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Abstract

In 1967, Sandia National Laboratories published empirical equations to predict penetration into
natural earth materials and concrete.  Since that time there have been several small changes to the
basic equations, and several more additions to the overall technique for predicting penetration
into soil, rock, concrete, ice, and frozen soil.  The most recent update to the equations was
published in 1988, and since that time there have been changes in the equations to better match
the expanding data base, especially in concrete penetration.   This is a standalone report
documenting the latest version of the Young/Sandia penetration equations and related analytical
techniques to predict penetration into natural earth materials and concrete.
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Summary

As part of the Earth Penetrating Weapon (EPW) program at Sandia National Laboratories (SNL),
empirical equations are used to predict the depth of penetration into concrete and natural earth
materials, and to estimate the average and peak axial deceleration.  Equations for soil and rock
penetration were published in 1967, 1972 and 1988, and these basic equations have changed little
over the past 30 years.  New equations have been developed for other materials, such as ice,
concrete and frozen soil.  There have been new targets to consider, such as weathered rocks,
which have raised questions regarding which equation is correct for certain applications.  Finally,
new experimental data have led to limited changes in the basic equations.  These changes, new
equations, new database, and new targets for the EPW have caused difficulty in the engineering
application of the empirical equations.  Perhaps of greater importance is the fact that the primary
use of the equations today is as subroutines in computer codes to predict overall penetration
performance or weapon effectiveness.  The purpose of this report is to clarify some of the
resulting questions and to give guidelines to aid in estimating target penetrability.
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Nomenclature

This report is written in U. S. units, but the nomenclature section and all equations are repeated
in Appendix A using SI units.

a Average acceleration, units of gravity
A Cross sectional area, psi
d Penetrator diameter, inches
dn Depth at which nth layer begins, ft
D Penetration distance, ft
g Unit of gravity, 32.2 ft/s2

K Geometric Scale Factor
Ke Correction for edge effects in concrete target
Kh A correction factor for lightweight penetrators, hard targets
Ks A correction factor for lightweight penetrators, soft targets
K3 Factor to account for soil above/below concrete layer
L Penetrator length, inches
Ln Length of penetrator nose, inches
( )n Subscript refers to the nth layer of a layered target
N Nose performance coefficient, dimensionless
P Percent reinforcement, by volume, percent
Q Rock quality, 0.1<Q < 1.0
S Penetrability of target, S-number, dimensionless
SK Weighted average S-number
SR Reference S-number
tc Cure time of concrete, years (tc < 1)
T Target layer thickness, ft
fc’ Unconfined compressive strength, psi
V Impact velocity, fps
Vex Exit velocity, fps
W Weight of penetrator, lbs
W/A Weight to Area ratio, psi
CRH Caliber Radius Head, tangent ogive nose shapes
Θ Impact Angle, relative to target surface, degrees
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Section 1
Introduction

Sandia first began its earth penetration program (which was later named “terradynamics”) in
1960, with the objective of developing the technology to permit the design of a nuclear earth
penetrating weapon (EPW).  The combination of greatly enhanced groundshock due to coupling,
and reduced radioactive fallout made a nuclear EPW very attractive.  By the mid 1960’s the
feasibility of such a weapon had been demonstrated, and a significant experimental data base had
been developed.

The combination of a broad data base using full scale penetrators, and the capability of
instrumenting the penetrators to measure deceleration during penetration resulted in a sound
basis for developing an analytical capability.  The basic empirical penetration equations, as
published in 1967(1), were based on an extensive experimental data base.  These equations have
undergone only slight modifications, but the expanding data base and new applications of the
equations have required occasional updates.  The latest modifications of the equations and the
associated analytical technique for predicting penetration by kinetic energy projectiles are
summarized in this report.

For those readers who have used the Young/Sandia penetration equations for many years, the
changes are detailed in the following section, along with the reasons for those changes.
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Section 2
Background

Before Sandia began its terradynamics program, the problem of penetration mechanics had been
studied both analytically and experimentally for over 300 years.  During World War II, the
Germans developed and tested a penetrator called the Roeschling Round, and the Allied Forces
developed and tested several versions of a very large Semi-Armor Piercing (SAP) weapon.
However, the technology of penetration mechanics was in its infancy.  The most commonly used
predictive equations were the Petry equations (2), based on the earlier Poncelet equations(3).
The penetration equations developed and published in 1967 were referred to as the “Sandia”
earth penetration equations.  Recently Dr. Michael Forrestal, SNL, also developed and published
penetration equations(4).  To differentiate between the two different Sandia equations, the
equations presented in this report are referred to as the Young equations, if necessary for
clarification, or simply the penetration equations.

Following the publication of the basic penetration equations, the following sequence of
publications document the changes or additions to the equations:

2.1  Journal of Soil Mechanics and Foundations, 1969 (5)

Prior to the 1967 publication of the penetration equations(1), the Sandia terradynamics program
was classified, and there were few formal publications on the subject.  In 1969, the basic
penetration equations were published in the Journal of Soil Mechanics and Foundations(5).

2.2  Equations for Complex Targets, 1972 (6)

In the two earlier publications, a crude method of calculating penetration of layered targets was
presented.  As more data became available it was possible to refine that technique.  A
modification of the technique allowed calculation of penetration using complex penetrator
shapes, such as penetrators with terrabrakes or detachable afterbodies.  The 1972 report covers
both layered targets and complex penetrators, but the basic penetration equations were not
changed.

