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NEW MULTIPHASE EQUATION OF STATE FOR POLYCRYSTALLINE QUARTZ
by

J. C. Boettger and S. P. Lyon

ABSTRACT

We have generated separate equations of state (EOS’s) for the alpha quartz, coesite, and
stishovite phases of polycrystalline quartz (Si0)2), using the computer program GRIZZLY. We
also have modified thc program GRIZZLY to combine two single-phase EOS’s for a given
material into a single two-phase EOS via minimiziation of the Gibbs frec energy. This new ver-
sion of GRIZZLY has been used to generate a three-phase SESAME type EOS for polycrystalline
quartz using the threc EOS's mentionied above. All four of the EOS's produced for $i02 are now

available on request.

L. INTRODUCTION

Polycrystalline quartz (SiO-) is a material which has been of recurring interest to many users
of the SESAME equation of state (EOS) library. This interest .s mostly due to the large abun-
dance of naturally occurring quartz in rocks. Unfortunately, the uscfulness ot any SESAME type
EOS for quartz in hydrodynamic calculations is limited by the implicit assumption that any pro-
cess considered will be reversible. In fact, it is well know n that the alpha — stishovite phase tran-
sition in quartz exhibits considerable hysteresis duc to metastability of the alpha phasc well above
the equilibrium phase boundary.! This effect -ay be of crucial importance in hydrodynamic cal-
culations involving shock loading through the metastable region followed by adiabatic release.
The only way such an irreversible - ~.use transition could be described realistically is by construct-

ing separate EOS’s for cach phase of a given material and then switching beween the single-



phase EOS's in some thermodynamically :1t-consistent tashion.

The task of describing irreyersibic phase transitions thus may be divided into two pants: (1)
generating high quality globe! EOS's tor all phases involved which are compatible in torm and
share a common zero of energy and (2) dcv -loping a simple means ot determining when and
how to switch beiween the varicus pl -es. In gencral, the latter part remains an unsolved prob-
lern. (Swegle! has recently looked at this pr blem in great detail for several materials of geologi-
cal importance including quartz.) There is however one special case in which the solution to this
problem is known, i.c. the equilibrium case. Under the constraint of thenmodynamic equilibrium,
all of the phase transitions will be reversible and can be described by a multiphase EOS formed
by combining the single-phase EOS's in such a way as to minimize the Gibbs free energy as a
function of pressure.

In this investigaticn, we have used the program GRIZZLY" to gencrate global EOS's for the
alpha quarts. coesite, and stishovite phases of $i02. These individual EOS's werc then used to
form an equilibrium multiphase EOS for 5i(),. The parameters used to generate the single-phase
EOS’s were adjusted to ensure that the final EOS reproduces the experimentally detemmined
equilibrium phase boundaries. Thus, the single-phase EOS's should provide reliable input to
more general multiphase calculations. In addition, the equilibrium EOS for quartz should provide

a good reference for studying the nonequilibrium effects in dynamic processes via calculations

similar to those done by Swegle.! Hopefully, such calculations will allow us to develop sys-
tematic techniques for using the single-phase EOS’s to describe general nonequilibrium
processcs.

In the next section, we will describe the methods used to generate single- and multiphase
EOS’s in this investigation. In Section IlI, the single-phase EOS calculations are discussed in

detail. The equilibrium multiphase EQS for quartz is described in Section IV.



1II. METHODOLOGY

Most of the EOS's in the SESAME library arc partitioned into three terms tor the pressure 7.

the internal energy £, and the Helmholtz free energy A:

Pp.Ty=P,(p)+ Pap.T)+ P (p.T) (1)
Ew.Ty=Em +E(p.Ty+ E(p,T) (2)
AP T)=A(p) +An(p.T)+ A (p.T) (3)

where p is the density and T is the temperature. (In the SESAME library, discrete values ¢t p and
T are chosen to form a mesh on which P, £, and A are stored.) The subscripts 5. n, and e denote
the contributions due to the static lattice (i.c. frozen nucleii) cold curve (zero temperature isoth-
erm), the nuclear motion, and the thermal electronic excitations. It is thus possible to treat cach
contribution independently using any desired model. The free energy A can be related to the

energy as:
Ap.TYy=EpT)-T S(p.T) (4)

where S is the entropy.
In the computer program GRIZZLY,? the only model available for calculating the electronic

contributions is the Thomas-Fermi-Dirac (TFD) model.® In our calculations, we first gencrated

electronic EOS's for each constituent atom. These monatomic electronic EOS’s were then com-
bined via additive volume mixing? to form the electronic EOS of $:0,. This part of the calcula-
tion -equires the atomic numbers (Si - 14, O - 8) and the atomic masses (Si - 28.086. O - 15.999)
for the constituent atoms.*

