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SNEX: SEMIANALYTIC SOLUTION OF THE ONE-DIMENSIONAL

DISCRBTE ORDINATES (Sn) TRANSPORT EQUATIONS WITH DIAMOND

OIFFERENCED ANGULAR FLUXES

by

B. R. Wienke

ABSTRACT

SNEX is a code which exactly solves the spatial single
group,one-dimensional (plane, cylinder, sphere) discrete
ordinates transport equations with diamond approximation for
the angular fluxes. Its purposes are to provide a standard
for comparisons of spatial differencing schemes as well as
an exact numerical solution to the discrete ordinates equa-
tions in one-dimensional geometries. Full solutions are
generated by numerically integrating the inhomogeneous
source terms and adding them to the homogeneous (analytic)
solutions in the standard fashion. Simple relationships
between angular quadrature permit application of the
method to plane, cylindrical and spherical geometries.
Analysis is confined to isotropic scattering. Simple
theory and methodology are presented and discussed. A
code listing and sample problems are also included.

I. INTRODUCTION

Typically, multigroup discrete ordinates codes solve the transport equations

by using finite difference or finite element techniques on compatible meshes.

As the meshes are refined, solutions converge to the exact values. An altern-

ative,exact (but more time consuming) approach consists in solving the transport

equations numerically by formal inversion of differential operators. Such pro-

cedure also has the advantage that exact solutions are generated independently

of mesh size for given convergence criteria. In the following, we describe and

detail SNEX, a transport equation solver which can be used to provide exact
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numerical solutions to the linear transport equation in one dimensional plane,

cylindrical and spherical geometries.

SNEX solves the single group transport equation with isotropic scattering

for specified left and right boundary conditions. It is structured closely to
.

ONETRAN1 as far as input/output formats. Coarse and fine meshes are defined

with material zones specified on the coarse mesh. External sources of any

functional form are admissible. Both the standard diamond and step starting

schemes are options. Iteration on the scattering source is controlled by a

convergence parameter computed from the difference in successive scalar flux

estimates. To stabilize scattering iteration cycles, weighted averages of flux

iterates may be employed. The code is structured for arbitrary Sn order, de-

pending, of course, on available core storage (which scales roughly as the fine

mesh size times the Sn order). All angular quadrature data, such as directions

cosines, weights and angular coefficients, are read into the code directly.

Output consists of pointwise angular and scalar fluxes computed on the fine mesh,

as well as a listing of all input parameters and options. The solution algo-

rithm requires numerical integration of an inhomogeneous source term (composed

of external, scattering and angular edge components) and is effected with an

adaptive Newton-Cotes (7-point) routinez.

SNEX serves to provide an exact numerical solution to the monoenergetic dis-

crete ordinates equations and a standard for comparison of differencing schemes.

11. TRANSPORT EQUATION, DISCRETE ORDINATES APPROXIMATION AND

PHENOMENOLOGY

The time independent transport (linear) equation is written in the mono-

energetic case,

(1)

where $ is the particle flux (density times speed), a,a5 are the total, scatter-

ing cross sections, fi,fi’are unit vectors in the directions of particle travel

and q is the external source of particles. The streaming operator, 60fi,takes

the explicit form in the one dimensional geometries,

.

.

.

,
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(plane)

.

.

(cylinder)

(2)

where B is the angle between the position vector (in the three systems) and the

direction of travel. The direction cosines satisfy,

llz+r?+cz=l

and,

tan $ = 3 .
P

The discrete ordinates approximation

flux, or ordinate, is determined at sets

(3)

(4)

assume that the value of the angular

of discrete directions, $2 =
m

(vm~ nm, t&) withrn= 1, 2, 3, . . . M. The corresponding angular flux is denoted

generally by,

$mm = @9s2J , (5)

and angular integrals and nmnents involving $m are evaluated with quadrature

weights, Wm, such that

(6)

i=l

for,



M

z
w =1m

i=l

(7)

Differencing of the angular variable is based upon the diamond approxi-
3mation between edge, $til/2, and cell centered, ~m, fluxes,

Z$m= $ + %-1/2’m+l/2 (8)

which yields a simple recursion relationship for the edge (entering) flux in the
mth angular cell,

The angular difference form of the transport equation in each of the three

geometries is written,

‘m+fm+a~ =S
m m (plane)

‘m-!-(ptm) + (13N1,2 14ti1,2 - Ctm_1,2 14Jm1,2)W~1 + pu$m = p Sm

(cylinder)

-1 2 2 Sm‘m&(r2$m) + (a*I/2 ‘IItl-l/2
‘am-l/2 ‘m-l/2)wm r ‘r ‘Vm = r

(sphere)

with aml/2 sets of angular coefficients satisfying,

amtll 2 = am-1/2 = 0 “ (plane)

(9)

(lo)

.

.

6
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am+l/2 - am-1/2 = ‘2wmUm (sphere)

‘1/2 “%+1/2 = 0’ (all geometries)

and Sm the sum of external’and scattering sources,

Sm = ~+~wma~ (Bn+pm)l)n.

n=l

(11)

(12)

Using Eqs. (8) nd (11), we can rewrite Eqs. (10) into the simple general form,

~mq~+
aq PmYm$m+q@m= q ‘m + ‘m ‘m ‘m-l/2

where in the various geometries,

(13)

and

q =x

Ym= 0,

qP=

Ym = (a&1,2 + am1,2) (WmVm)-l

q=r

(plane)

(cylinder)

Ym= (aw1,2 + aw1,2) (WmUm)-l, (sphere)

the a
fil/2

still satisfy Eq. (11).