2.3  Equations for Penetration of Ice, 1974 (7)

During the early 1970’s, Sandia conducted a number of ice penetration tests into both sea ice and
freshwater ice.  It was found that the basic penetration equations did not adequately fit the ice
data, and a new equation was developed and published.  The ice penetration equation was similar
to the soil/rock/concrete equation, but the mass (weight) term was different.
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2.4  An Update on the Basic Penetration Equations, 1988 (8)

In about 1979, a new equation was developed to better fit the rock and concrete data.  This
equation was identical to the earlier equation except the exponent for the Weight-to-Area ratio
(W/A) term was 1.0, instead of 0.5 as used in the basic equations, and the constant was changed
to normalize the equations so the penetrability numbers were consistent.  The new equation did
in fact fit the concrete data better.  The new equation also fit the rock data, but the fit was limited
to the existing data and not correct in general.

The new and old equations were identical at a W/A of 16 psi.  The only available rock data was
at W/A ratios close to 16 psi, so the data fit both equations equally well.  It was incorrectly
assumed that rock penetration would be more similar to concrete penetration than soil
penetration, so the new equation was used for both rock and concrete penetration.  Even though
an extensive data base on rock penetration existed, it was not until about 1983, when the data
base was extended to lower W/A ratios, that the new equation (W/A to the first power) was
found to not adequately fit the rock data.  After 1983, the original equation (W/A to the .5 power)
was used for rock and soil penetration, and the more recent equation (W/A to the first power)
was used for concrete penetration.

These reversals in recommended penetration equations for rock and concrete were obviously
confusing to the user community, and a new report to clarify the issue was published.  In
addition, an equation to calculate the penetrability of concrete (as opposed to estimating the
value) had been developed and was first published in the 1988 report.

2.5  SAMPLL Code (9, 10)

All of the above reports include only penetration equations.  However, the penetration equations
and all of the other related analytical techniques are incorporated into the Simplified Analytical
Model of Penetration with Lateral Loading (SAMPLL) code.  The SAMPLL code goes beyond
axial penetration and includes lateral loading and the resulting kinematics, and even penetrator
damage or failure.  This report, however, includes only penetration equations.

2.6  Recent Developments in the Penetration Equations

In the 1988 report (8), it was recognized that penetration data in frozen soil matched the ice
penetration equations.  Recently, it was recognized that the ice/frozen soil equation was not
consistent with the soil/rock/concrete equation.  The new equation for ice/frozen soil corrects that
inconsistency.

It was also recently determined that at very high W/A ratios the concrete penetration equation did
not match the new data being obtained.  This lack of data fit was not significant at moderate W/A
ratios, which included the vast majority of the experimental data.  Based on a new review of all
experimental data it was determined that the by using a W/A exponent of 0.7 a single equation
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would adequately fit the data from all soil, rock and concrete tests.  The same equation is now
used for soil, rock and concrete.
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Section 3
Penetration Equations

The basic penetration equations are presented in this section (3.0), but since penetrability of
various target materials is such an important issue, that will be discussed in a later section (4.0).
Appendix B contains a summary of the key penetration equations, with reference to the equations
and numbers in the text.  In all target materials there will be one equation for impact velocities
equal to or greater than 200 fps, and a different equation for impact velocities less than 200 fps.

The following are assumptions or limitations which apply to all the penetration equations:

1.  The penetrator remains intact during penetration.
2.  The penetrator follows a basically stable trajectory.  (No large changes in direction, and no

tumbling or J-hook during penetration.)
3.  The impact velocity is less than 4000 fps.  In hard materials, the “intact penetrator”

assumption probably governs the upper allowable impact velocity.  In soft materials, there is
no data at very high impact velocity for equation validation, so the upper limit on impact
velocity is not known.

4.  When the penetration depth is less than about 3 calibers (penetrator diameters), the equations
may be questionable.

5.  The equations are not valid for water or air penetration.
6.  The equations are not applicable for armor penetration (eg, not for metals, ceramics or

materials other than those specifically listed).
7.  Minimum penetrator weight:  about five pounds for soil and ten pounds for rock, concrete,

ice and frozen soil.
8.  The lower velocity limit of applicability has never been defined.  In fact, limitation “4” above

is likely the more realistic lower velocity limit in most targets.

Other limitations may be given as applicable to specific equations or techniques.

The nose performance coefficient, N, is the same for all target materials, and the equations for N
will be presented following the penetration equations.

3.1  Penetration Equations for Soil, Rock, and Concrete Targets

The following equations are to be used to predict the penetration path length into a uniform layer
or half space of rock, concrete, or soil (excluding frozen soil):

For V < 200 fps,

D = 0.3 S N (W/A)0.7 ln (1 + 2V210-5) (3.1)
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For V > 200 fps,

D = 0.00178 S N (W/A)0.7 (V - 100) (3.2)

In those cases where the penetrator has a tapered body, the cross sectional area, A, is calculated
using the average body diameter.  The same is true when a flare is used, but only during the
portion of penetration when the flare is in contact with the target.

Equations 3.1 and 3.2 have to be modified when the penetrator weight is low, and only in this
respect is there a difference between the soil penetration equations and the rock/concrete
equations.  When the weight is lower than the limits given below, the right side of Equations 3.1
and 3.2 has to be multiplied by the appropriate term K:

For soil (soft target material):

Ks = 0.2(W)0.4,                      when W < 60 lbs (3.3)
else, Ks = 1.0

For rock and concrete (hard target materials):

Kh = 0.4 (W)0.15,                 when W < 400 lbs (3.4)
else, Kh = 1.0.