The nuclear contributions were obtained using the CHARTID nuclear model® (a modified ver-

sion of the CHARTD model)® with a Gruneisen function of the CHARTD form.® In this model,

the materia) is treated as a Debye solid at low temperatures and as an ideal gas at high



temperatures. The nuclear contribution switches smoothly between these two limits for tempera-
tures near the meht In addition o the data already specified, the nuclear calculation requires the
reference density (pu). the Debye temperature (6, ), the reference Gruneisen constant (y), and the
melt temperature (7).

The cold curves used here were obtained in the compressed region by removing thermal con-
tributi s trom un input Hugoniot at modest compressions (< 1.5) and then extrapolating to a
mixed TFD cold curve at large compressions. Thix procedure ensures that the total EOS will
reproduce the input Hugoniot and will have the correct large p behavior. In the expanded region
(p < prei. the vold curves were forced to have a generalized Lennard-Jones tonm?® constrained to
smoothly connect with the compressed colkd curve and to have the correct cohesive energy (F,).
Besides the data already mentioned. this part of the calculation requires an input Hugoniot in the
torm ot shock velocity () vs particle velocity (w,) there in the form u. = ¢ +5 u, ) and a parame-
ter FACLJ there 1.0y which determines the shape of the cold curve in the expanded region.

For this investigation. we have modified GRIZZLY to allow two EOS’s to be combined in
such a way as to minimize the Gibbs free energy as a function of pressure. The Gibbs free energy

may be expressed as
GiPTr=AipTy+ Pip. (3

Given two EOS tables for a low pressure phase (table 1) and a high pressure phase (table 2), the
new command (PHASE 1 2 3 pcut /) directs GRIZZLY to scarch cach isothenn (using the tem-
peraturc grid of table 1) for the pressure P:(T) at which the Gibbs frec energies of the two EOS's
arc identical. The densities p, and p» at which the pressures for the two EOS's equal P, form the
boundaries of the mixed phase region in (p,T) space. The combined EOS is then formed and
storea in table 3 using the T and p grids from table 1. Table 3 is identical to table 1 for p < p, and
is obtained directly from table 2 for p > pa. In the mixed phase region, table 3 is obtained by set-

ting P = P. and assuming that for a given density the fractional amounts of the two phases (w)



and w) are given by

wi = [{(pa=p 7 (pa—p)) 1 {p/p) (6)
and

wa=i(-p)/ (—-pa) ] (pyp). (7)

To ensure that the phase boundary is described correctly, we used an enriched density grid in
the mixcd phase region. For high densitics, it is possible to obtain spurious transitions due to the
relatively sparse grid used in that region. To avoid that difficulty, we restricted the scarch on the
zero temperature isotherm to pressures less than PCUT (a new input variable with a default value
of 10 Mbar). For cach higher temperature isotherm, the upper density for the search on table 1 is
sct at 5 grid points above the p; obtained for the previous isotherm. For each isotherm,
GRIZZLY begins its search at the high density limit and searches down for the first transition.
This procedure ensures that GRIZZLY will not find spurious transitions or switch from one phase

boundary to another.

L SINGLE-PHASE EOS

The various parameters used as input to GRIZZLY for the alpha, coesite, and stishovite phases

of quartz are given in Table 1. The input data for the alpha phase was chosen to be consistent
with that used in generating SESAME EOS 7383 (polycrystalline quartz),” except for T, which is
taken from a standard reference source.® The values of po. o, and ¢ (as deduced from the bulk
modulus) for the cossite and stishovite phases are taken from Davies.® The slope of the Hugoniot

for the stishovite phase is that derived by McQueen, et al.'® from Hugoniot data for polycrystal-
line quartz and fused quartz. That value was also used for coesite in the absense of any empirical

data. The values of 7., for the high pressure phases were constrained to be twice the value of 8y, .