Equation (13) is easily inverted, with the result,

-U(q-qo)

Pm -Ym

Vm=V~e ()Lqo

(14)
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-UcJ q UcJ
Pm -Ym I llm y

+e q dq’ e
,m

~
s ‘1‘m$m-l/2 ,
:+
m q

(15)

for V: the boundary angular flux at q=qO. The content of Eq. (15) is straight-

forward. The first term on the right hand side is the homogeneous solution

and the second term is the inhomogeneouq integral. The pseudosource angular

flux term, $m 1,2, appearing in Eq. (15) is generated xecusively from lower

order solutions by means of Eq. (9). SNEX solves Eq. (15) by numerically inte-

grating the source terms and adding them to the homogeneous solutions. If

scattering is present, iteration takes place on the scattering term, Eq. (12),

subject to satisfaction of the convergence criterion for the scalar flux.

The angular parameters urn,Wm, Pm are user specified. Typically in Sn

applications, the quadrature sets {Pm, Wm} are chosen to be Gaussian and the

am are generated recursively from Eqs. (11) in the three geometries. The

coefficients y~ are automatically computed by SNEX.

III. METHODOLOGY

Equation (15) is evaluated numerically once boundary conditions and

starting direction options are specified. Space/angle sweeps start at the right

boundary for specified incoming boundary fluxes (pm < O) and proceed to the left

boundary for specified incoming boundary fluxes (Pm > O) and then return to the

right boundary. Directions are angularly coupled through Eq. (9). In addition

to boundary values, the value of $1/2 must be specified to “start” the calcula-

tion. In cylindrical and spherical geometry, 41,2 corresponds to the angular

flux at B = -1, ~ = O. Examination of Eqs. (2) reveals that $1,2 then satisfies

the slab-like equation in all three geometries,

which

might

6

a$l/2— -1-uv~/2 =
aq ‘1/2 (16)

can be simply

make the step

integrated for constant source S1,2. Alternatively, one

approximation,

.

.

.
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$1/~ = $~, (17)

in which case the angular coupling is somewhat simplified in higher orders.

Both options are available in SNEX. In the case of pure absorbing regions, the

computation is completed after one space/angle sweep. If scattering is present,

the scattering source, Eq. (12), is updated with the new angular flux iterate at

the end of each space/angle sweep until convergence is met, or the iteration

limit is exceeded.

The integral over the angular flux ~til/2 on the right hand side of Eq. (15)

could be generated numerically from a corresponding lower order, k c m-1, equa-—

tion of the same functional form. Thus, each angular flux term of order L ~m-1,

appearing on the right hand side of Eq. (15) would be the result of k-dimensional

nested integrations. Such procedure would be extremely time consuming and prone

to divergence, particularly if negative fluxes occur either at cell edges or in

the integrand. Early investigations have demonstrated the occurrence of nega-

tive fluxes (due to the angular diamond approximation) for highly localized

sources in absorbing regions. To avoid this situation, the effective source

fluxes, $ti1,2, appearing in Eq. (15) were approximated as piecewise linear

functions on the fine mesh. That is, for given m in Eq. (15), each lower order

flux term, $ c m-l computed earlier, is linearly interpolated across the mesh—

cell. As the mesh size decreases, the solutions converge to the exact result.

For this reason, the overall approach in cylindrical and spherical geometries

(Ym#O) is termed semianalytic.

Iv. INPUT AND CODE PARAMETERS

Input to SNEX consists of the following parameters and arrays:

ANAME -

A-

ICT -

IACC -

title

Sn order (arbitrary)

coarse mesh intervals (arbitrary)

acceleration parameter (100-0)

IGEOM - geometry (l-plane, 2-cylinder, 3-sphere)

IBL - left boundary condition (O-specified

flux, l-reflective)
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IBR - right boundary condition (O-specified

flux)

IL - iteration limit (arbitrary)

ISTEP - starting direction option (O-slab

exact, l-step)

CS(A) - direction cosines

W(A) - weights

B(A+l) - angular coefficients

X(ICT+l) - coarse mesh

IIT(ICT) - fine mesh intervals/coarsemesh

SG(ICT) - total cross sections/coarse mesh

ST(ICT) - scattering cross sections/coarse mesh

Q(ICT) - external source/coarse mesh

FB(l,A/2) - left boundary flux,

FB(IFT+l,A/2) - right boundary flux

with IFT the number of fine mesh points. Additionally the following parameters

and arrays are employed in SNEX:

Z(IFT+l) - fine mesh points

DX(ICT) - fine mesh interval widths/coarse mesh

FB(IFT+l,A+l) - angular flux

SF(IFT+l) - scalar flux

PB(IFT+l,A+l) - previous iterate angular flux

Cv - convergence parameter

IN - iteration count

RIACC - acceleration parameter (IACC/100).

In present form, A+l, IFT+l are set at 17 and 301 in array statements, while

ICT is set to 10. The user is free to change these parameters to suit his needs.

The left boundary flux FB(l,A/2) for outgoing directions is only read if

IGEOM = 1 (plane). Otherwise, in curved (cylinder, sphere) geometries

(IGEOM= 2,3), a reflective boundary condition is assigned at the origin (left

boundary). The acceleration parameter IACC is used to fractionally weight pre-

sently computed values of the angular flux with the previous flux iterates. The

weighting parameter used on the k‘h flux iterate is RIACC = IACC/100 while the
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parameter RIACCM = 1.-RIACC is used on the (k-l)th flux iterate. In most appli-

cations, successive flux iterations monotonically approach the convergence

criterion and one uses IACC = 100. In oscillatory situations, further mesh

refinement and/or taking IACC<1OO will aid convergence, If ISTEP=O is chosen as

the starting direction option, $1 = 4112~ yielding a slab solution for VI as

seen from Eq. (13). If ISTEP =
9

1$ 41 + $1/2, and the slab equation for $1/2 pro-

vides the starting point for space/angle sweeps.

The origin is a singular point in curved geometries, as seen from Eq. (13)

or (15). Integrations over the origin diverge (overflow). In these cases, the

origin is automatically set to I.X10-6for computational simplicity.