Often the penetrators weighing less than either 60 pounds (soil) or 400 pounds (rock/concrete)
were scale model penetrators, and therefore the “K” term (Equations 3.3 or 3.4) was referred to
as a weight or mass scaling term.  Perhaps it is a matter of semantics, but it is recommended that
the above K terms be used to account for lightweight penetrators.  Any reference to scaling
should be limited to scaling laws as discussed in a later section of this report.

3.2  Penetration Equations for Ice and Frozen Soil

The following equations are to be used for penetration into ice (freshwater or sea) and frozen
saturated soil:

For V < 200 fps,

D = 0.04 S N (W/A)0.6 ln (1 + 2V210-5) ln (50 + .06W2) (3.5)

For V > 200 fps,

D = .000234 S N (W/A)0.6 (V - 100) ln (50 + .06W2) (3.6)

Equations 3.5 and 3.6 are known to be applicable in all ice, and in fully frozen soil when the soil
is at least 80% saturated.  In dry and unfrozen soil, Equations 3.1 and 3.2 apply, but there is
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insufficient data to define the transition between the frozen soil equations and the unfrozen soil
equations.  In most applications, the worst case scenario of hard frozen soil is appropriate.  For
the analysis of penetration data where the material may be either partially frozen or dry, the user
will have to judge whether the material is more nearly characterized as being frozen or unfrozen.

In the 1974 ice penetration report(7) and the 1988 general penetration equation report(8), the
ice/frozen soil equations were published with the constants exactly double the values shown here
in Equations 3.5 and 3.6 (0.04 and 0.000234, respectively).  However, the S-numbers for ice and
frozen soil were exactly one half the currently recommended values.  The problem is that an
inconsistency arose over penetrability being defined by how hard a material is to penetrate.

As an example of the relation between S-number and penetrability, a moderately soft concrete (S
= 1.0) is five times as hard to penetrate as hard soil (S = 5.0).  Likewise, the deceleration during
penetration of the concrete would be five times as high as the soil penetration.  However, using
the earlier equations, ice would have an S-number of 2.0.  The implication was that ice was only
twice as easy to penetrate as concrete.  The fact is that ice is approximately four times easier to
penetrate than concrete.  The new S-number for ice and frozen soil, as presented in a later section
of this report, used in Equations 3.5 and 3.6, will result in the correct penetration depth and
average deceleration level.  The user is cautioned not to use the previously published S-number
in the new equations.  The old S-number used in the old equations(7 and 8) will give exactly the
same answer as the new S-number (this report) in the new equations (this report).  One advantage
of the new system is that the new S-number, as an indicator of resistance to penetration, is
consistent with the S-number of all other materials.  A second advantage of the new system is
that the transition from frozen to unfrozen soil is more “intuitively” correct.

3.3  Nose Performance Coefficient, N

All of the above penetration equations include a Nose Performance Coefficient, N.  Originally N
was developed based on soil penetration data, and most of the data was from tests at relatively
low impact velocity.  It was later proven that the same coefficient applies when the target
materials are rock, concrete, ice and frozen soil, and further that there appears to be no velocity
dependence.  The following equations can be used to calculate the nose performance coefficient
for tangent ogive and conic nose shapes:

For tangent ogive nose shapes, either of the following two equations may be used:

N = 0.18 Ln/d + .56 (3.7)

N = 0.18 (CRH - .25)0.5 + .56 (3.8)

For conic nose shapes:

N = 0.25 Ln/d + .56. (3.9)
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Unfortunately, there are many nose shapes that are neither ogive nor conic, so the following
guidelines are recommended:

1.  Approximate true nose shape with an ogive or conic shape:  For example, a Mk 84 nose is
not an ogive, even when it has the pointed tip (that is, no nose fuze).  A 6 CRH ogive
approximates the Mk 84 nose shape reasonably well, and the error will not be more than
about 5%.

2.  Blunted nose shapes:  If the blunting (either a flat or a 90 degree included angle conic tip) is
less than 10% of the penetrator diameter, it can be ignored.  If the blunted tip is larger,
Equation 3.7 should be modified as:

N = .09 (Ln  + Ln’)/d + .56 (3.10)

where Ln’ is the actual nose length, after the original (not blunted) length is reduced by the
blunting, and similarly Equation 3.9 becomes:

N = .125 (Ln + Ln’)/d + .56 (3.11)

A nose performance coefficient, also referred to as N, is used in both the Forrestal(4)  and
NDRC(11) penetration equations.  The general effect of the nose shape on penetration is similar
among all the equations, but the magnitude of N itself is different.



9

Section 4
Methods For Selecting Or Calculating S-Numbers

For Target Materials

When the Young penetration equations were first published, the primary criticism of the
equations was that the index of penetrability, or S-number, had no meaning in terms of standard
material properties.  Today, the S-number is commonly used throughout the weapons community
as a descriptive term for resistance to penetration.  The Young S-number is used in the
PENCURV 2D and PENCURV 3D codes, but in conjunction with a differential applied force
law algorithm rather than the Young penetration equations.  Forrestal(4)  also uses the “S”
designation for his penetrability index, but that “S” number does not correlate with the Young S-
number.  While it is acceptable practice to use the S-number as a descriptive term, it is not
correct to use the Young S-number in any equation other than those presented in this report.

Originally, the only method of obtaining an S-number was by conducting a penetration test in the
material of interest.  As more data became available, the S-number was estimated, but its
accuracy depended on the experience of the user.  In the following sections, the currently
recommended method of obtaining an S-number for each type of target material is presented.