(Our results are rel-tively insensitive to the choice of s for coesite and T, tor both coesite and

stishovite.)

Table 1: Single Phase EOS Parameters

[ alpha coesite stishovite
o (2NVCC) 2.65 291 4.29
Yo 0.65 0.40 1.22
8p (K) 950 986 1210
E. (kcal/mole) | 146.000 | 145.33% 141.960
Co (ki/s) in 5.7 9.03
S 1.93 1.00 1.00
Tm (K) 1900 1972 2420

The remaining parameters for the coesite and stishovite phases (8, and E. ) were uscd as adju-
stable parameters to match the experimental alpha — coesite!! and coesite — stishovite'? phase
boundaries (sec Fig. i). We began by gencrating the EOS for the alpha phase using the data
given in Table 1. The EOS for the coesite phase was then generated for various vali.es of 8p and
E.. For each set of values used. the EOS of coesite was comnbined with that of the alpha phase 1o
obtain the phase boundary. We were quickly able to match the experimental boundary in P vs T
spacc. We then repeated that procedure with the stishovite phase.

While the final value of 6, used for the stishovite phase (1210 K) is in reasonable agreement
with the value quoted by Davies (1120 K),? the value found here for coesite (986 K) differs
significantly (16%) from the experimental value (1170 K).° The poorer agreement found for the
coesite phase may be duc in part to the relative imprecision of the experimental determination of
the alpha — coesite phase boundary.!*> However, this disagreement may also simply reflect the
difficulties in rigorously defining a single temperature-independent 6, for any given material. (In

general, 6, is merely a parameter used to fit data over some temperature range.) Assessing the



values of £. used here for the high temperature phases is best done by comparison with the exper-

imental (T=0.P =0) cnergy ditferences between the various phases.'* The alpha - stishovite energy
difference obtained here is 12.120 kcal/mole (note that the values in Table 1 are for average atom
moles and must be multiplied by 3) compared 10 an experimental value of 12.1 kcal/mole.!?
Again, the agrcement with experiment is substantially poorer for the coesiic phase. Here we
obtain an alpha - coesite encrgy difference of 1.986 kcal/mole compared with the experimental
value of 1.2 kcalmole. This result suggests that there may in fact be some difticulty with the
experimental alpha — coesite phase boundary used to determine 6y and £ .

To summarize, both the alpha and stishovite single-phase EOS’s were generated using parame-
ters which arc either well determined experimentally or were sclected to reproduce the experi-
mental phasc boundarics. Therefore, these two EOS’s should te quite good. For the coesite
phase, the parameters uscd arc. not as well determincd experimentally as for the other phases.
Hence, the quality of the coesite EOS is questionable. Fortunately. the cuesite phase is believed
to be of little importancc for processes involving shock loading! and the questionable nature of

the parameters used should not seriously effect our work.

IV. EQUILIBRIUM MULTIPHASE EOS FOR QUARTZ

The best means available for evaluatirg the quality of the three single-phase EOS’s gencrated
here is via the resulting equilibrium muliiphase EOS for quartz. In Fig. 1, the equilibrium phase
boundaries obtained here are compared with the experimental alpha — co<:sitc10 and coesite —
stishovite!! boundaries used in generating the single-phase EOS's. The high quality of the fit to
the data is clearly evident. Figure 1 also includes the alpha — stishovite phase boundary which
would exist if the coesite phase were ignored. This hypothetical boundary is of great importance

since it has been suggested that under shock conditions quartz transforms directly from a
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Fig. 1. The theoretical phase diagram for SiQ» (dashed lines) compared with the
experimental alpha — coesite (Ref. 10) and coesite — stishovite (Ref. 11) boundaries
(solid lines). Also shown are the hypothetical alpha — stishovite boundary obtained here

(dotted line) and that used by Swegle (Ref. 1).



metastable alpha phase to the stishovite phase.! In his investigation of the effects of metastability
on dynamic processes in quartz, Swegle! assumed that the coesite phase is inclevant. The alpha
— stishovite phase boundary used by Swegle' is included in Fig. 1. (He only reports the position
and slope of the boundary at one point.) It is intriguing that the phase boundary used in that
investigation differs from that obtained here by nearly 2 GPa (more than 20%) at room ternpera-
turc. Whether or not that difference will substantially alter the estimated impact of metastability
on dynamic processes in quartz remains to be seen.