The data are read “intoSNEX in the following order and formats:

ANAME(10)

A,ICT,IACC,IGEOM,IBL,IBR,ISTEP

CS(A)

W(A)

B(A)

X(ICT)

IIT(ICT)

SG(ICT)

ST(ICT)

Q(ICT)

FB(l,A/2)

FB(IFTP,A/2)

v. SAMPLE PROBLEM

10A8

1O(I7,1X)

5(E14.8,2x)

5(E14.8,2x)

5(E14.8,2x)

5(E14.8,2x)

1O(I7,1X)

1O(F7.2,1X)

1O(F7.2,1X)

1O(F7.2,1X)

5(E14.8,2x)

5(E14.8,2x).

As a sample problem, we consider a scattering/absorbing sphere (IGEOM=3) 1

mean free path (mfp) thick with uniform os/ot = .5. An isotropic source is

placed in a localized slice of thickness .00002 mfp at unit distance from the

origin. Reflective boundary conditions are automatically assigned at the left

boundary and the incoming right boundary flux is taken to be zero. An S4 an-

gular quadrature (Gaussian) is assigned and the slab starting direction option

is used (ISTOP=O). The acceleration parameter is set to maximum value (IACC=1OO)

and the iteration limit to 30 (IL=30). The sphere is coarse meshed into 3

regions of approximately .1 mfp (fine mesh) intervals.
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The input file for the above sample problem is given below.

A9S3Q3ER/SCAITE?~Q S3!J?CE TEST ?!2CIBLE’4
4 3 199 3 1 0 30 0

-.36113432E+0’3 -.339?8133E+O0 .3399a199E+09 .36113630E+O0
.17322703E+O0 .3250720.OE+OJ 32507203E+O0 .17392700E+O0
●O!320009)E+30 .29?55003E+39 :5?12670W+30 .299551300E+30 .OOOOOOOOE+OO
.1900353)E-35 .’99!13C)O!19E-32 .191OO59’3E-O1 .1OOOOOOOE+O2

1 1 13
.1’3 4 10 ●10

0.35 ‘3.35 0.95
9.03 1.0’) 0.’32
3.03 1.33 3.00
0.03 1.00 0.’30
0.03 1.33 0,39

.9000J03’):+fl’Y .’337’2!)’3’))5+’39

The corresponding output is listed below. Entries are self-explanatory.

Angular and scalar fluxes are given. For a given order A, there are A+l angular

fluxes printed, with the (A+l)st entry the starting direction flux, 4112. The

last two (unlabeled),numbers are the iteration count (IN) and acceleration para-

meter (RIAcc).

A8SORf3ER/SCATTERER SOJRCE TEST PROf3LEM

4 ORDER
3 INTERVALS

130 ACCELERATION
3 PLAVE/CYLIN5ER/SP3ERE
1 LEFT 80Y/SPECIFIE9/REFLECTIVE
O QIGtiT 3>Y/SpECIFIED

30 ITERATION LI’41T
O STARTINS/STEP

CIAQSE YESH

.1OOO9OOOE-O5 .99’300000E-o-2 .101OOOOOE-O1 .1OOOOOOOE+O2
FINE MESH

1 1 10
.1OOO3OO3E-35 .39000J09E-02 .131OOOOOE-!I1 .IO090900E+!31 .20!J90aooE+ol
.30072700E+01 .403505a3E+01 ●532505f30E+ol .60040400E+01 .70030300E+01
.9002020!IE+01 .9OO1OL9!)E+O1 .1OOOOO!)3E+O2

C?OSS SECTI’3VS

.10 .10 .10
.05 .05 .35

S3URCE

0.03 1.00 0.00
0.03 1.33 0.30
0.00 1.00 0.00
0.00 1.09 0.00

QUAOftATURE(;A!lMA/9ETA/COSINE /tiEIGIiT)

.17222743E+01 ,~5172g7~E+ol ,25172876E+01 ●17222743E+01
!)0 .29?55009E+O0 .52126700E+O0 .29355000E+O0 O.
-.36113630E+0’I -.33739L’39E+O0 .33?98109E+O!J .96113630E+O0

.1737270’3E+i33 .32597233E+30 .32607200E+O0 .17392700E+O0
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LEFT/QIGHT 90UNDARf FLiJXES

O*

POSIT13N
.1OOOOOE-O5

.9909JOE-92

.1OO?O?E+O1

.203908E+31

.300707E+01

.400606E+31

.5005055+31

●600404E+01

.7f39303E+’Jl

.800202E+01

.9OO1O1E+O1

●1OO3OOE+OZ

P3SIT13N
.1OOOOOOOE-95
.99000003E-02
.101OOOOOE-O1
.1OO999L39E+51
.20080933E+91
93007C)700E+01
.40060603E+J1
.50050509E+c31
.60049403E+!)1
.70030300E+!IL
.8002020’3E+31
.9OO131OOE+O1
.1OOO333OE+O2

A’4GJLAR FLUX
.?24191E-03
.22’$181E-93
.255737E-03
.224L99E-03
.~43~63E-04
.?4L?52E-04
.782370E-95
.709C)65E-!)5
.284547E-05
.Z6Z568E-95
.153957E-05
.L3951$E-05
.7J11333E-05
.341556E-06
.591300E-06
.534350E-26
.375995E-36
.342760E-06
.Z35725E-05

.22418?E-93

.59?812E-03

.245563E-94

.124182E-24

●381939E-95

.20451OE-O5

.125765E-05

.8~4681E-06

.5553Z2E-06

.37209?E-06

.213554E-06

.136243E-05 .235955E-06

.121278E-06

.59?907E-07 .12C1848E-Oh
.525733E-07

0. 0.
3.