4.1  S-number for Rock

The effect of cracks and fissures on rock penetration depth is of similar importance as the effect
of unconfined compressive strength of an intact sample, as the following equation indicates.
Even though it has already been stated that the penetration equations are for penetration along the
path length, and that an intact penetrator is assumed, it should be noted that the effect of cracks
and fissures in rock penetration may have an even greater effect of penetrator survival and
trajectory than on penetration depth.

The following equation should be used to calculate the S-number for rock:

S = 12 (fc’ Q)-0.3 (4.1)

where:
fc’ - Rock unconfined compressive strength, psi (intact sample)

Q - Quality of rock as affected by joints, cracks, fissures, bedding planes, etc.  This is
based on engineering judgment, and not a specific term used by geologists.  It is similar in
concept to RQD (Rock Quality Designator), which is the percent of total core length made up of
pieces at least four inches long.  The shortcoming of the RQD is that its magnitude is dominated
by horizontal cracks, and almost ignores vertical cracks.  The “Q” designation used here
considers both vertical and horizontal cracks, and is a number which ranges from 0.1 to 1.0.
Table 4-1 may be used as a guide in estimating Q.
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Table 4-1.  Descriptive Terms for Rock Quality, Q

Descriptive Terms Q  

Massive 0.9
Interbedded 0.6
Joint Spacing < 0.5m 0.3
Joint Spacing > 0.5m 0.7
Fractured, blocky, or fissured 0.4
Highly fractured or jointed 0.2
Slightly weathered 0.7
Moderately weathered 0.4
Highly weathered 0.2
Frost shattered 0.2
Rock Quality, very good/excellent 0.9
Rock Quality, good 0.7
Rock Quality, fair 0.5
Rock Quality, poor 0.3
Rock Quality, very poor 0.1

A considerable amount of judgment is required in selecting a value for Q.  If two or more of the
above terms are used, it will be necessary to condense the aggregate descriptions into a single
value of Q.  If the type and extent of weathering is already accounted for in the unconfined
compressive strength, then there is no need to include it again in Q.  And finally, terms like “joint
spacing” and “fractured” will have a different Q depending on the size of the spacing relative to
the penetrator diameter.  Unfortunately, there is insufficient data to be more explicit.  Other
analytical techniques typically use a reduced unconfined compressive strength to account for
cracks and fissures, which has the same effect as Q in Equation 4.1, but is even more difficult to
quantify.

If the S-number, as calculated using Equation 4.1, is above 3.5, the material is probably better
defined as being a hard soil.  If the S-number is between 2.5 and 3.5, even the geologists may
disagree as to whether it is soil or rock.  There are no strict recommendations for this range of
materials, but the following guideline may be useful.  If the unconfined compressive strength of
an intact sample can physically be measured by normal means, Equation 4.1 probably applies.

4.2  S-number for Concrete

The following equation should be used to calculate the S-number of concrete.

S = 0.085 Ke (11 - P) (tcTc)
-0.06  (5000/fc’)

0.3 (4.2)
where:
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P - This is the volumetric percent rebar, which is not the percentage as normally used
in civil engineering practice.  Since rebar in the direction perpendicular to the surface of the
target also affects penetrability, “P” is given on the volumetric basis.  Most concrete targets have
from 1% to 2% rebar.

tc - Cure time, years.  If tc > 1, then set tc = 1.  This cure time is independent of the
effect of cure time on unconfined compressive strength.

Tc - Thickness of target, in penetrator diameters or calibers.  If the target is made up of
multiple thinner layers, each layer must be considered individually.  When Tc  < 0.5, this equation
may be inadequate because the mechanisms of penetration are different.  If Tc > 6, use Tc = 6.

fc’ - Unconfined compressive strength at test time (not 28 day strength), psi.  (It may
be necessary to estimate the strength at test time, based on 28-day strength.)

Ke = (F/W1)
0.3 (4.3)

Where, W1 = Target width, in penetrator calibers.  If W1 > F, then Ke = 1.  F = 20 for reinforced
concrete, and 30 for no reinforcement.  For thin targets (thickness 0.5  to 2 calibers), the values
for F should be reduced by 50%.

In those cases where insufficient data exits to permit calculating the S-number for concrete, a
default value of S = 0.9 is recommended.

The estimated accuracy of Equation 4.2 is 10%, which is approximately the same as typical data
scatter.  This statement is true “most” of the time, but no “sigma” value should be associated
with this estimate.  There is limited validation of Equation 4.2 for very high strength concrete (>
18000 psi), and low strength concrete (~1000 psi).

4.3  S-number for Soil

The data base for soil penetration is far more extensive than for other materials, and yet
estimating an S-number for soil is more difficult than for other materials.  Table 4.2 gives some
examples which will help guide the user in selecting a suitable S-number.  In addition to the
table, the following guidelines should be considered:

1.  It is unusual (but not impossible) for soil below a depth of about 50 feet to be softer than
S = 15.  The exceptions are marine-type clay sediments, such as in the Gulf of Mexico or
the Great Salt Lake Basin.

2.  It is also unusual for soils to be harder than S = 5 unless the material is cemented, such as
lenses of cemented sand or layers of caliche, both of which are normally found in desert
environments.

3.  The penetrability of clay, and to a lesser degree silt, is very dependent on moisture
content.
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4.  The penetrability of sand is almost independent on moisture content.  In mixtures of
sand/silt/clay, only about 20% to 30% silt or clay is required to make a material behave more
like silt or clay (i.e, dependent on water content).