Another imponant consideration for our purposes is the quality of the Hugoniot generated
from the equilibrium multiphase EOS. In Figs. 2 and 3. the theoretical u, vs u, curve is com-
pared with experimental data from a variety of sources.'*!” Naturally, the portion of the curve
prior to the first phase transition matches the input Hugoniot for the alpha phase and is guaranteed
to be in good agreement with experiment. This is not true for the portions of the Hugoniot which
involve the coesite or stishovite phases sirce the initial conditions differ from those of the input
Hugoniots used to construct the EOS’s for those phases. For u, > 2.5 kavs, the theoretical
Hugoniot is in excellent agreement with the experimental data, demonstrating the high quality of
the stishovite EOS used in generating the multiphase EOS. In fact. the large 4, portion of the
curve is substantially better than that produced by SESAME EOS 7383.7 since that EOS was gen-
erated by inputting a u. vs u, curve constructed out of straight-line scgments and thus cannot
reproduce the curvature of the experimental data.

In Fig. 4, we show part of the calculated vs experimental Hugoniot in P vs p space. This figure
clearly reveals the large difference between real shock processes in quartz as opposed to a
hypothetical equilibrium process. For the experimental Hugoniot, the transition from the alpha
phase begins at a pressure of about 14 GPa and the quartz has completely transformed to the
stishovite phasc at about 45 GPa.!* Throughout the experimental transition, the pressure rises

monatonically as a function of density. In contrast, the theoretical transition is composed of two



45.0 ! ! ! I !
40.0 _
35.0 o
30.0 - _
)
E 25.0 8
<
N 20.0 - =
-
15.0 _
10.0 s
5.0 _
0.0 :

I i 1 ]
0.0 50 100 150 =20.0 25.0 30.0
Up (km/s)

Fig. 2. Theoretical u, vs u, curve (line) compared with experiment (circles - Ref. 14,
triangles - Ref. 15, squares - Ref. 16, crosses - Ref. 17). See Fig. 3 for a close up view
of the small u, region.

10



10.0 1 1 i 1

9.0+

8.0

7.0_1 A

6.0
& AA&E Al

Us (km/s)

3.0

0.0 1.0 2.0 3.0 4.0

Up (km/s)

Fig. 3. Close up view of the small u, region of Fig. 2.

11

3.0



100.0 1 1 1
80.0 -
- 60.0 -
Y
n,
)
|\
o,
40.0
QO
20.0- &
@W
,./—'o/
0.0 +—e I ; | I
2.5 3.0 3.5 4.0 4.5 5.0

Fig. 4. Theoretical Hugoniot in P vs p space (line) compared with experiment (circles -

Ref. 14, triangles - Ref. 15).

rho (gm/cc)

12



distinct transitions «t constant pressure. The alpha — coesite transition occurs at about 2.2 GPa
and the coesite — stishovite transition occurs at about 7.0 GPa.

Although the ditferences between the two curves in Fig. 4 are dramatic, no unambiguous
interpretation of those differences can be given at this time, except that it is quite obvious that the
alpha phase cxhibits metastability for pressures between 2.2 GPa and 14 GPa. The problem in
interpreting the remainder ot the difterences is that it is not clear that in the mixed phase region
one can directly relate the measured values of 4, and «, to P and p as is assumed in Fig. 4. Thus
the experimental curve is questionable for pressures between 14 GPa and 45 GPa. A further
difficulty in interpretation is the preblem of determining what effects are due to metasiability and
whiciy are due to strength. To resolve these questions, it will be necessary to complete the next
phase of this investigation; performing calculations similar to those done by Swegel® using the

single-phase £0S s produced here to match experimental data via nonsquilibrium mixing.
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