SCALAR FL’JX
.22418071E-03
.59964694E-93
.58418732E-03
.15570912E-03
.397!)3920E-34
●1723B235E-04
.93251853E-05
.569!12532E-05
.37192616E-35
.25518933E-05
.18333096E-05
●12911359E-05
.91.?50462E-06

9 1.03’13i)3

VI. CODE LISTING

,2~4182E-03

.9i2321E-03

●130919E-02

.166969E-04

0799981E-05

.407675E-05

.~5~053E-Q5

.169865E-05

●119909E-05

.947638E-95

.631622E-06

.449721E-06

.295307E-06

.224181E-03

.“563036E-03

.3340213E-03

.342342E-03

●203275E-03

.361263E-04

.456267E-04

.273466E-04

.177189E-04

.121113E-04

.96C)545E-05

.629554E-05

●471160E-05

The present code listing of SNEX used on the CDC 7600 under the Liverumre

Time Sharing System (LTSS) is listed below. All reads and writes to unit 59 are

commands to a terminal. Units 5 and 6 are the standard input and output devices.
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LASL IdentificationNo. LP-1066.

PROG?AH SVEX (1’4PUTs 2UTPLlT, TTY,TAPE5= IF4PUTS TAPE5=2UTPUT,TAPE59=TTY
1)

CCIHflON f9NC70UT/ H’JIIFA7S VALU7
:ofl’43N Z(301)$ SG(13)$ c3t301#17), CS(15)J G(lb)j S?[300,15), St(l

1 o)
CONNOI PB(301,17), d(lb), K? ~, KC, AH, ISTEP
01tlENS13N SF(3’31)S ANAY5(10)
!)IMENS19N X(11)? DX(lO)j IIT(10), Q(lf),16)J B(17), KG(302i
INTEGER A~ APs AH, AHP

c REAO DATA
REAO (5j280) (ANAME(I),I=1s1O)
;V=l.E-4
TflAX=l.O
READ (5j299) AjICTj IACCj IGEOHj19Lj[3?~ ILsISTEP
AH=AJ2
AP=A+l
AHP=AH+l
RIACC=IACC
RIACC=QIACC/103.
?IACC!I=l.-?IAC2
READ (5)390) (CS(I),I=ljA)
REA3 (5>39’)) (d(I)jI=l,A)
READ (5s392) (9(I),I=lpAP)
ICTP=I:T+l
REAfl (5j390) (X(I)SI=l)ICTP)
IF (X(l) .E300.00. A49.IGEOY.NE. 1) X(l)=l.F-6
READ (5j29C)) (IIT(I)sI=ljICT)
QEA3 (5,27’3) (SG(I)OI=ljICT)
REA”O (5,270) (ST(IISI=lSICT)
DO 10 N=l,A

10 REAO (5,273) (~[Ij’l)t 1=1, ICT)
c FORM YESHOMATERIAL REGIONS

IFT=2
DO 20 I=l~A

20 G(I)=(9(I)+B(I+l))/d(I)
DO 30 I=ljI:T
FT=IIT(I)
IFT=IFT+IIT(I)

30 OX(Il=(X(I+l)-X(I))/FT
IFTP=IFT+l
REA!I (5?390) (F9(IFTPs I)pI=lj4Lt)
F311FTP~AP) =F!3(IFTP>l)
IF (IGEIJtl.EQ.2.3Ro 13EClM.E(J. 3) [BL=l
IF (IBL.E3.1) S2 T3 40
QEA3 (5,392) (F9(191)sI=AHP,41
FB(1?AP)=F3(191)

40 CONTINUE
00 50 I=l)IFTP
DO 50 J=l,A

50 PB(IjJ)=o.00
L80
DO 70 I=lsICT
ITxIIT(I)

DO 70 J=l~IT
L=L+l
DO 50 N=ltA

60 SQ(LjN)=a(IjN)
KG(L)=I

70 Z(L) =X(I)+(J-l)*OX(I)
Z(IFTP)=X([CTP)

c W?ITE DATA
dRITE (6~290) (ANAME(I)sI=1}1O)
dRITE (6j410)

.
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.

URITE (5s390) As ICT, IA:: SIGEOqSIBL,19RoI LJISTEP
WRITE 16c329)
dRITE (6j399) (X(I),I=l,ICTP)
dRITE (5~310)
dRITE (6,290) (IIT(I)jI=loICT)
tiRITE (6,390} (Z(I)OI=l, IFTP)
dRITE (6,320)
WRITE (6$270) ISG(I)SI=lSICT)
dRITE (6,270) {ST(I)SI=ltIST)
URITE (6~330)
DO 80 N=l~4

80 WRITE 16s270) (Q(I,N)sI=l,ICT)
blQITE (6,340)
URITE (6~390) (G(I)oI=1oA)
d“RITE (6s3?0) (B(I),I=ljAP)
biRITE (6~390) (CS(I)S[=lSA)
I/QITE (6s390) (u(I)oI=lsA)
dRITE (6s370)
IF (IBL.E2.0) #?ITE [6s3?0) fFBfl,I),I=AHP,A)
URITE (6-3’30) (FB(IFTP\ I)sI=lsAIi)
dQITE (59,?80) (ANAqEII)sI=lslO)
URITE (59,410)
dRITE (59~39fJ) AcI$Ts IACCSIGE~~S IBLS19R, ILsISTE?
UQITE (59,39’2)
dRITE (59,399) (X(I),I=l,ICTP)
dRITE (59#310)
i4RITE (59s290) (IIT(I))I=l~ICT)
IJF?ITE (59,390) (ZII)SI=l,IFTPI
k/RITE (59,320)
dRITE (59s270) (SG(I)SI=l,ICT)
WRITE (59~270) (ST(I)~I=l}ICT)
:~.lj.oo

00 90 I=lsICT
90 IF (ST(II.NE.O.00) S3=ST(I)

dRITE (59,330)
30 100 N=l~A

100 ifRITE (59,270) (a(I,N)sI=lsICT)
dRITE (59*340)
dRITE (59s390) (G(I)oI=1oA)
uQITE (59,390) (B(I)sI=lsAPI
14QITE (59r390) (CS(IIOI=l~A)
dQITE (5903?0) (d(I)sI=l~A)

c sPA:E/ANGLE S#EEPS
IN=O

110 CONTINUE
IN=IN+l
WRITE (59~%20) INsTYAX
Kc.1

00 120 I=lsIFT
K=IFT-1+1
Y=Z(<)
~=l(G(K)