5.  The ease with which a soil can be excavated by hand (shovel) is not a good guide as to its
penetrability.  A stiff clay is very hard to dig and is easy to penetrate, but a loose sand is easy
to dig and hard to penetrate.

Table 4-2.  Penetrability (S-number) of Typical Soils

S-number Target Description
2 - 4 Dense, dry, cemented sand.  Dry caliche.  Massive gypsite and selenite

deposits.
4 - 6 Gravel deposits.  Sand, without cementation.  Very stiff and dry clay.
6 - 9 Moderately dense to loose sand, no cementation, water content not

important.
8 - 10 Soil fill material, with the S-number range depending on compaction.
5 - 10 Silt and clay, low to medium moisture content, stiff.  Water content

dominates penetrability.
10 - 20 Silt and clay, moist to wet.  Topsoil, loose to very loose.
20 - 30 Very soft, saturated clay.  Very low shear strength.
30 - 60 Clay marine sediments, either currently (Gulf of Mexico) or recent

geologically (mud deposits near Wendover, Utah).
> 60 It is likely that the penetration equations do not apply.

4.4  S-number for Ice/frozen soil

Both fresh water ice and sea ice will normally have an S-number of 4.5 + 0.25.  Completely
frozen saturated soil will have an S-number of 2.75 + 0.5.  The S-number of partially frozen soil
may be as high as 7.0, but the transition from partially frozen to unfrozen soil is not well defined.

4.5  S-number for Other Materials

The penetration equations do not apply to the penetration of water, armor, and air, as discussed in
Section 3.0.  The applicability of the equations to other materials is unknown, but S-numbers
have been determined for the following materials:  (Use these S-numbers with caution.)
1. S = 1.5:  Multiple sheets of plywood stacked together.  (Frequently used to stop a penetrator

after it has perforated the desired target.)
2. S = 2 to 3:  Boulder fields, with air between the boulders.
3. S = 2 to 4:  Rock rubble.  (Rock rubble is defined as the material excavated from a rock

formation.)
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Section 5
Accuracy Of The Young Penetration

Equations

It is virtually impossible to differentiate between the accuracy of the penetration equations and
the accuracy of the S-number.  Considering the normal data scatter and the variability of concrete
and geologic materials, all comments on accuracy are estimations;  that is, the inaccuracy values
given are correct “most” of the time.  Multiple penetration tests into similar (but not identical)
targets indicated that the penetration equations have an inaccuracy of about 10% from the mean.
It can be assumed that the inaccuracy increases somewhat near the end of the range of
applicability, but that has not been quantified.  When the term for lightweight penetrators is
applicable (Kh or Ks), the inaccuracy is likely to be greater.

The equation for the S-number of concrete appears to have an inaccuracy of 10%.  The combined
inaccuracy of the equations (penetration equation and S-number equation) is about 15% to 20%.

The equation for the S-number of rock has an inaccuracy of 20% (when the data is very good) to
as much as 100% (when the data, especially the Q-value, is little more than a guess).  For rock
penetration, the penetration equation inaccuracy can essentially be ignored in comparison to the
inaccuracies in the rock description.  The variance in the rock description as reported by two or
more geologists can easily be as great as the combined errors in the equations.
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Section 6
Techniques For Calculating Penetration Into

Layered Targets

There are several applications of the penetration equation which involve layered targets.  The two
most common are the penetration of natural soil formations and the penetration of underground
structures.  The layering equations and techniques presented below are recommended for natural
soil targets, but the SAMPLL code is recommended for calculating penetration into underground
structures.

6.1  Basic Soil and Rock Layering Technique

The objective of the soil and rock layering technique is to better predict penetration distance.
The approach is to calculate the average deceleration and the velocity change during penetration
of each layer, until finally a layer cannot be penetrated at the current velocity.  The resulting
calculated deceleration versus depth curve can be used to approximate the deceleration during
penetration, but it will be a very simplified approximation.  A rule of thumb is that the peak
deceleration in any one layer will be about 1.3 times the calculated average deceleration.

The general technique presented below is the same as published in 1972(6), but with the current
penetration equations.  The majority of geologic formations encountered by penetrators are
layered, and using a single S-number for these layered targets will result in significant errors.
The following technique is recommended:

Step 1.  Calculate SK for each target layer, using Equation 6.1 below.

Step 2:  Calculate Sn, using Equation 6.2 below.

Step 3:  Calculate Dn, using Equation 3.1 or 3.2, with Sn and Vn.  Dn is the penetration distance
into the nth layer as if the nth layer were infinitely thick.  It is used as either part of the total
distance, or to calculate the average deceleration in the nth layer, as discussed in steps 4 and 5,
respectively.

Step 4:  If Dn < Tn/sin θ, then Dtotal = dn/sin θ + Dn, where Dtotal is the total penetration distance.
If Dn > Tn/sin θ, continue to the next step.

Step 5:  Calculate the average acceleration in the nth layer, using Equation 6.3 below.

Step 6:  Calculate Vn+1, using Equation 6.4 below.  Obviously the exit velocity from the “n” layer
is the same as the impact velocity of the “n+1” layer.

Step 7:  Repeat Steps 1 through 4 for the next or “n + 1” layer.
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The following equations are to be used in the above steps:
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(6.1)

where
(SK)n is the weighted average of the penetrability of all the layers above the nth 
layer.
SR is the estimated S-number of the layer, independent of its vertical location.

