.

In plane geometry, Y, = 0, and Eq. (A-1) reduces to

"o(x'xi—llz) -0x X ox'
u u /' u
- m m ' m S
‘pi,m wi—l/Z,m e + e J dx' e i!m
1-1/2 L (A-3)

For S4 n @ polynomial in x', the integrand in Eq. (A-3) can always be directly
inverted. Cases for Si,m a constant and linear function grbm the.basis for the
recently developed and investigated characteristic method” in slabs, an extremely
accurate and efficient scheme.

Angular coupling (meo) in curvilinear geometries modifies the basic
exponential scheme in plane geometry by powers of qu. In cylindrical and

spherical geometries, a basic difference scheme of the form,

-g (q—qi—l/Z)

um m
Vim (D =¥ 1/0,m @ <qi_1/2> + Ty @yo17209 (A-4)

is advocated, where T represents the inhomogeneous source,

i,m
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Si;m + meizm—I/Z
Mo q (A-5)

Some general comments about Ti o are obvious from Eq. (A-5) . 1If Yo is
9
)
integer, a simple polynomial representation for Si,m and wi, 1/2 (in q') could

permit direct integration of Eq. (A-5) . At best, all integrals could be ob-

tained. At worst, one functional integration, or table lookup of the exponential
integral,
q ~oq'
H
! m t 3 -— -—
)
Y172 1

would be required. A constant or linear representation for Si n and by m-1/2°
9 9
is used in slabs, might then extend slab methodology directly to cylinders and

spheres (and would recover slab results for Yy = 0) . The total source term for

th
Yo integer and Si,m’ wi,url/Z L™ order polynomials 1s written symbolically,

—9q L q oq_
=Y
™ n z : a ./‘ . m ,Ym+2
q m,

2=0 dq

T ( ’q)=
1,m (93-1/2 e 9.1/ (A-7)

with a . appropriate constants from Eq. (A-5). Unfortunately, except for the
9

82 case, Y, 1s not generally integer with Gaussian quadrature sets.

If one works on a very fine mesh, such that,

e g

(A-8)
m

in the exponential term, then a Taylor series expansion could be employed to
facilitate the reduction,
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dq' q' Yo

q
o —Ym f

Ti,m (417209 = g

U-1/2

1 - 9(g-q") oz(q-q')2

H 2
m 2um

Si,m + Ymwi,m—1/2

Pm q' (A-9)

X

Again, a polynomial representation for Si,m’ wi m1/2 permits direct evaluation.
9

As reported earliers, the expansion to first order in (q-q') was used near the

spherical origin to check SNEX.

As both qi—1/2’ q**® , one has q' * ® and Eq. (A-5) approaches the expres-

sion,
-aq ¢ aq
m jf T
m m i,m
T ~ d ? —_—
i’m (qi—1/2’ q) = e qi—l/2 4 e um ’ (A_lo)

which is the usual slab result. This result is of course required by the trans-
port. Eq. (1) when q + @ in cylindrical and spherical geometries.

Apart from the various situations described above, an explicity differenced

source term based upon integration of T is difficult excepting for some

i,m
possibly complicated hybrid respresentations of the external scattering and

diamond edge flux sources. However, some simpler approaches can be made.

m

Removing q' ™ from inside the integrand and replacing it with q; on the

outside of Eq. (A-5) yields,

_ q oq
um Ym jr U
Tim (417200 e |\o dq’ e
L 9-1/2
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H '

[Si,m 2 Yo¥i,mm1/2
m q

(A-11)

which is slab-like, except for the additional term involving y 1,m-1/2° The
9
factor 9y scales the integrand and might be the cell center coordinate, or some

other appropriately averaged quantity. If we express S

o 1,m 89 ¥y p1yo 38
linear functionals in the 1™ cell,

0 1
¥i,m1/2 = Vi,m1/2 T Vi,m172 O (A-12)

with the superscripted quantities constant, and take q = qi+1/2’ we can write
Eq. (A-1l) in differenced form,

= | .0 -oAq
T ¢ ) = Gs1/2) ™ JSi,m - o m
1,m ‘Y-1/2° Y41/2 a, o

Sl < —:lA >
i,m m
—r -

t 5 \Y+41/2 T Y-1/2 ©
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~09441/2

) Y, H
+ wi,url/Z P n [ﬁl(oqi—1/2/un9

- E1("“11+1/2“/m)]
1 —OAg
. m
+ lpiJm—cl}r/Z“nQ’m 1-e m /4, (A-13)
for,
8= 94172 T Y4-172
29y = Q000 F 959y (4-14)
Since, from Eq. (A-4)
~ola-9y _y/5)
o "
Yy ma) v e 1 (A-15)

it is tempting to assume a similar exponential representation for wi m1/2 in
9

Ti n’ (in contrast to the linear expression of Eq. (A-12). We take,
>

-oq'

L ,—Ym

, 3
Yi,m1/2€Q") Y V) a2 @ q (A-16)

and wi m-1/2 Some appropriately determined constant in the cell. Using the
9
linear source of Eq. (A-12) and the exponential diamond edge flux of Eq. (A-16),

another difference scheme is suggested. Inserting Eqs. (26), (A-14) and (30),
(A-16) into Eq. (A-5) yields,
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...Ym 0 —-o-m
T ( y = 9441/2 Si,m 1-e “m
1,m %4-1/2°%+1/27 T a

94

1 ~0gAq
Si m um
t =5 \Y4+1/2 T Y4-1/2 ©
S1 W —:m
- _152 ml; . ®
(o}
~99441/2
H q
3 m -y 1+1/2
9 Y © q m -—-—-;>
i,m1/2'm i+1/2 1n (31_1/2 (A-17)

which is simpler than Eq. (A-13) and exhibits the property that the term
involving w3 approaches zero as q gets large.
1,m1/2
The basic differencing scheme suggested by Eq. (A-2) is exponential with
modification of powers of q 'm,

~(a-9y1/5)
Mo Ym
v (Q)=‘p_ € ’
i,m i-1/2,m qi—1/2 (A-18)
while the diamond scheme relates cell centered and edge fluxes only,
2 l"1,1:1(“1) = l"1—1/2,m + l"1+1/2,m’ (A-19)
and the linear discontinuous scheme assumes a Lagrangian representation,
v, (@) == [o ( - + Y (a- )
1,m'Y * Aq {Y1-1/2,n'%1+1/2 141/2,m'9794-1/2 (A-20)
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Expanding Eq. (A-18) in Taylor series gives the result,

"m

—] (¢~ )
;) =94.1/2

[¢]
lp:i.’ﬂ'l(q') v lpi"']-/z’m 1 —(T“; + qi—l/

+1 (z-)“ + )

B 2
m 94-1/2
oY
m 2
———1 (@ = qu_qy9) F (A-21)
ndy-1/2 1-1/2

Substituting the expansion Eq. (A-21) into the diamond Eq. (A-19) yields the
identity relationship thru first order. Substituting Eq. (A-21) into Lagrangian
Eq. (A-20) yields the identity relationship in zeroth order for q # q  and first
order at q = 9.
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