FB(<sAP)=S1(Y)
120 CONTINUE

00 140 I=lsIFT
K=IFT-1+1
Y=z[lo
N=KG(K)
DO 130 J=lsAH
KC=J
FB(KjJ)=FF(Y)
IF (JoEOOIOANO. ISTEP.EO.1) FB(Ko1)=S1(Y)

130 CONTINUE

13



140 20NTINJE
IF (IBLoNE.1) GO 13 160
DO 150 I=A~PjA

150 FB(l~I) =F9(lsA-1+1)
160 SONTINUE

DO 180 I=lsIFT
K=I
Y=Z(K+l)
N=KS(K)
DO 170 J=AHP$A
KC=J

170 FB(K+ljJ)=FF(Y)
180 :ONTINUE

IF (CH.EO.9.00) GO TO 229
c CONVERGENCE TEST

TMAX=C4
20 200 I=lcIFT~
TP=o.o
TF=O.O
Do 190 J=ljA
TP=TP+P3(I, J)*d(J)
TFsTF+Ftj( I,J)*~(J)

190 CONTINUE
C~AX=ABS((TP-TF)/TF)
IF (CHAX.GTOT!IAX) TYAX=CMAX

200 CONTINUE
IF (TMAX.LEeCV) SO TO 220
!)0 210 I=l,IFT?
)o ?lo J.1,4

210 PB(I>J) =FB(I$J)*RIACC+PB (IsJ)*RIACCY
IF (INoGT.IL) 33 T!Y 220
GO TO 110

223 SONTIN!JE
c URITE OiJTPUT

ARITE (59~410)
DO 240 I=lsIFTP
SF(I)=O.O
DO 230 J=lsA

230 SF(I) =SF(I)+FB( I,J)*4(J)
240 CDNTIIUE

WRITE (6,35’3)
DO 250 I=l,IFTP

250 ARITE (6~400) (Z II lj(FB(ISK) ~K=lSAp))
URITE (6s350)
30 260 I=l,IFT~

260 dRITE (6,390) lZ(I)~SF(I))
dRITE (6,419)
WRITE (5s420) INsRIASC
STOP

c
270 FOR’IAT (10(F7.2,1X))
280 FORYAT (1OA9)
290 FORNAT (10(I7,1X))
300 FORMAT (lX,4XjllHC5ARSE NESH/)
310 FORMAT (lXj4Xj9+FI’4E flESH/)
320 FORilAT (lXs4Xj14HCR3SS SECTIO’iS/)
330 FOQYAT (lx,4x,5+Stld?CE/)
340 FORMAT (lX,4Xt36HO!JADRATURE(GA$lf’!h/9ETA/COSINE/WE IGHT)/)
350 FORYAT (//2Xj8H?OSITIONj7X,l244NGUL4R FLUX)
360 FORMAT (/lX)9HPDSIT13Nj3XsllWSC ALAR FLUX)
370 FOR’4AT (lXs4Xj24HLEFT/QIGHT 991Jk3AQY FLUXES/)
380 FOR’IAT (lX,4Kj13j6H CIRDER/5X*13t10H INTERVALS/5X~13s13ti 4CCELERATI

10N/5Xs13,22~ PLANE/CYLINOER/SP-iERE/5X9 13,30H LEFT BOYISPE:IFIED/RE
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2FLE:TIVE/5XS13,20H ?IG!4T 9DY/SPE:IFIE9/5XS13,16+ ITERAT[3N LINIT/5
3 X~13S14~ STARTING/STEP//)

390 FORHAT (5(E14.8~2X))
400 FORYAT (lXjE12.6S 3X04(E12.6jlX )/15XS4(E1206,1X)/16XS 4(E12.5jlx)/14

1 XS5(E1206~lX))
410 FOR!4AT (/)
420 FORYAT (lXS16j2KSF13.6)

EN3
FUWCT13N QNC7 (FCJF,Yl,Y2SFERRjflXEVALSOK’3UN7)

c A!3APTIVE NEIITON-COTES INTEGQAT13N QOUTINE
INTEGER DELTEV
:OM82N lQYC70UTf HOIIFA7S VALU7
DIIIENSION FOT(20)S F1T(20)s F2T(20)~ F3T(20}~ F4T(20)s F5T(20)~

1 F6T(20)s F(13), W(4)S LEG[201, DXT(20)) XflT(20)j ART(20)~ EPST(2CI
-2 1~ ESTT(20), SOf’fl(20)

OtiTA ii 14.8r309523309523809524E-02, 2.57142B57142957142957E-01, 3.214
1 2857142857142857E-92, 3.23909523809523939524E-011

DATA TdLTH /0.!)3333333333333333/
<IN13CR=+1
MAXEV=~XEVALS
!3ELTEV=WXEVALS
LMAK=23
A.yl
B=Y2
EPS=FERR
DA.~-A
AQEA=l.
EST=l.
L=O
H2=DA*TdLT+
30 to 1=191392
pTsA+H2~( 1-1)
F(I)=FOF(DT)

10 CiNTINLJE
Ko9t47.7

20 0X=9.5*OA
+2SJA*T4LT+
Xli=A+OX
)0 30 I=2t12p2
PT.A+H2*(1-1)
F(I)=F3F(PT)

30 CONTINJE
~~cr.o.
<auY7=K3uN7+4
IF (K9UN7.GTOflAXEV) 39 T~ 100

49 ESTL=(ti( l)*(F(l)+F(7) )+U(2)* (F(2)+F(6))+W( 3) *( F(3)+F(5))+d(4)*F [4)
1 )*~)(

ESTR=(A( 1)*[F(7)+F(13) )+d(2)*(F (8)+F(12))+U( 3)*( F(9) +F(lll)+#14)*F
1 (10))*3X

AREA=AREA-ABS (EST)+49S (ESTL)+ABS(ESTQ)
SU’4=ESTL+ESTR
IF (A9S(EST-SU$!)-EPS*AREA I 50s50s6!)