To obtain the effective penetrability of the nth soil layer:

Sn = (SR)n[1 - 40dn/(SK)n
0.25 (W/A)0.5V1] (6.2)

It is not clear why the concept of effective penetrability for soil penetration is necessary, but it
was developed to match the measured deceleration records from numerous tests into layered soil
targets.  For penetration of a rock layer, the concept of effective S-number does not apply; that is,
the effective S-number is the same as the reference S-number.

The average acceleration during penetration of the nth layer is obtained from:

an = Vn
2/2gDn (6.3)

To obtain the exit velocity from a layer:

Vn+1 = [Vn
2 - 2gan(Tn/sin θ)]0.5 (6.4)

6.2  Layering Technique, Concrete Structures

In the above soil and rock layering technique, the nose entry (cratering) and exit (spalling)
phenomena are insignificant in comparison to the overall penetration event, and are therefore
ignored.  During perforation of a layer of concrete, the cratering and spalling phenomena are too
important to ignore.  Furthermore, in practically all cases, the soil is fill material rather than in-
situ soil, which also must be handled differently.

The concrete perforation equations given below may be used to calculate the exit velocity from a
single layer of concrete (such as during a sled test), or as part of the overall layering technique.
The steps to calculate penetration of a layered target made up of soil fill layers, concrete layers,
and even voids, are as follows:

Step 1:  Calculate the penetration distance Dn into each layer, using the appropriate penetration
equation.  If the layer is air, the deceleration will be zero and no depth calculation will be
necessary.  The actual velocity at the time of impact into any given layer is used.  The effective
S-number concept is not used; that is, the estimated or calculated S-number is used for each
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layer.  If the first layer is soil fill material, an S-number of 6 to 10 is used, as given in Table 4.2.
If the soil fill is between two layers of concrete, the S-number of the fill is reduced by a factor of
two.  Similarly, the S-number of the soil below a layer of concrete (such as below the floor of a
structure) is reduced by a factor of two, up to a distance of six penetrator calibers.

Step 2:  If Dn < Tn / sin θ, then Dtotal = Dnn +  dn/sin θ.   If Dn > Tn/sin θ, continue.  For the
penetration of underground structures, it may be more convenient to work with vertical depth
instead of distance along the penetration path.  In that case, D’Total = dn + Dnsin θ.

Step 3:  Calculate an, using Equation 6.3.

Step 4:  Calculate Vn+1, using one of the concrete perforation equations given below, or Equation
6.4 above.

Step 5:  Repeat Steps 1 and 2 until the final penetration depth (or distance) is determined.
During perforation of a layer of concrete, the full level of deceleration does not occur until the
nose is fully embedded in the target.  This is usually called the “cratering” phase of penetration.
As the exit face of a concrete layer is approached, the deceleration begins to reduce, even before
the nose tip reaches that surface.  This is usually called the “spalling” phase of penetration, even
though the term “spall” does not necessarily refer to the tensile failure which occurs due to a
reflected elastic stress wave.  When the target is thin, relative to the nose length, the cratering and
spalling phases may overlap, requiring a different exit velocity equation.

For the purpose of this discussion, a thick concrete layer is one whose thickness is the greater of
one penetrator nose length or one penetrator diameter.  The following equation should be used to
calculate the exit velocity from a thick concrete layer (the subscripts “n” which refer to the layer
being penetrated are omitted for clarity):

Vex = [V2 - 2ga(T/sin θ - Ln/K3)]
0.5 (6.5)

where,

K3 = (a)  2, for air over and under concrete layer, or
(b) 3, for air on one side of the concrete layer, or
(c) K, for air on neither side of the concrete layer.

The above values of K3 apply for reinforced concrete.  For unreinforced concrete, the values of
K3 should be reduced by 0.5.

The following equation should be used to calculate the exit velocity from a thin concrete layer
(less than the greater of one nose length or one penetrator caliber):

Vex = [V2 - 2ga(T/Lnsin θ)0.8 T(1 - 1/K3)]
0.5 (6.6)

The same values of K3 as used above are used in this equation.
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If the user has no need for the average deceleration in each layer, the following equations may be
used to calculate the exit velocity, and Step 3 can be eliminated:

For a layer of fill material:
Vex = V[1 - T/Dsin θ]0.5 (6.7)

For a layer of thick concrete:
Vex = V[1 - (T/sin θ - Ln/K3)/D]0.5 (6.8)

For a layer of thin concrete:

Vex  = V[1 - (T/Lnsin θ)0.8 (T - 1/K3)/D]0.5 (6.9)
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Section 7
Scaling Laws

There are many types of scaling used in various disciplines.  A very simple example is “cube root
scaling”, as usually applied to blast effect from explosives.  Scaling is also used in fluid
mechanics, where scaling is accomplished through well established dimensionless terms such as
the Reynold’s Number.  In penetration mechanics, there have been several unsuccessful attempts
to develop similar dimensionless terms for scaling laws.

The most common scaling technique is to use simple geometric scaling, which is described
below.  The most accurate scaling technique is to use geometric scaling, but modified to better fit
experimental data.  That is the approach followed in this report, and the penetration equations are
used as part of the modification procedure.

7.1  Geometric Scaling Laws

This section covers geometric scaling as normally applied to penetration mechanics.  The general
approach is to scale the target and penetrator, without changing the density or strength of either,
and without scaling the impact velocity.  Most other scaled values are the result of the application
of this approach.  Strain rate is assumed to be negligible.  To obtain the desired values for the
scale model penetrator, multiply the full scale value by the scale factor, K, to the appropriate
power, as shown in tables 7.1 through 7.4.

Table 7-1.  Penetrator Related Terms

Diameter K1

Length K1

Wall thickness K1

Density of case material K0

Nose shape K0

Case material strength K0

Weight (case or explosives) K3

Area K2

L/d K0

Strain rate effects Assumed none
Center of gravity (distance) K1

Moment of inertia K5

 
 
 
 
 
 



19

 
 

 Table 7-2.  Concrete Target Related Terms
 

 Thickness K1

 Lateral dimensions K1

 Rebar dimensions K1 (approximate, using standard rebar sizes)
 Percent rebar K0

 Aggregate K1

 Curing K0

 Age K0  (an assumption only)
 Layering K1

 Strain rate effects Assumed none
 

 Table 7-3.  Other Target Related Terms
 

 Soil K0 (used of necessity)
 Rock strength K0

 Rock nonhomogeneities K1 (desired, but probably not practical)
 
 

 Table 7-4.  Scaling of Kinematics/Loading/Stress Terms
 

 Caution:  These values are the result of geometric scaling.  The modified geometric scaling
discussed later results in some values being different.
 
Velocity K0 (by definition)
Time K1 (this is a result of other dimensional scaling)
Distance (depth) K1

Acceleration K-1

Pressure K0

Force K2

Angular distance K0

Angular velocity K-1

Angular acceleration K-2

Stress K0

7.2  Modifications to Geometric Scaling

If geometric scaling were directly applicable, then the exponent of the W/A term in equation 3.2
would be “1”.  Since the entire data base supports equation 3.2, it follows that geometric scaling
does not apply directly.  Some of the reasons are as follows:

1.  Curing of concrete targets:  While it might be possible to minimize this problem, it may not
be worth the effort.  However, some rather detailed small scaled testing in the 1930’s
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demonstrated that curing is a significant problem.  For that reason, it is recommended that the
extent of scaling be limited to about 1/3 scale or ¼ scale.

2.  Strain rate effects:  This is not generally thought to be a significant problem.
3.  Effect of W/A on penetration:  This is the major error in geometric scaling.  According to

geometric scaling, the penetration depth varies directly with the W/A ratio.  According to the
Young penetration equations, the depth varies with the W/A to the 0.7 power, and the relation
is further modified for lightweight penetrators.

Since the modifications to geometric scaling are based on the penetration equations, it is
recommended that scaling be limited to the lower weight limits of applicability of the equations.
It is further recommended that the scaling be limited to 1/3 or ¼ scaling to minimize the errors.

The recommended approach is to use geometric scaling as the baseline.  If the objective is to
evaluate scale model penetration results, the approach should be to apply the penetration
equations to the scale model test results, and then again apply the penetration equations to the full
or large scale penetrator/target.  That is, geometric scaling is used to scale the target and
penetrator, but the penetration equations are used to scale the penetration results (depth,
acceleration, stress, force, etc.).

Another application of scaling is to conduct scale model tests to demonstrate or prove a technical
objective.  If the objective is to evaluate the penetrator structure (stress, deformation, damage,
failure, etc.), the approach is to adjust the target strength to give the scaled penetration depth,
using the penetration equations to determine the required target modification.  If the objective is
to evaluate exit velocity from a concrete target, the target thickness can be increased to result in
the same exit velocity as the full scale value, again using the penetration equation.  In most cases,
the error in directly applying geometric scaling is not large, so the modifications to the target or
test conditions are not large.

It may appear that if the penetration equations are being used either indirectly or directly as
scaling laws, then what is the objective of scale model testing?  There is in fact little point in
running a small scale penetrator into a small scale target to indirectly determine the penetration
performance of a large penetrator.  It is more direct to simply use the equations to predict the
penetration performance of the large penetrator.  However, there are many valid reasons for
conducting small scale tests, such as:

1.  To compare two or more nose shapes in terms of survivability or relative penetration
performance.

2.  To optimize the wall thickness of a penetrator configuration.  In this case, the target would be
modified to result in the appropriate stress in the penetrator case.

3.  To determine, at least on a comparative basis, the effect of varying target parameters such as
rebar percentage, unconfined compressive strength of concrete, or lateral edge effects.

4.  To determine the effect of parameters such as steel ductility or strength on the survivability of
a penetrator.
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Section 8
Conclusions

1.  Empirical analytical techniques are presented to predict penetration into rock, soil, concrete,
ice, and frozen soil.

2.  Techniques and equations are presented to estimate the penetrability of various target
materials.

3.  The empirical technique for predicting depth into a uniform target material is expanded to
include penetration into layered targets.

4.  The penetration equations are utilized to improve the basic geometric scaling laws to better
understand scale model test data and results.