53 IF (EST-lo) 80,60,90
63 IF (L-L’iAXl 70,90J30
70 L=L+l

LEG(L)=2
FOT(L)=F(7)
F1T(L)=F(8)
F2T(L)=F(9)
F31(L)=F(131
F41(L)=F(11)
F5T(L)=F112)
F6T(L)=F(13)
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DXT(L)=DX
XtlT(L)=XM
ART(L)=4REA
EPsT’(L)=EPs/lo4
ESTT(L)=EST?
DA.9x
F(13)=F (7)
F(11)=F(6)
F(91=F(5)
F(7)=F(4)
F(5)=F (3)
F(3)=F(2)
EST=ESTL
EPS=EPST(L)
S0 TO 29

80 IF (LEG(L)-Z) 140090,90
90 SUII1(L)=SLII

LEG(L)=l
A=XYT(L)

.DA=i3XT(L)
F(l),=FOT(L)
F(3)=F1T(L)
F(5)=F2T(L)
F(7)=F3T(L)
F[9)=F4T(L)
F(11)=F5T(L)
C(13)=F6T(L)
AREA=ART(L)
EST=fSIT(L)
EPS=EPST(L)
GO T3 23

100 CONTINJE
IF (KI’40:R.Ea.+1) SD TO 120

110 DELTE1/=o.5*2ELTEv
~AXEV=YAXEV+3ELTEV
LHAX=lOO*(Y 2-A)I(Y2-Y1 )+1.
<INOCR=-1
GO TO 40

123 4od=A7=A
VAL97=0.O
IL=L

130 IF (IL.L1.1) G3 TO 1111
IF (LEG(IL).EO.1) V4L~7=vALu7+s!Jql{ IL)
IL=IL-1
GO TO 130

140 SUY=SUY1(L)+SUY
L=L-l
IF (LoLT.1) GO TO 150
GO TQ 33

150 Q’4C7=SL!V
KOUN7=ISIGN ((9UN7)KIND:R )
RETURN
ENO
FU’4CT131 ?1 (Y)

c SLA3 S3LUTILIN INTEGRAN!3
COMMON Z(301)j SG(10), FB(301,17)9 CS(16), G(lb)s SR(30L),14), ST(1

1 o)
COMYCIN PB(301t17)s ii(16), KS N,) KC, AHs ISTEP
EXTEQNAL SFU’4S SSS
INTEGER AH
YBxZ(K+l)
SB=SG(M)
:B.-loo

.

.



IF (ISTEP.EO.1) CB=:S(l)
ss.$FIJ’./(Y)+sss(Y)

?l=ExP(s3*Y/cB)*ss/:B
RETUQ!
EN9
FUICT13N S1 (Y)

c SLAB SOLUTION SThQTING 31?E:T13N
COHMON 2(301)s SG(lO)t F8(301s17)~ CS(16)C G(1610 SR(300,t6)C ST(1

1 o)
COM!40N PB[301s17), N(16), KS ‘4, I(C, 44s ISTEP
EXTE?N4L 9fC7S Q1
INTEGER AH
I(P=2*AH+1
yasz(<+l)

s~=sG(~)

CB=-1.O
IF (ISTEP.EO.1) CB=:S(l)
F’=F3(K+L!KP)
sl=F*ExP(-sB*(Y-YB)/c5) +ExP(-sB*Y/c!3)*oNc7(Rl, Y,YBSIOE-+, 5O9,KLI9N7

1 )*(-10)
RETUQN
EN)
FUNCTION Q2 (Y)

c INHOM3GEN:3US T’3TAL SOIJQ:E INTF6QAq!)
CO$!!IJN Z(301)~ SG(10)J FB(301s17)0 CS(15)D G(15)c SQ(300,151~ ST(1

1 o)
C9flq3N PB(301)17)~ d(16)s K? MC KC, AH) ISTED
EXTERNAL Q?j SSS, SFUN
INTEGEQ A4
SB=SG(’4)
cB.cs(l(c)
GB=s(<C)
ssssFuN(Y)+sss(y)
0Q=Y**(G9/cB)*EJ(P(s3*Y/:3 )*(SS/:9+G3/(C9*Y)*Q?(Y) )
RETURN
EN9
FuNCT13N FF (Y)

c INH9Y3GE’4EJUS 10TAL SCIUR:E INTEG?AL
COM’ION 2(301), SG(10)C FB(301,17)~ CS(16)# G(16), SR1300,16)j ST(1

1 o)
COM’ION P9(301~17)9 U(16)9 Ks AO KC, A9~ ISTEP
EXTERNAL ’32, af:7
INTEGER AH
cBxcs(i(:)
GB=G(<c)

S9=SG[Y)
IF (KCOGT.AH) G3 13 10
F=FB(K+ls<C)
YB=Z(<+l)
FF=F*EXP(-S3*(Y-YB)/:B )*(YB/Y)**[GB/CB)+EXP(-SB*Y/:B )*Y**(-GB/CB)

1 ●CjqC7(OaSY$yBS 1.E-~$5000K3UN7) *(-L.)
GO TO 20

10 F=FB(KsKC)
YB=Z(K)
FF=F*EXP(-Sll*(Y-YB)/CB) ●(YB/Y)*@(G9~CB)+EXP(-S 9*Y/CB)*Y**(-G3/:9)

I *ON:7(OO* Y9$Y,1.E-40500,K9UN7)
20 CONTINUE

RETURN
ENO
EuN:TI~N ?? (y)

c LINEAI? INTERPOLATION OF PSEUOOS2UR:E EOGE FLUX
:OMY3N 2(301)s SG(lO)t FB(301o17I, CS(16), G(16), S!?(300)16)S ST(1

1 o)
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:9NNON Pi3(301j17)j d(lb)~ KS q, KC, 44, TSTEP
INTEGER Aq
DIMENS13N R117)
DO 20 KK=lsKC
KT=KK-1
IF (KK.E’J.1) KT=2*AH+1
IF (K:.GT.4H) G3 10 10
YB=Z(<+l)
?(KK)=(F3({, {T)-F3(<+1FKT ))/(Z(K)-Z(K+l))*(Y-Y9 )+FB(K+l,<T)
GO TO 20

10 YB=Z(K)
R(KK)=( FB(K+lPI(T)-FB(I(, I(Tl)/(Z(l(+l)-Z{I())*(Y-YB )+FB(K,KT)

20 :ONTINUE
TOT=O.00
Ic=l
!)0 30 I=lj<C
IC=I:+l
J=KC-1+1
IiT=2.O
IF (J.E’2.1) MT=1oO
SN=(-l)**IC

30 TOT=TOT+SN*dT*R(J)
RRBT’3T
RETURN
EN!I
FUNCTICIY SSS (Y)

c S:4TTE?I’4G SLI’J?:E FUNCTION
COMMON Z(301)t SG(lO)j FB(391,17), CS(16), G(16)g Sf?(3090151, ST(1

1 o)
COMMON PB(301j17)J ti(15), K, H? KC, AH, ISTEP
INTEGE? 4H
IF (ST(M) OEQ.O.CIO) RETURN
A=O.00
NN~2*A+
10 20 J=l,’4N
IF (KCOGTOAIi) GO T!Y 10
fB8z(l(+l)
AB=(PB( KsJ)-P!3(<+1,J) l/(Z(<)-Z(K+l))*(Y-YB )+PB(<+lJJ)
&xA+ST(~)*~(J)41A8

GO TO 20
10 YB=Z(K)

AB=(PB(Ktl,J)-DB( <~J)) t(Z(K+ll-ZIK ))*(Y-YB)+P9 (<jJ)
A=A+sT(!l)*d(J)*t~

20 CONTINUE
SSS=A
RETURN
EN9
FUNCTION SFUN (Y)

c E)(TEQVAL SCIU?CE FUYCT13N
COMtlCiN 2(3!)1), SG(13)P FB(301J17)P CS(15)j Gll!I)~ SR(3!)O016)S ST(1

1 01
COM’4!3N Pi3(301s17)~ A(15)j !(J II? KC, AH, ISTEP
INTEGE? A+
SFU*=SR(K~KC)
?ETU?N
ENO

,

,
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APPENDIX A.

DIFFERENCE SCHEMES AND INVERSION OF THE ONE DIMENSIONAL

TRANSPORT EQUATION

As described in the foregoing, SNEX formally inverts the discrete ordinates

equations with diamond approximation in angular variable by numerically inte-

grating the inhomogeneous term. Partitioning the spatial domain into i = 1, 2,

3, ... I, with cell boundaries at qi*l/2

qi-1/2 ~ qi5qi+l/2

A=q
i+l/2 -

in the ith cell,

tion

qi-1/2 (A-1)

the general solution can be written in the standard representa-

-dwli+z)

Vi,m(q) = IJi-1/2,m e

‘Ym

qi-1/2‘)



-UcJ q d
Um -Ym 1 U*

[

Ym s ‘m$i,m-l/2
+e q dq’ e q’ a+

l.lm
qi-1/2

q’ 1 (A-2)

with i denoting the cell and i-1/2 the cell edge (left). The form of Eq. (A-2)

suggests bases for differencing schemes.

In plane geometry, Ym = O, and Eq. (A-1) reduces to

-u(=xi@
-ox x ax ‘

Pm ~

I

<S

v
= ‘i-l/2,m

e +e dx’ e
i,m

a

‘i-l/2 Vm (A-3)

For Si,m a polynomial in x’, the titegrand in Eq= (A-3) can always be directly

inverted. Cases for Si m a constant and linear function f!romthe basis for the

recently developed and investigated characteristic methods in slabs, an extremely

accurate and efficient scheme.

Angfiar coupling (ym#O) in curvilinear geometries modifies the basic

exponential scheme in plane geometry by powers of qym. In cylindrical and

spherical geometries, a basic difference scheme of the form,

-a(rqi_l/2)

urn

‘i,m ‘q) = ‘i-l/2,m e

is advocated, where T
i,m

represents

-U(J

-v

()
‘m

~+T
i,m ‘qi-l/2’q)

qi-1/2

the inhomogeneous source,

Pm -Ym
T

(qi-1/2,q)=e q
J

urn y
i,m dq’ e

q’ m

(A-4)

.

.

qi-1/2
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‘mVi,m-l/2‘i,m +

Pm qd (A-5)

Some general comments about Ti m are obvious from EqC (A-5) . If ym iS

integer, a simple polynomial representation for Si m and *i ~1/2 (in q’) could

permit direct integration of Eq. (A-5) . At best,’all inte~rals could be ob-

tained. At worst, one functional integration, or table lookup of the exponential

integral,

q
-UcJl_

J
Pm

dq’ e =
[
El @li_l/2/um)

1
- El (uq/wm) ,—

qi-1/2 q’

(A-6)

would be required. A constant or linear representation for Si m and $i ~1,2,

is used in slabs, might then extend slab methodology directly LO cylind~rs and

spheres (and would recover slab results for y =0). The total source term for
~th

m
Ym integer and Si m, $i,m-1/2

order polynomials is written symbolically,
s

xl _y

urn m Lmfl} ~q%+’
‘i,m ‘qi-l/2$ ‘) = e q ~=o ‘ qi 1,2 ‘q’ e

(A-7)

with a appropriate constants from Eq.
m,k

(A-5). Unfortunately, except for the

S2 case, ym is not generally integer with Gaussian quadrature sets.

If one works on a very fine mesh, such that,

<< 1,
Pm

(A-8)

in the exponential term, then a Taylor series expansion could be employed to

facilitate the reduction,



-Ym q

f

Ym
dq’ q’Ti,m @i_l/@ = q

qi-1/2

[

ci(q-q’) 2
1- + u2(q-cl’) _ ...