5.  The penetration equations are accurate within approximately 15%, except near the limits of
applicability.

6.  The penetrability (S-number) equation for concrete is accurate within approximately 10%.
7.  The accuracy of the equation for the penetrability (S-number) of rock is highly dependent on

the accuracy of the input data, and may vary from 20% to a factor of 2 or more.
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APPENDIX A
Penetration Equations in SI Units

The Nomenclature section of the full report is repeated below in SI units.  All equations requiring
SI units are repeated in this appendix.  The equation numbers are preceded by an A to
differentiate from the equations in the text.

a Average acceleration, units of gravity
A Cross sectional area, m2

d Penetrator diameter, m
dn Depth at which nth layer begins, m
D Penetration distance, m
g Unit of gravity, 9.81 m/s2

K Geometric scale factor
Ke Correction for edge effects in concrete target
Kh A correction factor for lightweight penetrators, hard targets
Ks A correction factor for lightweight penetrators, soil targets
L Penetrator length, m
Ln Penetrator nose length, m
( )n Subscript refers to the nth layer of a layered target.
N Nose performance coefficient
P Percent rebar in concrete, volumetric percentage
Q Rock quality, 0.1 < 1.0
S Penetrability of target, S-number, dimensionless
Tc Cure time of concrete, years (tc < 1)
fc’ Unconfined compressive strength, Mpa
V Impact velocity, m/s
Vex Exit velocity, m/s
m Mass of penetrator, kg
m/A Weight (mass) to Area ratio, kg/m2

 CRH Caliber Radius Head, tangent ogive nose shape
θ Impact angle, relative to target surface, degrees
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A-1  Penetration Equations for Soil, Rock and Concrete Targets

For V < 61 m/s:

D = 0.0008 S N (m/A)0.7 ln (1 + 2.15V2 10-4) A-3.1

For V > 61 m/s:

D = 0.000018 S N (m/A)0.7 (V - 30.5) A-3.2

The modifications to the equations for lightweight penetrators are:

For soil (soft target):

Ks = 0.27 (m)0.4                                     If  m < 27 kg A-3.3
else, Ks = 1.0.

(Caution:  Equations A-3.1 and A-3.2 may not be applicable when m < 2 kg.)

For rock and concrete (hard targets):

( )K mh =. .46 15 m > 182 kg. A-3.4

(Caution:  Equations A-3.1 and A-3.2 may not be applicable when m < 5 kg.)

A-2  Penetration Equations for Ice and Frozen Soil

For V < 61 m/s,

D = 0.00024 S N (m/A)0.6 ln (1 + 2.15V2 10-4) ln (50 + 0.29m2) A-3.5

For V > 61 m/s,

D = 0.0000046 S N (m/A)0.6 (V - 30.5) ln (50 + 0.29m2) A-3.6

A-3  Nose Performance Coefficients, N

Equations 3.7 through 3.11 are the same in either system of units, and will not be repeated in the
Appendix.

A-4  S-number for Rock

S = 2.7 (fc’ Q)-0.3 A-4.1
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A-5  S-number for Concrete

S = 0.085 Ke (11 - P) (tc Tc)
-0.06 (35/fc’)

0.3 A-4.2

There is no change to Equation 4.3 for Ke.

A-6  Basic Soil and Rock Layering Technique

Equation 6.1 for (SK)n is independent of units.

The SI equation for Sn is:

Sn = (SR)n [1 - 988 dn/(SK)n
0.25 (m/A).5V1] A-6.2

In equations 6.3 and 6.4, the average acceleration during penetration and the exit velocity are not
changed.

A-7  Layering Technique, Concrete Structures

Equations 6.5 through 6.9 are not changed.
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APPENDIX B
Penetration Equations Summarized

All equations discussed in this report are summarized in this appendix for use as a quick
reference.  The user should refer to the Nomenclature section for the definition of terms, and to
the discussion of each equation in the text for more details of the equation.  The equations in this
appendix use the same equation numbers as used in the text.

B-1  Penetration Equations for Soil, Rock and Concrete Targets

D = 0.3 S N (W/A)0.7 ln (1 + 2V210-5), V < 200 fps (3.1)

D = 0.00178 S N (W/A)0.7 (V - 100), V ≥ 200 fps (3.2)

Ks = 0.2(W)0.4, when W < 60 lbs (3.3)

Kh = 0.4 (W)0.15, when W < 400 lbs (3.4)

B-2  Penetration Equations for Ice and Frozen Soil

D = 0.04 S N (W/A)0.6 ln (1 + 2V210-5) ln (50 + .06W2), V < 200 fps (3.5)

D = .000234 S N (W/A)0.6 (V - 100) ln (50 + .06W2), V ≥ 200 fps (3.6)

B-3  Nose Performance Coefficients, N

Tangent ogives: N = 0.18 Ln/d + .56, (3.7)

Conic shapes: N = 0.25 Ln/d + .56. (3.9)

B-4  S-number for Rock

S = 12 (fc’ Q)-0.3 (4.1)

B-5  S-number for Concrete

S = 0.085 Ke (11 - P) (tcTc)
-0.06  (5000/fc’)

0.3 (4.2)

where:

P -   This is the volumetric percent rebar, which is not the percentage as normally used in
civil engineering practice.  Since rebar in the direction perpendicular to the surface of the target
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also affects penetrability, “P” is given on the volumetric basis.  Most concrete targets have from
1% to 2% rebar.

tc -   Cure time, years.  If tc > 1, then set tc = 1.  This cure time is independent of the effect of
cure time on unconfined compressive strength.

Tc -  Thickness of target, in penetrator diameters or calibers.  If the target is made up of
multiple thinner layers, each layer must be considered individually.  When Tc  < 0.5, this equation
may be inadequate because the mechanisms of penetration are different.  If Tc > 6, use Tc = 6.

fc’ -  Unconfined compressive strength at test time (not 28 day strength), psi.  (It may be
necessary to estimate the strength at test time, based on 28-day strength.)

Ke = (F/W1)
0.3 (4.3)

where

W1 =  Target width, in penetrator calibers.  If W1 > F, then Ke = 1.  F = 20 for reinforced
concrete, and 30 for no reinforcement.  For thin targets (thickness 0.5  to 2 calibers), the values
for F should be reduced by 50%.
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