Mm 2P2
m 1

[

s
i,m + ‘mVi,m-l/2x
Pm

q’ 1 (A-9)

Again, a polynomial representation for Si,m, $i,wl/2 perinitsdirect evaluation.

AS reported earliers, the expansion to first order in (q-q’) was used near the

spherical origin to check SNEX.

‘ + m and Eq. (A-5) approaches the expres-‘s both qi-1/2’ q+ m ‘ ‘ne ‘as q
sion,

T
i,m

which iS

(A-1O)

the usual slab result. This result is of course required by the trans-

port. Eq. (1) when q + ~ in cylindrical and spherical geometries.

Apart from the various situations described above, an explicity difference

source term based upon integration of T~ m is difficult excepting for some

possibly complicated hybrid respresentat;ons of the external scattering and

diamond edge fl~x sources. However, some simpler approaches can be ~de.

Removing q’ m from inside the integrand and replacing it with qi m on the

outside of Eq. (A-5) yields,

-CJcJ

Pm -Ym q

() f
@_

1
Pm

‘i,m (qi-1/2Sq) e q~
dq’ e

qi-1/2

*

.

.
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‘i,m + ‘mVi,m-l/2
Pm

q’ 1 (A-n)

which is slab-like, except for the additional term involving $i ~1,2. The
s

factor qi scales the integrand and might be the cell center coordinate, or some

other appropriately averaged quantity. If we express Si m
ad $i,m-1/2 as

linear functional in the ith cell,
9

s so 1
i,m= i,m+ ‘i,m “

+
o

i,m-1/2 = ‘4i,ml/2 + $;,wl/2 q’s (A-12)

with the superscripted quantities constant, and take q
= qi+l/2

, we can write

Eq. (A-n) in difference form,

# (
2QfL
IJm

+-A q
(s i+l/2 - qi-1/2 e )

,

.
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1‘.”’( *)+ *’i,m-l/2mm ~ - ~ m ,

for,

‘q = qi+l/2 - qi-1/2

2qi = q
i+l/2 + qi-1/2

-“qi+l/2

+ ‘!,m-l/2ym e
urn

[
E@i-1/2/&)

- E1(wi+l/2m1V/ )

Since, from Eq. (A-4)

-U(q-qi -1/2) _v

IJm ‘m
Vi,m(q) ~ e q

it is tempting to assume a similar exponential

T~ m, (in contrast to the linear expression of
Y

-*

um -’m

$i,llA/2(q’) “’*;,ml/2 e q’

(A-13)

(A-14)

(A-15)

representation for $
i,m-1/2 ‘n

Eq. (A-12). We take,

(A-16)

‘d $:,W112 some appropriately determined constant in the cell. Using the

linear source of Eq. (A-12) and the exponential diamond edge flux of Eq. (A-16),

another difference scheme is suggested. Inserting Eqs. (26), (A-14) and (30),

(A-16) into Eq. (A-5) yields,

24
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T@&i-1/2’qi+l/2 )=(-~ [’:3.(1-s-?)

‘1

(

-*
Pm

++ %+1/2 - qi-1/2 e )

1 -*

( )}
- ‘i,mvm ~

a 2 - ‘“m

-aqi+l/2

3 Um

()

qi+l/2-Ym —,
+ ‘i,m-l/2ym e qi+l/2 in qi-1/2 (A-17)

which is simpler than Eq. (A-13) and exhibits the property that the term

involving y; *1,2 approaches zero as q gets large.

The basi; differencing scheme suggested by Eq. (A-2) is exponential with

modification of powers of q-yin,

I

I

-=(mi_l/2)

Pm ()
Ym

-.&_._,‘i,~(q) = ‘i-l/2,m e
qi-1/2 (A-18) I

while the diamond scheme relates cell centered and edge fluxes only,

24
i,m(qi) = ‘i-l/2,m + ‘i+l/2,m’

and the linear discontinuous scheme assumes

(A-19)

a Lagrangian representation,

UJi,mq)
[

‘~ ~i-1/2,m(qi+l/2 1 (A-20)- q) ‘$i+l/2,m(q-qi-l/2)
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Expanding Eq.

$~,m(q) ~

(A-18) in Taylor series gives the result,
.

‘i-l/2,m ll-(~+q::,) @-%,2)

2

()

~ + ‘m(ymtl)
Pm

q:-1/2

Uym 1(q - cli_l/2)2+,.*
+‘mqi-l/2 I

Substituting the expansion Eq. (A-21) into the diamond Eq. (A-19) yields the

identity relationship thru first order. Substituting Eq. (A-21) into Lagrangian

Eq. (A-20) yields the identity relationship in zeroth order for q # qf and first

order at q = qt.

B

. I

(A-21)

,

“
26



,

.

. Frintcd in:hc Unil.xl S1al.mof Amrria. Amitihlt from

klioml Tc%’hnitalInfwwation SCwi.t.
LX 12epwtmcnlof C0mmc5cc

S28S Rnl ROWI Road
SFi@kld. VA 22161

MiualiclIc s1.00

IM143S 4.W I~6.1so 7.35 2S1-27S 10.7s 376U4 I 3.00 501 .s2s 1s.22
0264s0 4.s0 1s1.17s ILL12 276-3im IIM7 401425 I 3.25 S26-SS0 1L$o
osla7s 5.2s 17t-mo 9.00 201-32s 11.7s 4264S0 14.00 MI -s7s 16.2S
076.100 6.00 201-22s 9.2S 3~6.350 , ~ 4s147s 14.s0 s76&lo 16.S0
101-12s 6.S0 ~~&~yJ 9.s0 .3s1-37s I 2.s0 476.s00 1s00 601 *p

Now Add S2.50fof rwh atldillond IlM7qw’ inmvncnl rrom 601 Iugcsup.


